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C “*.regularity for a class of degenerate/singular fully
non-linear elliptic equations

Sumiya Baasandorj, Sun-Sig Byun, Ki-Ahm Lee, and Se-Chan Lee

Abstract. We establish an optimal C !»%-regularity for viscosity solutions of degenerate/singular
fully non-linear elliptic equations by finding minimal regularity requirements on the associated oper-
ator.

1. Introduction

In this paper, we study regularity of viscosity solutions to fully non-linear elliptic equa-
tions of the form
F(x,Du,D*u) =0 inB; CR", n=>=2, (1.1)

where ¥ = ¥ (x, p, M) : By x R" x §(n) — R is an elliptic operator with respect to the
matrix argument M (that is,whenever (x, p, M) € By xR" x§(n), N € S(n)and N = 0,

Fx,pM+N)<F(x,p. M) (1.2)

is satisfied—see, for instance, [31,54]); whose ellipticity may degenerate or blow-up along
the critical region { p = 0}; where § (1) denotes the set of n x n real symmetric matrices; u
stands for a real-valued continuous unknown function defined on the unit ball B;; and
Du = (5’_}'2) and D%u = (%{;‘xj) denote, respectively, the gradient and Hessian of u.
Indeed, we are interested in partial differential equations of the form in (1.1) such that
Dy ¥ (x. p. M) ~ ®(x.|p).

A primary model example we keep in mind concerns equations of the form

®(x, |Du|)F(D*u) = f(x) in B; (1.3)

for a (A, A)-elliptic operator F' and a suitable function ® : B; x (0, c0) — (0, co) sat-
isfying minimal conditions which will be specified in a few lines. In fact, our goal is
to establish differentiability and local Holder continuity for the gradient of viscosity solu-
tions for such a class of equations. We also aim at a comprehensive regularity theory which
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allows @ to impel degenerate and singular characters on the diffusibility of the govern-
ing operator. To be more precise, we now state the main assumptions to be imposed on
equation (1.3) throughout the paper.

(A1) The operator F : §(n) — R in (1.3) is uniformly (A, A)-elliptic in the sense
that
Mr(N) S F(M)— F(M + N) < Atr(N)

holds with some constants 0 < A < A, whenever M, N € §(n) with N = 0;
and F(0) = 0.

(A2) The function ® : By x [0,00) — [0, 00) in (1.3) is a continuous map satisfying
the following properties:

1. There exist constants s(®) = i(®P) > —1 such that the map ¢ +— %

is almost non-decreasing with a constant L = 1 in (0, co) and the map

t— % is almost non-increasing with a constant L > 1 in (0, co) for

all x € B;.
2. There exist constants 0 < vy < vy such that vy < ®(x,1) <v; forall x € B;.
(A3) Theterm f on the right-hand side of (1.3) belongs to C(B;) N L*°(By).

Equation (1.3) features an inhomogeneous degenerate or singular term modeled on the
integrand of the functional with Uhlenbeck-type structure; namely,

v /(p(x,le|)dx (1.4)
B,

for an integral density ¢ : By x [0, 00) — [0, 00). From a variational point of view, the
functional in (1.4) is a highly general non-autonomous functional including the following
significant model functionals for the regularity theory:

1. p-growth: ¢(x,t) = t? for p > 1; see, for instance, [46,49,59,61,62,70-72].

2. p(x)-growth: p(x,t) = 2™ for p(-) > 1; see, for instance, [1,2,39,40]

3. Orlicz growth: ¢(x,t) = ¢(¢); see, for, instance [7,22,41,42,60].

4. (p,q)-double phase: ¢(x,t) = t? + a(x)t? for 1 < p < g; see, for instance, [12,
14,28-30,37].

5. Variable double phase: ¢(x, 1) = t?®) 4+ a(x)19%) for 1 < p(-) < q(-); see, for
instance, [23,27,69].

6. Borderline case of double phase: ¢(x,7) = t? + a(x)t? log(1 + t) for 1 < p; see,
for instance, [13,24].

7. Multi-phase: ¢(x,t) = t? + a(x)t? + b(x)t* for 1 < p < ¢, s; see, for instance,
[10,38].

8. Orlicz multi-phase: ¢(x,t) = ¢(t) + a(x)¥,(t) + b(x)yp(t); see, for instance,
[6,8,10,25].
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Over the last several decades, a systematic analysis of the aforementioned function-
als has been an object of intensive studies for the regularity theory. All the examples
of the above-mentioned functionals fall within a realm of functionals with non-standard
growth treated first in a series of papers (see [63—65]); and problems with non-standard
growth conditions have been studied extensively over last decades—see, for instance,
[43-45,48] and references therein. Holder continuity for the gradient of local minima of
functional (1.4) under suitable optimal assumptions has been investigated in [50], where
fundamental assumptions on the integral density function ¢ in (1.4) are that there exist
constants 1 < p, g such that the map ¢ +— ‘p(t)f,,') is almost non-decreasing and the map
t— 'p(x 1) is almost non- increasing for all x € By; see [50, Definition 3.1]. In this regard,
the assumptlons on @ in (1.3) described in (A2) are absolutely reasonable.

On the other hand, the non-variational counterparts of the models described above
could be cast as singular or degenerate fully non-linear equations. A first important special
case of equation (1.3) is derived by replacing ®(x,¢) = ¢? withi(®) = s(P) = p > —1
in (A2), whose most celebrated type is

|Du|? F(D?u) = f(x) in By. (1.5)

