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A generalization of the Davis—Moussong complex
for Dyer groups

Mireille Soergel

Abstract. A common feature of Coxeter groups and right-angled Artin groups is their solution
to the word problem. Matthew Dyer introduced a class of groups, which we call Dyer groups,
sharing this feature. This class includes, but is not limited to, Coxeter groups, right-angled Artin
groups, and graph products of cyclic groups. We introduce Dyer groups by giving their standard
presentation and show that they are finite-index subgroups of Coxeter groups. We then introduce
a piecewise Euclidean cell complex ¥ which generalizes the Davis—Moussong complex and the
Salvetti complex. The construction of ¥ uses simple categories without loops and complexes of
groups. We conclude by proving that the cell complex X is CAT(0).

1. Introduction

There is extensive literature on Coxeter groups as well as on right-angled Artin groups
and more generally graph products of cyclic groups. One common feature of these
two families of groups is their solution to the word problem. It was given by Tits
for Coxeter groups [16] and by Green for graph products of cyclic groups [9]. The
algorithm does not only give a solution to the word problem but also allows to detect
whether a word is reduced or not. In his study of reflection subgroups of Coxeter
groups, Dyer introduces a family of groups which contains both Coxeter groups and
graph products of cyclic groups. A close study of [7] also implies that this class of
groups, which we call Dyer groups, has the same solution to the word problem as
Coxeter groups and graph products of cyclic groups. A complete and explicit proof is
given in [15].

Similar to Coxeter groups and right-angled Artin groups, the presentation of a
Dyer group can be encoded in a graph. Consider a simplicial graph I with vertices
V = V(I') and edges E = E(I'), a vertex labeling f : V — N, U {co}, and an
edge labeling m : E — Ns,. We say that the triple (I', f, m) is a Dyer graph if for
every edge e = {v, w} with f(v) > 3 we have m(e) = 2. The associated Dyer group
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D = D(T, f,m) is given by the following presentation:

D= (x,,veV|x/V =eif f(v) # oo,

[Xv. Xulme) = [Xu, Xvlm(e) forall e = {u, v} € E),

where [a,b]y = aba ... foranya,b € D, k € N, and we denote the identity with e.
N——

It is natural to askk the following question. Consider a property P satisfied by both
Coxeter groups and graph products of cyclic groups. Do Dyer groups also satisfy P?

In [6], Davis and Januszkiewicz show that right-angled Artin groups are finite-
index subgroups of right-angled Coxeter groups. For a right-angled Artin group A,
they give right-angled Coxeter groups W and W’, where W’ and A are both finite-
index subgroups of W and moreover the cubical complexes corresponding to A and
W' are identical. Inspired by this work, we consider the following question: are Dyer
groups finite-index subgroups of Coxeter groups? Out of a Dyer graph (T, f, m), we
build a labeled simplicial graph A and prove the following statement.

Theorem 1.1 (Theorem 2.8). We have W(A) = D(T, f, m) ¢ (Z./27)* for some
determined k € N.

The next corollary is a direct consequence.

Corollary 1.2 (Corollary 2.9). Every Dyer group is a finite-index subgroup of some
Coxeter group.

This corollary has many interesting consequences; among others, it implies that
Dyer groups are CAT(0) [5, Theorem 12.3.3], linear [1, Corollary 2], and biauto-
matic [14]. This is the starting point for a more precise study of their geometry.
Coxeter groups are known to act properly and cocompactly by isometries on the
Davis—Moussong complex, while right-angled Artin groups are known to act properly
and cocompactly by isometries on the Salvetti complex. Moreover, graph products of
cyclic groups are known to be CAT(0) by [8, Theorem 8.20]. The aim is to construct
an analog of the Davis—Moussong and Salvetti complexes for Dyer groups, and by
way of construction, give a unified description of them. The piecewise Euclidean cell
complex ¥ associated to a Dyer group D is constructed as follows. One considers a
simple category without loops X and a complex of groups D(X). The development
€ of D(X) will then encode the necessary information to build X. In Section 4.1,
this is done for the case of spherical Dyer groups, where a Dyer group D is spher-
ical if it decomposes as a direct product D, x Do, x D, with D, a finite Coxeter
group, Do, = Z" for some n € N, and D), a direct product of finite cyclic groups.
In Section 4.2, the construction of Section 4.1 is extended to any Dyer group. The
complexes D(X) and € are analogs to the poset of spherical subsets § and the poset
of spherical cosets W § for Coxeter groups, which are recalled in Section 3.2. Finally,
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Section 4.3 is devoted to the construction of the piecewise Euclidean cell complex X,
on which the Dyer group D acts properly and cocompactly, and culminates with the
proof of the following statement.

Theorem 1.3 (Theorem 4.21). The cell complex X is CAT(0).

As we do not assume the reader to be familiar with simple categories without loops
(scwols), Section 3.1 recalls the definitions and statements needed for the construction
of the scwol €. In Sections 3.2 and 3.3, we recall the constructions of the Davis—
Moussong complex and of the Salvetti complex.

2. Dyer groups

We recall the definition of Dyer groups as given in the introduction. These groups
were introduced by Dyer in [7]. It follows from Dyer’s work that Dyer groups have the
same solution to the word problem as Coxeter groups and right-angled Artin groups;
this aspect of Dyer groups is discussed in detail in [15].

Definition 2.1. Let I" be a simplicial graph with set of vertices V = V(I") and set
of edges £ = E(I'). Consider maps f : V — N5, U {oo} and m : E — N3, such
that for every edge e = {v, w} with f(v) > 3 we have m(e) = 2. We call the triple
(T, f,m) a Dyer graph.

Definition 2.2. Let (I", f, m) be a Dyer graph. The Dyer group D = D(T, f, m)
associated to the Dyer graph (I, f, m) is given by the following presentation:

D = (xy,veV|x/® =eif f(v) # oo,

[Xv, Xulm(e) = [Xu, Xvlm(e) foralle = {u, v} € E}),

where [a,b]y = aba ... forany a,b € D, k € N, and we denote the identity with e.
——

k
The pair (D, {xy, v € V}) is called a Dyer system.

Example 2.3. As mentioned in the introduction, Coxeter groups, right-angled Artin
groups, and graph products of cyclic groups are examples of Dyer groups.

Remark 2.4. For a subset W C V, we can consider 'y the full subgraph of T’
spanned by W and the restrictions

Sw=flw and mw =mgry).

The triple (I'w, fw,mw) is again a Dyer graph. We denote the associated Dyer group
by Dw. From [7], we know that the homomorphism Dy — D induced by the inclu-
sion W — V is injective, hence, Dy can be regarded as a subgroup of D.
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Figure 1. Dyer graph I, 4, for some m,q € Nx>».

Definition 2.5. LetV, ={v eV | f(v) =2}, Voo ={v eV | f(v) = o0}, and V,, =
VA\{Va U Vs}. For i € {2, p, oo}, let I'; be the full subgraph spanned by V; and
D; the Dyer group associated to the triple (I';, fy,,my;). Note that D5 is a Coxeter
group, D, aright angled Artin group, and D, a graph product of finite cyclic groups.

Example 2.6. Let m, g € Nx,. Consider the Dyer graph I', 4, given in Figure 1. The
associated Dyer group is

Dmg = {(a,b,c,d | b* =c*> =d? =e, ab = ba, (bc)" =e, cd = dc).
We recall the definition of Coxeter groups.

Definition 2.7. Let A be a simplicial graph with set of vertices V' = V(A) and set of
edges £ = E(A). Let m : E — N5, be an edge labeling of A. The Coxeter group
W = W(A) associated to the graph A is given by the following presentation:

W= (xy,veV|xZ=eforallveV,

[Xv, Xulme) = [Xu. Xvlm(e) forall e = {u, v} € E),
where [a, D]y = aba ... foranya,b € W,k € N, and we denote the identity with e.
N—
k
Note that for an edge e = {u, v} € E the relation

[xva xu]m(e) = [xu’ xv]m(e)

2

is equivalent to the relation (x,x,)™(©) = e, since x2 = x2 = e.

Dyer groups are finite-index subgroups of Coxeter groups. The aim is now to
show that every Dyer group is a finite-index subgroup of a Coxeter group. From a
given Dyer graph (T, f,m), we build a graph A with edge labeling m’. We then show
that D(I", f, m) is a finite-index subgroup of W(A). See Example 2.11 for a simple
case. We define the undirected labeled simplicial graph A. Its set of vertices is the
disjoint union V(A) = V II (V, U V). We will refer to the elements of the disjoint
copy of V, U Vi as v’ for v € V, U V. Two vertices u, v € V' C V(A) span an edge
in A if and only if they span an edge ¢ = {u, v} in I', and we set the label of the edge
e={u,v} € E(A)tobem’(e) =m(e). Forallu € V, U Vs and v € V(A) \ {u,u’},
there is an edge e = {u’, v} € E(A) labeled by m’(e) = 2. Finally, for all u € V,,
there is an edge e = {u,u’} € E(A) labeled by m’(e) = f(u). So, V C V(A) spans
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acopy of I' in A and the disjoint copy V, U Vo C V(A) spans a complete graphin A.
Let W = W(A) be the Coxeter group associated to the graph A. We give an action of
(Z./27)V?YV> on D.For v € V, U Vo, let &, : {xy,u € V} — D with &,(xy) = xy
forany u € V \ {v} and &,(xy) = x; 1. Forall v € V}, U Voo, the map &, extends to
a homomorphism &, : D — D. Moreover, forall u,v € V), U Vo, £, 0 &, = &, 0 &y,
and (£,)? = e. Hence, we have an action £ : (Z/272)"7YV>~ x D — D.

Theorem 2.8. We have W =~ D x¢ (Z./27)"r V<.
Proof. Let us first recall the presentations of W, D, and U = D x¢ (Z/ YAMAIEE

W = (s, v € V(A) | Vv e V(A), (1) = e
and Ve = {u, v} € E(A). (uyo)™ @ = e),
D= (x,,veV|x/® =eif f(v) # oo,
[Xv, Xulm(e) = [Xu: Xvlm(e) foralle = {u, v} € E}),
U= ({xyuecViU{é,vel,UVy}| x,{(“) =-eforallu € V with f(u) # oo,
[Xv, Xulm(e) = [Xu, Xvlm(e) foralle = {u,v} € E,
Ef =eforallv € V, UV, &6y = 46, forallu,v € V, U Vi,
Euxy = xp&y forallu € V, U Voo, v € V \ {u},
Euxyby = x;l forallu € V, U Vo).
We show that U is isomorphic to W by giving explicit homomorphisms ¢ : W —
Uand ¢ : U — W satistying ¢ o ¥ = Idy and ¢ o ¢ = Idw.
First, consider the map ¢ : {y,,v € V(A)} — U defined as follows: for u € V5,

¢(yu) = xy andforu € V, U Vi, (Vi) = Euxu, and ¢ () = &,. We show that ¢
extends to a homomorphism ¢ : W — U.

