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An irregular spectral curve for the generation of bipartite maps
in topological recursion

Johannes Branahl and Alexander Hock

Abstract. We derive an efficient way to obtain generating functions of bipartite maps of arbit-
rary genus and boundary length using a spectral curve as initial data for the framework of
topological recursion. Based on an earlier result of Chapuy and Fang counting these maps and
having a structural proximity to topological recursion, we deduce the corresponding spectral
curve which has a strong relation to the spectral curve giving rise to generating functions of
ordinary maps. In contrast to ordinary maps, the spectral curve is an irregular one in the sense
of Do and Norbury. It generalises the irregular curve for the enumeration of Grothendieck’s
dessins d’enfant.

1. Introduction and main result

The enumeration of maps has a long history, in which the techniques and tools became
more and more efficient and the classes of maps more and more sophisticated: In
his Census of Planar Maps, William Tutte achieved groundbreaking progress in the
1960s [21]. Bender and Canfield then left the realm of planar maps in the 1980s
and also took an embedding into higher-genus surfaces into consideration [3]. In the
2000s, the branch of mathematical physics established a powerful and efficient univer-
sal procedure to reach all topological sectors in a recursive way: topological recursion
(TR) of Chekhov, Eynard, and Orantin [12, 17] built a bridge between enumerative
and complex geometry (which, based on the work [20], bridges to intersection theory
and integrable hierarchies, which we will neglect here) and thus covered numerous,
seemingly disconnected areas of mathematical fields, by one universal recursion pro-
cedure.

Topological recursion possesses the initial data (X, x, y, B), where x : ¥ — 3¢ is
a ramified covering of Riemann surfaces, wp,; = y dx is a meromorphic differential
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1-form on ¥ regular at the ramification points and wp > = B a symmetric bilinear
differential form on ¥ x ¥ with double pole on the diagonal and no residue. From
this initial data, TR computes recursively in the negative Euler characteristic —y =
2g + n — 2 an infinite sequence of symmetric meromorphic n-forms wg, on X"
with poles only at the ramification points for —y > 0. The precise formula and more
details are given in Section 2. For specific choices of the initial data (X, x, y, B), the
meromorphic n-forms are encoding some enumerative problems.

The prime example of this framework was the recursive computation of generating
functions counting objects known in the literature as ordinary maps (a very readable
derivation can be found in [15]).

Theorem 1.1 ([15]). The spectral curve (@, Xords Yords dz) dz; ) with

(z1—22)?
1 d—1
xord(z) = V(Z + —)» yord(z) = Zu2k+122k+1,
z
k=0
where
2k — 1 2j —1 .
2 =1+ thk( K )yzk, Uk+1 = V(Sk,o— Z lzj( . +k)7/2] 2)
k>1 j>k+1 J

compute via TR (see formula (2.1)) generating functions for the enumeration of ordin-
ary maps with n marked faces of even boundary lengths. The faces have even degrees
up to 2d, where a face of degree 2k is weighted by toy.

The theorem includes in general also faces of odd degree, but for later purposes,
we want to state it in this form.

Several more classes of maps, e.g., subsets of the ordinary maps, were then dis-
covered to be governed by TR, as ciliated and fully simple maps [4,6].

In this letter, we will focus on another subset of maps, the bipartite maps con-
taining only those ordinary maps of even face degrees, for which the corresponding
maps have vertices in black and white such that no monochromatic edge occurs. A
bipartite map is called rooted, if one edge is distinguished and oriented. This rooted
edge (also called marked edge) conventionally has its origin in a white vertex (the
root vertex). Rooting an edge creates a boundary of a certain even length 2/; follow-
ing the face to the right of the rooted edge. Several edges can be rooted such that the
roots do not correspond to the same boundary. Bipartite maps already showed up in
the context of TR, namely, in [11] in which the authors were motivated by TR and
established a recursive formula sharing many characteristics with the TR'. However,

' A more formal, but less illustrative definition for bipartite maps can be found in [11].
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the aim of their work is rather to prove rationality statements about bipartite maps and
is thus written more in a combinatorist’s language. All these statements are a direct
consequence of TR. Their recursion and its proof are mainly built on ideas of TR, but
no spectral curve was provided. Thus, the relation of their work to complex geometry
will be established in Section 2. We will deduce the following theorem.

Theorem 1.2. The spectral curve (@, Xbip, Vbips %) with

d—1 k+1
Zk:o Usk+1Z +

y(l+2)

computes via TR generating functions for the enumeration of bipartite maps with

1
Xoip(2) = 2 (Z + E) + 272, yip(2) =

n marked faces (or rooted edges) of even boundary lengths. The faces have even
degrees up to 2d, where a face of degree 2k is weighted by t»y. The spectral curve is
intrinsically related to the curve of Theorem 1.1, although the enumeration problems
become different for the non-planar sector:

2 2 2 Yord(2)
xbip(z ) = xord(z) , ybip(Z ) =
Xord(2)

In order to avoid misunderstandings, we would like to mention that an unconven-
tional definition of bipartite maps, deviating from the one in this paper, is given in [15]
and coincides just for genus zero and one boundary.