Structures of this type often occur in the theory of stochastic games [5, 11] in the set-
ting of viscosity solutions. The fairly comprehensive investigation of these kinds of fully
non-linear elliptic equations has been carried out. Birindelli and Demengel [15] proved
the comparison principle and Liouville-type theorems in singular case (—1 < p < 0),
and showed the regularity and uniqueness of the first eigenfunction in [16]. Alexandrov—
Bakelman—Pucci estimates and the Harnack inequality have been also obtained in the
papers [34,35,51]. In particular, Imbert and Silvestre [52] proved local Holder continuity
for the gradient of viscosity solutions of (1.5) in degenerate cases (p = 0). Later, Aradjo,
Ricarte, and Teixeira [4] proved the optimality of Holder regularity for the gradient of vis-
cosity solutions for the same problem in [52] by showing that viscosity solutions are Ckl);ﬂ
with 8 = min{@, 1/(p + 1)}, where & € (0, 1) is the Holder exponent coming from the
Krylov—Safonov regularity for equation (1.11). It is worth mentioning that in the recent
paper [3], the authors considered a degenerate fully non-linear equation of the type

o(|Du|)F(D?u) = f(x) in B; (1.6)

and proved local C! regularity for viscosity solutions of (1.6) under the condition that o :
(0, 00) — (0, 00) is a map whose inverse has a Dini-continuous modulus of continuity near
the origin. This equation does not fall into the class of fully non-linear equations under
consideration in general. However, it would be interesting to find an optimal condition
on o which leads to C! or C "8 regularity of viscosity solutions of (1.6). Next, we mention
that De Fillippis [36] introduced the double phase-type degeneracies to the fully non-linear
equation

(|Du|? + a(x)|Du|?)F(D*u) = f(x) inB;, 0<p<gq 1.7)
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and proved local Holder continuity for the gradient of viscosity solutions to equation (1.7).
Moreover, in this degenerate case, the sharpness of the local C 8 -regularity estimates for
bounded viscosity solutions is shown in [32]. Note that equation (1.7) can be derived
from (1.3) by setting ®(x,1) = t? + a(x)t? with s(®) = max{p,q} = i(®) = min{p, ¢}
> —11in (A2) and 0 < a(-) € C(By). Meanwhile, under rather general conditions, in [21],
it has been shown that viscosity solutions to the fully non-linear elliptic equations having
variable exponent degeneracies,

|Du|P® F(D*u) = f(x) in By, (1.8)

are locally of class C'-# for a universal constant 8 € (0, 1) under the key assumption
that p(-) : By — R is a continuous function satisfying infyep, p(x) > —1. Again, we
note that equation (1.8) corresponds to the choice of ®(x, 1) = 7™ in (1.3) with i (®) =
infyep, p(x) > —1 and s(®) = sup,cp, p(x) in (A2). In this paper, we provide a novel
way to prove Holder continuity for the gradient of viscosity solutions of (1.3) for both
degenerate/singular cases in the full generality. The fully non-linear equation with double
phase type degeneracies having variable exponents

(IDulP® + a(x)|Dult®)F(D?u) = f(x)in B, 0< p() <q() (1.9)

has been studied in [47] as a combination of equations (1.7) and (1.8), and local Holder
continuity for the gradient of viscosity solutions to (1.9) is also proved. It is clear to see
that equation (1.9) can be generated from (1.3) by choosing ®(x, 1) = t?®) 4+ g(x)t7™
with functions 0 < a(-) € C(B1) and —1 < p(-),¢(-) in C(B7), where the constants in (A2)
are defined by i (®) = infyep, { p(x),¢(x)} and s(P) = sup,cp, {p(x),q(x)}. Finally, we
point out another recent paper [57] dealing with viscosity solutions to the equation

|Du|P&PY F(D2y) = f(x) in By, (1.10)

where 8 : B; x R x R” — R is a map satisfying 0 < §,, < B(-) < By for some positive
constants 8, and Bys. In [57], as a follow-up of the arguments introduced in [68], local
Holder continuity for the gradient of viscosity solutions of (1.10) is obtained, but the
singular case is not treated due to the methods employed there and equation (1.3) cannot
be represented as (1.10) generally.

Lastly, let us recall a consequence of the classical Krylov—Safonov—Harnack inequal-
ity (see [26])—namely, that viscosity solutions to the homogeneous equation

F(D?*h) =0 in By, (1.11)

under the assumption that F : § (n) — R satisfies (A1), are locally of C V¥ (B;) with the
estimate

12llcras, ) < ¢ 1rllecsy) (1.12)
for universal constants & = &(n, A, A) € (0,1) and ¢ = ¢(n, A, A). The main results of
this paper read as follows:
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Theorem 1.1. Let u € C(By) be a viscosity solution of equation (1.3) under assump-
tions (A1)—(A3). Then, u € Ckl);ﬂ (By) for all B > 0 satisfying

0. (0. k] i@ =0,

(S

(1.13)

where @ is given in (1.12). Moreover, for every B in (1.13), there exists a constant ¢ =
c(n, A, A, i(®), L, B) such that

| Du(x) — Du(y)|

[ Dullpoop,,,) +  sup

X#YEBy )2 |X - y|ﬂ
- c(l ol N ”i H® ) (1.14)
~ Loo(Bl) Vo L>(B;) : .

The results of Theorem 1.1 are sharp in view of an example given in [52, Example 1].
As we have discussed above, the results of Theorem 1.1 cover the main results of the
papers [21,36,47,52] for fully non-linear equations having both degenerate/singular terms
in a unified way. Moreover, the results of Theorem 1.1 cover another important examples,
for instance,
1. ®(x,t) =1t? +a(x)t?log(l 4+ ¢) with —1 < p and 0 < a(-) € C(By), where the
constants in (A2) can be defined by i (®) = p and s(®) = p + ¢ for any ¢ > 0.

2. d(x,t) = "bt(—zt) + a(x)@ for suitable N-functions ¢, ¥, and 0 < a(-) € C(By).

