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Optimal and instance-dependent guarantees for Markovian
linear stochastic approximation
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Peter L. Bartlett

Abstract. We study stochastic approximation procedures for approximately solving a d -dimen-
sional linear fixed-point equation based on observing a trajectory of length n from an ergodic
Markov chain. We first exhibit a non-asymptotic bound of the order tmix% on the squared
error of the last iterate of a standard scheme, where fy,;x is a mixing time. We then prove a
non-asymptotic instance-dependent bound on a suitably averaged sequence of iterates, with a
leading term that matches the local asymptotic minimax limit, including sharp dependence on
the parameters (d, tiix) in the higher-order terms. We complement these upper bounds with a
non-asymptotic minimax lower bound that establishes the instance-optimality of the averaged
SA estimator. We derive corollaries of these results for policy evaluation with Markov noise—
covering the TD(A) family of algorithms for all A € [0, 1)—and linear autoregressive models.
Our instance-dependent characterizations open the door to the design of fine-grained model
selection procedures for hyperparameter tuning (e.g., choosing the value of A when running the
TD(X) algorithm).

1. Introduction

Linear Z-estimation problems—in which we are interested in computing the fixed
point of a linear system of equations—arise in many application domains, includ-
ing reinforcement learning and approximate dynamic programming [4,73], stochastic
control and filtering [2,7,44], and time-series analysis [32]. In many of these applica-
tions, the data-generating mechanism is modeled using an underlying Markov chain.
The resulting dependency among the observations presents challenges for algorithm
design as well as statistical analysis. In this paper, our goal is to provide an instance-
dependent statistical analysis—one that captures the difficulty of the particular Z-
estimation problem at hand—and to develop computationally efficient algorithms that
match these fundamental limits.
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A linear Z-estimation problem in R¢ is specified by a fixed-point equation of the
form

0 =16+b, (1.1)

where the matrix L € R9*4 and the vector b € R? are parameters of the problem. In
settings of interest in this paper, the problem parameters (L, l;) are unknown, and
we observe only a sequence (L;, b;);>1 of noisy observations, generated accord-
ing to a Markov process in the following manner. The Markov process generates
a sequence (sy)s>o of states taking values in some underlying state space X. This
chain is assumed to be ergodic, with a unique stationary distribution £. The observed
pair (L;41,bs+1) at each time ¢ depends on the current state s;, and moreover, their
expectations under the stationary distribution £ are equal to their population-level
counterparts (L, b).

This general formulation includes a number of special cases of interest. In the
simplest setting, at each time ¢, we observe a matrix-vector pair of the form L, =
L(s;) and b;4+1 = b(s;), where L : X — R4*4 and b : X — R are deterministic
mappings such that

EE[L(S)] =L and Eg[b(s)] =b. (1.2a)

Many applications involve additional sources of randomness beyond that naturally
associated with the Markov chain itself. In order to accommodate this possibility, we
can consider observations of the form

Lit1=1Li+1(s;) and bry1 = brt1(sy). (1.2b)

Here, the mappings L;4; and b;4; are now allowed to be i.i.d. random, independent
of s; but are required to be related to the deterministic mappings L and b via the
relation

E[Li+1(s)] = L(s), E[bi+1(s)] = b(s) foralls € X. (1.2¢)

By the tower property of conditional expectation, for a stationary Markov chain, equa-
tions (1.2a) and (1.2c) imply that L,41(s;) and b;41(s,) are unbiased estimates of
L and b, respectively.! The random operator observed at each iteration is therefore
given by 6 — L;1(s;)0 + b;+1(s;). This is a natural generalization of “random
field noise” [21,87] to the Markovian setting: instead of observing i.i.d. random fields
at iteration, we observe random functional of a Markov chain’s states.

Stochastic approximation (SA) methods, dating back to the seminal work of Rob-
bins and Monro [66], are standard iterative procedures for using data to approximately

"However, equation (1.2c) does not require the observations to be conditionally unbiased.
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compute 6. These algorithms proceed in a streaming fashion: upon receiving each data
point, an incremental update is made and the (averaged or) final iterate is returned in
a single pass. In this way, each iteration of stochastic approximation incurs only mild
computational and storage costs. Given these attractive computational properties, it is
natural to ask if there are SA methods that also enjoy optimal statistical performance.
To motivate the SA updates, we could start by considering a stochastic version of the
fixed-point iteration to solve equation (1.1):

Or+1 = L4160 + Drta.

With the randomness of the observations (L;+1, bs41), the iterates will fluctuate at a

constant order and may not converge. In order to stabilize the stochastic fixed-point

iteration, a stepsize 7 € (0, 1) may be introduced, leading to the canonical SA updates.
In this paper, we analyze the SA procedure based on the updates

Oi+1:= (1 —n)6; + n(Lyy16; + byy1) fort =0,1,..., (1.3a)
N 1 n—1

0, = 29’ forn =ng+1,n9+2,.... (1.3b)
n—no {=no

Equation (1.3a) describes a standard stochastic approximation update with constant
stepsize n > 0, whereas equation (1.3b) corresponds to an application of the Polyak—
Ruppert averaging procedure [64, 68] to the iterates, with burn-in period ny. When
each matrix observation L4 has a constant rank independent of the dimension d —
as is the case for temporal difference learning methods in reinforcement learning (see
Section 2.2)—the SA method (1.3) can be implemented with O (d) computational and
storage cost per iteration.

There is an extensive body of past work on stochastic approximation methods
with Markov data. Here, we provide an overview of the literature most germane to
our contributions and defer a more detailed review to Appendix A. Asymptotic con-
vergence of SA procedures with Markovian data can be established using either the
ODE method [7] or the Poisson equation method [2]. Tsitsiklis and Van Roy [75] ana-
lyze the asymptotic convergence of SA in the specific context of temporal difference
methods in reinforcement learning. Although asymptotic guarantees provide helpful
guidance, it is often most useful to have non-asymptotic guarantees that account for
both limited sample size and scale of modern problems, and for these reasons, non-
asymptotic analysis of Markovian SA procedures has attracted much recent attention.

Assuming a mixing time bound on the Markov chain, a projected variant of linear
SA was analyzed in the paper [5], leading to non-asymptotic rates that are near-
optimal in their dependence on the sample size n. Srikant and Ying [70] analyzed the
standard SA scheme without the projection step used in the paper [5] and obtained
the same convergence rate in both mean-squared error and higher moments. Under an
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appropriate Lyapunov function assumption on the Markov chain, Durmus et al. [24]

proved finite-time bounds for linear SA using stability properties of random matrix

products. Variants and special cases of SA procedures with Markov data have also

been studied, including two-time-scale algorithms [36], gradient-based optimization

under Markov data [22], and estimation in autoregressive models [13,34].

Despite this encouraging progress to date, two important questions still remain

open and are the focus of this paper.

Sample complexity with optimal dimension dependence: The primary goal of non-
asymptotic analysis is to provide guarantees on the estimation error that have an
explicit dependence on the problem at hand, and that hold true for a reasonable
range of values of the sample size n. For instance, suppose that the linear Z-
estimation problem in R? is driven by an underlying Markov chain of mixing
time #,,;x. Then, under natural noise assumptions, one should expect an effective
sample size of the order n/tyx so that the mean-squared error should scale as
O (tmixd / n), with this being the dominant term whenever n > t,;xd . Such an error
bound is particularly important for sieve estimators, where the problem dimension
d is adaptively chosen based on the sample size n. However, existing analyses of
linear SA do not provide such tight dimension dependence. Using the notation
of equation (1.3a), the estimation error bounds in the papers [5, 70] rely on a
uniform upper bound on the operator norm of the stochastic matrix L;41(s;); this
quantity scales linearly with dimension d in many applications. Consequently, the
resulting bounds on the MSE have a sub-optimal dependence on dimension, which
is unsatisfactory for problems with growing dimensions. Similarly, the bounds
in the papers [17, 24, 42] also exhibit a sub-optimal dependence on dimension.
To the best of our knowledge, the question of whether linear SA succeeds under
the minimal conditions on sample size—in particular, with » mildly larger than
Imix - d—remains open.

Instance-dependent optimality: While many estimators may exhibit near-optimal
statistical performance in the globally minimax (i.e., worst-case) sense, some of
them perform significantly better than others when applied to practical problem
instances. This phenomenon motivates the study of local (i.e., instance-dependent)
performance in the non-asymptotic regime. Such results have recently been estab-
lished for linear Z-estimation in the i.i.d. setting [39, 50, 58, 62]. The latter two
papers listed provide non-asymptotic analogs of classical theory on local asymp-
totic minimaxity (cf. [78]), which establishes lower bounds by looking at the
worst-case family of instances in a local neighborhood of a given problem. In
the Markov setting, two questions naturally arise: (1) What does it mean for an
estimator to be locally optimal in a non-asymptotic sense? (2) Does the linear SA
estimator (1.3) match the local lower bound for every problem instance?
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1.1. Contributions and organization

The primary goal of this paper is to resolve these challenges and provide a sharp
analysis of (averaged) linear SA algorithms. Arguably, our results are not merely
of theoretical interest; they also provide important guidance for practice, such as in
choosing algorithm parameters including the burn-in period and stepsize. In more
detail, we consider the following.

* We perform a fine-grained analysis of linear SA and produce an upper bound
on its statistical error that explicitly tracks the dependence on problem-specific
complexity as well as stepsize. Furthermore, our bound holds true provided n =
tmix - d, establishing the fact that the algorithm does indeed attain a sharp sample
complexity guarantee with optimal dimension dependence.

* Inacomplementary direction to our upper bounds, we show a local minimax lower
bound with an appropriately defined notion of local neighborhood of Markov
chains. This lower bound certifies the statistical optimality of the linear SA esti-
mator, again in an instance-dependent sense.

*  We derive consequences of our general analysis for temporal difference methods
in reinforcement learning, demonstrating a key problem-dependent quantity in
matching upper and lower bounds.

One technical aspect of our analysis is noteworthy. En route to establishing bounds
with sharp dimension dependence, we introduce a careful “bootstrapping” argument:
starting with a loose bound, we progressively refine it via the repeated application of
certain self-bounding inequalities. We suspect that this method may be of independent
interest in providing sharp analyses of other stochastic approximation methods.

The remainder of this paper is organized as follows. We complete this section
by introducing notation to be used throughout the paper and then providing a more
detailed discussion of related work. In Section 2, we provide the basic problem setup,
discuss the underlying assumptions, and give some illustrative examples. Section 3 is
devoted to the presentation of our main results, which include upper bounds on the
estimation error of stochastic approximation procedures, along with local minimax
lower bounds that apply to any estimator. In Section 4, we develop some consequences
of these results for specific models, including policy evaluation in reinforcement
learning and estimation in autoregressive models. Sections 5 and 6 are devoted to
the proofs of Proposition 1 and Theorem 1, respectively. We conclude with a discus-
sion in Section 7. The proof of Theorem 2 and some auxiliary results, as well as some
corollaries, are postponed to the appendix.

Notation. We let (X, p) denote a metric space. For any x € X, we use §, to denote
the distribution that places all its mass on {x}. Given a random variable X, we use the
notation &£(X) to denote its probability distribution. For a pair (7, i) of probability
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distributions on X, let I'(77, ;) denote the space of all possible couplings of i and 7.
For any p > 1, the Wasserstein- p distance between 7 and p is given by

1/p
'Wp,p(mu):{ inf f p(x,y)”da/(x,y)} .
yel'(m,u) JXxX

and the total variation distance between 7 and p is given by
dry (. ) == sup [ (4) — n(A)|.
AcX

Our analysis also involves various other divergences between probability mea-
sures. For any pair of probability distributions P and Q on the same space, we use
P « Q to denote the fact that P is absolute continuous with respect to Q and use

3—5 to indicate the Radon—Nikodym derivative. Given P < Q, we define

d
KL divergence: Dy (P || Q) :=Ep |:10g —(X)],

dp
x? divergence: x*(P || Q) :=Ep [—(X) — 1],

dQ
. dpP
Max divergence: Dy (P||Q):= sup [|log—(x)]|.
x€supp(Q) dQ

Given any matrix A = (a;;) € R™*™, its vectorization is obtained by concatenat-
ing its columns—uviz.

T
vec(A4) = [all a1 - dp1 di2 ccc dpz2 ccc dim anm] e R"™.

We use {e; };lzl to denote the standard basis vectors in the Euclidean space R4; ie.,
ej is a vector with a 1 in the j-th coordinate and zeros elsewhere. For two matrices
A € R41*% apd B € R%*94 we use A ® B to denote their Kronecker product, a
d1ds x dpd4 real matrix. For symmetric matrices A, B € R9*4  the notation A < B
means that B — A is a positive semi-definite matrix, whereas A < B indicates that
B — A is positive definite. We use Ap.(A) and Ayin(A) to denote the largest and
smallest eigenvalues of the matrix A, respectively. We use the following notation for
matrix norms: for any matrix A € R91*42 we use the notation |A]op, 4] F, and
| Allnue to denote its operator norm, Frobenius norm, and nuclear norm, respectively.
Finally, throughout the paper, we use

Fri=0((bi, Li,si)i<t)

to denote the natural filtration induced by the Markovian observations.
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2. Problem setup

Recall from our earlier setup (cf. equation (1.1)) that we are interested in solving a
fixed-point equation of the form # = L6 + b, based on noisy observations of the
pair (L, 5), as defined by the Markov observation model (1.2). We require that the
matrix L satisfies the conditions

1 _ —
K .= Elmax(L =+ LT) <1 and |||L|||0p < Ymax- (21)

This condition is used throughout the paper.

2.1. Assumptions

We now introduce and discuss the remaining four assumptions that underlie our anal-
ysis.

2.1.1. Conditions on Markov chain. We first describe the conditions imposed on
the underlying Markov chain in our observation model. Let {s;};>¢ denote a trajec-
tory drawn from a Markov chain with transition kernel P. We assume that this chain
has a unique stationary distribution ¢ and impose the following mixing condition in
Wasserstein-1 distance.

Assumption 1. There exist a natural number t.;x and a universal constant cg > 0
such that, for any x,y € X, we have

. @1 (b)
Wi,p(8x PP, 8y, PImix) < zp(x,y) and Wy ,(8x P*, 8, P") < cop(x,y) (2.2)

forallt =1,2,....

It is known that such a condition implies rapid mixing (see [48, Section 4.5]). For
most parts of the paper, we assume that the chain is initialized with a sample s¢g ~ &
from the stationary distribution. Given that our mixing time bound guarantees expo-
nential decay of the Wasserstein distance, this condition is mild: it can be removed by
waiting for O (#,ix) iterations for the process to mix. By making this intuition rigorous,
we will also present a slightly weaker error bound under arbitrary initial distribution
(see Corollary 1).

2.1.2. Tail conditions on noise. In our observation model, the “noise” terms cor-
respond to the differences L. 1(s;) — L(s;) and L(s;) — L, along with analogous
quantities for the vector b. Our second assumption imposes conditions on these noise
variables. We consider separate conditions on these martingale (i.e., L;41(s;) — L(s;)
and b, 4 1(s;) — b(s;)) and Markov (i.e., L(s;) — L and b(s;) — b) parts of the noise.
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Assumption 2. There exist an even integer p € [2, 4+00] and non-negative constants
o, and oy such that, for any positive even integer p < p, scalar t > 0, vector u €
S9! and index j € {1,...,d}, we have

E[(ej, (Li+1(se) — L(s))u)” | #:] < plo?,
Ese[E[(ej. biy1(s) —b(5))? | s]] < plof,

as well as
Eswg[(ej, (L(s)— Z)u)p] < plo? and Eswg[(ej, b(s;) —l;)p] < p!alf.

Note that this assumption is mildest for p = 2, and strongest for p = co. In the lat-
ter case, when p = oo, the assumption requires L;+1 and b, to be sub-exponential
random variables in the standard coordinate directions (since log(p!) < plog(p/2)
by concavity of the log function). This condition covers, for instance, the case where
L4 is the outer product of sub-Gaussian random vectors, as in temporal difference
learning methods. In addition to accommodating this case, Assumption 2 also covers
the heavier-tailed setting in which only finitely many moments exist. In particular,
when p = 2, the second moment assumption coincides with the assumption made in
the paper [58].

An important quantity in our analysis is the effective noise level given by

o:= sup supsup p~"(E[{ej, (Ls+1(se) — L)O + (brg1(sy) —5))”])1/1). (2.3)
peEl[2,pljeld] t=0

Note that, under Assumption 2, we have the upper bound & < o7 ||0||2 + 0.

2.1.3. Metric space conditions. For most of our analysis, we impose the following
condition.

Assumption 3. The metric space (X, p) has diameter at most one.

Note that our assumption of unit diameter is arbitrary; boundedness suffices. In
order to accommodate the general case, it suffices to rescale the parameters o7 and op.

When applying our theory to unbounded spaces (e.g., X = R?), we use a trunca-
tion argument to show that there is an event over a reduced state space on which this
condition holds with probability tending exponentially to 1. (See Appendix B for the
details of this argument.) To unify the notation, we always assume the distance to be
of constant order with high probability, which results in constant diameter of the trun-
cated space. In high-dimensional Euclidean spaces, the distance between two generic
random vectors can easily become dimension dependent. In such cases, we rescale
the space to make it a constant. The rescaling could lead to dimension-dependent
Lipschitz constants, which is captured in Assumption 4 to follow.
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2.1.4. Lipschitz condition. Finally, we place a Lipschitz assumption—under the
metric p—on the mapping from the metric space X to the stochastic operators. Given
the Markov chain setup in the metric space (X, p), it is tempting to assume a dimen-
sion-free Lipschitz bound on the mappings (L;, b;). However, such Lipschitz con-
stants typically depend on dimension for practical problems. Concretely, view the
L-scale parameters (k, ymax) as constants and assume that the observations L ;1 (s;)
each have rank at most r. We then have

- ]E[|||Lt+1(5t)|||nuc] tfaCC(E[LtH(St)]) _ trace(L)

E[IILt+1Cs6)llop] > ; > ; . 24

Note that the term trace(L) typically scales as ©(d), even in the “easy case” when L
is a constant multiple of identity matrix.
Consequently, the Lipschitz constant for the mapping

L,:X — R4

grows at least linearly in dimension . On the other hand, as a d -dimensional standard
Gaussian random variable has norm +/d — (5(1) with high probability, it is natural to
assume the Lipschitz constant for the vector-valued mapping b; : X — R¥ to be of
order at least Q(\/E ). We therefore make the following assumption.

Assumption 4. There exist constants o, op > 0 such that, almost surely for any
x,y € X, we have

L (x) = Li(W)llop < 0rd - p(x.y) and |be(x) —b:(M)2 < opvd - p(x.y)
forallt =1,2,....

Note that, in Assumption 4, we have explicitly scaled the right-hand side of the
inequalities with factors that depend on the problem dimension d so that the pair
(oL, 0p) should indeed be viewed as dimension-free. It is also worth noting that the
notation (o7, 0p) is overloaded, since we can take the maximum of the bounds in
Assumptions 2 and 4. As shown in Appendix B, for certain natural problem classes,
Assumption 2 indeed implies Assumption 4 with discrete metric, up to logarithmic
factors.

2.2. Some illustrative examples

Our assumptions cover a broad range of ergodic Markov chains, and the fixed-point
equation (1.1) associated with their stationary distribution naturally arises from sev-
eral problems. In this section, we describe a few concrete examples of our general
setup. We first discuss the class of Markov chains satisfying our assumptions and
then describe the linear Z-estimators associated with such problems.
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2.2.1. Examples of Markov chains. By varying our choice of the metric p, we
recover several important classes of Markov chains that satisfy Assumptions 1 and 3.

* Consider a Markov chain defined on a countable state space X, and consider the
discrete metric p(x, y) := 1yx,. In this context, Assumption | corresponds to
mixing time bound in total variation—viz.

1
dry (8 Pmix, SyPt"‘iX) < 3 for all pairs x, y € X.

This mixing condition is satisfied for some finite #,,;x when the Markov chain is
irreducible, aperiodic, and positive recurrent. Moreover, this metric space has unit
diameter so that Assumption 3 holds as well.

* As another example, consider the state space X = B(0, 1) € R? equipped with
the Euclidean metric p(x, y) = ||x — y||2. We can define a Markov chain on this
space via the random evolution Xx 1 = T +1(Xk), where the random non-linear
operators {Jx jk>1 < XX are drawn i.i.d. from some distribution. We assume that
the expected operator 7 := E[77] satisfies the contraction condition || (x) —
T2 < yllx — y|l» with some y < 1. Assuming the stochastic operator T to be
Lipschitz and to satisfy a second moment bound, this dynamical system satisfies
the Wasserstein contraction condition under the Euclidean metric.

2.2.2. Examples of linear Z -estimators. We now describe some interesting exam-
ples of linear Z-estimators, to which we will return in later sections.

Example 1 (Approximate policy evaluation). We begin by considering the temporal
difference (TD) algorithm for approximate estimation of value functions. This prob-
lem arises in the context of Markov reward processes (MRPs), which are Markov
chains that are augmented with a reward function r : X — R. A trajectory from a
Markov reward process is a sequence {(s;, R;)}:>0, Where {s;};>¢ is the Markov
trajectory of states and R; is a random reward, corresponding to a conditionally unbi-
ased estimate (given s;) of the reward function value r(s;). Given a discount factor
y € [0, 1), the expected discount reward defines the value function

V*(s) :IE|:ZJ/’R, | so =sj|.

t=0

This value function is connected to linear Z-estimators via the Bellman principle.
Let P denote the transition operator of the Markov chain, and let ¢ denote the station-
ary distribution. Note that the P maps the space L.2(X, £) to itself. With this notation,
the value function V* is known to be the unique fixed point of the Bellman evaluation
equation

V=yPV +r. 2.5)
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In general, this equation is non-trivial to solve, especially given a limited trajectory
length. In practice, it is standard to compute approximate solutions using linear basis
expansions [12,75], and this approach underlies the family of TD algorithms with
linear function approximation.

Let {¢; }]’?lzl be a collection of linearly independent real-valued functions defined
on the state space, and consider the linear subspace S of all functions of the form
Vo(s) = Z;i:l 6, (s). This subspace defines the projected Bellman equation

V =Ts(yPV +r), (2.6)

where I1g is the orthogonal projection operator under IL2(X, £).
By definition, the projected fixed point ¥/ can be written in the form

d
V()= 0i¢;(s)
=1

for some vector # € R?. In defining the vector-valued mapping ¢ = [¢; ];lzl, some
simple calculations show that this parameter vector must satisfy the linear system

200 = y210 + Esg[Ro(5)9(s)]. 2.7)

where Zo = E;¢[¢(s)$(s) "] is the second-moment matrix of ¢ (s) under the sta-
tionary distribution, and X; = E[¢(s)¢(sT)T] is the cross-moment operator of the
Markov chain. In defining this cross-moment, the expectation is taken over s ~ & and
st~ P(s,).

This problem can be viewed within our framework by considering a Markov chain
on the augmented state space w; = (8¢, S;+1). Equation (2.7) defines a fixed-point
equation under the stationary distribution of this Markov chain. Define the minimum
and maximum eigenvalues (t 1= Apin(Zo) and B 1= A (Xo), along with the obser-
vation functions

besn @) = 5 RG)D00)

| (2.8)

Liyi(wf) =1a— E[‘f’(st)fp(st)T —yd(s)p(si+1) " ]

With these choices, the stochastic approximation procedure (1.3) is the widely used

TD(0) algorithm. On the other hand, for a stationary Markov chain (s;);ez, the fixed-

point equation 6 = E[L,;(w;)] - @ + E[b;+1(w,)] is equivalent to equation (2.7).

Note that though the expression for the mappings b;+; and L;;; depends on un-

known parameter 3, they can be absorbed into the stepsize choice, and the algorithm
works well without such knowledge.
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Typically, the Euclidean norm ||¢(s)||» of the feature vectors scales as /d, and
under the stationary distribution &, the variance of any coordinate of ¢ (s) is of con-
stant order. Under these conditions, the cross-moment matrix X; has operator norm
of constant order. On the other hand, as for the random observations, we have the
scalings || L;+1llop = O(d) and ||bsy1 |2 = O(+/d) so that Assumptions 2 and 4 are
satisfied. ]

In the context of TD, it is natural to consider a sieve estimator. Given a collection
of basis functions {¢; }72 |, we can define the nested family S; C'S, C -+, where Sy
denotes the span of the sub-collection {¢; }?=1. Here, the choice of the sieve parameter
d is key: larger values reduce the approximation error at the expense of increasing the
estimation error. We discuss how this can be done in Section 4.

Another extension of the TD(0) algorithm—one that becomes feasible under the
Markovian observation model—is the TD(A) family of procedures. A fundamental
question is how well the solution of the projected fixed-point equation (2.6) approxi-
mates the true value function V*. Prior work by a subset of the current authors [58]
analyzes this quantity and provides matching upper and lower bounds in the i.i.d. set-
ting. However, the Markovian observation model actually allows this approximation
error to be reduced, albeit at the cost of increased estimation error, as discussed in our
next example.

Example 2 (Policy evaluation with TD(1)). The family of TD(A) algorithms is moti-
vated by the following observation: since the value function V* is the fixed point of
equation (2.5), it is also the fixed point of the composition of itself. Concretely, for
any k > 1, we have

k—1
V* =PV 4> (yP)r.
=0
For any A € [0, 1), we take the weighted average of the above (infinite) collection of

equations using exponentially decaying weight (1, 4,42, ...) and obtain the following
equation:

V==Y 2Py + 3 ak ey (2.92)
k=0 k=0

The solution V* to equation (2.5) also solves equation (2.9a).
Following the same route as TD(0), for a given subspace S of functions, we seek
a solution VM to the projected fixed equation

oo o0
VO = 1= AOg(yP) VP 4+ Ak s (yP)rr. (2.9b)
k=0 k=0
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in which the operator P has been replaced by the projection I1gP. Although the
fixed points of equation (2.9a) and the Bellman equation (2.5) coincide, the projected
version (2.9b) has a different set of fixed points.