Given these two spectral curves for ordinary and bipartite maps, the machinery of
7

21y,...,21
function of bipartite maps with a natural embedding into a genus-g surface with n

TR gives rise to generating functions as follows: let , denote the generating

boundaries of length 2/4, ..., 2, (n-fold rooted bipartite maps) and in the same man-

+—()
ner Jo; o

2"_1?:2(1?).“ 2, = Tz(l(:) 2, holds for genus g = 0, however, not for g > 0, where

only a small subset of ordinary maps are still bipartite. The prefactor 2”~! has an

, for ordinary maps with faces of even degree. Note that, in particular,

easy combinatorial explanation: as described earlier, the root vertex is by convention
a white one, the black-white colouring of the vertices is completely determined by fix-
ing a root. Ignoring the colouring, as it is done for ordinary maps, another boundary
can have twice the number of labellings. Inductively, this gives rise to 2”1 distinct
graphs, if n faces are marked, as ordinary maps.

Define the correlators W and W as follows:

o0 (&)
Wn(g) (xord,l, ey xord,n) = Z 2114_12[1’.“,21"21"_’_1 s
1,00ly=1 "ord,1 >***>"ord,n
50 S S
W, 8 (Xbip,1s - - - » Xbipn) = Z T b "ln+1, (1.1)

I sedn=1 %bip,1 >+ =+ > Xbip,n
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from which the generating functions can be read off as a simple residue operation,
e.g., for bipartite maps:

7

211,...,.21,

— n [l In 17 (8)

= (=1)"ReSx, 1,....x0ip.n—>00Xbips - - - + Xpip Win®” (Xbip, 15+« + s Xbip,n)d Xbip, 1 - - - » dXbip,n-

The crucial connection to the infinite sequence of meromorphic n-forms wg , gener-
ated by TR is the following identification for 2g +n —2 > 0:

Wgn(Z1s .- 2n) = W& (ip(21), - - - » Xbip(Z0))dXip (21), - . . dXip (2n).

For the stable topologies 2g + n — 2 < 0, the situation is a bit subtle.
From Theorem 1.2, we deduce the following equivalent representation of the gen-
erating functions of bipartite maps, building the bridge to TR.

Corollary 1.1. Let wg , be the correlators of TR generated by (2.1) with (Xpip, Ybip)

given by Theorem 1.2. Then, ?:2(1517’).__’21’1 can be achieved as follows:
T8 =(=1)"Res Xoip(Z1)Ts o Xoip (Zn) " g (21, - Z)
201,20, — Z15eesZp—>00Abip\&1) "5 - vy Abiplén g.n\sls---54n).

Analogously, generating functions for ordinary maps are obtained from the spec-
tral curve of Theorem 1.1 (see [15] for more details). This spectral curve, together
with the recursion formula of [11, Theorem 3.9], will be the basis for the proof of
Theorem 1.2 by direct identification.

2. Proof

2.1. Reminder of previous results

First, we briefly recapitulate the procedure of topological recursion. Starting with the
initial data, the spectral curve (X, x, y, B), TR constructs recursively in 2g +n — 2 an
infinite sequence of meromorphic n-forms wyg ,, starting with wo1(z) = y(z) dx(z),
wo2(21,22) = B(z1, 22), via the following residue formula:

We . n+1 U, z)

=) Resgp,Ki(z.q) (wg—l.n-{—Z(Isq,Ui (@)
Bi

+ > wgl,I11I+l(]va)wgz.|12-H(IZ’Ui(Q)))-

g1t+82=¢
IWWi=1
(€1.11)7#(0.09)7#(g2.12)

(2.1)
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Here, I = {zy,...,z,} is a collection of n variables z;, the sum is over the rami-
fication points 8; of x defined by dx(8;) = 0. The kernel K;(z, q) is defined in the
vicinity of 8; by

1 149 /
Ki(z,q) = 2 Joi(q) BG4
wo,1(q) — wo,1(0i(q))

where o; # id is the local Galois involution x(¢) = x(0;(q)) near B;, and §; is a fixed
point.
A TR-like formula to recursively generate correlators for bipartite maps was found

in the aforementioned paper’.