As we conclude this introduction, let us briefly explain the techniques used in the
proof of Theorem 1.1. While a main idea for getting C"# regularity of the viscosity
solution u of (1.3) is showing that the graph of the function u can be approximated by
affine functions with an error bounded by CR!'*# in any ball of radius R, as shown in
previous papers [21, 36,47, 52], there are several difficulties to overcome by means of
new ideas and tools. In fact, for the degenerate case (0 < i(®)), we show that a viscosity
solution v of the equation

®(x, | + Dv|)F(D?*v) = f(x) in By, & e R"isany vector,

is locally Holder continuous with an exponent 8, which is independent of the size of
&, using the method introduced by Ishii and Lions [56] in the case of large scopes and
the Harnack inequality approach of Caffarelli and Cabré [26] employed in [54] for small
scopes. This information is an important step towards the proof of Theorem 1.1 based
on iterative and compactness arguments, in which we show that the graph of u is better
approximated by affine functions in smaller balls. For the singular case (—1 < i (D) < 0),
the main result of Theorem 1.1 is an outcome of the degenerate case after showing that
the viscosity solution u of equation (1.3) is Lipschitz continuous; see Lemma 3.1 below.
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Finally, we outline the organization of the paper. In the next section, we provide basic
notations and assumptions to be used, and also smallness regime and basic regularity
results. In Section 3, we prove basic regularity properties of viscosity solutions of (2.5)
depending on the sign of i (®) and the size of quantity |£|. Section 4 is devoted to the
approximation procedure for viscosity solutions of (1.3). Finally, in last section we provide
the proof of Theorem 1.1.

2. Preliminaries

2.1. Notation

Throughout the paper, we denote by B,(xg) := {x € R" : |x — x¢| < r} the open ball
of R” with n = 2 centered at xo with positive radius r. If the center is clear in the context,
we shall omit the center point by writing B, = B, (xg). Also, B; = B1(0) C R” denote the
unit ball. We shall always denote by ¢ a generic positive constant, possibly varying line to
line, having dependencies on parameters using brackets; for example, ¢ = ¢(n,i(®P), vo)
means that ¢ is a positive constant depending only on 7, i (®), and vy. For a measurable
map g : B C By — RY (N = 1) with B € (0, 1] being a given number, we shall use the
notation
. lg(x) —g(»)]
[glcos(g) = sup ————F—

P x—yf [glcos :Z[g]COaﬁ(Bl)'
XFYyE

The Pucci extremal operators Pf A - S(n) — R are defined as

Pra(M):i==A Y =AY A 2.1)
Ak>0 ),k<0
and
Pia(M):==AY Q=AY A (2.2)
Ak>0 A,k<0

where {Ax};_, are the eigenvalues of the matrix M. The (4, A)-ellipticity of the oper-
ator F via the Pucci extremal operators can be formulated as

P A(N) < F(M + N)—F(M) < P, (N) (2.3)

forall M, N € §(n); see [26, Chapter 2] for detailed discussions. In what follows, for any
vector £ € R”, we define maps G¢ : By x R"” x §(n) — R by

Ge(x. p. M) := ®(x.[§ + p)F(M) — f(x) (2.4)

under assumptions (A1)—(A3). Note that the map G¢ in (2.4) satisfies ellipticity condi-
tion (1.2) (monotonicity property), that is,

Ge(x,z, M) < Ge(x,z, N) whenever M, N € §(n) satisfy M = N.
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Then, we shall focus on viscosity solutions of the equation
G(x, Du, D*u) := ®(x,|Du|)F(D*u) — f(x) =0 in By (2.5)

or
Ge¢(x, Du, D*>u) =0 in By, (2.6)

where £ is any vector in R”.
For the reader’s convenience, we give the definition of a viscosity solution u of equa-
tion (2.5) as defined in [16].

Definition 2.1. A lower semicontinuous function v is called a viscosity supersolution
of (2.5) if for any x¢ € By, either there exists § > 0 such that u is constant in Bg(xo) and
f(x) < O0forall x € Bs(xo); or, for all ¢ € C?(By) such that v — ¢ has a local minimum
at xo and Do(xg) # 0,

G(x0. De(xo). D*¢(x0)) = 0

holds. An upper semicontinuous function w is called a viscosity subsolution of (2.5) if for
all xo € By, either there exists § > 0 such that u is constant in Bg(x¢) and f(x) = 0 for
all x € Bg(xg); or, for all ¢ € C2(By) such that w — ¢ has a local maximum at xo and
Dg(xo) # 0,

G (xo0. Do(x0), D?¢(x0)) < 0

holds. We say that u € C(By) is a viscosity solution of (2.5) if u is a viscosity supersolu-
tion and a subsolution simultaneously.

Remark 2.1. We remark that the above definition is necessary only for the case —1 <
i (D) < 0, due to the fact that the operator appearing in equation (2.5) may not be defined
when the gradient is zero. In the case i (®) = 0, the classical definition of a viscosity
solution is equivalent to Definition 2.1; see [31]. We also note that a viscosity solution of
equation (2.6) can be understood as a viscosity solution of equation (2.5), by replacing

u(x) = v(x) + (. x).
Following the proof of [19, Proposition 1.2], one can prove the following assertion:

Proposition 2.1. Suppose that for —1 < i(®) < 0, u is a viscosity solution of (2.5) in
the sense of Definition 2.1 under assumptions (A1)—(A3). Then, u is a classical viscosity
solution of

|Du| P& (x, |Dul) F(D*u) = f(x)|Du| " ®. 2.7

Note that the map ¥ : By x [0, 00) — [0, 00), given by W(x, ) = P d(x, 1),
satisfies condition (A2) for numbers i (¥) = 0 and s(¥) = 5(P) — i (P). Moreover, Pro-
position 2.1 means that if —1 < i(®) < 0 in (A2), then any viscosity solution u of equa-
tion (2.5) in the sense of Definition 2.1 can be understood as a classical viscosity solution
of equation (2.7).
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2.2. Small regime

Here we verify that, for a viscosity solution u of (2.6), we are able to assume that
oscgu <1 and | flLeo(p,) < €0 (2.3)

for some constant 0 < gy < 1 small enough, and also that vo = v; = 1, without loss of
generality. In order to consider the problem in a small regime as in (2.8), for a fixed ball
BRr(xo) C By, we defineii : By — R by

u(xg + Rx)
K

for positive constants K = 1 > R which will be determined in a few lines. It can be seen
that # is a viscosity solution of

i(x) = (2.9)

Gz(x, D1, D*@) := ®(x, € + Dii|) F(D%7) — f(x) =0, (2.10)
where
. ®(xo + R, K1)
q)(.x, t) = )
@(xo + Rx, %)
~ R* (K
F(M) = ?F(FM),
~ R? ~ R
fx):= f(xo+ Rx) and §£&:= ES
®(xo + Rx. K)K
Note that F is still a uniformly (A, A)-elliptic operator, the map ¢ +— &;ffd;; ) is almost

non-decreasing, and the map ¢ +— jgfq;f) is almost non-increasing with the same constant

L =1 as in assumption (A2); and ®(x, 1) = 1 for all x € B;. Moreover, (A2) implies

N 2+i(®)
00 L — 0o S —= o0 .
I/ | oo By) o KTH@® I/ Lo (B o K1F1® I/ |l Loo(By)

By recalling i (®) > —1 and setting

L H®
K i=2(e + Jull i) + [m 1/ zsan) ™) foranye =1,

we see that 7 solves equation (2.10) in the same class as does (2.6) under the small regime
described in (2.8).

