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U-statistics of growing order and sub-Gaussian mean
estimators with sharp constants

Stanislav Minsker

Abstract. This paper addresses the following question: given a sample of i.i.d. random vari-
ables with finite variance, can one construct an estimator of the unknown mean that performs
nearly as well as if the data were normally distributed? One of the most popular examples
achieving this goal is the median of means estimator. However, it is inefficient in a sense that
the constants in the resulting bounds are suboptimal. We show that a permutation-invariant
modification of the median of means estimator admits deviation guarantees that are sharp up to

3+4/5
2

1 + o(1) factor if the underlying distribution possesses more than ~ 2.62 moments and

it is absolutely continuous with respect to the Lebesgue measure. This result yields potential
improvements for a variety of algorithms that rely on the median of means estimator as a build-
ing block. At the core of our argument are the new deviation inequalities for the U-statistics of
order that is allowed to grow with the sample size, a result that could be of independent interest.

1. Introduction

Let Xi,..., Xy be i.i.d. random variables with distribution P having mean p and
finite variance o2. At the core of this paper is the following: Given 1 < ¢ < 5 (N),
construct an estimator iy = iy (X1,..., Xn) such that

~ t _
P(Ifin =l = 0\/) = 2¢7/E (1.1)

for some absolute positive constant L. Estimators that satisfy this deviation property
are called sub-Gaussian. For example, the sample mean Xy = % Z;'V=1 X is sub-
Gaussian for t,,x < g(N, P), where g(N, P) — oo as N — oo and the constant L
equals 2; this immediately follows from the fact that convergence of the distribution
functions is uniform in the central limit theorem. However, ¢(N, P) can grow arbi-
trarily slow in general, and it grows as logl/z(N) if E|X|2T® < oo for some & > 0 in
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view of the Berry—Esseen theorem (for instance, see the book by Petrov [28]). At the
same time, the so-called median of means (MOM) estimator, originally introduced in
[1, 16, 26] and studied recently in relation to the problem at hand satisfies inequal-
ity (1.1) with fx of order N and L = 24e (see [21]), although the latter can be
improved. A large body of existing work used the MOM estimator as a core subrou-
tine to relax underlying assumptions for a variety of statistical problems, in particular,
the methods based on the empirical risk minimization; we refer the reader to an excel-
lent survey paper by Lugosi and Mendelson [22] for a detailed overview of the recent
advances.

The exact value of constant L in inequality (1.1) is less important in problems
where only the minimax rates are of interest, but it becomes crucial in terms of practi-
cal value and sample efficiency of the algorithms. The benchmark here is the situation
when observations are normally distributed: Catoni [4] showed that no estimator can
outperform the sample mean in this situation. The latter satisfies the relation

7M1~ e—f/z)) PYTEY
VN

where ®~!(-) denotes the quantile function of the standard normal law. As we have
(1 —e/2) = (1 + 0(1))/1 as t — oo, the best guarantee of the form (1.1) one
can hope for is attained for L = 2. It is therefore natural to ask whether there exist
sharp sub-Gaussian estimators of the mean, that is, estimators satisfying (1.1) with
L = 2(1 4 o(1)), where o(1) is a sequence that converges to 0 as N — oo, under
minimal assumptions on the underlying distribution. This question has previously

IP’(I)?zv —ulzo

been posed by Devroye et al. [8] as an open problem, and several results appeared
since then that give partial answers. We proceed with a brief review of the state of
the art.

1.1. Overview of the existing results

Catoni [4] presented the first known example of a sharp sub-Gaussian estimator with
Imax = 0(N/x) for distributions with finite fourth moment and a known upper bound
on the kurtosis « (or, alternatively, for distribution with finite but known variance).
Devroye et al. [8] introduced an alternative estimator that also required finite fourth
moment but did not explicitly depend on the value of the kurtosis as an input while
satisfying required guarantees for fy. = o((N/k)?/3). Minsker and Ndaoud [25]
designed an asymptotically efficient sub-Gaussian estimator iy that satisfies
VN iy — 1) 4 N (0, 02) assuming only the finite second moment plus a mild,
“small-ball” type condition. However, the constants in the non-asymptotic version of
their bounds were not sharp. Finally, Lee and Valiant [20] constructed an estimator
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with required properties assuming just the finite second moment, however, their guar-
antees hold with optimal constants only for fpy, < ¢t < fiax, Where f.x = 0o(N) and
tmin — 00 as N — oo. In particular, this range excludes ¢ in the neighborhood of 0,
which is often the region of most practical interest.

1.2. Summary of the main contributions

The reasons for the popularity of the MOM estimator are plenty: it is simple to define
and to compute, it admits strong theoretical guarantees, moreover, it is scale-invariant
and therefore essentially tuning-free. Thus, we believe that any quantifiable improve-
ments to its performance are worth investigating.

We start by showing that the standard MOM estimator achieves bound (1.1) with
L = (14 o(1)), where o(1) — 0 as N — 00; this fact is formally stated in Theo-
rem 2.1. We then define a permutation-invariant version of MOM, denoted jiy, and
show in Corollary 3.2 that, surprisingly, it is asymptotically optimal in a sense that
VNN —p) 4N (0, 0) under minimal assumptions; compare this to the standard
MOM estimator that has a limiting variance 7 o2. The main result of the paper, Theo-
rem 5.1, demonstrates that optimality of fiy holds in the stronger sense, namely, that
inequality (1.1) is valid for a wide range of the confidence parameters, assuming the
distribution of X possesses ¢ moments for some possibly unknown g > 3+T‘5 ~2.62
and that its characteristic function satisfies a mild decay bound.

Analysis of the estimator jiy requires new inequalities for U-statistics of order
that grows with the sample size. Detailed discussion and comparison with existing
bounds is given in Section 4. In particular, we prove novel bounds for large deviations
of the degenerate, higher order terms of the Hoeffding decomposition (Theorem 4.1),
and deduce sub-Gaussian deviation guarantees for the non-degenerate U-statistics
(Corollary 4.2) with the “correct” sub-Gaussian parameter. These bounds could be
of independent interest.

1.3. Notation

Unspecified absolute constants will be denoted C, ¢, Cy, ¢, etc., and may take dif-
ferent values in different parts of the paper. Given a, b € R, we will write a A b for
min(a, b) and a Vv b for max(a, b). For a positive integer M, [M] denotes the set
{1,...,M}.

We will frequently use the standard big-O and small-o notation for asymptotic
relations between functions and sequences. Moreover, given two sequences {dy }n>1
and {b, }n>1, where b, # 0 for all n, we will write that a, < b, if Z—Z =o0(1) as
n — oo. Note that o(1) may denote different functions/sequences from line to line.
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For a function f:R > R, f will denote its m-th derivative whenever it exists.
Similarly, given g:R? — R, 9 x;&(x1,...,xg) will stand for the partial derivative of g
with respect to the j-th variable. Finally, the sup-norm of g is defined via ||g||c0 :=
esssup{|g(y)| : y € R?} and the convolution of f and g is denoted f * g.

Given i.i.d. random variables X, ..., Xy distributed according to P, we will
denote the corresponding empirical measure via Py := ﬁ ZJ]'V=1 8x;, where §x (f):=
f(X). For a real-valued function f and a signed measure Q, we will write Q f for
[ f dQ, assuming that the last integral is well-defined. Additional notation and aux-
iliary results will be introduced on demand.

2. Optimal constants for the median of means estimator

Recall that we are given an i.i.d. sample X1, ..., Xy from distribution P with mean p
and variance o2. The median of means estimator of j is constructed as follows: let
G U---U Gy € [N] be an arbitrary (possibly random but independent from the data)
collection of k < N/2 disjoint subsets (“blocks”) of cardinality | N/ k| each, X, :=
\G_lj| Y icg, Xi and
HAmMom = med(X1, ..., Xx).
It is known (e.g., [8,21]) that [iyom satisfies inequality (1.1) for t = k and L = 8e2.
This value of L appears to be overly pessimistic however: it follows from Theorem 5
in [24] that if k — oo sufficiently slow so that the bias of fiyowm is of order o (N ~1/2),
then
R d T
VN (aiom = ) = N (0.5 0?) @.1)

as k, N/k — oo. In particular, if E|X|?*T% < oo for some 0 < § < 1, then k =
o(N3/0+8)) suffices for the asymptotic unbiasedness and asymptotic normality to
hold. Asymptotic relation (2.1) suggests that the best value of the constant L in the
deviation inequality (1.1) for the estimator fiyom is @ + o(1). We will demonstrate
that this is indeed the case. Denote
1 X1 — pu\2 X —
g(m) = E[( ! “) min(( ! “(ﬂ)] 2.2)
Jm o o
Clearly, g(m) — 0 as m — oo for distributions with finite variance. Feller [10] proved
that sup; g |Pm (1) — O(¢)| < 6g(m), where @, and P are the distribution functions
of #ﬁ Z;'n=1 X — p and the standard normal law, respectively. It is well known that

g(m) < CJE)X1 — “)qm—('ﬂ)/z
o

whenever E|X; — u|? < oo for some g € (2, 3]. The next result can be viewed as a
non-asymptotic analogue of relation (2.1).
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Theorem 2.1. The following bound holds:
~ t
P(VN (ivon — ) = 0/7) = 2exp(——(1 +0(1)).  23)

Here, 0(1) is a function that goes to 0 as k, N/ k — oo, uniformly overt € [l x.,uk N]
for any sequences Iy y > k g>(N/k) and ux n < k.