(1) For u € Va, ¢p(yy)*> = x2 =e Foru € V, U Voo, ¢p(yw)* = €2 = e and
¢ (V) = Euxubuxu = x;;' xy = €. S0, ¢(y,)> = eforallu € V(A).
(2) Letu,v eV C V(A) withe = {u,v} € E(A),soe € E and m'(e) = m(e).

If u,v € V5, we have

@) ()™ @ = (xyx,)™@ = e
2 2 _

since x;; = x; = e, and hence, [Xy, Xy]m(e) = [Xv, Xulm(e) 1S equivalent to
(xuxv)m(e) =e. Ifu e Vyand v € V, U Vo, we have m’(e) = 2, and so, the
relations in U give the equality

(V)P (yv) = xubpxy = Eyxuxy = EvxuXy = G(Yu)P(Vu)-
Ifu,v € V, U Vs, m'(e) = 2, and we have

S (Yu)P (Vo) =Euxubvxy =Eubvxuxy =EvEuxv Xy =5 xvEuXu =P (Yv)P (Yu)-
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(3) Letu € V, U Vo and v € V' \ {u}. Then, there is an edge {u’, v} € E(A) with

m'({u',v}) = 2. 1f v € Va, p(Yu)p (Vo) = Euxv = Xvbu = ¢(yu)d(yu). If
v €V, UV \ {u}, we have

V)P () = Eubvxy = Evbuxy = v xvéu = ¢ (V)P (Vur).

(4) Letu € V, UV and v € (V, U Vi) \ {u}, then there is an edge {u’, v’} €
E(A) with m’({u’, v'}) = 2, and we have

Su)P (Vo) = Eubv = EvEu = d(Yu)Pp ).

(5) For every u € V), there is an edge {u’, u} € E(A) labeled by m'({u’, u}) =
f(u), and we have

(@u)P(r)) @ = Eubuxn)’ ™ = x[® =e.

So, the map ¢ extends to a homomorphism ¢ : W — U.

Now, consider the map ¥ : {xy,u € V}U{&,v € V, U Voo} — W defined as
follows: for u € V5, ¥ (xy) = yy and foru € V, U Voo, ¥ (xy) = yurYu, and ¢ (&) =
Y. We show that ¢ extends to a homomorphism from U to W.

(1) For all v € V,, f(v) = 2, and so, ¥ (x,)® = y2 = e, and for all v € Vp,
there is an edge ¢ = {v, v’} € E(A) withm'(e) = f(v), so

¥ ()™ = (uy)’® =

(2) Foralle = {u,v} € E, thereis anedge ¢ = {u,v} € E(A) with m’(e) = m(e).
If u,v € V5, we have

[V (xu). ¥ (x0)]m(e) = [Yus Yolmee) = v Yulmey = [V (x0). ¥ (i) lme)-
Ifu € Vaand v € Vj, U Voo, we have m(e) = 2 and
Y (xu) ¥ (Xp) = YuYv Yo = Yo' Yulv = Yo' Yo Yu = ¥ (X0) ¥ (xu).
Ifu,v € Vj U Vo, m(e) = 2, and
V() ¥ (Xv) = Yw YuYo' Yo = Yo' YoYu Yu = ¥ (X0) ¥ (xu),

as YuYv = Yv'Yu> YoYu' = Yu' Vv, and Yy yor = Yo Yy

(3) Forall v € V, U Vi, we have ¥ (§,)> = y2 =e.

(4) Forallu,v € V, U V distinct, we have e = {u’,v'} € E(A) withm'(e) = 2,
s0 V(&)Y () = ywyv = yvyw = ¥ ()Y (u)-
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(5) Forallu € V, UV and v € V \ {u}, we have {u’, v}, {u’,v'} € E(A) with
labels m’({u’, v}) = 2 and m’({u’,v'}) = 2. If v € V5, we have

V(EDV (xXv) = ywyv = yoyw = ¥ (x) ¥ (§n).

If v € V), U Vo, we have
V(EDV (X)) = Yw Vv Yo = Yo Yuw v = Yo Yoduw = ¥ (X)) ¥ (§n).

(6) Forallu € V, U Vi,

Y (EDY ()Y (Eu) = yw Yw Yuyw = (yu/yu)_l = 1ﬂ(xu)_l-

So, the map ¥ extends to a homomorphism ¢ : U — W.
We now check that ¢ o ¢y = Idy and i o ¢ = Idy by showing that these maps
are the identity on the generators. For v € V;, we have ¢ (¥ (xy)) = ¢ (yy) = Xy and

Y (P(y) = ¥ (xy) = yo. Forv € V,, U Voo,
PV (x0)) = ¢(yoryo) = Evbvxv = Xy
and ¢ (¥ (§,)) = ¢(yv) = &. Forv € V) U Vo,
V(@) = ¥ (Evxv) = Yo Yo Yo = Yo
and ¥ (¢ (yv)) = ¥ (§v) = yv'- L

Corollary 2.9. Every Dyer group is a finite-index subgroup of some Coxeter group.

Remark 2.10. As mentioned in the introduction, Corollary 2.9 has many interesting
consequences. It implies that Dyer groups are CAT(0) [5, Theorem 12.3.3], linear [1],
and biautomatic [14] and that they satisfy the Baum—Connes conjecture, the Farrell-
Jones conjecture, the Haagerup property, and the strong Tits alternative. They also
admit a proper and virtually special action on a CAT(0) cube complex.

Example 2.11. We apply the previous theorem to Example 2.6. The corresponding
graph A is given in Figure 2. So, by Theorem 2.8, the Dyer group D, 4 is an index 4
subgroup of the Coxeter group
W=(ab,cdad.d|a®>=0b>=c*=d>=a?=d"” =e,
(ab)* = (be)™ = (cd)* =e,
(a/b)Z — (a/C)Z — (a/d)Z — (a/d/)Z =e,
(d'a)® = (d'b)*> = (d'c)* = e, (d'd)? =e).
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Figure 2. The graph A, 4 built out of the Dyer graph Iy, 4 for some m, g € N>>. We color
coded the vertices V' C V(A) and . For the edges: for edges of the form e =
{u, v’} and for edges of the form e = {u/, v}, v € V(A) \ {u,u'},andu’ € {v" | v € V), U Vo }.
Every edge is labeled by 2, if not specified otherwise.

The Dyer group D is not the only Dyer group, up to isomorphism, which is a
finite-index subgroup of W. We describe another such Dyer group D' = D(2, g, n)
by giving the Dyer graph (€2, g, n). The vertices of 2 are the disjoint union

V(Q) =V 1 Ve

We will refer to the elements of the disjoint copy of Vo as v’ for v € V. The label-
ing of the vertices is defined as follows: gy, Uy )iy, = 2 and gy, = f|y,. The
subsets V> U V), U Vo and (V2 U V) LI Vo both span copies of I', with the same
labeling of edges, and for u, v € Vo, the vertices v, u’ span an edge labeled by 2 in
if and only if v and u span an edge in T". Let D’ be the Dyer group associated to 2.
Note that every generator x,, v € V(2) of D’ has finite order. We now give an action
of (Z/2Z)¥7°V> on D’. For v € Vy, let iy, : {xy,u € V(Q)} — D’ with iy (x,,) = x,,
forany u € V() \ {v} and iy (xy) = x, 1. For v € Vo, let ky, @ {xy,u € V(Q)} — D’
with ky(x;,) = xy, forany u € V() \ {v, v’} and ky (xy) = Xy and ky (xy7) = Xy. For
all v € V,, U Vo, the map k,, extends to a homomorphism &, : D’ — D’. Moreover,
forall u,v € V, U Vi, ky © ky = Ky © Ky, and (ky)? = e. Hence, we have an action
k1 (Z)272)"»YV>~ x D' — D'

Theorem 2.12. We have W = D’ x, (Z/2Z)"» V.
Proof. Let us first recall the presentations of W, D', and U = D’ %, (Z/27)"» Ve,
W = (yy,v € V(A) | Vv € V(A), ()* = e
and Ve = {u,v} € E(A), (yuyu)™ @ =),
D' = (x,,v € V(Q) | x¥® = eforallv € V(Q),
[Xv. Xuln(e) = [Xu: Xoln(e) forall e = {u, v} € E(Q)),



A Davis—Moussong complex for Dyer groups 217

Figure 3. The graph €2, 4 built out of the Dyer graph I';;; 4 for some m, g € Nx>. There are
two types of vertices: V' C V(A .4) and . Every vertex and every edge is labeled
by 2, if not specified otherwise.

U = {xy.u € V(Q)) Uiy, v € Vp U Voo | xE® =eforallu e V(Q),

[Xvs Xuln(e) = [Xus Xvln(e) foralle = {u, v} € E(Q),

Kg =eforallv € V, U Ve, kpky = kyky forall u,v € V, U Vi,
KuXy = Xyky forallu € V,, v € V() \ {u},
KuXy = Xypky forallu € Voo, v € V() \ {u,u'},

KyXyky = x;l forallu € Vy, kyxyky = X, forallu € Vo).

As in Theorem 2.8, we can check that U is isomorphic to W by considering
explicit homomorphisms ¢ : W — U and ¢ : U — W satisfying ¢ o ¥ = Idy and
Yo¢ =Ildwy.

The map ¢ : {yy,v € V(A)} — U is given as follows: for u € V3, ¢(yy) = xy;
for u € Vp, ¢(yu) = kyXy, and ¢(yy’) = ky, and for u € Voo, ¢(yy) = xy, and
¢ (Yw) = ky. One can easily check, using methods which are similar to those used in
the proof of Theorem 2.8, that the map ¢ induces a homomorphism

¢:W —U.

The map ¥ : {x,,u € V(Q)} U {ky,v € V), U Voo} — W is given as follows: for
u € Vo, ¥(xy) = yu; foru € Vy,, ¥(xy) = ywyu and ¥ (ky) = yy; and finally, for

U € Voo, ¥(xu) = yu, ¥(Xw) = YwYyuyw, and ¢(ky) = yy. Again, one can easily
check, using methods which are similar to those used in the proof of Theorem 2.8,
that the map y induces a homomorphism

v:U—> W,
that ¢ o v = Idy, and that ¥ o ¢ = Idpw . ]

Example 2.13. We apply the previous theorem to Example 2.6. The corresponding
graph Q,, 4 is given in Figure 3. The associated Dyer group is

D, ,=labcdad |a®=a?=bp=c"=dl =e,

ab = ba,a’b = bd', (bc)™ = e,cd = dc).
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It is an index 4 subgroup of the Coxeter group W associated to the graph A, , given
in Figure 2.

