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Tangential contact between free and fixed boundaries
for variational solutions to variable-coefficient
Bernoulli-type free boundary problems

Diego Moreira and Harish Shrivastava

Abstract. In this paper, we show that, given appropriate boundary data, the free boundaries of min-
imizers of functionals of type J(v; A, A4, A—, Q) = fQ((A(x)Vv, Vv) + A(v)) dx and the fixed
boundary touch each other in a tangential fashion. We extend the results of Karakhanyan, Kenig,
and Shahgholian [Calc. Var. Partial Differential Equations 28 (2007), 15-31] to the case of variable
coefficients. We prove this result via classification of the global profiles, as per Karakhanyan, Kenig,
and Shahgholian [Calc. Var. Partial Differential Equations 28 (2007), 15-31].

1. Introduction

The objective of this paper is to study the behavior of free boundary near the fixed bound-
ary of domain for minimizers of Bernoulli-type functionals with Holder continuous coef-
ficients

JW; A, A4, A, Q) = (A(x)Vv, Vv) + A(v)) dx, (1.1)
Q

where A is an elliptic matrix with Holder continuous entries, and A(v) = A4 x(p>0) +
A_X{v<0}. We prove that if the value of boundary data and its derivative at a point are
equal to zero (i.e., it satisfies the (DPT) condition mentioned below), then the contact of
free boundary and the fixed boundary is tangential.

Several authors have extended the works of Alt, Caffarelli, and Friedman [2] on free
boundary problems with constant coefficients to the case of variable coefficients. For
example, the works of Argiolas and Ferrari [4, 14] which extend the seminal works [8, 9]
to the case of x dependent coefficients. See also the recent work of Ferrari and Leder-
man [15] for the case of variable exponents. For the non-homogenous case with constant
coefficients, one can refer to the work of De Silva, Ferrari, and Salsa [10].

Boundary interactions of free boundaries have gained significant attention in recent
years. Whenever there are two media involved, the interactions of their respective diffu-
sions can be modeled by free boundary problems. Often, free boundary of solution and
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fixed boundary of set come in contact. In applications, the dam problem [3] and jets,
wakes, and cavities [5] model phenomena which involve understanding of free boundary
and fixed boundary.

Very recently, the works of Indrei [19, 20] study the interactions of free boundaries
and fixed boundaries for fully non-linear obstacle problems. We refer to [17], where the
authors shed more light into the angle of contact between fixed boundary and free bound-
ary for one-phase Bernoulli problem.

We refer the reader to the work of Kenig, Karakhanyan, and Shahgholian [22, 23]
where they deal with constant-coefficient Bernoulli-type free boundary problems. The
case of variable coefficients in this paper brings forward some new difficulties (for exam-
ple, the proof of Proposition 3.9). As it is common by now, our strategy in this article is to
classify blowups of minimizers. We prove that the blowups and also their positivity sets
converge to a global solution in P, (cf. Definition 2.5). In Section 2, we list the assump-
tions and set some notations, and then in Section 3, we prove that blowups of minimizers
converge to those of global solutions (cf. Definition 2.6). In the last section, we prove our
main result.

2. Setting up the problem

We consider the following class of functions which we denote as P (a, M, A, D, ).
Before definition, we set the following notations:

BIJ{ = {x € Bpg such that xy > 0},

B := {x € Bg such that xy = 0}.

For x € R¥, we denote x’ € R¥~! as the projection of x on the plane {xy = 0}; we
denote the tangential gradient V' as follows:

Vu := a—u,...,a—u .
3x1 3XN_1

We define the affine space set H é (B;) as follows:
Hy(Bg)={ve H(Bf) :v—¢ € Hy(B})}.
For a given function v € H'! (B; ), we denote F'(v) as
Fv) :=0o{v > 0},
and Id is the notation for N x N identity matrix. For a given function v, we define v* as
v = max (0, v),

v~ ;= max(0, —v).
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Definition 2.1. A functionue H! (B;/r) is said to belong to the class P (o, M, A1, D, 1)

if there exist symmetric matrix coefficients A € C °°(Bz+/r)N N g ecC 1""(BZ+/r),

Ar > 0,0 < pu < 1,and D > 0 such that the following hold:
(Pl) ”A”Loo(B;'/r) < M, ”V(P”LOO(B;—”) < M, [A]C“(B;/r)’ [V¢]Clr°‘(B;/r) < r“M, and
|p(x")| < Mr!+|x'|'7¢ (x' € By ). ¢ satisfies the following Degenerate Phase
Transition condition (DPT):

Vx' € B),, such that ¢ (x”) = 0; then [V'¢(x)| = 0. (DPT)

(P2) A(0) = Id, u|g]* < (A(x)§,§) < ;& forall x € B, and £ € RV.
P3) 0 <A_ <Ay,

(P4) u minimizes J(-; A, A, A—, B2+/r) (cf. (1.1)); that is, foreveryu —ve HO1 (B;L/r),

/ ((A(x)Vu, Vu) + A(u)) dx < / ((A(x)Vv, Vv) + A(v)) dx
B+ +

2/r 2/r

(AGS) = Ay 20y + A Kis=gy) and 0 € F(u) N B, .

(P5) u € Hy (B2+/r).
(P6) There exists 0 < rg such that for all 0 < p < r¢ we have
|B,F(0) N {u > 0}
B (0)]

2.1

Remark 2.2. In fact, the functions v € P, (o, M, A4, D, ) carry more regularity than
being only a Sobolev function. They are Holder continuous in B2+/r (cf. Lemma 3.2).

Remark 2.3. We have assumed the coefficient matrices A to be of the class C ""(Bz+ ).
However, all the estimates in this paper depend only on the C* norms of A. Primarily, the
reason we imposed the assumption 4 € C ""(BZ+ )VXN s to ensure that we can represent
solutions to PDEs — div(A(s)Vu) = 0 in terms of co-normal derivatives of Green’s func-
tion (cf. (3.26) and (3.35)) which follows from [21, equation (1.12)]. This representation
(in (3.26) and (3.35)) is also true for the case 4 € C¥(B,)N*¥; a formal proof of this
fact will be present in our forthcoming articles. This way, one can replace the assumption
A € C®(B,)N*N (in Definition 2.1) by 4 € C*(B,)N*N.

Remark 2.4. The assumption (P2), i.e., A(0) = Id, does not compromise the generality
of the problem. Indeed, assume that A(0) # Id. Since A(x) is a symmetric matrix for all
X € B;, we have

J(u; BY) = /B+ ((A(x)Vu, Vu) + A(u)) dx

R

_ /+ (142 () V()2 + A)(x)) dx.

