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Nonlinear enhanced dissipation
in viscous Burgers-type equations

Tej-Eddine Ghoul, Nader Masmoudi, and Eliot Pacherie

Abstract. We construct a class of infinite mass functions for which solutions of the viscous Burgers
equation decay at a better rate than the solution of the heat equation for the same initial data in this
class. In other words, we show an enhanced dissipation coming from a nonlinear transport term. We
compute the asymptotic profile in this class for both equations. For the viscous Burgers equation, the
main novelty is the construction and description of a time-dependent profile with a boundary layer,
which enhances the dissipation. This profile will be stable up to a computable nonlinear correction
depending on the perturbation. We also extend our results to other convection—diffusion equations.

1. Introduction and presentation of the results

We are interested in this paper in the long-time behavior of solutions to a generalized
viscous Burgers equation on the real line,

2
dou — 82u + ax(% +7w) =0,
o
| x|

1.1

u|t=0(x) = (I + 0x5+00(1)),

fora €]0,1[, k4, k_ > 0 and J a smooth function satisfying |J(u)| < C|u|3. Note that

U|;=¢ is not integrable, and J = 0 corresponds to the classical viscous Burgers equation.
It is well known that for the heat equation d;u — 3)2Cu = 0, for an initial datum ug €

L'(R) we have the asymptotic profile

22

Uo _
Viu(z/1,1) — ﬁR—e
Vi
when ¢ — 400, uniformly in z € R. A similar result holds for the viscous Burgers equation
d;u — 02u + udyu = O for initial data ug € L' (R) (see [12,20,22]), as we have

2(e% — l)e_zz/4

Viu(z i, 1) —
e Vi + (1 —e%)f_zoo e=s/4ds

Mathematics Subject Classification 2020: 35B40 (primary); 34E13, 35B35, 35B41 (secondary).
Keywords: PDE, viscous Burgers, enhanced dissipation.



T. E. Ghoul, N. Masmoudi, and E. Pacherie 2

when t — 400, uniformly in z € R, where M = f]R ug. The same result holds with the
term J(u) in equation (1.1).

Although the limit profile is changed by the Burgers term ud,u, the decay rate and the
scaling in time are still the same as for the heat equation. In both cases, the L°° norm of
the solution decays like 172,

Other asymptotic behavior results have been established in other convection—diffusion
equations for initial data in LI(R); we refer to [23] and references therein, as well as
[7,9,10,18,21]. See also [14] for some results on nonintegrable initial data.

Going back to our problem (1.1), as a comparison, we look first at the heat equation
for this type of infinite mass initial data. There, up to a rescaling, we can show that the
solution converges to a global attractor.

Proposition 1.1. Fork >0, « €10, 1], consider f the solution of the heat equation 0; f —
92 f = 0 for an initial condition fo € C°(R) that satisfies
k(1 + 0|x|—>+oo(1))

(I+Ixh> -

Then, uniformly in z € R, we have the convergence

Jo(x) =

« L —G-w2ra g,

IV = T DR

whent — +oo.

This result is first proven in [16] and the proof is redone in Appendix A to make this
paper self-contained. Note that the decay in time of f is slower than if f, were in L!(R);
in fact, 12 is the size of 12 f_‘(tﬂ fo. Furthermore, the asymptotic profile is smooth, and
behaves like k|z|™* at infinity, connecting back to the initial data.

In this paper, we will construct a stable solution of (1.1) that converges, up to a re-
scaling, to an asymptotic profile. However, it will have two main differences compared to
the result of Proposition 1.1. First, the rescaling will not be the same, and surprisingly, the
solution will decay in time like ¢~ T+a, which is faster than the heat equation for the same
initial data. The scales of the rescaling are thus dictated by the nonlinear term, which hap-
pens also in the nonlinear heat equation with a pure power term; see for instance [16, 19].
Second, the asymptotic profile will be, in the rescaling where it is of size 1, discontinu-
ous at one point. This discontinuity can be seen as a sort of boundary layer as in [8, 15]
(although there are no boundaries in this problem) that helps the dissipation. Regarding
this enhanced dissipation, we can state the following result.

Theorem 1.2. Given a € ]%, 1[, k4, k— > 0, there exists an initial datum u;—o with
U= (x) = ‘fﬁ(l + 0x—400(1)) such that the solution of d;u — d2u + udxu = 0 for this
initial datum satisfies

175 1) ) < o,
where co > 0 is a constant independent of time. Furthermore, this solution is stable in
some sense.
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See Theorem 1.4 for a more precise statement and the shape of the asymptotic profile,
and Proposition 1.5 for a statement in the case J # 0. By Proposition 1.1, for the initial
data of Theorem 1.2, if it was instead evolving following the heat equation, we would
have ¢ Tta lu(-, )|l Looqry = +00 when ¢ — 4-co. This means that the additional nonlinear
transport term improved the dissipation. Enhanced dissipation results are well known for
the heat equation with an additional linear transport term (see for instance [1,2,4,5,11]
and references therein) or for Navier—Stokes on T x R (see [3, 6, 13, 17]). We require
K4+,k— > 0 in Theorem 1.2, and although we can require less, we do not know how to
show that this enhancement is true in general for any x4, k— € R*.

1.1. Profile for the viscous Burgers equation

We focus first on the case J = 0 of equation (1.1). There, the Hopf—Cole formula gives
us an explicit formulation of the solution of the equation. However, since our goal is to be
able to generalize it for any J, we will not use it here. The results we can obtain with the
Hopf—Cole formula will be the subject of a companion paper.

Here, we want to construct an approximate solution of the viscous Burgers equation
in the right scaling.

1.1.1. The rescaled problem and the underlying ODE. We consider the viscous Burg-
ers equation
du — 2u +udyu =0

and o € ]0, 1][. We want to make a change of variable such that the terms d;u and ud,u
a—1
are the dominant ones. We define (¢) := t«+1 and

3 1
h(z,e(t)) = tTHeu(zt T+a 1),
leading to the equivalent equation

l -« o zdzh
o+ 1 1+« 14+«

— hd h + 02h = 0. (1.2)

Note that the term coming from the Laplacian, sagh, is small when & — O (that is, t —
+00). This means that at this scale, the nonlinear effect dominates the dynamic. Interest-
ingly, if we simply remove the Laplacian, we get the Burgers equation d;u + udxu = 0,
for which the L°° norm is conserved before the formation of shocks. Since we will show
some decay stronger than the heat equation, this means that although the Laplacian is
fading out, it still has a major effect on the dynamic.

We want to construct, for ¢ > 0 small, a solution to the ODE problem

o z
—h)ozh 9%h =0,
1+« +(l+0l )Z +eo;

h(z) = k4+12] (1 + 025 +00(1)), (1.3)
h(z) = k|27 (1 + 0z5—00(1)),
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for 4, k_ € R*. This will give us an approximate solution of (1.1). Note that the problem
(1.3) is doubly degenerate when ¢ — 0: the coefficient in front of the term with two deriva-
tives goes to 0, but also, the limit problem when & = 0 is ill defined when h(z) = ; _Zm ,
since then the coefficient in front of the term with one derivative cancels out.

1.1.2. The case ¢ = (. We consider in this section the ODE

X B e o,
14+« 14+«
h(zo) = b,

for some given (zo,b) € R? and « € ]0, 1[. This is the equation of (1.3) with ¢ = 0. We
summarize here the properties of the solutions.

Figure 1

First, remark that s(z) = z and h(z) = 0 are solutions of this equation (they are the
two black lines in Figure 1). Furthermore, we can write the equation as

z
1+«

o

h=0,
1+«

o:h( —h) +

which is ill defined if 2(z) = 1+La at some point. This is the red line in Figure 1. The blue

curves are the solution of the equation. In particular, we have to take (zg, b) € R? with

b # li’a for the equation to make sense.

Now we divide the set

{@mmeR%b¢ }:AUBUCUDUEUE

20
J o
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with
(zo,b) € R2, b > max(O,zo)},

2 20
(z0,h) €R%, 0> b > 1+a},

U:J>
[

z
1 4?01 >b > ZO},
(zo.b) € R?, b <min(0,z0)},

C:
D:
E:

{
{
{(zo,b) e R?,
{
{

20
,b)eR?, zog>b > }
(z0,b) Zo T+ a

%0 >b>0}.
o

F:= {(zo,b) € R?,

In Figure 1, the separations between these sets are the red and black lines (the role of
the dotted green lines will be explained later).

The equation has a symmetry: if z — h(z) is a solution then so is z — —h(—z). Note
also that since this is a first-order ODE, solutions cannot cross the axes 0, Id and —— Tte + -
In particular, if a solution has a point in a bold set J € {A, B, C, D, E, F}, then it is fully
included in J.

If (zo, b) € A, then the solution % is global, and

lim h(z)—z =0, h(z)~«k|z]™ whenz — —o0,
zZ—>+00

for some k > 0 determined by (zo, b).
If (29, b) € B, then the solution is defined on ]—o0, z,[ for some z; > zy determined
by (z¢, b), and

lim h(z) = —, lim A'(z) = —oo0, h(z) ~—«|z|™® whenz — —o0,
zZ—Zp 14+« zZ—Zp

for some k > 0 determined by (zg, ).

In both cases, (zg, b) — « is surjective in Ri.

If (z¢, b) € C, then the solution is defined on |—o0, zp[ for some z, > z¢ determined
by (zo, b), and

lim h(z) = —b, lim 4'(z) = 400, lim h(z)—z =0.

z—>2zp 1+« z—>2zp zZ—>—00

By symmetry, we similarly describe the domains and limits if (zg, ) e DUE UF.
In particular, remark that there are no continuous solutions to the problem

o it zdzh
14+« 1+«
h(z) = k42| 7(1 + 025 400 (1)),

h(z) = k-|z]7*(1 + 0z -o0(1)),

for k4, k— € R*. Therefore, we expect the solution of (1.3) to have jumps in the limit
e — 0.

—hd;h =0,
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In the next subsection, we will give some conditions to describe what jumps are pos-
sible in the limit ¢ — 0. We will show that for x4, k— > 0, at most one is a viscosity
solution.

1.1.3. Viscosity solutions. First, if / is a solution of (1.3) with ¢ = 0 in the distribution
sense, then it must satisfy the Rankine—Hugoniot conditions. Here, it states that at any
discontinuity z, € R, we must have

Ze
l+a

—(h(2+) +h(z.)) =

In Figure 1, this means that the middle point of any jump must be on the red line. This
prevents, for instance, jumps from one bold set to itself, but also, for instance, from F to D.

The dotted green lines 5 er Id and 1 “Id are those such that the red line is in the
middle between 0 and 5 2 T+ 1d, and in the mlddle between Id and 1 “ 174 1d. Note that for any
a€]o, 1], wehavetheorderO <l o1 <2

1+a 1+o 14"

To continue, note that if
o 4 z0zhe
1+« 1+«

and d;h.(z) = 0 for some z € R, then

— hedzhe + £0%he = 0

> —a
Izhe(z) = T+ he(z).