Since the value function ¥® lies in the linear space S, it has a representation
of the form VW (s) = Z;izl §;A)¢j (s) for some coefficient vector 6™ € R?. From
equation (2.9b), this vector must satisfy a linear system of the form

[Zw)kzk}é‘” = [Zuw"yzkﬂ}ém + Y (AY)FE[Ro(50) (i)
k=0 k=0 k=0

(2.10)
where {sx }7—_ . 1s a stationary Markov chain following the transition kernel P, and
we define X = E[¢ (s_x)$(so) '] for each integer k. As it should, when we set A = 0,
equation (2.10) reduces to the TD(0) update from equation (2.7).

In order to use stochastic approximation methods to solve this equation, we con-
sider an augmented Markov process (s¢+1, 5S¢, &¢)rez in the space X2 x R4, which
evolves as

St+1~ P(s¢,-) and g = ¢(se) + yAgi—1. (2.11a)

If feature vectors ¢ (s;) lie in a compact set almost surely, we have

400
g =Y () ¢(si).

k=0

Let gbe the stationary distribution of this augmented Markov chain.” In terms of an
element w = (s, s, g) drawn according this stationary distribution, the fixed-point
equation (2.9b) admits the succinct representation

E¢[gd(s)T]0P = yEg[gg(sT)T]0W + Eg[Ro(s)g]. (2.11b)
By choosing the observation functions

Liji(w) =1g—v- (gt¢(st)T - Vgt¢(st+1)—r), bip1(wr) =v - Re(se)p(se).
(2.11¢)
for a scalar v > 0, this algorithm is a special case of our general setup. In particular,
by substituting the infinite-sum expression for the random variable g; into equa-
tion (2.11b), we obtain the projected linear equation (2.10) under the low-dimensional
representation. See Section 4 for a more detailed verification of the assumptions
needed to apply our main results for this problem. |

2Such a stationary distribution exists and is unique under suitable assumptions. See Sec-
tion 4.2 for details.
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For our last example, we turn to a different class of problems involving vector
autoregressive (VAR) models for time series [55].

Example 3 (Parameter estimation in autoregressive models). An m-dimensional VAR
model of order k describes the evolution of a random vector X; as a kth-order Markov
process. The model is specified by a collection of m X m matrices {A} };‘zl, and the
random vector evolves according to the recursion

k
Xi+1 = ZA;(XZ—j-i-l + &r+1, (2.12)
j=1

where the noise sequence (&;);>¢ is i.i.d. and zero-mean and supported on a bounded
set.

Considering the (k + 1)-fold tuple w; = (X¢41, X¢, ..., X¢—k+1), the process
(w¢)¢>0 is Markovian. Under appropriate stability assumptions on the model param-
eter, the process mixes rapidly under the (k + 1)m-dimensional Euclidean metric.
Let 'é denote its stationary distribution, and suppose for convenience that the chain is
observed at stationarity.

In order to estimate the model parameters, we consider the following set of Yule—
Walker estimation equations:

E[Xi1X,L,]
= AE[X, X, |+ BE[X, o X, ]+ + AAE[ X,k X)) (2.13)

for{ =0,1,...,k—1.

These equations form a km?-dimensional linear system of equations for estimat-
ing km?-dimensional parameters. Note that the parameters live in the space of matrix
sequences, and so, we slightly abuse our notation for simplicity: L denotes a linear
operator from R¥*™X™ tg itself, and b is an element in R¥>*”>*™ At the sample level,
for any collection A4 := {4; }}‘zl € Rk>mxm of gystem matrices, the stochastic obser-
vations are given by

[bir1(@)], =v X1 XL, for&=0,1,....k—1

and

k—1
(Liy1(@))[Ale =A¢—v > AjX, X1, fort=0.1,... k-1
j=0

Once again, the parameter v is a scaling constant needed to fit into the fixed-point
equation framework and is absorbed into the stepsize choice of the algorithm. u
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3. Main results

We now turn to the statement of our main results, beginning with our upper bounds in
Section 3.1, followed by lower bounds in Section 3.2.

3.1. Instance-dependent upper bounds

In this section, we begin by stating some upper bounds (Theorem 1) on the behav-
ior of the Polyak—Ruppert averaged SA scheme (1.3b). These bounds are instance-
dependent, in the sense that they are specified in terms of an explicit function of the
operator L and the fixed point 6. We then state a second result (Proposition 1) on the
non-averaged iterates, which plays a key role in proving Theorem 1.

3.1.1. Instance-dependent bounds on the averaged iterates. For any state s € X,
define the functions

ema(s) := (b1(s) — b(s)) + (L1(s) — L(s))0 and em(s) := b(s) + L(5)0 — 0.

Note that, for a fixed state s, the quantity eyg(s) depends on the random variables
b1(s) and Lq(s), and so, it is a random vector, whereas by contrast, the quantity
emMkv(s) is deterministic. Letting (5,)?2_., be a stationary Markov chain under the
transition kernel P, we then define the matrices

S = Eg¢[cov(ema(s) [ 5)] and Eig, = D ElemaG)eme (o) ] G

t=—00

Overall, the performance of our algorithm depends on the matrix sum
* =6 + S

as well as the effective noise variance 52 defined in equation (2.3). In terms of these
quantities, we have the following guarantee.

Theorem 1. Under Assumptions 1-3, suppose that we set the stepsize n and burn-in
parameter ng as 1 = (c(62d + y2,)(1 — K)n’tmix) "3 and ng = Ln, where c is
a suitably chosen universal constant. There exist universal constants c1, cy > 0 such

. . . n 2tmix ((7[% d +y1%ax)
that, for any sample size n satisfying oeZn 2 102 log(cod), the Polyak—

Ruppert estimate (1.3b) has MSE bounded as

E[116, —613] < o Tr (( = L)™' (S + S = D7)

o dtle 4/3_
+c2((1L )2n) 5% log’n. (32)
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See Section 6 for the proof of this theorem.

A few remarks are in order. First, and as shown in the next section, the first term
n~'Tr((I — L)™'S*(I — L)™1) is optimal for the Markovian stochastic approxi-
mation problem in an instance-dependent sense. This term appears in existing central
limit results for Markovian stochastic approximation [26], and our bound captures this
dependence in a non-asymptotic manner up to a universal constant. It is worth not-
ing that, when the Markov chain is uniformly geometrically ergodic, a central limit
theorem for the averaged iterate @n directly follows from classical Markovian CLT
(see [57, Chapter 17]).

The first term in the bound (3.2) can always be further upper bounded® by

=2

c1 2, tmixd ~10g2(c0d).

(I—«)
On the other hand, disregarding dependence on (o, 03) and logarithmic factors in the
sample size, the second term in the bound scales as 0((%)4/ 3). Consequently,
up to polylogarithmic factors, we have

6zlmixd

E[ll6, - 813] <
Thus, at least in a worst-case sense, the second term is always dominated by the
first term, and our instance-dependent analysis also recovers a worst-case optimal
statistical rate for linear Z-estimation with Markovian data. It is also worth noting
that the second term in equation (3.2) decays with sample size at n—*/3 rate, faster
than the O(n~") leading-order term. For sufficiently large sample size n, this term
is dominated by the first term, and the behavior of the estimator 5,, is governed by

—4/3

the instance-optimal quantity. It should be noted that the n -rate of the second-

order term—indicating how fast the exact instance-optimal behavior kicks in—may

not be optimal. Indeed, it decays more slowly than the n~2

second-order asymp-
totic efficiency in regular parametric models [29, 65], and we conjecture that such
a second-order term is unavoidable for stochastic approximation. That being said, the
sub-optimality is only a second-order phenomenon, and the main message of Theo-
rem | is unaffected: with a reasonable sample size, the Polyak—Ruppert estimator is
instance-optimal, up to constant factors.

Note that Theorem 1 involves inexplicit universal constants (c, ¢y, ¢3). Since our
theory focuses on optimal instance-dependent quantities and sample complexities up

to universal constant factors, we do not try to optimize these constants. Our proof

3This can be easily seen from exponential decay of the correlation; in particular, see equa-
tion (6.8) in the proof of the theorem.
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gives an upper bound with ¢; = 16.* That being said, for the tail-averaging procedure
described above, we can make the constant c; arbitrarily close to 2, as we are using
the latter half of the data in Polyak—Ruppert averaging. With a more careful choice

logn
n(1—«)’
made arbitrarily close to 1. The proof is straightforward—the leading-order term in

equation (3.2) comes from the variance of sum of a functional on the Markov chain

of the burn-in period, e.g., ng <

the constant ¢; in equation (3.2) can be

state space, which can be computed directly.

We note that Theorem 1 makes two types of tail assumptions on the random obser-
vations: Assumption 2 with p = 2 requires dimension-free second moment bounds
in any coordinate direction, whereas the Lipschitz condition (Assumption 4) together
with Assumption 3 (boundedness of the domain) implies a (dimension-dependent)
uniform upper bound on the noise. The two assumptions play very different roles
when the dimension dependence is taken into account. As we will see in Corollary 4,
such assumptions are naturally satisfied in the context of sieve estimators, for which
dimension d of the problem is selected adaptively based on sample size n.

Finally, we also note that the requirement on the sample size n is nearly optimal,

n=a(ml)

to make the estimation error (3.3) less than a constant (by seeing o7 and yp,ax as con-

since we require

stants). Up to an additional O () factor, the sample size requirement in Theorem 1
also matches that of linear stochastic approximation in the i.i.d. setting [46, 58, 79].
This additional @ (x) factor is unavoidable, which can be seen from the following
reduction from the Markov to the i.i.d. setting. Consider a problem instance in the
i.i.d. setup, given by a probability distribution P over R?*¢ x R¢. Defining the state
(L¢, by), consider a lazy Markov chain that remains at the same state with probabil-
ity 1 — ﬁ and jumps to an independent state drawn from P with probability ﬁ A
Markov trajectory of size n in this lazy Markov chain is approximately equivalent to
O (n/ tmix) samples in the i.i.d. model and results in a multiplicative blowup of O (¢,ix)
in the sample complexity requirement for the Markov case.

Starting from non-stationary s¢. Note that Theorem 1 is shown under an initial
state satisfying 5o ~ £. Such an assumption may not be always available in practice.
However, in Corollary 1 to follow, we will show that, under minor modification, our
conclusion easily extends to non-stationary initial distributions.

For non-stationary initial distributions, we wait for a cold-start period

ne :=n/4

4The universal constants c» in the high-order term depend on the constant pre-factor in
Proposition 1 to follow. We will not track their explicit values for simplicity.
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to start running the stochastic approximation iterate (1.3a); i.e., we take the stepsize
sequence as

{o, tef0,1,....nc— 1},
Ne =
n, t=ne.

The rest of the SA procedure, including the average step (1.3b), remains the same as
before. For notational simplicity, we let 8y = 0.

Corollary 1. Under the same setup and parameter choice as in Theorem 1, assume
Sfurthermore that Assumption 1 is satisfied with co = 1 and set n. = n/4. There exists
an event & such that P(&) > 1 — e~/ (16mix) g

Q\

E[l16, —0131e] < — Tr (I = D)7 (6 + Sage) I = D)77)

o—2d[mix 4/3_
() 7o

= |

+

2 21312 n
ol5) - — .
+ (0, +ol10]3) - exp ( 321mix)

See Section B.3 for the proof of this corollary. A few remarks are in order. Com-
pared to the MSE bound in Theorem 1, the bound in Corollary 1 exhibits two differ-
ences: we need to exclude an extreme event £¢ that occurs with exponentially small
probability, and the right-hand side of the bound involves an additional, exponentially
decaying term. Roughly speaking, the high-probability event £ corresponds to the
Markov chain states being close to a coupled chain. In the regime n > fnix (which
is implied by the sample size requirement in Theorem 1), both the probability of the
extreme event and the additional term are very small, and the guarantees under a non-
stationary initial distribution behave qualitatively similar to the stationary case. For
technical reasons, Corollary 1 requires a slightly stronger condition on the Markov
chain—the transition kernel needs to be non-expansive under the metric p; that is,
we require that co = 1 in Assumption 1. However, we note that such a non-expansive
property holds for a wide range of applications: it is automatically satisfied in the case
of p(x,y) = 1,4, and W; , = dtv. For general metric spaces, the mixing time bound
in Assumption 1 (a) is usually established by showing that the transition kernel P is
a contraction, i.e., ¢g < 1, which implies non-expansiveness (see, e.g., [10]). Finally,
we note that the higher moment bounds for the last iterate established in Proposition 1
can also be extended to the case of non-stationary initial distributions, yielding similar
results.

3.1.2. Bounds on the non-averaged iterates. The proof of Theorem 1 involves first
analyzing the non-averaged iterates. Since the upper bound established in this step is
of independent interest, we state and discuss it here.



Optimal Markovian stochastic approximation 59

Proposition 1. Under Assumptions 1-3, there are universal positive constants (cg,C1)
such that, for any integer p € {1} U [logn, p/2], scalar t > 2ptyix log(cod /n), and

1—k

— > |, We have
’ 2cp3(0id+y%ax)f]’

positive stepsize n € (0

3
= 1 “lya-— = 1 c —
(Ell6, —8137)"" < e 27001 €8 - 837)"7 + T=l5rd

forallt =1,..., n.

See Section 5 for the proof of this proposition.

Note that the guarantees on the unaveraged iterates in Proposition 1—unlike those
of Theorem 1 for the averaged iterates—do not match the optimal instance-dependent
behavior. This is to be expected, since, at least asymptotically, the unaveraged se-
quence converges to a Gaussian random vector with covariance specified by the solu-
tion of a Riccati equation. (For details, see Section 4.5.3 of the book [2].) This covari-

ance term need not match the optimal statistical error.
logn

(1—k)n’

the worst-case bound in equation (3.3), up to log factors. We also note that, in Propo-

On the other hand, by choosing 1 < the bound in Proposition 1 matches
sition 1, the exponent p can take values in two ranges: regardless of the value of
P € [2,00], one can always take p = 1 and obtain an upper bound on the mean-
squared error E[||6; — 6 ||3]- This bound only requires Assumption 2 to hold true with
p > 2, which covers many important examples (see Section 4). On the other hand,
when Assumption 2 is satisfied with p > 2logn and a stronger moment assumption
is imposed, one can obtain a p-th moment bound for any p > [21logn, p]. This bound
can be readily converted into a high-probability bound for the last iterate of stochas-
tic approximation. It is worth noting that we study these two cases separately, using
slightly different proof techniques.

Let us now make some comparisons between Proposition 1 and existing results on
the unaveraged forms of Markovian stochastic approximation. As we have noted in
our examples, in many cases, the quantities (oy,, 03, ) do not depend on the dimen-
sion, in which case the error bound in Proposition 1 grows linearly with dimension
d. In comparison, in terms of our notation, the error bounds in the papers [5,70] both
w. As we noted previously
in equation (2.4), this quantity scales linearly in dimension when the observations

exhibit quadratic dependency on the quantity

have a constant rank (independent of dimension) so that (even after optimal param-
eter tuning) the bounds from these parameters scale at least proportionally to d72
This scaling should be contrasted with the @ (d/n) guarantees from our bounds. On
a complementary note, the analysis in [24] involves a different mixing assumption,
and so, it is not directly comparable to our results. However, it is worth noting that
their bound ||6; — 6| also has an explicit @(d //n) term (cf. equation (32) in their
paper), showing that the MSE bound grows quadratically with dimension.
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3.2. Local minimax lower bounds

Thus far, we established instance-dependent upper bounds for the averaged stochas-
tic approximation scheme with Markov noise. It is natural to wonder whether these
bounds can be improved. Answering this question requires the development of local
minimax lower bounds, which we describe in this section.

3.2.1. Setup and local neighborhoods. We begin with the setup and the definition of
local neighborhoods for our lower bounds. Let P be an irreducible Markov transition
kernel on a finite state space X with associated stationary measure & p. Consider the
solution 6(P) to the fixed-point equation

0(P) =E¢,[L(s)]-0(P) + Eg, [b(s)], (3.4)

where the maps b and L are known to the estimator, whereas the Markov transition
kernel is unknown. For some fixed Py with stationary measure &, we would like to
lower-bound the number of observations required to estimate 7] (Py) to a given accu-
racy. In order to obtain such a lower bound, we consider the fixed-point problem (3.4)
over a local neighborhood” of the pair (P, £9). We assume that the estimator is based
on a Markov trajectory {s;}"_,, with initial state so drawn according to the original®
stationary distribution &, and successive states evolving according to the transition
kernel P.

In order to quantify the complexity of estimation localized around the Markov
transition kernel Py, we define the following two notions of local neighborhood:

Ren(Po.8) = {P = Y Eo(x) - 2(P(x.) || Polx.) < 62},

xeX
Ne(Po.€) 1= {P 1 [6(P) = B(Po)l2 < &}

The two notions of neighborhood focus on different types of locality restrictions on
the model class: the local problem class itpop contains all the Markov transition
kernels that are “globally close” to a given kernel Py, measured by a weighted x?
divergence. It is worth noting that this weighted y? divergence has an operational
interpretation. Suppose that we draw x ~ £y and then draw the next state y ~ Po(x,-)
according to the original Markov kernel Py, as well as y’ ~ P(x, -) under the kernel
P. Then, the weighted y? divergence is the x? divergence between the joint laws of

(x.y) and (x, y").

>Doing so is necessary to rule out trivial estimators and the possibility of super-efficiency.

®In our construction, both kernels Py and P are rapidly mixing and their stationary mea-
sures are sufficiently close in TV distance that the choice of initial distribution does not affect
the result. Drawing sg ~ &p is made for theoretical convenience.
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On the other hand, the local class g, contains Markov transition kernels P such
that the solution A(P) to the fixed-point equation (3.4) lies in a local neighborhood
of the given solution 7] (Py), measured by the Euclidean distance. This problem class
captures the complexity specifically for solving the fixed-point equation, without the
need to estimate the entire transition kernel. In particular, it is easy to construct a
Markov kernel P such that the solution 8(P) is very close to 8(Pp), but the distance
between the transition kernels P and Py (e.g., measured in weighted x? divergence)
is arbitrarily large.

3.2.2. Instance-dependent lower bound. Our lower bound is proved on the smallest
worst-case risk attainable over the intersection of Itp,,, and Jigi. We use the short-
hand notation L© := E g, [L (s)]. Also, recall the covariance matrix X}, = defined in
equation (3.1) for a stationary trajectory (5;);ez under the transition kernel Py. Our
bound depends on the local radius

en =n" V2 \/trace (I = LO)-1x¥ (I — LO)-T),

which is the contribution of Markovian noise to the upper bound stated in Theorem 1.

We are now ready to state our lower bound. Recall that we have assumed that
the kernel Py is irreducible and aperiodic. We also assume that the mixing condition
(Assumption 1) holds with the discrete metric p(x, y) = 1{y+,) and mixing time fpy,
and that supp(Py(s,-)) > 2 forall s € X.

Theorem 2. Under the assumptions stated above, there exist universal positive con-
stants (c, c1, ¢2) such that, for any sample size n lower bounded as
2 2427102
ctzordlog=d

mix 2.2 o 2¢(1 + 07)0% 1, d? loeb ( d )

e Ty and ne; = (1—x)* ming £o(s)

we have the minimax lower bound

inf sup E[||6, — 8(P)|3] = c262,
6, PeW

where N 1= Npop (Po, €1 \/g) N Neg(Po, c180).

See Appendix E for the proof of this theorem.

A few remarks are in order. First, note that the minimax lower bound is with
respect to the problem class 9ipiob(Po, €1 \/g) N Ngs(Po, c16n), Which requires both
the transition kernel P and the solution 6 (P) to be close to the given problem instance
(P, 6(Py)). The size of the weighted x2 neighborhood scales with the standard para-
metric rate \/m , as desired in such problems. On the other hand, the size of the
neighborhood around 7] (Py) is proportional to the local radius &, that appears in the
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lower bound. Operationally, this result indicates that even if the estimator knows in
advance that 6 (P) lies in the ball B((Py), ¢1£5), one cannot do much better than sim-
ply outputting an arbitrary point in this ball without looking at the data. Let Ngjopa be
the set of Markov chain fixed-point equation problem instances satisfying Assump-
tions 1—4. Following the discussion in Section 3.1.1, a worst-case lazy Markov chain
trajectory of length n yields an effective i.i.d. sample size of order 7/ t.,;x. Note that,
in the i.i.d. settings, the fixed-point equation problem considered in this paper covers
linear regression (see [58]). Following the well-known minimax lower bound for lin-
ear regression (see [80, Section 15.3]), we can obtain a global minimax lower bound
using this reduction

inf sup E[Id ~B(PIE] 2 <

B PE€Rgiobal (1—x)2%n
which is also achieved by Theorem 1. Compared to this global minimax lower bound,
the local minimax formulation in Theorem 2 provides a more fine-grained character-
ization of the minimax risk landscape across different problem instances: there could
be many different estimators that achieve the global minimax lower bound (for exam-
ple, Proposition 1 shows that the last iterate is near-optimal up to logarithmic factors),
but the Polyak—Rupert averaged estimator is optimally adaptive to the complexity
associated to any problem instance, characterized by the quantity &2.

Second, it should be noted that quantity 2 matches (up to a constant factor) the
optimal mean-squared error given by the local asymptotic minimax theorem [31,78].
In contrast to such asymptotic theory, however, Theorem 2 applies when # is finite
and does not impose any regularity assumptions on the estimator. Furthermore, the
radius &, that is used to define the local neighborhood Ny (P, €,) is optimal in
the following sense. On the one hand, since the plug-in estimator is asymptotically
normal [31], for any decreasing sequence &, such that &, > &, and &, — 0T, the
minimax risk within the neighborhood RN (Po, €,) behaves asymptotically as €2 up
to constant factors. On the other hand, for any decreasing sequence &), such that ¢/, <
&n, the minimax risk in the neighborhood g (Po, €),) is at most &), In the latter case,
the neighborhood is so small that it provides more information than the data provides.

Third, note that Theorem 2 involves inexplicit universal constants (cy, ¢3). We do
not optimize these constants in our proof, and our proof gives a bound with ¢; =

1 and ¢; = Note that the local asymptotic minimax lower bound for this

1
4(5+m)"
problem [31] implies that

limsup lim inf sup IE[H@,, — a(P)H%] > g2,
c1=+00 "FR §, peRp (Po,cr/y/n)

which suggests that the constants can be sharpened. Indeed, using more careful argu-
ments, the non-asymptotic lower bound exhibits a similar nature: in Theorem 2, if we
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take the constant ¢ in the size of the neighborhood sufficiently large, the pre-factor ¢,
in the minimax lower bound can be made close to 1, exactly matching the asymptotic
lower bound and the refined upper bound (see discussion following Theorem 1 for
details). In doing so, we can re-scale the prior distribution in the proof of Theorem 2
with ¢, and the leading-order term in the Bayesian Cramér—Rao lower bound will
come with a pre-factor 1. For brevity, we do not dive into details of this argument.
Fourth, Theorem 2 matches the Markov noise term in Theorem 1, establishing
its optimality when the martingale part of the noise vanishes, i.e., L;(s) = L(s) and
b:(s) = b(s). The lower bound does not capture the martingale part of the noise
because we assume that the functions L : X — R?*? and b : X — R are known to
the estimator. In the setting where these functions are also observed only through
noisy i.i.d. data (L;, b;), Theorem 3 in the paper [58] implies a lower bound of
the form cn~ ! trace((/ — L©)~1 5% ,(1 — L©)~T). Combining it with Theorem 2
implies a minimax lower bound involving the term c,n~! trace((I — L)~ (=%, +
She)d — L©)=T) in a properly defined local neighborhood, thus establishing the
optimality of Theorem 1. At the same time, we note that Theorem 2 requires the sam-
ple size to be at least #2, d?, which is more stringent than the O (fmixd ) requirement
in the upper bound. While Theorem [ holds true with a linear sample-size n = O(d),
it is only shown to be instance-optimal for larger n = Q(d?). This mismatch is
due to the fact that small perturbations of the Markov transition kernel in certain
directions can destroy its fast mixing property. That being said, Theorem 2 is still a
finite-sample result, with polynomial dependency on the quantities (¢x, d, ﬁ) and

poly-logarithmic dependency on the quantity ming £ (s).

4. Some consequences for specific problems

In this section, we specialize our analysis to the examples described in Section 2.2,
namely, approximate policy evaluation using TD algorithms, and estimation in autore-
gressive time series models. By verifying the conditions needed to apply Theorem |
and Proposition 1, we obtain some more concrete corollaries of our general theory.

4.1. TD(0) method

Recall the TD(0) algorithm for policy evaluation, as previously described in Exam-
ple 1. We are interested in estimating the solution V* of the Bellman equation (2.5)
when an approximation scheme is employed using the basis functions (¢; );i:l. Using
the shorthand (6, ¢(s)) = 27:1 8¢, (s) for the Euclidean inner product in R4, with
observation model (L;+1(w;), bs41(w;)) defined in equation (2.8), the averaged SA
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procedure (1.3) is given by
(@)
Or+1 = 0 — 77{(¢(St) —y$(se+1), 0r) — R,+1(s,)}¢(s,),

~ @) 1 n—1
On = > 6.

n—no

.1

t=ng

To be clear, the update (4.1)(a) is the standard TD(0) algorithm with stepsize 7,
whereas the addition of the averaging step (4.1)(b) yields the Polyak—Ruppert aver-
aged version of the scheme. Note that we re-scale the stepsize 1 by a factor of 8
for notational convenience. In the following subsections, we derive corollaries of
our general theory for the averaged scheme under different mixing conditions on the
underlying Markov chain.

4.1.1. Markov chains with mixing in total variation distance. We first assume that
the Markov chain satisfies a mixing condition (cf. Assumption 1) in the discrete met-
ric: i.e., after fn;y steps, we have dry (8 Pmix, 8y Pimix) < % for any pair s, s’ € X. Let
¢ denote the stationary distribution of the Markov chain that generates the trajectory
{s:}¢>0, and let P denote its transition kernel. Note that the augmented state vector
w; = (8¢, 8:41) evolves according to a Markov process with mixing time #,x + 1.
Moreover, the stationary distribution of the pair @ = (s, s¥) has the form s ~ £,
st ~ P(-| s). We denote the stationary covariance of the feature vectors as

B :=Eytlp()p(s)T]

and also define the minimum and maximum eigenvalues p := Api,(B) and B :=
Amax(B). We assume that

(@) (®)
IB~24(s)]|- < ¢vd and |R/(s)] < ¢ foralls e X, (4.2a)

Ee[(B™2¢(s), u)*] <¢* forallu e S771. (4.2b)
In order to state our result, we define the following quantities:

M :=yB Y2 E s o+ poylo©)psT)T]- BTV,
emi(s.5T) 1= B7V2(p(5)T0 — yp(s)T0 — 1 (s))d(s),
ema(s) := BTV2(R(s) — r(5)¢(s).