2.3. Basic regularity results

In this subsection, we discuss some basic regularity results for (2.6). First, we recall
important notions of superjets and subjets introduced in [31].
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Definition 2.2. Let v : Q2 — R be an upper semicontinuous function and w : 2 — R be
a lower semicontinuous function. For every x¢ € 2, we define the second-order superjet
of v at xo by

Jszz’+v(xo) = {(p, M) eR" x8(n) :v(x) < v(xo) + (p,x — Xo)
+ %(M(x —X0), X — Xo) + o(]x — xo|*) as x — xo}
and the second-order subjet of w at xy by
IEw(xo) = {(p. M) € R" x S(n) : w(x) = w(¥o) + (p.x — Xo)
+ %(M(x —X0), X — Xx0) + o(|x — x0|?) as x — xo}.

We further define a limiting superjet of v and subjet of w, respectively:

(1) A couple (p, M) € R" x §(n) is a limiting superjet of v at xo € 2 if there exists
a sequence {Xg, px, M} — {x, p, M} as k — oo in such a way that (px, M) €
Jé’+ v(xg) and limg s o0 V(X ) = v(x0). We denote the set of all limiting superjets

of v at xo € Q by 7?2’+v(x0).

(2) A couple (p, M) € R” x §(n) is a limiting subjet of w at x¢ € 2 if there exists
a sequence {Xg, px, M} — {x, p, M} as k — oo in such a way that (px, M) €
ngz’_w(xk) and limg _, oo w(xr) = w(xp). We denote the set of all limiting subjets

of w at xog € Q by Té’_w(xo).

Using the above concept of superjet and subjet, the notions of viscosity supersolutions,
subsolutions, and solutions of (1.1) are defined as follows (see [31, Definition 2.2]):

Definition 2.3. Let ¥ : B; x R” x §(n) — R be a map satisfying (1.2). An upper semi-
continuous function v : B; — R is called a viscosity subsolution of equation (1.1) (equi-
valently, a viscosity solution of ¥ < 0) if

Fx,p,M)<0 (2.11)

holds true for all x € By and (p, M) € J ;l’+v(x). Similarly, a lower semicontinuous

function w : By — R is called a viscosity subsolution of equation (1.1) (equivalently, a
viscosity solution of ¥ = 0) if
Fx,p,M)=0 (2.12)

holds true for all x € By and (p, M) € J ;;_w(x). Finally, a continuous function u :
B; — R is a viscosity solution of equation (1.1) if it is both a viscosity subsolution and a
viscosity supersolution of (1.1).

Remark 2.2. We remark that in the above deﬁmtlon ifthemap ¥ : By xR" x § (n) —R
is continuous, then J * canbe replaced by J 5 B, > fora viscosity subsolution and J5’ 2~ can
be replaced by Ty B for a viscosity supersolution, respectively; see [31, Remark 2 4]
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There are some examples and properties of superjets and subjet described in [31,55],
among which is the following result, which we need as it is useful to our case (see also
[58, Lemma 2.1]):

Lemma 2.1. Let v : Q — R be an upper semicontinuous function and w : 2 — R be a
lower semicontinuous function. Then, for any point xg € 2, we have

I3 v(x0) = {(De(x0), D?¢(x0)) : ¢ € C2(R), ¢(x0) = v(x0).
¢ = v in a neighborhood ofxo},

Jg w(xo) = {(De(x0). D*p(x0)) 1 ¢ € C*(R). p(x0) = w(xo).
¢ < v in a neighborhood ofxo}.

Remark 2.3. Essentially, Lemma 2.1 tells us that Definitions 2.3 and 2.1 are equivalent
for equation (1.3). Next, we discuss a variation of the celebrated Ishii—Jensen lemma (see
[31, Theorem 3.2]), which will be used afterwards.

Lemma 2.2. Let u be a viscosity solution of (2.6) under assumptions (A1)—(A3), where
£ € R" is any vector. Suppose that B € By is an open subset and € C*(8 x B). Define
amapv : B x B — Ras

v(x,y) = u(x) —u(y).
Suppose further (X,5) € B x B is a local maximum point of v — ¥ in B x B. Then, for
each § > 0, there exist matrices Xg,Ys € S(n) such that

Ge(X, Dx¥(X,9), X5) <0< Ge(§, —Dy¥ (X, 5), Ys) (2.13)
and
1 XS 0 2
—| = < <
(8 +14])1 < (o —Ya) <A+84 (2.14)

with A := Dy (%, 9).

Proof. We are able to apply [31, Theorem 3.2] in our setting. In turn, for each § > 0, there
exist Xg, Ys € §(n) such that

(DY (5. 5). Xs) € Ty u®) and (Dy¥(R.9).~Ys) € Tg (—)(F). (215

and the block diagonal matrix with entries X5 and —Yj satisfy (2.14). Since u is a viscosity
solution of (2.6), the validity of (2.13) is immediate by Remarks 2.2 and 2.3. ]
3. Holder continuity

In this section, we provide Holder regularity for solutions of (2.6), where £ is any vector,
under the small regime.
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Lemma 3.1 (Holder continuity). Let u be a viscosity solution of (2.6) under assump-
tions (A1)~(A3) with oscg, u < 1, || fllpeo(p,) < €0 < 1, and vo = v = 1. Let Bg =
BRr(x¢) C By be any ball. Then, we have the following results:

R1) If =1 <i(P) < 0 and |§| = O, then u is Lipschitz continuous in Bg o with the
estimate

[u]co1 (g, < Csi (3.1
for some constant Cg; = Cgi(n, A, A,i(P), L, R).