This is represented by the two orange cups in Figure 1: if h.(z) > 0, h,(z) = 0, then

hY(z) < 0, so near z the function % looks like the cup.

This means that, if we expect &, a solution of (1.3) with ¢ = 0 with some discon-
tinuities, to be the limit when ¢ — 0 of a sequence of functions %, solving (1.3), since
the h, are smooth, then some jumps cannot happen. For instance, although the Rankine—
Hugoniot condition allows jumps from F to E, they are not viscous (this would require the
existence of z such that h,(z) > 0, h(z) = 0 and h//(z) = 0)

Continuing, we infer that it is not possible to have two jumps that cross the axis {z =
0}. Indeed, otherwise we denote by z, < zp two consecutive values such that h.(z,) =
he(zp) = 0, and integrating the equation between z, and z; leads to

o [ ety st oy =
a+1
but this is impossible since either 4} (zp) — h}(z4) > 0 and h, > 0 on [z,4, zp], or h(zp) —
h(z4) <0and by < 0on [z4, zp).

Finally, suppose that a solution has a point z, < 0, where h(z,) = § + TogZa W' (za) > 0
and a point z; > z, such that i(zp) = 0. Then, integrating the equation between z, and
zp leads to

i [ he(s) ds + e(h,(z5) — H.(za)) = 0.
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Figure 2

When ¢ — 0, this also leads to a contradiction. This prevents the possibility of solutions
having jumps between B and D followed by a jump from D to A.

We summarize these conditions in Figure 2.

Jumps are not possible from a bold set to itself. Two bold sets are connected by a black
line if there is a possible jump between them satisfying the Rankine—Hugoniot condition.
Crossed red arrows are jumps that are forbidden by the viscosity conditions. The jump
between A and D can only be done once.

These viscosity conditions severely limit what jumps are allowed. We are looking for
solutions starting from A or B and ending at D or F. These conditions impose that, for the
cases A > F, A — D and B — D, only a single jump is possible. Furthermore, in these
cases (that is, k4, k— having the same sign or k— > 0, k+ < 0), the position of the jump
is fully determined by k4 and k_. For instance if k., k— > 0, these two values determine
on which blue curves in A and F the solution is, and we can check that there is only one
value z, for which the red line is the middle point of these two blue curves.

For the last case B — F, where it seems that no connection is possible, we omitted
the case where the jump does not finish in a bold set, but finishes on the identity line. It
therefore may be possible to go from B to F with two jumps, both connecting to {(z, z),
z € R}. It is however difficult to prove or disprove that such a thing might happen. It
might also be possible that the solution of the viscous Burgers equation with such an
initial datum simply does not converge with this rescaling.

The results of the three subsections above are shown in Sections 2.1 to 2.3.

1.1.4. Construction of the profile for small ¢ > 0. In this section, given k4, k— > 0,
o €10, 1] and & > 0 small enough, we want to construct a solution of the ODE problem

o z0;h, 5
—h,9,h, + £9%h, =0,
T tra e Thg  edzle T ed:h (1.4)

he(z) = kx]z|7*(1 4+ 025 +00(1)).
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But first, we define the function /¢ by the unique solution to the problem

o zd;hyg
h — hodzho =0,
1+a0+1+oc 00210

ho(2) = k4 |z]7*(1 + 025 400(1)).

if z > z., and the unique viscous solution to

o z0;hg
h —hodzhg =0,
T a 0+1+a 00zho

ho(2) = k-|z]7*(1 + 0z —o0 (1)),

8

(1.5)

(1.6)

if z < z., where z, € R is the position of the jump given by the conditions described
above, uniquely determined by x4, k—, «. We will show in Section 2.3 the existence and

uniqueness of the solution of these problems.
We define
ho(zE) := lim ho(z, £ v),
v—>0

as the function /¢ is discontinuous at z.

We construct a solution of (1.4) using a shooting method, and this solution will be

close to hy far from z.; see the following result.

Proposition 1.3. For any k > 0, o € ]0, 1[, there exist z. € R, g9 > 0 such that, for

g0 > & > 0, there exist two C! functions ¢ — z.(¢), a(e) with

ho(zg) — ho(zZ)

zc(8) > zo, a(e) = 3

when ¢ — 0, such that the solution of the ODE problem

* b+ ( R ha)azhs + £9%h, =0,

1+« 14+«
EPRY
Be(ze(e)) = % by (ze(e) =~

satisfies
he(z) = K:|:|Z|_a(l + 0755400(1)).

Furthermore, there exists wo > 0 depending only on o and k, such that

|

z=z¢(e)

2a(g)e @)
| 4 e—a®)(F) HLW([zc(a)—wgaln%,zc(a)—i-wosln%])

he(z) = ho(z;) —

and
1T+ 12D%(he = h0) ()| Loo R\ [ze (e)-woe 1n 1z (6) +wpe n 17) = O

when & — 0. Finally, we have |9,z ()| + |dsa(e)| < K(In 1)2.

—0
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ho(z)=ho(zF)
2 ’

Section 2 is devoted to the proof of this result. For ¢ # 0 and a = the

solution to

o z 2,
Trohe (1 — —h8)82h£ + 0%h, = 0,
)
he(ze) = —S—,  H.(ze(e)) = —,
2¢

1+«
does not satisfy h.(z) = k+|z|7*(1 + 0;+00(1)), but

he(z) = (kx4 0e—0(1)|z]7*(1 4 0z 100(1)).

This is why, to get the exact same equivalent at +o00, we need to slightly change z.(¢)
and a(e). We use the notation h, for solutions of problem (1.4) (that is, depending on the
behavior at £00) and 4, for solutions depending on its value at z..

The function h, in Proposition 1.3 is close to the discontinuous function % except
in the vicinity of z., the discontinuity point. The solution h, solves (1.3) but not (1.2)
because of the term ;—zeaghs; however, this term is small compared to the others. We
will show the stability of h, in a space that in particular contains this error term in the next
subsection.

To construct h,, we found the right scale around z. to now have a continuous function
(@it is %C(a) =~ 1 rather than z ~ 1). The proof of Proposition 1.3 is done in two parts.
First, we compute the first order in ¢ of the solution in [z, (¢8) — wge In %, zo(€) + woeln %]
for some wy > 0 large but independent of &, and we show that at the boundaries of this
interval, it becomes close to the value of & at the same point. Then, outside this interval,
ho and h, verify a similar equation for small ¢, and start with similar values. We thus show
that they stay close.

1.1.5. Stability of the profile. We recall that (¢) = ta+1 and h, is the solution described
in Proposition 1.3. We want to show that if at a time 7" > 0 large, we solve the viscous
Burgers equation with the initial data h.(r) + fo at time 7 in the rescaled variables, then
for all times r = T we stay close to hg(). Interestingly, h,(;) will not be first order; we
need to modify it nonlinearly, depending on fjy. It turns out that the mass of fy will change
the profile near z., in a nonnegligible way. The stability result is as follows.

Theorem 1.4. Given«o € ]i 1[, k4, k- > 0O, there exists Ty > O such that, forany T = Ty,
there exists v > 0 depending on T such that, considering W), zc(t), a(t) defined in
Proposition 1.3, the solution u to the problem

{Btu —02u + udyu =0,
_ o 1
Up=7(x) = T~ Tahyq)(T™ T x) + fo(x),

with fo € H*>(R) and

<v

~

1L+ 6D fo ()o@ + 195 ol + ‘ [ 5
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satisfies for any t = T that
o _ 1= 1
|t e u(x, 1) = By (1 T x) — u (1 1% (xt ™ T+ — z.(1))) HLOO(R) = 0/ 100(1),
where 1 is the unique solution to the problem

a(t)(e™@Wx _ 1) u?
—txu+ (S e )ty =0

[a=] 5

Section 3 is devoted to the proof of this result. Let us make some remarks about it:

e This result implies Theorem 1.2 and gives us the asymptotic profile
tTau(zt 9, 1) — ho(z)

when t — 400 for any z # z.. The convergence is uniform on R if we remove any
open set containing z.. In the vicinity of z, we still have convergence to some limit,
and there this limit depends on u, that is, fy. Note that u depends nonlinearly on fp,
and thus the correction coming from u is not simply a modulation on the parameters
of hg( (that is, e(¢), a(t) or z.(t)), even if for small values of fR fo, we have u ~
azclhl e(t)-

*  With the conditions on fj, we check that our initial data
T~ 1%l (T o) + fo(x)

decays like x4 |x|™® when x — £o0, and fy is small when compared to the main
profile, since v depends on T'. Also, the condition & > % is a technical one; we expect
the result to hold for any « € ]0, 1]. This condition will be used to show that d.h, has
enough decay at £00 to estimate it in H ' (R); see Section 3.4.

The core idea of the proof is to write the solution for = T as
u(x, 1) = 17159 (g (o x) + u (1170 (xt T8 — 2.(1))) + f(x.1)).

and now the error f is massless (that is, [ f = 0). We write itas f = d,g, and it turns
out that we can integrate the equation to have a new equation on g. We show there some
coercivity on the linear part on g in H2(R), and we control the nonlinear part, from which
we deduce that || g|| g2(r)y — 0 when ¢t — +o0.

1.2. Generalization to equation (1.1)

Our approach also works for the equation 9,u — 9%u + E)x(% + J(u)) =0, if J satisfies
[T+ [xJ ()] + [x2J"(x)] < Colx?

for some Cy > 0.
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Proposition 1.5. Fora € ]%, 1[ and Ty, v depending on Cy, the result of Theorem 1.4 also
holds for the problem

2
u
0:u — Biu + ax(7 + J(u)) =0,

__a __1
Up=7(x) = T~ Tehyq) (T e x) + fo(x).

Section 3.6 is devoted to the proof of this result. It is done simply by checking that the
term 0, (J (1)) can be considered as an error term in the proof of the stability of Theorem
1.4. This is true because at the scale where we see the profile hy, this term is small com-

2

pared to the others. As before, the condition o > 5 is a technical one, and is here to make

sure that J(u) has enough decay at £00 to estimate it in H ! (R).

1.3. Some related open problems

Our results should extend easily for values of ky, k_ € R* except in the case ky < 0,
k+ > 0. There, it may be possible to construct a specific solution, but it is likely that it is
an unstable one. If we generalize to the equation d,u — 02u + ukd,u = 0fork € N*, it
is likely that a similar result can be shown with some improvements in the proofs.

For now, it seems difficult to generalize this result to higher dimensions, but it would
be of interest, in particular if similar profiles can be constructed for the two-dimensional
Euler or Navier—Stokes equation.