We also define the following covariance matrices according to equation (3.1):

oo

Tk = Z E [emi (51 5141) &My (50, 51) T .

t=—00

26 = Esve[E[ema()ema(s) T | 5]]-
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Finally, we define the quantity

52 = ¢ \JE[(¢(51) T8 - (1418 — Re(s0))*]. “3)

and let x := %/\max (M 4+ M 7). 1tis easy to see that k < y < 1. Assuming that i > 0,
we are then ready to state our main result for the TD(0) method.
Corollary 2. Under the setup above, take the stepsize n and burn-in period ngy as

1
T Bt + )d(l — )nipy) /3

1
n and ng = En “4.4)

4 2
n > 2[mix(§ +1)d/3 ;
and suppose that I (= e The estimator

I7n = éngi)

obtained from the Polyak—Ruppert procedure (4.1) satisfies the bound

c

E[I7n = VIR 2] < - Tr{la = M)~ (S + Sio) g = M)}
/82§4dtmix 4/3_2 2
+c (m o l()g n, (45)

where V is the solution to the projected fixed-point equation (2.6) and ¢ > 0 is a
universal constant.

See Appendix F.1.1 for the proof of this corollary.

A few remarks are in order. First, we measure the estimation error in the canonical
| - llL2(x,¢) norm instead of the Euclidean distance in R4 Consequently, the proof of
this corollary actually uses a generalized version of Theorem | proved for weighted
€2 norms. On the other hand, we note that the error bound (4.5) is with respect to
the solution V to the projected fixed-point equation. In the well-specified case where
V* €S, this solution coincides with the value function V' *. In general, the approxima-
tion error needs to be taken into account, and this was the focus of our prior paper [58].
In conjunction with this result, Corollary 2 implies the error bound

< e[l + Ao ((La = M)y g = MM TY(Ig = M)™T) ] inf |V = V¥l )

/82§4dtmix )4/3

—21 2
T W Ea—— 1 .
LZ(1—x)n 0“log“n

c _ _
L (R I e R
In Section 4.2 to follow, we provide a general recipe to trade off approximation and
estimation errors to choose the value of A in the class of TD(A) algorithms. Before
that, we discuss two extensions of Corollary 2.
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4.1.2. Markov chains with mixing in Wasserstein metric. Note that, for Corol-
lary 2, the mixing time condition is imposed with total variation distance. When the
state space X is continuous, e.g., the set X is a subset of R™, mixing in Wasserstein
distance could capture the geometry of the underlying metric better. In this section,
we extend our analysis to such settings, highlighting the dimension dependency in the
sample complexity.

Concretely, we consider a Markov chain (s;);>0 on a compact domain X € R™
and a feature mapping ¢ : X — R¢. We assume that the Markov chain admits a unique
stationary measure &, and the mixing time assumption holds in Wasserstein-1 distance
so that Wy (8, P'mix, §,, P'mix) < %Hx — y||» for all x, y € X. For the sake of normal-
ization, we assume that X € B(0, 1) and ¢ (0) = 0. On the feature mapping ¢, we
assume the following:

I B >0, ply = Bi=Esg[dp(s)p(s)"] < Bla, (4.62)
Vx.yeX, [B7V2(p(x)— o)l < sVd|x = yla. (4.6b)
Vu e S Ege[(u, BTV2¢(s))*] < 5%, (4.6¢)

Vs.s'  €X, 1 >1, [Ri(s)— Re(s")| <clls — 5|

2, |Ri(s)| <¢ as. (4.6d)

Here, we regard the parameters (¢, i, 8) as dimension-independent positive constants.
Since the state space X has diameter bounded by 2, the feature mapping ¢ satisfy-
ing equation (4.6a) necessarily has Lipschitz constant of order (9(«/3 ). For a simple
example, take the state x itself as the feature vector (after appropriate re-scaling),
which corresponds to the case of m = d and ¢(x) = /d - x.

With this setup, we have the following guarantee.

Corollary 3. Assuming the conditions in equation (4.6), taking stepsize and burn-in
period as equation (4.4), for the Polyak—Ruppert averaged stochastic approximation
procedure (4.1), the bound (4.5) holds.

See Appendix F.1.2 for the proof.

Corollary 3 shows that the same instance-dependent bound holds true for a con-
tinuous state space setting. Such a bound is useful for many applications; for example,
in the case of quadratic value functions on a subset of R™, the feature mapping takes
the form

x > ¢(x) :=mxxT
so that the dimension d = m?. Assuming that the process (s;);>0 is supported in a unit
ball B(0, 1) and has well-conditioned stationary covariance, it is easy to verify that
Assumptions (4.6) are satisfied with dimension-free constants (¢, i, 8). This example
is particularly useful for policy evaluation in Linear Quadratic Regulators (LQR) and
more generally for other stochastic dynamical systems.
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4.1.3. Analysis of a sieve estimator. The optimal dimension dependency in Theo-
rem | allows us to obtain optimal estimators for various classes of non-parametric
problems, in which the dimension is a parameter to be chosen. In particular, sieve
methods are a class of non-parametric estimators based on nested sequences of finite-
dimensional approximations. In this section, we analyze the behavior of a stochas-
tic approximation sieve estimator in the Markovian setting. The optimal dimension
dependence in our theorem recovers the minimax optimal rates for estimation, while
our instance-dependent bounds help in capturing more refined structure in the prob-
lem instance.

Concretely, assuming that the Hilbert space L%(X, £) is separable, let (¢, )72, be
a set of (not necessarily orthogonal) basis functions. We consider the case where the
mixing condition holds true with total variation distance’. The following assumptions
are imposed on the basis functions:

VjieNT, suplp;i(x)| <g, (4.7a)
xeX

Vd e Nt pl; < [Esee(o; ()0e())]; pera) = Blas (4.7b)

Vt>1, sup|Ri(x)| <c. 4.7¢)
xeX

The first assumption is standard in non-parametric regression and satisfied by many
useful basis functions, such as the Fourier basis and Walsh—Hadamard basis. The sec-
ond assumption relaxes the orthogonality requirement on the bases by only requiring
the Gram matrix to be well conditioned.

We define the noise level o using the second moment:

52 = ¢2 \JE[(V(s0) = y P (s041) — Re(s0))]. “8)

Once again, we run the averaged stochastic approximation procedure (4.1) on this
problem. A crucial point of departure from the parametric models discussed above
is that the number of basis functions dj, in sieve estimators is chosen based on the
problem structure and sample size. Let S(d,) := span(¢i, ¢2, ..., ¢4,) denote the
subspace spanned by the first d, basis functions. The following result is a direct corol-
lary of our theorem and covers the case of fixed d,,; we discuss the trade-off between
approximation and estimation error in the choice of d, presently.

Corollary 4. Assuming the conditions in equation (4.7), take the stepsize and burn-in
period as in equation (4.4). Assuming that |1, 8, ¢ < 1, the Polyak—Ruppert averaged
stochastic approximation procedure (4.1) satisfies the bound (4.5) with d = d,.

"By following the approach in the previous subsection, the analysis can also be extended to
the case of mixing in Wasserstein distance.
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See Appendix F.1.3 for the proof.
Recall that, by taking into account the approximation error, the error for estimating
the true value function V* takes the following form:

IE[“ﬁn - V*”IZLZ(X’S)]
< e[l Ao (1 = M) (2 L = MMTYI = M) inf [V = V(12 )

T _zlmlxdn 4/3 2

* —

+ - Tr((I M)~ (EMkv Sve)d — M) )+c((1 K)2n) log” n.
Let {y; }+°° be an orthonormal basis of IL.2(X, £) such that span(yy, ..., ¥g) =

span(@y, ..., ¢4) for any d > 1. (For instance, one can let {y; };l—=oc1> be the Gram—

Schmidt orthonormalization of the original basis functions.) Given a non-increasing

sequence {;}72, of positive reals such that lim; 400 &j = 0, we first let #o be a

linear subspace of L2(X, £), consisting of all the finite linear combination of basis

vectors {wJ _1, equipped with the following inner product:

Yu,v € #Hoy, (u,v) Za )+ (v, ¥j).

Note that the summation in the equation above is actually finite, since both sequences

((u, ¥, )) 20 (v, ¥y ))Jr | only have a finite number of non-zero entries. We then

define the inner product space (#, (-, -)s) as the completion of (Ho, (-, -) 5,). It is
easy to see that # is a Hilbert space and a linear subspace of L.2(X, £).
For any V* € J, the estimation error is at most (in the worst case)
ngdn Tmix

94 * ¢ *
E[IVe =V 2xe)] < =, Y V13 + aA=yen’ (4.9)

For example, when the eigenvalues of Hilbert space # decay as a; =< j ~2* for some

s > 0, the estimator achieves a rate of O ((tmix/n) ey ), which matches the minimax
optimal rate proved by [23] in the i.i.d. setting, but with a multiplicative correction
to the effective sample size by a factor #,;x to accommodate Markovian observations.
Furthermore, since one can estimate the quantities (M, Xy, ., Z}i) in the bound (4.5)
using O (d) samples, instance-dependent model selection can in principle be con-
ducted. Bounds of the form (4.9) thus open the door to asking important questions of
this type.

4.2. TD(A) methods

Now, we turn to stochastic approximation methods for the TD(1) projected fixed-
point equation (2.9b), with some given discount factor A € [0, 1). With observation
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model (L;41(wy), bs11(w;)) given by equation (2.11c), the averaged SA procedure
(1.3) can be written as

Or1 =0 — n{(d(s) —yp(si1) . 6:) — Ri(s0)}gr. (4.10a)
where
gt = yAgi—1 + P(s¢) (4.10b)
and
0, E:Gt (4.10¢)
n — Ny f=no

The update on g; is the so-called “eligibility trace” in the TD(A) algorithm. As before,
we assume the two bounds in equation (4.2a), and assume that the mixing time condi-
tion in Assumption 1 holds true for the chain (s;);>1, with discrete metric and mixing
time f,ix. We consider the augmented Markov chain

( 1—ypA
Wr = | S, 41, —F—
svpBd

and begin by establishing mixing conditions on this augmented chain.

&)exszmJ)

Proposition 2. Under the setup above, consider the metric
1
((s17s27h) (SI’SZ’h)) ( S];ésl +1527és + ”h h ”2)

Taking © = 4(tmix + ﬁ), the augmented chain {w; = (8¢, St+1, ;;—%gt)}tzo sat-
isfies the mixing bound

Wi (£(0e), £(0)) = 3 p(0. 0})

for two chains (w;) >0 and (wy) >0 starting from wo and wy, respectively. In partic-
ular, the stationary distribution & of the chain (w¢)>0 exists and is unique.

See Appendix F.2.1 for the proof of this proposition.

Taking this proposition as given, we are now ready to present our main corol-
lary for TD(A) procedures. We consider the following instantiation of quantities in
Theorem 1.

The projected linear operator (1 — A) Y323 A¥ (yTIg P)¥*1 in the equation (2.9b)
can be represented in the orthonormal basis of the subspace S as

My =145 — B_l/z]E(s st 2o~ sled()" —yepsH)T]B e

=(1-1B7'? ZA’y’“E[qs(sowsm)]B—W.

t=0
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The Markovian and martingale part of the noise (in the low-dimensional subspace S)
takes the form

1= yA _ _
_— (s,s+, g Jg_dg) — B2(¢(9)TF - yp(s DT — ().
1—yA

svBd

Finally, we define the covariance matrices El’\‘,[kv, , and E;‘/IG, 5, according to equa-
tion (3.1):

o0 T
v = Z E[S k A(S St+1 I_WLg )SMk )L(SO S1 l_V)Lgo) ]
MkV,A T Mkv, ts9t1 s T ——5&8t¢ v, ’ [ ’
t=—00 9 \% ﬂd S \Y ﬂd
E;IGA = Es~g[E[8MG,A(S)€MG,A(S)T | S]]

As before, we let B := Anax(B), t := Amin(B), and k), := %kmax(M;\ + M;) and
define the quantity ¢ according to equation (4.3). Note that a straightforward calcu-

v (s,s+, g) — B2(Ro(s) - r(s))s.

lation reveals that k) < % < 1. Assuming that > 0, we are then ready to state
our main result for TD(A) methods.

Corollary 5. Under the setup above, take the stepsize and burn-in period as

1—yA)?/3 1
n= d=rh) and ng = En, (4.12a)

eB((s* + DA =)0 (tmix + 125))

2(tmix+ _l ) (§4d+1)ﬂ2
n > 1—yA
and suppose that T i cury ¢ vy e

IZ, (s) := (5,,, ¢(s)) obtained from the Polyak—Ruppert procedure (4.10) has MSE
bounded as

. Then, the value function estimate

IEE[”f}n - V(A)”]%;(X,E)] = Cn_l Tr ((Id - MA)_I(EIT/Ikv + zHC[G)(Id - MA)_T)
B2sd (tmix + 1=57)
p*(1—Kk2)*(1 —yA)*n

4/3
) 52log?n, (4.12b)

where V) is the solution to the projected fixed-point equation (2.6).

See Appendix F.2.2 for the proof of this corollary.

A few remarks are in order. First, using the same argument as in Corollaries 3
and 4, one can extend the results for TD(A) to the cases of continuous state spaces
with Wasserstein mixing, as well as to non-parametric sieve estimators. As is well
known, different choices of the tuning parameter A interpolate the “temporal differ-
ence” method, in which we aim at solving the Bellman equation, and the ‘“Monte



Optimal Markovian stochastic approximation 71

Carlo” method, in which the value function is estimated directly by averaging the roll-
out of a Markovian trajectory. For example, on the one hand, letting A = 0 recovers the
instance-dependent upper bound for TD(0) method in Corollary 2. On the other hand,
by taking A = y, we have k; < % < % and the dependence on the discount factor
y appears only through the variance of the noise, instead of through the conditioning
of the matrix M. In the next section, we sketch a recipe for the instance-dependent
selection of A that also takes the approximation error into account.

4.2.1. Using instance-dependent results to select A. Recall that the TD(A) algo-
rithm aims at estimating the solution V¥ to the projected fixed-point equation (2.9b).
The linear operator in the unprojected fixed-point equation (2.9a) satisfies the norm
bound

< (1 —l) Zlkyk-f-l — (1 _/\)V

oo
(1—A)Zkk)/k+lpk+l ey
L2(X,£)—-L2(X.£) k=0 Y

k=0

Consequently, invoking Theorem 1 in the paper [58], the approximation error satisfies
the bound

S 2 1-=My\ . 2
WV = Vol x g = “(M*’ 1-2xy ) gl 1V =Vl -
where (M, z) i =14 Apax(Ig — M) "1 (2213 — MM T)(I; — M)~ ) is the approx-
imation factor. Combining with Corollary 5, we obtain the following bound on the
distance to the true value function:

> %12 (1—/\))/ . *112
IE[||V,, -V ”]L2(X,,§)] =cua (MA, m) I}féfs [v-v ”]L2(X,§)

c e _
+ ;Tr ((Ta = M) ™ (S + Shie)a — M2)™T)

C( B2sd (tmix + 1=57)

4/3
=2 2
) e 1)

for a universal constant ¢ > 0.

It can be seen that oo (M}, (}:Q/”) <c 11__’1)}’ for a universal constant. We also recall

that k) < % If we take the parameters (i, 8, ¢) to be of constant order, in the
worst case, the upper bound (4.13) takes the simplified form

1—

74 2
E[”Vn - V*”]LZ(X,E)] =c 1

1
/\V . *112 (tmix + l—y)L)d
j [}Iég ”V -V ”]LZ(X,E) R —

(1—y)3n
From such an upper bound, it may appear that the optimal choice of A is always

A =7y A(l =1/tny) so that the approximation factor is minimized and the vari-
ance remains controlled. However, this choice could be overly conservative, since
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the actual variance with small A can be significantly smaller, with the feature vectors
still having bounded one-step cross-correlation. Choosing the parameter A close to 1
cannot take advantage of small one-step correlation. On the other hand, a fine-grained
bound of the form (4.13) can be used to perform instance-dependent model selection
as follows.

* Construct a uniform finite grid
0 ==Al < Az <0 < Am =y

for possible values of A.

* For each ¢ € [m], compute the TD(Ay) estimator, and construct empirical plug-in
estimates (M3, Z*Mkv,2,n> 2 MG,A,n) for the matrices (M, X5, o, X5 ) by
replacing the expectations by empirical averages. Similarly, replace ) by 5,,.

1=y
1-Ay

» Estimate the approximation factor o (M, ) and the covariance

(Ia — M) "' (B + Zhi0)Ta — M)~ T

by plugging in the estimated matrices described above for each A = Ay with £ €
[m]. Based on prior knowledge about the scale of the optimal approximation error
infyeg |V —V* ||]]2J2 X6’ select A; in the grid that minimizes our estimate of the
total error according to equation (4.13).

Note that the procedure above is simply a sketch; a formal proof of correctness
would show bounds that are uniform over all m estimators. It is an important direction
of future work to provide sharp non-asymptotic analysis of such a model selection
procedure.

4.3. Autoregressive models

Next, we turn to Example 3, the multivariate autoregressive model. We study the
stochastic approximation procedure in which, for any i € [k], we have

k—1

. ; i T T

Agl_i)_l — Agl) _ U(ZAgl)Xt_th-’—l_i - Xt+1Xt+1—i)
j=0

and

The first step in our analysis is to establish necessary and sufficient conditions for
the existence and uniqueness of the stationary distribution of the process (2.12). The
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following km x km matrix plays a crucial role in this context:

Ar A Ax
In 0 0
Ro=|0 In 0 0
0 0

K 0 Iu O]

In the noiseless case, the stability of the linear dynamical system is equivalent to the
following Lyapunov stability condition (see, e.g., [1, Section 3.3]):

3P, > 0,0, = 0 suchthat R] P,Ry = P, — O,. (4.14)

Clearly, we have Py > Q«. We let f := Apax(Ps) and @ := Anin(Q+). Based on the
stability theory for discrete-time linear systems [14], condition (4.14) is necessary for
the stationary distribution to exist. In the following proposition, we show that this
condition is also sufficient, with a concrete mixing time bound.

Proposition 3. Under the Lyapunov stability condition (4.14) and assuming that the
noise has bounded first moment E[||&;|2] < oo, the stationary distribution § for the
sliding window w; = (X¢+1, X¢, ..., Xy—k+1) of the autoregressive process (2.12)
exists and is unique. Furthermore, the mixing assumption | is satisfied with Wasser-
stein distance in R*TV™ and a mixing time bound toi, = ck + c%(l + log %)

See Appendix F.3.1 for the proof of this claim.
In addition to this mixing guarantee, we also make the following assumptions on
the noise:

E[e;]=0. sup E[(u.&)*] <¢* and |el2 <sv/m, as.

ueSd—1

We are now in a position to consider the problem of parameter estimation using
stochastic approximation. Consider the vectorized version of the parameter

0 = vec ([AD; A@; . 4B)]) e RF™*,
The population-level Yule-Walker estimation equation (2.13) can be written as

([0j=i]; e ® )0 = vee ([T1: oz : Tk ]),
\—,’_-4
H*

where I'; := E[X; X/ ] € R™*™ for i € 7. We assume that

1
E(H* + (H*)T) = h* Iy, for some h* > 0.
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In order to state the main corollary of Theorem 1 for autoregressive models, the
following quantities are relevant:

k-1
Emky (@) 1= vec ((ZAij)Xt—j - XH-I) ) [XtT—l XtT—Z XtT—k])’
j=0
o0

DIIRES Z E[é‘Mkv(wz)EMkv(wo)T].

t=—00

Let o be defined according to equation (2.3). We have the following corollary for
autoregressive models.

Corollary 6. Under the setup above, take the stepsize and burn-in period as
1
n= 1/3
c(nz(g log %)(h*)2§4k3m2ﬂ8/ﬂ8)

and suppose that

1
and ng = En, (4.15a)

ﬂS

> (k + ﬁlog é)5'4/63m2
Hu K

10g3 n
Then, the Polyak—Ruppert estimator (A\f,j )) je[k] Satisfies

k

nei * ¢ * - * -
DE[IAY — A715] < ST ((H* ® In) ™ Syi(H @ 1) )
j=1
km? Z’Amax E v v T 4/3
+{ e ( [SME (s0)on (s0) ] (k+élogé)} 5% log?n. (4.15b)
(h*)*n wooTp

A few remarks are in order. First, the leading-order term in the bound (4.15b)
matches the variance of asymptotic efficient estimators for AR(m) models up to a
constant factor (see [14, Section 8]). This simply follows from the fact that the plug-
in Yule-Walker estimator is asymptotically efficient for autoregressive models. On
the other hand, Corollary 6 is completely non-asymptotic, holding true for any rea-
sonably large sample size. Note that the sample complexity lower bound exhibits an
O (B°/11°) dependency on the conditioning B/ of the Lyapunov stability certificate
(Px, Q«). The contributions arise from a term linear in 8/u arises from the mixing
time élog %, and all other factors are from the almost sure bounds on || X;||» and
moment bound sup, cgm—1 (1, X;)*. If we had made other assumptions on these uni-
form or moment bounds as in some past work [34], these would have reflected in our
result instead of the factor B8¢*k2/u8.
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5. Proof of Proposition 1

This section is devoted to proving the bound on the last iterate claimed in Proposi-
tion 1. We begin in Section 5.1 by deriving a key recursion that underlies the analysis.
In Section 5.2, we provide a high-level overview of the proof structure, and the
remaining subsections deal with the technical arguments.

5.1. An initial recursion
Define the error term A; 1= 0; — 5, as well as the noise terms
Zigr:=Lit1—L(st). Cep1:= (Lig1 — L(5s0))0 + (bi1 — b(sy)),  (5.1a)
N; :=L(s;)— L, v, = (L(s;) — L)0 + (b(s;) — b). (5.1b)
Using this notation, we have the recursion
Arpr = (I =nI =L)Ar + 0(Ne + Zeg ) Ay + 0(vr + So) (5.2)
Taking squared norms on both sides yields the bound [|A;41 |3 < Z?Zl T;, where

Ty = || — (I = D) A3,
Ty :=2n{(I —n(I — L))Ay, Ne Ay + vy),

Ty :=2n((I —n(I — L) As, (Ze1D¢ + $e41))s

Ty = 42 (IN: A2+ 1 Zesr D)2 + 181113 + Ive)12).

Beginning with the term 77, expanding the square and then invoking the condi-
tion (2.1) yields
Ty = AP =20(Ar, (I = D)Ay) + 171 = L)A |
< (12001 =) + 207 (1 + ye)) [ A1,

As for the cross terms involved in 7, and T3, we note that

2((I = L)As, NeAg) < (T = D)AN3 + IN:AS
<2(1 + 2 )1 AB + IN: A3
2 = D)Ar, ve) < [T = L)A3 4 vell3 < 200+ v2. 01 A5 + v |l3,
2(I = L)Ar. Zir Ar) S NI = D)ANS + 1Ze31 A3
<2(1 + y2 )AL + 1 Ze1 A3,
2((I —=D)As. beg1) < I = DA + 1Ee41113
<201+ YR I AN + 111113
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We collect the above bounds on the sum ZLI T; and use the stepsize bound
< 1=k
T= 20wz

A5 < (1—nq —K))”At”% + 2 ((Ar, NeAg) + (Ar, vr))

which results in the recursive inequality

=Hj(t)
+ 20 ((Ass Zig1 Ar) + (Ar, Ei41))
=H>(t)
+ 81 (INcAAS + 1 Zeat A3 + 18 l3 + llvell3) . (53)

:=Hj3(t)
Multiplying both sides by 71 =)(+1 and using the fact that
(1—n(l—x)) < e,
we have

MDA |3 < "7 AL 5 + 20" D (Hy (1) + Ha (1)
+ SnZeﬂ(l—K)(l+l) H3(Z)

Unrolling this expression yields
n—1
"I AL 5 < N1 AolF + 27 ) e OV (H (1) + Ha (1))
t=0

n—1

+8n7 ) "IV (1), (5.4)
t=0

which is the key recursion underlying our analysis.

5.2. High-level overview of the proof strategy

Before diving into the remainder of the proof, let us provide a brief overview of our
strategy, highlighting the key technical challenges and our solutions to them.

For simplicity, let us give intuition for the analysis under mean-squared error.
In order to analyze the recursive error expansion (5.3), we need to bound the terms
E[H(t)], E[H2(t)], and E[H3(t)], respectively. For the martingale noise part, we
have E[H> ()] = 0. As for the term H;(t), following Assumption 2, we have that

E[lvel3 + 16+l £ d - and  E[IZi+1A 3] < d - E[IIA]3].

These bounds are similar to the analysis under i.i.d. setup (see the paper [58]). If other
terms were not present, we could unroll this recursion and obtain a last-iterate error
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bound of O(nd), as long as n < d~!. The technical challenges arise, however, with
the interaction between Markovian noises and the error A;. In particular, we observe
the following facts:

* Since A; and (v, N;) are inter-dependent, the term H;(¢) does not have zero
expectation. If we simply bound it using Assumption 4, for any stepsize n > 0,
the error recursion will diverge as ¢ grows.

* Assumption 4 implies that
E[|N:AI5] < d? - E[I|A]3].

In order to unroll recursion using this bound and obtain convergent result, we need
the stepsize n < d ~2. This will lead to a sub-optimal sample complexity, since we
need at least n > ™! steps.

In tackling the aforementioned difficulties, our first proof technique makes use of the
rapid mixing nature of the underlying Markov chain—the Markov chain state after
O(tmix) steps is nearly independent of the current iterate. We elaborate on the key
ideas as follows.

Multi-step looking-back for the cross terms. Let v < #,;, log(d/n). The depen-
dence between A;_; and s; is weak, and consequently, we can show that

|E[(NtAz—r’ At—t)“ <nd -E[IIAHH%],
E[{ve, Ar—e)]| < nd +nd - E[| A 3],

and
E[IN:Ar—|3] S d -E[|Ar—|3].