By
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Under the change of variables y — A(0)~!/2x, the functional J(-; B;) is transformed
into
I B) = (4O [ (A20)VOP + Aw) d.
‘:BR
where

AV2(y) := AY2(4(0)/2y)A(0)"Y?  (note that 4(0) = Id),
v(y) = u(A(0)?y),
8% = A0)"/2B}.
Then, we can reformulate the minimization problem to minimize the functional

g (v; BY) :=/ (IA2()Vu]? + A(v)) dy =/ ((A() Vv, Vv) + A(v)) dy.
B8+ BF

R R

Moreover, under the (linear) transformation x — A(0)~'/2

(P6) remain structurally unchanged.

x, all the assumptions (P1)—

In the absence of ambiguity on values of o, M, A1, O, and p, we use the notation P,
in place of P, (o, M, AL, D, ). Ifp € C La (B;') satisfies (DPT), from [7, Lemma 10.1],
we know that ¢+ |, €C L (B)) and also

+
o= llcremy < lllcrasy)-

Given v € H'(B}) and r > 0, we define the blowup v, € Hl(B;;/r) as follows:

1
vr(x) ;= —v(rx). 2.2)
r
For the coefficient matrix A, A" (x) is defined as follows:
A" (x) = A(rx).

One can check thatif u € Py (o, M, AL, D, n), then u, € Ppr(a, M, A+, D, ). Indeed if
u € 1 and u is a minimizer of the functional J (cf. (P4))

J(; A, Ay, A, BY) = / ((A(x)Vv, Vv) + A(v)) dx,
B+

2

(A(s) = A+X{s>0} + A—X{sso})

with boundary data ¢ € Cl""(Ber) (e, u € H¢1 (BZJ”)), then, by simple change of vari-

ables, we can check that u, € H (;r (B+

2/ r) (this verifies (P5)) and u, minimizes

J(v;A',AJr,/L,B;/r) = /+ ((A"(x)Vv, Vo) + A(v)) dx,

2/r

(A(s) = A+X{s>0} + A—X{sgo})-
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Moreover, if A and ¢ satisfy conditions (P1) and (P2) for r = 1, then A” and ¢, satisfy (P1)
and (P2) for r. (P3) and (P6) remain invariant under the change of variables. Therefore,
Up € Pp.

In order to study the blowup limits (lim, o u,) of functions u € Py (o, M, A+, D, ),
we define a class of global solutions P, (C, A+ ). Let us set the following notation before
giving the definition:

= {x eRY :xy =0}.

Definition 2.5 (Global solution). We say that u € H'! (Rﬁ) belongs to the class of func-
tions P (C, A1 ); that is, u is a global solution if there exist C > 0and 0 < A4 < A_
such that

(G1) |u(x)| < C|x|forall x € RY,
(G2) u is continuous up to the boundary IT,
(G3) u=0o0nII,

(G4) and for every ball B,(x¢), u is a minimizer of J(-;Id, A4+, A_, By(x¢) N Rﬁ)
(cf. (1.1)); that is,

/ (IVul* + A(u)) dx < / (IVV|* + A(v)) dx.
Br(xo)ﬂRf

B, (XO)ORQ]

Here, (A(s) = A4 x{s>0} + A—x{s<oy) and for every v € H!(B,(xp) N Rﬁ)
such thatu — v € Hy (Br(x0) N Rﬁ).

Our main result intends to show that for a minimizer u of J(-; A, A4+, A_, B; ) with A4,
A+, and u satisfying the properties (P1)—(P6), the free boundary of every such minimizer
touches the flat part of fixed boundary tangentially at the origin. For this, we prove that as
we approach closer and closer to the origin, the free boundary points cannot lie completely
inside any cone which is perpendicular to the flat boundary and has its tip at the origin.
The main result in this paper is stated below.

Theorem 2.6. There exist a constant py and a modulus of continuity o such that if
uePr(a,M,As, D, ),

then
Fu) N By, C{x : xy < o(lx]lx[}.

Here, o depends only ona, M, Ay, D, |

3. Blowup analysis

The following is a classical result (cf. [1, Remark 4.2]); we present the proof for the case
of variable coefficients.
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Lemma 3.1. Given a bounded and strictly elliptic matrix A(x) and a non-negative con-
tinuous function w such that div(A(x)Vw) = 0 in {w > 0} N B in weak sense (i.e.,
in the distributional sense in the context of Sobolev spaces), then w € Hl(l)C(B;' ) and
div(A(x)Vw) > 0 in weak sense in B;‘.

Proof. Let D € B and n € C2(BS") be cutoff function for D. That is, n € CZ(B5")

be such that
@) 1 inD,
X) =
" 0 on 8B;‘ .

Since div(A(x)Vw) = 0in {w > 0} N B, we have

0 =/ (A(X)Vw, V((w — &) Tn?)) dx
B+

2

=/ n*(A(x)Vw, Vw) dx +/ w(A(x)Vw, Vn?) dx
B;ﬂ{w>s}

B;'ﬂ{w>a}
— 8/ (A(x)Vw, V?) dx
B;ﬂ{w>e}
which implies

/ (A(x)Vw, Vw)n* dx < / |w(A(x)Vw, Vn2)| dx
B;ﬂ{w>s}

B;’ N{w>e}

+ 8/ |(A(x)Vw,Vn2)] dx.
B;rﬂ{w>8)

By the choice of 1 and ellipticity of the matrix A4, we obtain, using Young’s inequality,

" / VwPr? dx
B;ﬂ{w>s}

1 &
- —‘/ | V| [Vl dx| + —'/ WVl V| dx
M B;rﬂ{w>e} M B;rﬂ{w>s}

1
< cl(m[g/ w2Vl dx + 5 PIVwl dx
B;rﬂ{w>s}

B;ﬂ{w>s}

+53/ 2| Vw|? dx + f/ |Vn|2dx:|.
B;rﬁ{w>e} ) B;rﬁ{w>e}

After choosing § > 0 very small and rearranging the terms in the equation above, since
n = 1in D, we finally get

/ [Vw|*dx < / [Vw|*n? dx
DN{w>¢} B;’ﬂ{w>e}

<C(n) w?|Vn|? dx + Vnl?dx |.
W n n
B;ﬂ{w>s} B;’ﬂ{w>s}
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As ¢ — 0, we obtain

/ |[Vw|? dx = / |[Vw|? dx = lim |Vw|?
D {w>0}ND =0 Jtw>elnD
< C(u) lim [/ w?| V|2 dx + / |Vn|? dx]
&0 B n{w>e} BF n{w>s}

§C(M,D)[/ wzdx+1}.
B3 Nsupp(n)

Since w € C (BZJr ), therefore w is uniformly bounded in supp(7), and therefore,

[ (vl + v < couo)| [
D B

Now, for0 < ¢ € CC°°(BZ+ ), consider the test function
=e(i- (a2
/B;(A(x)Vw, Vo) dx = /BZ+ <A(x)Vw, v(w((z . %) A 1)+)>dx.