Remark 2.2. (1) Note that the bound of the theorem holds in some range of the
confidence parameter (such estimators are often called “multiple-6” in the
literature, e.g., see [8]), however, this range is distribution-dependent. In par-
ticular, if vk g(N/k) — 0 as k, N — oo, the previous bound holds in the
range 1 <t < k, but the function g(-) depends on P and may converge to O
arbitrarily slow. Under additional assumptions, more concrete bounds can be
deduced: for instance, if E|X/o|*>T¢ < oo for some 0 < ¢ < 1, the condi-
tion vk g(N/k) — 0 is satisfied if k = o(NliiS) as N — oo. In general, by
choosing k appropriately, we can construct a version of the median of means
estimator that satisfies required guarantees forany 1 <t < N.

(2) The exact expression for the function o(1) appearing in the statement of The-
orems 2.1, as well as other results in the paper (e.g., Theorem 5.1), is not

made explicit. We remark that it depends on the distribution of X; through
kglz(N/ k) ukk,N
k. )

the function g(-) defined in (2.2), and on the ratios and

Proof of Theorem 2.1. As [imom is scale-invariant, we can assume without loss of
generality that 02 = 1. Denote m = | N/ k| for brevity, let p(x) = |x|, and note that
the equivalent characterization of [iyom is

k
fivom € argmin »  p(v/m(X; — 2)).
zeR ji=1

The necessary conditions for the minimum of F(z) := Zle o(Vm(X i —z)) imply
that 0 € dF (fimom) — the subgradient of F, hence the left derivative F’ (fipom) < 0.

Therefore, if ~/N (fimom — ft) = /1 for some ¢ > 0, then fimom = 14 + +/1/N and,
due to F’ being non-decreasing, F’ (i + /t/N) < 0. This implies that

P(\/N(QMOM —p) = \/;)
k
SO NANE AV ENGVEL)
j=1

k
P( 7 L (W — = iR ~Epl) = VRER ). 24)
i=1

J



S. Minsker 6

where we used the shortcut Ep’_ in place of Ep’_(«/ﬁ()@ — i — 4/t/N)). Note that
~VkEp_(Vm(X; — 1 — /t/N))
= —Vk(1 =2P(V/m(X; — . — Vt/N) <0))
= 2R(o(25) - 00) -2 K{o(( 1) e (w05, 0 = 1)

vk vk
NG
<2Vk - g(m)—|—2\/_\/_\/N/_m( (\/ﬁ)—qm)).

Since

1 Ji B
v Vi/N/m (CD(\/N/m) B (D(O)) = 23/1(¢(0) + O(t//N/m))

f(\f+ 0t/ Nm)).

where ¢ () = ®'(¢), we see that
—VEkEp (Vm(Xj — ju — /1/N)) <2k - g(m) + f(\/7+ 0(J/1/k ))

which is \/f\/g(l + 0(1)) whenever t < k and ¢ > k g?(m). It remains to apply
Bernstein’s inequality to the right-hand side in (2.4). Observe that

Var(p__(vV/m(X; — u — /t/N)))
= 4Var(I{~v/m(X; — p) < V1/k})
= 4P (Vm(X; — ) < V1/k)(1 =P (Vm(X; —p) = Vi/k)) =1
therefore

X t
P(VN (fivow = 1) = V1) = exp( 7(1+o(1)) + 2[«/5 —= e+ 0(1)))

= exp(—;(l + 0(1)))

whenever vk gim) €t K Vk. Similar reasoning gives a matching bound for the
lower tail P(v/N (fimom — () < —+/7), and the result follows. [

One may ask whether the median of means estimator admits a more sample-
efficient modification, one that would satisfy inequality (1.1) with a constant L smal-
ler than m. A natural idea is to require that the estimator is invariant with respect
to permutations of the data or, equivalently, it is a function of order statistics only.
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Such an extension of the MOM estimator was proposed by Minsker [24], however,
no provable improvements for the performance over the standard MOM estimator
were established rigorously. The question of such improvements, especially the guar-
antees expressed in the form (1.1), is addressed next. Let us recall the proposed
construction. Assume that 2 <m < N and, given J C [N] of cardinality |J| = m, set
Xy = %ZjeJXj.DeﬁneeA)X,") ={J C[N]:|J| =m}and

fiy :=med(X;,J € A), 2.5)

where {X;,J € A(Nm)} denotes the set of sample averages computed over all possible
subsets of [N] of cardinality m; in particular, unlike the standard median-of-means
estimator, [Ix is uniquely defined. Note that for m = 2, iy coincides with the well
known Hodges—Lehmann estimator of location [13]. When m is a fixed integer greater
than 2, iy is known as the generalized Hodges-Lehmann estimator. Its asymptotic
properties are well-understood and can be deduced from results by Serfling [31],
among other works. For example, its breakdown point is 1 — (1/2)/” and, in case
of normally distributed data, the asymptotic distribution of ~/N (fiy — ) is centered
normal with variance A2, = mo? arctan(«/’ﬁ). In particular, A2, = 02(1 + o(1))

as m — 0o. When the underlying distribution is not symmetric however, /iy is biased

for the mean, and the properties of this estimator in the regime m — oo have not been
investigated in the robust statistics literature (to the best of our knowledge). Only very
recently, DiCiccio and Romano [9] proved that whenever m — oo, m = o(~/N) and
the sample is normally distributed, /N (iy — i) — N(0, 0%). We will extend this
result in several directions: first, by allowing a much wider class of underlying dis-
tributions, second, by including the case when VN <« m < N, which is interesting
as bias(fiy) is o(N ~'/2) in this regime, and finally by presenting sharp sub-Gaussian
deviation inequalities for iy that hold for heavy-tailed data.

Let us remark that an argument behind Theorem 2.1 combined with a version of
Bernstein’s inequality for U-statistics due to Hoeffding [15] immediately implies that
[y satisfies relation (2.3). Similar reasoning applies to other deviation guarantees for
the classical median of means estimator that exist in the literature, so in this sense [iy
always performs at least as good as fiyom.

Analysis of the estimator iy is most naturally carried out using the language of
U-statistics. The following section introduces the necessary background, while addi-
tional useful facts are summarized in Section 7.1.

3. Asymptotic normality of U-statistics and the implications for i x

Let Y7,..., Yy beii.d. random variables with distribution Py and assume that /&, :
R™ - R, m > 1, are permutation-symmetric and square-integrable with respect to
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Py functions, i.e., hy (Xz1)s - -2 Xg(m)) = hm(x1, ..., xp) forany x1,...,x, € R
and any permutation 7: [m] — [m], and Eh2, (Y1, ..., Yn) < co. Without loss of gen-
erality, we will also assume that Eh,, := Eh,,(Y1,...,Ys) = 0. Recall that ,A)X,") =
{J € [N]:|J| = m}. The U-statistic with kernel /,, is defined as

UN.m > hm(Yiiel).
(m) JG‘A’XI'”
Fori € [N], let
"V (Y:) = Elhm (Y1, ..., Ym) | Yil. 3.1)

We will assume that IP’(h,(,p (Y1) # 0) > 0 for all m, meaning that the kernels /,, are
non-degenerate. The random variable

SNm = ZIE[UNm | Y] Zh(l)(Y)

=1

known as the Héjek projection of Uy ,, is essentially the best approximation of Uy,
in terms of the sum of i.i.d. random variables of the form f(Y;) +--- + f(Y;). We
are interested in the sufficient conditions guaranteeing that Unm=Snm — , p(1) as

Var(Sy m)

N, m — oo. Such asymptotic relation immediately implies that the limiting behavior
of Up,, 1s defined by the Hijek projection Sy ;. Results of these type for U-statistics
of fixed order m are standard and well-known [14, 18, 30]. However, we are inter-
ested in the situation when m is allowed to grow with N, possibly up to the order
m = o(N). U-statistics of growing order were studied, for example, by Frees [11],
however, existing results are not readily applicable in our framework. Very recently,
such U-statistics have been investigated in relation to performance of Breiman’s ran-
dom forests algorithm (e.g., see [27,34]). The following theorem is essentially due to
Peng, Coleman and Mentch [27]; we give a different proof of this fact in Section 7.2
as we rely on parts of the argument elsewhere in the paper.
Theorem 3.1. Assume that w =o0(N)as N,m — o0o.' Then
Var(hy” (Y1)
UN ,m SN m

A Var(SN,m)

It is easy to see that asymptotic normality of Uy, /+/ Var(Sy,,) immediately
follows from the previous theorem whenever its assumptions are satisfied. Next, we

=op(l) as N,m — oo.

will apply this result to establish asymptotic normality of the estimator iy defined
via (2.5).

Tt is well known [14] that Var(h‘V (Y})) < Var(h,,)/m, therefore the condition imposed
on the ratio of variances implies that m = o(N).
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Corollary 3.2. Let X1, ..., Xy be i.i.d. with finite variance c>. Moreover, assume
that \/N/m g(m) — 0 as N/m and m — oc. Then

d
VN iy — ) = N(0,6%) as N/m and m — oo.

Remark 3.3. The requirement /N/m g(m) — 0 guarantees bias(fiy) = o(N ~1/2).
Without this requirement, asymptotic normality can be established for the debiased
estimator iy — Efiy.

Proof. Let p(x) = |x| and note that the equivalent characterization of iy is
iy €argmin Y p(v/m(X; = 2)).
zeR JE.A,EQ")

The necessary conditions for the minimum of this problem imply that for any fixed
t >0,

P( Y pL(Wm(Xs—p—iNTV2) > 0) < P(VN (i — ) 2 1)
JGA%)
and

P(VN(Gy - z1) <P( Y pl(/m(Xs—p—1N"2) 2 0).

