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Liouville-type theorems for double-phase problems
involving the Grushin operator

Quang Thanh Khuat

Abstract. In this paper, we are concerned with the double-phase problem involving the Grushin
operator in the whole space RN D RN1 �RN2

� divG.jrGuj
p�2
rGuC w.z/jrGuj

q�2
rGu/ D f .z/juj

r�1u;

where rG is the Grushin gradient, �G is the Grushin operator, q � p � 2, r > q � 1 and w; f 2
L1loc.R

N / are two nonnegative functions satisfying some growth conditions at infinity. Our purpose
is to establish some Liouville-type theorems for stable weak solutions or for weak solutions which
are stable outside a compact set of the equation above.

1. Introduction and main results

The Liouville-type theorems, which are concerned with the nonexistence of nontrivial
solutions of PDEs, have been intensively developed in the past few decades since they
have emerged as a fundamental tool for many applications to the qualitative properties of
solutions of partial differential equations; see, e.g., [5,6,16,27,28]. In this paper, we study
Liouville-type theorems for the double-phase problem involving the Grushin operator in
the whole space RN D RN1 �RN2

� divG.jrGujp�2rGuC w.z/jrGujq�2rGu/ D f .z/jujr�1u; (1.1)

where rG D .rx ; jxj
ry/,�G D divG ırG D�x C jxj2
�y , q � p � 2, and r > q � 1.
In this paper, we assume that w; f 2 L1loc.R

N / are two nonnegative functions verifying
the following condition: there exist R0; C1; C2 > 0 and a; b 2 R such that

w.z/ � C1jzj
a
G (1.2)

and
f .z/ � C2jzj

b
G (1.3)
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for all jzjG > R0. Here, z D .x; y/ 2 RN1 �RN2 and

jzjG D
�
jxj2.
C1/ C .
 C 1/2jyj2

� 1
2.
C1/ :

Note that, there is a group of dilations ¹ıtºt>0

ıt W R
N
! RN ; ıt .z/ D ıt .x; y/ D .tx; t


C1y/

such that the operator �G D divG ırG D �x C jxj2
�y is ıt -homogeneous of degree
two. This operator is elliptic when jxj ¤ 0 and degenerates on ¹0º �RN2 .

Let us first recall that, in the case 
 D 0; w D 0; p D 2, the left-hand side of (1.1)
becomes ��u. The most well-known Liouville-type result for nonlinear elliptic equa-
tions involving the Laplace operator was given in the celebrated article [16], in which the
authors proved that the Lane–Emden equation

��u D ur in RN

has no positive solution if and only if r < NC2
N�2

. About the class of stable solutions of
the Lane–Emden equation, Farina [13] obtained an optimal Liouville-type theorem; see
also [30].

Next, in the case 
 D 0;w D 0; p � 2, equation (1.1) becomes

��pu D f .z/juj
r�1u in RN :

The reader is referred to [29] for the nonexistence result of positive solutions and to [7, 9]
for the nonexistence result of stable solutions of this equation.

Considering (1.1) in the case 
 D 0, w � 0, q � p � 2, the operator of the left-hand
side becomes the double-phase operator, and we have the equation

� div.jrujp�2ruC w.z/jrujq�2ru/ D f .z/jujr�1u in RN : (1.4)

Following the ideas in the papers [9, 14], Phuong Le [24] established the nonexistence of
nontrivial stable solutions in W 1;H

loc .RN / of (1.4) under the condition

N < min
²
p.˛0 C r/C b.˛0 C p � 1/

r � p C 1
;
.q � a/.˛0 C r/C b.˛0 C q � 1/

r � q C 1

³
;

where

˛0 WD
2r � q C 1C 2

p
r.r � q C 1/

q � 1
:

We now consider the general case 
 � 0. In recent years, there has been an increas-
ing interest in Liouville-type theorems for elliptic equations involving the operator �G D
divG ırG D �x C jxj2
�y ; see, e.g., [11, 12, 23, 31, 33]. Currently, this operator is usu-
ally named Grushin operator. The operators of this kind were first introduced and studied
by Franchi and Lanconelli [15]. Recently, they were named by Kogoj and Lanconelli [19]
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��-Laplacians, under the additional assumption that the operators are homogeneous of
degree two with respect to a group of dilations; see also [1,10,20–22,25,31,32]. The oper-
ator considered by Grushin [17] is a very particular case of the ��-Laplacians; Grushin
studied this operator by adding lower terms with complex coefficients; see also [3]. For
the equation

��Gu D u
r in RN D RN1 �RN2 ;

the Liouville-type theorem was proved by Monticelli [26] for nonnegative classical solu-
tions and by Yu [33] for nonnegative weak solutions. The optimal condition on the range
of the exponent is

r <
QC 2

Q � 2
;

where
Q D N1 C .
 C 1/N2 (1.5)

is called the homogeneous dimension of RN associated to the Grushin operator. The Liou-
ville results for the nonlinear elliptic equations involving p-Laplace-type Grushin operator

� divG.w.z/jrGujp�2rGu/ D f .z/g.u/ in RN D RN1 �RN2

was studied in [31], where g.u/ D eu or g.u/ D �u�p . However, to our best knowledge,
there has not any work treating the double-phase problem (1.1) involving the Grushin
operator. The purpose of this paper is to establish some nonexistence results of nontrivial
stable solutions of (1.1). Notice that double-phase differential operators and their cor-
responding energy functionals appear in nonlinear elasticity theory, strongly anisotropic
materials, Lavrentiev’s phenomenon, and so on; see, e.g., [2, 4, 8, 18, 34–36].