We can easily check that v > 0 in B; and v € HO1 (B;' ); in particular,

w?dx + 1i| < C(, D, |lwll L supp(n)))-
S Nsupp(n)

0, x e{w <e¢},
w +
(p((Z—;)/\l) =1¢-(2-%), xe{e<w=<2e)
0, x € {w > 2¢}.

Therefore, we have

/ (A(x)Vw, Vo) dx
B+

2

_ /B2+ (4e)vw, v(((2- %) A 1>+))dx

_ /B;n{w58}<A(x)vw’W) dx + /B;ﬂ{s<w§29} <A(x)Vw,V(<p(2— %)))dx

= / (A(x)Vw, Vo) dx + 2/ (A(x)Vw, Vo) dx
B;'ﬂ{wss}

B;’ N{e<w<2¢}

2

— —/ (A(x)Vw, V(we)) dx
& B;ﬂ{s<w52s}

2
<c VollVeldx + 2 / WAV, Vo) dx

B;ﬂ{s<u§28} B;rﬂ{s<w52s}

2

— —/ p(A(x)Vw, Vw) dx
€ JBin{e<w<2e}

= C(w) [Vw|[Ve|dx.

B;ﬂ{s<w <2¢}
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The last term goes to zero as ¢ — 0. Therefore, we can say that

/ (A(x)Vw, Vo) dx <0.
B+

2

We conclude the proof from [13, Theorem 1.39] (see also [24, Theorem 6.22]). [

Lemma 3.2 (Holder continuity). Ifu € 1, thenu € C%(B") for some 0 < ag < 1. In
fact,
||u||cao(32+) = C(HMA:E)H”HLOO(B;)'

Proof. The functional J(-; A, A4, A_, B;r ) satisfies the hypothesis of [16, Theorem 7.3]

andp € C La (B_2+); therefore, Lemma 3.2 follows from the arguments in [16, Section 7.8],
where the boundary regularity is treated. ]

Remark 3.3. Since every function u € J; is continuous, therefore the positivity set
{u > 0} is an open set.

Corollary 3.4. Ifu € P, then u* are A-subharmonic.
Proof. The claim follows directly from Lemmas 3.2 and 3.1. ]

Lemma 3.5. Ifu € Py, then
u()] < C(. [Alcaqpyy NIM |x|in By 3.1)
Proof. Let w be such that

div(A(x)w) =0 in B,
w=¢" in 0B, .

Since u is A-subharmonic in B (cf. Corollary 3.4), by maximum principle, if x € B;"
we have

Ut (x) < wx) < wx) —wx) + wx)
< IVl poogpiylx = X'+ 97 ()]
= ||Vw||Loo(Bl+)xN + 1ot ()|
< (IVwlpw(gty + M)Ix| Vx € B (3.2)
In the last inequality, we have used (P1). Now, we prove that the term ”Vw”Loo(Bff) is

uniformly bounded.
From [6, Theorem 2], we have

IVwlipwpy < C (1 [Alcagty N)[IWllpoopry + 197 Icrasy] 33
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By comparison principle,
lw ||L°°(Bz+) = ”w”Lw(aB;) = ||¢+ ||L°°(8Bz+) <M.
Plugging this information in (3.3), we get
||Vw||Loo(Bl+) < C(u, [A]C“(B,j)’ N)M,

and then using (3.2), we obtain

ut(x) < C(u, [Alcepzy NIM|x| ¥x € B (3.4)
And analogously,

u™(x) = C(1. [Alcacppy N)M|x| Vx € B (3.5)
By adding (3.4) and (3.5), we prove (3.1). [

Remark 3.6. We can check that, for every u € Py, u, € P, and u, is A”-subharmonic

and satisfies (3.1) in Bl+/r. That is,

|ur(x)| S C(/"lﬂ [A]CQ(B;)’ N)M |X|, X € Bl-;r.

Lemma 3.7 (Uniform H' bounds). Let u € P;. Then, for R > 0 such that 2R < %, we
have

/+ |Vu,|>dx < C(N,A, i, R, M).
BR

Proof. Since u, € $,, from (P4), we can say that u, is a minimizer of J(-; A", A4, B;‘R
with boundary data ¢, . Here, A" and ¢, satisfy conditions (P1) and (P2). Precisely speak-
ing, u, is the minimizer of the following functional:

J(; A", Ay, Bjp) i= /+ ((A"(x)Vv, Vo) + A(v)) dx.
2R
Here, (A(v) = A4 x>0y + A—x{v<oy). Consider /1 € HI(B;'R) as a harmonic replace-
ment
div(A"(x)Vh) =0 in B,
h—u, € H} (B)R).

In other words, & is the minimizer of fB+R (A" (x)Vh,Vh) dx in the set H! (B2+R .
2 r
From the minimality of u, and the choice of &, we have

/+ (A" )V (ur —h). V(ur —h)) dx

2R

_ /+ (AT ()Y — ), Yty + h — 20)) dx

BZR
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. (A" (x)V(u, —h),V(u, + h))dx — 2/

/32 2 B

= /+ ((A"(x)Vur, Vu,) — (A" (x)Vh,Vh)) dx (since h is A”-harmonic in B)

2R

) (A" (x)V(u, —h),Vh)dx

2R

= /+ (A(h) = A(uy))dx < C(N,A,R).

2R

Using the ellipticity of 4, we get

/+ IV (u, — ) dx < /+ IV(u, —h)[2dx < C(N, A, 1, R).
B

R BZR

Expanding the left-hand side, we get

/ |Vu,|2dx§/ |Vur|2dx+/ |Vh|? dx
B} BE Bf

R

§C(N,A,/L,R)+2/+Vur-Vhdx
B

R

1
SC(N,A,M,R)+8/ |Vu,|2dx+—/ |Vh|2dx.
BE € .JB}

By choosing ¢ = %, we are left with

/ |Vur|2dx§C(N,)L,pL,R)(1+/ |Vh|2dx).
B By

To close the argument, we need to show that [ B} |[Vh|? dx is uniformly bounded, indeed
from [6, Theorem 2], ||Vh||Loo(B;§) <C(u,M). ]

Lemma 3.8 (Compactness). Let r; — 0%, and a sequence {v;} € P1. Then, the blowups
uj := (vj)r; (as defined in (2.2)) converge (up to subsequence) uniformly in B; and
weakly in HI(B;') to some limit for any R > 0. Moreover, if ug is such a limit of u; in
the above-mentioned topologies, then uy belongs to Poo.