Je.AX’,”

Thus, it suffices to show that the upper and lower bounds for P(~/N (iy — ) > 1)
converge to the same limit. To this end, we see that

P( Y o (mXy = p—NTV2) = 0)

JetA(Nm)

_ P(—VNN/’”” S (oL (m(Xy—p—tNT?) ~Epl) = —@ Ep’—)ﬂ (3.2)

(m) JEAX,n)

where Ep/_ stands for Ep/_(/m(X; — u — tN~1/2)). As it the proof of Theorem 2.1,

we deduce that —/N/m Ep__(/m(X; — p — tN"2)) — L./2/m whenever we
have /N/m g(m) — 0 and N/m — oo. It remains to analyze the U-statistic

\/gUN,m = —‘NN/m > (PL(Wm(Xy—p—tNTV?) —Epl).

As the expression above is invariant with respect to the shift X; — X; — u, we can
assume u = 0. To complete the proof, we will verify the conditions of Theorem 3.1,
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allowing one to reduce the asymptotic behavior of Uy ,, to the analysis of sums of
i.i.d. random variables. Fori € [N], let

m—1 )

Jj=1

where (X1, ..., X,,) is an independent copy of (X1, ..., X,). Our goal is to under-
stand the size of Var(h(V(X1)). Specifically, we will show that Var(&”—ﬁ KM (Xy)) —
2/m as both m and N/m — oo. Given an integer [ > 1, let ®;(¢) be the cumulative
distribution function of Zﬁ-:l X;. Then

f—ﬁh(“(xl) - M(zim_l(% —X1) = 1) = VmE o
~ tm ~ tm
{2 0) <2 ()

_ 2@/}1&(5,,,_1 (% ~X1) = By (% ~x)) dP().

We will apply the dominated convergence theorem to analyze this expression. Con-
sider first the situation when the distribution of X is non-lattice.” Then the local limit
theorem for non-lattice distributions [32, Theorem 2] implies that

a2

h
V2r(m—1)o exp<—2(m - 1Do?

where /m - o(m~1/2) converges to 0 as m — oo for every 4 and uniformly in a.

r(a+h) = Bp-i(@ = ) + o2,

Therefore, we see that conditionally on X; and for every x,

&)m_l([—\/’% —x+ (x —Xl)) - 5m_1(% —x)

B x— X, ox (_(tm/«/ﬁ—x)2
= Jamm—Do P\ 2m - 1)o?

uniformly in m. Since m = o(N) by assumption,

(tm/~'N —x)?
xp(——

) Yom V2  (33)

>=1+0(1) asm, N — oo,

2(m —1)o?
hence
2 (Bcs (T x4 = X0) = B (e = 5)) =22 o)

2We say that X has lattice distribution if P(X] € a + kB, k € Z) = 1 and there is no
arithmetic progression A C Z such that P(X1 € o + kB, k € A) = 1.
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P-almost everywhere. Next, we will show that

gm(x, X1) := M(&Sm—l(j/_lnﬁ —X1) - 5m_1(% —x))

admits an integrable majorant that does not depend on m. Note that

m—1

g, X1)] <supr(Zx € Gz lx-Xill) = Clx -

j=1

where the last inequality follows from the well known bound for the concentration
function [29, Theorem 2.20]; here, C = C(P) > 0 is a constant that may depend on
the distribution of X;. We conclude that, by the dominated convergence theorem,

2 X
—hVX) - ===
TS

asm, N/m — oo, P-almost everywhere. As

e n 0| <2 [ ante xpapw)] < [ 1= xi1dpe
and E(Jg |x — X1|dP (x))? < oo, the second application of the dominated conver-
gence theorem yields that Var(% M (X)) — Var(\/g%) = % as N/m — oo and
m — o0.

It remains to consider the case when X has a lattice distribution. In this case, a
version of the local limit theorem [29] states that

m—1 2
'8 _ (m=Da+gB) —1/2
IP’( E X;j=(m—-1Da+ q,B) =—— ¢ 202m-1D 4 o(m /7,
ot V2r(m—1)o

where the o(m~1/2) term is uniform in ¢ € Z. Now, for any given y in the interval
(tm/N —x, tm/~/N —x + (x — X1)] of the form y = (m — 1)a + g, we have
that e=>>/(20(m=1) — | 4 o(1) as m/N — 0. Therefore, similarly to (3.3), in this
case,
~ tm ~ tm
2@(@ _ (——x+(x—X ))—cb _1(——x)) S S

m—1 \/ﬁ 1 m «/N «/_O'
P-almost everywhere, where we also used the fact that the number of points of the
form (m — 1)a + ¢gP in the interval of interest equals (x — X1)/B. The rest of the
proof proceeds exactly as in the case of non-lattice distributions, and concludes the
part of the argument related to Var( h(l) (X1)).

4+ o(1)
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To finish the proof, note that Var(y/N/m p_(/m(Xy — pu —tN7Y2))) < N/m
since [|p_[lc = 1, hence

Var(y/N/m pl (/m(Xy —p—tN"'?))) _ N/m
Var(h™®(X1)) = 2(1 4 o(1))N/m?
=0o(N)

m
2

~(1 +o(1))
as m — oo and N/m — oo. Therefore, Theorem 3.1 applies and yields that

VU= BT BOK)
2 Var(h(M (X))

=op(1),

where sz Var(h(l)(Xj)) = %(1 + o(1)). In view of the central limit theorem,
m & d 2
- My, it
S ,-§=1: HOx;) 5 N (o, ﬂ),

and we conclude that \/g Unm 4, N(0, %). Recalling (3.2), we see that

Pt = N ) 1= 5(L)

or lim sup,,, n/m—so0 P(~/N(fiy —p) > 1) <1 —®(t /o). On the other hand, repeat-
ing the preceding argument for the lower bound for P(v/N (fixy — i) > 1), we get
that liminf,,, n/m— oo P(VN({@ny —p)=1)>1-— 5)(t/0), whence the claim of the
theorem follows. |

Corollary 3.2 implies that asymptotically, the estimator i y improves upon jinom-
The more interesting, and difficult, question is whether non-asymptotic sub-Gaussian
deviation bounds for jiy with improved constant can be established, and to under-
stand the range of the deviation parameter in which such bounds are valid.

4. Deviation inequalities for U-statistics of growing order

The ultimate goal of this section is to establish a non-asymptotic analogue of Corol-
lary 3.2. Recall that its proof relied on the classical strategy of showing that the
higher-order terms in the Hoeffding decomposition of certain U-statistics are asymp-
totically negligible. To prove the desired non-asymptotic extension, one has to be able
to show that these higher-order terms are sufficiently small with exponentially high
probability. However, classical tools used to prove such bounds rely on decoupling
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inequalities due to de la Pena and Montgomery-Smith [7]. Unfortunately, the con-
stants appearing in decoupling inequalities grow very fast with respect to the order m
of U-statistics, at least like m™. As m is allowed to grow with the sample size N
in our examples, such tools become insufficient to get the desired bounds in our
framework. Arcones [2] derived an improved version of Bernstein’s inequality for
non-degenerate U-statistics where the sub-Gaussian deviations regime is controlled
by mVar(hf,% )(X )) defined in equation (3.1), rather than the larger quantity Var(k,,)
appearing in the inequality due to Hoeffding [15]; however, this result is only useful
when m is essentially fixed. Maurer [23] used different techniques that yield improve-
ments over Arcones’ result, in particular, with respect to the order m2; bounds obtained
in this work are non-trivial for  up to the order of N'/3, however, this does not suf-
fice for the applications required in the present paper. Moreover, unlike Theorem 4.1
below, results in [23] do not capture the correct behavior of degenerate U-statistics.
Recently, Song, Chen and Kato [34] made significant progress in studying U-statistics
of growing order and developed tools that avoid using decoupling inequalities, how-
ever, their techniques apply when m = o(~/N ), while we only require that m = o(N).

We will be interested in U-statistics with kernels of special structure that assumes
“weak” dependence on each of the individual variables. Let the kernel be centered

and written in the form A m(j—:? el \x/—’"ﬁ), whence the corresponding U-statistic is
UN,m_—Zh( zeJ)
J GA(’")

The Hoeffding decomposition of Uy, is defined as the sum

UNm:—Zh(l)(X)+Z( " > hPXi i e ),

j=2 TeAW

where hf,{)(xl,...,xj) = (8x; — P) x+--x (85, — P) x P/ h,, . We refer the
reader to Section 7.1 where the Hoeffding decomposition and related background
material is reviewed in more detail.

We will assume that Uy, is non-degenerate, in particular, one can expect that the
behavior of Uy, is determined by the first term 7 ZJN:l hfnl)(X ;) in the decompo-
sition. In order to make this intuition rigorous, we need to prove that the higher-order
terms are of smaller order with exponentially high probability. It is shown in the
course of the proof of Theorem 3.1 that

G) N DX i e J)) < Var(hm)(%)j.