Remark 2.14. If the Dyer group D is a right-angled Artin group, i.e., V = V,
the constructions described here are those given in [6]. In particular, if D is a right-
angled Artin group, the groups W and D’ are right-angled Coxeter groups. So, there
is a decomposition of W as a semi-direct product of a right-angled Artin group and
the right-angled Coxeter group (Z/27)" .

Remark 2.15. There is a Coxeter group W’ associated to the Dyer group D’ such
that W' = D’ x (Z/2Z)"7 . The following questions arise: do W and W’ relate in any
(meaningful) way? What can we say about their Davis—Moussong complexes? How
do D and D’ relate to each other? What are all the Dyer subgroups of a given Coxeter
group?

3. Complexes of groups

This section introduces the tools needed in Section 4. We first recall necessary defini-
tions and results about small categories without loops. We then recall the constructions
of the Davis—Moussong complex and of the Salvetti complex.

3.1. Introduction to scwols

Small categories without loops (scwols) and complexes of groups were introduced
by Haefliger in [10, 11]. Based on [2], we would like to recall some notions about
scwols and complexes of groups, as we do not assume the reader to be familiar with
these constructions. We hope to give all necessary definitions and results; details can
be found in [2]. The reader familiar with scwols might only consider the specific
examples developed in this section as they will be used in the construction of the cell
complex 3.

A small category without loops (scwol) X consists of a set 1(XX), called the vertex
set of X, and a set E(X), called the set of edges of X. Additionally, two maps i :
EX) = V(X)andt : E(X) — V(X) are given. We call i («) the initial vertex of
a € E(X) and ¢ () the terminal vertex of & € E(X). The set E® (X) denotes the
pairs (o, B) € E(X) x E(X) with i («) = £(B). A third map o : E@(X) — E(X)
associates to each pair (¢, 8) an edge «f, called their composition. These sets and
maps need to satisfy the following conditions:

(1) forall (o, B) € E®, we have i (@f) = i (B) and 1 (af) = t(a);
(2) foralla, B,y € E(X),ifi(a) =t(B)andi(B) = t(y), then (af)y = a(By);
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(3) foreacha € E(X), we have i (a) # ().

A subscwol X’ of X is given by subsets V(X') C V(X) and E(X’) C E(X) such
that if « € E(X'), then i (), t(a) € V(X'), and if , B € E(X') with i (a) = 1(B),
then aff € E(X').

Remark 3.1. To any poset (&, <) we can associate a scwol X, where the set of
vertices is & and the set of edges are pairs (a,b) € P x P suchthatb <a,t((a,b)) =
a,and i((a,b)) = b.

Definition 3.2 (Product of scwols). Given two scwols X and ¥, their product X x ¥
is the scwol defined as follows: V(X x ¥) = V(X) x V(¥) and

E(X xY) = (E(X) x V(¥) U (E(X) x E(Y)) U (V(X) x EY)).

The maps i,t : E(X x ¥Y) = V(X x ¥Y) are defined by i(«, 8) = (i(«),i(8)) and
t(a, B) = (t(x),t(B)) (we consider i(v) = t(v) = v forany v € V(X) U V(¥)) and
the composition (&, @’)(B, ') = (af,a’ ") whenever ¢t (B, 8’) = i («,’) (we consider
af = a whenever « € E(X)U E(¥) and  =i(a) € V(X) U V(Y), and aff = B
whenever 8 € E(X)U E(Y) and x = £(B) € V(X) U V(¥)).

Remark 3.3. Let [n] ={1,...,n}. One can inductively define the product of n scwols

X1, ..., Xy. Then, the product X = Hje[n] X is the sewol with vertices V() =
[T V(X;) and edges

EX) = || ( I1 V(xj)) x (]‘[ E(x,-)).
SC[n],S#0 jeS¢ jes

The maps i, t : E(X) — V(X) are defined by
() =i((ej)jen) = (i(2j))jem and t(e) = 1((j)jem) = (1()))jemn

(we consider i (v) = #(v) = v forany v € | |;¢[,) V(X)) and the composition of =
(otj)jen(Bj)jein] = (¢ B;)jemm) Whenever defined.

Example 3.4. Consider a finite set S. Let J?(.S) be the set of subsets of .S. Consider
the poset (P (S), C) and its associated scwol ¥s. Then, ¥s = [[,cg Y(v}- Moreover,
for any v € S, the scwol ¥y, also denoted by ¥,, has two vertices @ and {v} and a
single edge e, withi(e,) = @ and t(e,) = {v}.

Example 3.5. Consider a finite set S. For v € S, let Z(,y = Z, be the scwol consist-
ing of two vertices @ and {v} and of two edges denoted by (@, {v}, @) and (3, {v}, {v})
with i (@, {v}, ) = i (@, {v}, {v}) = 0 and ¢(9, {v}, d) = t(0, {v}, {v}) = {v}. Let
Zs = [[yes Zivy- Note that V(Zg) = &P (S) and the edges can be described as

E(Zs) ={(A,B.A)| AC B CS.,AC B\ A}
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where i (A, B,A) = Aand t(A, B,A) = B. This example seems artificial at this point
but will be quite useful later as the geometric realization of Zg is a torus TS and its
fundamental group is Z5. Indeed, we are particularly interested in the case where S
is the vertex set of a complete Dyer graph I" for which all vertices are labeled by co.

A simple complex of groups §(X) = (Gy, V) over a scwol X is given by the
following data:

(1) foreach v € V(X), a group Gy, called the local group at v;

(2) foreach a € E(X), an injective homomorphism ¥4 : Gj) = Gy(q), With the
following compatibility condition: ¥, = ¥4¥g Whenever defined.

A simple complex of groups §(X) = (Gy, Y¥y) over a scwol X is called inclu-
sive if it additionally satisfies the following condition: for each « € E(X), we have
Giw) < Gt and Yo (g) = g for all g € G;(). We will only be considering simple
inclusive complexes of groups. These are restrictions on the more general definition
of complexes of groups, which can be found in [2].

Definition 3.6. The product ¥(X) x G(Y) of two simple complexes of groups §(X)
and §(Y) is the simple complex of groups over the scwol X x ¥ given by the follow-
ing data:
(1) for each v = (v1, v2) € V(X x ¥), the local group G, = Gy, x Gy, is the
direct product of the corresponding local groups in §(X) and §(Y);

(2) for each o = (a1, 2) € E(X x ¥), the injective homomorphism is ¥, =
Yo, X Yo, (if one ; is a vertex, we set Yy, to be the identity on Gy, ).

As §(X) and §(Y) are simple complexes of groups, so is §(X) x G(Y).

Similar to the definition of products of scwols, this definition can be extended to
finite products of simple inclusive complexes of groups. The product [ [; ¢, & (X:)
of simple complexes of groups §(X;), i € [n], is the simple complex of groups over
the scwol ]_[ie[n] X; given by the following data:

(1) for each v = (v;)ie[n] € V(]_[ie[n] Xi), the local group G, = Hie[n] Gy, is

the direct product of the corresponding local groups in §(X;);

(2) foreacha = (@;)ie[n) € E(]_[ie[n] X.i), the injective homomorphism is ¥, =

]_[ie[n] Yo, (if an ; is a vertex, we set Yy, to be the identity on G,).

We will now give fundamental examples of complexes of groups and products of

complexes of groups over the scwols introduced in Examples 3.4 and 3.5.

Example 3.7. We consider the scwols defined in Example 3.4. For every v € §, we
choose a positive integer p,,. Let C, be the finite cyclic group of order p,. For v € S,
let ®(Y,) be a simple complex of groups over ¥, by choosing Gg = (e) the trivial
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group, Gy,) = Cy, and Y, the trivial map. We define a simple complex of groups
D(Ys) over Yy as follows:

(1) for A € V(¥Ys), weset G4 = [[,c4 Cus

(2) fore € E(Ys) withi(e) = A and t(e) = B, we have A C B, so G4 < Gp,
and so, there is a canonical inclusion ¥, : G4 — Gp. These inclusions satisfy
the compatibility condition.

We indeed have D(¥Ys) = [[,e5 D (H})-

Example 3.8. For a finite Coxeter system (W, S), we can define W (Ys), a simple
complex of groups over Yg, as follows:

(1) for A € V(Ys), we choose the local group to be Wy, the subgroup of W
generated by A;

(2) fore € E(Ys) withi(e) = A and t(e) = B, we have A C B, so there is a
canonical inclusion v, : W4 — Wpg. These inclusions satisfy the compatibility
condition.

In general, in this case, we have W(Ys) # [ [,cs W (Y(w}) even though the scwols
satisfy Ys = [[,c5 Y-

Example 3.9. We consider the scwols defined in Example 3.5. We can always define
a trivial complex of groups over a scwol. The product of trivial complexes of groups
will again be trivial. This leads to the following notation. For every v € S, we define
a simple complex of groups D (Z,) over each scwol Z, by choosing

GQ) = G{v} = (e),

the trivial group, and V¥(g (v},0) = ¥(@,{v},{v})> the trivial map. Similarly, we define a
simple complex of groups ©(Zs) by choosing G4 = (e), the trivial group, for every
A € V(Zs) and Y¥(4,B,4), the trivial map, for every (4, B,A) € E(Zg). We have

D(Zs) = [[ D(zw).

ves

Assume that the scwol X is connected; i.e., there is only one equivalence class
on V(X)) for the equivalence relation generated by (i (cx) ~ ¢(c) for every edge o €
E(X)). One can define the fundamental group of a complex of groups §(X) over
a scwol X. For simplicity and as it suffices for the cases we consider, we give the
following characterization.

Definition 3.10. Consider a simple complex of groups §(X) over a connected scwol
X . Assume that each group G, is finitely presented with G, = (S, | Ry). Choose a
maximal tree T in the underlying graph. Let E(X)* = {a*,a™ | @ € E(X)}. Then,
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the fundamental group 71 (§(X), T) is generated by the set

( | | Sv)uE(X)i

veV(X)

subject to the following relations:

all the relations R, in the groups G,

(@)™l = o~ forall edges @ € E(X),

at Bt = (af)T fora, B € E(X), whenever aff € E(X) is defined,
Va(s) = atsa™, Ya € E(X), Vs € Sia)

at =e, VaeT

Different choices of T will give isomorphic fundamental groups. So, we can con-
sider 71 (9 (X)) = m1($(X), T) for any choice of maximal tree 7. Moreover, the
subgroup of 71(§(X), T) generated by {a*, o € E(X)} corresponds to the funda-
mental group of the scwol X.