We next recall some notations which will be used in the sequel. Let � � RN be an
open domain, and letH W�� Œ0;1/! Œ0;1/ be the function .z; t/ 7! tp Cw.z/tq . Put

�H .u/ D

Z
�

H.z; juj/ D

Z
�

.jujp C w.z/jujq/

and
LH .�/ D ¹u W �! R j u is measurable and �H .u/ <1º;

with the norm
kukH D inf

°
� > 0 j �H

�u
�

�
� 1

±
:

Define
W 1;H .�/ D ¹u 2 LH .�/ j jrGuj 2 L

H .�/º;

with the norm
kuk1;H D kjrGujkH C kukH :

Denote by W 1;H
0 .�/ the closure of C 1c .�/ with respect to the k � k1;H norm and

W
1;H

loc .�/ D ¹u W �! R j u' 2 W 1;H
0 .�/ for all ' 2 C 1c .�/º:

In order to state our results, we need the following definitions.
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Definition 1.1. A function u 2W 1;H
loc .RN / is said to be a weak solution of equation (1.1)

if f .z/jujr 2 L1loc.R
N /, and for all ' 2 C 1c .R

N / we haveZ
RN

�
jrGuj

p�2
rGuC w.z/jrGuj

q�2
rGu

�
� rG' D

Z
RN

f .z/jujr�1u': (1.6)

Moreover, u is called a finite energy solution ifZ
RN

�
jrGuj

p
C w.z/jrGuj

q
C f .z/jujrC1

�
<1:

Definition 1.2. We say that a weak solution u of (1.1)

• is stable if for all ' 2 C 1c .R
N / we have

Lu.'/ WD

Z
RN

�
jrGuj

p�2
jrG'j

2
C .p � 2/jrGuj

p�4.rGu � rG'/
2
�

C

Z
RN

w.z/
�
jrGuj

q�2
jrG'j

2
C .q � 2/jrGuj

q�4.rGu � rG'/
2
�

� r

Z
RN

f .z/jujr�1'2 � 0; (1.7)

• is stable outside a compact setK �RN ifLu.'/� 0 only holds for ' 2 C 1c .R
N nK/,

• has Morse index equal to k � 1 if k is the maximal dimension of a subspace V �
C 1c .R

N / such that Lu.'/ < 0 for all ' 2 V n ¹0º.

Notice that the stability condition (1.7) is nothing but the fact that the second variation
at u of the energy functional

E.u/ D

Z
RN

�
jrGuj

p

p
C
w.z/jrGuj

q

q
�
f .z/jujrC1

r C 1

�
is nonnegative. Therefore, all the local minima of the functional are stable solutions
of (1.1). Besides, we also know that every finite Morse index solution is stable outside
a compact set. Indeed, there exist m0 � 1 and V0 WD Span¹'1; : : : ; 'm0º � C

1
c .R

N / such
that Lu.'/ < 0 for any ' 2 V0 n ¹0º. Therefore, Lu.'/ � 0 for every ' 2 C 1c .R

N nK/,
where K WD

Sm0
jD1 supp.'j /.

Our first result concerning the classification of stable weak solutions of (1.1) is as
follows.

Theorem 1.3. Let q � p � 2; r > q � 1. Suppose that w; f 2 L1loc.R
N I Œ0;1// satisfy-

ing (1.2) and (1.3). Under the condition

Q < min
²
p.˛0 C r/C b.˛0 C p � 1/

r � p C 1
;
.q � a/.˛0 C r/C b.˛0 C q � 1/

r � q C 1

³
; (1.8)

where

˛0 WD
2r � q C 1C 2

p
r.r � q C 1/

q � 1
;
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equation (1.1) has only the trivial stable weak solution. Here, the homogeneous dimension
Q is given in (1.5).

Next, we consider a special case of f and w in (1.1), i.e.,

� divG.jrGujp�2rGuC jzjaG jrGuj
q�2
rGu/ D jzj

b
G juj

r�1u in RN D RN1 �RN2 :
(1.9)

We next give some conditions ensuring the nonexistence of nontrivial finite energy solu-
tions of (1.9). Our second result is as follows.

Theorem 1.4. Let q > p � 2; r > q � 1. Suppose that u is a finite energy solution of (1.9)
satisfying jrGujp�2rGuC jzjaG jrGuj

q�2rGu 2 W
1;2

loc .R
N ;RN /. If

QC b

r C 1
> max

²
Q � p

p
;
Q � q C a

q

³
;

then u must be trivial, i.e., u D 0.

Under the same assumptions in Theorem 1.4, we will prove that any weak solution,
which is stable outside a compact set, is also a finite energy solution. Therefore, we obtain
the following theorem.

Theorem 1.5. Let q >p� 2;r > q � 1. Suppose that u is a weak solution of (1.9) which is
stable outside a compact set and jrGujp�2rGuC jzjaG jrGuj

q�2rGu 2W
1;2

loc .R
N ;RN /.

If
QC b

r C 1
> max

²
Q � p

p
;
Q � q C a

q

³
;

then u must be trivial, i.e., u D 0.