In showing these bounds, we construct an auxiliary process (S;—;+¢)¢>0, Which starts
from §;—; ~ & independent of the data and moves according to the optimal coupling
that achieves the Wasserstein mixing. With the value t given above, we can ensure
that Wy ,(s¢,5;) < n/d. We can then apply bounds under independent §; and A;_;
and bound the residual using Wasserstein distance and the Lipschitz assumption 4.
See the proof of Lemma | for details.

However, this does not complete the analysis, as we originally need to bound
the cross terms between (v, N;) and A, instead of the t-step looking-back version
A;—_;. In order to convert the above estimates to a useful bound for analyzing the
recursion (5.11), we need a stability estimate, i.e., an upper bound on E[||6; — 6;_.||3].
This is the major technical challenge we face in order to obtain the sharp dimension
dependence. In tackling this challenge, we introduce a novel bootstrapping argument,
which may be of independent interest.
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Bootstrapping arguments for stability bounds. Expanding the recursion (1.3) for
7 steps yields

Orye—0, =1n- Z {(Lt+e —14)011¢-1 + bz+e}-
=1

If we use triangle inequality and Assumptions 2, 4 to bound the difference, some
calculations will lead to a coarse bound (see Lemma 5):

VE6:4c — 6013] < ned (JE[IA 3] + V. (5.5)

However, if we directly substitute this bound into the arguments above, we will need
the stepsize 7 to satisfy 7 < d 2 in order to make the iterates stable. As we have

discussed above, this will cost us a sub-optimal sample complexity of n = d2. In order
to make the arguments work with a larger stepsize, we need the pre-factor in the first
term of the right-hand side of equation (5.5) to be scaling as O(zn~/d). To achieve
this goal, we start with the bound (5.5) and gradually improve it using a bootstrapping
lemma. In Lemma 6 to follow, we show a bootstrapping result: as long as we have the

bound
VE[I8:4c — 6:13] < nreoENI A 3] + 778,

we can establish the improved bound

VE[I84c — 6013] < nt(% + «/Z) E[llA3] + nr(g +nvd o+ JE).

Once again, the proof of this lemma relies on the multi-step looking-back arguments
explained above: when analyzing the iterate (1.3), we can gain the near-independent
by replacing 6; with 6;_;, at an additional cost depending on the stability bound
E[||6; — 6;—¢||3]. By repeatedly applying this lemma, we obtain a sequence of pairs
(w, B), which converges to the fixed point

w=d and ,Bx«/g,

which yield the desirable stability bound.

Completing the proof by solving the recursion. The improved stability bound al-
lows us to establish sharp bounds on the terms [E[H; (¢)] and E[H3(¢)]. These bounds
involve not only the current iterate error A;, but also the looking-back iterate error
A;—;. In order to analyze this type of recursion, we multiply the inequality with
an exponentially growing factor ¢”™%)* and telescope the summation. Solving it
directly yields the MSE bound. As for higher-order moments, we apply martingale
concentration inequalities to the martingale noise H,(¢) and the martingales created
from the auxiliary processes in analyzing H;(¢). The recursive inequalities in this
case can be solved using techniques similar to our prior work [79].
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5.3. Analyzing the recursion (5.4)

Note that the running sum M5 (n) := Z;’;(l) e"0=t [, (1) is, by construction, a mar-
tingale adapted to the filtration (F;);>o. In contrast, the analogous quantity defined
in terms of the process H; is not an adapted martingale. In order to circumvent this
obstacle, our proof is based on introducing a surrogate version H, of the process Hj
such that the running sum

n—1
Mi(n) = "I (1 4 1)
t=0

can be decomposed as a sum of T martingales. See the proof of Lemma 1 for the
details of the construction of H;. This decomposition allows us to apply standard
maximal inequalities for martingales. Of course, we also need the bound the moments
of the differences H, (1) — H;(t); see Lemma | for the bound that we provide on this
difference.

We prove the MSE bounds and higher-moment bounds using slightly different
analysis tools. In order to study the mean-squared error (the case p = 1), we note that
both M, (¢) and H() have zero expectation for any ¢ > 0. Taking expectations on
both sides of equation (5.4), we obtain the bound

n—1
"R AL 3] < 1 A0ll3 + 20 ) " VTOUTDE[| Hy (1) — Hi(1)]]

t=0
n—1

+8p> Y e"ITOUEDE[Hy(1)]. (5.6)
t=0

For higher moments, our analysis of the recursion (5.4) is based on a Lyapunov
function ®,, and auxiliary function A, given by
_nd—k)t

@y = (B[ sup " OPIAN) and A= max oo

0<t<n te{0,1,...,n}
By applying Minkowski’s inequality to the recursion (5.4), we obtain the upper bound

n—1 p\ /p
@, < Do+47(E sup |M1(z)|1’)””+4n<1a(Ze"ﬂ—K)qu(t)—Fh(zn) )

0<t<n =0

n—1 P\ 1/p
+4n(E sup |M2(t)|p)1/p+16n2(E<Ze"(l_")’H3(t)) ) NN

0<t<n =0

In order to complete the proof, we need to control each of the terms on the right-
hand side. The following auxiliary results provide the needed control; in all cases,
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the quantities (c, ¢g), etc. denote universal constants; the number 7 in the following
lemmas is seen as a general iteration index, instead of the total sample size in the final
statement of the theorem.

Our first auxiliary result guarantees the existence of the surrogate variables Hy(1)
with desirable properties.

Lemma 1. There is a surrogate version {Fll (t)}r>0 of the process {H1(t)}i>o such
that E[H (t)] = 0 for any t > 0, and for any integer p € [1, p/2], scalar

T > Cptrnix 10g(C0lmixd/77)

and stepsize n < we have the following bounds for any n > 0:

1
Ctmix(Vmax+pord)’

N =

(E[| H () — Hi)|["])"7 < enp®t((do? + v2,) - (El An—evoll3?) 7 +52d).

(5.8a)
and for any p > 2, we have that

3/2
~ 1 C
(E sup |i1,(1)|7)""7 < —L

0<t<n vVl —k)

See Section 5.4 for the proof of this claim. We note that it is especially challenging

(oL Vd®, + Ty en=0nd,d).  (5.8b)

to prove the bound (5.8a).
Our second auxiliary result is a more straightforward bound on a martingale supre-
mum.

Lemma 2. The process M, is a martingale adapted to the filtration (¥;)¢>o. Fur-
thermore, for each p € [1, p/2], T > 2ptmix log(cod) and n < m,for any
n > 0, we have that
3/2_1/2
c T
(E sup [My(0)]?)"7 < L

0<t<n vn(l —k)

See Section 5.5 for the proof of this claim.

(02 Vd®, + 5/ en1=nd,d).  (5.9)

Finally, our third auxiliary result provides control on the process H3(¢).

Lemma 3. There is a universal constant ¢ such that given T > ¢ptuix 10g(cotmixd /1)
and stepsize n < m,for any p € [1, p/2], we have

(E[Hs@)"]) " < c(p?0Fd + V2.) B[l Aevol37]) " + ep?52d.  (5.10)

See Section 5.6 for the proof of this claim.
We now use these three lemmas to complete the proof of Proposition 1. We prove
the case of p = 2 and p > logn separately.
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Proof in the case of p = 2. By Lemma | with t = ¢t log(cotmixd /1) and Cauchy—
Schwarz inequality, we have that

n—1
IE|:Z€"(1_K)t|ﬁl(l) - H1(l)|:|

t=0
n—1

<cnr Yy " ((07d + Y2 DE[IAevol3] +57d)
t=0

ctod
< - =

n—1
"Mt cent(07d + vi) Y " TV E[IA3].
t=0

1—«

Similarly, by applying Lemma 3 to the last term of equation (5.6), we obtain the

bound
n—1
Zeﬂ(l—K)(l+l)E[H3(t)]
=0
cod =
= G T ce(ord + vap) D" VB[]
(I—x)n =
Combining them with the decomposition (5.6), for any n = 1,2, ..., we find that

e"1=ME[|| A, |12] is upper bounded by

—2 n—1
nto“d _ _
1Aoll5 + cﬁe"(l Mt ePr(ord + y2,) D e"UTVE[|AB] (1D

- =0
In order to exploit this recursive upper bound, we define the partial sum sequence
Sy i=Y1_o e" K[| A, ||3]. Equation (5.6) implies that

102d
Sn < So + cn]Te"(l_")” + (1 +en’t(0fd + y2u))Sn—1

n — n
< SO X 2 :ecnzr(al%d+y%ax)t + 0771‘50 d 2 :eanr(a%d+y,%ax)t+n(l—lc)(n—t)
— K

t=0

t=0

=2
< —eﬂ(l—K)n/3SO + 3cto°d n(l—/c)n.
T (I=x)y (1 —x)?

Substituting back into the recursion (5.11) yields

nto2d
11—«

6 —n(1—
]E[”An”%] < me n(1 KM/S”AQ”% +c

2¢15%d
+ anf(al%d + yr%]ax) .

(1 —x)?
—2
t0°d
< A2 A |12 4 C’—nl —

which completes the proof of the MSE bound.
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Proof in the case of p > logn. Now, we turn to prove the p-th moment bound under
Assumption 2 with
p >logn.

Recall that we analyze the growth of the Lyapunov function ®,,, and we start from the
decomposition (5.7).

The first term in equation (5.7) is simply || Ao |3, and the second term is controlled
using equation (5.8b) in Lemma 1. In order to bound the third term, we apply Holder’s
inequality and obtain the bound

n—1 p
E ( > e Hy (1) — Hi (1) |)

t=0

n-l n(—«) pt P71 rm(l 4
< e 2-1 ~Ze E|H1(f)—H1(t)|

t=0 t=0
By equation (5.8a) in Lemma 1, this quantity is at most

n(d— K)ﬁn

e np(—k)t. 1/p
WZ@ T (P02 4 1) B[l A—evol”]) 7 +exp?5%d)”.

We then obtain the inequality

n—1 o\ 1/p
(E(Ze”(l_")’}Hl (1) — H, (t)’) )

t=0
2er](l—x)n )
<cp"—o°td
=P a0
’ 2 ) e2’7(1 Kn [~ . X 1/p
+c(p?ofd + vp,)T Zez’"’( TIE[[A57]
(1 —k)
n(1—«)n Ln—n (-1 1/p
S P g+ e(rPold +yi)e ﬁ(z ~ame0 ”’@”)
2en(l—lc)n_2 » N e 3n(1—K)n y
fCP 7’](1 —_K)G 'Ed+C(p O—Ld+]/max)fmn pAn‘

Similarly, the fourth term on the right-hand side is controlled using Lemma 2, and
the bounds for the last term are based on Lemma 3 and the same strategy as above.
Concretely, combining Holder’s inequality with the bound (5.10) yields

n—1 p n—1 - -
(1—i) «
E(Ze"(l_")tH3(t)) < ( en2(I)1,)’t) Z Ll ) E[H;(1)?].

t=0 t=0 t=0
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This quantity is at most
(1 —x)'=?

g Z P (e (pPo2d + 720) (E[IAr—evol2])” + ep?5d).

Noting that each term satisfies the inequality

npQ

—K)t
e 7 (EllA—mvol DY < A,

for ¢ € [0, n]. We conclude that the moment (E (37—, ¢"1 =) H3(t))?)!/? is upper
bounded by

end—in ) e%n(l—lc)n

5%+ c(potd + yi) e———nl/7 A,

7](1—/()0 +C(p oL +ymax) 77(1—/() n n

Collecting the above bounds and substituting into the decomposition (5.7), we

sz

note that

3
Oy = @0 + ¢\ T (0 Vd©, +5/er 1790, d)
— K

eﬂ(l—K)” ) J ( - ) )e%n(l—/c)n
——o0“td + (po7d + v )T
n(l — k) LTl (1— k)

3tnd 1 34
ptn Q) —+ — q) _|_an erl(l_’f)”
1— 4 —K

) end—in e%n(l—x)n

+ Cp n—KO'Z‘L'd + Cn(pzaid + yrﬁax)ﬁtj\n-

/P,

< &g + 4cor,

In the last step, we apply Young’s inequality to the term /e"(1=¥)"®, d and use the
condition p > logn to the last term so that n'/? < e.

Taking the stepsize 1 < Mczlc;z"”w, we arrive at the following bound valid for
L
any n € [1, e?]:
( /c)n €2n(1 —K)n 20'2d + 2
e ®, <2®¢ +cp nl—azrd + CT]M‘CA”.
K —K

Note that the right-hand side of the above expression is monotonic increasing in the
index n. For any integer pair (¢,7) such that 0 < ¢t < n < e?, we have the inequality

= ean(—t 202d + y2,
"3 td>, <2®g+cp r}l—aztd + C”M
K —K

e 3n(1—=)n 2524 + 12
<200 + P ged o on LT Y
K —K

TAt

TA,.
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Given the value of n fixed and taking supremum over ¢ € {0,1,2,...,n} in the left-
hand side, we arrive at the conclusion

_nd—K)t
A, = sup e 2 @,
te{0,1,...,n}

e2n(1=)n PPoid + Vi _

<2dy + cp3nﬁ621d +cn Ay.

1—«

. . l_K- .
B\ —
Given the stepsize 1 < 2e(pPoldtrEe we arrive at the bound

ﬂgZTd
K’ 9

(EANZ)" < e 27070mA, < 20070 (E A0 2)" 7 + 5
which completes the proof of the theorem.
It remains to prove our three auxiliary lemmas.

5.4. Proof of Lemma 1

We break the proof into three steps. In the first step, given in Section 5.4.1, we
construct the surrogate process, whereas the remaining two steps are devoted to the
proving the bounds (5.8b) and (5.8a), as detailed in Sections 5.4.2 and 5.4.3, respec-
tively.

5.4.1. Construction of the surrogate process. We first claim that foranyr=1,2,...
and any 7 € {0, ...,¢}, there is a random variable §; € X such that 5, | ¥;_; ~ &, and

(]E[p(st,it)p | ?,_t])l/p < cg exp ( — ) for each p > 2. (5.12)

22‘mixp
Here, cg is a universal constant.
Our construction is based on the following bound on the Wasserstein distance.

Lemma 4. Under Assumptions 1 and 3, the Wasserstein distance is upper bounded
as

Wip(8: P, £) < co2”im,
valid for any x € X and © > 0.

See Appendix C.1 for the proof of this claim.

We now use Lemma 4 to construct the desired process. We begin by constructing
a coupling conditionally on the o-field ¥;_;: let §; be a state whose conditional law
is &, satisfying the identity

E[o(s¢,50) | Fie] = Wi p(L(se | Frv), ). (5.13)
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The existence of such §; is guaranteed by the definition of Wasserstein distance. We
now bound the relevant quantities based on this construction.

Combining the identity (5.13) with Lemma 4 yields E[o(s;, §¢) | Fr—<] < co -
27kt Applying Cauchy—Schwarz inequality and invoking Assumption 3, we find
that

(E[p(s:.5)7 | Fie])? < (E
E

=(
=

M‘_

1
7 (Blp(se, 507771 | Frme])?”

p

[P(Stjt) | 371—1])

[,O(St, gt) | ?}—r])

11—t —
0 2 2fmixP’

M‘__

A

which establishes the claim.

We now use the sequence of random variables §; just constructed to define the
extended filtration 3‘}; = 0((Sk)o<k<t> Si)o<k<t» (Lk, br))o<k<t), as well as the
surrogate quantities

Ve i= (LG:) — L)0 + (b(,) — b)
and
Hi(1) := (Ag—ovo. T) + {A¢-ovo. (LG = L) Ag-ovo).
Note that, by definition, we have E[H; (¢) | j;(t—r)vo] = 0foreacht =0,1,2,....

5.4.2. Proof of the bound (5.8b). We first perform a decomposition on the process

M 1. In particular, for £ € {0, 1, ..., T — 1}, we define the stochastic process
n—1
~ B -
MO ) =3 " "D F (1 + D)1y modc=iy-
t=0
Clearly, we have M 1(n) = z;(l) M l(e) (n) for any n > 0. Furthermore, we note that,

for any ¢t > 0, we have the relations
IE[1171(t + 1) | ﬁ] =0 and H(t) € %;.

So, for each £ € [0, T — 1], the process M 1(4) is a martingale adapted to the filtration
(Fo)izo-

By the Burkholder-Davis—Gundy inequality, we have the maximal inequality
(E supg<s <, | MO (0)|7)V/? < ep(E((MP),)7/2) /7, valid forall £ =0,1,...,7 — 1.

Similarly, for the quadratic variation term [M l(é)] n», we have that

n—1
= |

L r/2

E[([Ml(ﬁ)]n)P/z] _ E|:< Z en(l—lc)(k‘c-i-‘c-i—i)”ﬁl (k‘L' + Z)”%) j|
k=0

Ln—lJ p—2

2

n—1
< ( en(l—x)p(kr-i—r-i—@)]E[”I’_jl(kt + 6)”5]) . (Ze—zé’i‘rn(l—/c)t) ’
k=0 t=0
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which is at most

n—1 e(1=1p _ _ »
; e e (E[]2(A1—r. (LG — L)Ar—)|"]

+ E[iz(\jt, At—r) |p])1{t mod t={}-

Invoking the tail condition in Assumption 2 under the stationary distribution, we have
that

E[|2(A1—e, (LG) = D)A—o)|” | Fiee] < (porVd - | 0i—c|3)”

and

E[[(Tr, Ar—d)|” | Fiee] < (pTVA - [ Dr—cl2)”.

Substituting into the moment bounds for [M 1(2)],, and combining the results for £ =
0,1,..., 7 — 1 using Minkowski’s inequality, we arrive at the bound

(E sup |i1,(1)|7)"”

0<t<n
ff(m: sup 410 (1)[7)"'”
=0 0<t<n
<L*/_l{pam/_ may [n(l—x)z(E||AtII§p)1/p]
+
(nt(l—/c))
n(—k)n _ 1/
ST poVd max [e"TO(E]ANF) )
< [—L—(por VA, + pov/er 1= d,d),
n(1—«)

which completes the proof of this lemma.

5.4.3. Proof of the bound (5.8a). By Minkowski’s inequality, we can upper bound
the error as (E[(H; (t) — H;(1))?])}/? < ZZ:l Jx, where

= (E[(Are, v = T)]) 7.

J2 = (E[(Ar = A, vi)?]) 7

Ja 1= (E[(Are (LG — L) Ar—)?]) ",
Js = (E[{Ar = Arr. Ny Ar)?]) 7.

Js = (B[{Ar. Ne(Ar = Ar—)?])”.

Jo = (E[(Ar = Ar—e, Ne(Ar — Ar_))?]) 7.
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The terms J; and J3 can be controlled using the bound on p(s;, §¢) and the Lipschitz
condition 4; doing so yields the bound

J1 < Ed(E[”At—r”g 'E[P(St,ft)p | ﬁt—r]])l/p
< 2 7 d (E | Arc2) 7.
Js < oL d (E[I8.—el3 - E[p(se. 507 | Fie]])?

< 2" % coord (E| A 27) 7

Given the time lag parameter T > ¢ptumix 10g(Cotmixd) > 2 ptmix log(%), we have the
bound

— 1 1
By < e VAd(EA|2)? and J3 < noLVA(E[A|2P)P. (5.14)
Turning to the J; term, applying the Cauchy—Schwarz inequality yields

1 1

Jo < (E|A; — A 57)27 - (B v [137) 27
@)

<

1
(El|A; — A—|37)?7 - po/d, (5.15)

where step (i) follows from Assumption 2.
The terms J4 and Js can be controlled via once again replacing s; with its surro-
gate §;. First, by Cauchy—Schwarz inequality, we note that

1 1
Jo < (E|A, - Az—r”%p) - (E”NzAt—r”;p) 7,
e T
Js < (E[Ar = Are]37)?7 - (EIN] Are]57) 7.
Using the decomposition N; = (L (5;) — L) + (L(s;) — L(§;)), we note that
1 5 — 1
(EIN:A—<137)?7 < (E[(LG) — D)Ar—]37)>7
L
+ (ENL(s0) = LG A [37) 7.

We bound the conditional expectations of the quantities above. The first term can be
controlled via Assumption 2:

E[ILG) = DAr—l3” | Fie] < LoV P Ae—ll5.
and the second term is controlled using the Lipschitz condition 4:

E[IIL(s)=LGENAr—[57 | Fize] < (01d)?7 -E[p(s1.5)°7 | Foe] - [Ar—]l3”

1- 2 2
< (oLd)*? -co-2 T - || A5
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Consequently, taking T > 2#,ix p log(cod ), we have the bounds
1 1
(EIN:A—]57)>7 < orpVd - (EllA—]5")?
and . .
(EIN,Arcl37)?” < oLpVd - (| Ar—]37) .
Putting together the pieces, we arrive at the bound

L 1
Jo+Js <2E[A; = Arc[37)? coLpVd - (B[ A[37)>7.  (5.16)

By the Lipschitz condition 4 and the assumed boundedness (3) of the metric space,
the term Jg admits the simple upper bound

1 1
Js < (E[INAZNA: = Ar—[37])? < ord (B A; = A [37)7.  (5.17)

From all of these bounds, we see that the remaining crucial piece is to bound E||A; —
Asq ||§IJ . In order to do so, we require the following two helper lemmas.

Lemma 5. Given p > 2 and £ > 0, the iterates (1.3a) with stepsize 1 < (6(Ymax +
o1.d)0)~! satisfy the bound

E[lArre = AdZD"” < ent(ma + oL d)E[IAANZ]) 7 + 3uptv/ds.,
and consequently,
1 _
SEQIAE)"” —6nptvdE < (EIA15])"”

< e(E[HAtHg])l/p + 6nplNda.

See Appendix C.2 for the proof of this claim.

Our second auxiliary result is of a bootstrap nature: it is based on assuming that,
for some given an integer p > 2, fixing any integer 7 > 2t,x p log(cod), there exist
positive scalars wp, B, > 0 such that

E[IArse — ANZD"? < nwp - E[1ANZ])Y? + nBpo (5.19)

foranyz >0,n < and £ € [0, t]. We then have the following guarantee.

1
48(Ymaxtor.d)T

Lemma 6. When the condition (5.19) holds, then, for anyt > 0, n <
and £ € [0, T], we have

(B[l A — AZ)"”
< 0(12(p VoL + yma) € + ) (ENA:15)"7 + np(z + OVd7)

+ n(szEJr %ﬂ,,)a.

1
48(Ymax+opd)T’
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See Appendix C.3 for the proof of this claim.
We now complete the proof of the bound (5.82a) by using a bootstrapping argument
in order to obtain a sharp bound on E[|A; — A,_.||5. Let

o 1= et(Ymax +0rd) and B = prv/d,
and define the following recursion:

w1(7i+1) _ (’) + 12( Vdor + Vmax)r’
G+ _ (l) +2pt/d + 20(12(pVdor + V)T + 20S) pr/d.

It can be seen that as i — oo, the sequence (a)g), ,BS)) converges to a unique limit

(wy, B,); this limit is the unique fixed point of the iterates defined above.

By Lemma 6, if the iterates satisfy the bound (5.19) with constants (a)(i), ﬂl(,i)),
then they also satisfy the bound with constants (wp @+1) ﬂ(’+1)) By Lemma 5, the
iterates satisfy bound with constants (a)(o), ,3(0)) An induction argument then yields
the bound for any (a)(’), Bp (’)) In particular, the bound is satisfied by the fixed point

(wp’ﬂp .

Solving directly for the fixed-point equation, we find that
wy = 24(px/zoL + Ymax)T and By = 4ptvd + 96n(px/ZaL + J/max)ptzx/z.

Taking the stepsize n < we arrive at the bound

1
48(Ymaxt+popd)t’

E[l A= AdE)"” < 2402 (pVdor + ymar) (BN ANZ) 7 + 6nprv/dE
(5.20)
forany t > 0 and ¢ € [0, 7].
Collecting the bounds (5.14), (5.15), (5.16), (5.17), and (5.20) and taking the step-

. 1 .
B —
size 1) < co— o7 aye We arrive at the bound

E[H (1) = Bi@)?])"” < enp?c((do? +v2,) - (EIIAt—zllip)% +07d),

thereby completing the proof of the bound (5.8a).

5.5. Proof of Lemma 2

By the BDG inequality, we have the bound

(E sup |Ma(t)|?)'/P < ep(E([Ma]n)?/*)V7,

0<t<n

valid forall£ =0,1,...,7 — 1.
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As for the quadratic variation [M>],, applying Holder’s inequality yields
2
E[(IM:1)""7]

n—1 p/2
=E[(Z€"(1_K)t||H2(I)||%) }

t=0
n—1 %2
< (Ze”(l—K)tpE[“Hz(Z)” ) (Ze 2,, 417(1 K)t)
t=0
= (n(l o Zen(l K)tp |2 Ay, Zip1 Ay )| ]+E[}2<§t+1, Az>|p]).

For the moment terms above, we invoke Assumption 2 and obtain the following
bounds:

r/ d /2
E[[(Ar. Zes1A)[” | 7] < AL -E (Z(e,» Zt+1At)2) | 37}

Jj=1

< (poLVd - | A]3)".
/7 d p/2
E[[{¢er1. A" | F] < 1ANS -E (Z(ej’ §z+1)2) | 55}:|

Jj=1

< (paVd - |A2)".

Substituting into the bound above, we find that

E[(M:1)"2))"7
_ @ J—% " oV max [e707 (E]|A,37) 7]

+ ™7 p5v/d max [e "(I_K)’/Z(E||A,||§)l/p]}

0<t<n

< \/ﬁ(pgll\/gq)n + pa\/ en(l_’c)n¢nd).

5.6. Proof of Lemma 3

Recall the definitions (5.1a) and (5.1b). By Minkowski’s inequality, we have the upper
bound

(E[H3)?])"” < BINANZ) P + (B Zes1 A 127)7
+ (BN 1122)"7 + E v, )27)"7 (5.21)
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For the martingale part of the noise, we note that Assumption 2 implies that

2 Irod 1/ 2 1/ —
(ENZee1Ad57 | F2) "7 < pPofd - [A; and  (ElS1ll5") "7 < p?5°d,
For the additive Markov noise, applying Assumption 2 yields the bound
Ellve 3N < p*57d.