Remark 3.11. The fundamental group of a complex of groups can also be character-
ized in more categorical terms. By [11, Definition 2.7.1], the fundamental group of
a complex of groups §(X) is also given by the fundamental group of the geometric
realization Bg(X) of the nerve N(C§ (X)) of the associated category C§(X). The
corresponding definitions are given in [11].

Lemma 3.12. For two simple inclusive complexes of groups §(X) and §(Y), we
have

m1(§(X)) x 1 (§(Y)) = m1(§(X) x G(Y)).

Proof. We use the characterization of the fundamental group given in Remark 3.11.
Let §(X) and §(Y) be two simple inclusive complexes of groups. Then, the category
C(9(X) x G(Y)) associated to the product of complexes of groups §(X) x G(Y) is
isomorphic to the product category C§(X) x C§(Y) of the categories associated to
5(X) and §(Y). For the nerves, we have that N(C(§(X) x G(Y))) is isomorphic to
the cartesian product N(C§(X)) x N(C§(Y)) (where the k-skeleton (N(C (X)) x
N(CE(Y)))r is (N(CE(X)))r X (N(CE(Y)))r). So, by [12, Theorem 2], the geo-
metric realization B(C(§(X) x G(Y))) of the nerve N(C(§(X) x G(Y))) is home-
omorphic to the product B(C§(X)) x B(C§(Y)) of the geometric realizations of
N(C$§(X))and N(CE(Y)). So, the fundamental group 71 (B(C(§(X) x G(Y)))) is
isomorphic to the product 71 (B(C g (X))) x m1(B(CE(Y))). ]

Example 3.13. In Example 3.7, the fundamental group of D(Ys) is XyesCy. In Ex-
ample 3.9, the fundamental group of D(Zy) is Z5. In Example 3.8, the fundamental
group of W (Yys) is the Coxeter group W.
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We will now consider morphisms. Consider two scwols X and ¥. A morphism of
scwols f : X — ¥ is a map that sends V(X)) to V(¥), and sends E(X) to E(¥) such
that

(1) forevery a € E(X), f(i(e)) = i(f()) and f(t()) = 1(f(a)),

(2) for composable edges «, B € E(X), f(aB) = f(a)f(B).

Let 9(X) = (Gy, V¥o) and K (Y) = (Hy, &) be two simple complexes of groups.
Let f : X — ¥ be a morphism of scwols. A morphism of complexes of groups ¢ =
(v, P(@)) : §(X) = H(Y) over f consists of

(1) ahomomorphism ¢, : G, — Hyp(y) for every v € V(X),

(2) an element ¢(a) € H;(r()) for every edge a € E(X) such that we have
Ad@(@)Ef@Piw) = PriaVa and (@) = $(@)E7(a)($(8)) for all com-
posable edges o, 8 € E(X),

where Ad(¢(x)) is the conjugation by ¢ (a) (where Ad(¢())(g) = ¢(a)gdp(a™!)
for g < Ht(f(a)))-

Finally, let G be a group. A morphism ¢ = (¢y, P (@)) : §(X) — G consists of a
homomorphism ¢, : G, — G for each v € V(X)) and an element ¢ () € G for each
a € E(X) such that Ad(¢())Pi(@) = Pr@)Ve and ¢(af) = ¢(a)¢(B) whenever
composable. There is always a morphism from the complex of groups to the funda-
mental group of the complex of groups ¢ = (¢, p(@)) : §(X) — 71 (F(X)) with
d(a) = ot € m(§(X)) for every edge a € E(X).

Example 3.14. Consider the complex of groups D(¥g) given in Example 3.7. Its
fundamental group is the product 71 (D(Ys)) = XpesCy. For A € V(¥Ys), let ¢;§ :
XpeaCy = Xpes Cyp With ¢5(g) = g, and for a € E(Ys), let ¢S5 («) = e. The mor-
phism ¢ = (¢§, #35 (@) : D(Ys) = XyesCy is injective on the local groups.

Example 3.15. Consider the complex of groups W (Ys) given in Example 3.8. Its
fundamental group is 771 (W (Ys)) = W. For A € V(Ys), let ¢4 : Wy — W be the
inclusion with ¢(g) = g, and for @ € E(Ys), let ¢(x) = e € W. The morphism

¢ = (¢a.¢() : W¥s) > W
is injective on the local groups.

Example 3.16. Consider the complex of groups ©(Zs) given in Example 3.9. Its

fundamental group is 7, (D (Zs)) = Z5. For the notation, let e be the trivial element

in Z5, and let x;, s € S be the standard generators of 75.For A € V(Zg), let
¢i:(e) > 2°

with ¢ (e) = e, and for (4, B, 1) € E(Zs), let $5((A, B, 1)) = [[,c; Xs- The mor-
phism ¢5 = (¢5,$5 (@) : D(Zs) — Z5 is injective on the local groups.
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Definition 3.17. A complex of groups ¥(X) over a scwol X is developable if there
exists a morphism ¢ from &(X) to some group G which is injective on the local
groups.

Remark 3.18. This definition is not the original definition given in [2, Corollary
II1.€.2.11] but it is equivalent to it by Corollary III1.€.2.15 in [2] and better suited
to our use.

Let §(X) be a complex of groups over a scwol X; let G be a group and ¢ :
9(X) — G a morphism. The development of X with respect to ¢ is the scwol
€ (X, ¢) given as follows:

(1) its vertices are
V(f(x»¢)) = {(g¢v(Gv)v U) | v e V(X), g¢v(Gv) € G/¢U(Gv)}§

(2) its edges are

E(E(X,9))
= {(8%i()(Giw). @) | @ € E(X), £0i0)(Giw)) € G/Pi()(Gi)}

(3) themapsi,t : E(€(X,¢)) = V(E(X, ¢)) are
1(8%i(0)(Gi), @) = (80i(@)(Gi), i (a))

and
1(80i@)(Gi@). @) = (§¢(@) ' b1(a)(Gr (@) 1(@));

(4) the composition is
(8¢ (Giw). @) (hi(8)(Gip)). B) = (hdi(p)(Gip)). o).

where a, B are composable and g () (Giw)) = h¢(B) ' di(a)(Gi))-

Note that, by [2, Theorem II1.€.2.13], €(X, ¢) is indeed well defined. Moreover,
there is an action of G on € (X, ¢), where G \ €(X,¢) = X.

As for simplicial complexes, we can define geometric realizations of scwols. For
a scwol X, denote its geometric realization by |X|. If a scwol does not have mul-
tiple edges, this construction coincides with the geometric realization of simplicial
complexes. This is the only case we will need in this article, and details on the gen-
eral construction can be found in [2, Chapter III.€.1]. The action of G on €(X, ¢)
induces an action of G on |€ (X, ¢)|. If we require the action of G on |€ (X, ¢)| to be
by isometries, putting a metric on [€(X, ¢)| corresponds to putting a metric on | X|
as G\ [C(X, )] = |X].
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Example 3.19. Consider the complex of groups D (¥s) and the associated morphism
¢S D(Ys) — [I,es Cv from Example 3.14. One can check that the development
€ (Ys, ) is the product [[,cs €Yy, ¢1). Each € (Y3, 1) is a scwol with
set of vertices {(g,d) | g € Cy} U {(Cy, {v})} and set of edges {(g,ey) | g € Cy}
with i (g, ey) = (g, 90) and 1(g, ey) = (Cy, {v}). So, it is a star on |Cy| branches, the
leaves correspond to the vertices {(g,%) | g € Cy}, the central vertex is (Cy, {v}), and
the edges are oriented from the leaves to the center. The group C, acts by rotation
and stabilizes the central vertex. For each v € S, choose [, > 0. Let Stern(v) be
the geometric realization of €(¥,, ¢{*}) as follows: for g € C,, consider the interval
14 =[0,1y], then Stern(v) = UgeCU Ig/ ~where0 € Iy ~0 € .. Note that Cy, acts by
isometries on Stern(v). The space Stern(S) = [ [, Stern(v) with the product metric
is a geometric realization of €(Ys, ¢%), due to the product structure of € (Ys, ¢5).
Moreover, [ [,cg Cv acts by isometries on Stern(.S).

Example 3.20. Consider the complex (¥s) and the morphism ¢ : W(Yg) - W
from Example 3.15. The development €(Ys, ¢) is a scwol with {(gW4, A) | A C
S,gWa € W/ Wy} as set of vertices and {(gWa, (A, B)) | AC B, gWa € W/ Wy} as
set of edges where i (gWy, (A, B)) = (gWy, A) and t(gWy, (A, B)) = (gWp, B). It
is the scwol associated to the poset WP (S) = Jrcg W/ Wr, the poset of parabolic
cosets ordered by inclusion. In Section 3.2, we will introduce the Coxeter polytope
Cox(W) of W, which is a geometric realization of € (Ys, ¢).

Example 3.21. Consider the complex D(Zy) and the morphism ¢35 : D(Zs) — Z5
from Example 3.16. One can check that the development €(Zg, ¢) is the product
Xpes C(Z vy, ¥, Each C(Z), 1) is a scwol with vertices

V(€(Zpy ¢1")) = {(8.9) | g € (xu)} UL(g.Av}) | g € ()}

and edges
E(€(Zwy,9"™) = {(g, (0, {v},0)) | g € (x)} U{(g, (0, {v}, {v}) | g € (xu)},

where i(g, (9. {v},9)) = (g.9), 1(g. (9. {v}. D) = (g.{v}), i(g. (D, {v}, {v}) =
(g,9), and t(g, (9, {v}, {v})) = (gx; !, {v}). So, it is a line; each vertex has either
two incoming or two outgoing edges. The group Z = (x,) acts by translation. There
are two orbits: one corresponding to the vertices with incoming edges and one to
the vertices with outgoing edges. A geometric realization of €(Zyyy, ¥} is the real
line R, where we identify (e, d) € €(Zyy), ") with 0 € R, and (e, {v}) with 0.5, and
(x; 1, {v}) with —0.5. Since we want Z to act by isometries, this means that for every
x{f € Z we identify the vertex (xﬁ, @) with k € R and (x{f, {v}) with k + 0.5 € R.
Using the product structure with the ¢, -metric, we get that RS with the Euclidean
metric is a geometric realization of €(Zg, ¢5) on which Z5 acts by translation.
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The construction of the future cell complex X relies on the understanding of the
local combinatorial structure of the development € (X, ¢) of a complex of groups
5(X). We first define links and stars of vertices for scwols.