Var
N
0.5
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However, to achieve our current goal, bounds for the moments of higher order are

required. More specifically, the key technical difficulty lies in establishing the correct
rate of decay of the higher moments with respect to the order m of the U-statistic. We

o))

for some 7 > 0,12 > 0andforallg > 2,2 < j < jy.x for a sufficiently large jpx-
The crucial observation is that the upper bound for the higher-order L, norms is still

will show that under suitable assumptions,

é) Z h(])(X,,

JGA%)

El/4

proportional to (m/N )j/ 2 same as the L, norm. The following result, essentially
implied by the moment inequalities of this form, is a main technical novelty and a
key ingredient needed to control large deviations of the higher order terms in the
Hoeffding decomposition.

Theorem 4.1. Let

()" e
i i
VN,j Z(IJV)—I/Z h%)(ﬁ,l GJ),

: )
J JeAy

xXji Xj+1 Xm)
N T

and vy = EV*| X, —EX, K. If the kernel h,y, is uniformly bounded, then there exists
an absolute constant ¢ > 0 such that

fi(1.. e x;) = Ehm (

2 )l/j’(llhmlloo \/W) /(j+1)))

Var(hp,) c(m/j)/G+D

ot N2/G+1)
12 1/ Wiaies VN
whenever min(; (y7—~)"" G ) TTFD

@) [19x, - 9x, filloo < (CL(P)/m)/2j 71T for some y1 > 1/2,
(ii) vy < k"2M for all integers k > 2 and some y, > 0, M > 0.

1
P(Vn,j| =1) < exp(— min(—(
c

) > 2. Alternatively, suppose that

Then there exist constants ¢1(P), c2(P) > 0 that depend on y1 and y, only such that

P(|VN,j| = 1t)

- 1( 12 )1//'( t/N/j )2/(1+j(2y2+1)) @D
< exp{ —min c1 \Var(h,,) "\(eaMjri—1/2)7 '

ty/ log(N/J)
ot Ly /D) > max(2, REED)

whenever min(é(wzm)) 7 (

3In the course of the proof, we show that whenever y» = 0, corresponding to the case of a.s.
bounded X1, inequality (4.1) is valid for all # > 0.
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The proof of the theorem is given in Section 7.3. Let us briefly discuss the imposed
conditions. The first inequality requires only boundedness of the kernel and follows
from a standard argument; it is mostly useful for the degenerate kernels of higher
order j, for instance, when j > Cm/log(m)). The main result is the second inequality
of the theorem that provides a much better dependence of the tails on m for small and
moderate values of j. Assumption (ii) is a standard one; for instance, it holds with
v, = 0 for bounded random variables, y, = 1/2 for sub-Gaussian and with y, = 1 for
sub-exponential random variables. As for assumption (i), suppose that the kernel /,,
is sufficiently smooth. In this case,

Oxy ++ Ox; fi (X1, X5)
= m_j/ZE[(axl .8xjhm)(

X1 X X+ Xm )]

which is indeed of order m—//2 with respect to m. However, the functions f; are often
smooth even if the kernel /4, is not, as we will show later for the case of an indicator
function (specifically, we will prove that required inequalities hold with y; = 1/2 for
all j <« m/log(m) under mild assumptions on the distribution of X). Next, we state a
corollary — a deviation inequality that takes a particularly simple form and suffices for
most of the applications discussed later. It can be viewed as an extension of Arcones
version of Bernstein’s inequality for the case of U-statistics of growing order, see [2].
Corollary 4.2. Suppose that
(1)  the assumptions of Theorem 4.1 hold for all2 < j < jmax with y; = 1/2,
(ii)  the kernel hy, is uniformly bounded,
(i) liminfy_eo Var(y/m h$P(X1)) > 0,
iv) mM? = o(N'%) for some § > 0.
Moreover, let (N, m) be an increasing function such that
. N \V/Qa+2y2) N
q(N,m) = 0<m1n<( ) , Jmax log<—>)> as N/m — oo.
mM? m
Then, forall2 <t < q(N,m),

m 4
P(|Unm| = /) < 2exp(— ’
(I V N)< ex( 2(1+o(1))Var(~/ﬁhr(nD(X1)))
N1/2

where 0(1) = 0 as N/m — oo uniformly over 2 <t < q(N,m). If m = o(log(—N)),

we can instead choose q(N, m) such that

N >1/<1+zy2) ijax))
mM? T m?2 '

q(N,m) = 0<min<(
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Remark 4.3. The key point of the inequality is that the sub-Gaussian deviations are
controlled by Var(y/m h ,(,} ) (X1)) rather than the sub-optimal quantity Var(/,,) appear-
ing in Hoeffding’s version of Bernstein’s inequality for U-statistics. Moreover, the

range in which Uy ,, admits sub-Gaussian deviations is much wider compared to the
implications of Arcones’ inequality when m is allowed to grow with N. Several com-
ments regarding the additional assumptions are in order:

ey

2

3

The assumption of uniform boundedness of the kernel /,, is needed to ensure
that we can apply Bernstein’s concentration inequality to the first term of the
Hoeffding decomposition. This suffices for our purposes but in general this
condition can be relaxed.

Assumption on the asymptotic behavior of the variance is made to simplify
the statement and the proof; if it does not hold, the result is still valid once
the definition of ¢(NV, m) is modified to reflect the different behavior of the
this quantity. We include the following heuristic argument which shows that
limy,, oo Var(y/m hﬁ,})(X 1)) often admits a simple closed-form expression.
Indeed, /m(hl) (X1) — h$(0)) = [ /m 3,hSy (u) du. Therefore, if the
relation ||8§hfnl)||oo = o(m~'/2) holds, then

Vim|3uhly) () = 3.k O] < Vm |50 oo u — 0
pointwise as m — oco. If the limit v/ 3, h%Y (0) exists, then
\/E(hf,})(Xl) — hf,})(O)) — lim /mdy hf,})(O)Xl P -almost everywhere.
m—00
Moreover, as /m ||8uh$)||oo admits an upper bound independent of m by
assumption (i) of Theorem 4.1 and X is sufficiently integrable, Lebesgue’s
dominated convergence theorem applies and yields that Var(y/m hfé ) (X1)) —

(limy;— 00 Buhf,}) (0))®>Var(X1). For instance, this heuristic argument can often
be made precise for kernels of the form 2(3_7_, x;/+/m).

Finally, the condition requiring that mM? = o(N'~%) is used to ensure that
(mllt;z)r > log(m) for any fixed t > 0, which simplifies the statement and
the proof.

Proof. The union bound together with Hoeffding’s decomposition entails that for any
t > 0and 0 < & < 1 (to be chosen later),

P(|UN,m

N
t
= ) <] Do)

J

i% > P X ied)
Jj=2 (])

+ IP’(
=27 jeatp

z(l—e)fz\/%)
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Bernstein’s inequality yields that

N
P(‘%;hw(}m‘ > (1—e)Wi \/%)

(1—28)2t/2
= 2‘”‘1’(_ @) 1 )
Var(y/m by’ (X1)) + (1 — &) 3 /m/N||hp || oo £1/2

(1—#)?
= 2exp(— o) )
2 Var(y/m by (X1))(1 + o(1))

where o(1) — 0 as N/m — oo uniformly over s < g(N/m). It remains to control
the expression involving higher order Hoeffding decomposition terms. Specifically,
we will show that under our assumptions, this expression is bounded from above by
exp(—t/[2 Var(y/m hf,})(Xl))]) -0(1), where o(1) — 0 uniformly over the range of .
To this end, denote 7, := &2t and jx := min(jyax. [log(N/m)| + 1). Observe that

(£ 5 vl )

Jj=2 J A(J)
Jx m

< (Z > P e )|z )
j= 2( )J A(J)

Jmax

Z () Z h(])(Xl,l

=35)

+B(

J=Jx+1 Je .A,(’)
(7) ; . Ve [m
P( > (zjv_) > hi,{)(Xi,zeJ)'z = N)’ 2)
J = Jmax \J JGA%)

where the second sum may be empty depending on the value of j.. First, we esti-
mate the last term using Chebyshev’s inequality. Repeating the reasoning leading to
equation (7.5) in the proof of Theorem 3.1, we see that

Var( Z Em; Je%;j)h(J)(X,, i € J)) < Var(hm)( )]mJr (1 - ﬂ)_l,

J > Jmax

hence

Z Z WP (X, i

J>dex J :Au(/)

“(

- 18Var(hm)
==

=3(¥)

(N)]max — 18Var(y,) exp(—jmax log (%) + log(ts)>
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whenever N/m > 2. Alternatively, we can apply the first inequality of Theorem 4.1
instead of Chebyshev’s inequality to each term corresponding to j > jy.x individu-
ally, with 1 = 1;,, 1= 25 (2)U=D/2_This implies that

(P > o en|= 5 i)

e

=y P(ﬁ > i e |z 5 1)
J > Jmax J

JEA%)

N\ LN N e
< m max exp( cmm(t /J( ) 7 7( 52 )1+1(_]2),+1))‘
.]>.]de m ”h”oo m
Thls bound iS useful When (ijax/mz)jmax/(jmax"rl) >> jmax log(N/m), Whlch is true

whenever m? < N/ log?(N). If moreover & 3> 1//log(N), then the last probability
is bounded from above by

NN\ [t 7T (Nj\TH
1/j )J ( & )1+1 WAYAZ .
Jrfﬁfxe’(p( ¢ mm( () " T (52

Now, to estimate the middle term (the probability involving the terms indexed by
Jx +1 < j < jmax), we apply Theorem 4.1 to each term individually for t = ¢; , :=
jj—.’g(%)ﬁ—ﬂ/?, keeping inmind that Yo ; e < ’f—;(%)(f_l)/z 1z Note that for
any2 <t < N/m,e>m/N and j > |log(N/m)| + 1,