R2) If i(®) = 0 and |&| > Ag with Ag = Ao(n, A, A,i(DP), L, R) =1, then u is
Lipschitz continuous in Bg, with the estimate

[Ulcor(Bgy) < Car (3.2)

for some constant Cg; = Cg;(n, A, A,i(®), L, R).
R3) Ifi(P) = 0and |&| < Ag, thenu € Co’ﬂ(BR/z) with the estimate

[u]co,ﬂ(BR/z) < Cys, (3.3)

where B = B(n, A, A,i(®), L, R, Ag) € (0,1) and Cygs = Cys(n, A, A, i (D),
L, R, Ay).

Proof. For the proof of (R1) and (R2), it suffices to show that there exist positive con-
stants 1.1 and L, such that
£:= sup (u(x)—u(y)—Lio(x—y) = La(lx = z/* + [y —20[*)) <0 (3.4)

X, yEBR

for every zg € Bg/», where

2
3 .
t—wot: ift <ty:= (i> ,

w(t) = 3.5

w(tp) if t = 1.

We choose wg € (0,2/3) in such a way that 7y > 1. For instance, we take any constant
wp < 1/3. By contradiction, suppose that there are no such positive constants L; and
L, satisfying (3.4) for every zo € Br/,. Then, there exists a point zg € Bg/» so that
£ > 0 for all numbers L > 0 and L, > 0. Now we define two auxiliary functions ¢, ¥ :
Br x Bg — R given by

Y(x,y) = Lio(lx — y|) + La(|x — zo|* + |y — zo|*) (3.6)

and
d(x,y) == u(x) —u(y) —¥(x,y). (3.7

Let (X, 9) € Bg x Bg be a maximum point for ¢. Then, we have

P, ) =L>0
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and
Lio(|X = 3) + La(I% — 2o + [J — 2z0|*) < oscp, u < 1.

Now we select

64
LZ = ﬁ
This choice of L, ensures
- “ R ~ ~ _R
|X—ZO|+|y—ZO|§Z and |X_Y|§Z. (3.8)

This means that the points X and y belong to the open ball Bg, and we are able to assume
that X # ¥, otherwise £ < 0 is clear. The rest of the proof is divided into several steps for
simplicity of the presentation.

Step 1. We are in a position to apply Lemma 2.2 in order to ensure the existence of a
limiting subjet (£5, Xs) of u at X and a limiting superjet (£5.Ys) of u at j, where

fz 1= Dy (R.9) = L1o/ (% — F)) =2 + 2L (% — 20)

X =5l
and 5
& = —D,y(x,y) = Lo (|X—J’|)| y| —2L>(y — z0).
such that the matrices X5 and Y satisfy the matrix inequality
()(()3 _(;8) < ( ZZ ZZ) + (2L, + 81, (3.9)
where

Z = LiD*(o(]- )(E - 7)
o'(1X = Y|) o O(X=ID\(E =) ®(( —))
X =yl X — ¥ X — ¥l
and the constant § > 0 only depends on the norm of Z, which can be selected to be
sufficiently small. Applying inequality (3.9) for vectors of the form (z, z) € R?", we find

(Xs — Ys)z,z) < (4L + 28)|z|*.

The last inequality yields that all the eigenvalues of the matrix (X5 — Ys) ar re not larger
than 4L, + 28. On the other hand, applying again (3.9) for the vector Z := ( f? ;i , é ;ﬁl ),
we have
X-y X-Jy
(X5~ Vo) ot 20y < (4L 428 + 4L (5 - 3D)| [
£ =315 =7 Ix ¥l
6wo L X-—y
= (412 + 25— )| 22
X =7l X =
712

’

< (4L +28 - 6a)oL1)‘ﬁ
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where we have used the definition of w in (3.5) together with |[X — y| < 1/4 in (3.8). As
a consequence of the last display, at least one eigenvalue of (X5 — Ys) is not larger than
4L, 4 26 — 6wo L1, where this quantity can be negative for large values of L. By the
definition of the extremal Pucci operator in (2.1)—(2.2), we see that

Pra(Xs —Ys) = —A(4L2 + 28 — 6woL1) — A(n — 1)(4L> + 26)
= —(A+(n—1)A)4Ly 4+ 25) + 6woAL;.
From the two viscosity inequalities and (2.3), we have
O+ EDF(Xs) < f(X), (. 1§+EDF(Xs) = f(D)
and
F(Xs5) =2 F(Ys) + Py 5 (X5 — Ys5).
Combining last three displays, we have
f& SO
DX &+ &) POLIE+E5D
At this stage, we separate the remaining part of the proof into several cases depending
on the quantity of |¢| and the positiveness of i (D).

6a)0)LL1 < (A + (l’l - l)A)(4L2 + 25) +

(3.10)

Step 2: Proof of (R1). Suppose —1 < i(®) < 0 and & = 0. By triangle inequality (3.8),,
we observe that

3 7
Ez] < L1(1 + §w0> +2L, < ZLI (3.11)
and 3 .
gl = Li(1-S2% = 73) =312 > 2 =3La 230 (D)

for all Ly = 8L,. In exactly the same way, we see
7
€3] < g1 and €5 = 2L, (3.13)

for all L1 = 8L,. Using (A2) and last two displays, we have

f(X) <C||f||L°°(B1) _ ¢
(X, €z) |E2i® T LI®

(3.14)

and

—Af()?) <e ”f”Ll.’O(Bl) <_¢
(v, [€5]) &5 (® L@
for a constant ¢ = ¢ (i (), L). Using the last two displays in (3.10), we obtain

(3.15)

6worL1 < (h + (n — 1)A)(4Lo + 28) + ——

Lll(q>)

for a constant ¢ = c(n, A, A,i(P), L, R). Recalling —1 < i(®) < 0 and taking L; large

enough, depending only on n, A, A,i(®), L and R, we get a contradiction. Thus, the first
part of Lemma 3.1 is proved.
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Step 3: Proof of (R2). We suppose that i(®) = 0 and |§] > A with a constant Ay
defined by