Theorem 2.1 ([11]). Let x(2) = Z 2. A correlator Ug (x(z)) = e ‘J:Z(lg)xl,
g > 1, can be recursively obtained in the following way:
1 P(q) x(@) (@
Ug(x(2)) = WZ)RCS‘I_&V]T gY@ UgZ1(q) + Z Ug, (9)Ug,(q)
gl+820=g
gi>

. 2 o ~
with P(q) = ;'thfl’ Y(q) see below. Ué ) — Z?ﬁlz:l J2(lé:,)212xll+12'

2.2. Proof of the spectral curve

We remark that most of the work was already done by Chapuy and Fang [11] by
proving Theorem 2.1. However, the authors omitted the decisive step to read off a
spectral curve from their TR-like formula. This will be done in the following, making
Theorem 1.2 rather to a corollary of Theorem 2.1. However, analysing the somewhat
unusual geometry of (xyip, Vbip) and its deep relation to (Xord, yora) makes it worth to
treat the derivation of the spectral curve in this article. The deduction of (xpip, Ybip)
that finally turns Theorem 2.1 into topological recursion works as follows.

*  Xpip: the work of Chapuy and Fang mainly relies on two important variable trans-
formations. The first is the definition of y2, arising already for ordinary maps

and earlier works of Bender and Canfield [3]. The second, x(z) = m will
determine xy;,. Theorem 2.1 creates generating functions as a series in positive
powers of x. Sending z — VZ—Z and then taking the reciprocal of x gives the correct

curve ramified covering. We confirm this with the relation
2 2
xbip(z ) = xord(z)

together with a comparison of the correlators W and W, up to a global factor of
% on which we comment later — this factor becomes decisive for the geometry
ip

of the spectral curve.

2We adapt the notation of [11] to the TR literature by py — tax, z — yz, Uz, Fg— Ug.
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*  Ybip: analogously to ordinary maps, the expression yip(z) — Ybip(0(2)) can be
directly read off from the kernel representation of the Tutte equation for the disk.
This kernel Y(z) = ypip(1/2) — yuip(2) is already given in [11, Proposition 3.3]
and shows up in the recursion formula Theorem 2.1 as well. After changing the
variables as for xp, we can extract from [11, Chapter 5.1] a suitable expression
for Y (z) - xpip(2):

Y(Z) . xbip(z)
) 2(1+Z)2 d . k—1 ; 2% —1 0 / 2k — 1
P o fr (1) £ 4C0))]

Inserting the implicit equation of y? from Theorem 1.1 in the first term cancels
partially the terms for / = —1, 0. After some further lengthy but trivial algebra, the
expression can be ordered in positive and negative powers of z, where the positive
powers give

d—1 .
2j —1 .
Voip(2) - Xpip(z) = 1+ 2z — (1 + 2) Z Z trj (jj-i- k)yzfzk. 2.2)

k=1j=k+1

Finally, the definition of u,x4; in terms of #,; yields the desired identifications

Yora(2)
xurd(z)

We emphasise that this result does not only clarify the complex geometric view-

shown in Theorem 1.2. yp;p(z?) = follows immediately.

point on the enumeration of bipartite maps, but also extends the result of [11] to an
arbitrary number n of boundaries, whereas the construction of Theorem 2.1 only gives
, ‘J’z(lg ) instead of the more general result being 7’2(151')2 ;, (com-

pare with equation (1.1)).

rise to wg,1 and, hence

3. Discussion of the result

3.1. On the irregularity

Of particular interest is the special geometry of the spectral curve for bipartite maps.
Its branch cut goes from xpip(1) = @ = 4y? t0 xpp(—1) = b = 0. We naturally have
the same Zhukovsky parametrisation as for xq(2):

ath +a—b(2+§)’ \/(x—a)(x—b)zyz(z—%).

2 4

However, the branch point at 0 = x(f,) corresponding to the ramification point 5, =
—1 affects the pole structure of all wg , —the highest degree of the poles is different for
the two ramification points. Due to the fact that y;p is not regular at the ramification
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point B, = —1 (whereas as required wg,; = y dx is still regular), the maximum order

of poles is reduced in comparison to the poles —.— . However, this does not

1

(z+DkK -

change the fact that one can generate symmetric n-forms from (Xyip, Ybip). Despite the
uncommon pole distribution at the ramification points, the universal symmetry under

the Galois involution naturally holds:

1
wgn(z,21)  ©gn(5,2r)

dx(z) dx (D)

=0 V2¢g+n—-2>0.