2/j '
min(tf’_s,(tf’s— VN/J)1+/<22y2+1>) . 1 <N>1+‘2y2
C

(cMjvi=1/2)i = m2/a2m) \

whence

.'max m

/Z Q Z h(j)(X. :
N) m 1>
J

(
=] 1 )
J=Jjx+ JeA

. ( c1 (ﬁ 1+lzy2) - ( €2 (ﬁ 7
= Jma P\ 272y m) = P\ 2/ m) )

Finally, to estimate the first term in the right-hand side of inequality (4.2), we again
apply Theorem 4.1. With ¢; . defined as above,

( ) A“)

i . 6 [',a
<ZP(<,> el 5 )

A(l)

_ Ve [m
= 3 VN

is

= 5)
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izl Y (+j(142y2)

<iex —c min zl/j(ﬁ)f e (ﬂ)l-i-j(lj-ﬁ-ZVz)
- P\ ¢ \m " M2i0+i0+2r2) iy

j=2
< max exp| —c min /1 (N)jf_l o/ (H704272) (E)H-j(lj-iﬂyz)
= 2255, P m C MG+ +2r)) \ )y :

Whenever ¢ > ﬁ the last expression is upper bounded by

N MA4jA+22))
max exp| —c3 min /J( ) ’ £ (—)H'/(szz)
2<j<jx 3 m T M2i/A+ia+2v2) \ i

for ¢3 small enough. Combining all the estimates, we obtain the inequality

( )J eA)(j)
N\TF' iy N\t
< max exp| —c3 min /J( )j ,t8+"(+y2)<—) e
2<j<jx m mM2

+ exp(—cz(m]]\(/lz)wlzm) + c4Var(hy,) exp(—jmax log(%) + log(t8)> 4.3)

h(’)(X,,

= Vi)

that holds if & > —~— and 2 < ¢ < £ 1f 1 < (A05) /(127204 then the first two
VN,
/m —ct/e

terms on the right-hand side of the previous dlsplay are bounded by e —cte/e = o
each, and if ¢ < &(Jmax — 1) log(N/m), the same is true for the last term. Therefore,

if
t <&t min((}n]]\(/lz)“rlzy2 s (Jmax — 1)10g<%)),
then
(28 £ wren|- o)

< 3exp(—£) = exp(— ! ) -o(1),
B £ 2 Var(/m by (X1))

where the last equality holds whenever we choose ¢ := ¢(N,m) such that e(N,m) — 0

as N/m — oo. Specifically, take

o e )"
min((#)l/(Hz”Z) s jmax IOg(N/m))

where the function ¢ (N, m) was defined in the statement of the corollary, and the
conclusion follows immediately. If m? < N/ log?(N), we can replace the last term
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in equation (4.3) by

(i (NNT (e \TET(Nj\TE
max exp| —c¢ min| 7, —) ,( > (—2) s
J > Jjmax m ”h”oo m

% &*. The final result in this case follows
similarly. |

—ct/e

which is bounded by e whenever ¢ <

S. Implications for the median of means estimator

We are going to apply the results of the previous section to deduce non-asymptotic
bounds for the permutation-invariant version of the median of means estimator. Recall
that it was defined as

Ay =med(Xy,J € AX,")).
Theorem 5.1. Assume that X1, ..., Xy are i.i.d. copies of a random variable X with
mean . and variance o>. Moreover, suppose that

(i)  thedistribution of X is absolutely continuous with respect to the Lebesgue
measure on R with density ¢,

(ii) the Fourier transform $1 of the density satisfies the inequality |$1 )] <
C1/(1 + |x|)? for some positive constants Cy and §,
(i) E[(X;—w)/o|? < oo for some HT‘E <q <3
Then the estimator iy satisfies

P(IVN@ — )| = ovt) < 26"1"(‘m)’

where 0(1) — 0 as m, N/m — oo uniformly for allt € [N m,u N m] for any sequences

{INm} AuNm} such that Iy > N/mi™" and unm < — /(q_l)fjmlogz o8

Remark 5.2. (1) Letus recall the Riemann-Lebesgue lemma stating that |<$1 x)|—
0 as |x| — oo for any absolutely continuous distribution, so assumption (ii) is
rather mild.
3+4/5

(2) The inequality ¢ > == assures that [y, and un,», can be chosen such that
lN,m KL UNm.-

Proof. Throughout the course of the proof, we will assume without loss of generality
that 02 = 1; the general case follows by rescaling. Let us also recall that all asymptotic
relations are defined in the limit as both m and N/m tend to infinity. Note that direct
application of Corollary 4.2 requires existence of all moments of X, which is too
prohibitive. Therefore, we will first show how to reduce the problem to the case of
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bounded random variables. Specifically, we want to truncate X; —pu, j =1,..., N,
in a way that preserves the decay rate of the characteristic function. To this end, let R
be a large constant (that will later be specified as an increasing function of m), and
define the standard mollifier x (x) via

1
() = {Cl exp(~ita). el <1,

0, x| > 1,

where Cy is chosen so that [p k(x) = 1. Moreover, let yg(x) = (I2r * kg)(x) be
the smooth approximation of the indicator function of the interval [-2R, 2 R], where
Lr(x) = I{|x]| < 2R} and kg(x) = %K(%); in particular, yg(x) = 1 for |[x| < R
and yg(x) = 0 for |x| > 3R. Set

Y(x) = Cagr(x + 1) xr(x)

where C, > 0 is such that [p ¥ (x)dx = 1. Suppose that Y ® has distribution with
density ¥ and note that by construction the laws of X; — u and ¥ ®| conditionally
on the events {|X; — u| < R} and {|Y ®| < R}, respectively, coincide. Therefore,
there exists a random variable Z independent from X such that

y® . {Xl — i, | X1—ul =R,
1 T

(5.1)
Z, |X1 — | > R,

also has density ¥. Observe the following properties of Yl(R):
(a) |, I(R)| < 3R almost surely.
(b) IEh(Yl(R)) < C,Eh(X; — w) for any nonnegative function 4. Indeed, this fol-
lows from the inequality ¥ (x) < Ca¢1(x + ).

© [EY®|< (1 + Cp) BXmptl X 2R ppgeeq,

EY P = [EYP1{X) — ul < R} + EY®I{|X, — u| > R}|
= |[E(u — X){|X1 — p| > Ry + EYP1{|v®| > R}
< E[X; —ulI{|X1 — ul > R} + GE[Xy — p|I{|X1 — u| > R},

where the last bound follows from property (b) for h(x) = |x|[{|x| > R}. It
remains to apply Holder’s and Markov’s inequalities.

The final property of Y. I(R) is stated in the lemma below and is proven in Section 7.5.

Lemma 5.3. The characteristic function (ﬂ\(x) of Y I(R) satisfies

~ C
[Y1(x)| < m

for all x € R and a sufficiently large constant C.
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Define p(x) = |x|. Proceeding as in the proof of Theorem 2.1, we observe that

P(ﬁ(ﬁ—u)zﬂ)ﬁ(“ym > pL(ﬂ(XJ—u—Jt/N))ZO). (5.2)

Our next goal is to show that for sufficiently large R, the U-statistic with kernel p__
appearing in (5.2) and evaluated at X, ..., Xy can be replaced by the U-statistic
evaluated over an i.i.d. sample YI(R) YJS,R) where Y( ) is related to X according
to (5.1). To this end, recall that E| X; — /,L|q < 00, and choose Ras R = le/(z(q )
for some ¢ > 0. Next, observe that

> AWMy —p—1/N)

JGAX,'”
= Y (pL(m(T® = Ji/N) —EpL g +Ep.)
JG.AY,”)
+ Y (P (m(Xs == i/N))
Je.AX}”
— pL(Sm(Y [ = \Jt/N)) = Epl + Ep_ g), (5.3)

where Ep’_ = p_(v/m(X; — = i/N)) and Ep/_ p = EpL (vm(V;© = \/i/N)).

It was shown in the proof of Theorem 2.1 that

\/glgpf_fcﬂ.g(m)_ﬁ(\f+ o(\f f\fmo(l))

whenevert < N/mandt > = gz(m) Let us remark that in view of imposed moment
assumptions, g(m) = O(m_(q 2)/2), Moreover, it follows from Hoeffding’s version
of Bernstein’s inequality for U-statistics [15] that

LR S (oL (R = = VTN

(m) Je”“’f}(ln)

— pL(Sm(Y[® = \Jt/N)) —Ep_ + Ep_ g)
< B2 () (i (R — = T N)) — (TR = i) s v 12 \/;
with probability at least 1 — e~*. We want to choose s > 0 such that 7 = o(s) and
a(s, R) := 2E"2 (0 (/m(Xpm) — 1t — V/t/N))
LT — TN Vv R = o 54
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asm, N/m — oo. To estimate
S = E(pL(Vm(Xpm) — = VI/N) = o (V¥ = V1/N)",

note that for any a > 0, p’_(/m(Xpn —  — /t/N)) = p’_(\/ﬁ(f’[gf]) — Jt/N))
(R _

whenever we have |@(Y[fn]) — VI/N)| > a/2, |m(Xpm) — o — I/N)| > a/2

and | /m(Xpm) — 1 — Y[;ﬁ))| < a, hence

22 < 4(P(IVm(TR = Vi/N)| < a) + P(|Vm(Xpm — . — VI/N)| < a))
+ AP (|m(Xpmy — o — YD) > a).