In particular, our results generalize those in [24] from the Laplace operator to the
Grushin operator. Our results are also extensions of those in [31] to the double-phase
problem. Inspired by [11, 24, 31], our approach in this paper is also based on the energy
method and a Pohozaev identity involving the Grushin operator established below.

This paper is organized as follows. In Section 2, we prove Theorem 1.3. The proof of
Theorem 1.4 is given in Section 3. The last section is devoted to the proof of Theorem 1.5.

2. Proof of Theorem 1.3

We begin this section by fixing some notations. Let�R DB1.0;R/�B2.0;R
C1/, where
B1.0; R/ � RN1 and B2.0; R
C1/ � RN2 are the Euclidean balls.

First, we prove the following a priori estimate for stable weak solutions of (1.1).

Proposition 2.1. Let u be a stable weak solution of (1.1). Suppose that ˛ � 1, r >
.q�1/.˛C1/2

4˛
and m � 1 so that

min
²
.mq � p/.˛ C r/

˛ C p � 1
;
.mq � q/.˛ C r/

˛ C q � 1

³
� mq: (2.1)
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Then, for all � 2 C 1c .R
N I Œ0; 1�/ and rG� D 0 in �R0 , there is a positive constant C

depending on p, q, r , ˛, m such thatZ
RN

.jrGuj
p
juj˛�1 C w.z/jrGuj

q
juj˛�1 C f .z/juj˛Cr /�qm

� C

Z
RN n�R0

f .z/
�
˛Cp�1
r�pC1 jrG�j

p.˛Cr/
r�pC1

C C

Z
RN n�R0

w.z/
˛Cr
r�qC1 f .z/

�
˛Cq�1
r�qC1 jrG�j

q.˛Cr/
r�qC1 :

Proof. For each k 2 N, we define

ak.t/ D

´
jt j

˛�1
2 t; jt j < k;

k
˛�1
2 t; jt j � k;

and bk.t/ D

´
jt j˛�1t; jt j < k;

k˛�1t; jt j � k:

By direct calculations, we have

a0k.t/ D

´
˛C1
2
jt j

˛�1
2 ; jt j < k;

k
˛�1
2 ; jt j � k;

and b0k.t/ D

´
˛jt j˛�1; jt j < k;

k˛�1; jt j � k:

It follows that

ak.t/
2
D tbk.t/; a0k.t/

2
�
.˛ C 1/2

4˛
b0k.t/;

jak.t/j
sa0k.t/

2�s
C jbk.t/j

sb0k.t/
1�s
� C˛;sjt j

˛Cs�1

(2.2)

for all t 2 R and s � 2.
By density arguments, we observe that (1.6) holds for all ' 2 W 1;H

0 .RN /. Moreover,
one may easily check that if u 2 W 1;H

loc .RN /, then ak.u/; bk.u/ 2 W
1;H

loc .RN / for any

k 2 N. This implies that ak.u/ 
ˇ
2 2 W

1;H
0 .RN / and bk.u/ ˇ 2 W

1;H
0 .RN / for all

 2 C 1c .R
N /, k 2 N, and ˇ � q.

Let ˇ � q, " 2 .0; 1/, and  2 C 1c .R
N / satisfying 0 �  � 1. Using

' D bk.u/ 
ˇ

as a test function in (1.6) gives usZ
RN

jrGuj
pb0k.u/ 

ˇ
C ˇ

Z
RN

jrGuj
p�2bk.u/ 

ˇ�1
rGu � rG 

C

Z
RN

w.z/jrGuj
qb0k.u/ 

ˇ
C ˇ

Z
RN

w.z/jrGuj
q�2bk.u/ 

ˇ�1
rGu � rG 

D

Z
RN

f .z/jujr�1ubk.u/ 
ˇ :
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Applying Young’s inequality, we obtain

�ˇ

Z
RN

w.z/jrGuj
q�2bk.u/ 

ˇ�1
rGu � rG 

� ˇ

Z
RN

w.z/jrGuj
q�1
jbk.u/j 

ˇ�1
jrG j

�

Z
RN

²
"
�
w.z/

q�1
q jrGuj

q�1b0k.u/
q�1
q  

.q�1/ˇ
q

� q
q�1

C C"

�
w.z/

1
q jbk.u/jb

0
k.u/

1�q
q  

ˇ�q
q jrG j

�q³
D "

Z
RN

w.z/jrGuj
qb0k.u/ 

ˇ

C C"

Z
RN

w.z/jbk.u/j
qb0k.u/

1�q ˇ�qjrG j
q :

In the same way, we have

� ˇ

Z
RN

jrGuj
p�2bk.u/ 

ˇ�1
rGu � rG 

� "

Z
RN

jrGuj
pb0k.u/ 

ˇ
C C"

Z
RN

jbk.u/j
pb0k.u/

1�p ˇ�pjrG j
p:

Employing the two estimates above and (2.2), we get that

.1 � "/

Z
RN

�
jrGuj

p
C w.z/jrGuj

q
�
b0k.u/ 

ˇ

�

Z
RN

f .z/jujr�1ubk.u/ 
ˇ

C C"

Z
RN

jbk.u/j
pb0k.u/

1�p ˇ�pjrG j
p

C C"