For the Markov part of the multiplicative noise, we make use of the construction
given in Section 5.4.1, where we showed that, for a given 7 > 0, there exists a random
variable §; such that 5, | ¥;_; ~ &, and E[p? (s, 5;) | Fr—<] < co - ZI_ﬁ. Observe
the decomposition

NeAy = (L(st) — LG0))Ar—e + (LGe) — L) Ay—r + Ne(Ay — Ay—z).
Using the Lipschitz condition 4, we have that
E[I(L(s0) = LG)Ar—cl3” | Fime] < co-2' 77 (01.d | Ar—cll2)*”
For any t > 2 ptnix log d, we have the bound
(E[I(L ) = LG))A=l37) " < p*oid - (A7),
By the moment bounds (2) on the stationary distribution, we have
E[I(LG) — L) Arll3” | Fi—c] = 2porVd | A—ll2)™

For the last term, we use the Lipschitz condition 4 as well as the boundedness condi-
tion 3 of metric space. In conjunction with the inequality (5.20), for

T = 2pimix log(cod)

1

m, we arrive at the bound

and stepsize n <

(E[IN:(Ar = Ar—o)[27])17

<o02d?- (E[| A — A 2])"7

< enPo3d® (P20} d + y2) E[IA— 37N 7 + en? p2oi2d3 e
< c(p03d + y2) (E[IA—37]) 7 + cp?52d

for a universal constant ¢ > 0.
Collecting the bounds above and substituting into our initial bound (5.21), we find
that

E[Hs )" < c(pPotd + v2,) E[1A—I3"]) "7 + 52,

as claimed.



W. Mou, A. Pananjady, M. J. Wainwright, and P. L. Bartlett 92
6. Proof of Theorem 1

From the defining equations (1.3a) and (1.3b), we have the telescoping relation

On = Oy _ 1 ni(e Lis16; —bis1)
= t — Lg+1Yr — Ur+
n(n—no) n—no S
-~ = 1
= (I - L)(Qn - 9) + lpno,n + —Tno,}’h
n—ng n—no

where W, , = ?;:,O(Lt-i-lgt +biy1 —E[L;410; + b 41| F:]) and

n—1

Yuogn 1= ) (L(s0)8; +b(se) — L6 —b).

t=ng
Some algebra yields
(] - Z)_l(en - 9”0) _ (1 - Z)_lan(),n _ (I - Z)_1’Y\l’l(),}’l
77(71_’10) n—no n—no
=11+ I, + Is. (61)

by — 0 =

From the triangle inequality, it suffices to bound the norms of /1, I», and I3.

In the following, we prove a slightly stronger claim, which gives bounds on an
arbitrary quadratic loss functional. In particular, given a matrix Q > 0, we seek bounds
on the Q-norm

100 —Flg == /B — )T 06, — D).

6.1. Bounding the three terms
We now bound each term in the decomposition (6.1) in turn.

6.1.1. Bounding the term I;. The bound for term /; follows directly from Proposi-
tion 1. In particular, given a sample size

8 —
n > ———1log(||6o — 0l2d /n)
n(l —«)

and burn-in period ng = n/2, we have

cn

5%d and E[]|6s, —0)2] < Jia%d.
— K

E[l6, - 815] <
Noting that [|( — L)™' [|lop < (1 —)~!, we conclude that

.y
E[I113] = Anx (QE[I115] = Anan(©) - - 6.2)

(1 —x)3n2"
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6.1.2. Bounding the term I,. For the term />, note that the process (W;);>n, is a
martingale adapted to the natural filtration. Its second moment equals the quadratic
variation:

E[II121I3]

4 _
SE[[Q"2( = L)™' Wny.n]
n—1

E[II( = L) ((Li41 — L(s:)6; + bry1 — b(s)13]-

4
2
I’lt=

By the Cauchy—Schwarz inequality, we have the bound

E[lI72115]
8 n—1 _ 8 n—1 _
<= D E[U =D lp] + 5 D E[U - D)7 Zea Al ]
t=ng t=no
16 e _ 1602 Amae(0)d "2
< T (QU ~ D' el ~ D7) + 1607 Amax(Q)d > E[lA3]

—02n2
(1 —«)*n B

1607 d .cndr(_fz
(1—-x)2n 1—«

IA

PN (- D7 60~ D7) + A(Q)- 63)

n—1

Z (- Z)_lvt

6.1.3. Bounding the term I3. Applying the Cauchy—Schwarz inequality yields
t=nyp

2
|
n—1 2
4 21E|: :| 6.4)
2

YU -LD)'NiA,
t=ng

We make use of the two auxiliary lemmas in order to control the terms in the decom-

position (6.4).

E[”(I - Z)_lTno,nH%] = 2E|:

Lemma 7. Under the setup above, for a sample size n satisfying the bound

> 2l‘mix lOg(COd)v
logn

there exists a universal constant ¢ > 0 such that
E [

See Section 6.2.1 for the proof of this claim.

n—1 2

Z (- Z)_l Vi

t=nyp

} <(m—no) Tr(QU —L) 'S} (I —L)7T)
’ 2 524

C[mix
+ Amax(Q) - -0 log?(cod).
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Lemma 8. Under the above conditions, there exists a universal constant ¢ > 0 such
1—k
cr((72 d+y2,)"

time no = T + =5, K)n log(nd), we have E[]| Zt —no Nt At 13] < en?n?t2d?o}

that for any scalar T > 3tyix log?(codn), stepsize n € (0, ], and burn-in

See Section 6.2.2 for the proof of this claim.
We now exploit the preceding two lemmas to upper bound the term /3. We have

2
1 }
t
0
2i|
0

n—1

2 U —L)”

t=ng

21«2
E[I5s13] < ¢, _no>zE[

7 n—1 _
— - E I —L)"'N,A
+ 1 —1g)? |: tgn:o( ) [ZAY;

- 8Tr(QU — L) 'Sk (I —L)™7")

n
ct2 52d en?t?d?o? 52
max mix 1 2., L . .
+A (Q){—(1 Vo2 og (cod)—i-—(] ~ 02 } (6.5)

Collecting the bounds (6.2), (6.3), and (6.5), we find that

[”9 _9||Q] < —TT(Q(I — L)' (6 + S —Z)_T)

2 tmixd + 16012}1 cndtmix o
. o

(1—-x)3n%2 (1-k)?n 1-«

ct?2. 5%d cn?t ]fnxdzoLoz]

+ Amax(Q) : |:(1 e ) log (Codi’l) + (1 _ K)2

. 2tmin (02 d+y2
For a sample size n lower bounded as —%— > mix (07 AT
log” n (1—k)

the optimal stepsize 7 = [c((1 — k)n2tmix(02d + y2,))]~/3. With this choice, we
have

+ Amax(Q) : |:

) log(cod), we can take

E[8y ~ 3] < = Tr(0¢ = 1) (S + Ziu) D))
2 . 4/3
+ cAmax(Q) - (%) o2 log%n. (6.6)

Setting Q := I; completes the proof.

6.2. Proof of auxiliary results

In this section, we prove the two auxiliary results used in the proof of Theorem 1:
namely, Lemma 7 and Lemma 8.
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6.2.1. Proof of Lemma 7. Given an integer k > 0, we define the k-step correlation
under the stationary Markov chain as

e =B g o prs, [(QV2(I = D)7'u(s), Q21 = L) w(s)]:

Clearly, we have 1o > 0, and by Cauchy—Schwarz inequality, for any k > 0, there is

k] = VEeelt = D)% - /Esell( = D7) = pro.

The desired quantity can be written as

+o00

Te(QV?(I —D)7' S5 (I = D)7 TQY) = o +2 ) .
k=1

Expanding the squared norm yields
> 02u-IL)

n—1 2
= 2

= > E[QY2U =Ly Mv(sy). QY2 - L) Mv(sp,))]

no<ty,ta<n—1

n—no—1

= (n —no)po + 2 Z (n—no —k)pug.
k=1

We claim that the cross-correlations px satisfy the bound

—p 2
< 021 it

= Co (1—x)2

We return to prove this fact momentarily. Taking it as given, this inequality, in con-

(6.7)

junction with the bound || < o, can be employed to bound the tail sums needed
for the proof. We have

n—nop—1

Z ki <Zr|uk|+ Z kel |

k=t+1
—2 d2 o i
< o + 2 A QOW > k27T
k=t+1

With the choice t := 2t log(cod ), simplifying yields

n—nop—1 2—2 _2 2
t°0°d || O lop d=|| O llop _r41
kuk| < 2 Dtin (T 4 1 2tmi) - 2 T
2 k) = = MR s e i)
27%52%d
1O lop,

= 1—0)2
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n

and for n satisfying > 2log(codtmix), we have

logn
00 —2 12 00
o-d o
>l <2¢ a "'Q)ﬂp » o o
k=n—ng k=%n
a>d*1 2l o’d
< 2 —p 2 2tmx < 2 —_— .
= <400 (1— k)2 Co a —K)2n2”|Q|”0p

Putting together these bounds yields

n—1 2
= o
n—nop—1

Y U-L)
(n—n0)<M0+2ZMk)—2(n—no) Z e =2 Z kpi

k=n—ng

312624

(1—x)?

<(m-no) - Tr((I —L) 'S¥(I = L)) + 1O llop-

which completes the proof of the lemma.

Proof of equation (6.7). Let sy ~ & and (s;);>0 be a stationary Markov chain starting
from s¢. By the construction given in Section 5.4.1, there exists a random variable §i
such that 5 is independent of sg, ¢ ~ &, and such that

E[p(sk Sk) | S()] < CO 2 tmlx .
‘We then obtain the bound

Il = [E[(Q"2(I — L) 'v(so0), QY2 — L) " v(se))]]
< [E[{QY?(I — L) "v(s0). E[Q"2(I — L) " v(5k) | 50])]|
+|E[QV*(I — L) " v(so), E[QY*(I — L) (v(s) — v(Gi)) | s0])]]

<04 E[1QV2( =D~ v(so) 3] BI Q12U ~ L)~ (v(s0) G0 ]
= ol Ol % JEl e 5075247

l—k
21mix . (68)

On the other hand, applying the moment condition (2) yields

=2
5 Ellviso)lp] = =02 I1Q1lop-

1
(1—x) = (-

Substituting this bound into our previous inequality (6.8) completes the proof.

Mo =
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6.2.2. Proof of Lemma 8. The proof of this claim relies on a bootstrap argument:
we bound the summation of interest by a more complicated summation that involves
products of noise matrices. Recursively applying the result for m = logd times yields
the desired bound.

Lemma 9. Given any integer m > 0, deterministic sequence 0 = kg < ky < --- <
km < ng, and scalar T > 3mtyx p log(codn), we have the second moment bound

o1& (e )]

t=ng j:()
2 12m 2m+2 SN —2
<2n°d""oj -l—dtmixo
—K

km+t || » m+1 2
+a’c > E|| ) { I1 Nt_ij,_km+l} }
km+1=km+1 Llltz=no \ j=0 2
km+t B n m 2
+4772T Z E Z { l_[Nt—kj (Vz—km+1+§z—km+1+1)} ]a (693)
km+1=km+1 Lilt=no \ j=0 2
and in the special case m = 0, we have
n—1 2 c
IE|: Z N, A, :| <cojd - (nt + nznzofdrz)—ndtmixf?z
1—«
t=ng 2
T n 2
+an’t Y ]E|: > NNtk Mg }
ki=1 t=ng 2
T n 2
+ 4n%t Z ]E|: Z Ni(Viek, + C—ky+1) } (6.9b)
ki=1 t=no 2

See Appendix D.1 for the proof of this lemma.
The following lemma controls the last term of the bound (6.9a).

Lemma 10. Under the setup above, there exists a universal constant ¢ > 0 such that

for any integer m > 0 and deterministic sequence 0 = kg < k1 < -+- < ky, < ng, we
have
n—1 m—1
5 ( I N)< )
Jj=0

2
t=ng 2

< c(n* + nd(km + tmix log(cod)))o 7™ d*"5>.
See Appendix D.2 for the proof of this lemma.
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Taking these lemmas as given, we now proceed with the proof of Lemma 8. Given

]

form =0,1,2,...,logd. By equation (6.9b) and Lemma 10, we have the bound

the scalar T := 3fpix log2 (codn), we define

5 (11

t=ng \j=0

Oy = sup IE|:

0=ko<kj<-<km=<t

Ho < caid . (nt + nznzazdtz)%dzmiXEZ
+ 47721261 + 4cn2t2(n2 + nd(t + tmix log(cod)))aﬁcizE2

< 42026, + ¢'iPn?2d? 02 E2.
1—k

2
o7drt
By equation (6.9a) and Lemma 10, we have the recursive relation

In deriving the last inequality, we used the inequalities < and n > m

3
2m+2 nlog ”52

Qm < 47727:2“’5m+1 +Cn2d2m+l‘CO’L 2m+2d2m+262

+ cn’t*n’o;

< A?T* D1 + cn’o"d*™5? - log’ n.
Recursively applying these bounds yields

m—1
0 < (n*t*)"Sm + cn*n*t*d*0i5> + ¢ - Z(4n2r2)qn20iqd2‘152
q=1
< (4* )" Sy + 3cn*n*t*d*oic>.

In order to control the term $,,, we employ the coarse bound

S R R

t=ng \j= t=ng j=0
Taking the supremum and noting that n < UI%_ i leads to 9, < cnzazmd 2m+252,

CNtmixd 0?2
< n?(opd)?m+? . LT

Consequently, we have established that
$o < 3en*n*t?d*o}o?[1 + (2)’]‘[O’Ld)%].

Taking m = [logd] and n < we have (27710Ld2’;$2)2’” < 1, and thus,

_1
6to7d’
Ho < 6cn2n212d20262 log® n,

which completes the proof of this lemma.
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7. Discussion

In this paper, we established sharp instance-optimal guarantees for linear stochastic
approximation (SA) procedures based on Markovian data. Under ergodicity along
with natural tail conditions, we proved non-asymptotic upper bounds on the squared
error of both the last iterate of a standard SA scheme and the Polyak—Ruppert aver-
aged sequence. The results highlight two important aspects: an optimal sample com-
plexity of O (¢mixd ) for problems in dimension d with mixing time #,;x and an instance-
dependent error upper bound for the averaged estimator with carefully chosen step-
size. Complementary to the upper bound, we also showed a non-asymptotic local
minimax lower bound over a small neighborhood of a given Markov chain instance,
certifying the statistical optimality of the proposed estimators. Our proof of the upper
bounds uses a bootstrapping argument of possibly independent interest.

Throughout the paper, we have introduced novel techniques of analysis and moti-
vated several open questions. In the following, we collect a few interesting future
directions.

*  Non-linear stochastic approximation and controlled dynamics: Our paper focuses
on linear Z-equations where the underlying Markov chain does not involve a con-
trol. Though this setting already covers many important examples (as described
in Section 2.2), its applicability to practical problems is still relatively restricted.
To set up a general framework, one could consider a controlled Markov chain
(S¢)¢>0 where the transition is given by s;41 ~ P(:|s;, 0;). For any 6 € R4, let
&g be the stationary distribution of the Markov chain P (|-, 6) induced by the con-
trol 6. Given a non-linear operator H : X x R4 — R, suppose that we wish to
solve the equation Eg.g)[H (0; 5)] = 0; see the book [2] for a summary of clas-
sical asymptotic theory for such problems. The analysis tools introduced in this
paper provide an avenue by which one could obtain optimal sample complexity
bounds (especially in terms of dimension dependency) and instance-dependent
guarantees for such problems. In particular, the multi-step looking-back tech-
nique and bootstrapping stability bounds introduced in Proposition 1 could be
extended to non-linear operators, and it would be very interesting to see how
Markovian SA achieves optimal dependence on (Zix, d) in general. On the other
hand, the proof of Theorem 1 is specialized to linear operators, as it explicitly
involves bounding product of random matrices (see Lemma 9). Obtaining sharp
and instance-dependent results for the non-linear SA may require novel proof
techniques and is an important direction of future work.

*  Online statistical inference: By carefully choosing the burn-in period, one can
show that the Polyak—Ruppert estimator 6, is asymptotically normal and locally
minimax optimal. In particular, under suitable conditions, we have the following
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limiting result (see the paper [26] for details):

i =) S N (g = D) (S + S Ua = D7) 3D

In order to construct confidence intervals for the solution 6 with streaming data,
it suffices to estimate the asymptotic covariance in equation (7.1). In the i.i.d. set-
ting, online procedures have been developed to estimate such covariances, with
non-asymptotic error guarantees [16]. The problem becomes more subtle in the
Markovian setting, as the matrix X}, involves auto-correlations of the noise pro-
cess. It is an important open direction to construct online estimators of this matrix
to enable inference in a streaming fashion.

*  Model selection and optimal methods for policy evaluation The policy evaluation
problem involves manual choice of two important parameters: the feature vector
dimension d and the resolvent parameter A in TD(A). In Sections 4.1.3 and 4.2,
we provide optimal instance-dependent guarantees on both the approximation fac-
tor and the estimation error for a fixed choice of d and A. An important direction
of future research is to select such parameters adaptively based on data, possibly
under a streaming computational model. Ideally, we want the risk of such estima-
tor to attain the infimum of the right-hand side of equation (4.12b) over A € (0, 1)
and d € N4 . A possible candidate approach towards such a model selection prob-
lem is the celebrated Lepskii method for adaptive bandwidth selection [47].

A. Additional related work

This paper analyzes stochastic approximation algorithms based on Markov data and
has consequences for reinforcement learning. So, as to put our results into context, we
now provide more background on past work in these areas.

A.l. Statistical estimation based on Markov data

There is a large body of past work on statistical estimation based on observing a single
trajectory of a Markov chain; for example, see [6] for an overview of some classical
results. For the problem of functional estimation under the stationary distribution, the
asymptotic efficiency of plug-in estimators® has been established for discrete-state
Markov chains [31,63] and It diffusion processes [45]. In this paper, we provide non-
asymptotic bounds, both upper and lower, that depend on a certain instance-dependent
functional that also appears in an asymptotic analysis. More recent work has seen

8These papers refer to such methods as “empirical” estimators.
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non-asymptotic results for statistical estimation with Markovian data, including the
estimation of transition kernels [52, 84], mixing times [33], and the parameters of
Gaussian hidden Markov models [85], as well for certain testing problems [18]. These
papers can be roughly divided into two categories. Papers in the first category focus on
estimating parameters for each individual state of the Markov chain (e.g., transition
kernels) and thus require sample sizes that scale with the complexity of the state space
(e.g., its cardinality in the discrete case). By contrast, papers in the second category
are concerned with estimating properties of the Markov chain (e.g., the expectation
of a functional under the stationary distribution), and the sample complexity of such
problems need not depend on the size of the state space. Our paper falls within the
second category.

A.2. Stochastic approximation methods

The use of recursive stochastic procedures for solving fixed-point equations dates
back to the seminal work of Robbins and Monro [66]; see the reference books [2,7,44]
for more background. By averaging the iterates of the SA procedure, it is known that
one can obtain both an improved convergence rate and central limit behavior [64,68].
A variety of stochastic approximation procedures now serve as the workhorse for
modern large-scale machine learning and statistical inference [9,61], and many algo-
rithmic techniques are known to accelerate their convergence [28,35,49]. In particular,
non-asymptotic bounds matching the optimal Gaussian limit have been established in
a variety of settings [21,27,58,59,79].

While the instance-dependent nature of this line of investigation aligns with the
objective of our work, prior work either assumes an i.i.d. observation model or impos-
es a martingale difference assumption on the noise.” The first study of SA procedures
without a martingale difference assumption was initiated by [43], who give a general
criteria for convergence, as well as [53, 54], who analyzed linear problems motivated
by control and filtering. The paper [56] analyzed general SA problems for controlled
Markov processes by applying the Kushner—Clark lemma. In addition to this classi-
cal work, stochastic approximation in the Markov setting has attracted much recent
attention. The paper [15] provides finite-sample error bounds on the averaged iterate
of Markovian linear stochastic approximation, with an optimal leading-order term.
Central limit theorems [26] and non-asymptotic convergence rates [37] have been
established for controlled Markov processes. In addition to the papers discussed in
Section 1, several recent works have considered particular aspects of SA with Markov
data, including two-time-scale variants [22, 38], observation skipping schemes for

°In the linear equation setup, the martingale difference noise assumes that E[L;+1 | 7] =
L and E[b;+1 | ;] = b, which does not cover the Markov case.
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bias reduction [42], Lyapunov function-based analysis under general norms [17], and
proving guarantees under weaker ergodicity conditions [20].

A.3. Application to RL problems

Markovian observations arise naturally in the context of stochastic control and rein-
forcement learning (RL). See [2] for a historical survey of algorithms for stochastic
control and filtering with Markovian stochastic approximation and the books [4, 73]
for more background on the RL setting. In RL problems, SA algorithms are typ-
ically used to solve Bellman equations, a class of linear or non-linear fixed-point
equations. In policy evaluation problems, temporal difference (TD) methods [71] use
linear stochastic approximation to estimate the value function of a given policy, with
asymptotic convergence guarantees [11, 19, 75] and non-asymptotic bounds [5, 39,
58]. In the non-linear case, the Q-learning algorithm [83] is a stochastic approxima-
tion method that estimates the Q-function of a Markov decision process from data.
There is a long line of past work on this algorithm, including convergence guar-
antees [25, 72, 74], results on linear function approximation for optimal stopping
problems [5, 76], and non-asymptotic rates under general norms in both the i.i.d. set-
ting [8, 81] and the Markovian setting [17]. A class of variants of TD and Q-learning
are also studied in the literature, including actor-critic methods [41], SARSA [67], and
methods that employ variance reduction [39, 40,69, 82]. A concurrent preprint to this
manuscript [51] proves lower bounds on the oracle complexity of policy evaluation
with access to temporal difference operators and develops an acceleration scheme
with variance reduction to achieve these lower bounds while retaining the optimal
sample complexity.

It should be noted that an important feature of reinforcement learning is function
approximation, i.e., using a given function class (e.g., a linear subspace) to approxi-
mate the solution to the Bellman equation of interest. This method enables estimation
with a sample size depending on the intrinsic complexity of the function class, instead
of the cardinality of state-action space. On the other hand, an approximation error is
induced by projecting the Bellman equation onto this function class. This trade-off is
central to the class of TD algorithms, as studied in a line of past work [3,58,60,75,86].
Prior work by a subset of the current authors [58] focuses on the i.i.d. setting and
shows that projected linear equations have a non-standard tradeoff between approxi-
mation and estimation errors. The current paper is complementary in nature, building
on this work by analyzing the more challenging setting of Markov observations.
Among the concrete consequences of this paper are an instance-optimal analysis of
TD algorithms in the Markov setting with linear function approximation. This analy-
sis provides the basis for a principled choice of the parameter A in the broader class
of TD(A) algorithms.
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B. Auxiliary truncation results related to the assumptions

In this section, we present two auxiliary results on the relations between Assump-
tions 2, 3, and 4. These results are based on truncation arguments.

B.1. Assumption 2 (almost) implies assumption 4 under discrete metric

For the discrete metric p(x, y) := 1,4y, the Lipschitz assumption 4 is equivalent to
the following uniform upper bounds:

IL¢+1Cse) — Z|||op <ord and |brt1(se) — b_||2 = Ub\/g-

The following proposition provides uniform high-probability upper bounds on such
quantities based on the moment assumption.

Proposition 4. Under Assumption 2 with p = +00, there exists a universal constant
¢ > 0 such that, for any § > 0, the following bounds hold true uniformly over t =
1,2,...,n, with probability 1 — §:

— nd - nd
WL:+1(se) — Lflop < cd - o1 log 5 and  |[bi11(s¢) — bll2 < cVd - op log 5
(B.1)

We prove this proposition at the end of this section.

When the random observations (L¢41, bs+1) are not almost surely bounded but
satisfy the moment assumption 2 with p = 400, we can apply our theorems on the
event that equation (B.1) holds true, and the main theorems hold true conditionally on
such an event, with constants (o, 0p) inflated with a factor log(nd/§).

Proof of Proposition 4. For a given ¢ € [n], we note that

d

ILesr = L2 < WLosr = LI% = Y [ef (Lew1 — L)e]”.
jl=1

For each pair j, £ € [d], Assumption 2 implies that

P(le] (Li41(se) = L)ee| = coplog(nd/8)) < 2d2n’

Taking union bound over all the coordinate pairs (j, £) and substituting into above
expansion, we have that

P(ILe+1 — Lllop = cd - o1 log(nd /8)) < §/(2n).
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Similarly, for the vector-valued observations b; 41, we have the following bounds with
probability 1 — §/n:

d
Ibesr = B113 < D" (¢] (b1 — B))* < coZd -log?(nd /5).
j=1

Taking union bound over
t=12,...,n,

we complete the proof of this proposition.

B.2. On the stationary tail and boundedness assumption 3

Note that, in many applications, the Markov chain (s;);>¢ lives in an unbounded state
space. However, as long as the stationary distribution & of P is sufficiently light-
tailed, a simple truncation argument applies, which we illustrate for completeness.
Concretely, suppose that there exists a constant o, > 0, such that the following bound
holds true for any p > 2:

Es~g[p(s.50)7] < p!-o}. (B.2)
Given a stationary Markovian trajectory {s,}_,, consider the event
Ens = {Vl € [1,n], p(so.s:) < 20,log %}
By the tail assumption (B.2) and a union bound, it directly follows that
P(Ens) = 1-36.
Consider a truncated Markov transition kernel P’ defined as
P'(x,Z) = P(x,Z NB(0,20,log(n/8))) + P(x,B(0,20,log(n/8)) )1sez

forany x € X and Z C X.

In words, the Markov chain P’ attempts to make the transition from s; to s;41
according to the original Markov transition kernel P’. If the state 5,4 lies in the ball
B(0, 20, log(n/§))¢, we keep it as is; otherwise, we let the next-step transition be
deterministically sg.

Given a trajectory {s;}7_, of the Markov chain P’, there exists a coupling such
that

P({seYimy # 51)o)) < P(€54) < 6.

One can then proceed by working on the high-probability event &, s, where the
Markov chain has an effective diameter of O(0, log ).