2. Construction of the profile h,

This section is devoted to the proofs of Proposition 1.3 and the viscosity properties
described in the introduction. First, in Section 2.1 we set the change of scaling and com-
pute the Rankine—Hugoniot condition for the viscous Burgers equation. Section 2.2 is
devoted to the case ¢ = 0. Section 2.3 is about the construction of /g (which will be the
limit of h, when ¢ — 0), as well as the study of its properties. Sections 2.4 and 2.5 are
the study of the shooting problem at the heart of Proposition 1.3, respectively close and
far from the shooting point z.. Section 2.6 regroups all these elements and concludes the
proof of Proposition 1.3.

2.1. Change of variable and viscosity conditions

In this subsection, our goal is to prove some results of Sections 1.1.1 to 1.1.3.

2.1.1. Computation of the underlying ODE problem. We consider here the equation
du — 02u 4+ ud,u = 0.

We define
o 1
g(z, 1) = tHeu(zt e, 1),
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and we have

o a 1 a
13,8 = —— tTHa T e ) RETRRY
t§ 1+ag+1+a xU + U
and
1
0, = tdyu, 0*g=1t'T202u.
Therefore,
o zZ e g1 S [Pt ) —1-%
td;g = 1—|-_otg + 1—|-_at1+a Tt 0,g + tT+a (¢t T+a azg —t T+a ggd,g),
that is,
o zd,g a1 5
10;,§ = ——g+ —g0;g + 11+ d7g.
t8 1+ag e 80z8 z8
We define ¢(¢) = t&¥1 and we make the change of variable
h(z,e) = g(z,t).
Since
-1
10;6 = ¢ £
o+ 1

we have

| o zd,h

dch h —hd;h + €d2h = 0. 2.1
1+a88+1+a+1+a SAE @D

By Proposition 1.1, this scaling is not adapted to the heat equation with the same initial
condition. Note that if we tried to use this scale anyway, we would get the same equation
(2.1) but without the term —hd h. When & — 0, the limit problem will be %h + Zlif;'

0, which only has the solution # = Cz~* for some C > 0, which is unbounded at z = 0.

2.1.2. Rankine-Hugoniot condition. For the equation %h + Zlifé‘ — hdzh = 0, inte-

grating it between z, — v and z. + v leads, after some computations, to

“‘1/Wh+ L (e + (e 4+ 1) (ze — vh(ze — V)
Tl T Ze + V)h(ze + v Ze —V)h(ze — v

1
- E(hz(zc +v) = h*(ze — v))
=0.
Therefore, letting v — 0 leads to

Zc
1+«

which we factorize as

hH = hz)(

(h(zZ) = h(z0)) = %(hz(ZCJ“) —h?*(z;)) = 0.

Zc
1+

1 -
== 3G +hz)) =0,

which is the Rankine—Hugoniot condition stated in the introduction.
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2.2. Some properties of solutions of ; +ah + (1 —h)h =0

Take (29, b) € R? with b # = T + —» and we consider here the problem

o
h —h)oh =0,
1+« +<1+O€ ) (2.2)
h(zo) = b,

which is the problem described in Section 1.1.2. The fact that if (z9,b) € J € {A,B,C,D,
E, F} implies that (z, h(z)) € J for all values of z on which the solution & of (2.2) is
well defined is a consequence of standard Cauchy theory arguments, since the boundary
between two bold sets is either a solution of (2.2), or the set {(z9,b) € R%, b = },on
which 9,/ explode.

1+a

2.2.1. The case (z¢, b) € A.
Lemma 2.1. The solution h of (2.2) with (z9, b) € A is defined on R and satisfies

lim h(z)—z=0.

Z—>—+00

We leave the study of the behavior when z — —oo for Section 2.3.

Proof. We consider (z9,b) € A = {(zo,b) € R%, b > max(0, z9)}. As long as the solu-
tion /1 of (2.2) for this initial condition exists, we have (z, h(z)) € A, therefore h(z) >
max (0, z). We denote by ]z_, z [ the maximum domain of existence of i with z_,z4 €
R U {#00} (by definition we have zg € |z, z[).

Suppose that z4 # +o0o. There exists Co > 0 depending on zo and b such that, for
z € [zg, z+[ we have | tha —h(z)| = Co(1 + |z|). Indeed, we have A(z) > max(0, z) and

Hl_ < 1. In particular, 1+a — h(z) # 0 on [z, z+[ and since h(z) > 0 we have
8 h K

SU+ED

on [zg, z4[. With z4 < 400, we deduce that / and 9,/ are bounded near z, which is a
contradiction, therefore z = +00. We define for z > z, the function u(z) = h(z) —z > 0.
It satisfies the equation

(5 ia — 0:h(z) Ju + (14%05 —h(2))du =0 @.3)

on [zg, +00o[. Now we compute, using the equation satisfied by /, that

(1 = 1:h0) (g ~10) = e (15 1) + 50 = s,

hence

o oz
N (& S TE)
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and we can write equation (2.3) as

oz z 2
—h d;u=0.
1+a2" + (1 + (Z)) M
Using | 135 — h(2)| = Co(1 + |z]), we deduce that for z = max(1, zg) we have
Bzu < —C1
u z

for some C; > 0, therefore u(z) < Kz~ for z = max(1, zo) for some constant K > 0,
hence u(z) — 0 when z — +o0, leading to 4(z) — z — 0 when z — +o00.

On ]z_, zo], by similar arguments to previously, we have & > 0 and 5 — h(z) <0.
Therefore, on |z_, z¢] we have d,/h(z) > 0, h(z) > 0, hence z_ = —o0. [

2.2.2. The case (z¢, b) € F.

Lemma 2.2. The solution h of (2.2) with (zo,b) € F is defined on |z—, +o00[ for some
z_>0.

We also leave the study of the behavior when z — 400 for Section 2.3.

Proof. We consider here (zg, b) € F = {(z0, b) € R?, lffa > b > 0} in problem (2.2).

As in the previous subsection, we consider the largest interval on which the solution is
defined, which we write as |z_, z4[. We have zg € |z—, zy [ and for z € |z_, z4 [, we have

> h(z) > 0.
1+« @
A consequence of this and the equation S5/ + (755 — h)dzh = 0is that 9;h < 0 on
]z—, z4+[, and with & > 0, we deduce that z; = 400. We also see that z_ > 0 because the
condition 55 > /(z) > 0 can no longer hold at z = 0. [

2.2.3. The remaining cases. For (z¢, ) € E, we can deal with the limit for large z as in
the case of A, and we can show that z_ > 0 as in the case of F. By symmetry, we show
similar properties in B, C and D.

2.3. Definition and properties of the profile /4

The goal of this subsection is to show that, given « € ]0, 1] and k4, k— > 0, there exist a
unique value of z, and a unique viscous solution of (1.5)—(1.6) in the sense of the intro-
duction. We will also study its properties.

2.3.1. A connected implicit problem. We look for an implicit solution of 1-%1}1 +

(3 j_a — h)d;h = 0 of the form z = g(h). Differentiating with respect to z, we have

1 = d,hg’(h) and replacing, we deduce that

gy = 80 1+a
ah o

The solution of this equation is of the form g(h) = h + #
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This is why we define for o € ]0, 1] and ¥ > 0 the function

&)=y +

lyle”

We are interested in the solutions of the implicit problem z = g,(y(z)). First, remark
that g.(y) — 400 when y — 0%, g, (y) = 0o when y — £00 and ge(¥) = 1 when
y — £oo. We compute for y # 0 that

Ko

ylyle

gy =1

In particular, g, > 0 on |—o00, 0[. We have g,.(y) = Oifand only if y = y, = (KO[)H%.
This implies that on [yg, +00o[, we have g, (y) > 0. We compute easily that

ge(y) = KT (@Te +a Ta) > 0,

By the implicit function theorem, given x, k— > 0 we construct two particular branches
of functions. First, a smooth function y*: R — ]—o0, 0[, a solution of z = g,_(y*(z)) for
any z € R, defined as the inverse of the invertible function g,_:]—o00, 0[ — R, and another
smooth function

y-T—:]gKJr (yK+)v +OO[ - ]yk+s +OO[»

asolution of z = g,, (v} (2)), defined as the inverse of

&iy1Viey» +00[ = 18, (Vi ), +00[.

We define here hy(z) := b}fﬁ =z — y%(z). Since g, (y) — 1 when |y| — +o0, we
+

have that y} (z) — z when z — =00 and therefore s+ (z) ~ I’;% when |z| — 4o00. Let

us show that these functions are solutions of

liah+(lia—h)azh=o.

Lemma 2.3. The functions h satisfy, on their domains of definition, the equation

1+oehi+ (1 j—a _hi>azhi =0

Proof. We first check that g/.(y) =1— y'lc;'a =(14+0a)y —agc(y),andsince g, (v} (2))
= z, we have

Vi(2)ge, i) = (1 +a)yi(z) —az.
Furthermore, differentiating the equation z = g, (y(z)) with respect to z leads to
0:1(2) g, (V1(2) =1,

therefore

i Z)_m

1106 - 1) = T
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Since h+(z) = z — yi(z), we have

( : hi)azhi = (La - h:l:)(l - azsz:)

14+« 1+
z e * o
:1+a_hi_azyi(yi(z) l—i—az)
and thus ‘()
z z yi(z —o
—h )ah = Y 5 hy.
<1+a +)0z0E 1+ * 1+ 1+« * "

This result allows us to complete the study of problem (2.2) for (zg,b) € A and
(Z(), b) eF.

Lemma 2.4. Given (zg,b) € A, the solution of problem (2.2) is h— defined above for the
value k— = b|b — zo|%. It satisfies in particular

lim_[z[h-(2) = blb — ="

Furthermore, for z < zg, n € N, there exists C,, > 0 depending on n, zy, o such that
Cn
(1 + [z

Similarly, for (zo, b) € F, the solution of problem (2.2) is h defined above for the value
Ky = b|b — z¢|%. It satisfies

1077 -(2)] <

lim |z|*h4(2) = blb — zo|*
zZ—>+00

and for z = zy,
Cn

(1 + |zt

Proof. Given (zg,b) € A, we look for a value « such that

ks ()] <

20 = g«(20 — b)

with g, (z) =z + # We check that then k = b|b — z¢|*. Defining h_ as above, remark
that h_(z9) = b and h_ satisfies

o z
h-+(———h_)d;h_=0.

1+« Trea )9:

It is therefore the solution of (2.2) for this choice of (zg, b) € A. The proof is identical if

(zo, b) € F with k4 = b|b — z¢|%, the only difference being that we have to check that

2o —b = y*(20) € 1y, . +oo[, thatis,

20— b= (ka)Te = |z —b|THebTag e,

Zo
1+«

This inequality is a consequence of the fact that (zg, b) € F, which implies that >

b > 0, and thus zg — b = ab.
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Now, concerning the computations of 97/, we have

Dohy = TEEE
Tia —h+
hence c
dzh < —
|02h+(2)] (1 + [z])H!
and we can conclude by induction. ]

We complete this subsection with a technical lemma on the dependency on b and zg
of hy.