Z
RN

w.z/jbk.u/j
qb0k.u/

1�q ˇ�qjrG j
q

�

Z
RN

f .z/jujr�1ubk.u/ 
ˇ
C C"

Z
RN

juj˛Cp�1 ˇ�pjrG j
p

C C"

Z
RN

w.z/juj˛Cq�1 ˇ�qjrG j
q : (2.3)

Applying Schwartz’s inequality for the stability condition (1.7), we obtain

.p � 1/

Z
RN

jrGuj
p�2
jrG'j

2
C .q � 1/

Z
RN

w.z/jrGuj
q�2
jrG'j

2

� r

Z
RN

f .z/jujr�1'2 (2.4)
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for all ' 2 C 1c .R
N /. By density arguments, we have that (2.4) holds true for all ' 2

W
1;H
0 .RN /. Next, using ' D ak.u/ 

ˇ
2 2W

1;H
0 .RN / as a test function in (2.4), we obtain

.p � 1/

Z
RN

jrGuj
p�2

ˇ̌̌̌
a0k.u/ 

ˇ
2 rGuC

ˇ

2
ak.u/ 

ˇ�2
2 rG 

ˇ̌̌̌2
C .q � 1/

Z
RN

w.z/jrGuj
q�2

ˇ̌̌̌
a0k.u/ 

ˇ
2 rGuC

ˇ

2
ak.u/ 

ˇ�2
2 rG 

ˇ̌̌̌2
� r

Z
RN

f .z/jujr�1ak.u/
2 ˇ :

Applying the inequality

jz1 C z2j
2
� .1C ı/jz1j

2
C Cı jz2j

2 for z1; z2 2 RN ; ı > 0;

we arrive at

r

Z
RN

f .z/jujr�1ak.u/
2 ˇ

�

�
p � 1C

"

2

� Z
RN

jrGuj
pa0k.u/

2 ˇ C A"

Z
RN

jrGuj
p�2ak.u/

2 ˇ�2jrG j
2

C

�
q � 1C

"

2

� Z
RN

w.z/jrGuj
qa0k.u/

2 ˇ

C B"

Z
RN

w.z/jrGuj
q�2ak.u/

2 ˇ�2jrG j
2: (2.5)

In the case q > 2, employing Young’s inequality, we get that

B"

Z
RN

w.z/jrGuj
q�2ak.u/

2 ˇ�2jrG j
2

�

Z
RN

²
"

2

�
w.z/

q�2
q jrGuj

q�2a0k.u/
2.q�2/
q  

.q�2/ˇ
q

� q
q�2

C C"

�
w.z/

2
q ak.u/

2a0k.u/
2.2�q/
q  

2.ˇ�q/
q jrG j

2
� q
2

³
D
"

2

Z
RN

w.z/jrGuj
qa0k.u/

2 ˇ C C"

Z
RN

w.z/jak.u/j
qa0k.u/

2�q ˇ�qjrG j
q :

We see that this inequality is also true in the case q D 2. By the same argument, we have

A"

Z
RN

jrGuj
p�2ak.u/

2 ˇ�2jrG j
2

�
"

2

Z
RN

jrGuj
pa0k.u/

2 ˇ C C"

Z
RN

jak.u/j
pa0k.u/

2�p ˇ�pjrG j
p:
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Putting these two estimates back into (2.5) gives

r

Z
RN

f .z/jujr�1ak.u/
2 ˇ

� .p � 1C "/

Z
RN

jrGuj
pa0k.u/

2 ˇ C .q � 1C "/

Z
RN

w.z/jrGuj
qa0k.u/

2 ˇ

C C"

Z
RN

jak.u/j
pa0k.u/

2�p ˇ�pjrG j
p

C C"

Z
RN

w.z/jak.u/j
qa0k.u/

2�q ˇ�qjrG j
q :

Using the fact that q � p and (2.2), we derive

r

Z
RN

f .z/jujr�1ak.u/
2 ˇ

� .q � 1C "/

Z
RN

.jrGuj
p
C w.z/jrGuj

q/a0k.u/
2 ˇ

C C"

Z
RN

juj˛Cp�1 ˇ�pjrG j
p
C C"

Z
RN

w.z/juj˛Cq�1 ˇ�qjrG j
q

�
.q � 1C "/.˛ C 1/2

4˛

Z
RN

.jrGuj
p
C w.z/jrGuj

q/b0k.u/ 
ˇ

C C"

Z
RN

juj˛Cp�1 ˇ�pjrG j
p
C C"

Z
RN

w.z/juj˛Cq�1 ˇ�qjrG j
q : (2.6)

Combining (2.3) and (2.6), we obtain

r

Z
RN

f .z/jujr�1ak.u/
2 ˇ

�
.q � 1C "/.˛ C 1/2

4˛.1 � "/

Z
RN

f .z/jujr�1ubk.u/ 
ˇ

C C"

Z
RN

juj˛Cp�1 ˇ�pjrG j
p
C C"

Z
RN

w.z/juj˛Cq�1 ˇ�qjrG j
q :

Using (2.2) gives us

r

Z
RN

f .z/jujr�1ak.u/
2 ˇ

�
.q � 1C "/.˛ C 1/2

4˛.1 � "/

Z
RN

f .z/jujr�1ak.u/
2 ˇ

C C"