Proof. We fix R > 0; since v; € P, therefore u; € !Prj, and as argued in the proof of
previous lemma, the functions u; are minimizers of the functional J(:; Aj, A+, B;) for j
sufficiently large that R < ri We set the notation for the functional J; as

- .

Ji(v) := J(v; Aj, A+, BY) = /B+((A,~(x)w,w) +A(v)dx, ve H;j(Bg).

We require to rescale the boundary data in the same way as we do to v;, we also denote
NxN
the boundary values for u; € &, as ¢;. Here, the sequences A; € C o‘(B;r/rj) “™ and

¢; € C1¥(B, /r;) satisfy conditions (P1) and (P2) with

r=rj, A(U) = A+X{v>0} + A«—X{vs()}.
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We set the following notation for the functional Jy:

Jo(v; BY) := /B+ (IVv]* + A(v)) dx. (3.6)

R

From Lemma 3.2, we know that u; € C*° (B;} 1) which implies C*0 (B_;'). In partic-

Ty
ular, [|u; || 0.0 B%) = C(u, A+). Hence, u; is a uniformly bounded and equicontinuous
sequence in B7; we can apply Arzela—Ascoli theorem to show that u 7 uniformly con-

verges to a function uy € C %% (B_IJ{).
Since u; = ¢; on Bj, from (P1), we have |¢§;(x)| < Mrj1+°‘|x|1+°‘ for x € B/,;
therefore, |¢; (x)| < C(M, oz)er"‘RH“. Hence, ¢; — 0 uniformly on Bj. We have

up = lim u; = lim ¢; =0 on Bjg.
j—o0 j—o00
Thus, ug satisfies (G2) and (G3) inside the domain B_;g. Also, from Lemma 3.7, we have
[ 1V dx £ Vs i R M), 3.7)
BR

Then, by the linear growth condition (cf. Remark 3.6), u; also satisfies
lu;(x)] < C(u,a)M|x| x € Bf.

Hence, passing to the limit, we have |ug(x)| < C(u,x)M|x|, Vx € B;. In other words,

ug satisfies (G1) in B;. Moreover, we have
/+ uj|* dx < Cu.a, M)/+ |x[*dx < C(uu, &, M, N, R). (3.8)
BR BR

Thus, (3.7) and (3.8) imply that u; is a bounded sequence in Hl(B;). Hence, up to a
subsequence, u; — uo weakly in H'! (B;). We rename the subsequence again as u;.

We have found a blowup limit up to a subsequence u( and have shown that u satisfies
(G1), (G2), and (G3) in B;. In order to show that uy € P, it only remains to verify that
ug satisfies (G4); i.e., ug is a local minimizer of Jy(-; B;) for all R > 0 (cf. (3.6)). For
that, we first claim that

/ (IVuol* + A(up)) dx < liminf/ ((4j (xX)Vu;, Vuj) + A(uj)) dx. (3.9
B+ J—>00 B;

R
Indeed, let us look separately at the term J; (1) on the right-hand side of the above equa-
tion
J,-(uj) = /B+ ((A,-(x)Vuj, Vuj) + /X+X{uj>0} + A—X{u_,-fo}) dx.

R
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We rewrite the first term as follows:

/ (Aj(x)Vuj,Vuj)dx=/ ((Aj(x)—Id)Vuj,Vuj)dx—i—/ |Vu;|*dx. (3.10)
B} BE B} '

R
From (P1) and (P2), we have for all x € B;
|4 (x) —1d ||L°°(B;;) < Mrj|x|* <C(M,R,a)rj -0 asj — oo,

Therefore, A; — Id uniformly and || Vu; ”LZ(B;) is bounded (cf. (3.7)). Hence, the first
term on the right-hand side of (3.10) tends to zero as j — oo. Thus, from (3.10) and by
weak lower semi-continuity of H I horm, we have

/ |Vu0|2dx§1iminf/ |Vu,~|2dx=1iminf/ (Aj(x)Vu;,Vu;)dx. (3.11)
Bt Jj—>oo BIJQr j—>o0o BIer

R

For the second term, we claim that
/ At Xuo>0} + A= X{ug<0} dX =< 1i.minf/ At Xuy>0p + A—xqu; <oy dx.  (3.12)
5 1= iy

To see this, we first show that, for almost every x € B+, we have

A X{uo>03(X) + A— Y {uo<0y (%) < 1}§gf(l+X{u_,>o}(X) + A X{u;<0}(x)).  (3.13)

Indeed, let x¢ € B; N ({uo > 0} U {ug < 0}). Then, by the uniform convergence of u;
to ug, we can easily see that u; (xo) attains the sign of u¢(xo) for sufficiently large value
of j. Hence, (3.13) holds in {uy > 0} U {uy < 0}.

Now, assume that x¢ € B; N {up = 0}. Then, the left-hand side of (3.13) is equal to

At X{uo>03(X0) + A— X uo<0y(X0) = A—.

Regarding the right-hand side of (3.13), we see that

Ay ifuj(xe) >0,

A >0y (X0) + A j<0yXo) =
+X{u; >0y (x0) Xtu; <0} (X0) {/\_ if u;(xo) < 0.

Since A_ < A4 (cf. (P3)), the right-hand side in the equation above is always greater than
or equal to A_. Then,

At Xtup>0} (X0) + A= X{uo<0}(X0) = A < 1}“_1)Lgf(/\+)({u_,~>o}(xo) + A X{u; <03 (x0)).

Thus, (3.13) is proven for all x € B, and hence, (3.12) holds by Fatou’s lemma.
By adding (3.11) and (3.12) and [12, Theorem 3.127], we obtain (3.9). Now, we will
use (3.9) to prove the minimality of u¢ for the functional Jq(:; B}'g) (cf. 3.6).
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— 3{w >0}

Figure 1. Curvy line represents the free boundary of w.

Pick any w € H'(B}) such that ug — w € H}(B}). We construct an admissible
competitor w]é' to compare the minimality of u; for the functional J;(:; B;). Then, we
intend to use (3.9).