Lemma 2.5. The function (b, z9) — h4 is differentiable, and there exists K > 0 depend-
ing on b, zy such that

blb — zo|® K
h - < )
e = | < G
as well as 9y (blb K
Aphi(z) — 2
5 e S AT

on the domain of definition of h.

Proof. Take y(z) a function solution of the implicit problem

YO+ iR =

defined on some interval [zg, +00[. By the remarks above Lemma 2.3 we have y(z) ~ z
when z — +o00. Writing y = z 4 y(z), we check that

@)1+ 22 =
hence
y(z) ~ W
when z — +00. We deduce that h(z) = W satisfies
ak?

h(z) —

| z | o | z | 142«
when z — +o00. We then check easily that we have, similarly,

1 20k
| |oz |Z|1+20t

deh(z) —

when z — +o00, which implies the result of the lemma for 4, and a similar proof works
for h_. [
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2.3.2. Connection between the jump and the limits at £00. We recall the notation

Mﬁq:ggm4iw.

Lemma 2.6. Tuke o €10, 1[, z. > 0 and 11601 > a > 135 7c. Then there exists a unique

Sfunction h € C*°(R\{z.},]0, +00[) a solution to the problem

o z
1+ah+(1+a_h)azh_0’
+ _
h(z]) = l—i-oc a,
h(z, )—1+ +a.

Furthermore, there exists k4 (z¢,a) > 0 such that

h(z) = M(l + 0z5100(1)),

|z[*
and

(ze,a) = (ky(z¢,a),k_(z¢c,a))

Zc

is a smooth function and a bijection from {(z.,a) € 0, +o0[?, =

10, +-00[ 2.

>a> 2z.} to

1+

Proof. By Lemma 2.1, the solution of
o z
h+ (== —h)ozh =0,
1+« + 1+« z

hc_— s
(z¢) 7o ©

with z.
and we have g, (z..a)(z — h(z)) = z for

’ 1+ ZC9

o

Ze
Ze +a

)3
—a
1+ 1+«

k4 (es@) = h(zo)lze = h(zo)l* =

Similarly, the solution of

l—oll—ozh—i_(lj—oz_h)azh:o’

h(ze) =

+

with h(z¢) > z, (thatis, a > 13 ZC) is well defined for all z < z., and we have g,_(z,.q)(z —
h(z)) = z for

o)

l+a ta 1+«

Zc

k(o) = h(zo)lze = hizo)l” = (
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We deduce that
(zc,a) = (kq(2zc.a),k_(zc,a))

is a smooth function from {(z.,a) € R, z, >0, a € |-% T —_z.[} t0]0, +00[ 2. Let

Ze; 1+a

us show that it is a bijection. Writing a = z.b with b € | % ita’ 1er[ we have
1 o o
(Al
=% <1 +a Tta
and |
= 14+« - b) )b _ o o
* Ze (1 +a + l+al’
hence .
o
K_+=é-( ): (H_a_b)|b+l+a|
ke (i T Db — 7551
The variable ¢ is a smooth function of b in ]ﬁ, 1+;a [, and
11m {(b) lim ¢(b) =0.
(% b= (1)~
We check that . P
o— o—
é-/(b) — _2b|b + 1+(x| |b 1+Ot < 0’

(g + Db — 75512

hence ¢ is a bijection from | [to R**. This completes the proof of the lemma. =

o 1
T+a’ T+a

We now can construct the function Ag: for k., k— > 0, take (z¢ (k+,k—-),a(ky,k_)) €
10, +00[? such that k4 (ze (k4. k_), a(kq, k_)) = kg, k_(Ze(kq, k_),alks, k_)) = k_,
then Ay is the solution of Lemma 2.6 for these values. It is almost a solution of (1.3), but
it is discontinuous at z.. It satisfies the Rankine—Hugoniot condition, and by Lemma 2.6
it is the only solution among the ones behaving like k4 |z| ™ at +c0 doing so.

Our goal in the next subsection is to construct a better approximation hg, that will be
continuous at z., and be close to sy away from it when ¢ is small.

2.4. Shooting from z, and shape of the profile near it

We want to understand the solution to the problem

o z 2
1+ah8+(1+a_ha)azhs_i'gazhs—o’ o
2 .

—da
he(ze) = 1 _: h/g(zc) = z,

. 2z
for some given parameters z.,a > 0 with ;3¢ > a > 7 +o¢ ——z that for now are independent

of &. In this subsection we take / to be the solution of Lemma 2.6 associated to the values
of z. and a. The function / is discontinuous at z.. We want to show that for the right
choice of z. and a, h, is close to & far from z., and we want to compute the shape of A,
near z..
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2.4.1. Estimates in |z., z, + woe In %].

Lemma 2.7. There exists wg > 0 depending only on «, z., a such that h,, the solution of
(2.4), is well defined on |z, z. + woeIn %] and satisfies

_a(ﬂ)

2ae B
‘ he(z) —h(z) — = — 0,
1+ e_a(T) L% (]z¢,zc+woeln %])
as well as (=)
2 2 ,—a(=;¢
‘h;(z) 42 =T sC
8(1 + 670( € ))2 L>®(]z¢,ze+woeln %])

for some constant C > 0 depending only on o, z., a when ¢ — 0, and also

1 1 1
hg(zc + wpeIn E) —h(Z;L)‘ + h’s(zc + wpeln g) —h’(z:)‘ < Keln;

This lemma implies that, when we are at distance woe In % to the right of z, for some
constant wg > 0 independent of ¢, the functions %, and & and their derivatives are close.
In particular, Al (z.) = _2—‘22 is large when ¢ is small, but /1, (z, + woe In %) is of size 1. In
other words, at z, + woeln % the jump has ended, and A, h’s from now on will be bounded
uniformly in ¢. The choice of wge In % is not necessarily optimal — it might be improved
— but it is enough here. We also compute the first-order correction in C! between &, and
h to the right of z..

Proof of Lemma 2.7. We decompose, for z > z., Z = % > 0, the solution of (2.4) as
he(z) =h(z) + (F(Z) 4+ a) +eG(2Z),

and we recall that 3-h(z) + (755 — h(2))h'(z) = 0. The function / is discontinuous at

z = z., but we focus here only on z € |z., z. + wpeln %] We choose F the solution of

F"(Z)— F(Z)F'(Z) =0,
F(0)=0, F'(0)= ‘7“2

that is, 5
ae ™ —1)
F(Z)= —=
2) 14792
Note that
h(z7) —h(zt h(z2) + h(zt
F(+00) = —a, a:w and —° — (ze) +hiz;)
2 1+« 2

by Lemma 2.6. We also check that G(0) = 0, G’(0) = —h’(z]}). Indeed,

Zc

1+«

he(z) = h(z) + (F(0) +a) =
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and )
1 _

zH =hEh + EF’(O) + G'(0) = Y

Let us compute the equation satisfied by G. We have
o
= — F(z Z
Crohe = 7o () + (F(Z) + ) +£G(2).
z z
(15g 1) = (55 —1@) ~ (F(@) + 0) = £G(2).

1
Izhe = W' (2) + —F'(2) + G'(2),
&

SO

(1 ia —hs)azh = —éF (Z2)F(Z) + (T —h(z))h (2)

1 z ,
+-F (Z)(H_—a — h(z) —a) n (H——a - h(z))G (Z)
—(F(Z)+a)(h'(z) + G'(2)) - G(2)F'(Z)

—eG(Z)(W (2) + G'(2)).
Finally,
£02h, = eh"(z) + lF”(Z) +G"(2).

Using F"(Z) — F(Z)F'(Z) = 0 and 135h(2) + (13
on Z > 0, G satisfies

T+a — h(z))h'(z) = 0 we infer that

G"(Z) + (HLO[ —h(z) = (F(Z) + a))G’(Z)

+ (—F/(Z) + g( al

- h/(z)))G(Z) —£G(2)G'(Z)

l+a
1
+ PO —h@) —a) + (g — @) (@) +a)
+eh"(2)
0.

We define the source part as

1
S = -F’(Z)(HLQ —h(z) — a) (% W (z))(F(Z) +a)
+eh"(2)
and the operator on G as

0(G) = G"(2) + (55 — ) = (F(Z) +0)) G'(2)

+ (—F’(Z)+e(1 j‘:a

- h’(z)))G(Z) —¢G(2)G'(2),
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leading to the equation
OG)+S=0.
Let us estimate S(Z) for Z > 0. We have

Zc
14+«

—h(zH)—a=0,

therefore

Z h(ze +eZ) —h(z.)
l+o B e )

(5 e +62))(F(2) + ) + 6l (e + 62).

S(Z) = F/(Z)<

For now, take any wo > 0, independent of &. Then, since
|F(Z) +al + |F'(Z)| + |F"(Z)| < Ke™*Z,
we deduce that
1S(Z)| < K(e + e 27)
for Z €10, woeIn %] for a constant K > 0 depending only on wy, &, a.
Let us now look at the coefficient in the operator O (G). We write it

O(G) =G"(2) + A1(Z2)G'(Z) + A2(Z2)G(Z) — eG(Z)G'(Z)

with 7
A(Z) =22 et eZ) = (F(Z) +a)
|

and

Ax(Z) = —-F'(Z) + 8( —h'(ze + 52)).

14+«

22

In particular, A; and A, are bounded by constants independent of ¢ if ¢ < 1. By the
estimates on §, for any Zy > 0, if ¢ > 0 is small enough depending on Z, (so that the

nonlinear term ¢ G(Z)G'(Z) can be neglected), there exists K(Zg) > 0 such that

1G(2)| + |G (2)| < K(Zo)

2.5)

for Z € [0, Zy]. This is because the equation satisfied by G is, except for the term —e GG,
linear with a bounded source term. Without this nonlinear term the solution would then be
global, and taking & > 0 small enough depending on Zy, since G(0), G'(0), A; and A,
are bounded uniformly in ¢, the solution exists at least on [0, Z(] with a uniform estimate

depending on Zj.
Now, remark that A;(Z) — & — h(z]) and

14+
A2£Z) — (1 -(T—ot —h’(zj‘))
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if Z = wy ln% with wy large (such that F’'(wq In %) < &2 for instance) when & — 0. We
therefore write the equation on G as

D)6 (@) +¢(

")+ ( —H(H)6(Z) =5 + R(G)

1+ o 1+

with

R(G) = G’(Z)(1

+ G(Z)(e(l

+eG(2)G'(Z).

) = (g D~ (F(2) +a))

/ zj)) _ (—F’(Z) + g(l -

‘o0

We simplify:

R(G) = G’(Z)(l_j_—za +h(ze +2) = h(zF) + F(Z) +a)

+G(Z)(F/(Z) + e(h () — W' (z})))
+£G(2)G'(Z).