Definition 3.22 (Links and stars of vertices). Let X be a scwol. Let v € V(X). The
incoming link Lk;, (v, X) is the scwol with vertex set

V(Lkin (v, X)) = {o € E(X) [ 1(2) = v},

edges
E(Lkin(v. X)) = {(@. B) € ED(X) | () = v},

maps i,1 : E(Lkin (v, X)) — V(Lkin(v, X)), with i ((«, B)) = af, 1((e, B)) = «,
and composition («, B8)(¢/, B') = («, BB’) when aff = o’. Similarly, we define the
outgoing link Lk (v, X) as the scwol with vertex set

V(Lkou(v, X)) = {a € E(X) | i(a) = v},
edges
E(Lkou(v, X)) = {(@, ) € EP(X) | i(B) = v},

maps i, 1 : E(Lkou(v, X)) = V(Lkou (v, X)), with i((«, B)) = B, t((«, B)) = ap,
and composition («, 8)(¢/, B’) = (@a’, B’) when 8 = o’ B’. The incoming star is the
oriented combinatorial join

Stin(v, X) = Lkin (v, X) % {v},
and the outgoing star is defined similarly:
Stout(va x) = {U} * LkOut(v7 x)

If the scwol X does not have multiple edges between vertices, the links and stars
of vertices can be regarded as subscwols of X. Let v € V(X). The incoming link
Lk;, (v, X) is then the subscwol of X spanned by the vertex set

V(Lkin(v, X)) ={u e V(X)|3e € E(X):i(e) =uandt(e) = v}.
The incoming star St;, (v, X) is the subscwol spanned by
V(Sti(v, X)) ={ueV(X)| e E(X):i(e) =uandt(e) = v} U{v}.

Similarly, the outgoing link Lk, (v, X) is then the subscwol of X spanned by the
vertex set

V(Lkouw(v, X)) ={u € V(X) | de € E(X) :t(e) =uandi(e) = v}.
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The outgoing star St,, (v, X) is the subscwol spanned by
V(Sto(v, X)) ={u € V(X) |Je € E(X) :t(e) =uandi(e) = v} U {v}.

We will only study links of star of developments € (X, ¢) of a connected scwol X
over the canonical morphism ¢ : §(X) — 71(§(X)). In this case, the development
€ (X, ¢) is simply connected and in particular does not have multiple edges between
vertices (see [2, Theorem 3.13]).

Example 3.23. Consider the development € (¥, ¢ from Example 3.19. The
incoming star of the vertex (g, d), g € C, only contains the vertex (g, @), but the
incoming star of the vertex (Cy, {v}) is € (Y, plvh.

Example 3.24. Consider the development €(¥Ys, ¢) from Example 3.20. The incom-
ing link of a vertex (gWy, A) € €(Ys, ¢) is spanned by the vertices

{(hWp,B) | B C A,gh™" € Wy}.

Example 3.25. Consider the development € (Z,, W) from Example 3.21. Let
g € {xp). The incoming link of the vertex (g, @) is empty, and its outgoing link con-
sists of the two disjoint vertices (g, {v}) and (gx, !, {v}). The incoming link of the
vertex (g, {v}) consists of the two disjoint vertices (g, ¥) and (gx,, @), and its out-
going link is empty. As €(Zs, ¢5) is the product X,es€ (Z 1, ${¥}), the incoming
(resp., outgoing) link of a vertex in €(Zs, $°) can also be expressed as a product of
incoming (resp., outgoing) links.

3.2. Coxeter groups and the Davis—Moussong complex

The discussion of the Davis—Moussong complex is based primarily on [5]. We will
omit most proofs as they can be found in the literature, in particular in [1,5].
Let S be a finite set. Let M = (m(s,1))s,es be a symmetric matrix with m(s,¢) €
N U {oo}, m(s,s) = 1, and m(s,t) = m(t,s) > 2 if s # ¢. Such a matrix is called a
Coxeter matrix. The Coxeter group associated to M is given by the following presen-
tation:
W ={(seS|(st)"" =1foralls,t € S),

where m(s,t) = oo means that there is no relation given between s and ¢. The pair
(W, S) is called a Coxeter system. Consider the S x S matrix ¢ defined by

cst = cos(m — w/m(s,t)),

the matrix c is called the cosine matrix of the Coxeter matrix M. When m(s, ) =
00, we interpret /00 to be 0 and cos(r — w/00) = —1. The following fact states
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a classical result, giving a necessary and sufficient condition for a Coxeter group to
be finite.

Fact 3.26 (|5, Theorem 6.12.9]). A Coxeter group W is finite if and only if the cosine
matrix c is positive definite.

For T C S, let Wr be the subgroup of W generated by 7. Consider the poset
of spherical subsets § = {T' C S | Wr is finite} ordered by inclusion. In an abuse
of notation, let us also write § for the scwol associated to the poset §. Similarly, to
Examples 3.8, 3.15, and 3.20, let W(S) be the complex of groups over S, where the
local group at 7 € § is W7, and for an edge (R, T'), the associated map V/(gr,T) :
Wgr — Wr is the inclusion /(g 1)(r) = r for every r € R. The fundamental group
of W(S) is W, and there is an injective morphism ¢ = (¢, ¢((R, T))), where ¢ :
Wr — W is the inclusion and ¢ ((R, T')) = e for every edge (R, T). Let €(S, ¢) be
the development of W (S) with respect to ¢. Let us also consider the poset W§ =
Ures W/ Wr, called the poset of spherical cosets. In a similar abuse of notation, let
us also write W§ for the scwol associated to the poset W'S.

Remark 3.27. The set of vertices of €(S,¢) is {(wWr,T) | T € S, wWr € W/ Wr}.
The set of edges of €(S, @) is {(wWr,(R,T)) | R, T €S8, RCT, wWg e W/Wgr},
where (WWg, (R, T)) is an edge from the vertex (wWg, R) to the vertex (wWrg, T).
In particular, there is an edge from a vertex (wWWg, R) to a vertex (w'Wr, T) if and
only if R C T and wWyr = w'Wr (i.e., w' ™ 'w € Wr).

Lemma 3.28. The scwols €(S, ¢) and W § are equal.

Proof. Tt follows from Remark 3.27 that the two scwols have the same set of vertices.
For the edges, note that, for wWg, w'Wp € W §, we have wWg C w’'Wr if and only if
R cC T andw'w e Wr. So, using Remark 3.27, the sets of edges also coincide. m

Coxeter polytope. From now on, assume that W is finite. Let us recall the canonical
representation of W. Consider IT = {&s | s € S} and V = @, Rars. Let

(,):VxV >R

be the scalar product on V' given by (o, o) = — cos(ﬁ). The canonical represen-
tation of W on GL(V) is given by p : W — GL(V) with p(s)(x) = x — 2{as, X) s
for s € S, x € V. The scalar product on V is p(W)-invariant. There is a dual basis
[T" = {af | s € S}, satistying (o), a;) = 0if s # ¢ and (&}, @s) = 1. We choose
X0 = ) ,es @ € V. The Coxeter polytope of (W, S), denoted by Cox(W), is the
convex hull of {p(w)(x¢) € V | w € W}. It is endowed with the Euclidean met-
ric. Note that its interior is nonempty. For a subset 7 C S, let [[; = {as | s € T}
and Vr be the subvector space of V spanned by [];. Let [[7 = lagr | s€T}be
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the dual basis of [[7 in Vr. Fix xo,r = ) ser @] 7. Let Cox(Wr) be the convex
hull of {p(w)(x0,7) € Vr | w € Wr}. Moreover, let Coxr (W) be the convex hull of
{p(w)(xo) € V | w € Wr}. Let u = xo — xo,r and #, : V — V be the translation
by the vector u. This translation sends p(w)(xo,7) to p(w)(xp) for every w € Wr.
Specifically, it is an isometry from Cox(Wr) to Coxr (W).

Lemma 3.29 ([5, Lemma 7.3.3]). The poset WS and the face poset ¥ (Cox(W))
of Cox(W) are isomorphic. Specifically, the correspondence wWr — w Coxr (W)
induces an isomorphism of posets.

So, we can identify W§ and hence € (S, ¢) with the barycentric subdivision of
the Coxeter polytope Cox (W), thus identifying |€ (S, ¢)| isometrically with Cox(W).
The metric on |€(S, ¢)| induced by the identification with Cox(W) is called the
Moussong metric. In particular, for wWr € W §, the geometric realization

(W S<wwr| C WS
is identified with the face w Cox7(W).

The general case. We now consider any Coxeter group W, so W need not necessar-
ily be finite. We put a coarser cell structure on W'$ (or equivalently on €(S, ¢)) to
build the Davis—Moussong complex X by identifying each subposet (W) <yw;-,Tes,
which is isomorphic to the poset Wr(S<7), with a Coxeter polytope Cox(Wr). So,
we can give the following description of 3.

Theorem 3.30 ([5, Proposition 7.3.4]). There is a natural cell structure on X so that

(1) its vertex set is W, its 1-skeleton is the Cayley graph Cay(W, S), and its 2-
skeleton is the Cayley 2-complex over Cay(W, S) with the relations

(st)") = foralls,t €S, s #1;

(2) each cell is a Coxeter polytope;

(3) the link Lk(v, X) of each vertex is isomorphic to the abstract simplicial com-
plex S~¢;

(4) a subset of W is the vertex set of a cell if and only if it is a spherical coset;
(5) the poset of cells in X is W S.

Note that the Cayley graph Cay(W, S) is considered to be undirected; hence, there
are no double edges between vertices, even though all elements of S have order 2
in W. Furthermore, all edges in Cay(W, S) are labeled; hence, the edges of X are
labeled. This labeling coincides with the labeling of vertices in Lk(v, X). By [5,
Lemma 12.1.1], the piecewise Euclidean structure on X induces a piecewise spheri-
cal structure on the link Lk(v, X) of a vertex and as such on the abstract simplicial
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complex S-.g with edge length d(u, v) = 7 — n/m(u, v) for two adjacent vertices
u,ves.

Now that we have an appropriate description of X, let us state the following geo-
metric property of 3.

Theorem 3.31 (Moussong’s Theorem [13]). For any Coxeter system, the associated
cell complex X, equipped with its natural piecewise Euclidean metric, is CAT(0).