Z
RN

juj˛Cp�1 ˇ�pjrG j
p
C C"

Z
RN

w.z/juj˛Cq�1 ˇ�qjrG j
q :

Therefore,

D"

Z
RN

f .z/jujr�1ak.u/
2 ˇ

� C"

Z
RN

juj˛Cp�1 ˇ�pjrG j
p
C C"

Z
RN

w.z/juj˛Cq�1 ˇ�qjrG j
q;
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where

D" WD r �
.q � 1C "/.˛ C 1/2

4˛.1 � "/
:

Since lim"!0C D" D r � .q�1/.˛C1/2

4˛
> 0, we can fix some " sufficiently close to zero

such that D" > 0. We also fix ˇ D q. Hence,Z
RN

f .z/jujr�1ak.u/
2 q � C

Z
RN

juj˛Cp�1 q�pjrG j
p

C C

Z
RN

w.z/juj˛Cq�1jrG j
q :

Combining this with (2.3) and using (2.2), we can also bound gradient terms as follows:Z
RN

.jrGuj
p
C w.z/jrGuj

q/b0k.u/ 
q
C

Z
RN

f .z/jujr�1ak.u/
2 q

� C

Z
RN

juj˛Cp�1 q�pjrG j
p
C C

Z
RN

w.z/juj˛Cq�1jrG j
q :

Using Fatou’s lemma when letting k !1, we get thatZ
RN

�
jrGuj

p
juj˛�1 C w.z/jrGuj

q
juj˛�1 C f .z/juj˛Cr

�
 q

� C

Z
RN

juj˛Cp�1 q�pjrG j
p
C C

Z
RN

w.z/juj˛Cq�1jrG j
q : (2.7)

Next, take  D �m in (2.7) and apply the Young inequality to find thatZ
RN

�
jrGuj

p
juj˛�1 C w.z/jrGuj

q
juj˛�1 C f .z/juj˛Cr

�
�qm

� C

Z
RN n�R0

juj˛Cp�1jrG�j
p�mq�p C C

Z
RN n�R0

w.z/juj˛Cq�1jrG�j
q�q.m�1/

�

Z
RN n�R0

²
1

4

�
f .z/

˛Cp�1
˛Cr juj˛Cp�1�mq�p

� ˛Cr
˛Cp�1

C C
�
f .z/�

˛Cp�1
˛Cr jrG�j

p
� ˛Cr
r�pC1

³
C

Z
RN n�R0

²
1

4

�
f .z/

˛Cq�1
˛Cr juj˛Cq�1�q.m�1/

� ˛Cr
˛Cq�1

C C
�
w.z/f .z/�

˛Cq�1
˛Cr jrG�j

q
� ˛Cr
r�qC1

³
�
1

4

Z
RN n�R0

f .z/juj˛Cr�qm C C

Z
RN n�R0

f .z/
�
˛Cp�1
r�pC1 jrG�j

p.˛Cr/
r�pC1

C
1

4

Z
RN n�R0

f .z/juj˛Cr�qm C C

Z
RN n�R0

w.z/
˛Cr
r�qC1 f .z/

�
˛Cq�1
r�qC1 jrG�j

q.˛Cr/
r�qC1 :
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Therefore, Z
RN

�
jrGuj

p
juj˛�1 C w.z/jrGuj

q
juj˛�1 C f .z/juj˛Cr

�
�qm

� C

Z
RN n�R0

f .z/
�
˛Cp�1
r�pC1 jrG�j

p.˛Cr/
r�pC1

C C

Z
RN n�R0

w.z/
˛Cr
r�qC1 f .z/

�
˛Cq�1
r�qC1 jrG�j

q.˛Cr/
r�qC1 :

The proof is complete.

Let R > 0, �2R D B1.0; 2R/ � B2.0; 2R
C1/, where

B1.0; 2R/ � RN1 ; B2.0; 2R

C1/ � RN2

are the Euclidean balls. Define

�1;R.x/ D �1

�
jxj

R

�
; �2;R.y/ D �2

�
jyj

R
C1

�
;

where �1; �2 2 C1c .Œ0;C1//, 0 � �1, �2 � 1,

�i .t/ D

´
1 in Œ0; 1�;

0 in Œ2;C1/;

and for some constant C > 0 and �1;R; �2;R satisfy

jrx�1;Rj �
C

R
; jry�2;Rj �

C

R
C1
:

Lemma 2.2. The following assertions hold true.

(i) There exists a constant C > 0 independent of R such that

jrG�Rj �
C

R
; 8z 2 �2R;

where �R.z/ D �1;R.x/�2;R.y/.

(ii) There exists a constant C > 0 independent of R such that if z 2 �2R, then

jzjG � CR:

(iii) If z … �R, then jzjG > R.