There exists a more detailed analysis of spectral curves in which the meromorphic
function y(z) has a simple pole at a z = B; being a root of dx(z). Do and Norbury
named this class of spectral curves irregular spectral curves [13]. Remarkably, the
maximum order of the poles in wg , at z = B; reduces generally to 2g (independ-
ent of 1), in contrast to 6g — 4 4 2n for regular curves. The class of irregular curves
has only a handful of concrete meaningful examples so far, to which we add a gen-
eralisation. We want to mention the somewhat artificially constructed analogue of the
Airy curve x = y2, given by xy? = 1, treated in [14] where it is named Bessel curve,
and the more complicated curve xy? — xy = —1 giving rise to a weighted count of
Grothendieck’s dessins d’enfant, being bicoloured graphs embedded into a connected
orientable surface, such that the complement is a union of disks. In other words, the
underlying graphs of dessins d’enfant are bipartite. In case of exactly three branching
points on the projective line, the generating functions for their enumeration corres-
ponds to complex matrix models [2], as it is the case for the enumeration of bipartite
maps of arbitrary topology (complex 1-matrix model). Therefore, it is not surprising
that the parametric representation of xy? — xy = —1, given by

1
x(z)=z4+-+2,
z

Y@ =17
is the special case of (xpip, Ybip) When setting f,x = 0 Vk, being the complex 1-matrix
model with Gaussian potential and implying u,x4; = OVk > 0 and u; = y? = 1.
As the weights #; keep track of the unmarked faces, this special case corresponds
to bipartite maps with all faces marked. The proximity to the curve y? — xy = —1,
solving the hermitian 1-matrix model with only Gaussian potential (widely studied in
the literature), supports the more general relation between the hermitian and complex
matrix model in the parametric representation of the two curves

Xpip(2%) = Xora(2)%,
yord(z)
xord(z) '

Yoip(z?) =
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For illustrative purposes, we give w1, arising from an irregular curve and enumerating
toroidal bipartite maps with a single boundary, as an example and set for brevity

Yoip(2) = %Zi;é Upg 125t
1 1
w1,1(2) = 16y2(1 + Z)zil/)ip(_l) - 16y2(z — 1)4y]/)ip(1)
B 1 3ypip (1) + 3y, (1) + i (1)
16y2(z — 1)3yg; (1) 96y2(z — 1)2yi7 (1)
This corresponds to the maximum order of poles of 2g at z = —1.

Finally, we want to collect some interesting open questions. It is known [4, 6] that
the exchange of xqq and yqq gives rise to generating functions of fully simple maps.
Does any sort of exchange of xp, and yp;, have a comparable strong implication?
The general behaviour of correlators in TR under exchange of x and y was, e.g., con-
sidered in [1,5, 18, 19]. Another question arises from the matrix models as realisations
of those various types of maps. As known from the classical literature, bipartite maps
arise from the complex matrix model, having a structural equivalence to the hermitian
2-matrix model [16]. This model is (for certain boundary structures) already solved
by TR. What is the relation between the two distinct spectral curves?

A final question is dedicated only to quadrangulations. In [10], the quartic Kont-
sevich model (QKM) was shown to be solvable in terms of correlators @ , that follow
an extension of TR. In this so-called blobbed topological recursion (BTR; general
framework developed in [7]), the wg , split into parts with poles at the ramifica-
tion points (polar part) and with poles somewhere else (holomorphic part). In [8],
it was stated that the wg , of BTR in the QKM are generating functions for ordin-
ary (rooted) quadrangulations, whereas according to [9] the complex analogue of this
model (namely, the LSZ model with quartic potential) follows topological recursion
only and gives rise to generating functions of bipartite (rooted) quadrangulations. All
that is reached in the combinatorial limit of these two matrix models with external
fields, in which the external matrix has an N-fold degenerate eigenvalue and is thus
a multiple to the identity matrix. This basically gives the same partition functions as
in the 1-matrix models. Understanding this different approach to the partition func-
tions of the hermitian and complex 1-matrix model from the beginning will be an
interesting challenge in the future.

3.2. Example of quadrangulations

In order to underpin the correctness of our spectral curve, let us only allow for ¢4 # 0
andn = I = 1, yielding (with u; = 5 and u3 = —t4):

S-uy’? - T- 12

1
Xpip(2) = )’2<Z + ;) +2y% wip(2) = , Y= ol
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Oder | 7O FO FO [ 7O g0 g0
() |1 0 0 1 0 0

(t)' |2 0 0 2 1 0

(t2)® |9 1 0 9 15 45

() |54 20 0 54 198 2007
(ty)* | 378 307 21 | 378 2511 56646
(ts)° | 2916 4280 966 | 2916 31266 1290087

Table 1. These numbers are generated by Theorems 1.2 and 1.1 together with Corollary 1.1 and

coincide with [3] and with OEIS number A006300 (g = 1) and number A006301 (g = 2) for
(&)
758

The expansions in #4 by computer algebra can be found in Table 1. Bipartite rooted
quadrangulations are, in particular, interesting, since Tutte’s famous bijection [21]
relates them to rooted ordinary maps for faces of any (not only even) degree.
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