Up to the additive error term Cg(m) = O(m~=2)/2)_ the distributions of v/ X[
and /m Y[gf]) can be approximated by the normal distribution, hence

P(Ivm(T iy = Vt/N)| < a) + P(IVm(Xpm — p = Vt/N)| < a) < C(a + g(m)).
Moreover, letting &; denote the event
& = { L iY(R)I{|Y(R)| > R —E(YRr{y®| > Rry)
YT m J J J J
j=1
> a - Vm[EY 1y > Ry},
we deduce that

_ _ 1
P(|Vm (X — 1= TR > a) = P('ﬁ Sy Ry > Ry
j=1

=a)

E|X, — uI{|X1 — ul > R}
(@ — Co/m[E(X1 — ) I{| X1 — p| > R}|)?
- E|Xy — pl?I{| X1 — pu| > R}
T R172(a — Co/m|E(X1 — ) I{| X1 — p| > R}D?
where we used property (b) of YI(R) along with Holder’s and Markov’s inequalities. It
is also clear that

<P(&) =

(5.5)

VmE|Xy — pl1I{| X1 — pnl > R}

VRIE = )X = 1] > RY| = o

thus, for R = cmﬁ specified before, vm|E(X; — w)I{| X1 — | > R}| = o(1).
Setting a = 2C, ﬁE]an‘;‘;ﬁl{lxl_“bR}, one easily checks that the right-hand
side in (5.5) is at most CR~(@~2 = C'm™ T . whence Y2 = o(1). Therefore,
there exists a function o(1) such that setting s =t /o (1) yields the stated goal, namely,

that 1 = o(s) and (s, R) = o(+/t) where a(s, R) was defined in (5.4). Combined
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with (5.3), this implies that
P(VN(@R—p) = Vi)
N )
<o(l)-e + P( VNI S (S (TR — JiTN) ~Ep )

- @(Ho(l))). 5.6)

Note that the U-statistic in the display above is now a function of bounded random
variables, hence we can apply Corollary 4.2 with y, = 0. As ||p”_||oo = 1, condition (ii)
of the corollary holds. Let /m/N Z,N=1 h(l)(Yj(R)) be the first term in Hoeffding
decomposition of the U-statistic

# Y (P (vm@ R —EY® — /i/N + EY) —Ep’ p).

Following the lines of the proof of Theorem 3.2 and recalling that \/m |]EY1(R)| =o0(1)
in view of property (c) of ¥ I(R) and the choice of R, we deduce that

Var(v/m h® (v®)) = %(1 +o(1)),

where o(1) — 0 as m, N/m — oo, validating assumption (iii) of the corollary. It
remains to verify assumption (i) and specify the value of j.x. Recall that p’ (x) =
I{x >0} — I{x < 0} and let Yj(R) stand for Yj(R) — IEI/j(R). Therefore, the function
Ji(u1, ..., uj) appearing in the statement of Theorem 4.1 can be expressed as

fiur, ... uj)
/ tm
ZEP’_( Z " ”“ + /m IEY(R))
m
4 17 tm (R)
—Eo Li= J vmEY]
p_( it /" N

= 2q>m_,»( 2]1: \/7(\/;+ ny(R))) —1,

where for any integer k > 1, @ stands for the cumulative distribution function of
i

ﬁ\

ﬁ\

and ¢y is the corresponding density function that exists by assump-

k
ﬁ Zj:l

tion. Consequently,

Buj ...aulfl(ul,...,uj)

_ 2 G-1) 1 J [ m \/% (R)
= A (G o s (i vmen®))

i=1
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The following lemma demonstrates that Theorem 4.1 applies with y; = 1/2 and that

Jmax = log(m) o(1) in the statement of Corollary 4.2.

Lemma 5.4. Let assumptions of Theorem 5.1 hold. Then, for m large enough and

J =o(m/logm),
27\J/2
G- 1) J
5=l = € ()

for a sufficiently large constant C = C(P).

We postpone the proof of this lemma until Section 7.6. As all the necessary
conditions have been verified, the bound of Corollary 4.2 applies. Recalling that
t > ¥ ¢2(m) and that g(m) < CE|X; — p|7/m@=2/2, Corollary 4.2 yields that
the probabihty in the right-hand side of inequality (5.6) can be bounded from above

by exp(—m) for all

5.7

whenever
N N
mR2" mlog?(N)

qg(N,m) = min( ) -o(1) as N/m — oc.

To get the expression for the second term in the minimum above from the bound of the

corollary, it suffices to consider the cases when m > o(l)and m < log( %) o(1)

log(N )

separately; we omit the simple algebra. Since R = cm!/2@=1)_(5.7) in only possible
1

q—1

A t
P(VN(@ —p) = o) < CXP(_2(1+—0(1)))

The argument needed to estimate

whenqg —2 > implying the requirement g > HT‘E The final form of the bound

stating that

uniformly for all q —r LI K ‘1/<‘1—1)1\>,m10g2(N)'

the lower tail P(v/N (fi — ) < —o+/7) is identical. n

6. Open questions

Several potentially interesting questions and directions have not been addressed in
this paper. We summarize few of them below.

(i)  First is the question related to assumptions in Theorem 5.1: Does it still
hold for distributions with only 2 + ¢ moments? And can the assumptions
requiring absolute continuity and a bound on the rate of decay of the char-
acteristic function be dropped? For example, Corollary 3.2 holds for lattice
distributions as well.
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(i) Itis known (see [12]) that the sample mean based on i.i.d. observations from
the multivariate normal distribution N(u, X) satisfies the inequality

Xy — <\/trace(2)+\/21||2||
N = N N

with probability at least 1 — ™. Does there exist an estimator of the mean

that achieves this bound (up to o(1) factors) for the heavy-tailed distribu-
tions? Partial results in this direction have been recently obtained in [19].

(iii) Exact computation of the estimator jiy is infeasible, as it requires evalu-
ation and sorting of < (N/m)™ sample means. Therefore, it is interesting
to understand whether it can be replaced by med(Xy, J € B), where B
is a (deterministic or random) subset of Ag\',n) of much smaller cardinal-
ity, while preserving the deviation guarantees. For instance, it is easy to
deduce from results on incomplete U-statistics in [18, Section 4.3], com-
bined with the proof of Corollary 3.2, that if 8 consists of M subsets
selected at random with replacement from A7, then the asymptotic distri-
bution of v/N (med(Xy,J € B) — ) is still N(0,02) aslongas M > N.
However, establishing results in spirit of Theorem 5.1 in this framework
appears to be more difficult.

7. Remaining proofs

The proofs omitted in the main text are presented in this section.

7.1. Technical tools

Let us recall the definition of Hoeffding’s decomposition [14] and closely related
concepts that are at the core of many arguments related to U-statistics. Assume that
Y1,..., Yy areii.d. random variables with distribution Py . Recall that Ag\',") ={J C
[N] : |J| = m} and that the U-statistic with permutation-symmetric kernel /,, is

defined as |

UNom = ™ > hm(Yii el
m JeeAﬁ\’,”)
where we assume that £/, = 0. Moreover, for j = 1,...,m, define the projections
(Tihm) V1, s ¥) = By, — Py) X == % 8y, — Py) X Py Iy (7.1)

For brevity and to ease notation, we will often write hﬁ,{ ) in place of 7;h,,. The vari-
ances of these projections will be denoted by

87 := Var(h (Y1,....Y)).
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In particular, §2, = Var(h,,). It is well known that hﬁ,{) can be viewed geometrically
as orthogonal projections of /,, onto a particular subspace of L(Py"), see [18]. The

kernels hg,{ ) have the property of complete degeneracy, meaning that
Ehf,{)(yl» ey yj—lv Y]) =0

for Py-almostall yy,...,y;—; while hf,{) (Y1,...,Y;) is non-zero with positive proba-
bility. One can easily check that 2(y1.. ... Ym) = D11 > jciml]:|/|=; WP (vivield),
in particular, the partial sum Z;c:l > JC[m:| T |=J h,(,{ ) (yi, i € J) is the best approxi-
mation of /,,, in the mean-squared sense, in terms of sums of functions of at most k
variables. The Hoeffding decomposition states that (see [14] as well as [18])

m
m .
UNm = Z( .)sz/,,)w (7.2)

j=1™/

where U JE,J 3,, are U-statistics with kernels hf;{ ), namely,

) 1 )
Ugh =~ > WP ie).

(G JeA)

Moreover, all terms in representation (7.2) are uncorrelated.

Next, we recall some useful moment bounds, found for instance in the book
by de la Pefia and Giné [6], for the Rademacher chaos variables. Let €1, ..., en
be i.i.d. Rademacher random variables (random signs), {ay, J € AE\I,)} C R, and

Z =ZJ6A%)aJHiEJ8i.Here, [licsei =& ---€i for J = {i1,....i).

Fact 1 (Bonami inequality). Leto?(Z) = Var(Z) = ZJG.A”) a%. Then for any g > 2,
N
E|Z|? < (¢ = D" (0> (2))"".

Now we state a version of the symmetrization inequality for completely degener-
ate U-statistics due to Sherman [33], also see the paper by Song, Chen and Kato [34]
for the modern exposition of the proof. The main feature of this inequality, put for-
ward in [34], is the fact that its proof does not rely on decoupling, and yields constants
that do not grow too fast with the order of U-statistics.