To simplify the notation we define A := 2% — h(z) > 0, == 155 — h'(z}) > 0 (since

h'(z}) < 0) so that the equation on G can be written as
G'(Z)+ AG(Z) + euG(Z) = S + R(G).
For ¢ > 0 small enough we have A2 — 4ep > 0, and then we can write, with

A+ A2 —4su
Ay = 2 <0

satisfying A4 +A_ =—A, A4 ~—%£, 1 ~—1 when ¢ — 0, that (we recall that G(0) =0,
G'(0) = —h'(z})

—H(zF) (e)»+Z

A2 —dep

Z u
+ em.Z/ eA_u (/ eAU(S(U) + R(G)(v)) dv) du. (2.6)
0 0

A_Z)

G(2Z2) = —e

Let us show that for Cy > 0 large enough (independently of ¢) and ¢ small enough, we
have

1G(Z)| + |1G'(Z)] < C0<8 In -+ e—fz) 2.7

for Z € [0, wp In %]. This is true on [0, Z] for some Zo > 0 by (2.5). Now, if the result is
not true, we denote by wq In % > Z. = Zy the first value such that this estimate becomes
an equality. Then, on [0, Z.] we have

IS + R(G)| < K(1+co)(81n1+e 5 )
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and plotting this estimate in (2.6) leads to
G(Zo)| < K+ Coe€e%0) (en -~ +e78%),

for some constants K, C > 0 independent of ¢ and Cy. We can easily show a similar
estimate on G’(Z.), up to an increase on K. We deduce that if Zy, Cy are large enough
and ¢ small enough, then
Co
2
which is a contradiction.
This completes the proof of (2.7). Going back to h.(z) = h(z) + (F(Z) + a) +
eG(Z), we deduce that

||h8(z) - h(Z) - (F(Z) + a)”LOO(]zc,zC-‘,-waln %]) - O

when ¢ — 0, and taking wg large enough, by Lemma 2.4,

(81nl+e 5 )>|G(Zc)|+|G(Z )|_c0(sln1+e 52 )

1 1
+ K&? ln— Keln —.

s(zc+woslné) h(z+)’ ‘h Ze + woeln — ) h(z]

€
Finally,
1
he(z) = I'(2) + EF/(Z) +G'(2),
leading to |h(z) — F (Z2)| < C a constant independent of &, and since if wy is large
enough |G’(wp In L )| < Ke'/? and 1|F (wo In = )| g% we conclude the proof of

this lemma by

1
(zc—{-woeln) h(z+)‘ Keln— ]
e

By standard Cauchy theory, at fixed z. and a, ¢ — h, is a smooth function. We con-
clude this subsection with some estimates on dg/i,.

Lemma 2.8. For @ € 10,1[, z. > 0, l—i-_ca >a > 1+azc, there exist g9, C > 0 depend-

ing only on «, z;, wg such that, if &g > ¢ > 0 and h; is the solution of (2.4) for these
parameters, then

£ — (h (zc + wpeln ) dzh, (zc —i—woelné)) e C1(]0,&0[ . R?),

with

Bg(h (zc + woeln )) (Bzhg(zc + wpeln é))‘ < C(ln é)z

Furthermore, for z € |z¢, z. + woeln %] we have

0,0:h, Cayz—z
e0.he(z +M§Ce 21l
Ind

&
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Proof. We recall that with Z = =2, we have
he(z) = h(z) + F(Z) +a + £G(Z,¢).

In the previous lemma, we did not write the dependency of G in ¢ since we did not differ-
entiate with respect to it, but we do so here. We deduce that

edshs = —ZF'(Z) 4+ ¢(G — Z37G) + £23,G.

With the explicit formula for F and (2.7) we check that for z € |z., zc + woeIn %] we
have
|-ZF'(Z) + (G — Z3zG)| < Ke™ 5171,

where K > 0 depends only on «, z., wg. Furthermore, from the proof of Lemma 2.7 we
know that G satisfies the equation

902G + 102G + euG = S + R(G),
) >0, u =155 — W (zF) > 0, hence
aZZaEG +1020:G + e110:G = 3.5 + 0,(R(G)) — uG.

with A =

We check that
€0, S(Z) — uG| < K(e 4 e~ 2%)
and by similar arguments to the proof of Lemma 2.7, we conclude that

1£0,G(Z)| < K(s + e~ 2%),

for some constant C > 0 depending only on «, z., wy. Finally, we have

8,;(hg(zC + wpeln é)) = 0.h, (zc + wpeln 1) + wodg (sln )8 he (zc + weeln é)
leading to

1 1
Bs(hg(zc + woeIn —))‘ < KlIn-.
€ €

Similarly,
d¢ ((‘ths(zC + wpeln é))

= 050z he (Zc + woeIn 1) + wode (81n )3 he (Zc + woe In é)

and since 785 he + (755 — he)dzhe + €97he = 0, we have

E)?hg (Zc + wpeln é)

= _1<1+ )(Zc+w051né))
_ é(% _ h(zc + woeln 1))(azh8 _ 8Zh)<zc + woeln é)

—éazh (Zc+w031n )(h ha)(zc—i-woslnl)
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hence, by Lemma 2.7,

1 1
Eﬁhg(zc + wepeln —)‘ < KlIn-.
€ €

This concludes the proof of this lemma. ]
2.4.2. Estimates in [z, — woe In %, ze|.

Lemma 2.9. Fora €]0,1[, z, > 0, lj:a >a > lgx_—azc, there exists wy > 0 depending on

o, Z¢, a such that hg, the solution of (2.4), is well defined on [z, — woe In % z¢[, satisfies

2a
he) = ’
‘ «(2) (2) + 1 + e—aCGF9) Lo ([ze—woetn L,zc]) ”
and ()
2a2e 0%
H@) + = | =€
(1 + 4T 2 Lo ([ze—woen L zc)

for some constant C > 0 depending only on «, z., a when ¢ — 0, and also

1 _ , 1 . 1
hg<zc—woslng)—h(zc) + ha(zc—woslng)—h(zc) SCeln;.

Proof. For z < z., keeping the notation Z = #=%¢ < 0, we decompose /¢, a solution of
(2.4) as
he(z) = h(z) + (F(Z) —a) + £G(Z),

for the same function F as in the proof of Lemma 2.7, but another function G. We recall
that the function / is not continuous at z., and since we consider here z < z., it will
have a different limit for z — z. < 0 close to 0. We take G(0) = 0 and G'(0) = —h'(z)

so that we match the conditions at z. of hg: he(ze) = h(z;) + F(0) —a = 1Z+Ca and

h(ze) = h'(z7) + %F’(O) + G'(0) = _2—”82 As in the proof of Lemma 2.7, we check that
G satisfies the equation

9(G)+ 5 =0,

with

1

S(Z) = EF’(Z)<1+L“ —h(z) + a) n (1%[ - h/(z))(F(Z) —a)

+eh"(2)

and
0(G) = G"(Z) + A\(2)G(Z2) + A2(2)G(Z) — £G(Z2)G'(2),
with .
Al(Z) = H——a — h(Zc + 8Z) — (F(Z) — a)

and

Ax(Z) = —F'(Z) + s(l a

/
o (zc—i—sZ)).
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We now define

G(Z)=G(-2)
satisfying the equation
G"(Z)— A1(=2)G'(Z) + A2(=2)G(Z) + ¢G(Z2)G'(Z) = S(—Z).

We therefore consider Z > 0 in the rest of the proof. Now, remark that

—A(~Z) > —(1i—ca —h(z;)) >0

and

Ag(—Z) = ( o
£ 1+«

if Z = wg ln L for wg large when ¢ — 0. We therefore define A := —(IZC 2) >0
and p = 12 +a —h'(z7) > 0, and we can complete the proof in a similar fashion to Lemma

2.7. [

— h/(z;)) >0

Lemma 2.10. Fora €]0,1], z, , 1+a 1+aZC’ there exist 9, C > 0 depend-
ing only on a, z., wo such that, if e > & > 0 and h, is the solution of (2.4) for these
parameters, then

& — (hs(zc — wpeln é)h;( — wpeln 1)) € C1(]0,g0[ . R?)

Bs(hg(zc — wpeln %))‘ + Bs(h;(zc — wpeln é))‘ < C(ln é)z

when ¢ — 0. Furthermore, for z € [z, — wo€ In % z¢[ we have

with

|gdeh (Z)I

z—2¢

< Ce —51%

|edshe(z)] +

Z

The proof of this result is similar to the proof of Lemma 2.8 and we omit it.

2.5. Profile far from z.

2.5.1. Profile on the right of z.. We start with an a priori estimate on solutions to the
ODE problem.

Lemma 2.11. For any zg > 0, there exists K > 0 such that the solution to the problem

* +(
l+a © 1+

> he(zg) >0, h(zq) <O,

ha)azhs +ed2h, = 0,

z
1+«
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for e > 0 small enough (depending on zq, he(zq). h,(2q)) is well defined on [zq, +00|
and satisfies

lhe(@)| + z|h(2)] < —
forany z = zg4.

Proof. Define
h/
u=-=

hs

so that Z—g =u' +u?and hy(z) = hg(zd)efzd #)ds Then u(zg) = Zig;’; < 0and

e(u’ +u2)+<r—h) +lia=0.

1 z o
I 2 _
u =—-u 8<(1+a hs>u+1+a).

First, we have u(z4) < 0, and we show that as long as u exists, we have

We write it as

u(z) <0.

Indeed, if u(z) = O for the first time at some point z = zg4, then u’(z) = < 0, which

- (1+a)s

is 1mposs1ble Using he(z) = he(zq )e 2 40) ds, this implies that /. is decreasing, and in
particular 1= — he(z) > O forz = z4.
Also, for & > 0 small enough, if u(zd) > - say, then we always have u(z) >

This is because if at some point u(z) = 575 then u’(z) > 0, which is impossible. \\{Vge
deduce that u is bounded, and therefore global.

Using the same idea, we can show that u(z) < _TA for some small (but independent
of & if & is small enough) constant A > 0. In particular, /(z)z*/2

Similarly, we can check that u(z) > ;—; if A is small enough.

— 0 when z — +o0.

Now define o
v(z) = u(z) + =
then :
z o
V' (z) + mv(z) === u? 4 Ehe(z)u(z).
We have that |
a 2
— —u-+ -h(2u(z)| < —
z2 g " ezlt+%

and therefore, by a comparison principle, on z = z; we have

lv(z)| <
L2+%

[N}

Using these estimates in the equation A, = uh, completes the proof of the lemma. ]
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We recall that £ is a solution of

o z
1+ah+(l+a_h)azh_0’ (2.8)
ho(z2) = k+(zc,a)|z| (1 + 025 200(1)),

and is discontinuous at z.