In this direction, we define two cutoff functions 75 : RY — R and 6 : R — R as
follows:

I, xe€ BR—S’ 1’ |t| = 1/27
By(x) = " 0(0) 1=
0, xeRN\ Bp, 0, |1|>1.

We can take |Vng| < C(TN) We define 6; (x) = 9(2—7) for a sequence d; — 0, which will
be suitably chosen in later steps of the proof. Let w]é be a test function defined as

w) = w + (1= ns)(u; — o) + ns0; ;.

Since the function w? — uj is continuous in B;{ and is pointwise equal to zero on 3B},

which is a Lipschitz surface in R¥, therefore u = wf. € H/} (BIJ{). For further steps, the
reader can refer to Figure 1.

Let Q5,; = B;eL N{0; =0} N{ns =1}, and Rs ; = B; \ Q5,;; by observing that

§ _ )
w; = won Qs ;, we see that

{wd >0} N BE| = [{w! >0} N Qs ;| + {w! >0} N Ry |
= {w > 0} N Qs ;| + {w} > 0} N Ry ;|
= [{w >0} N (BE \ Rs. )| + [{w! > 0} N Ry |
= {w > 0} N BE| — {w > 0} N Ry ;| + [{w? > 0} N Ry ;1.
From the above discussions, we have
[{w > 0} N BE| = |Rs ;| < l{w] >0} N BE| < {w >0} N BE| + Ry, -
Since we know that lims_,o(lim; o |Rs,;|) = 0, we have

lim ( lim [{w! >0} N BY|) = [{w > 0} N BZ|. (3.14)

§—0 j—o0
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and similarly,

lim ( hm |{w <0}nN B+|) =[{w <0} N B+|
§—0 j—
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(3.15)

Givenu; € Py, and wj —u; € H}(B}), from the minimality of u; for the functional J;,

we have

/B+ ((Aj (X)Vuj, Vuj) + Ay x>0y + A—Xju; <0y) dx

R

§ 8
< /B+ ((4; (x)Vws, Vw?) + /\+)((w]§>0} + )L_)({w]gso}) dx,

R

and from (3.9), we obtain

/B+ (IVuol® + At xuo>0y + A—Xfuo=0}) dx

R

j—oo

< liminf/B+ ((4; (x)Vw vuw? )+A+)({w ~op T A- X! 5<qy) dx
R

< limsup/B ((4; (x)Vw vuw? )+)L+X{w -0 + A Xfw? <0})d .

; +
J]—>00 R

From the same reasoning as for the justification of (3.11), we have

limsup/ (Aj (x)Vw Vw ydx =1imsup/ |Vw}g|2dx.
By By

Jj—o00 Jj—>oo

Therefore, rewriting (3.16) as

/B+ (|V”0|2 + A Xuo>0y + A—X{uo§0}) dx

R

< lim sup /B+ (|Vw]‘$|2 dx + )L+)({w]§>0} + ’\—X{wfso}) dx,

J—>0o0 R

we claim that

lim (limsup/ |Vw§|2dx)=/ |Vw|? dx.
§2>0\ j>co JBE B}

R

To obtain the claim above, we prove that

hm (limsup/+ |V(w]‘$ —w)|? dx) =0

§—0 j—oo JBE
From the definition of w;?, we know that

wd —w = (1= ns)(u; —uo) + ns0;¢;.

(3.16)

(3.17)

(3.18)
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Therefore, we have
5 N2
/Bj; [V(w; —w)|"dx
<c( [ 19@=ns)0e—uonP [ 19650 ax )
Bj B

1
< C(N) / (1—n5)2|V(Mj—uo)|2dx+—2/ ol dx
B} 8% JB}

T / |V(9jn5¢j)|2dx). 3.19
5

Let us consider the first term on the right-hand side. We know that | B} [V(u; —uo)*dx
is uniformly bounded in j € N (cf. (3.7)). Therefore,

lim (limsup/+(1 — 718)2|V(”j —ug)|? dx)
B

§—0 j—o00 o

_ . 2 : L 2
= (Jim |1 - nslle(B;))(hmsup [ 190 w0 ax)

j—oo JBp

< C(N.A,p. R. M. @) lim ||1 = 15 ozt = O. (3.20)
§—0 R

Regarding the second term, since |u; — uo| tends to zero in LZ(B;) as j — oo, therefore
the second term also tends to zero as j — co. We write

. .1 2
3151}) 113205_2 " |uj —uo|“dx | =0. (3.21)
Lastly, we claim that
lim / [V(8;nsp;)|> dx = 0. (3.22)
Jj—oo B;{

Indeed, we have
|1V @I dx < c( IR R
Bj Bf B}
+ [ 198 ax) 623
BR
Since 15, 6; < 1,|Vns| < Y and IV 1l oo () < M (cf. (P1), we obtain

/ Vns[2(6;6;) dx + / V12 (156;)? dx
5 5

<C(N)[{8; #0} N B,§|(6i2 + Mz). (3.24)
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We know that [{8; # 0} N B;| — 0 as j — oo; hence, from (3.24), the first and second
terms in (3.23) tend to zero as j — oo. The last term in (3.23) also tends to zero as j — 00;
indeed from (P1), we have

[Véilcass) = 17 M.

Since ¢; (0) = 0, therefore we have |¢;| < R"‘[V(;Sj]B;g < R"‘r]‘?‘M in B;. Also, observing
that [V0;| < dl,-’ ns < 1in B}, we have

r2e
[ 196,57 dx < MR 8
B} dj

If we choose a sequence d; — 07 such that we also have

o
i — 0,
dj
the third term in (3.23) tends to zero as j — oo. Plugging in the estimates above (3.20),
(3.21), and (3.22) in (3.19), we obtain the claim (3.18).
From equations (3.14), (3.15), and (3.18), we obtain that the right-hand side of (3.17)
is equal to Jo(w; B;); therefore, 1 is a minimizer of Jy(:; Bg). That is,

Jo(uo; BE) < Jo(w; BY)

for every w € H'(B}) such that ug — w € H}(B}). Since the inequality above (which
corresponds to (G4)) and other verified properties of uq (i.e., (G1), (G2), and (G3) in B;)
hold for every R > 0, therefore uq € Hl(l)C (Rﬂ\r] ) satisfies all the properties in Definition 2.5.
Hence, ug € Poo. [ ]

After proving that the (subsequential) limits of blowups are global solutions, we pro-
ceed to show that the positivity sets (and hence the free boundaries) of blowups converge
in certain sense to that of blowup limit. For this, we will need to establish that the min-
imizers u € &, are non-degenerate near the free boundary. In the proof below, we adapt
the ideas from [2].