A simplicial complex L with piecewise spherical structure has simplices of size
> mr/2 if each of its edges has length > 7/2. Such a simplicial complex is a metric
flag complex if the following condition holds: suppose that {vo, ..., vt} is a set of
pairwise adjacent vertices of L. Put ¢;; = cos(d(v;,v;)). Then, {vo, ..., vi} spans a
simplex if and only if the matrix (c;;) is positive definite. Then, Moussong’s theorem
is the consequence of the following lemmata.

Lemma 3.32 ([5, Lemma 12.3.1]). Let Lk be the link of a vertex in ¥ with its natural
piecewise spherical structure inherited from . Then, Lk is a simplicial complex and
has simplices of size > /2. Moreover, it is a metric flag complex.

Note that using Fact 3.26 the set of vertices of Lk is S and 7 C S spans a simplex
if and only if Wr is finite. Moreover, the distance between two vertices in Lk is given
by d(v,w) = —x/m(v, w).

Lemma 3.33 (Moussong’s lemma [5, Lemma 1.7.4]). Suppose that L is piecewise
spherical simplicial cell complex in which all cells are simplices of size > /2. Then,
L is CAT(1) if and only if it is a metric flag complex.

3.3. Right-angled Artin groups and the Salvetti complex

Every Coxeter group has an associated Artin group. We will concentrate on the class
of right-angled Artin groups and present their analog to the Davis—Moussong com-
plex, the Salvetti complex St. An extensive discussion of right-angled Artin groups
can be found in Charney’s survey [3].

Given a simplicial graph I', with vertex set V' and edge set E, the associated right-
angled Artin group A(I") is given by the following presentation:

A) = (xy,v e V| forevery e = {v,w} € E, XyXyy = XypXy).

If T has no edges, A(I") is the free group of rank |V|; if " is a complete graph,
A(T) is the free abelian group of rank |V/|.

Salvetti complex St. Let ' be a simplicial graph with vertex set V. For any set of
pairwise adjacent vertices V' = {vy, ..., vy}, consider the corresponding generators
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Xi = Xy,, and let
C(V')y={x]"---xi" € AT) | & €{0,1} foreveryi € {1,...,n}}.

Note that for two sets V/, V" C V of pairwise adjacent vertices we have V' # V"
if and only if C(V') # C(V"). The Salvetti complex St is the cube complex with
vertex set A(I"), and for every a € A(T") and every set of pairwise adjacent vertices
V' C V, there is a cube aC(V’). The Salvetti complex St is known to be a CAT(0)
cube complex by [4] and A(I") acts properly and cocompactly on St.

Recall Examples 3.5, 3.9, and 3.21. Let I" be a complete simplicial graph with ver-
tex set V. The development €(Zy, ¢") is the barycentric subdivision of the Salvetti
complex of the Artin group A(T"). Moreover, the geometric realization of €(Zy,¢"),
described in Example 3.21, is isometric to the Salvetti complex St endowed with the
standard £,-cubical metric with edge length 1.

4. A piecewise Euclidean cell complex for Dyer groups

The goal of this section is to show geometrically that Dyer groups are CAT(0) by
constructing an appropriate Euclidean cell complex X. In particular, we want Dyer
groups to act properly and cocompactly on the cell complex X. The first step is to
construct a scwol € associated to a Dyer group. The scwol € encodes the necessary
information to build X. The vertices of € will correspond to subcomplexes of X,
and the edges of € will encode identifications between subcomplexes of . Finally,
we will also be able to interpret € as a simplicial subdivision of the complex X. We
will first focus on spherical Dyer groups D, which factor as a direct product of a
finite Coxeter group and cyclic groups. We start with the construction of a scwol X
associated to a spherical Dyer group D and then define a complex of groups D(X).
The scwol € will be the development of the complex of groups ©(X). The second
subsection will discuss this for general Dyer groups. The third subsection will be
devoted to the Euclidean cell complex X.

4.1. A combinatorial structure for spherical Dyer groups

A Dyer group D = D(I', f, m) is spherical if its underlying graph I' is complete
and the subgroup D, is a finite Coxeter group. If D = D(I', f, m), we also say
that I' = (I, f, m) is a spherical Dyer graph. In this section, we will assume that D is
a spherical Dyer group. In particular, we then have D = D, x D, X Do, where D5 is
a finite Coxeter group, D), is a direct product of finite cyclic groups, and Dy, = ZVes.
As with Coxeter groups, we can characterize spherical Dyer groups through the cosine
matrix. Let (T, f,m) be a Dyer graph, andlet V = V(I') and E = E(I"). We extend the
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mapm: E — Nyytoamapm: V x V — Ns, U {oo} by setting m(u, v) = m({u, v})
if {u,v} € E,m(u,v) = ocoifu # vand {u,v} ¢ E, and m(u,u) = 1. We interpret
7t /o0 to be 0 and cos(w — 7w/00) = cos(mwr) = —1. The cosine matrix associated to a
Dyer graph (I, f,m) is the V x V matrix ¢ defined by ¢y, = cos(z — /m(u, v)).
The following characterization of spherical Dyer groups follows from Fact 3.26.

Lemma 4.1. A Dyer group D(T, f, m) is spherical if and only if the cosine matrix c
associated to (I, f,m) is positive definite.

Proof. Assume that D is a spherical Dyer group. Then, the restriction of ¢ to V5 x V5
is positive definite. Since additionally I" is a complete Dyer graph, this implies that
the matrix c is positive definite. Now, assume that the cosine matrix ¢ associated to
(T, f, m) is positive definite. Consider the matrix M = (m(u, v))u vev. Then, the
cosine matrix ¢ associated to (I', f, m) is equal to the cosine matrix of the Coxeter
matrix M as defined in Section 3.2. So, by Fact 3.26, the cosine matrix ¢ is posi-
tive definite if and only if the Coxeter group associated to M is finite. So, we have
m(u,v) # oo for all u, v € V. Moreover, since I' is a Dyer graph, this also implies
that the restriction of ¢ to V, x V5 is positive definite. So, the graph I" is complete and
D5, is a finite Coxeter group by Fact 3.26. Hence, D is a spherical Dyer group. ]

Let X = X(I') be the scwol with set of vertices V(X) = {X C V} and set of
edges E(X) ={(X,Y,0) | X S Y C V), ® C (Y \ X)oo} withi(X,Y,w) =X
and1(X,Y,w) =Y and (Y, Z, 0 )(X,Y,w) = (X, Z,w U ). We call X the scwol
associated to the spherical Dyer graph I'. Similar to the group D, we can also describe
X as a direct product of scwols.

Lemma 4.2. Let X = X (I'2), X, = X(I'p) and Xoo = X (I'sc). Then, we have the
product decomposition X, = X X Xp X Xoo. Moreover, Xp = Yy, = Xyey, Yy and
Xoo = 2y, = XpeVa, Ly as in Examples 3.4 and 3.5.

Proof. Since V =V, UV, U Vo, every X € V(X) can be decomposed as a disjoint
union X = X, U X, U Xoo, 50 V(X) = V(X2) x V(X,) x V(Xo). For the edges,
note that (X, Y, w) € E(X) if and only if X; C Y; for every i € {2, p, oo}, and at
least, one of those inclusions is strict and @ C Yoo \ Xoo. [ ]

Example 4.3. Let ' be a complete graph with vertex set V = {s, ¢, u, v}. Let
f:V — Ny U{oo}

with f(s) = f(t) =2, f(v) =o00,and f(u) =g forsomeq € N5,.Letm : E — N>,
withm({s,t}) = m for some m € N-, and m(e) = 2 for every other edge e € E. Then,
the triple (T, f, m) is a Dyer graph and the associated Dyer group D is spherical. The
associated scwol X is given as follows. Its vertex setis V(X) = P (V) ={X C V}.
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For X,Y € $(V), there is an edge (X, Y, ¥) if and only if X € Y and an edge
(X, Y, {v})ifand only if v € Y and v ¢ X. Moreover, these are the only edges in X.
Since X has 16 vertices, we do not attempt to draw the corresponding figure here.

We define the simple complex of groups D(X) over the scwol X. For each
X € V(X), let the local group be D){ = Dx,ux,. As mentioned in Remark 2.4,
we know by [7] that if X € ¥, DJ < D} < D. For each edge (X, Y, ») € E(X),
let V(x,y,w) : D){ — D{: be the map induced by ¥ (x,) = x, forevery v € X, U X,,.
These maps are all injective. Note that they do not depend on w. We also introduce the
morphism ¢ = ¢T : D(X) — D, where ¢y = ¢}; : D;; — D is the natural inclusion
and ¢(X,Y,w) =V (X,Y,w) = [1,eq Xv- Note that ¢(X, Y, w) is well defined since
the subgraph spanned by w C V, is complete. Moreover, ¢ (X, Y, w) only depends
on w, so we will write

$(X,Y,0) = p(@) = [ x-

VEW
Also note that each local group D)j; is finite.

Lemma 4.4. The complex of groups D(X) is isomorphic to the product of com-
plexes of groups D(X2) x D(Xp) x D(Kwo). Moreover, D(X,) is isomorphic to
nveV,, D(Yy) from Example 3.7 and D(Xo) is isomorphic to [ [, ey, D(Zy) from
Example 3.9.

Proof. For every X € V(X), the local group D}j;

D,{ = D)J;Z X D;p. As D){Oo is the trivial group, we also have

can be decomposed as a product

S~ nf S f
Dy = DX2 X DXP XDXoo'

Moreover, Dy, = []yey, Dy and Dx, = []yey,, D{v}- The morphism ¢ = o
also decomposes as a product ¢ = ¢, X ¢, X Poo, Where ¢, = o2, dp = 7, and
$oo = ¢, So, using Lemma 4.2, we have that the complex D(X) is isomorphic to
the product D(X5) x D(X,) X D(Xoo). [

Lemma 4.5. The fundamental group of D(X) is D, and the complex of groups D(X)
is developable.

Proof. We use the product decomposition given in Lemma 4.4. The scwol X, is asso-
ciated to the poset & (V2), so it is simply connected. Moreover, it contains a unique
maximal element V5, so the fundamental group of D(X5) is D{;z = D,. The same
argument implies that the fundamental group of ©(X)) is D). Recall that D(Xo)
is isomorphic to [ [,cy. D(Zy). The fundamental group of each D(Z,) is Z. So, by
Lemma 3.12, the fundamental group of D(Xso) is ZV> = Dy. So, by Lemma 3.12,
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the fundamental group of ®(X) is D x D, x Do, = D. Since the maps ¢y are
injective for all X € V(X), the complex D(X) is developable. ]

Since the complex D(X) is developable, we can describe its development

€ =€(X, ).