Lemma 2.12. The function hg, the solution of (2.4), satisfies
10+ 121 (e(@) = BED] oz poein 1 4ool) — O
when ¢ — 0. Furthermore,
Zlirfoo 2%he(z) =t ke, (2c,a) > 0

is well defined, and
e, + (z¢. a) — k4 (z¢,a)| > O

when ¢ — 0. Finally, for fixed values of z. and a, the function ¢ — k¢ (¢, a) is smooth,
and

1\2
|%%ﬁ@ﬂmSK@g)

for some constant K independent of ¢ if ¢ is small enough. Furthermore,

as("s,+(zc»a)) K(ln 1)2
Behe(2) = L < G e

for |z| large enough (uniformly in €).

Note that this does not imply that limz%*h.(z) = k+(z.,a) when z — 400, but simply
that their difference goes to 0 when ¢ — 0.

Proof of Lemma 2.12. 'We introduce first a generic problem that we will use to estimate
both &, and 9./,
We consider for now the problem

J1v + J20,0 4+ ed?v =S (2.9)

for given functions Ji, J3, S of z, and initial values of v at some point z4, and with J,
that does not cancel. We introduce the function A defined by A(z4y) = 1 and

J1A+ J,A' =0,

A(z) = exp(— /Z j—;) > 0.

that is,
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Then, writing v = Au, we have
A’ A" S
sagu + Jo0,u + 8(2Z82u + 714)

To continue, we introduce B with B(z4) = 1 and

EB/ = JzB,

B(z) = exp(é /Z Jz) > 0.

We introduce for y > 0 the quantity

that is,

_ 1 (7 B()
B,(z) = BG) /Zd ] ds,

a solution to the equation ]B;, (z) + %]B%y (z2) = Zi}, with By, (z4) = 0. If there exists a

J2(2)
z

constant Cy > 0 independent of & such that CLO > = Cy, then by comparison there

exists K > 0 (depending only on Cy and y) such that

Ke
Continuing, we have
d;(0;uB
sagu + Jo0u = 82(}#

and therefore

S A/ "
Bz(azuB) = B(a — 2821/{; + 714)

Integrating between z; and z leads to

"

d;u(zg) 1 /Z S A A
d,u = B(= —20,u + Zu). 2.11
“=7Bo T BOJ., (sA "It ”) @1

Step 1. Existence and properties of kg, +(Z¢c,a). Wetake zg =z, + woeln %, and we recall
that, for ¢ > 0 small enough, %, satisfies the equation

o h+< Z
l+a ¢ 1+«

- hg)azha +e2he = 0

and we have % > he(zg) > 0, h(z4) < 0 since h, solved (2.4). We decompose h, =

h + g with h a solution of (2.8), so that the equation satisfied by g is

z o
eg” + g/(H_—a - hg) + g(H_—a - h/) +¢eh” = 0.
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This is equation (2.9) with J; = 1+a —n,Jy = —hg and 2 = —h”. Note that for
z = zg4, we have J,(z) > 0. Now we have

Ji _a—(+a)h « o +a)(zh' — hy)

b z—(+a)h, z z(z—(+a)h,)’

. A _z\ (7 A+ a)(sh' —he)
we=on(-[ 7)= () e"p( sty

and with

hence

(I +a)(sh’ - s)
s(s — (1 +a)hy)
for s = z4, we deduce that there exists K > 0 dependmg on z4, @ such that

£ <G+ A ) + 124G < K

for z = z;4, and z% A(z) converges when z — 400 to a finite constant bounded uniformly
in . With g = Au, we define N(z) := ||u|lroo((z,.2)) + 12U/ ]| Loo((z,,27)- We have, for
Zg £85 <z,

(5 - o < B0,

and by (2.10) we deduce that
- Ke(l + N(z)).

~

28 A/ + A// )
B(z) eA AT

z3

Now we have

B;Z) N eXp(; /2:(1 Jsra _ha(s)) ds) < exp(M).

Combining these estimates in (2.11) and the integral of (2.11), we deduce that

N(z) < C(e + N(zq))

for some constant C > 0 independent of ¢ and for all z = z,;. Furthermore,

T 9,u(zq) too A A
= il C2gu— +
u(+o0) = u(zy) + /Zd BGs) ds + /Zd BG) sA 9z u— + ) u)

is a finite quantity that satisfies |u(+00)| < K(Ju(zg)| + [9;u(zg)| + €), and

[u(z) —u(+o00)| < % (2.12)
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for z = z;. By Lemma 2.7, we have |g(z4)| + |g'(zq)| < Ke ln% and thus |u(zg)| +
|0,u(zg)| < Keln % Defining

ket (Ze, @) = K4 (Ze,a) +u(+o0) lim (z%4(2)).

we deduce that

lim z%he(2) = ke, +(2¢, a).
zZ—>+00

More precisely,

he(z) = h(z) + A(z)u(z)
_ Ks,+(ZC,Cl) + <ZaA(Z) _limx—>+oo(xaA(x)))u(+oo)
z% z%

+ (o) = 9D 4 A e oo,

and with the explicit definition of A, we have

2%A(2) —limys 1o (*AX) | K

Za = gl42a”

and by Lemma 2.5 we have

e

With (2.12), we conclude that for z > z,4,

K
|Zah8(z) - K8,+(cha)| S ZH'O‘

and
|ice,+(Zc,a) — k4 (z¢,a)| — 0

when ¢ — 0. Lemmas 2.5, 2.7 and
1
N(z) <C(e+ N(zq)) < Keln —
I3

also imply that for z > z4,
K

zl+a’

02he(2)] <

as well as
) Klni
|0zhe()] < —535-

PYRE

This last estimate can be improved (we can remove the In %) but it is not needed here; we
will only need €0/, to be small and not d./ itself.
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Step 2. Differentiation with respect to ¢ at fixed zz. We consider here j, the solution to

the problem
o z
1+aba+ (1 P _ba>azbs+5‘a§be =0

with h¢(z4), 0;H(z4) given satisfying % > be(zq) > 0, bL(z4) < 0, and they are, with
z4, independent of &. We have as previously that for z > z,4,

1

K1
19:2)] + 20060 <~ [320:(2)] < —5t
z

(X

(2.13)

We introduce this new notation since we want to differentiate s, with respect to &, but its
dependency on ¢ comes from the ¢ in the equation but also from z, and the value of /&,
here. For ), the dependency on & comes only from the ¢ in front of 8%1?)8 in the equation.
By standard

Cauchy theory. , ¢ — b, is differentiable, and v = 9.}, satisfies the problem

(e ~20e)v + (g )00 + o0 =

v(zg) = v'(z4) = 0.

This is equation (2.9) with J; = 1+a —0;he, o = lia — b, and % = %8?55. Following
a similar proof to Step 1, we check that, with ), = Au, we have that u(z) converges to a
finite limit u(+00), with |u(400)| < K In %, and that

Kinl
() — u(+00)| < ——t
22

for z = z4. We also check, as in Step 1, that

o Kinl
12%0(2) — kol <
and
Klnl
|0zv] < St

for some ko depending on ¢ and K > 0.

Step 3. Differentiation with respect to zz. We consider here fj, the solution to the problem

o f)+( z
l+af 1+«

~be)d:be + £026, =0,

with h.(z4) = a, 0;9:(z4) = b, where =L 1+ >a > 0, b < 0 are independent of z; and
verify |{fga + (1+a —a)b| < Kelnt - for some K > 0 independent of &. As previously,
estimate (2.13) holds. We want to compute v = 9., .. It is a solution of

z ’
(1+ -0 f)) (m—bs)82v+882v—0,
V(zq) = —0:be(zq).  V'(za) = —02Ds(za).
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We have —0.h¢(z4) = —b and since (550 + (754 — be)dzbe + £3%h.)(zq) = 0, we
have {
20:Ga) = (e + (T —9)?):

which is bounded by K In % with K > 0 independent of €. As in the previous case, we
check that

Kinl
o &
2%0(2) — kol = —3
for some kg, K > 0 and
Kinl
[0,v] < Tl

Step 4. Differentiation with respect to Y.(z4) and 9;9.(z4). We consider here b, the
solution to the problem

o
1+«

be + ([ B ). + e32b: = 0.

with he(zg) = a, 0;H.(z4) = b, where IZJr—”a >a >0,b <0.Then, v = 09,5, satisfies

(1 '(T'Ol - azbs)v + <1—|-Lot —f)s)azv +88§U =0,

v(zg) =1, V(zqg) =0.

This is similar to the previous steps, and we also check that d;}, can be estimated simi-
larly.

Step 5. Conclusion. The function /4, is a solution to

o
14+«

z
he + (1 — —hs)azhg + e%h, = 0,
with the initial condition at z; = z, + wpeln % satisfying (by Lemmas 2.7 and 2.8)

1
Ihe(za) = h(zD)| + I (za) = 1 (z5)] < Keln -
and
1\2
106he(za)| + [06h.(za)| < K(ln -) .
&

Therefore, d.h. can be written as the sum of the functions v of Steps 2 to 4, and since
[0:24] < won % this concludes the proof of this lemma. |

2.5.2. Profile on the left of z..

Lemma 2.13. The function he, the solution of (2.4), is well defined on |—o0, z, —
woeln %] and satisfies

”(l + |Z|a)(h€(z) - h(Z))”LOO(]—oo’zc—wogln %]) - 0
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when ¢ — 0. Furthermore,
lim z%(z) = ke—(2¢,a) > 0
Z—>—00
is well defined, and
|kce,~(2¢c,a) —k—(z¢,a)] — 0

when ¢ — 0. Finally, for fixed values of z. and a, the function ¢ — k¢ (2., a) is smooth,
and

e ze.a)| < K (1n +)’

for a constant K > 0 independent of ¢ if ¢ is small enough. Furthermore,

e (Ke—(ze,a)) K(In 1)2
deh(2) = S <

for |z| large enough.

The proof is similar to that of Lemma 2.12 and we omit it.
2.6. End of the proof of Proposition 1.3
Take ky,k— > 0, € ]0, 1[. By Lemma 2.6, we choose z.,a > 0 such that
K4+ (ze,a) = ky,k—(2c,a) = k_.
We infer that for & small enough, we can take z. (&), a(e) > 0 such that
Ket(ze(e),a(e)) = kq,  Ke—(2c(),ale)) = k—,

with
|zc(e) — z| + |a(e) —ax| — 0

when ¢ — 0, and that this choice is unique, and determines h,. This is a consequence of
the implicit function theorem on the function

K(e, z¢,a) = (ke(zc,a) — kg, k—g(2c,a) — k).

Indeed, by Lemmas 2.6, 2.12 and 2.13, we have K(0, z.,a) = 0 and the Jacobian at ¢ = 0
is invertible. By Lemma 2.12 and 2.13 we have the estimates

9eze(@)] + 13ea(e)] < K (1) 2.14)
£

The other properties in Proposition 1.3 are a consequence of Lemmas 2.7, 2.9, 2.12 and
2.13.
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2.7. Properties of d.h,

We recall that the function h, is a solution /. of the previous subsection, with a particular
choice of z.(¢), a(e) such that the limits at +00 of |z|*h,(z) are x4 respectively, quanti-
ties independent of €. The function h, depends on ¢ by /. as above, but also through z. (&)
and a(e).