Proposition 3.9 (Non-degeneracy near the free boundary). Let u € Py, for some ro > 0

and xg € B;/ro. Then, for every O < k < 1, there exists a constant ¢ (i, N,k, A+) > 0 such

that, for all By (xg) C BZ, we have
ro

1
—][ utdH NN (x) < c(u, Nk, Ax) => uT =0 in Ber(xo).
' J 8B, (x0)

roof. e fiX xo € \u > N and r > 0 such that 5,(xg) C . We denote y 1=
P We fi 0} N B and r > 0 such that B B . Wed y
% fBr(XO) u™ dx. We know from Lemma 3.2 that the set {u > 0} is open. Also, since

u € P,, there exists A € C°°(Bz+/r0)NXN, @€ Cl’“(BZJF/rO), A+ satisfying (P1)—(P6).
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o{u >0}

{ g

......

Figure 2. Graph of ve.

Therefore, u solves the PDE div(A(x)Vu) = 0 in {u > 0} N Bz+/r0' By elliptic regular-

ity theory, u is locally smooth, (CI(IJ’C“ (u >0} N B;/ro)). Then, for almost every ¢ > 0,

(smooth) B, N d{u > ¢} is a C 1 surface. Pick one such small & > 0, and we consider the
test function v, given by

div(A(x)Vve) = 0 in (B, (x0) \ Ber(x0)) N {ut > e},

Ve = U in By (xo) N{u < &},
Ve =€ in By, (xg) N {u > &},
Ve = U on 0B, (xp).

Refer to Figure 2 for a pictorial understanding of definition v,. The function v, defined
above belongs to H'!(B,(xp)); thanks to [11, Theorem 3.44] ([11, Theorem 3.44] is
proven for C ! domains, but the proof can also be adapted for Lipschitz domains [13, Theo-
rem 4.6]). We intend to show that v, is bounded in H ' (B, (x¢)). This ensures the existence
of limit lim,_,¢ v, exists in weak sense in H (B, (xo)) and strong sense in L?(B,(xp)).
Let G be the Green function for L (v) = div(A(x)Vv) in the ring B, (x¢) \ Bir(xo). Then,
if there is a function w such that

div(A(x)Vw) = 0 in By(xg) \ Bir(x0),
w=u on dB,(xg) N {u > ¢}, (3.25)

w=¢ elsewhere on d(B;(xg) \ Bkr(x0)),

we can also write that w — & = (u — &)™ on 9B, (xg) and w — & = 0 on 8B, (xo). From
boundary elliptic regularity (cf. [6, Theorem 2]), (w — &) € C¥(B,_,(x0) \ Ber(x0))
for every 1 € (0, (1 — k)r). Consider X € dB,,(xo) and any sequence {xi} C B, (x¢) \
Byr(x0) such that xz — X € 3By, (x¢). We have

Vw—g)(x) = lim V(w —&)(xi).
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By Green representation formulae for w — ¢ in (3.25) (cf. [21, equation (1.12)]), we have

(w—e)(xx) = / -t (AY)V,G(xk. y)) - vy do(y).  (3.26)
(B (x0)\ Bir (x0))
Therefore,
V(w —¢)(x)

= klim V(w — &) (xg)

= lim Vx(/ =) (NAW)VyG(x, y)) - vy dG(y))
3(Br (x0)\Ber (x0))

k—o0 X=X}
= lim =) (AW VxVyG(xk, y)) - vy do(y) VX € IByr(xo),
k=00 /3B, (xo)N{u>e}
(3.27)

where v, is the unit outer normal vector at a point y on the boundary. Computations
in (3.27) are justified by the regularity and estimates given in [26, Theorem 3] (see also
the classical paper by Griiter and Widman [18, Theorem 3.3 (vi)]). As a matter of fact, we
can proceed further to obtain for X € 9B, (xg)

[Vw ()]

< C(p.N) lim W —e)"(M)|ViVy Glar, W) dHN 1 (y)
k—00 J 3B, (xo)N{u>¢}

_C.N) 1

S TN 7 [y @9 dxY T 0) S Cu Ny ondBer(xo).  (3.28)

We can easily check by the respective definitions that w > v, on d(By(xg) \ Bir(x0)).
Moreover, since w € C(B,(xg) \ Bxr(x0)) and w > ¢ on d(By(x9) \ Bir(x0)) by the
maximum principle (recall div(A(x)Vw) = 0 in B,(x¢) \ Bxr(x9)), we conclude that
w > vg in Br(xg) \ Bkr(xo). In particular, w > v, on dD,, where

D = (By(x0) \ Ber(x0)) N{u > ¢}.

By comparison principle, we know that w > v, in D, and since w = v, = & on 9B, (xg) N
{u > &}, hence from (3.28)

|Vve| < [Vw| < C(, N,k)y on B, (x0) N {u > &}. (3.29)
Given that div(A(x)Vv,) = 0 in D, we have, by divergence theorem and (3.29),
[, v e -wax = | (4 = ) (A Tve) - v() d V()
€ 0Bcr (x0)N{u>e}
=c | u— el Vel .96V ()
0Byr (x0)N{u>e}
SC(M,N,K)V/ u—eld IV (y)
OBy (xo)N{u>e}

= Mo(u).
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The justification for the use of divergence theorem in D, can be found in [2, equation
(3.4)]. From the calculations above, we can write

(A(x)Vve) - V(ve —u)dx < My
D,

= / (A(x)Vvg) - Vo dx < M +/ (A(x)Vve) - Vudx
D, D,

1
= [L/ [Vve|> dx < My + —/ |Vve||Vu| dx
D, M JD,

1
= ,LL/ IVvel2dx < Mo+ <2 [ |V, dx + / \Vu|? dx.
D, 2u Jp, 2e0/ JD,
Putting very small &9 > 0 in the last inequality, we have
/ [Vve|?dx < My + C(,u)/ |Vul? dx =: My (u).
D, D,

Since ve = € in By, (x9) N {u > &} which implies that Vv, = 0 in B, (x9) N {u > ¢} and
Ve = u in By (xo) \ De,

/ |Vvg|? dx = / [Vvg|? dx +/ [Vu|? dx =: My (u). (3.30)
By (xo) D, By (x0)\De

By the definition of v, 0 < v, < u on dD, and div(A(x)Vv,) = div(A(x)Vu) = 0 in
D, therefore, by comparison principle, 0 < ve < u in D,. In the set By, (xo) N {u > ¢},
we have v, = ¢ < u and v, = u in B,(xg) N {u < g}. Overall, we have 0 < v, < u in
B, (x0) N {u > &}. Therefore,

/ lvg|? dx 5/ |u|2dx+/ lu|? dx
By (xo0) By (x0)N{u<e} By (x0)N{u>¢e}

_ / lul? dox. (3.31)
B, (x0)

Hence, from (3.30) and (3.31), v, is bounded in H'(B,(x¢)). Therefore, up to a sub-
sequence, there exists a limit v = lim,_, v, in weak H! sense such that v satisfies the
following:

div(A(x)Vv) =0 in (Br(xo) \ Bir(x0)) N {u > 0},

v=u in By (xg) N {u <0}, (3.32)
v=20 in Byr(x0) N {u > 0},
v=u on 0B, (xg).