35L
Ag = = (3.16)
2
for L1 > 1 to be selected soon. This choice of A together with (3.11) and (3.14) leads to
Ay 94, 94,
2= Ag— — = — d 51 = —.
1€ + &zl 0 10 10 an |S+§y| 10

Therefore, using the last display and (A2), we have

Af(X) sC||f||L<><>(_B1) <_¢
SEE+ED ETEI® S 4@

and

o, I/ le@) ¢
OG5+ &) E+EI® T 4@
for a constant ¢ = ¢ (i (), L). Again using the last two displays in (3.10), we obtain

c

6woAL1 < (A + (n — )A)(4Lo + 28) + —
Lll(<1>)

for a constant ¢ = c(n, A, A,i(P), L, R). By choosing L large enough, depending only
onn,A,A,i(®), L and R, we have again a contradiction. Thus, we have proved the second
part of Lemma 3.1.

Step 4: Proof of (R3). Finally, we turn our attention to proving (R3). Suppose || < Ay,
where Ag has been defined in (3.16). We look at an operator § : By x R" x §(n) - R
given by

G(x.p. M) = ®(x. [ + pF(M) — f(x).

In fact, for any (x, p, M) € By x R" x §(n) with |p| >2A4¢ and P, , (M) = 0, we see that

G(x,p. M) = ®(x,[§ + p)Py A(M) = | fll L,

1 ; _
=2 ZIE+ pl PP (M) - 1

Ai(<I>)
> °L PraM)—1, (3.17)

where we have used (2.3) and (A2) together with the facts that i(®) = 1 and |§ + p| =
|pl — €| = Ao = 1. In turn, we see that u is a viscosity subsolution of the equation

M~ (Du, D*u) < 1, (3.18)
where the operator M~ : R” x §(n) — R U {—o0} is defined by

A o .
M- (p. M) = L TaaM) if[p]>24o,

—00 otherwise.

(3.19)
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Similarly, we show that u is a viscosity supersolution of the equation
MY (Du, D*u) = —1, (3.20)

where the operator M : R" x §(n) — R U {400} is defined by

47 o -
M+(p,M) — L J,\’A(M) if | p| > 24, (3.21)
+0o0 otherwise.

Therefore, we are in an exact position to apply [53, Theorem 1.1] (see also [67] for
degenerate/singular elliptic equations with unbounded drift) so that we find an exponent
B=pBmn,A, A L, R, Ay € (0,1) satisfying (3.3). The proof is complete. n

4. Approximation

Now we prove a key approximation lemma, which plays a crucial role in later arguments.

Lemma 4.1. Let u € C(B1) be a viscosity solution of equation (2.6) with oscp, < 1,
where £ € R" is arbitrarily given. Suppose assumptions (A1)—(A3) hold true for i (®) = 0
and vg = vi = 1. Then, for any u > 0, there exists a constant § = §(n, A, A, i(P), L, u)
such that if

I f LBy < 9, 4.1)

then one can find h € Cl’&(F3/4), with the estimate ||h||cl,a(§3/4) <c=c,A,A) for
some & € (0, 1) as in (1.12), satisfying

||M — h”LOQ(Bl/Z) < M. (42)

Proof. We point out that the proof is inspired by the proof of [52, Lemma 6]. By contradic-
tion, we suppose the conclusion of the lemma fails. Then, there exist ;1o > 0 and sequences
of {Fi}pe 1 APk b peys ko> and {ug 122, and a sequence of vectors {&x }22 ; such that
(C1) Fr € C(S$(n),R) is uniformly (A, A)-elliptic;
(C2) & € C(B; x [0, 00), [0,00)) such that the map ¢ — L0 g almost non-

1i(®)
decreasing and the map ¢ +— d)tks((ﬁ,;t) is almost non-increasing with constant

L >1,and ®;(x,1) = 1forall x € By;

(C3) fk € C(By) with || fillpeo(n,y < 1/k;
(C4) uy € C(B;) with oscp, ur < 1 solves the equation

p (x, £k + Dug]) Fe(D?ug) = fic(x), (4.3)
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but
sup |ug(x) —h(x)| > o 4.4)

X€EBy/2
forall h € C1¥(B3/4) and every 0 < @ < 1.

Condition (C1) implies that Fj converges to some uniformly (A, A)-elliptic oper-
ator Foo € C(S(n), R). Since uy is a viscosity solution of (4.3) and the map P satis-
fies (C2), we are able to apply Lemma 3.1 to find that uy € Clg’cﬁ (B1) N C(B,) for some
B € (0, 1). Using estimates (3.2) and (3.3) and the Arzela—Ascoli theorem, we have that
the sequence {uy }2> , converges to a function U, locally uniformly in By. In particular,
it holds that

Uoo € C(B1) and oscp, Uoo < 1. 4.5)

Now we prove that the limiting function u, is a viscosity solution of the homogeneous
equation
Foo(D?us) = 0 in Byq. (4.6)

For this, we first verify that 1, is a viscosity supersolution. Let

p(x) = S (MG = 1) x = 3+ (box = ) + ()

be a quadratic polynomial touching ., from below at a point y € B3/4. Note that there is
no need to assume that Dp(y) # 0, since i () = 0 and we only look at a classical viscosity
solution (see Remark 2.1). Without loss of generality, let us assume |y| = uqo(y) = 0.
Then, there exists a sequence x;z — 0 as k — oo such that uy — ¢ has a local minimum
at xj. Observe that Do(x;) — b and D?¢(xx) — M. Since uy is a viscosity solution
of (4.3), we have

Dy (xk. |& + Do(xi)) Fe (D?p(xi)) = fie (k). 4.7

For ease of presentation, from now on we shall consider several cases depending on the
boundedness of the sequence {&;}72 ;.