Lemma 2.14. The function d:h, satisfies
K(In1)?
(1 + |Z|)1+20{

for |z — z.(¢)| = 1 and a constant K independent of . For z € [z.(g) — 1, zc(g) + 1] we
have

|0ehe(2)] <

a | z—zc () |
€ .

ledehe(2)| < Ke™2
Finally, 3;hs € L'(R) and

[
R

Proof. By Lemma 2.12, we check that for z > z.(¢) + 1, we have

0e(k+.6(2c(8), a(e))) - K(ln%)2

d:he(z) — G S U1 )i+

and
K(ln1)2
(1 +[zptte’
but k4 ¢(zc(¢), a(e)) = k4, which is independent of ¢, hence 9, (k4 £(zc(¢), a(e))) = 0.
Now, on [z.(¢), zc(¢) + 1], the estimate is a consequence of Lemma 2.8. For z < z.(¢g)
the proof is similar. The decay at infinity of d;h, implies in particular that it is in L' (R).
Now, h, satisfies

[00:he(2)] <

o z
H-—aha + H_—aaz]h]g — ]hlgf)z]hg + 885]]']]8 = 0,
and integrating between —x and x for some large x > 0 leads to

a—1 * z 1 x
h [—l}n — —h2 ah] — 0.
l—i—a/_x et l+a °© 28+Za—x

Differentiating with respect to € leads to

a—1 % z x
el [H—aaghs — 3.heh, + azaehg]_x =0,
d going to the limi heck with |9:hs(2)] < ~<02
and going to the limit x — +o00, we check with |0:h.(z)| < Gqzpr= that

a—1
dzh, = 0.
1+a[1;86‘ u
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3. Stability of b,

This section is devoted to the proof of Theorem 1.4. For the viscous Burgers equation
—1
U — Bﬁu 4+ udyu = 0and e(t) = tgﬁ, we introduce now the rescaling

1
X —tltaz, 2-a
y:—=t1+“(z_zc)
&

and the rescaled function
H(y.1) = tFau((ze + e(0)y)r T, 1).

This scale is the right one to understand the profile near the discontinuity point z, (y = 0
corresponds to z = z.). The previous scaling (in z), where the profile i, was constructed,
was

h(z,e(t)) = tl%au(ztlﬁ 1),

and they are connected by

H(y,t) = h(ze(r) + &(2)y, £(1)).

In particular, we define
He(y,1) = he(zc (1) + &(0)y).

‘We recall that h, satisfies

o z
H—_ahs + H_—aaz]h]g — ]hlgaz]hg + 885]]']]8 = 0,
therefore H, satisfies
117a 2o (1) +
o oz o w
o He o Y9, H, — 115 H,d, H, + 117% 02 H, = 0,
that is,
1—a
_ e _ (@ Feze (1) + y)
[ ite (—8§He + H.0,H,) — 1 +at 'H, —t 11:_—“3st =0.

Now we have
2a 2 3Ba_ o
dyH =1 dyu, 0,H =1Tediu

and

1—a
o T ay +t1Fez o
tT'H + (@ ”)ayH + 0yzet T7e 9, H;

3 H =11t
! tu+1+a l+a
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therefore, the equation on H (that is, the rescaled viscous Burgers equation in this new
scaling) is

I
Z1+

o 1+a z
3 H — 1719, (yH) — ‘9, H
t l+a y(yH) l+a
— 0zt TFe 9y H + 1755 (—02H + HOy H)

=0.

We now decompose H = H, + f. Then f satisfies the equation

0ef = o=t 0f)
1 (<0 S 4 Sy He ot (He— 50 )00 S + [0 S) = dizet o0y f
4 9 Hy — 3,20t 759 0y H, + :Zz—lyast
=0.
We check that

B -
S = 8y Hy — dyzet V7o 0, Hy + 1 +at_1y8yHg — 9,60ch, (e + £7).
o

Note that the problem takes the form

2

2 —ae Ze f
L+ 8tf+3y(—8yf+myf+(He— l+a>f+7—lat2cf)

+S=0. 3.1)

From Lemma 2.14, S € L'(R) and f]R S = 0. We therefore write S = 8y§ with

_ y
S:=/ S.

However, the perturbation f can have a mass. To deal with it, we introduce an additional
term 1, in the profile, and we will decompose f = ups + dyg, where all the mass is
inu M-

3.1. Definition and properties of u s

This subsection is devoted to the proof of the following result.

Lemma 3.1. Given M € R, a > 0, the problem

2
—0yu+ Fu+ — =0,

2
/uzM,
R
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—aZ _ . . . . .
with F(Z) = % admits a unique solution denoted 1y, which satisfies for |M |

small enough (depending on a),
dx(F +upy) <O.

Proof. We look at the equation

12
—d F — =0,
xu + Fu+ 3 (3.2)
u(0) € R,
where F = “(le;:—i_zl) was introduced in the proof of Lemma 2.7 (recall that a depends on

time). A classical computation shows that

exp(f, F)
1 1 (X y
o —2.Jo eXP(fo F)dy

(with u(x) = 0 if u(0) = 0). If u(0) # 0, then u has the same sign as 1(0). Denoting
F = exp( fox F), remark that ¥ (0) = 1, ¥ is positive, even, because F is odd, and

/$<+oo.
R

for=2 (o =2, ror))

1+ 20 7
=21n(ufo—)fR).

u(x) =

In particular,

This means that u(0) — [ u is a bijection from ]/Dg;}, fRL?[ to R. Given M € R, we
then define 1,y to be the solution of (3.2) with fR uy =M.

We have F’ + % = %Fz and F(0) = 0, hence by (3.2) we check that F' + 1y satisfies

the equation
2

1 a
0x(F +up) = E(F +upm)® — ER

which implies that
(F + upr)(x) = atanh(cpy —ax)

with ¢ps defined by 1,z (0) = a tanh(cpy) (for |[M | small enough, 1,7 (0) is small, hence
¢y is well defined by this equation). We deduce that

2
—da
0x(F = —————<0. 3.3
x( + l’AIM) COShz(CM _ ax) < ( )
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3.2. Decomposition of f and equation on the norm

We denote M = f]R f and we decompose

S =um + 0,8,
with

g(y)=/_;f—uM.

First, remark that M is independent of time. This is because d;h, = d,ed:h, and
by Lemma 2.14, [ d;he = 0. Furthermore, ups depends on time but only through a(r).
Howeyver, since f]R uy = M, we deduce that fR d:ups = 0. We therefore write

0y = 0;adgupy = 0;adyvpy,

where

y
v =/ Oglipf.
—00

We check easily, with the explicit dependency on a of 1y, that vy, also decays exponen-
tially fast at 00 with similar bounds to 1.
To continue, take some vy > 0 small and assume that at time 7,

< vg.

I+ 19D £ Dllzsoary + 13y £ T ey + VR S T)

Then, using the results of Section 3.1 to estimate 1157, we have

KU()
(1 +1yD>’

hence ||g||z2r)(T') < Kvo. Furthermore, dy,g = f —up and 8§g =0, f — 0yup, hence

lg)] <

gl 2wy (T) < Kvo.

That is, taking vy small enough, we can make g as small as we want in H?(R) at the
initial time 7.
Now, replacing it in (3.1) and integrating the equation between —oo and y implies that

e > ae Ze
17+ed,g — 0,8 — myayg + (Hs “1Tia + llM)ayg
9 2
+ ( yzg) —10:2:0,8
+85— yupy —t0;zcupy —i—tl%atavM

14+«
=0. (3.4)
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We recall that e(¢) = ¢~ 1+ . We now take a weight W € C2(R, R+*) that we will make
precise later on. Taking the scalar product of the equation with gW leads to

20
10, (1€ 122 000) + 20958122,

[ g (s =y ) - S (- )

1+ W l+a
2 0 W KW dyW
+/gW( - W+zatch)

+/ gW((Byg)2 + 2(§—
R
- 0. 3.5)

e 20
T ayuM —10;zcupg + tTHe 8,aUM)>

Differentiating equation (3.4) leads to

20 oe
1T+ 0,0, 8 — 8)3,g— N +a8yg_

10_:8 yayg—l—(H Z—Ca—l—uM)aig
(9y8) )
2

+ 3y (He + upr)dyg + ay(

+ay(§—
= 0.

oe 2a
7 otyuM —10szcnups + £ THe B,aUM>

Its scalar product with d,,gW gives us the equality

2a
1742 810y &1 720wr) + 21958122

= [ oy W (s + e+ ) = yW(Hs—Z””SHuM))

w 1+
. a W eW
s [aerw (- B sz B+ [ wa@0nie
+/ 20,gWay (S _ % yupy —t0;zcupy + tlTaB,anM). 3.6)
R o

We compute, supposing that W is constant outside a compact set, that
-1
[ wa@eme =7 [ awaer
R R
Summing (3.5) and A times (3.6) for some A > 0 to be determined later reads
2a
1 1+a at(”g”%}(w) + A”ayg“[z‘z(w))

+/ g>WD, +A[(ayg)2WD2
R R

— 13y g 122, gl
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+2/ng(§—1

oe 20
yupy —t0;zcupy + ti+e a,anM)
o

+2)&/ BngBy(g— @e yupy —t0;zeupy +t1%8tavM)
R o
1
+2M|8 g||L2(W) _/Ray[’v(ayg)3
<0, 3.7
with
ae N4 Ze +aey
Dy =———0,(H; — H, —
T taw y(He +um) == ( T 1+4a +uM)
2 W W d,W
—T4a ;/V - ;V + 19,70 2 7
and
2 —ae N4 Ze +aey
D, = H. — <"
2= 3T 0t (e I +a +au)
2 O W BW d,W
— e L ;V + 19, 2c %/ .

3.3. Estimates of D1 and D, and choice of W

In this subsection we choose the values of A and W so that D and D5, are strictly positive,
and satisfy some good estimates.

3.3.1. Estimates for y > 0. The goal of this subsection is to show that for y > 0 we have

Di(y) = and Dy(y) =1

for some constant C > 0 independent of ¢. We recall that for y > 0,
He(y) = he(ze + &y) = ho(zc +ey) + F(y) + a +eG(y),
hence

D, = S(L — hy(ze + sy)) — 0y (F +upy) —e0,G

1+
N4 agy
W (ho(zc—l—sy)—T—i-F(y)—}-a—T—}-uM)
o 2w
_ W % +za,zcayW
w w w

In this region, we choose W = 1. Then

Dy =c¢ —h()(zc+8y))—8y(F+uM)—£8yG.