Since D)]; < D and the maps ¢y are canonical inclusions, we will identify the image
ox (D;) with D}; < D. The set of vertices of € is

V(€) = {(gD].X) | X € V(X), gD} € D/D]}.
The set of edges of € is
E(€) = {(gD}.(X.Y.0)) | (X.Y,w) € E(X), gD} € D/D3},

where i (gD], (X, Y,)) = (gD}, X) and t(gD] , (X, Y, )) = (gp(@) ' D}, Y).
For a simpler notation, we write gX for a vertex (gD}J; ,X) and g(X,Y, w) for an
edge (gD)j;, (X,Y,w)). Note that gX = hY ifandonly if X =Y and g7 'h € D){.
Similarly, g(X,Y,w) = h(X',Y’, ') ifand only if X' = X, Y' =Y, o' = w, and
g 'heD ){ . In particular, X is the quotient of € by the action of the group D.

Lemma 4.6. The development € (X, ¢) has a product decomposition

C(X2,¢92) X C(Xp, Pp) X C(Xoo, Poo)-
Proof. This follows from the product decomposition of X, D(X), D, and ¢. ]

Remark 4.7. Fori € {2, p, oo}, Lemma 4.6 implies that we can consider each scwol
€ (X, ¢i) to be a subscwol of €(X, ¢). There is a canonical inclusion by identifying
avertex gX € €(X;, ¢;) with gX € € (X, ¢). The subscwol €(X;, ¢;) is then stable
under the action of D;.

Remark 4.8. The incoming star St;, (gY, €) is isomorphic to the incoming star

Stin (€Y, €(X(Ty).¢')).

Moreover, the product decomposition of € induces a product decomposition of the
incoming star

Stin (€Y, €) =St (eY2,C(X2,¢2)) xStin (€Y, C(Xp, ¢p)) X Stin(€Yoo, €(Xoo, Poo))

and as such also a product decomposition for every St;,(gY, €). Moreover, for a
vertex hZ € Stj,(gY,€), the star St;,(hZ, €) is a subscwol of St;,(gY, ).
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o2 2m?2 24
a b ¢ d

Figure 4. Dyer graph Iy, , for some m, g € Nx>» as given in Figure 1.

4.2. A combinatorial structure for general Dyer groups

Let us now give a similar construction with analogous results for general Dyer groups.
Let (I, f,m) be a Dyer graph and D = D(T") the associated Dyer group. We note that
V = V(). Let X = X/(I') be the scwol with set of vertices

V(X) ={X €V | D(I'y) is a spherical Dyer group}
and edges
EX)={X,Y,0) | X, Y eV(X), XY, o C (Y \ X)oo}

withi(X,Y,w) =X and t(X,Y,w) =Y and (Y, Z, 0" )(X,Y,w) = (X, Z,w U &').
The main difference with the spherical case is the set of vertices of X. Indeed, we
do not consider all subsets X € V but only those for which I'y is complete and
the group D}; = Dx,ux,, is finite. We also define a complex of groups D(X) over
X. For each X € V(X), let the local group be D; = Dx,ux,, and for each edge
(X.Y,w) € E(X), let Y(x,y,0) : D; — D{: be the natural inclusion. By [7], these
maps are all injective. The local groups are all finite. We also introduce the morphism
¢ : O(X) - D, where ¢y : D}{ — D is the natural inclusion and ¢ (X, Y, w) =
P(w) = ]_[vea, Xy (this element is well defined since @ C V4 and I',, is complete).
As in the spherical case, we can write D(X(I")) and ¢T when also considering the
same construction on a subgraph. As before, we are interested in the development of
the complex of groups D(X), so we first show that D(X) is developable.

Example 4.9. Consider the Dyer graph Iy, 4, given again in Figure 4, and the Dyer
group Dy, 4 from Example 2.6. The associated scwol X, 4 is drawn in Figure 5. Its

vertex setis V(X q) = {0, {a}, {b}, {c}. {d}.{a, b}, {b,c}.{c,d}}.

Lemma 4.10. The scwol X is isomorphic to the union of scwols ¥ = Uy cy(x) X,
where Xy is the scwol associated to the spherical Dyer group Dy. The fundamental
group of D(X) is D. In particular, the complex of groups D(X) is developable.

Proof. First, we compare the sets of vertices. If ¥ € V(X), then Y € V(Xy), so
Y € V(¥). On the other hand, if Y € V(¥), wehave Y € V(X z) for some Z € V(X),
so Y C Z,and so, Dy is spherical. This implies that V(X) = V(¥). Now, we compare
the sets of edges. If e = (X, Y, w) € E(X), then e € E(Xy), so e € E(Y). On the
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a) {a.b}
(d) 0 b
ferd) ©) (b.c)

Figure 5. The scwol X, 4 associated to the graph I, , given in Figure 4.

other hand, if e € E(¥Y), e € E(Xz) for some Z € V(X), so e = (X, Y, w) with
XCYCZandw C (Y \ X)oo, 50 € € E(X). This implies that E(X) = E(¥Y).
We can now apply the Seifert—van Kampen theorem for the fundamental group of a
complex of groups [2, Chapter III.C, Example 3.11 (5)] to ¥. The set V(X) is finite,
and each scwol Xy is connected. We have @ € V(Xy) for all Y € V(X) and @ is
adjacent to any vertex in any Xy. So, ﬂYEV(x) Xy is nonempty and connected.
We can then use the presentations to see that the fundamental group of ©(X) is D.
Finally, by [7], the maps ¢y : D; — D are all injective. So, D(X) is developable. m

Since the complex D(X) is developable, we can describe its development
€ =C(X, ).

Since D)J; < D and the maps ¢x are canonical inclusions, we will identify the image
ox (D){) with D;. The set of vertices of € is

V(€) = {(gD].X) | X € V(X), gD] € D/D]}.
The set of edges of €(X, ¢) is
E(€) = {(gDf.(X.Y.0)) | (X.Y.w) € E(X). gD}, € D/D}}.

where i (gD], (X, Y,w)) = (gD]. X) and t(gD], (X, Y, )) = (gp(w) ' D], Y).
For a simpler notation, we write gX for a vertex (ng ,X) and g(X,Y, w) for an
edge (gD}J;, (X,Y,w)). Note that gX = hY ifandonly if X =Y and g~ 'h € D)j;.
Similarly, g(X,Y,w) = (X', Y, ') ifandonly if X' = X, Y' =Y, o’ = w, and
g 'he D)f(r . As in the spherical case, € does not have multiple edges between two
vertices.
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Lemma 4.11. For every vertex gY € V(€), the scwols Sti,(eY, €(Xy, ¢p'¥)) and
Stin(gY, €(X, ¢)) are isomorphic.

Proof. Tt suffices to show this for g = e. Then, the statement is clear as it follows
directly from the definitions. ]

4.3. Construction of a piecewise Euclidean cell complex for Dyer groups

The scwol €, which is also a simplicial complex, described in the previous sec-
tion is a combinatorial object. To build the cell complex ¥, we could try to endow
the geometric realization of € with a CAT(0) metric. This would give a simplicial
complex with a non-standard piecewise Euclidean metric. The problem is that Mous-
song’s Lemma 3.33 does not apply directly to simplicial complexes with a piecewise
Euclidean metric since dihedral angles should be at least 7z /2. The idea is to interpret
€ as some generalized face poset of X. Indeed, € does not give us the face struc-
ture of X but some form of subcomplex structure. Each vertex in € corresponds to a
subcomplex of ¥, and edges give identifications between these subcomplexes. Never-
theless, we will be able to interpret € as a simplicial subdivision of X. We start with
the description and study of the subcomplexes associated to vertices, then build X,
and finally show that ¥ is CAT(0) using Moussong’s Lemma 3.33.

Let (T, f,m) be a Dyer graph, D = D(I', f, m) the associated Dyer group, X =
X (I") the associated scwol, and D(X) the associated complex of groups. Consider
the injective morphism ¢ : ©(X) — D given by the natural inclusion

¢X:D§—>D and ¢(X,Y,a))=¢(a))=1_[xv.

VEW

As in the previous section, we construct the development € = € (X, ¢).

Elementary building blocks. Let Y € V(X). First, we consider elementary building
blocks inthe cases Y = Y5,Y = Yo, andY =Y, . ForY € V(X) with Y = Y>, let
Cox(Y) be the Coxeter polytope associated to the Coxeter group Dy endowed with
its natural Euclidean metric as described in Section 3.2. Its set of vertices is Dy . For
Y € V(X) with Y = Y, consider [0, 1]¥ ¢ RY with its standard cubical structure.
Its set of vertices is #(Y), where 0 € RY corresponds to @ € £ (Y). For v € V,,
let Stern(v) be the f(v)-branched star where each edge of the star is identified with
[0, 1]. Its center is denoted by ¢,, and its leaves are identified with the elements of the
finite cyclic group Cy(y) of order f(v). For Y € V(X) with Y =Y, let Stern(Y') be
the product of stars [ [,y Stern(v) endowed with the £, metric. So, its vertex set is
[Tyey {ev} U Cr(v))- Note that

V(Stern(Y)) = H ({cv} U Crwy)

veY
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can be identified with [ [ , -y Dy /Dz. We identify a vertex (gy)vey € [ [,ey ({cv} U
Cfw)) with gDy /Dz € ||,y Dy/Dz, where

Z={veY|gy=cy} and g= l_[gv.
veY\Z

Since I'y is a complete graph and Y = Y, the element g € Dy is well defined. Let
us denote a vertex gDz € Dy /Dy in Stern(Y) with gZ.

The cell complex Cc(Y). Toevery Y € V(X) we associate a Euclidean cell complex
Cc(Y) as follows. Let Ce(Y) be the product Cox(Y2) x [0, 1]¥ x Stern(Y,) endowed
with the £, metric. Each of its factors is piecewise Euclidean, so it is a piecewise
Euclidean cell complex. In particular, Cc(Y') = Cc(Y2) x Cc(Yoo) x Cc(Y,). The set
of vertices of Cc(Y) is Dy, x P (Yoo) X ]_[veyp ({cv} U Cr(yy). The group D{: acts by
isometries on Cc(Y'). Indeed, D{: = Dy, x Hver Cr(v)- So, D{; acts through Dy,
on Cox(Y>) and through Cy(y) on Stern(v). These actions are all isometries.