Case 1: The sequence {& }32_, is unbounded. In this case, we can assume |£x| — oo (up
to a subsequence). As a consequence, we can show (up to a subsequence) that

1§k + Do(xi)| = |§k| — [Do(xi)| = 6| — (1b] + 1) = 1, (4.8)

where we have used the triangle inequality and the convergence D¢(x;) — b, which
implies that

o , o Jie(Xx)
Foo(M) = lim Fie(D%(xi)) = lim ®p (xk, [Ex + Dp(xp)))

0,

L
k—o0 k& + Do (xi)[H(®

=

where we have used condition (C2) and (4.7).
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Case 2: The sequence {§x }7>, is bounded. In this case, we may assume & — &0 (up to
a subsequence). Therefore, for the case |£, + b| # 0, in exactly the same way as in (4.8),
we infer that Foo (M) = 0. Then, we focus on the case o + b| = 0. There are two
possibilities, as |b| = |éx| = 0 or b = —£5, with |b], |Ex| > 0. In those scenarios, we
prove that Foo (M) = 0. By contradiction, suppose

Foo(M) < 0. (4.9)

Hence, the matrix M has at least one positive eigenvalue, by the uniformly ellipticity
condition of Feo. Let R” = E & Q be an orthogonal sum, where E = span{ey, ..., e}
is the space consisting of those eigenvectors corresponding to positive eigenvalues of M
and Q ={veR": (v,w) =0forallw € E}.

Case 3: b = —§o with |b|, |Eco] > 0. Let y > 0 and set

1
py(x) = p() +y|PE(X)| = Z{Mx,x) + {b.x) + y|PE(x)].

where Ppg stands for the orthogonal projection on E. Since uy — U0 locally uniformly
in By and p(x) touches u(x) from below at the origin, for y small enough, p, (x)
touches ug (x) from below at a point x}; € B; (B, is a small neighborhood of the origin).
Moreover, it holds that x}: — x for some x}y, as k — oco. At this point we consider two
scenarios: P (x;) = 0 forall k € N (up to a subsequence), or Pg(x]) # 0 forallk € N
(up to a subsequence).

Scenario 1: Pg (x}c/) = 0forallk € N (up to a subsequence). In this scenario, we first
note that

R 1
By (x) = S(Mx.x) + (b.x) + y(e. P5 ()
touches uy from below at x}c' for every e € S"~!. A straightforward computation gives us
Dpy(x})=Mx] +b+yPg(e) and D?p,(x7) = M.

Now we select e € E N S"~! such that Pg(e) = e. Therefore, by u; being a viscosity
solution of (4.3), we see

(x| + Mx] + b+ ye) Fr(M) = fi(x)).
We also notice that if M x%, = 0, then for k large enough, we have
& + Mx] +b| <y/2 and 3y/2= | + Mx) + b+ ye| = y/2.

Therefore, combining the last two displays and using (C2) together with y < 1, we have

Y
Fo(M) > ; fk(xky
D (x), |& + Mx] + b+ yel)
_ 4 ®
. L| fi (x| ~ _E(Z>S( ).
& + Mx) + b+ yels® ~  k\y
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Letting k — oo in the last display, we obtain Fuo (M) = 0. In the situation |M x%| > 0,
we first look at the subcase E = R” and choose e € S"~1 such that

IMx%, + yPe(e)| = [Mx), + ye| > 0.
Therefore, for k large enough, we have
1 1

IMx] + ye| = §|ngo +yel>0 and & +b| < g|ngo + yel|. (4.10)

On the other hand, if £ # R”, then we can find e € S*~1 N E+ so that
|Mx%, + yPe(e)| = [Mx | > 0.
Again for k large enough, we have
|Mx}('|>%|Mx;’o| and |$k+b|$é|Mx}>’o|. 4.11)
As a consequence, using either (4.10) or (4.11), we see
6+ M} + b+ yPE@)] > ML, + 7PE(@)] > 0.

Again applying (C2) and taking into account the last display, we have

Jie(xy)
i (x) . | + Mx] + b+ yPg(e)])

Fr(M) =

L
2 N .
<|£,-:k + Mx}cl + b+ VPE(€)|’(¢’)
L
+ ) o7
|$k+MxZ+b+ypE(e)|s(q>) |fk( k)|
_L4s(<1>) 1 |
z ( ; + )
k |Mx% + yPg (e)|!® \MxLo + yPg ()@

Again letting k — oo in the last display, we again arrive at Foo (M) = 0.
Scenario 2: Pg (x}c’ ) # 0 forall k € N (up to a subsequence). In this scenario, we note
that Pg (x) is smooth and convex in a small neighborhood of x}cl. Let us denote

CJ’ - PE(XIZ
KT PE(I

A direct computation yields

D(IPECD(x) =& and D*(Pg(l-D)(xy) = (I =g ® ).

| PE (X))
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Hence, with u being a viscosity solution of equation (4.3), we have the following viscos-
ity inequality:

Qu(x]. Jee + M + b+ yel ) Fe(M + (=g @)= file)).

| PE(x))
Observing that |§‘}€/| = 1 and letting e := §,’€', we can perform the same procedure as in
the first scenario of Pg(x,) = 0 by considering the cases of M x%, = 0 and Mx%, # 0.
Finally, we conclude that F.o (M) = 0 when b = —£,, # 0, which contradicts (4.9).

Case 4: b = £5 = 0. This case is much easier to handle. Since %(M X, x) touches oo (x)
from below at the origin and u; — U locally uniformly, the function

Pr(e) = S (Mx.x) + 71 P ()

touches uy from below at a point )?,Z € B, (B, is a small neighborhood of the origin) for
y > 0 sufficiently small. Again, the sequence {)?Z} is uniformly bounded. As in Case 3,
we analyze those two scenarios: Pg ()?}; ) = 0 for all kK € N (up to a subsequence), and
Pg (55}(’) # 0 for all k € N (up to a subsequence). In this case, we conclude Foo (M) = 0.