(o
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We recall that —hg(zc + ey) = 0, and from (3.3) we have

aZ

—0y(F+tuy)= ———.
( 1) cosh?(cpr — ax)

Finally, from (2.7) we have
1
|0, G| < C()(e In— + ge 22)

which implies that, for t = T with T' > 0 large enough and |M | small enough (so that cps
is close to 0), we have —d, (F + up) = Ce™21! for some C > 0 and thus

Di(y) = I

Now we have

Dy(y) = 2 (I_TO{)Jra(H T up),

and since |0y (H + upm)| < a2, taklng A small enough (depending only ona)and ¢t = T
with T large enough leads to
Dy(y) = 1

3.3.2. Estimates for y < 0. The goal of this subsection is to show that for y < 0 and
fixing a well-chosen weight W we have

oE
D >———— and D >1
1(y) it a) an 2(»)

For y < 0, we recall that
He(y) = he(zc +&y) = ho(zc +€y) + F(y) —a +eG(y),
hence

D, = S(L — Wz + sy)) — 3,(F +up) — £0,G

I+

oW Ze aey
—7(h0(20+8y)—m+F(Y)—a—1+—a+1lM)
2 W BW W
A LA AL

Let us estimate the coefﬁcient in the factor of 8—W in the second line. For y < 0, we have
—11e = 0. ho(ze + ey

1+a
|F(y) —a + uy| < Ke 2P

if | M| is small enough. Therefore, there exists yo independent of time such that

z o C
h0(2c+8Y)_l+_ca+ (y)—a—%—i— M= 20



T. E. Ghoul, N. Masmoudi, and E. Pacherie 44

for y < yo, and we choose y to be the largest value in R™ such that this holds. We then
define W € C2 by W(y) = 1 for y € [yo,0] and on ]—00, yo],
N4
w
where w is a C? function that satisfies w(y) = C > 0if y € [-ye~!, yo — 1] for some
C,y > 0 that will be determined later on, and w(y) = 0if y < —(y + 1)e~!, with |w| +
|w’| < 2C everywhere, and |w’| < 2C¢ if y < yo — 1. Note in particular that W is then

constant for y < —(y + 1)e™!, and that this constant is uniform in time (but depends on
C and y). Indeed, for y < yo we have

W(y) = exp(—e/y w).
Yo

This also shows that for y < yg — 1, we have

= —w(y)e,

1

o W BW dyW
e LY + 19,2, ‘ < Ké&2.
w w
We choose y such that for y < —ye~! we have
o o
— hy = —.
Tt Toleter)=a—0

1

This is possible thanks to Lemma 2.5. For y < —y&™", we have

N4 Ze agy
h ———+4+F(y)—a— —— )20,
7 (o(zc+sy) T+g TFO) —a—77, +um

and therefore

{04 e

Di>—  _3(F - >
12 g W Tum)—ed,G = m

if y is taken large enough (depending only on «, k). Now, for y € [—ye™!, yo — 1], we
have

W Ze aey CCy
—_ — - > .
W (ho(zc + &y) T+ o + F(y)—a T+ + uM) Z &;

therefore, if we take C large enough we check that

(02

Dz ——
T4+ w)

there as well. Now, for y € [yo — 1, 0], we have
Dy z—-0,(F+uy)—Ke= Ke ¥l > o

if T is large enough.
For D5, since |ayWW < 2Ce, we check that taking A large enough and ¢t > T with T

large enough, we have D, (y) = 1.
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3.3.3. Summary. With the above choices for W and A, we have

(02 a
Dy > ——— + Ke 2
ST
for some K > 0 independent of ¢ and
D, = 1.

Note that in the case y > 0, we could not have chosen a similar weight W, because D
contains a term y a{,VW. Fory <0, B?VW < 0, this is a positive quantity, but for y > 0, this

would pose an issue.

3.4. Estimates on the source terms

‘We focus here on estimates on

2
yupy —to;zeupy + tlTaaatanM

l+o
with § = f_yoo 9,60:hg(zc + ex) dx. We have

-1+«
1+«

10;Z, = 10;€0,2, = £0.Z,

and d;a = %t’lsﬁsa, and we recall from (2.14) that |0.z.| + |d.a| < K(In %)2. By
the estimates on 1y from Section 3.1, we deduce easily that

2«
yupy —10:zcupy + tT+edavy

‘ oE
1+

(025 2a
+ ‘ay(_l —|-O{yuM —t0,zcupy +l1+°‘3[ClUM)‘

1\2 _a
< Ks(ln —) e~ 2l
e

if | M| is small enough. Concerning S, we have |d,e| < Kt '¢, and using Lemma 2.14,
we check that

—2aly|

)

Uy dehs(ze + )ar'<K‘?(h‘§)2
Lo e TN Sy e

and if @ > % (which is needed to get enough decay in y), Se L?(R) with
NIZENS T
We check also, with similar arguments, that 3y§ € L*(R) and

~ K
[0y SRy < -
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3.5. End of the proof of Theorem 1.4

3.5.1. Estimates on ||g||i2 W) + A||3yg||iz(W). By Cauchy-Schwarz and the esti-

mates on D; and D, from Section 3.3, for ¢ large enough, equation (3.7) implies the
inequality
2a
125 9, (g 12y + Ay 8122 00,)

2 (%8 —2aly| _ . 2
+ [ oW (G + K ) 4 G el 1 g,

~ ae
+ 2[RgW(S ~ 1 +ayuM —tatzcuM)

— 220 gllaam |05 (5 -

—1d )
1 +ayuM tZceU M

L2(W)
1
F B s - 5 [ W0

<0.

1

By the computations of Section 3.4, we have by Cauchy—Schwarz that, for « > 7,

~ ae
/RgW(S ~ 1 +ayuM —tatzcuM)‘

< [t (oo )

12 a
< Ks(ln —) ‘// g2We P+ 17V gll 2w
& R
This implies that

2 ae —2a|y|)
W(———— + Ke —
/Rg (4(1 ta)

> el —
Z 801 +a)fl2m

~ ae
/RgW<S — 1 +ayuM —tBtZCuM>'

Kt2e71

if (¢) is small enough. We also check that

~  we
[ia(§ = gy stz ) |

hence

M3y 8132wy = 2213y g 2 | 2 (5 -

oe
14+«

Ao R
> 2198l 2r) ~ Ke*(In ) -
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Furthermore, by the Gagliardo-Nirenberg inequality, since W is bounded above and below
by constants independent of time, we have

1/2 1/2

1/2
e ldyvell by < KIgl o, 1958l o)

lgllLe < K”g”LZ(R)

To continue,

‘ /R 0y W(3,)°| < 2Ce /R W(3,8)* < 2Ce]9,8 1221 I10r g Loy
and
10y 2l < K19yl 55, 192211 oy
We deduce that

02822 0, — ‘ [awa,o

2 2
= 20281220, — Celldygllsry, 1021,

L2(W) L2(W)
10/3
= —Ke*)|0, 2l 35)-

Combining these estimates leads to
20
zwat(ugniz(m + A13y8122 )

5/2 1/2
S(I——i-)(llg”LZ(W) + A”ayg”LZ(W)) K”ayg”Lz(W) ”g”Lz(W)

1
w210 1) _ ge4/3 10/3
Ke (1“8) Ke*layg )%y,
<0.

. _l-a e g 20 .
With e(t) = ¢ Tie, dividing by ¢ Tta gives us the estimate

at(”g”zZ(W) + )L||3yg||iz(w))

ar™! ) )
+ m(”gﬂp(u/) + A9y gllz2cwy)

— 2 5/2 1/2 Aol 10/3
— Kt |0y g |35t gl 5oy — K305 9,211, 3a,

— Kt~ (Int)*
s 0’

. —4—20a 2
and since 7a) < —1 and —Tia < —1, we deduce that

0¢ (17505 (gl 2y + M3y &l 72)) <O
Therefore, if at time 7 large enough we take vy small enough (depending on 7'), then for
t=T,
”g”iZ(W) + A”angiz(W) < Kt 830+
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for some K > 0 large. We check also, with similar computations, that for some p > 0 we
have

”gHiZ(W) + A||8yg||]%2(W) + I'L”aig”iz(w) < Kt 30+9)
This can be done by differentiating equation (3.4) twice and taking its scalar product with

aigW, and adding it to (3.7).

3.5.2. Returning to the original scaling. Since g = f — uys, we have with § =
that

a
8(1+a)

Lf = wm 2y < KI9y&lF oy < K270
and
Lf =l ooy < KNIyl 7y < Ki7°.

We recall that with u solving the viscous Burgers equation, we wrote

H(y.1) = tTau((z, + £(1)y)t ¥ 1)

and
H(y,t) = Hery(y) +upm (y) + (f —um)(y).
Therefore,
e u(x. 1) = (Hogey + ua) (6375 (00758 = 20(0)) || oy = 01+00(1)
and

Hegoy (1755 (x17T% — 2(1))) = hoge (17T x).

This completes the proof of Theorem 1.4.

3.6. Proof of Proposition 1.5.

We consider here the equation

2
u
0:u — 8)26u + ax(7 + J(u)) =0.

Making the same change of variable as for the proof of Theorem 1.4, the only change in
equation (3.4) is that we add the term

Ej = tTra J(t7T%% (Hy + ps + 0yg)).

We recall that | J(u)| < K|u|3. The scalar product of E; with gW can be controlled by

f EJgW
R

< Kt—l%a/ |He +up + 0,813 |g|W
R

<m7MMWU+Mﬂm(Mﬂﬁm+AWWﬁmmﬂ
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Since Hy(y) = he(zc + €y), we check that if o > % we have
/ W(H, +up)? < Ke(r)™,
R
hence

P 1—a
< Kt7 T | gllpoe (1 + 1858 ll22) (185 g 172y + K154,

/ EJgW
R

and to consider it as an error term to conclude as in Section 3.5, we need 1Y fR E;jgW
to decay in time strictly faster than t~1=% for § > 0 small provided that || g | < K173,
This is the case if ll_flf‘ < —1, that is, o > %
We can check similarly that we can treat [ 9, E70,gW and [ 8§ Ey 8§ gW similarly.

For the latter, we use the fact that we also control 1|33 ¢]|7, )

2
H2(R)

A. Proof of Proposition 1.1

Proof. We recall that the solution of the heat equation is

1 x—y)2
Sl == [R fo)e 7 ay.

We compute
/2 (/7 e/ Ve 0=2)%/4
t (Vtz,t) = / (y/t)e V™ dy.
4 Var JrR foly Y
Take any B € |3, %[ Then

/2 <Kt: P 0

/ Foly/De 4 gy
|y|<t=#

when 1 — +o0. Furthermore, for |y| = =2, we have |y|v/7 = 1278 — 400 whent —
+00, hence
—K
12 fo(yN/1) — v
when t — +o00. We deduce that

K 1 2
Pz + = "0 dy| = 01 too(1)
Var Jiyizes [y e
and since o < 1, |y|™® is integrable near 0, which concludes the proof. |
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