Proof. Proof of (i). We have

rG�R D .rx�R; jxj


ry�R/ D .�2;Rrx�1;R; jxj


�1;Rry�2;R/:
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For any z D .x; y/ 2 �2R, we have x 2 B1.0; 2R/. This implies

jxj � 2R:

Combining this with the hypothesis about functions �i;R, i D 1; 2, there exists a constant
C > 0 independent of R such that

jrG�Rj
2
D �22;Rjrx�1;Rj

2
C jxj2
�21;Rjry�2;Rj

2
�
C

R2
; 8z 2 �2R:

Therefore, there is a constant C > 0 independent of R such that

jrG�Rj �
C

R
;8z 2 �2R:

Proof of (ii). For any z D .x; y/ 2 �2R, we have x 2 B1.0; 2R/, y 2 B2.0; 2R
C1/. This
implies

jxj � 2R and jyj � 2R
C1:

Then, we get

jzjG D
�
jxj2.
C1/ C .
 C 1/2jyj2

� 1
2.
C1/

�
�
.2R/2.
C1/ C .
 C 1/2.2R
C1/2

� 1
2.
C1/ :

By direct calculation, we obtain
jzjG � CR;

where C is a positive constant independent of R.

Proof of (iii). For any z D .x; y/ … �R, we have x … B1.0; R/; y … B2.0; R
C1/. This
implies

jxj > R and jyj > R
C1:

We deduce that
jzjG >

�
R2.
C1/ C .
 C 1/2.R
C1/2

� 1
2.
C1/ :

By direct calculation, we have jzjG > R.

Proof Theorem 1.3. Observe that

˛ � 1 and r >
.q � 1/.˛ C 1/2

4˛

are equivalent to 1 � ˛ < ˛0. Besides, it follows from the assumption r > q � 1 � p � 1
that there is m � 1 satisfying (2.1). Clearly, the standard cut-off function �R is chosen as
in Lemma 2.2 satisfying �R 2 C 1c .R

N /; 0 � �R � 1 in RN and8̂̂<̂
:̂
�R D 1 in �R;

�R D 0 in RN n�2R;

jrG�Rj �
C
R

in �2R n�R;
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where R > R0. For all R > R0, applying the Proposition 2.1 with ˛ 2 Œ1; ˛0/ and the
function �R as in Lemma 2.2, there is a constant C independent of R such thatZ

�R

�
jrGuj

p
juj˛�1 C w.z/jrGuj

q
juj˛�1 C f .z/juj˛Cr

�
� C

Z
�2Rn�R

f .z/
�
˛Cp�1
r�pC1 jrG�Rj

p.˛Cr/
r�pC1

C C

Z
�2Rn�R

w.z/
˛Cr
r�qC1 f .z/

�
˛Cq�1
r�qC1 jrG�Rj

q.˛Cr/
r�qC1 :

Since jzjG > R > R0, 8z … �R, and using the hypothesis about w.z/, f .z/, �R, we
obtainZ

�R

�
jrGuj

p
juj˛�1 C w.z/jrGuj

q
juj˛�1 C f .z/juj˛Cr

�
� C

Z
�2Rn�R

jzj
�
b.˛Cp�1/
r�pC1

G R
�
p.˛Cr/
r�pC1 C C

Z
�2Rn�R

jzj
a.˛Cr/
r�qC1

G jzj
�
b.˛Cq�1/
r�qC1

G R
�
q.˛Cr/
r�qC1 :

Combining this with jzjG > R, 8z … �R and jzjG � CR, 8z 2 �2R, we haveZ
�R

�
jrGuj

p
juj˛�1 C w.z/jrGuj

q
juj˛�1 C f .z/juj˛Cr

�
� CR� ; (2.8)

where

� D Q �min
²
p.˛ C r/C b.˛ C p � 1/

r � p C 1
;
.q � a/.˛ C r/C b.˛ C q � 1/

r � q C 1

³
:

By assumption (1.8), we may choose ˛ sufficiently close to ˛0 such that � < 0. Then, by
letting R!1 in (2.8), we get the conclusion of the theorem.

3. Proof of Theorem 1.4

We begin this section with the following Pohozaev-type identity involving the Grushin
operator.

Proposition 3.1. Suppose that u is a finite energy solution of equation (1.9) and

jrGuj
p�2
rGuC jzj

a
G jrGuj

q�2
rGu 2 W

1;2
loc .R

N
IRN /:

Then, we have

Q � p

p

Z
RN

jrGuj
p
C
Q � q C a

q

Z
RN

jzjaG jrGuj
q
D
QC b

r C 1

Z
RN

jzjbG juj
rC1:
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Proof. By density arguments and the regularity provided, we may use �R D �Rz� � rGu
as a test function in (1.6), where �R is chosen as in Lemma 2.2 and z� D

�
x; 
C1
jxj


y
�
, we

haveZ
RN

�
jrGuj

p�2
rGu � rG�R C jzj

a
G jrGuj

q�2
rGu � rG�R

�
D

Z
RN

jzjbG juj
r�1u�R:

(3.1)
Using the divergence theorem, we obtainZ

RN

jrGuj
p�2
rGu � rG�R

D

Z
RN

jrGuj
p�2.rGu � rG�R/.z

�
� rGu/

C

Z
RN

jrGuj
p�R C

Z
RN

�Rz
�
� rG

�
jrGuj

p

p

�
D

Z
RN

jrGuj
p�2.rGu � rG�R/.z

�
� rGu/

C

Z
RN

jrGuj
p�R �

Z
RN

rG�R � z
� jrGuj

p

p
�

Z
RN

�R.rG � z
�/
jrGuj

p

p

D

Z
RN

jrGuj
p�2.rGu � rG�R/.z

�
� rGu/

C

Z
RN

jrGuj
p�R �

Z
RN

rG�R � z
� jrGuj

p

p
�Q

Z
RN

�R
jrGuj

p

p
:

It follows from
R

RN jrGuj
p <1 and the dominated convergence theorem that

lim
R!1

Z
RN

jrGuj
p�2
rGu � rG�R D �

Q � p

p

Z
RN

jrGuj
p: (3.2)

Similarly,Z
RN

jzjaG jrGuj
q�2
rGu � rG�R

D

Z
RN

jzjaG jrGuj
q�2.rGu � rG�R/.z

�
� rGu/

C

Z
RN

jzjaG jrGuj
q�R C

Z
RN

jzjaG�Rz
�
� rG

�
jrGuj

q

q

�
D

Z
RN

jzjaG jrGuj
q�2.rGu � rG�R/.z

�
� rGu/C

Z
RN

jzjaG jrGuj
q�R

� a

Z
RN

jzjaG�R
jrGuj

q

q
�

Z
RN

jzjaGrG�R � z
� jrGuj

q

q
�Q

Z
RN

jzjaG�R
jrGuj

q

q
:

It follows from
R

RN jzj
a
G jrGuj

q <1 and the dominated convergence theorem that

lim
R!1

Z
RN

jzjaG jrGuj
q�2
rGu � rG�R D �

Q � q C a

q

Z
RN

jzjaG jrGuj
q : (3.3)
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Now, we take �R D �Rz� � rGu on the right-hand side of (3.1) and employing the diver-
gence theorem to findZ

RN

jzjbG juj
r�1u�R

D

Z
RN

jzjbG juj
r�1u�Rz

�
� rGu

D

Z
RN

jzjbG�Rz
�
� rG

�
jujrC1

r C 1

�
D �

Z
RN

rG.jzj
b
G/ � z

��R
jujrC1

r C 1
�

Z
RN

jzjbGrG�R � z
� juj

rC1

r C 1

�

Z
RN

jzjbG�R.rG � z
�/
jujrC1

r C 1

D �b

Z
RN

jzjbG�R
jujrC1

r C 1
�

Z
RN

jzjbGrG�R � z
� juj

rC1

r C 1
�Q

Z
RN

jzjbG�R
jujrC1

r C 1
:

Since
R

RN jzj
b
G juj

rC1 <1, we deduce from the dominated convergence theorem that

lim
R!1

Z
RN

jzjbG juj
r�1u�R D �

QC b

r C 1

Z
RN

jzjbG juj
rC1: (3.4)

The conclusion of the proposition follows from (3.1)–(3.4).

Proof of Theorem 1.4. To prove Theorem 1.4, first, we prove the following identity:Z
RN

jrGuj
p
C jzjaG jrGuj

q
D

Z
RN

jzjbG juj
rC1:

Indeed, using ' D u�R as a test function in (1.6), where �R is chosen as in Lemma 2.2,
we obtain Z

RN

jrGuj
p�R C

Z
RN

jrGuj
p�2urGu � rG�R

C

Z
RN

jzjaG jrGuj
q�R C

Z
RN

jzjaG jrGuj
q�2urGu � rG�R

D

Z
RN

jzjbG juj
rC1�R: (3.5)

By means of Holder’s inequality, we haveˇ̌̌̌ Z
RN

jrGuj
p�2urGu � rG�R

ˇ̌̌̌
�

Z
RN

jrGuj
p�1
jujjrG�Rj

�

�Z
RN

jrGuj
p

� p�1
p
�Z

RN

jzjbG juj
rC1

� 1
rC1
�Z

RN

jzj
�

bp
r�pC1

G jrG�Rj
p.rC1/
r�pC1

� r�pC1
p.rC1/

:
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Using the hypothesis about �R and Lemma 2.2, we haveˇ̌̌̌ Z
RN

jrGuj
p�2urGu � rG�R

ˇ̌̌̌
� C

�Z
RN

jrGuj
p

� p�1
p
�Z

RN

jzjbG juj
rC1

� 1
rC1
�Z

�2Rn�R

jzj
�

bp
r�pC1

G R
�
p.rC1/
r�pC1

� r�pC1
p.rC1/

� CR
Q.r�pC1/
p.rC1/

�
rCbC1
rC1

�Z
RN

jrGuj
p

� p�1
p
�Z

RN

jzjbG juj
rC1

� 1
rC1

:

Using the condition QCb
rC1

> Q�p
p

, we see that Q.r�pC1/
p.rC1/

�
rCbC1
rC1

< 0. Therefore, by
letting R!1, we get that

lim
R!1

Z
RN

jrGuj
p�2urGu � rG�R D 0: (3.6)

In the same way, we haveˇ̌̌̌ Z
RN

jzjaG jrGuj
q�2urGu � rG�R

ˇ̌̌̌
�

Z
RN

jzjaG jrGuj
q�1
jujjrG�Rj

�

�Z
RN

jzjaG jrGuj
q

� q�1
q
�Z

RN

jzjbG juj
rC1

� 1
rC1

�

�Z
RN

jzj
a.rC1/
r�qC1

G jzj
�

bq
r�qC1

G jrG�Rj
q.rC1/
r�qC1

� r�qC1
q.rC1/

� CR
Q.r�qC1/
q.rC1/

C a
q�

rCbC1
rC1

�Z
RN

jzjaG jrGuj
q

� q�1
q
�Z

RN

jzjbG juj
rC1

� 1
rC1

:

By QCb
rC1

> Q�qCa
q

, there holds Q.r�qC1/
q.rC1/

C
a
q
�
rCbC1
rC1

< 0. Therefore, letting R!1,
we get that

lim
R!1

Z
RN

jzjaG jrGuj
q�2urGu � rG�R D 0: (3.7)

Combining (3.5)–(3.7) leads toZ
RN

.jrGuj
p
C jzjaG jrGuj

q/ D

Z
RN

jzjbG juj
rC1:

Substituting this identity into Proposition 3.1, we obtain�
QC b

r C 1
�
Q � p

p

�Z
RN

jrGuj
p
C

�
QC b

r C 1
�
Q � q C a

q

�Z
RN

jzjaG jrGuj
q
D 0:

Since QCb
rC1

> max¹Q�p
p
; Q�qCa

q
º, then it follows that u is constant and hence must be

zero.
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4. Proof of Theorem 1.5

The following a priori estimate holds for weak solutions which are stable outside a com-
pact set.

Proposition 4.1. Let u be a weak solution of (1.1) which is stable outside a compact set
K � RN . Suppose that ˛ � 1, r > .q�1/.˛C1/2

4˛
, and m � 1 verifying

min
²
.mq � p/.˛ C r/

˛ C p � 1
;
.mq � q/.˛ C r/

˛ C q � 1

³
� mq:

Then, for all � 2 C 1c .R
N n .K [�R0/I Œ0; 1�/ and rG� D 0 in �R0 , there is a constant

C depending on p, q, r , ˛, m such thatZ
RN

�
jrGuj

p
juj˛�1 C w.z/jrGuj

q
juj˛�1 C f .z/juj˛Cr

�
�qm

� C

Z
RN n�R0

f .z/
�
˛Cp�1
r�pC1 jrG�j

p.˛Cr/
r�pC1

C C

Z
RN n�R0

w.z/
˛Cr
r�qC1 f .z/

�
˛Cq�1
r�qC1 jrG�j

q.˛Cr/
r�qC1 :

The proof of Proposition 4.1 follows closely to that of Proposition 2.1, and so, it will
be omitted.

Proof of Theorem 1.5. Let u be a weak solution of (1.9) which is stable outside a compact
setK. We fixR1 >R0 so thatK ��R1 . For anyR >R1C 1, we consider �R 2 C 1c .R

N /

such that 0 � �R � 1 in RN and

�R D

8̂̂<̂
:̂
0 in �R1 ;

1 in �R n�R1C1;

0 in RN n�2R:

We may assume furthermore that jrG�Rj �C in�R1C1 n�R1 and jrG�Rj � C
R

in�2R n
�R, where C is independent of R. Then, applying Proposition 4.1 with ˛ D 1; w.z/ D
jzjaG ; f .z/ D jzj

b
G , and � D �R, we obtainZ

RN

�
jrGuj

p
C jzjaG jrGuj

q
C jzjbG juj

rC1
�
�
qm
R

� C

Z
RN n�R0

jzj
�

bp
r�pC1

G jrG�Rj
p.rC1/
r�pC1

C C

Z
RN n�R0

jzj
a.rC1/
r�qC1

G jzj
�

bq
r�qC1

G jrG�Rj
q.rC1/
r�qC1 : (4.1)
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Using the hypothesis about �R, we haveZ
�Rn�R1C1

�
jrGuj

p
C jzjaG jrGuj

q
C jzjbG juj

rC1
�

�

Z
RN

�
jrGuj

p
C jzjaG jrGuj

q
C jzjbG juj

rC1
�
�
qm
R :

We also obtain

C

Z
RN n�R0

jzj
�

bp
r�pC1

G jrG�Rj
p.rC1/
r�pC1

D C

Z
�R1C1n�R1

jzj
�

bp
r�pC1

G jrG�Rj
p.rC1/
r�pC1 C C

Z
�2Rn�R

jzj
�

bp
r�pC1

G jrG�Rj
p.rC1/
r�pC1

� C0 C C

Z
�2Rn�R

jzj
�

bp
r�pC1

G jrG�Rj
p.rC1/
r�pC1

� C0 C C1R
Q�

p.rCbC1/
r�pC1 :

Similarly,

C

Z
RN n�R0

jzj
a.rC1/
r�qC1

G jzj
�

bq
r�qC1

G jrG�Rj
q.rC1/
r�qC1 � C0 C C2R

Q�
q.rCbC1/�a.rC1/

r�qC1 :

Substituting these three estimates into (4.1), we haveZ
�Rn�R1C1

�
jrGuj

p
C jzjaG jrGuj

q
C jzjbG juj

rC1
�

� C0 C C1R
Q�

p.rCbC1/
r�pC1 C C2R

Q�
q.rCbC1/�a.rC1/

r�qC1 : (4.2)

The condition
QC b

r C 1
> max

²
Q � p

p
;
Q � q C a

q

³
implies that

Q <
p.r C b C 1/

r � p C 1

and

Q <
q.r C b C 1/ � a.r C 1/

r � q C 1
:

Therefore, letting R!1 in (4.2), we receive

jrGuj
p
C jzjaG jrGuj

q
C jzjbG juj

rC1
2 L1.RN /:

This and Theorem 1.4 complete the proof.
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