Finally, taking into account all the cases we have analyzed above, we have shown
that u, is a viscosity supersolution of (4.6). In order to prove that u., is a viscosity
subsolution of (4.6), we show that —u, is a viscosity supersolution of ﬁoo(Dzh) =0,
where Fio (M) = —Foo(—M) is a uniformly (A, A)-elliptic operator as well. There-
fore, u o is a viscosity solution of (4.6). From the regularity results of [26, Chap. 5], we see
Uoo € C¥(Bays) for some @ € (0, 1). Moreover, luoollcraca,, < ¢ = cln A A)
via (4.5). So, choosing & := u o, in (4.4), we get a contradiction. The proof is complete. m

5. Proof of Theorem 1.1

Now we provide the proof of Theorem 1.1. Let u € C(B;) be a viscosity solution with
oscg, U < 1, || fllpoo(p,) <8 K 1 foraconstant§ = §(n, A, A,i(®P), L) to be determined
in a moment and v9 = v; = 1. The proof is divided into two main parts, where in the first
part we shall deal with the case i (®) = 0 and the remaining case —1 < i(®) < 0 will be
investigated in the second part.

Part 1:i(®) = 0. Let us first fix a point y € By, and an exponent 8 € (0, 1) such that

B €(0.a)nN (0 (5.1)

14 5(D) ]
We prove that there exist universal constants 0 < r < 1, Cp > 1 and a sequence of
affine functions

I (x) = ag + (bg, x), 5.2)
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where {ax }7°; C R and {bg}72, C R”, such that for every k € N:
(ED) supyep , ) [M(x) =k (x)] < rka+8),
(E2) |ak — ag—1| < Cor®&=DU+A),
(E3) |bi — bg—1] < Cor® P,

We show these estimates by mathematical induction. For ease of presentation, we divide
the remaining part of the proof for Part 1 into several steps.

Step 1. Basis of induction. Without loss of generality, we can assume y = 0 by trans-
lating x > y + %x. Let us set

l1(x) := h(0) + (Dh(0), x),

where £ is the approximation function coming from Lemma 4.1 for a certain constant
1 > 0, to be determined in a few lines. Note that that there exist constants & = & (n, A, A)
€ (0,1)and Cy = Cy(n, A, A) > 1 such that

Ihllcracs,,) < Co and  sup |h(x) —l1(x)| < Cor'™e
X€B,

for every r < 3/8. The triangle inequality yields

sup |u(x) =l ()] < p + Cor'*2.

X€EB,

First, we select a universal constant 0 < r < 1 satisfying

rﬁs

)

Cor't® < erﬁ and pl7POFs®) < (5.3)

N =

which is possible by (5.1). Later in the paper, we select a constant . > 0 as

1
W= —r1+‘8, 5.4
2
which fixes an arbitrary constant ;& > 0 in Lemma 4.1. In turn, there exists a constant
§=468(n, A, A, i(®), L, B) verifying the smallness assumption || f || c(p,) < 8, but such
a smallness assumption can be assumed without loss of generality. To conclude this step,
we set

ap:=0, a;:=h(0), by=0, and b;:= Dh(0).

These choices with (5.3) and (5.4) verify that estimates (E1)—(E3) are satisfied for k = 1.

Step 2: Induction process. Now we suppose that hypotheses of the induction have been
established for k = 1,2, ..., m for m = 1. We show that estimates (E1)—(E3) hold true
for k = m + 1. For this, we introduce an auxiliary function as

u(r™x) — L, (r"x)
Fm(1+8)

W (x) 1=
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We note that w,, solves the following equation in the viscosity sense:
O (x. 17" by + D) Fyn (D> wm) = fin (),

where
Fu(M) := rm P p(rB=Dm pry

is a uniformly (A, A)-operator, and the function

d(r"x, r’"ﬁt)

still satisfies the properties that the map 7 % is almost non-decreasing, the map

t % is almost non-increasing with the same constant L > 1 and ®,,(x, 1) = 1 for

all x € By, and
rm(l_'g)f(rmx)
Jn(x) = ————.
®(rmx, rmb)

Using (A2) and (5.1), we notice that

LrmO=B £y,
*(B1) (1—(1+s(P))B)
”fm”LOO(Bl) < mBs(®) < L&r™ s < Lé.

Therefore, it is possible to apply Lemma 4.1 to wy,. In turn, there exists a function he
clLe (§3/4) such that
sup [wm (x) —h(x)| < .

X€B,

Arguing as in Step 1, we show that

sup [wp (x) = 1(x)] < r'*2,
X€B,
where
[(x):=a+ (b,x) forsome aecRandbeR"
Denoting
Imy1 = lLn(x) + rm(H‘ﬁ)l(r—mx)’
we see
sup  |u(x) = g1 (x)] < pHDA+H)
XEB m+1
and

lams1 — am| + 1™ |bms1 — bm| < Cor™I+P).

Therefore, the (m + 1)-th step of the induction is complete.

Step 3: Conclusion. Once we have the existence of universal constants 0 < r < 1,
Co > 1, and a sequence of affine functions in (5.2) verifying estimates (E1)—(E3), the
remaining part of the proof is very standard; see, for instance, [36, 52]. Therefore, the
proof of (1.14) is complete when i (®) = 0.
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Part 2: —1 < i(®) < 0. Now we focus on the case when —1 < i(P) < 0. Again, we fix a
point y € By/,. Without loss of generality, we may assume y = 0 by using the translation
XH—y+ %x. Now we apply (R1) of Lemma 3.1 in order to ensure that

[lcor(z,,) < Cs (5.5)

for a constant Cg; = Cyy(n, A, A,i(®), L). Therefore, using Proposition 2.1, we see that u
is a classical viscosity solution of the equation

O(x, |Dv))F(D?v) = f(x) in By,

where

O(x,1) =t DP(x,1) (x € Byt > 0),
which satisfies the properties that the map ¢ +— Ef>(x, t) is almost non-decreasing, the map
t— ts?;()% is almost non-increasing with constant L > 1, ®(x,1) = 1 for all x € By,
and

J(0) = 1Du@)[™® f(x).
Using estimate (5.5) together with || f || Lo (p,) < & < 1, we see

= —i(®
1 F ooy < €' @S,
Therefore, we are able to apply Part 1 of the proof in order to have (E1)—(E3). This means
that we have estimate (1.14) for —1 < i(®) < 0. The proof is therefore complete.
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