We verify the above properties (3.32) of v at the end of this proof.
Let us use the function v as a test function with respect to minimality condition on u
in By (xp); we have

/ ({A(x)Vu,Vu) + A(u))dx < / ({A(x)Vv, Vo) + A(v)) dx.
By (x0) By (xo0)
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Since v = u in {u < 0} and {v > 0} C {u > 0}, the integration in the set {u < 0} gets
canceled from both sides, and we are left with the terms mentioned below.
Setting Dg := (Br(x9) \ Bir(x0)) N {u > 0}, we have

/ ((A(x)Vu,Vu) - (A(x)Vv,Vv)) dx
By (x0)N{u>0}

< / (A@) — Aw)) dx
By (x0)N{u>0}

= / (A(v) — A(u))dx
Bﬁcr(xo)m{u>0}

= Ao|Bier(x0) N{u > 0} (Ao := —(A4 —A-)).
We have the second equality above because
X{v>0y = X{u>0y 1n Do.

Since v = 0in {u > 0} N By, we have

/ (A(x)Vu,Vu) dx
Byr (x0)N{u>0}

+ ({(A(x)Vu,Vu) — (A(x)Vv, Vu)) dx < do|Bir(x0) N {u > 0}|.
Dy

Using the ellipticity of A and shuffling the terms in the above equation, we obtain

/ (WIVul? = Ao) dx
B,Cr(xo)ﬂ{u>0}

5/ {(A(x)Vv,Vv) — (A(x)Vu,Vu)) dx
Dy

- / (A(x)V(v —u), V(v +u)))dx
Dy

= {AX) V(@ —u),V(u —v + 2v))) dx
Dy

< 2/ (A(x)Vv, V(v —u))dx
Dy

< 21iminf/ (A(x)Vvg, V(ve — u))
Dy

e—>0

e—>0

= 21iminf/ (A(x)Vve, V(ve —u))dx (since ve = u in D¢ \ Dy)
D,

= 2lim inf/
&0 0By (xo)N{u>e}

2
—liminf/ (u—e)}v-vaidx =M. (3.33)
K e20 S 3By, (xo)N{u>s)

(u—¢e)(A(x)Vv,) - vdx

=
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The second-to-last equality in the above calculation is obtained from integration by parts;

its justification can be found in [2, equation (3.4)]. From (3.33) and (3.29), and using the
trace inequality in H (B, ), we have (for some different constant C(«))

M < C(u, N, K))// utdHN " (x)
aBKr(X())
1
(|Vu+| + —u+) dx
r

< C. N, x)y[wm) N> 0}|”2( /B

= Cu Ny [

Bir(xo)

1/2
|Vu+|2dx)

Kkr(xp)

+ % sup (u+)|{BKr(x0) n {u > 0}}[|

er(xo)
1
< C(u. N, x)y[ IVu* P dx
23/ =Ao JBe (xo)n{u=>0}
V=A 1
+ X2 By N > O} + — sup (u™) 1dx:|
2 r B,(r(xo) Bkr(x())n{u>0}
C(u, N,
= M(/ IVut|? = Ao dx)
AVESR Byer (x0)N{u>0}
C(u, N,
+ M sup (u™) Aodx. (3.34)
AOT Ber(xo) By (x0)N{u>0}

We have used Holder’s inequality and then Young’s inequality above. From Lemma 3.1,
u™ is A-subharmonic in B, (xo). If G’ is the Green’s function for

L'(v) = div(A(x)Vv) in B(xp),

then by comparison principle and Green’s representation (cf. [21, equation (1.12)])
S [ w0 E )y d ) VrE Btx). (39
r(Xo

Since for all y € B, (x¢) and x € B, (xg), we have

1 C(x)
|x — y|N-1 = yN-1’

then, using the Green’s function estimates (cf. [18, Theorem 3.3 (v)]), we get

+
wp wt=co [ U agen i)
Ber (x0) 3B, (xo) X = V|
<C(u,k,N) utdHN"V(y) = C(u,k, N)yr. (3.36)

9By (x0)
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Using (3.33) and (3.36) in (3.34), we have

y,/ (IVul® — Xo) dx
Bier (x0)N{u>0}

C(u,k, N
< M/ (IVut? = Ao) dx
2v/=Ao B (xo)nfu>0}
C(u,k, N
L EWeNY s Ao dx
A’Or Byr(x0) Bier (x0)N{u>0}
C(MJCN)V( C(K)V) / 2
S ALMEASLEY | m IVul? — Ao) dx.
JYRY, _A'O \Y _A'O Bir (x0)N{u>0} ( )

If y is small enough, then

/ (IVul* = ) dx = 0.
Bier (x0)N{u>0}

In particular, [{u > 0} N Byr(xy)| = 0, that is, u™ = 0 almost everywhere in By (x).

It remains to verify the properties of v in (3.32). Before looking at the proof, we
observe that, for a given ¢ € C°(Dy), there exists 9 > 0 such that ¢ € C°(D,) for
all & < g¢. Indeed, since supp(y) is a compact set and | ., D¢ is a cover of supp(¢),
then for a finite set {¢1, ..., &,} we have supp(¢) C i, De; C D where enax =
max(eq,...,&,). Therefore, ¢ € C°(Dy) for all € < gmay.