Fact 2. Let i be a completely degenerate kernel of order /, and let ® be a convex,
nonnegative, non-decreasing function. Moreover, assume that €q, ..., ey are ii.d.
Rademacher random variables. Then

Eo( Y hWi X)) SEO(2 Y e (YY),

I<ji<-<ji=N 1<ji<-<ji<N
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Next is the well-known identity, due to Hoeffding [15], that allows to reduce many
problems for non-degenerate U-statistics to the corresponding problems for the sums
of i.i.d. random variables.

Fact 3. The following representation holds:

1
UN,m = m Z We,
w

where the sum is over all permutations 7: [N] — [N], and

1
Wy = %(hm(Yn(l), Yr@- oo Yam)
+ o b (Ye(k=1)m+1) Y ((e=1)ym+2)s - - - » Yn(km)))
fork = |[N/m]|.

Finally, we state a version of Rosenthal’s inequality for the moments of sums of
independent, nonnegative random variables with explicit constants, see [3, 5].

Fact4. LetYy,..., Yy be independent random variables such that ¥; > 0 with prob-
ability 1 for all j € [N]. Then for any g > 1,

N g~ 1/q N 1/2 1 2a) 2
Y; < EY; 2 E y2) e
];j) =((x=n) +oveats, o 0

(#12

7.2. Proof of Theorem 3.1

Recall that
hf,{)(yl, cos ¥j) =8y, — Py) x---x (8, — Py) x Pl'f_jhm,
87 = Var(h{) (Y1,....Y))).
It is easy to verify that

hm(Y1,....Ym) = 8y, — Py + Py) x--- x (8y,, — Py + Py)hm

m

=) ) hPMied),
j=1 Jclml:|J|=j

and that the terms in the sum above are mutually orthogonal, yielding that

Var(hm (Y1, . .., Yo)) = Z(’?)s}. (1.3)

j=1
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Moreover, as a corollary of Hoeffding’s decomposition, one can get the well-known

identities
m (m 2 2
Var(Unm) = Z ((]N)) i Var(Sy,m) = mﬁ %
=t \;

m (m
Var(Unm — Sn.m) = Var(Un,m) — Var(Sy.m) = Y ’T i
f=a0

See [18, Chapters 1.6 and 1.7] for detailed derivations of these facts. The simple
but key observation following from equation (7.3) is that for any j € [m], we have
Var(hy,) > ('J")S]2 or

52 < Yartm) (7.4)
(7)
Therefore,

V: _ < 7)2 2 “ (7]”)

aI'(UN,m - SN,m) = Z Ny 81‘ < Var(h) Z Ny

Jj=2 j) j=2 (])
< Var(h) (%)’ _ Var(h)(%)2<l _ %)_1, (15)

Jj=2

where we used the fact that (’7) / (7 ) < (%)j for m < N; indeed, the latter easily

follows from the identity (';’ )/ (7 )= % It is well known (see [14]) that

(1) Var(h;,) s Var(hm (Y1,....Ym)) __
Var(h'? (Y1) < =, therefore the condition Ty = o(N) imposed on

the ratio of variances implies that m = o(NN). Therefore, for m, N large enough (so
thatm/N < 1/2),

Var(Unm — SN.m) <> Var(hy,)(m/N)? _) Var(hm)
Var(Sn.m) - §2m?/N N§2

o(1),

UNm SN

rErw: =op(l)as N,m — oo.

by assumption, yielding that

7.3. Proof of Theorem 4.1

We are going to estimate E|Vy, ;| for an arbitrary g > 2. It follows from the sym-
metrization inequality (Fact 2) followed by the moment bound stated in Fact | that

()" . q

IE|VN,j|q§2quEXE8ﬁ Yo e s WP (XL X))

j (i1 yeensif)EAS)
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m ' q/2
szfq<q—1)”/2E(jv—) Yo Ky X))

J (il,...,ij)EeA:SVj)

Next, Hoeffding’s representation of the U-statistic (Fact 3), together with Jensen’s
inequality, yields that

() ( a/2 (") W4 a2
7 (X, Y J .
E ™ Yoo P (X X)) §E’LN/J_J Sowi| .
I iy sesij)eAl) im1
seeesly N
where W; = (hﬁ,{)(X(,-_l)H], e Xij))z. We are going to estimate in two different

ways Emax;—1 . |n/j] W}p . First, recall that
RSP (1, x) 1= (T hm) (X1, - X)) = By — Px) X -+ X (8x; — Px) X Py I

Therefore, (7;h)(x1,. .., X;) is a linear combination of 2/ terms that have the form
[Ticr 8x; P;(n_lll hm, for all choices of I C[j]. Consequently, |(7wj/m)(x1,. . .,x;)|* <
227 ||y ||2,, and the same bound also holds (almost surely) for the maximum of W;’s.
This implies that

E max WP <2722 and B (") < (2e)2i7 (f)”’nh 122
j=leLNGL T e J - J e
Moreover, equation (7.4) in the proof of Theorem 3.1 implies EW; < Var(h,,)/ (’7)
Therefore, Rosenthal’s inequality for nonnegative random variables (Fact 4) entails
that for ¢ > 2,

. (r;t) LN/./'JWq/z
‘LN/J'J ; ’

/27 \4q/2 m 102
< /2 q/2 4\ (L
<C (Var (hm + ( 2) (N) . J ) =i "

< e (Va2 + (4)"(£)" ot (5) bl )

and
. iN1/2 ymJ/2 q
Vi 17 < (a2 (vart 2 v (4) () Fial))
Markov’s inequality therefore yields that

p(17sl = €02 (Var 2 v (5 (5) i) ) <7
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Let A(q) = (C1¢)”/ Var'? (hn) and B(q) = [|hmlloo(q/ N)'/?(C1q"/?(m /])'/2)/.
Ift = A(q) Vv B(q),then g = A~'(t) A B~1(t). We can solve the inequalities explic-
itly to get, after some algebra, that

. N\2/(j+1)
2 )w’(m\/’v_/f) : )) (7.6)

(1
P(|Vn,jl = 1) < exp(mm(—(var(hm) EyRY e

c

Remark 7.1. Whenever we have that | X; — EX;| < M almost surely, the inequal-
ity |(7rjhm)(X1, ..., Xx;)| < 27||hm] o can then be replaced by the following bound:
|7t hm) (X1, .., X)) < Cll0y; -+ Ouy fj lloo(2M)7, which follows from Lemma 7.2
below. Combined with the assumption stating that

”auj "'8u1fj||oo <

’

(%)f/z i

one easily finds that the resulting concentration inequality reads as follows:

(1 12 \Ui t\/N/j 2/(i+1)
P(|Vy,jl = 1) < eXp(mm(Z(Var(hm)) ,((Cijl_l/z)j) ))

This bound holds for all # > 0 and is usually sharper than (7.6).

The bound (7.6) is mostly useful only when m/j is not too large. Now we will
present a second way to estimate £ max;—q . |n/;j] W}p that will yield much bet-
ter inequalities for small values of j and that is valid when X; is not necessarily
supported on a bounded interval. The key technical element that we rely on is the fol-
lowing lemma that allows one to control the growth of moments of W; with respect
to m. Define

fj(xl,...,xj) = Ehm(xl,...,)Cj,Xj_H,...,Xm).

Lemma 7.2. Let the conditions of the theorem hold and let 6> = Var(Xy). Then there
exists C = C(P) > 0 such that

J
() (X1 X)) < Clldu, By filloo [ [0 Xi = EXi| + )
i=1
with probability 1. Moreover, for any p > 2,
E|(tjhm)(X1. ... X)IP < CP |13, - B, £ I5(EIX1 — EX1|7)’.

The proof of the lemma is outlined in Section 7.4. As we have [[dy; * - 0y, fjlloo <
(%)” 2 j71J by assumption, the second bound of the lemma can be written as

E|(jhm)(X1..... X;)|P < CH m=IPI2 j1iPI(E| X, —EX;|P).
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Recall that vy, = El/k | X1 —EX; |k and that under the stated assumptions, vy < k2 M
for all integers k > 2 and some y,, M > 0. Therefore,

p 2pj :2v1pJj,,—pj,2P] TN Y1 50,—1/2 v2)2P]
EwW) <C*¥j m~ vy, < (C'Mj"'m pr2)“H,

and consequently IE((T) Wi)? < (C'MjY1=1/2p2)2P] The rest of the argument pro-
ceeds in a similar way as before. Recall again that EW; < Var(h,,)/ ('j" ) Rosenthal’s
inequality for nonnegative random variables (Fact 4) implies that for g > 2,

('jﬂ) LN/j] q/2

i 2 W

/27 \a/2 m 102
< (4/2 q/2 g ! L E
<C (Var (hm) + <2> (N) j j=1,r.r.l.a,lL)§V/jJ " .

With the inequality for EW/” in hand, the expectation E((';’) max; |/ Wi)?/?
can be upper bounded in two ways: First, trivially,

m q/2 m q/2 ,

B((") _may, m) = iis((" ) = sz
J Ji=1,..,IN/j] J

On the other hand, for any identically distributed &;,...,& and any p > 1, we

have Emax;—;,_x|€;| <k'/Pmax;—, _x EYP|£;|P. Choosing ; = ('j")W, and p =

[log(N/j)] + 1, we obtain the inequality

q/2 ) .
E((’“ ) mas Wl) < (log(N/))79 (Cy M1 —/2g72y0]
J ) j=1 J

log(N/j)

The second bound is better for g < 757 Tozlog(NT7)*

therefore we get the estimates

(n?) LN/j] q/2

J .
E‘LN/J'J 2V

. i\1/2 .
< 2 (Va2 + (¢ (40) " vogm iy )

and
i i\ 1/2 ,
ElVasIf = (Cq2 (Varq/z(hm) v ((%) (log“(N/j)Mjﬂ-l/zq”)J)q)

that we will use for 2 < g < % while for larger values of ¢, (N/j)/4 < ev2/

and

, i\ 1/2 ,
E|Vy, |7 < (Cq'/?)% (Varqﬂ(hm) V(%) (ij‘_l/zqyz)’)q).
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Markov’s inequality therefore yields that for small values of ¢ (that is, whenever 2 <

log(N/j)
9= v2J ),

. i\ 1/2 .
P(|VN,,»| = (Cq)"? (Var'2 () v (%) (log”(N/j)Mj”“/zqh)f)) <e.
Let
. i\ 1/2 .
Ag) = (CqY/Var (). Blg) = (T) " (Cq "2 log” (N/j)Mj "~ 2q7)).