Optimal Markovian stochastic approximation 105

B.3. Proof of Corollary 1

Suppose that 59 ~ 79, by Lemma 4 and convexity of the Wasserstein distance, we
have

n
Wi,p (o P, §) < 271/ < 2exp (= ).
mix
Let (5;)s>0 be a stationary chain with §p ~ £ independent of s¢. There exists a cou-
pling between the paths such that

Applying Assumption 1 (b) conditionally on (sy,., §»,.), since

E[p(Snc.5n.)] < 2exp ( —

8 mix

Co = 1,
there exists a coupling between the next-step transitions such that
E[p(snc-i-l ) gnc+1) | (snc ) gnc)] = ,O(snc ) §nc)-

Similarly, we can inductively construct the coupling between sy.4;+1 and Sy,.+i+1
conditionally on the pair (Sp,+i.8n.+i) fori = 1,2,.... Putting them together, we
obtain a coupling between the two paths such that (0(Sy.4i+1,Sn.+i+1))i>0 1S a
super-martingale. By Markov inequality, for each t > n., we have

__n n
P(p(s;,5:) > e Tomix ) < 2exp ( - )
8 mix
Define the event
&= {,o(st,E,) < e_l""lmix T =ne,Ne + 1,...,n}.

By union bound, we have

P(&)>1-2n exp(— St’jnix) > 1 —exp(— 16’;mix)‘

Define the error scalar

—_n__
8}1 =e 16mix s

and let (6)¢>n,» (gt)tznc be the iterate sequences generated by the Markov chains
(S¢)¢>n. and (5¢)¢>n,, respectively. For any ¢ > n., we note that

041 = (L= Ig 4+ nLi41(s1))0; + nbiy1(se),

Ore1 = (1= a + 1L+1G))0; + nbri1(50).
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Taking their difference and applying triangle inequality, on the event £, we have the
almost sure upper bound on the one-step error

1841 — Brs1ll

< 1= mIa+nLes1(llop - 10 = Ol + ML e+1Ge) — L (s)llop - 1212
F0lbr+1(S2) — bry1(se)ll2

< (1 + 0(Vimax + doL))10: — O¢ll2 + 08y - {ord 10; 1|2 + op/d ).

where, in the last step, we use the Lipschitz assumption 4.
Solving this recursion yields the uniform upper bound for ¢t € {n.,n. + 1,...,n}:

n
0 — 0:ll2 < ndn exp (n(ymax + dUL)n) : Z {ULd||9t||2 + Ub\/g},

t=n¢

holding with probability 1 on the event £.

Given a stepsize satisfying n < we have

1
32t mix (Vmax +d(TL) ’

5n exXp (n(ymax + dOL)n) = exp ( - 32,: i )

For the summation term, we apply Cauchy—Schwarz inequality and obtain the MSE
bound

n 2 n

IE{ ZaLd||9,||2+abﬁ} <2n?d*(of +071013)+4noid> > E[[6:—6]3]

t=nc¢ t=nc

@) — 4entmixh _

én2d2(20§ + 607105 + %02 log n)
— K

<12n*d*(of + 07 110113).

where, in step (i), we apply Proposition 1 to the iterate sequence (5,),2,,0.
Putting them together, we conclude that

~ — n
E[If ~ 6:151¢] < 120°°(of + oF1813) exp ( ~ 1)

Let @,’l = ﬁ Z':;,l, 0 gt; applying Cauchy—Schwarz inequality, we have

E[16, — 6alI31¢]

IA

4 ~
—~ 2 E[l6 = 0:131¢]

t=ngp

IA

120°d2 (07 + o 1813) exp ( — 12— )

< ¢ P (o + 6211913
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n

for a sample size satisfying Tognt

> 24001 ,x log d. Invoking Theorem 1 on the esti-

mator (’9\,’, completes the proof of this corollary.

C. Auxiliary results underlying Proposition 1

This appendix is devoted to the proofs of auxiliary lemmas that are used in the proof
of Proposition 1.

C.1. Proof of Lemma 4

Throughout the proof, we let x € X be an arbitrary but fixed state. Note that any
positive integer T can be represented as T = kfpix + ¢ with k € Ny and 0 < ¢ <
tmix — 1. We show the desired claim by induction over k > 0.

Base case. When k = 0, Assumption 3 implies that

Wi,p(8x PT,E) <supp(s,s’) <1 <co

5,8’
so that the base case (k = 0) holds for our induction proof.
Induction step. At step k of the argument, the induction hypothesis ensures that

Wi p(6x PXmx ¥ £) <co-27F forg =0,1,... twix— L. (C.1)

We now need to show that the result holds for any T = (k + 1)t,ix + ¢, where g €
{0,1,...,tmix — 1} is arbitrary. We do so via a coupling argument. Take a random
initial state y ~ &, and consider two processes {s;};>0 and {s}};>¢ starting from x
and y, respectively. Their joint distribution is defined as follows: choose the coupling
between the law of sg,. +4 and s toix g L0 Satisfy the identity

E[0(Sk by +4 S]/Ctlnix+q)] = 'Wl,p(Skatmaﬁq’ £).

Conditionally on (g, +¢- Sk, +q), Assumption 1 guarantees the existence of a cou-
mix
pling between &y, . ., P and s +thmix such that
1X mix

1
]E[p(s(k“l‘l)tmix“"q’sEk-i—l)tmix—‘,-q) | (Sktmix+q7 Sl,(tmix“"q)] = _P(Sktmix—kq, s]/(tmix+q)'
Taking expectation on both sides and substituting with equation (C.1), we find that
k+1)tmix+ —(k+1
Wl,p((gxp( ) q’ S) = E[p(s(k+l)tnlix+‘1’szk—i—l)tmix-‘rq)] =cCo- 2 ( ),

which completes the proof of the induction step.
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C.2. Proof of Lemma 5

Our proof is based on the following intermediate claim:
1 1 —
(E[1A+IZ) " < e(E[IANZ])"” + 6nptaVd. €2

This bound, which we return to prove at the end of this section, is a weaker form of
the claim in the lemma.

We now use the bound (C.2) to prove the lemma. Applying Minkowski’s inequal-
ity to the recursive relation (5.2), we find that, for any p > 2, the p-th moment is
upper bounded as

ELArer1=ANED"” < E[1Ae—ANED " +n(E[I Lesesrdrsel§])
+ (Evere + et lZ])7.

For the martingale part of the noise, we take the decomposition
Liver1 = L(st+e0) + Zryot1-

By Assumption 2 and Holder’s inequality, we have the bounds

QU

)24

E[IZser18irels | F2] < 72 [ej. Zires1Diqa)” | F1]

S(pcrL«/—) E[[|A el | ]
and

d
E[l1¢rse41113] %Z [(ej. Lrves1)?] < (V)P -5

Similarly, for the Markov part of the noise, we have
E[llvee+1lZ] < (pVd)? -5P.

On the other hand, the Lipschitz condition 4 and the boundedness condition (3) of
the metric space imply that

WLz4e+105) — Z|||op <ord foralls e X.
Substituting into the decomposition above, we arrive at the bounds
1 1
(E[ILs+es1A0+el5]) 7 < (Ymax + oL pVd +o1d)(E[[Ar14112]) /p

and

(E[Ivere + Crer|2])"” < 2p5Vd.



Optimal Markovian stochastic approximation 109
Applying equation (C.2) yields

E[IA s = AdEDY? < E[IA e — AL
+ en(max + oLd) B[ A]2]) 7
+2(1 + 6n)npad,

where the second inequality comes from the definition of .
Solving this recursion leads to the bound

E[IArre — AdlZ])"? < entma + ord) (E[IANZ]) 7 + 3nptaVd,

which establishes the first claim.
Since the stepsize is upper bounded as n < (2en{(ymax + 02.d))~!, we have the
lower bound

E[1AeI2]) " = E[IANED"" = E[1Ae - AdZD"”
(E[IANZ])"? —30pta V.

[

=3
which, in conjunction with the bound (C.2), establishes the second claim.

Proof of equation (C.2). Applying Minkowski’s inequality to the recursive rela-
tion (5.2) yields (for any p > 2) a bound on the p-th conditional moment:

E[1A st ZDY? < E[IT = nLesvesr) ArselZ]) 7
+ n(E[vese + Lo |Z]) 7 (C.3)

Our next step is to bound the two terms above.
Substituting into the recursive relation (C.3), and applying Minkowski’s inequal-
ity, we find that the moment (E[||A;4¢+1]5 1)'/? is upper bounded by

(1 + Ya) B[ A 2D "7 + nord (B[1A1e12])"? + 2npVd5.

Solving this recursive inequality leads to

E[IA+eIZ])? < exp (1€ Ymax + oLd)) (B[ ANE])? + 20pt/d5.

For any stepsize n € (0, m], we have

E[IA e l2)Y? < e(®[I1A2]) "7 + 6npe/ds,

which establishes the claim.
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C.3. Proof of Lemma 6

For notational simplicity, we extend the process (A;);>¢ to the entire set Z of inte-
gers, in particular by defining A; := A¢ for negative integer ¢. Note that, under our
assumption, Lemma 5 and the assumed bound (5.19) both hold true for the extended
process, with index set ¢ € Z. Moreover, as in the proof of Lemma 5, for each p > 2,
we have the moment bound

E[IArrer1=AdED? < B[IAe = AAED " +n(E[ILerer1ArrelE]) "
+ n(E[vese + ErertlZ]).

Our next step is to exploit the coarse bound (5.19) so as to obtain upper bounds
on the second term (E[||Lt+g+1At+gl|g])l/p. Given the time lag T > 0, we take the
decomposition Ay 1y = Ayyp—r + (A4 — Ay 4¢—7), and by Minkowski’s inequality,
we have that

1
(E[ILiter1A:4el15]) '’
1 1
< (E[ILr+er18r4e—15]) 4 (E[ILt+e+1(Arre — Arge=o)lI5]) P (C4)
The latter term of the bound (C.4) can be controlled through Assumption 4:
ILtte+1(e40)(Are — App—o)ll2 < Vmax + 0LA) | Arg — Argp—ll2,  as.

The distance ||A;4¢ — As4¢—<||2 is controlled via the coarse bound (5.19). Putting
together the pieces, we find that

(E[ILite+1(Arve — At+e—z)||§])1/p
= n(ymax + O'Ld) : (wp(]E[”At—Hf—l’”g])l/p + IBP(_I) (C.5)

In order to bound the former term (E[||L;4¢4+1As4+¢—< ||§])1/1’ in the bound (C.4), we
invoke Lemma 4 and obtain a random variable 5, ; such that

- - - . 1 S
Stqe | Fryg—e ~& and (E[P(St+£,sz+6—r)p | J“t+£—r]) / = Co~21 2imix? |
(C.6)
By Assumption 2, we have the bounds

E[1Z 44101 40—y | Fryo—e] < (pVdor)?||Ar+e— |3 (C.7a)
and

E[II(L(54e—7) — L) - Apye—e| | Frot—] < (P‘/EUL)p”AtH—ng- (C.7b)
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Invoking the moment bound (C.6) and using the Lipschitz condition 4, we find that

E[||(L(§t+£—r) = L(St+4-1)) At+1{—r||§ | Jr7t+e—z]
= E[|||L(§t+e—r) - L(St+ﬁ—r)|||gp | %H—r] : ||At+ﬁ—r||g

T

< (orcod - 2" 7 %min? | A rip—e12)”. (C.7¢)

Finally, we have the operator norm bound

ILA e—cll2 < Vinaxll vzl (C.7d)

Collecting the results from equations (C.7) (a)—(d), we arrive at the bound

1
(E[ILrser1Drse—cld | Frrei])'?
< 2pVdop + Ymax + orcod -2 TP ) | Apyo—e - (C.8)

According to Lemma 5, given a stepsize bounded as
N =< (6(Vmax + ULd)T)_l,

we have ) )
1 1 _
(Bl Arse—cl2) 7 < 2(E[ArsellZ) ' + 120p5/d.

Collecting the bounds (C.5) and (C.8), and substituting into the decomposition
(C.4), for T > 2ty p log(cod), we arrive at the inequality

B[ Lrses1Arrel2])"?
= 2((p\/EO—L + Vmax) + nwp(ymax + ULd)) : ((E||At+e||§)l/p + ﬂpfﬂ(_f)
+ 7(Vmax + 02.d) By

By following the derivation in the proof of Lemma 5, we can show that the third
term is upper bounded as

(E[[vese + Corern 2] < 2p5V4d.

Substituting back into the original decomposition, we find that the difference in mo-
ments
D= (E[|Arrerr = AclFDY? = B[ A4 = ArllgDY?

is bounded as

D < 20{(pVdor + Ymax) + 10p (Vmex + 02.d)} - (N Arsel2)? + nprv/d5)
+ (2npvVd + 1*(Ymax + oLd) Bp).
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Lemma 5 implies that
E[A+IEDY? < eE[IANEDY? + 6nptvds,
and solving the recursion, we arrive at the bound

(E[I e — AZ])Y?

< 120€((pVdoL+Vmax) +10p (Ymax +02.d)) - (ENANZ) P +0p(r +0)Vd5)
+ (20pVd + 1 (Ymax + 01d) )T

< 1(12(pVdor + v ) € + L) (ENA:15)"7 + np(x + O)Vd5)

+ n(zpe«/EJr %ﬂ,,)a

for any © > 2t p log(cod) and stepsize choice

48()/max + ULd)

D. Auxiliary results underlying Theorem 1

In this appendix, we prove two auxiliary lemmas that were used in the proof of The-
orem 1.

D.1. Proof of Lemma 9

According to Lemma 4, given t > 0 fixed, for any # > t + k,,, there exists a random
variable §;_g, such that§; ¢, | Fr—k,,—r ~ &, and

- -
E[o(St ks St—tkm) | Fr—ztyy] < o -2 Tmix.

By Assumption 1, conditionally on the pair of states (s;—g,,, S¢—k,,), we have the
following bound for j € [m]:

ij_kj_]8~

Wpal (ij _kj_l 8 s[—kj) E Co- p(st_k_/ ’ S;t_k/)’ a.s.

Stfkj ’

Consequently, there exists a sequence of random variables (S;—k, Jo<j<m—1 such that
the following relations hold true for j = 1,2,...,m:

~ . kj—kj_
st—kj_l | f/t—km ~ P 185,;,](].

and
m+1—j

E[p(i—k;_y»St—k;_,) | Fraa—e] < cq Stk St )-
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Based on above construction, we consider the following decomposition:

(l_[ Nt—kj)At—km = (l_[ N(st—k;) — l_[ N(ft—kj))At—km—r

j=o
(o) s
j=0
(ﬁ N(s:-; )) (Dity = Dimeti)
= 01(1) + 02(1) + Q3(0). (D.1)

_|_

In the following, we bound the moments for the summation of the three terms above,
respectively. For the first term, we note the telescoping equation

[T NG =TI NGix,)
Jj=0 j=0
m q—1 m
=2 (HN (51—, )) (L(sr—k,) = L(Ez_k,,))~< I N(st_kj)).

j=0 j=q+1

Note that each matrix in the product has operator norm uniformly bounded by o7.d.
We can then use the Lipschitz condition 4 as well as the bound on the distance

o(St—k,»S1—k,) and obtain the bound
2
| E—km—r:|
op

E[ TTNGe—x) = ] NGik,)
j=0 j=0

<m+1)-(ord)™ Y E[IL(i—k,) = LGr-r )2, | Frtcpy—c]
q=0

< (m + 1)*(coopd)™ ! - 2

Applying the bound on ||A;—¢||2 in Proposition 1 and taking t > 3mtyx p log(codn),

we find that
E[10:1()]3]
2
| %_km_f} o ||§}
m+1

m
Jj=0
277wHog no_ oL

[TNGe—x) = ] NGk,
j=0

(D.2)

< (m + 1) (COULd)m+1 2 tmlx co <
l1—« n2
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Now, we turn to bounding the term Q5 (). First, we note that

1‘[N(st k)

< (oLd)Z'"E[||N(s,_km)At_km_f||%]
< (o1d)* -0}d -E[| A=k, —cI3]-

E[|Q20)II3] [

||N<§t_km)A,_km_f||%}

By Proposition 1, for t > ng and ng > 2(t + k), we have

cn
E[”Al—km—r” ] = l_tmlxda

If m = 0, we have that E[N(5;+) | ¥;] = 0 almost surely for each t > ng. Form > 1,
the conditional unbiasedness does not hold true, but we still have the following upper
bound on the bias:

m
E[ [T NGt st | 37}

Jj=0 op
m
= sup E|{u, [T NGrsiptot,)v
u,vesSd—1 =0
< sup E|[NGriky+o) ul2- AINGrovll2
u,vesSd—1 op
< (ozd)"™" sup \/EnN(ska)Tuuz E[NGrso)v[3

u,vesSd—1

< (opd)" '.oid.

Denote Y, := []7_y N(s;—,) and Y, = [17=o N(¢—x;) for any t > ky,. We have
the expansion

{ Z sz

t=ng

n—1 2 2
§2E|: Y EYi]- Atk ]+21E{ Z(Y, E[Y:]) - At—kyy—c }
t=ng 2 t=ng 2

n
2
<2n(d"oP)? 3" ElA 1k, —cll3

t=ng

+2 Y E[{(Y: —E[F]) - Ariy—e. Vs —E[Ys]) - Agg,—)]-

no<s,t<n—1
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Note that, in the special case of m = 0, we have IE[? ] = 0 so that the bound holds
without the first term on the right-hand side.
Fort > s + t + k;;, we have the relations

E[(V: —E[ViD) - Aty | Frtyy—c] =0 and (Vs —E[Fs]) - Mgty —c € Frtiy—.
meaning that the product term vanishes when |s — ¢| > © + k. Therefore, we arrive
at the bound

2

2i|

n—1

Y 0:0)

]E[
t=ng
- { 2n2(d™ o) + 4k + 1) - (00d)*™ - 02d) - £Ldtmixd?, m > 1,

dntotd - FLdtyixo? m=0.

’

1—«

(D.3)

Now, we turn to the last term in the decomposition (D.1). We start with the decompo-
sition

T
Ar—Air =1 Z (Le—tt1(se—0) Ap—g + vig + Cmtg1).
=1

We therefore have the following decomposition:

n—1 2 n T
E[ Z 03(1) } < 4?72]1{ Z {Yz : (Zzt—km—£+1At—km—l>}
t=no 2 t=ngo =1
B n T 2
+4772E Z {Yt . ZZAt—km—Z)} :|
t=ngo (=1 2
n T
+ 49°E Z {Yt' ZNz—km—eAt—km—e)}

{=1

|
|

+4PE| | Y {Yt A Dkt + a_km_m))}

t=no =1

2
j
For the martingale component of the noise, note that each term ]_[;-"Zo N(sr—x;) -
Z;_¢+1(s¢—¢) has zero conditional mean conditioned on ¥;_;. We have that

t=ng

i |

= Z E[1Y: Zi—km—t1(St—km—0) Dt—py—e[13]

=nyp

n
D £7/ S SERY CHIS) V. VR,

S

~
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n—1
< (02d)*"™ > B[ Zs k11 (5t —kpy—0) Dt 13]

t=ng
< g2m+agem+3, N g =2
>0y mix® .
1 —«
From the Lipschitz condition 4 and the boundedness condition (3) on the metric space,
it follows that | Y |lop < (o.d)™*! almost surely. Using this fact, the second term can
be bounded as

n T 2 n—1 t
E[ > {Yz : (1: > Az—km—z)} :|§nf(OLd)2m+2yriax D) ElA k-l
t=no (=1 2 t=ng {=1
EHZTZ(O'Ld)zm+2V§1aX . lidtmi,((_fz.
—K

Collecting equations (D.2) and (D.3) as well as the above bounds for O3, we arrive at

the upper bound
]E [
c

Ty :=n?d*"o;" 2 (1 + n?t?y2,d?of + n*t*d’o} /n) - T« —n/c dtmix0>,

2 3
:| < ZTj,
2 Jj=1

SI{IERI

t=ng j=0

where

n T 2
Ty := 4772]E|: Z {Yt(ZNt—km—eAt—km—e)} :|
t=ng =1 2
n T 2
Ts := 4772]E|: Z {Yt(Z(Vt—km—e + fz—km—e+1))} }
t=ng =1 2

In the special case of m = 0, we have

n—1
E[ Z N A,

2
¢
:| <coid - (nt + nznzozdrz)l—ndtmixﬁz
—K
t=no 2

|

n
Z NtNt—klAl—kl

+ 4t Xt: E[

k1=1 t=ng
T n 2
+ 4’727 Z E|: Z Nf(vt—kl + Zl—kl-{-l) :|a
k1=1 t=ngo 2

which completes the proof of this lemma.
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D.2. Proof of Lemma 10

We study the bias and variance of the summation separately. For the bias term, we
have
m—1
IE:|:< l_[ Nt—kj)(vt—km + é‘z—km+1)j|
J=0 2

m—1
= sup E|:<( 1_[ Nt—kj)(vt—km + Ctmtom+1) Z>:|
zeSd—1 j=0
291/2
sup \/E”NT z|l3 - |: (HNz k) (ve—k + Ci—kt1) i|
2

zeSd-1
< opVd - (opd)" " 26vd = 2(01.d)"T, (D.4)

INS

@)

where step (i) uses the Cauchy—Schwarz inequality, and step (i) follows by invoking
the moment assumption 2 as well as the Lipschitz assumption 4.
For t € [k, n], we define

m—1 m—1
Ar = ( 1_[ Nt-kj)(vt—km + é‘t—km-i-l) _E|:< 1_[ Nt—kj)(vt—km + é‘t—km+1):|-
j=0

j=0

‘We have

E[ |14 13] [(1‘[ IV, 112 )-uvt_km +¢,_km+1||§}
< (0Ld)?™ E[|vi—k + Ligr1|3] < A2 o2m52,

For integers ¢ > 0 and £ > k;;,, by Lemma 4, there exists a random variable §; ¢,
L—km

such that §;4¢—x,, | ¥ ~ &, and that E[p(s;4¢—k,,. St+t—k,,) | F1] < co 2 i

By Assumption 1, conditionally on the pair of states (s;4¢—«,, » St+¢—k,, ), We have the
following bound for j € [m]:

k_k._l k_k_] » . ~
Wo1 (PY T Ssiei;» P 5St+e—k_,-)500 P(Sevtty - Sirek;),  as.

Consequently, there exists a sequence of random variables (S;+¢—k;)o<j<m—1 such
that the following relations hold true for j = 1,2,...,m:

~ kj—k_
Sttty | Frattoy, ~ P 7005,

and

m+1—j

E[o(Stte—k;_ySt4t-k;1) | Frottn] < €0 PS4tk s Stttk )-
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Given the random variables constructed above, we can then construct the proxy ran-
dom variable for A, 4:

m—1
Xite = ( H N(§t+€—kj)) (Vi ttmte) + Cttt—tim+1Grrt—t,))

j=0
m—1

- IE|:( 1_[ Nl—kj)(vt—km + é't—km+1):|~
j=0

By stationarity, we have E[IH_( | ] = 0 almost surely. In order to bound the differ-
ence, we note the telescope relation A, ¢ — A;4¢ = Z;":_Ol Eémlx) + EM%) where

qg—1
EM = ( [1~ (Sz+e—kf)) (LGrtky) = Lstrtk,)

j=0
m—1

X( I1 N(§t+e—k,-))(v(5z+e—km)+§z+z—km+1(5r+5—km))
J=q+1

and

m—1

E™ =TT NGstre—t;) - 0Grreton) + St tdem+1Grat—t,)
j=0

—V(Stat—kp) T Ctattpmtr1(St 46—k ))-

Using the Wasserstein distance bounds and Lipschitz condition 4, we find that the
conditional expectation 4 = E[||Eémlx) |2 | #:] is bounded as

A< (ord)" "E[IL(s¢14-k,) — L Grr—,)llop
NVGrte—t) + Lottt Grae—i)l2 | F1]
< (01d)" (st tty - Srvety)? | T
NENYGrset) + Gepnr Grae )2 | Fi)

L—k
< (ord)"co -2 Tmn -2d3,

and the conditional expectation B = E[|| E ™|, | %] is bounded as

B = @Ld)" (VE[Wer ettt Ge4e-0) = Coemtont Grrei) I3 | 7]
+ VE[Gesen) = vGrres) I3 1 7))

L—km

< (ord)"dGcy - 2" Zmix




Optimal Markovian stochastic approximation 119

Consequently, we can bound the cross term as
E[(Ar, Arre)] = E[(Ar. E[Xrqe | Fo])] + E[(Ar E[Arse — Xese | F2])]
<O+ E[Acllz - E[lArre = Arrell2 | 72]]
{—
< 12¢cod™ oG - 27 T - E|A 3

_L—k
S 1260d2m+20%m02 . 2 21 mix .

Taking t = 16¢yx log(cod), we can control the cross terms in two different ways

_[VEIB ¢E||At+e||2<d2m+1 52, 0<l<kp+r.
[(Ah Al‘-i-f _k
12cod2m+2ozm 2.07 T <d2moim 2. U>kpy+

Summing up these terms yields

n—1
E{

>
t=ng

n—1
D EIMIE+2 > E[(d. An)]

2
2:| t=ng no<t1<tr<n—1
(k LT+ 1)nd2m+lo_2mo_2 4 n2d2m0_121m62'

|

IA

Combining with the bound (D.4), we find that

E|: ’S ("ﬁ Nt—kj)(vt—km + Ci—kmt1)

t=ng j=0

n—1 m—1 2 n—1 2
Z E|:( l_[ Nt—k_,-)(‘)z—km + é‘t—k,n+1):| + E|: Z Ay :|
t=ng j=0 2 t=ng 2

<c(n® + (km + )nd)o7"d*"c>

for a universal constant ¢ > 0.

E. Proof of Theorem 2

Our strategy is to prove a Bayes risk lower bound. We construct a prior distribution
over transition kernels by perturbing the base matrix Py appropriately. We then apply
the Bayesian Cramér—Rao lower bound to obtain our result.

Let us describe the construction in more detail. For each s € X, suppose that we
have a perturbation vector /5 € RX. Use these to define the perturbed transition kernel

2cex Polx, 2)ehx @)

Pp(x,y) = foreach x,y € X.
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Note that by construction, for any x € X and any /&, € RX, we have supp(Py(x,)) =
supp(Po(x,-)). Since Py is irreducible and aperiodic, so is Pj. Therefore, the station-
ary distribution &, of Py, exists and is unique. When the perturbation is small enough,
a quantitative perturbation principle can be obtained, which we collect in Lemma 11
below.