Let us first verify that div(A(x)Vv) = 0 in Dy. For this, let ¢ € C2°(Dy); then from
the continuity of u, there exists a &9 > 0 such that supp(¢) C D, for all ¢ < &¢; also, we
have

€max

/ (AVv,V<p)dx=/ (AVv, Vo) dx (3.37)
Dy

supp(¢p)
since supp(¢) C D,; from the definition of vg, we have

/ (AVve, Vo) dx =0,
supp(®)
and we know that v is a weak limit of v, in H (B, (x¢)); therefore, from (3.37), we have

/ (AVv, Vo) dx = / (AVv, V) dx = lim (Vvg, Vo) dx = 0.

Do supp(¢) €70 Jsupp(e)

Hence, we show that div(A(x)Vv) = 0in Dy. To show that v = 0 in By, (x¢) N {u > 0},
we now take the function ¢ € C2° (B, (xo) N {u > 0}). From the same reasoning as above,
we know that there exists an g9 > 0 such that supp(¢) C By, (xo) N {u > ¢} forall ¢ < &¢.
From the definition of v., we have

/ ve(pdxz/ vggodxzs/ pdx,
supp(¢) {u>e}NByr (x0) {u>e}NBir(x0)
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and in limit ¢ — 0, from the above equation, we have

/ vedx = lim vepdx =0,
supp() €20 Jsupp(p)

and therefore, v = 0 a.e. in By, (x¢) N {u > 0}. To prove that v = u in {u < 0}, we observe
that {u < 0} C {u < &}; hence, from the definition of v, we have

ve =u in{u <0}.

Since the weak limits maintain the equality (cf. [25, Lemma 3.14]), the claim follows in
the limit & — 0. Apart from that, since v, = u on B, (x¢), therefore, from the conservation
of traces in weak convergence, it follows that v = u on dB; (x¢). This completes the proof
of Proposition 3.9. ]

Remark 3.10. In the proposition above, the constant is local in nature; this means that the
value of the constant depends on the choice of compact set K CC B; , where xg € K.

Lemma 3.11. Let ug and u; be as in Lemma 3.8. Then, for a subsequence of u;, for any
R > 0, we have

. pt
X{uk>0}nB; — X{u0>o}nB; a.e.in Bg. (3.38)

This in turn implies

Xy =oinst = Xo=oynst  in L' (BR). (3.39)

Proof. From Lemma 3.8, we can consider a subsequence of u; such that u; — u¢ in
LOO(B}'). Let x € B;. If x € {up >0} N B; (or X{u0>o}mB;(x) = 1), then u;(x) >

u(x)
2

> 0 (or y fu;>0)nB} (x) = 1) for k sufficiently large. Thus, we conclude that

Xu;>0ynB (x) = Xfuo>03n B}, (x)as j —> ocoforall x € {ug >0} N B;.
Ifx e {up <0}°nN B; (or Xfuo>0)nB} (x) = 0), then there exists § > 0 such that
Bs(x) C {ug <0} N BE.

Thus, we have

1
-][ ug d#x¥N7! =o0.
8 JoBs(x)

Again, by the uniform convergence of u; to ug in B; (cf. Lemma 3.8), we obtain
1 1
—][ u;r dIN=1 < —¢(u, N, Ay) for j sufficiently large. (3.40)
§ Jamy 2

Here, c(it, N, A+) is as in Proposition 3.9. This implies that u; < 0 in B; (x) (cf. Propo-
2
sition 3.9). In particular, y; (x)<o}(x) = 0 for j sufficiently large. This way, we obtain

Xfu; 0B (x) > Xtuo>0}n B} (x)as j —> ooforall x € {ug <0} N B;. (341
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From the representation theorem [2, Theorem 7.3], we know that
|0{uo > 0} N BE| = 0.

From (3.40), (3.41), and the fact that
|0{uo > 0} N BE| =0,

we obtain the claim (3.38). Since

|X{uj>0}ﬂB;| =1

the claim (3.39) follows from Lebesgue’s dominated convergence theorem. ]

4. The main result

We rephrase the notion of the tangential touch of the free boundary to the fixed bound-
ary, which is equivalent to the tangential touch condition mentioned in the statement of
Theorem 2.6.

In the proof of our main result, we will show that, given u € $;, for every ¢ > 0 there
exists p, > 0 such that

Hu>0yNB}Y CBf\K, Y0<p<=p,,

K, :={x¢€ RY 1 xy > ey/x? ++xy_ )

Proof of Theorem 2.6. We assume, by contradiction, that the free boundaries of functions
in 1 do not touch the origin in a tangential fashion to the plane. Then, there exist € > 0
and sequences v; € #; and x; € F(vj) N K, such that |x;| — 0as j — oo.Letr; = |x;|,
and we consider the blowups u; := (v;); .

Let 1o := limj o u; as in Lemma 3.8. Also, let xo € dB;" N K, be a limit up to a
subsequence (still called x;) such that

where

X
Xo = lim =
j—o0 |xj]|

Since x; € F(v;), we have v;(x;) = 0. Therefore, on rescaling,
Xj 1
uj| = | = —vj(x;) =0.
J (r]_ ) r (X))
In the limit as j — oo, we have

Ug(xg) = /11)1210 uj ()rc—j) =0.
: J
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From the density assumption that u; satisfy condition (2.1) and Lemma 3.11, we have for
any given R > 0

l{uo > 0} N BF|
T X{u0>0} dx = hm X{u] >0} dx
R

Sovdx
j—>oo |B | / X{vj>0}

|@->0}mB+¢
= lim — Ry S o. 4.1
J=e0 |BRr]|

We can see that the computations done in (4.1), in fact, show that the density property
remains invariant under the blowup of any function v. This way, we conclude that the
function (1¢)o which is the blowup limit of (u¢) (in particular, (1¢)o = lim,—o(uo),)
also satisfies
[{(uo)o > 0} N BF|
|Bx|

>D VR>0. 4.2)

Now, we note that from Lemma 3.8 ug € Poo. Moreover, from (4.1), ug £ 0, and
from [22, Theorem 4.2, Lemma 4.3], we have u 2 0; also, from (4.2), we conclude that
(u0)o # 0. This way, again by [22, Theorem 4.9], we have ug(x) = ¢ x; forall x € ]Ri\[
for some constant ¢ > 0.

Hence, the function u( cannot be equal to zero at any point in Rﬁ . But we have
Xo € aBl+ N K, and ug(xg) = 0. This leads to a contradiction. In order to construct the
modulus of continuity o, for x € Rﬁ, we assign the value o(|x|) to be the maximum
opening 7 of cone K, such that F(u) N B;F C K3, forall r < |x|. In other words,

o(|x]) = inf{n | F(u) N B C Ky, r< x|}

—sp{|/||x€F(u)ﬂB+\{0}r<|x|} L]
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