If t = A(q) Vv B(q), theng = A~1(t) A B~1(¢). Solving these inequalities explicitly
we get, after some algebra, that

P(Vn,jl = 1)

< . 1< 12 )1/1' ( t/N/j ) TFIGy D
< exp| min{ — , - - -
¢ \Var(hm) (clog"(N/j)Mjvi=1/2)]

for values of ¢ satisfying

2 1/j i 2 .
2= min(l< t ) /j’ ( t .N/j. .)1+J(2y2+1)) = —log(N'/J).
¢ \Var(hp) (clog”(N/j)Mjvi—1/2)Jj V)

Similarly, for ¢ > max(2, %), the previously established bounds yield that

. i\ 1/2 .
p(17vsl = (o (vart e v (40) gy ) ) < e

or, equivalently,

2 ; : #
PV > 1) < exp(min(%( t )1/17 (%)) T/ +1>) a7

Var(hyy,) (cMjn—1/2)j
whenever
1 12 1/j t/N/j 755D log(N/j
min(_( ) ( ' /J _>>1+1<zy2+1> zmax(z, og( ./J))'
¢ \Var(h,,) (cMjri—1/2)J Vo

Combination of inequalities (7.6) and (7.7) yields the final result.

7.4. Proof of Lemma 7.2

;X . .
Recall that f; (x1,...,x;) = Ehm(x—;n,...,;—’%, ﬁl,...,i—’:ni),wherej <m.Itis
easy to see from the definition of n; that (s h)(x1,...,x;) = (7; f;)(x1, ..., X)).

Next, observe that for any function g : R/~! > R of j — I variables such that
Eg?(Xi,...,Xj—1) < 00, mjg = 0 P/~ l-almost everywhere. Indeed, this follows
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immediately from the definition (7.1) of the operator 7;, since g is a constant when
viewed as a function of y;. Based on this fact, it is easy to see that, for any constant
a€R, fi(x1,....x;)and fj(x1,...,x;) — filx;=a(x2, ..., xj) are mapped to the
same function by mj, where fj|x,=a(x2,...,x;) := fj(a,x2,...,x;),. In particular,
(wjh)(x1,....x5) = (w; (f; — filx;=a))(X1,...,xj). Moreover,

Jixt, oo x) = filxyy=a(x2, ..., %) = /X1 Ouy fj (U1, X2, ..., x;) duy.
a
Next, we repeat the same argument with f; replaced by
Jin(xa, oo X ur) = 0y, fi (U1, X2, ..., X))
and noting that
Jia(oa, oo xjiu) = f2,lx=a(X3, ..., Xj5U1)

X2
= / Ous fi2(U2, X3, ..., xj;u1) dus.
a

The expression faxl Jiz2lxo=a(x3, ..., xj;u1) duy is a function of j — 1 variables,
hence 7; maps it to 0 so that

X1 X2
(wihm)(x1,...,x;) = nj(/ / Ouy fi2(U2, X3, ..., xj;u1) dus dul).
a a

Iterating this process, we arrive at the expression

X1 Xj
(i) (X1, ., X)) =n,(/ / Oy = Dy S, ) gy -ty )
a a
Next, observe that for any function g of j variables,

(njg)(xlv”'vxj) = (le _PX) X X ((ij —Px)g
— E g[8, —bg,) X+ x (s — 85 )g).

where Xl e, )Zj are i.i.d. with the same law as X, and independent from X1,...,Xy.
Therefore, (77 hm)(X1, ..., X;) is a linear combination of 2/ terms of the form

E;Z(l_[&c,- 1_[ 83/_ g) for all choices of I C [/]

iel  jelc

andg(xl,...,xj)zfxl ---faxj Ouj -+ Oy fij(u1,. .. ,u;)duj---duy. Take a :=EX),

a
and note that

i) (1o )] < 0w, 0y filloo Y [ 1% —al [] EIXi —al

Icljliel jele
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<0y -0y Silloo Y [ 1xi —al -0

IC[jliel
= |13, ---aulﬁum]‘[uxi ~EXi| +0).
i=1

The first claim of the lemma follows. To deduce the moment bound, observe that since
X1,....Xj, X1,..., Xj are ii.d. and in view of convexity of the function x > |x|?,
for p > 1,

E|(7rj hm) (X1, ... X~)|1’
p
e By fiQurn . up) duj - duy

< 2(r— 1)]||3uj ...aulfjngoEKXl -EXy)---(X; —EX))|?

fora = EX;.

7.5. Proof of Lemma 5.3

As ¥ (x) is integrable, its Fourier transform equals C2$1 * ¥R, while Y = KR - fz r. It
is well known (see [17]) that € (x) < Cze~V™*], hence kg (x) = R(Rx) < Cze~ VR,
Moreover, I, Rr(x) = sin(2Rx)/x. Therefore, for |x| large enough,

0= [ B =niea]
=C 1(x — VTR d
([ B DER0y
+ b1(x —y)Tr(y)dy).
/y-|y x|<‘xl/2¢1(x VIXR(Y) y)

~ 8
To estimate the first integral note that ¢;(x — y) < (1+|?C|/2)5 < (li‘zl)g

|y — x| > |x|/2, and that IZR(x) < 2R, implying that

whenever

Cs

R Cs — VR _
| / RO MIRO)dy| = TERT /R R = s

On the other hand,

x+[x|/2 .
/ +lx|/ o~ /RI] sin(2Rx) dx‘
x X

|/ Bi(x = 2RO Y] = Co
[y—x|<|x|/2 —[x|/2

3R|x|/2
§C7/ e_ﬁdszge_VRlxl/zw/R|x|.

Rix|/2

Clearly, the last expression is smaller than implying the desired result.

Co
(1+[xp3>
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7.6. Proof of Lemma 5.4

The proof proceeds using the standard Fourier-analytic tools. Let qAﬁl := F[¢1] be the
Fourier transform of ¢, whence ¥ [¢m—;](t) = (¢1(t//m — j))™ /. Therefore,

00 = 5 [ ewcinoin (5 (==))"

and

195 lo < 5- / (= ))’”"'dx

_ /2
M[w 161 (oI dx.

As |1 (x)] < (HCW by assumption, the integral is finite when 6(m — j) > j (in par-
ticular, this inequality holds when m is large enough and j = o(m) as m — 00). To get
an explicit bound, we will estimate the integral over [—7, n] and R \ [—n, 5] separately,
for a specific choice of > 0. To this end, observe that $1 (x) = ¥y (x) + 0(x?), where
Vo (x) = exp(—02x2/2) is the characteristic function of the normal law N(0, 62).
Therefore, there exists > 0 such that for all |x| < 7, |$1 (x)| < exp(—02x?/4), and

2,20, _ :
(m_j)j/zf" Ix|7 7Yy ()" dx < (m—j)J/Z/ M exp(_w)dx
. .

4
= / Iylj_leXp(—
R

2.2 J :
S =5r(3)
dy =—T ,
Y o/ 2
where we used the exact expression for the absolute moments of the normal distribu-

tion. As F(x + 1) < Co+/27x(x/e)* for all x > 1 and an absolute constant C, large

enough I‘( ) < 5,2 (2j )7/2. At the same time,

(m — )il / G101 dx
R\[—7n,7]

= (m— j)P? / Y1 ()" dx
R\[-(2C1)2/8,(2C1)2/9]

4 m— )P / Y1 (o) d,
[—(2C1)2/8,(2C1)2/8]\[—n,n]

where C; > 1 is a constant such that |<;A51 )] < a <

T The first term can be estimated

via
(m — j)2 / G dx
R\[—(2C1)2/8,(2C)2/8]

m—j N j/2 |x]/ 1
= Cl (m—j )’ oo
R\[-(2€)2/8 (2¢)2/8] (1 4 [x[)3@m=1)
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_ 20 m— jyi? 1
Sm—j)—j (C)2m-D=2is:

When m > 2j + 2j/8, we can bound the last expression from above by C3m//227™.
Finally, as supj (s, [¢1(x)| < 1 —y forsome 0 <y < 1,

(m — )il / Y1 O dx
[—(2C1)2/8,(2C1)2/8\[-n,n]

i . (2C+)%//8

< 2m — j)I2(1 — yymt BT

Putting the estimates together, we deduce that

— j)J/2
G-1) (m—j) i—1, 2 —j
9= loo = =2 [ el Igr o dx
Cy (2jN\J/? , . .
= =2(F) +am22m 4 Cy@e) P my -y

Whenever j = o(m/logm), the last two terms in the sum above are negligible so that
for m large enough,
G—1) Cs (2j\J/2
[¢pm—; lloo = 0—](?) ,
as claimed.
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