It remains to specify how the perturbation vectors are generated. We parameterize
h with a linear transformation, writing # = Qw for a linear operator Q to be specified
shortly, and a random vector w € R? drawn from a distribution p. In particular, given
a collection of vectors {gx(¥)}x,yex € R4, we consider the linear transformation
Q : R — R®X given by w = [(w, ¢x()]x,yex-

Next, we specify the prior p, along with some associated notation. Define the
subspace

Hy, = {f € RX 1 Eg,[f(s)] = 0},

and note that P, maps Hj, to itself. Furthermore, since P, is irreducible and aperiodic,
the mapping (I — Py,) is invertible on Hj,. Consequently, for any function f : X — R,
the following Green function operator is well defined:

Anf = =P g, - (f —Eg[f]) € R,

We also define an operator $;, on the space of real-valued functions on X as
follows:

Prf(x) :=Ey~p,)[f ()]

Importantly, &, is an operator mapping functions to functions and distinct from the

matrix Py. Itis straightforward to see that the operator &, commutes with the operator

Ay, for any perturbation matrix 4. Indeed, if we denote £, := &, — I as the generator.

The green function #y, f* solves the Poisson equation —£,u = f — Eg, [ f(s)].
Finally, for any & € R¥*X and for all x € X, we define

en(x) = (Lg — Eg, [L()]) " (AnL(x) - O(Py) + Apb(x)). (E.1)

Since the proof works under the perturbed probability transition kernel Py, it
is useful to study the effect of small perturbation on its stationary distribution. The
following lemma provides non-asymptotic bounds on the mixing time of perturbed
Markov chain and its stationary distribution &z, which will be useful throughout the
proof.

1

Lemma 11. Under the setup above, suppose that hpy,, = maXyxex ||hx]oo < o

Then, the perturbed transition kernel satisfies the following.

» The Markov transition kernel Py satisfies the mixing condition (Assumption 1)
with the discrete metric and mixing time 4tx.
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*  The stationary distribution &, satisfies the bound

bols) oo E10)
6 &)

See Section E.1 for the proof of this lemma.

seX

1
} < tmix (2 + log h;l;x + log ,—)hmax.
miny £o(x)

max { log

With this notation in hand, we are ready to construct the prior distribution on w.
We begin with the following one-dimensional density function, taken from [77]:

Tt
ju(t) == cos® (7) Leer-1,1- (E.2a)
Also, define the positive-definite matrix

A = Ex. g [covy~pyx,)(go(Y) | X)],

andlet A = UDU T denote its eigen-decomposition. For a random variable ¥ ~ u®4,
define the perturbation parameter
1
w = —=UD"2y, E.2b
NG v (E.2b)

and let its density denote the prior distribution p. Note that, for any w € supp(p), we
have

lAw]z = [UD?y |, = D'y, < Virace(D)/n = v/irace(A)/n. (E.2¢)

The final ingredient in our construction is to specify the linear transformation Q. For
each x, y € X, we set

qx(y) .= go(y) — Eswpo(x,-)[go(sl)],

where the Green function g is defined in equation (E.1). Recall that 4 = Qw for
w ~ p. This specifies our prior over transition kernels and concludes the construction.

Next, we state the version of the Bayesian Cramér—Rao bound that we use. Before
stating the result, it is useful to introduce the general setup and basic notation for
parametric models. Given a family Pg = (P, : n € ©) of probability distributions of
sample X € X, parameterized by 1 € ®, where © is an open subset of R?. Assume
that each element in this family is absolutely continuous with respect to a base mea-
sure A over X, and denote the Radon—Nikodym derivative by p, := %. Assuming
differentiability and integrability of relevant quantities, for any n € ©®, we define the
Fisher information matrix /() as

1(1) := Ex~p,[Vy log py(X)V, log py(X)T] € R*.

Now, we are ready to state the Bayesian Cramér—Rao lower bound.
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Proposition 5 ([30, Theorem 1], special case). Under the setup above, given a prior
distribution p with continuously differentiable density and bounded support contained
within ©, let T : supp(p) — R4 denote a locally continuously differentiable func-
tional. Then, for any estimator T based on observing X, we have

([ wrace (3.(n) p(n)dn)®
I(m)p(mdn + [ IV log p(m)|3p(mdn’

In order to complete the proof, we provide non-asymptotic estimates on the three

E E |TX)=Tm|?>
MXWII (X) (”)||2—ftrace(

quantities involved in the right-hand side of Proposition 5. These require a few tech-
nical lemmas, whose proofs can be found at the end of the section.

Bounds on the term trace(V,, 0 ). We state two technical lemmas that are helpful in
bounding this quantity. The first computes the Jacobian matrix of the desired func-
tional 6 (/) with respect to the parameter w.

Lemma 12. Under the given setup, for any w € R, we have
Vi 0(Pr)
= Ex~g,[covy~p,x,) {€n(Y) — Prgn(X),go(Y) — Pogo(X) | X}]. (E3)
See Section E.2 for the proof of this lemma. Next, we control the right-hand side

of equation (E.3) by replacing g; with gg.

Lemma 13. Under the given setup and for a sample size lower bounded as n >
ct? Uidzlogzd

' 1
gy — and maxyex |[hxlloo < 134 we have

c(l1+0})atg, d*> d

(1 —K)*n & miny £o(x)

Furthermore, for any w in the support of p, we have

Ezt,[llgn(Z) — g0(2)13] <

_ _ 3 c(l+op)g2t d® o d
Py) —0(P = A o= .
10(Pn) = 8(Po)l2 = 5 vtrace(A)/n + \/ =iz % mins o)

See Section E.3 for the proof of this lemma.
Combining these two lemmas yields

trace (Vw 9)
> Exg,[ vary~p,(x,) (g80(Y) — Pogo(X) | X)]

—Ex~g, [\/VarY~Ph(X,~) (go(Y) — Pogo(X) | X)]

VEz-,[l84(2) — 20(2)I3]
c(l+op)o12,d 5 d
. log” — .
(1—K)2J/n miny £o(x)

> trace (A) — 4/trace (A)
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Now, given a sample size lower bounded as

; ct2, 02d?log?d  2c(1+o02)a2tk d* d
- (1 —x)2 (1 — k)* trace(A) & min, £o(x)’
we can conclude that
1
trace (Vw 9) > —trace(A) for any w in the support of p. (E.4)

-2
Bounds on the Fisher information 7™ (w). We now state an upper bound on the
Fisher information of the observed trajectory.

Lemma 14. Under the given setup, for any w € R, if hyayx 1= max, ||h||oo satisfies
the inequality h} > ctpix(logh-L + log(min&y)~1), we have

max — max

1™ (w) = Ey, [V log P (s§) Vi log Py (s(',’)T]
3n
= S Ex, [covy~p,x,) (ax (¥) | X)].
See Section E.4 for the proof of this lemma.

In order to apply the preceding lemma, we must verify the condition on /1, for
our setting. Under our construction, we have

max [ hx|lec = max (go(y) — Pogo(x), w).
xeX x,yeX

Note that Assumption 2 and Lemma 17 in Section E.7 together imply the following
bound for any § > O:

o s:’(go(s), w)! < M-log3£ >1-6.
1 —« )

Taking 6 := % mingex £o(s) > 0, we have the uniform bound

cOtmix||w]l2

rsnea§g|(go(5), w)| < -

log® (d/ min £o(s)).

Note that £ is a probability transition kernel, for any s € X, the vector Pygo(s) lies
in the convex hull of (go(s’))sex. So, we have the bound maxsex | (Pogols), w){ <
maxgex | (go(s), w) | < % log®(d / ming &y(s)). Putting them together leads to
the bound

max s oo < 26 102 log® (d/ min &o(s).

Now, given a sample size

d

ming £o(s) ’

n > ct3, o2 - trace(A) - log?

(E.5)
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ﬁtm. This satisfies the condition in Lemma 11 in the

appendix. Applying this lemma, we see that the condition

we have that maxy ||/ix] oo <

s Z Clnis (108 gy + log(min £9) ™)
is satisfied so that Lemma 14 guarantees that

3n

TEX~$;, [vary < p,(x.) (g0(Y) — Pogo(X) | X)]

3 3
EE——r)

= % trace (A). (E.6)

trace (I(")(w))

IA

A

The last inequality follows because &, < %éo Py(x,) = %Po(x, -) for all x € X.

Bounds on the prior Fisher information. From [58, Lemma 10], the density p of w
has Fisher information

I(p) = UD'*1(u®4)D'2UT = nxrA. (E.7)
Consequently, we have [ ||V log p(w)|3p(w) dw trace(I(p)) = nx - trace(A).

Putting together the pieces. Combining the bounds (E.4), (E.6), and (E.7) and apply-
ing Proposition 5, we obtain the lower bound

. A — 1
inf /R ) ExguPQw[n@n—e(PQw)llé]p(dw)zmtrace(/x). (E.8)

b, )
It remains to relate the matrix A to the local complexity &, in the theorem. In order to

do so, we require the following lemma.

Lemma 15. Under the setup above, for any function [ : X—R such that Eg [ f(s)] =

0, we have Ex g,y ~Po(x,)[(40 f(Y) — Posko f(X))?] = 15L_ oo E[f(50) f(s%)],
where (S )reyz is a stationary Markov chain following Py.

See Section E.5 for the proof of this lemma.
Applying Lemma 15 with fj(s) = ((Is — L©)™(L(s)8(Po) + b(s)), e;) for

j =1,2,...,d, respectively, we arrive at the chain of equalities
d
trace(A) = Y Ex gy y~rocxa[ (40 (¥) — Posko f7(X))?]
7 =
=Y " E[fi(s0) (k)]
j=1lk=—00

= trace((/ — L) 'S (I = LO)YT) = ne2.

2
Thus, the right-hand side of equation (E.8) is exactly 4(58—_”M).
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It remains to bound the size of the neighborhood. Given a sample size n satisfying
the bound (E.5), Lemma 13 implies that

18Py — B(Po)|2 < “a‘;ﬂ

Consequently, for any w on the support of p, we have Pgy, € Ny (Po, 2¢5).
On the other hand, for any w € supp(p) and any x € X and perturbation

h=Quw,

we have

2
Pp(x,Y
Py || Pox. ) = Eu[(% i 1) }

ehx ()
= vary ~ .
Y ~Py(x,) (ZzeX Po(x,Z)th(Z))

(")

@)

< vary ~ py(x,)
2

< Ey~pon[ (™" = 1)7]

(i) 5

<e:- ]EYNP()()C;)[hx(Y) ]’

where step (i) follows by using Jensen’s inequality to assert that

Z Po(x,z)th(Z) > exzex Po(x.2)hx(z) _ 1,
zeX

and step (i7) follows from the inequality
|ex - 1| E e- |x|’

valid for x € [—1, 1].
Accordingly, the average y2-divergence admits the bound

> " E0(x) P (Pa(x.) || Po(x.") < e Exgyy~roxo[(w. g0(¥) — Pogo(X))?]
xeX
<e- w' Aw < ﬁ.
n

For any w on the support of p, we thus have

Id
PQw € mProb(PO’e —),
n

as claimed. The Bayes risk lower bound (E.8) then implies the desired minimax lower
bound.
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E.1. Proof of Lemma 11

The proof relies on a total variation distance bound on the transition kernel. In partic-
ular, for each s € X, we have

A

v (Pote. ). Pas.) =\ 2 Poce ) ] Pace)

_ ZP( ( Pp(x,y) 1)2
B o Po(x, )

yeX

© %(euhxnoo Qe - max [ o (E.9)
In step (i), we use the fact that
Pr(x,y) B ehx ()
Po(x.y) X ,ex Po(x,y)ehx@)

and in step (i7), we use the fact that ||/ |lco < 1.

c [e_”hx"oo , e”hx ||oo]’

Next, we turn to the proofs of the two claims. We first prove the mixing time
bound. Note that the non-expansive condition (2.2) (b) is automatically satisfied with
co = 1 for total variation distance (by a naive coupling). Given a fixed pair x, y € X,
invoking Lemma 4 with t = 41, yields the existence of a joint distribution over
the random sequence {Xx }o<k<r and {yx }o<k<r such that {xz} and {yx} follow the
Markov chain Py, starting from xo = x and yo = y, respectively. Furthermore, we
have the bound P (x; # y;) < %.

Now, we construct a coupling between the original chain and perturbed chain.
Taking the initial point X9 = x, we iteratively construct the sequence {Xx }o<k<r as
follows: given X and x, we construct the conditional distribution of X as follows.

o Ifxg = Xk, welet P(Xk41 # X1 | Xk, Xi) = drv(Po(xXk, ), Pr(xg, ).
o If x # Xi, we simply take Xz 41 and x; 11 to be conditionally independent, fol-
lowing their respective transition kernels.

We construct the sequence {yx }o<k < in a similar fashion.
By the union bound, it follows that

P(x: # X:) ZE (k41 # Trer | Xk = X)) ]
—1

= ZE[dTV(PO(xk’ ). Pr(xk. )]

k=0 :
< detpix - max ||yl < =.
xeX 8

In the last step, we have used the total variation distance bound (E.9).
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Similarly, the process {j} satisfies the bound P (y; # ;) < %. Putting together
the pieces, we conclude that

dTV(5xPhr,5yP}f) =< P(ir i )71) = P(i‘t i x‘L’) + P(xr i yt) + P(yr i _)7‘[)
1 1 1 1

<-4+-+-=_,
8+4+8 2

which shows that the perturbed chain Py satisfies the condition (2.2) (a) with mixing
time T = 4¢pix.

Next, we prove the perturbation result for the stationary distribution. Given any
fixed initial distribution 7o, note that for any deterministic sequence (xg, X2, ..., Xz),
we have the following expression for the Radon—Nikodym derivative:

ol el Kk+1)

d]P)h()Co,Xl,...,xn) _ ’ﬁ Ph(Xk,Xk+1) _

dPo(xo, X1, %n)  _y Po(Xk Xict1) B e Lyex € H D P(x y)
We then have the max-divergence bound

dIP’h(xo,xl,...,xn)

Doo(Pr(xg) || Po(xg)) := sup dPo(xo. X1, ..., Xn)

n n
xo€X

log

<n-max [y |leo.
x

Taking the marginal distribution, we see that the bound Doo(no Py || o Pg’) <n-
hmax holds for any initial distribution 7 and any n > 0.

To obtain the desired claim, we take the initial distribution to be the stationary
distribution &, of the chain Py, and let n = #,« 1og(m). Note that &, P} =
&, in such case. On the other hand, by Lemma 4, the total variation distance can be
upper bounded as drv (§, Py, &0) < 21 T < Nmax - Minyex £o(x). Therefore, for any
x € X, we have

EnPy(x) 1‘ _dv(én Py &) _ b < 1
€o(x)

T mingex &o(x) T 2
Invoking the inequality |log z| < 2|z — 1| for |z] < 1/2, we can translate the bound
into a max-divergence bound

§nbg ()| _

1 2N max-
% et | T

Doo (€1 P§ || §0) = max

Finally, applying the triangle inequality yields
Doo (8 11 €0) < Doo(5n Py 11 61 Py') + Doo(n Py 1l o)

1
= (n + 2)hmax = Imix (2 + IOg h;ix + 10g T(x))hmam
0

min,

which proves the second claim.
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E.2. Proof of Lemma 12

We first consider the functional i — 6(Py) := (I — Eg, [L(s)])'Eg, [b(s)]. Note
that the stationary distribution &, satisfies the identity &, P, = &j,. Taking derivatives,
we obtain the following equality forall x,y € X:

9&n
dhx(y)

(I —Pp)=é&p- = E(X) Pp(x.y) - [1z=y — Pr(x.2)]_x-

Bh()

Note that the linear operator (I — Py) is invertible on the subspace Hj,. For any
f € Hy, we have

2 08(2)
oy el /@] = Zahx(y) - f(s)

= &0 () Pu(x. ) - [Lemy — Pa(x.2) g - (1 = Pu) |y, - .

In the above expression, the notation (I — Py) " !|g ,, denotes the inverse of the oper-
ator I — Py within the subspace Hj, a bounded linear operator on this space. Note
that the derivative is invariant under translation. For any f € RX, define the auxiliary
function f := f —Eg, [f]. and write

0
()

0 _ -
= oy Bl f Ol =8 @ PuCe ) [Lemy = Par2)] - (1= P1) "y, - f

= & () Pa(x, ) - [Lomy = Ph(x,2) - (1 = Pa) ™' Iy, - (f = Ex, [£])
= £, (0 P(x.3) - (A fO) = Y Pul. ) ARS(2)). (E.10)

zeX

[£()]

On the other hand, we can express the desired functional ] (Py,) in the form above.
In particular, setting L := Eg, [L(s)] and b = Eg, [b(s)], we see that, for any
x,y € X, we have
o) 7 (h P (h
30 (Pn) _ (1 — L0y L™ 1 _1 9™
Ohx(y) dhx(y) dhx(y)

— o\ — d — d
= (1 -L®) 1((ahx(y)Esh[L(S)]) -0(Pp) + TR )Esh[b( )])

Following the formula (E.10), we conclude that

90 (Pp)
Ohx(y)

LW M 4 (1 - L)

= £, () Py (e, ) (I = LP) " [AR(LG)O(Pr) + b(1))]

— En () Pa(x. ) Y Pa(x.2)(I = D) [AR(L()O(Py) + b(2))].

zeX
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Recall the shorthand notation from before, where, for each s € X, we defined
gn(s) = (I = L) [A(L($)(Py) + b(5))].
Given w € R4, if we parameterize the perturbation as 4 = Qw, the chain rule yields
Vul(Pr) = Q7 - VaO(Ph)
= > a0 (X Par.1)2(a: ()T

xeX yeX

(X P g (X Pux g e ) )

yeX yex
= Ex~¢,[ covr~p,x.) (gn(Y) — Prgn(X),qx(¥) | X)].

as claimed. n

E.3. Proof of Lemma 13

The following technical lemma is used throughout the proof and proved in Sec-
tion E.6.

Lemma 16. Given a perturbation vector w satisfying

1—«
2etmixor/d - [AJloplogd’

for h = Qw, the matrix I — L™ g invertible, with

lwll2 <

.
ICE = 29 lop = 7=

Before proceeding with the proof, we note two direct consequences of Lemma 17
from Section E.7. First, by taking f(x) := (e;, L(x)u) and f(x):= (e;, b(x)), apply-
ing the tail assumption 2 and the boundedness assumption 4, we have the following
second moment estimate for any u € S¢~' and j € [d]:

Ex~g,[(ej. AnL(X)u)?] < cta 07 log>d (E.11a)

and

Ex~g,[(ej, Anb(X))?] < ct2 07 log*d. (E.11b)
Second, by taking f;(x) := (e;, L(x)8(Py) + b(x)), for any integer p > 1 and K >
0, Markov’s inequality yields the bound

cp?tmixo logd )2p

Py~g,[Anfj (X) = K] < K Bxg, [ An £ (X)*7] < ( K
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By taking K = 2¢p?tnix0 logd and p = —2log minyex £o(x), we find that
P A f;(X) = 8ctyico log> d <1m'n§()<m'n§()
~ i Clnix0O —_ —mi b 1 X).
X~En ki - e g minyex Eo(x) 2 xeX 0 T xeX h

Since &, is a discrete measure, this high-probability bound implies a deterministic
bound

Ap fi(x) < 8ctmix0 log3 ( for all x € X.

)
minx/ex fo (x’)
Combining the estimates for all j coordinates yields the bound

1
max || ()2 < 37— max [ A4[ f; (V)] cfqll2

CtuinONd | 4 ( d )
< lo .

I e minyex £o(x)

(E.12)

Given the two lemmas and facts derived above, we now proceed to the proof of
Lemma 13. Taking derivatives on both sides of equation (E.1), we obtain

Vugn(z) = (s = LP) ™ - A L(2) - Vo 0(Py)
+ (Ig — LD (Vi ki) (L(2)F(Ph) + b(2))
— (Ig = L)'V (E®) (1, — L) (AL L(2) - 0(Py) + Arb(2))
=:Ji1(h,z) + Ja(h,z) + J3(h, 2).

We then have the integral relation
1
£4(2)— g0(2) = [ Vugan()-w ds
0
1
= / (J1(sh, z) + Ja(sh,z) + J3(sh,z)) - wds.
0

It thus suffices to prove individual upper bounds on the terms Jy (s4, z) - w, J2(sh, z) -
w and J3(sh, z) - w.

Bounds on the term Jq (sh, z) - w. Invoking Lemma 12, we have
0 — P P T
Vw8 (Pr) = Exg, v ~p,x.9[ (&0 (Y) — Prgn(X))(g0(Y) — Pogo(X)) ]
Consequently, for X ~ &, and Y ~ Pp(X,-), we have the error decomposition

1V B(Prwlla = |E[cov(ga(¥). go(¥) | X)]w],
< |E[cov(go(Y) | X)]w|,
+ |E[cov(gn(Y) — go(Y). go(Y) | X)]w],.
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For perturbation matrix 4 satisfying the condition maxyex ||#x|lco < 128 = , Lemma
11 implies the sandwich relations

1 3 1 3
550 <& =< ESO and EPO(X) < Pp(x,:) = EPO(X) for all x € X.
For the first term in above decomposition, we have

|E[cov(go(¥) | X)]w],

IA

|E[(g0(Y) = Pogo(X))(g0(Y) — Pogo(X) Jw],

9
=73 [ covi~go. v~ Pocx.) (80(Y) = Pogo(X)) - w,

= §||Aw||2 < %w/trace(A)/n,

where the last inequality is due to the bound (E.2c).
For the second term in the decomposition, for X ~ &, and Y ~ Py (X,-), we have

|E[cov(ga(Y) — go(¥). go(¥) | X)]w],
= sup UTIE[COV(gh(Y) —g0(Y),go(Y) | X)]w

vesd—1

< sup VE[((er() - go(¥)). v)]

vesSd—1

. \/EX~§h,Y~Ph(X,-)[((gO(Y) - fogo(X))Tw)z]
< VTR [Bxg, 1810 — 2005

By equation (E.2b), on the support of the prior density, we have the bound w T Aw =
n~ly TD~V2UTAUD™2y < £, Consequently, we have the upper bound

A)
e S PN SRR AYe STENCRES

Collecting the bounds above and invoking equation (E.11) and Lemma 16, we
obtain the following bound on the desired term:

Ey g, [I1/1(h, V)w|3] < [|[(1a=LP) |2 - By, [ Aen L (V)Y B(P)w]3]
4 3 _ "
= (1 — K)2 ' E]EY'VSUI[”‘AKhL(Y) . VwQ(Pgh)w”z]
6
< )
- (1 _ K)2 mlx
¢ 12,.07d log”d trace(A)
B (1—-x)? n
ct2, 02d?log?d

(1 — K)zl’l sup EXNSM ”gfh(X) - go(X)||2

0<{<1

20rdlog®d - |V 6 (Py)wll3
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Bounds on the term J5(sk, z) - w. For any function X — R? and x, y € X, we note
that

9
Ohx(y)

_ 0P _
Apf =—U —Pp) 1|Hh‘ah—(};)'(1_=7)h) Y, f

= —Ap - [ls=xPh(x7y) : (ls’=y - Ph(x’sl))]sysfex ~Af
= = [Lima Pa. ) - (A0S0 = D Pulw,s)An £5) |

seX.

We can then derive the formula for derivative with respect to the parameter w, as

ad
(Vuh) @) = 3 (GrgyAnl @) a0’
x,yeX x

== 3 Pux.y)Anle(2) - (Anf(Y) = Packn f(x) - (80(y) — Pogo(x))

x,yeX

== D 2 (Phzx) = &) Pulx, y) (An S () = Prcn (%))

x,yeX t=0
- (20() — Pogo(x)) .
Substituting f(z) = L(z)0(Py) + b(z), we note that
Anf = &h.
and consequently,
(Vwn) (L(2)0(Py) + b(2))

= 3 (Exmpy oy r~py o[ (80(Y) = P1gn (X)) (20(Y) — Pogo(X)) ']
t=0

—Ex~g,y~Px)[ (80 (Y) — Prgn(X))(go(Y) — fPogo(X))T])
=) Di(2).
=0

Next, we estimate the difference term above in two different ways, depending on the
value of 7. On the one hand, note that

Bzt [ Ex~pt z.9.7~prcxo [ (80(Y) = Pagn(X)) (g0(Y) = Pogo(X)) ' w3

< sup lgn(y) — Prgn(OlI3 - Exng, v ~p,cx.o[(w. go(Y) — Pogo(X))?]
X,y€

<4 sup lgn (I3 - Ex~g, vy ~pyx.[ (0. g0(Y) — Pogo(X))?].
xe
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where the bound for the factor sup,cx [|gx(x)||3 follows from equation (E.12). For
the latter term in the display above, we note that

Ex~g,,v~Pyxo [ (w. g0(Y) — Pogo(X))?]
2d
< 2Ex g, v~pPox.)[ (W, g0(Y) — Pogo(X))*] < 2w’ Aw = —

Putting together the pieces yields the first estimate

ct? 52d? d
Bzg 1042 0l] < o ().
ol ] (1 —K)*n minyex &o(x)
On the other hand, given z € X and the Markov chain (s;) ;> starting from s¢ = z,
for any ¢ > 0, there exists a random state §, such that §; ~ &, and we have P (5, #
L . ~ .~ -

§¢) < 27!, Define a random variable S¢+1 by setting 5,41 = $;+1 whenever s; = §;,

and drawing §;41 ~ P(5;, ) otherwise. From this construction, we have

[D:(z)wl2
< sup {E[u"(gn(s+1) — Pugn(s0)) - v (go(si+1) — Pogo(se)) | 2]
uesSd—1

—E[u" (grGes1) — PrgnGo) - w' (g0Ge41) — Pogo(57)) | z]}
< sup E[u' (gn(se+1) — Pagn(se)) - w (go(si+1) — Pogo(se)) Ly, 25, | 2]

ueSd—1

+ sup E[u' (ghGit1) — PrgnGe)) - w' (g0Git1) — Pogo5) s, 25, | z]-

ueSd—1
Applying the Cauchy—Schwarz inequality twice yields
1/2
Ez~g,[I1D:(Z)wl3] < E[llgn(se+1) — Pagn(so)ll3]
811/4
‘E[wT (go(se+1) — Pogols0)*]"* - E[1s,45,]
~ 1
+ E[llgnGirn) — Pagatso) 3]

1/4

- -~ \\871/4 1/4
E[wT (20Gi41) — PogoG)*]* B[y 51"
Ctrilx —4 6 1——
< M G4 w3 - logbd - 2" Fmix,
(11— k)

corresponding to the second estimate.
Finally, setting © = cfmix log 32~ tmixd - yields

o0 2 o0 o0
Emh[ Y DiZ)w }f (Ze—?) (Z TEzg, [ D:(Z)w|} ])
2 t=0 t=

t=0
ctd 52d? d )
<

mix lo g6
T (I—x)?n minyex £o(x)
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so that

ctt 52d? d
Ezg, [ J2(h, Z)w i 106(. )
z Eh[” 2( | ]_ (1—x)*n & minyex £o(x)

Bounds on the term J3(sk, z) - w. By equation (E.10), for any vector u € S~ we
have

Vo (LPu)= 3" & ()P ) (A LD ()= Y Pue.2) A LD () - (1)

x,yeX zeX
For any z € X, we obtain

IV (L) gr (2 w2
= sup Ex-g, v~p,cx[u (ALP(Y) — PuotnL® (X)) gn(z)gx (¥Y) Tw]

ueSd—1

< sup VE@T(ALOE) — oA L0 (X))gn() - VE[(ax (V) Tw)?]

d
= czmixaL||gh(Z)||210gd : \/;’

where the final inequality is due to equation (E.11). Combining with Lemma 16, we
have the bound

cd?
Ez~g, [13h. Zywl3] < 755, tmwoz log” d - Bz, [lgn(2)115]

524 42
CO-L mlxd 2
< —=log-d.
— (1—-x)n g
Finishing the proof. Collecting the bounds for Jy, J>, and J3 and for

ct2,02d*log*d

> le
"= (1 —k)2 ’
we have
sup Ez¢,[lgen(Z) — g0(2)|3]
0<{<1
c(1+0})at} d? 6( d ) 1
< M Jog® ( ———— ) += sup Ezg,[lgen(Z)—go(2)]
(1—x)*n miny §o(x) ) 2 o<<1 a (A3}

which completes the proof of the first claim of the lemma.
For the second claim, we combine the first claim with equation (E.13) and obtain

trace(A c(l+07)0%md> ¢ a
V. (P 3 mix 1 - ).
IV O(Pr)wll> < \/ \/ (1—r)yn2 8 (minx Eo(x))
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Taking the integral yields

J— —_ 1 —
18(Py) — B(Po)ll> < /0 Vo B(Pes)w]2d

- 3 [trace(A) N c(1+0})a2ty,. d3 log® [ — d ,
2 n (1 —x)*n? miny §o(x)

which proves the second claim.

E.4. Proof of Lemma 14

We first compute the Fisher information with respect to the perturbation vector A
and then transform this via chain rule into a formula that holds with respect to the
parameter w. We are interested in the matrix

1™ (h) := E4[Vy log Pr(sg) Vi log Py (sg) T].

When the Markov chain Py, is run under the initial distribution &g, the joint distribution
of the observed trajectory (s;)7_, can be factorized as

n
Ph(s0. 51, .. 5n) = E0(s0) - [ | Palsi—1.50).
t=1

Let us now study the Fisher information matrix. For any pair x, y € X with
P(x,y) > 0, performing some algebra yields the expression

n
logIP’h(so,sl, . ,sn) = let_1=x(ls;=y - Ph(x,y)).
t=1

Ohx ()

Consider the natural filtration ¥; := o (sg, 51, ..., $¢). Note that under the transition
kernel Py, we have the identity

Eh[15[71=x(15t=y - Ph(x’y)) | ?z—l]
= ls;_1=x : (Eh[ls;=y | St—1 = X] - Ph(xv J’)) = 0.

Therefore, the process {V}, log Py, (so, S1, . .., S»)}n>0 is @ martingale adapted to the
filtration {¥; };>0. Its second moment is given by

S =E[V,logPy(sy) -V, log Pr(sy)]

n
=Y E[Vjlog Py(si—1.5:) - V) log Ph(si1.5/)].

t=1
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We find that
n
S = |:1x1=x2 ' ZE[1x1=s1_1 ' (lst=y1 - Ph(xl’ yl))]
t=1

'(lst=y2'_ [%(XZvYZ))}
(x1,71)5(x2,¥2)

= " diag({Pa(si—1 = %) - Pu(x. 1)} )

t=1

- Z [Pr(si—1 = x) - Pp(x, y1) - Pu(x, y2)]

=1

(e, y1),(x,¥2)

Consequently, the Fisher information matrix is a block diagonal matrix ™ (h) =
diag({I )E")(h)} veX ), Where each block matrix / ,E”) (h) € R¥*X takes the form

1O () =y Py(si-1=x) - [diag({ Ph(x, 1)} exc) ~ [ Pa 6. )], exc [P )] o)
=1

By Lemma 11, for A,y satisfying the inequality
Noax = Clmix (108 By + log(min &)™)

for some constant ¢ > 0, we have the bound %Eh <& < %Sh, and hence, %P}{‘ &, <
P,],c o =< %P,iC &, foreach k = 0,1,2,.... From this sandwiching, we find that

; > P (0 - [diag({Pr (6 )} ex0) = [Par )] ex [Pr (6 0] o]
t=1

_ %sh(x)[diag({m () — [PrCr 0]y [ Pa e 1] o]

1" (h)

IA

Turning to the Fisher information, we compute
1) =071 ()0
3n
=32 6@ (X P (a0

xeX yeX

_ (Z Ph(x,y)qx(y))( > Ph(xvY)‘Ix(y))T)

yeX yeX
3
- T”Exwgh [Ey~p,x)[ax (Y )ax(¥)T]
—Eypyo[ax ()] Eyp, o lax ()]

3
= anX~sh[COVPh(X,~) (gx(¥) | X)].
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E.5. Proof of Lemma 15

For each k € Z, by the definition of the Green function, we note that

f(sk) = Ao f(sk) —E[ Ao f(sk+1) | sk] = Aof(sk) — PosAof(sk).  (E.14)

By stationarity, we have

> E[f(s) f(s0)] = ELf*(s0)] +2 D E[f(sx) f (50)]
k=—00 k=1
Q _E[f(50)*] + 2E [f(so) Y E[f i) | So]i|,
k=0

where step (i) makes use of the dominated convergence theorem, in particular by
noting that ]E[f(sk) | s0]| < || f lloo - 2'7/®ix from Lemma 4. Consequently, we can
write

o0

> E[f(sk) S (50)]

k=—00

= —E[f%(s0)] + 2E[ f(50) - o f (s0)]
= —E[(40f(50) = Pokof(50))"] + 2E[(A0/(50) = Poko [ (s0)) - oo f (50)]
= E[(40/(50))*] = E[(Posko £ (50))°].

where step (ii) follows from equation (E.14).
With E denoting expectation over X ~ &y, Y ~ Py(X,-), we have

E[(A0f(Y) — Posro f(X))’]
= E[ (0 (s1) — Poso f (50))°]
= E[(0/(s1)°] + E[(Posko £ (50))*] — 2E[ (0 £ (51)) - (Posko £(50))]
(40 (50))°] + E[(Poso £(50))*] — 2E[E[Ao £(51) | 50] - (Posko f(50))]
(40/(50))°] = E[(Posho f(50))’].

and combining the pieces completes the proof of this lemma. |

E[
E[

E.6. Proof of Lemma 16

By following the derivation of equation (E.10), we find that

TGy L = SO P AL () - ZX Pu(x.)AL()).
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Consequently, for any u € S?~!, we have the bound

(19 (LD,

< sup \/EYNEh[(ZTAhL(Y)U)Z]

z,veSd—1

. \/EX~$h,Y~Ph(X,«)[((gO(Y) - fpogo(X))Tv)z]

< sup \/Eyog, [ ALY )ul3]

vesSd—1

3
5 \/EX~$0,Y~P0(X,-)[((gO(Y) - ?ogo(X))Tv)z]

< ctuix0z\/d - | Allop log d.

IZ® - IOy = sup (L9 ~LO)u|

ueSd—1

‘We thus obtain

2

1
<[ s [Vu(ZO0) w]as

ueSd—1
< ctmix0or v/ d - trace(A) logd - |w|2.

Now, given a perturbation vector satisfying the bound ||w|, < 1K

2¢tmix0 L «/dmAmop IOg d ’

we have the following bound for any u € sa-1.

I = Z®yull2 > |( = LO)ulls — [[(L® — ZO)u]),

— - I -«
> (=) = IL?W = LOYlop = ——,

which implies that [|(/ — L®)~! llop < ﬁ, as claimed.

E.7. A useful moment bound

Finally, we state and prove a moment bound that is useful in multiple proofs. Recall
that the operator J, is a perturbed probability transition kernel under perturbation
matrix /2, and the operator 4y is the Green function operator associated with this
transition kernel.

Lemma 17. Consider a bounded function f : X — R and a perturbation vector h
satisfying the condition in Lemma 11. There exists a universal constant ¢ > 0 such
that for any integer p > 1

17132 |

2p 7% X 2 £E N T
(Ex~e, (41 (X)) D)7 = ¢ p tuis[Exg, [70)7]] 1°g{EX~gh[f<x>2p]
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The proof is similar to that of Lemma 7. For any function f : X — R such that
Ee, [f(X)] =

we first observe that s f(s) = > pep {P}f f(s) for all s € X. Note that Lemma 11
guarantees that the perturbed chain satisfies Assumption 1 with mixing time 4#y,x. By
Lemma 4 and the coupling definition of total variation distance, for each # > 0, there
exists a random variable §; such that §; | so ~ &,, and P(§; # 5, | 5) < 2 Lo !,

By construction, the state §; is independent of s. Consequently, we have the equiv-

alence Ay f(s) = > peo E[/(sx) — f(5k) | ], and for any « > 0,

Eseg, [ (A1 (5))*" (Zezl’% [£(sx) = fGr) | s])° )

00 2p—1
2
) ( Z e 2 “k)
k=0

<a' ™22 Y PR f(sk) — £GR[]:

k=0

We bound the moment of f(sx) — f(5x) for different values of k in two ways. On the
one hand, Young’s inequality directly leads to the following naive bound:

E[|f(sx) = £Go)[*7] < 2227 E[ £ (51)??] + E[fGr)??]) = 22PEsmg, [ £(5)%7].

On the other hand, for any bounded function f, we have

E[|£(50) = fGO[P] < IFI22 - P (s # 5) < | £122 - 2" ¥,

Combining the two estimates yields the bound

E[(Anf(X))*?]
ad k
< al_zp{Zzl’ 'BZPaI‘EESWEh [f(s)zl’] + ||f||§é’ Z e2rak -21_4tmix},
k=t+1
valid for any @ > 0 and t > 0. Setting 7 = ¢ f1ix log E[lyz[l,lg’z,,] and ¢ = 16”} yields
the claim.

F. Proofs for the examples

We collect the proofs of the consequences to specific examples in this section.
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F.1. Proofs for TD(0)

We stated three corollaries applicable to this method, and in this section, we prove
each of them in turn.

F.1.1. Proof of Corollary 2. The bulk of the proof involves verifying the conditions
needed to apply Proposition | and Theorem 1, but some additional care is needed in
order to deal with non-orthonormal basis functions (¢;);e[q4]- First, we note that the
SA procedure (4.1) can be equivalently written as

Orr1 =1 —=nB)0; +nBL;1(0r)0; —nBbi1(wy),
where
Lii(@) = (Ia =B ¢(s)¢(s0)" +vB~ ¢ (s0)p(se41)")

and

bi1(w) =B Ri(s)d(s1).

This is an SA scheme with stepsize 1.
For any matrix A € R4*4 define k(A) := %Amax(A + AT). We verify the eigen-
value condition (2.1) by noting that

Fhma(L+IT) = 1= S (Bt pieo [0166H ] = B[ 009

T
=1_l,\ B/2 [d_u B1/2
ﬂ max 2

- 1—%(1—K)<1,
and
— 1
Il < 1+ E(H|1Es~g,s+~m,.) (66 ., + Ee[e)d) T]l,,) < 3-

For the two-step sliding-window Markov chain w; = (s;, S¢+1), Assumption 1 holds
with mixing time (fy;x + 1) in the discrete metric, and the metric space has diameter
at most 1. It remains to verify the boundedness and moment assumptions.

In order to verify Assumption 4, we note that the bounds (4.2a) imply that

1
L1 Gsllop = 1+ E(|||¢(St)¢(st+1)|||0p + g (s (s0) llop) = (1 +5%)d

and

1
Ibrsatsll < IRl 190l = > VTP,
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Turning to the moment assumption, given any vector u € S?~! and coordinate vector
ej, we have the bounds

IEESf\IE,s‘*'wP(s [( ¢(S)¢(s+)-r \/Es~§ T¢(S) \/Es,\,g T¢(s))]

< 132 4

Ese[(e] )0 T0)"] = VE,e[(]$5)'] - VEee [(uT9(5))*]
§ﬂ2 4

Eo-t[(e] Re(9)6())*] = ¢2Eqme[(¢] $(5))] = Bs*

Finally, the quantity ¢ from equation (4.3) is bounded as

max E[(e;. (Li+1(@r) — L)0 + (br41(er) — b))?]

< max \/E[(e). #60)*]- VEL@6)TT — yp(s0e0 T8 - Rilsn)'] =

Invoking equation (6.6) with the test matrix Q := B and substituting with the repre-
sentation V(s) = (6, ¢(s)) yield the claim.

F.1.2. Proof of Corollary 3. We prove this corollary by verifying the assumptions
used in our main theorem. Assumption 2 directly follows from (4.6¢) and the bound-
edness of reward; Assumption 1 is exactly the 'W; mixing time bound imposed on the
Markov chain. In order to verify that

L(s,sT) = 1La =B (@()p(s)T —yp(©)p(sT)T)
satisfies Assumption 4, we first note that
IL (s1,577) = L5255 llop

1
< E|||¢(s1>¢(s1)T — ¢ (52)p(52) " [lop + %|||¢(s1)¢<si)T — ¢ (52)P(53) lop-

By adding and subtracting terms, we have the bound
¢ sB(s0) T = d(s2)(52) Tllop = LD (s0)ll2 + (522} 16 (s1) = p(s2) 12
2262Bd sy 521l

The step (i) follows from the Lipschitz condition (4.6b) and boundedness of the
metric space X. More precisely, we have ¢ (s1) — @ (s2) |2 < ¢/ Bd|ls1 — 522 and
lo(s)ll2 = llo(s1) — p(0)]l2 < ¢+/Bd. A similar argument yields that

g s0)p(si)T = (52)B () Tlop < %A (IIsi =55 12 + lls1 = 52112).
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Putting together the pieces, we have shown that the mapping L : X — R4*4 is 3¢2(-
Lipschitz with respect to the metric

p((s1,57). (52,55)) = lIs1 — 522 + s — 55|l

Similarly, for the vector observation b,(s) = R;(s)¢(s), we note that, for any
$1,82 € X,

1B:(s1) = be(s2)ll2 < |Re(s1) — Re(s2)| - llp(s)ll2 + |Re(s2)| - p(s1) — p(s2)l2
< 25vd/Bl¢(s1) — ¢(s2) 2.
which shows that b : X — R4/# is 2¢2+/d-Lipschitz. Having verified the assump-

tions, we complete the proof by following the same steps as in the proof as Corol-
lary 2.

F.1.3. Proof of Corollary 4. In order to verify that Assumption 4 holds with respect

to the discrete metric, note that, for any d,, > 1, we have

1be(s)]2 < =

and

1+g2

1 dn 1 dn dn
ILGs152)llop <1+ 2 D @7(s1) + 5 [ D d2s)- | D ¢H(sa) < .
ﬂj=1 p j=1 j=1

Turning to the moment condition, let E denote expectation over a pair s ~ £ and
st ~ P(s,-). Then, for any vector u € S% 1 and index j € [d,], we have

E[(ej, L (s, s+)u)2]

<3+ %E[(w P, u)’] + %E[(w PP (). 1))

<3+ %n«mn; E[((s). u)] <3+ ggz.

Foreacht = 1,2,..., we also have E[(e;, b;41(s/))?] < ﬁ%||R,||§o ‘Esglpj(s)?] <

5‘72, which is an order-one quantity. Following the same steps as in the proof as Corol-
lary 2 then yields the claim.

F.2. Proofs for TD(A)

We first prove Proposition 2—the mixing time result—and then use it to establish
Corollary 5.
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F.2.1. Proof of Proposition 2. We prove the claim via a coupling argument. Con-
sider two initial states wg = (o, 51, ho) and wy = (s, 57, A}). By Assumption 1
(mixing time) for the original chain in total variation distance, there exists a cou-
pling between a chains (s;),>1 and (s;);>1 starting from s, and s}, respectively, such

that
1

2
Furthermore, whenever s; = s} for some ¢ > 1, the two processes are always identical

ktmlx"rl
P(Sk+1)tmin+1 7 S(k+1)tmlx+1 | {50,857} )< 3

from then on. Let (g;);>0 and (g});>0 be the eligibility trace process (4.10b) associ-
ated to (Sz)t;o and (f;)tzo, respectively, and let i, = ;;—%g, and b, = 1\/&' g5
Under this coupling, we note that

1
P ($3tpi+1 7 837 +1) < 3

Conditioning on the event € 1= {s3;,, +1 = sgtmix 41, forany ¢ > 3t + 1, we have
Ire1 =y gyl =yAlRe = Ryllz =+ = (YA 7| R — My 4yll2. (1)
We split the remainder of the proof into two cases.

Case I: 51 # s7. The coupling bound implies that P (&) > %. On the event &, for
T > 3tmix + 1 + )w we have the bound

1 1
hes1 —hypll2 < E||h3tmix+1 —hy il < 5

almost surely. Under this coupling, we may write
]EI:,O((S-[, St+1, h‘r)’ (S-/n s-/;+17 ht))]
1
7 (P(se # 57) + P(se1 # 5741) + E[lhe = Ig2])

3 1
<2pe) + B[ -l €]
1 I 1 1
E g = 5 * lelsés/l E Ep((s()vslvho)? (sé)vs/lvho))’

which proves the Wasserstein contraction in this case.

CaselIl: s = s . In this case, the coupling construction ensures that s, = s, for any
t > 1. Invoking the bound (F.1) then yields

E[p((s‘l’sf-i-l’h‘[)’(s-/[aS;:+1a h‘())]
1 1 1
= ZE[Hhr - h/r||2] = §||ho —h/o||2 = Ep(wo,w(/)),

which establishes contraction in this case. Combining the two cases proves the propo-
sition.
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F.2.2. Proof of Corollary 5. We note that the SA procedure (4.102) can be written
as

Ort1 = (1 =nB)0; + nBL41(w)0; — nPb+1(wy),
where L;41(wr) = (Ig — gt¢(st)T + Vﬁgtd’(st—i-l)T) and b y1(w;) = R (50)g:-
Recalling that
My = (1=2)y Y Ay BT E[p(s0)p(s:41) 1B/,
1=0

we first study the eigenvalues of the symmetrized version of M) and relate these back
to those of L = IEg[L ¢++1(w;)]. Note that by the Cauchy—Schwarz inequality, for any

vector u € S we have
uT B7V2E[¢p(s0)p(s0) | B~ 2u

< VE[(TB129(50))] - E[(uT B-1/29(s1))] = 1

We therefore have the bound %Amin(MA + MAT) <=y Z‘,’io(yk)’ = (}:ﬁ/”.
As in the proof of Corollary 2, we can deduce that

1 - 1 M, + M) 1=y
DL+ LT) = 2 Amae [ BV =2 )BY2) > =25,
oL+ 1) = i (8225 =Ty

Next, we verify Assumption 2 on the noise moments. By the update rule (4.10b),
under a stationary trajectory, we have the expression g, = Zzozo(yk)k ¢ (s;—x). For
any u € S9!, invoking Holder’s inequality yields

E[ g U (Z(W\) ) 'Z(V)L)k]E[W’ ¢(s,_k))4] < ’32(1 _s‘yk)4.
k=0

In other words, for all standard basis vectors e;, we have

E[{e;. Lesa(wou) ]<1+—\/E [{ej. #5041~ VE[ (g1 u

4

<1422
=50
e 2 ¢’
E[(ej, bsr1(w)u)?] < B2 E[(gr ¢))] = B —yA)?

It remains to verify Assumption 4. Note that for any pair @ = (s, 5+, ) and o’ =
(s',s), 1), the operator norm 7" := || L ;41 (@) — L;41(@")]|op is almost surely upper
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bounded as
T < g—V
T 1-Ay
d
Si_ﬁ/%Wh—ﬂf¢®mw+wﬁwsv—Mﬂw@

d/ﬂ

(15T ¢ (s) = (W) (M lop + W b (54) = (B) T (5 ) llop)

=

+

(It = k) "o llop + AT (@ (") = P (51))llop)

2§2d 8§2d
= 1— Ay (ls?és’ + 1s+7éS’+ + ||h— h/HZ) = )Wp(a),a)’).

Finally, we note that the quantity ¢ defined in equation (4.3) satisfies the bound

sup E[(ej, (L41(w;) — L)0 + (bss1(wr) — b))?]

jeld]
= sup \/E[(er £0)*] E[(960) 70 - 9008 Rilo0) ] £
je

Invoking equation (6.6), with the test matrix Q := B, and substituting the expression
V(s) = (0. ¢(s))

yield the claim.

F.3. Proofs for vector autoregressive estimation

In this section, we present proofs of results on vector autoregressive models, as intro-
duced in Example 3.

F.3.1. Proof of Proposition 3. We prove the claim by a direct construction of the

coupling. Given two initial points

T
/o T T T
k+1] and wo—[Xl Xy s X

a)oz[XlT,XOT,...,X_T k+1] :

we consider a pair of stochastic processes (X;);>1 and (X;);>1 starting from wo and
o', respectively, driven by the same noise process (&;);>¢. Introduce the shorthand

Yigr1 = [Xeg1 -+ Xt—k+z]T :
(Note that Y;4; is a sliding window with length one unit shorter than w;.) We have
1Yesr = Y/ l, = IR (Ve = YDI3, = 1Y: = Y13, —1Y: — Y/ I3,
= (1= )Iv = Vil
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Consequently, the augmented processes w; = (X¢+1, Xz, ..., X;—k+1) and o) =
(X, 11, X[, ’Xt/—k+1) satisfy the bound
lor = willa < 1Yegr = Y/ ll2 + 1Y = Y/l2
1
< ———(1Ye41 = Y/ sllp. + IY: = Y/llP,)
A% /\min(P*) ! !

T (Po)
=25 (1 35) =

Note that since Py > Qx«, we have Apin(Px) = Anin(Q«) = w. Taking
Imix = Cé(l + 10g é)
% %

yields the contraction bound ||y, ; —
both sides completes the proof.

ll2 < 2llwo — w}||2. Taking expectations on

tmlx

F.3.2. Proof of Corollary 6. We begin by showing norm bounds and moment bounds
on the process (X;);>¢. By definition (2.12) of the process and stability, the block vec-
tor Yy := [ X Xe—1 = Xi—g41 ]T satisfies the recursion Y; = Z?io Ris,_,-el, where
ey is the standard block basis vector equal to identify on the first block. We therefore
have the bound

1 & i 2
||Xt||2<—||Yt||p*<Z||R eieilp. <> (1-4) lecserllp, <2 cvm.
i=0 Ml =0 ﬂ K

Moreover, for each u € S™ 1, we have
ad [ } 0 in .
IE[(X,, u)4] < (Ze_ﬁﬁ) -ZeﬁE[(RLS,_iel, uel)4]

i=0 i=0

> ‘u _iu 2
i=o >

Next, we proceed with verifying the assumptions used in Theorem 1. Letting v :=
1/1|H*|op, the stochastic approximation procedure can be rewritten as

001 = (1 _—)9, + 21 (0, (X X1 oy ® Im) O
+ v -vec ( [X,HX,T o Xy X[ k+1] ))
Observe that the matrix L := I},,2 — vH* ® I, satisfies the eigenvalue bound

1 _ _
oL +LT) < 1= %)&min(H* +(HHT) < 1—vh*.
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On the other hand, the empirical observations satisfy the almost sure bounds

_ 4
ILi+1(@0) = Lllop < v+ [|[Xe=i Xee1i]; jepmllop < V- %szmk
and

_ B
Nb:+1(w:) = bllop = v - H‘ [Xt+1XtT e Xep XD k+1] m Egzm«/ﬁ

For two collections of matrices U = (U(j));.‘=1 andV = (V(j));.‘=1 C R™*™ guch that
Zf:l NJUD|3 = Zle IV = 1, the corresponding moment can be bounded
as

E[{vec(U), (Li+1(w;) — )Vec('V)) ]
k—1 k—1 2
< v2E|:(Z<U(€)’ Zv(j)Xf—JXt—l——Z> ) :|’
{=0 j=0 F
which is in turn at most

k—1k—1
2k222\/ XS [(UO)TU©, () Ty©]
£=0j=0

< JE[XE (VO TV O, (v D)) TY O],

In order to bound this last quantity, we let (U®)TU® = > )tl.zuiu;r be its sin-
gular value decomposition, and note that

E[x2[0)TU®. wO)TuO] = E[x2}] [szuu szuu }
i=1

= ZE[X®4][ul,u1’ul/aul] A’ikl%

il

() (2

B*s
(%5 oo,
Putting together the pieces, we have

E[(VCC(U), (Lis1(wr) — Z) Vec(v))z]

2 4 k—1k—1 )
/ k
v2k2e ('B ) ZZNU@)”lFmV(J)”lF <C(v ,BMS- ) .

£=0j=0
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Similarly, we can prove analogous moment bounds on b, (w;). In particular, for
indices £ € [k] and i, j € [m], we consider the coordinate direction of the (7, j) entry
in the £-th matrix to deduce that

El(ecij. (brs1(wr) —b))?]

IA

VE[(eie] . Xey1Xi—e41)7]

v JE[e]. Xe)*] - VE[(e]. Xizesn)*]
B*s \a

vt

Applying Theorem | completes the proof of this corollary.

IA

<
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