Lemma 4.12. Consider a vertex | = (w, A, gZ) € Cc(Y). The link Lk(/,Cc(Y)) is
isometric to the spherical join

Lk(w, Cox(Y2)) * ((*yeat \ {v}) * (*kyey,\ad U {v}))
* (xyez Lk(cy, Stern(v))) (*veyp\z Lk(e, Stern(v))),

where the length of an edge between two vertices u, v in two different terms if the
decomposition is d(u,v) = /2 and Lk(w, Cox(Y>)) is identified with the piecewise
spherical flag complex with 1-skeleton I'y, and edge length d(u,v) = & —m/m(u,v)
for two vertices u,v € Y,.

Proof. The link of | = (w, A, gZ) is the spherical join
Lk(w, Cox(Y2)) » Lk(A, [0, 1]¥°°) x Lk(g Z, Stern(Y,,)).

By Section 3.2, the term Lk(w, Cox(Y>)) is identified with the piecewise spherical
flag complex with 1-skeleton I'y, and edge length d(u,v) = m — 7 /m(u, v) for two
vertices u, v € Y5. The link Lk(g Z, Stern(Y)) is isometric to Lk(Z, Stern(Y,)) which
is isometric to the spherical join

*yez LK(cy, Stern(v)) *yey,\z Lk(e, Stern(v)).

Each term Lk(e, Stern(v)) consists of a single vertex and each term Lk(c,, Stern(v))
consists of |Cyy| disjoint vertices. For every A C Yoo, the term Lk(A, [0, 1]¥>)
is isometric to the spherical join (xyepd \ {v}) * (*xpeyo\aA U {v}). So, the link
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(a) Cc({a, b}) () Cc({b, c}) (¢) Cc({c,d})

Figure 6. The cell complexes associated to some vertices of X, 4.

Lk(/, Cc(Y)) is isometric to the spherical join

Lk(w, Cox(Y2)) * ((*perd \ {v}) * (rvevoo\1A U{v}))
* (xyez Lk(cy, Stern(v))) * (xyey,\z Lk(e, Stern(v))).

Note that in particular for two vertices u, v € V(Lk(/, Cc(Y))) in two different terms
of the decomposition, we have

du,v) =mn/2. [

Example 4.13. Let m,q € Nx,. We go back to the example of the Dyer graph I'y, 4
with associated Dyer group D,, 4, and scwol X, , given in Figure 1, Example 2.6,
and Figure 5. Figure 6 shows the cell complexes Cc({a, b}), Cc({b,c}), Cc({c,d}) in
the cases m = 4 and ¢ = 3.

The cell complex Z(gY). LetY € V(X)and gDJ € D/D{ sothat gY € V(€). We
now describe the subcomplexes of X associated to vertices of €. We start by identi-
fying the vertex set of Cc(Y') with a subset of V(St;, (Y, €)) and more generally with
a subset of V(St;»(gY,€)). Let V,(gY) be the following subset of V' (St;,(gY, €)):

V,(gY) = {kX € V(€) | X €V, and kX € V(Stin(gY. €))}.

By definition, kX € V(St;,(gY,€)) if and only if kX = gY or there exists a unique
edge h(X,Y,w) in € with initial vertex kX = hX and terminal vertex

gY =ko(w) Y.

So, kX € V(Sti»(gY,€)) if and only if X C Y, and there exists a unique @ C Y, \
Xoo With k([Tyeq X0) "' DY = gD So,

-1
V,(gY) = {kX € V(€)| X CV, NY and k( I1 xv) DY = gD{ with  C Vo).

VEW
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Lemma 4.14. The map j : V(Cc(Y)) — V,(eY) given by j(w,A,hZ) = wp(A)hZ
is bijective. Moreover, it induces a bijective map jo : V(Cc(Y)) — V,(gY) given by

Jgw, A hZ) =g j(w,A,hZ) = gwp(A)hZ.

Proof. Let Z € V(X) and kDé € D/Dé so that kZ € V,(eY). So, we have Z C
Vo NY and k([ ],y xv)_lD)J: = D; for some A C Y. As D{; = Dy, x Dy,, the
representative k ([, X») " has a unique decomposition

k(l_[x,,)_l =k [] ko

veEA veY,

with k € Dy, and k, € Cr(y) for every v € Y,. This gives a unique decomposition

k=ko(TTx)( TT *0)-

VEA veY,

In particular, k € Dy. As 'y is complete and the coset k D é eD/D /. we can assume
that k, = e for every v € Z,. As Dz, is a parabolic subgroup of the Coxeter group
Dy,, we can also assume k, to be the unique element of minimal length in k, D z,.
So, j(ka, A, HUEY,,\Z kyZ) = kZ. Hence, the map j is surjective. Such a choice
of ky and k,, v € Y, \ Z is independent of the representative k. Indeed, let k" be
another representative, so k/Dg = kDg. Then, again, k" = k5 ([ T,e X0) ([ Tyey, kv)-
Ask7 k' € Dé, we have kz_lk’2 € Dz,,s0kyDz, =k, Dz,, and so, by uniqueness
of the minimal representative, k, = k. Similarly, k,, = k,, for every v € Y),. As there
is a unique edge from kZ to eY, the subset A C Y, is uniquely determined. Hence,
the map j is also injective, so it is bijective.

Finally, kZ € V,(gY) ifand only if Z € V,, N Y and k([T,c; X0) "' DY = gD
for some A € Yoo. S0, kZ € V,(gY) if and only if g7 k(]],c, xv)_lD{; = D; for
some A C Yoo and Z C V, NY.So, kZ € V,(gY) if and only if g7 kZ € V,(eY).
So, the map j, is bijective. ]

ForY € V(X) and gD)}: € D/D{; sothat gY € V(€),let £(gY) be the piecewise
Euclidean cell complex given as follows:

(1) The set of vertices (or O-cells) is V,(gY).

(2) Every cell in X(gY) is isometric to a cell in Cc(Y).

(3) The map j, : V(Cc(Y)) — V,(gY) extends to an isometry

Jg :Cc(Y) = X(gY).

LethD}J,r € D/D{,r with hD{; = gD{:, then jg o jh_l is an isometry from X (4Y) to
3 (gY). So, the cell structure on X(gY") is well defined.
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We now discuss identifications of subcomplexes. Let Y € V(X) and gDIJ: €
D/D{ sothat gY € V(€).Let Z € V(X) and hD}, € D/ D, so that

hZ € V(Stin(gY,€)).

Then, St;,,(hZ,€) is a subscwol of St;,(gY, €), and hence, V,(hZ) C V,(gY). The
following lemma shows that this inclusion induces an isometric embedding of the cell
complex X (hZ) into X(gY).

Lemma 4.15. Let Y € V(X) and gD} € D/D} so that gY € V(€). Let Z € V(X)
and hDg € D/Dé so that hZ € V(Stin(gY,€)). The cellular map

t:X(hZ) — 2(gY)

satisfying t(v) = v for every vertex v € V(X(hZ)) is an isometric embedding. In
particular, we can identify X (hZ) with (X (hZ)).

Proof. Since hZ € V(Sti»(gY,€)) if and only if g7'hZ € St;, (Y, €), it suffices to
consider the case g = e. For hZ € V(St;,(eY, €)), we can write h = hohooh), with
hy € Dy,, hoo = ¢ (k) for aunique k C (Y \ Z)o and /1, € Dy,\z,. We claim that
the cellular map ¢, : Cc(Z) — Cc(Y) given by t«(w, A, mM) = (hoaw, A Uk, hymM)
for (w,A,mM) e V(Cc(Z))(sow € Dz,,A S Zoo, M CZy,andm € Dz,\pr)is an
isometric embedding. Both Cc(Z) = Cox(Z3) x [0, 1]%> x Stern(Z,) and Cc(Y) =
Cox(Y,) x [0, 1]¥>° x Stern(Y,) are endowed with the £, metric. By Section 3.2, the
cellular map
tr : Cox(Z,) — Cox(Y3)

with ((w)=h,w for weV(Cox(Z,)) is an isometric embedding identifying Cox(D z,)
with &5 - Coxz, (Dy,). The cellular map

loo & [0,1]%% — [0, 1]¥>

with 150(A) = A Uk for A € P(Z) is also an isometric embedding identifying

l_[veZoo [0’ 1] with HUGZOO [0’ 1] x HUEK{l} X nveYoo\(KUZoo){O} in HUGYOO [0’ 1]'
The cellular map
tp : Stern(Z,) — Stern(Y))

with 1,(mM) = hymM for mM € V(Stern(Z,)) is an isometric embedding identi-
tying Stern(Z,) with Stern(Z,) x {h,} C Stern(Y}). So, the map ¢, decomposes as
the product of maps

th = (12, loo, tp) : Cc(Z) — Ce(Y);
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hence, it is a cellular isometric embedding. Then, the map
1:X(hZ) — X(eY)
given by jeotp o j,° 1 is a cellular isometric embedding. |

Simplicial subdivision. Let Y € V(X)) and gD{f e D/ D{: so that gY € V(€). We
describe a simplicial subdivision of Cc(Y) and X(gY). Let Bar(Cox(Y>)) be the
barycentric subdivision of Cox(Y3). Let Bar([0, 1]) be the barycentric subdivision of
[0, 1]. Then, Bar(Cox(Y>)), Bar[0, 1], and Stern(v) for v € Y, are piecewise Euclidean
simplicial complexes. Moreover, the simplicial complex Bar(Cox(Y>2)) is isomorphic
to Stj» (Y2, €) by Lemma 3.28. For v € Y, the simplicial complex Bar([0, 1]) is
isomorphic to St;, ({v}, €). For v € Y, the simplicial complex Stern(v) is isomor-
phic to St;, ({v}, €). These isomorphisms induce a scwol structure on the barycentric
subdivisions and on Stern(v). So, the scwol

Bar(Cc(Y)) = Bar(Ce(Y2)) x [ [ Bar(Ce({v}) x [ Ce(fv})

V€Y 5o veY,

is well defined and isomorphic to

Stin(Y.€) = Stin(Y2,€) x [ Stin{v}.€) x [] Stin({v}. ).

v€Y oo veY,

We endow Bar(Cc(Y)) with the £, metric, so it is a piecewise Euclidean simplicial
complex isometric to Cc(Y). We call Bar(Cc(Y')) the nice simplicial subdivision of
Cc(Y'). We call the simplicial subdivision of X(gY') induced by the isometry jg the
nice simplicial subdivision of X(gY).

The next lemma discusses how St;,(gY, €) can be interpreted as a simplicial
subdivision of X(gY).

Lemma 4.16. Let Y € V(X) and gD{: € D/D{: so that gY € V(€). The nice sim-
plicial subdivision of £(gY) is simplicially isomorphic to the scwol Stj,(gY,€). For
Z e V(X)and kDg € D/Dé sothatkZ € V(Sti,(gY,€)), the isometric embedding
t:X(hZ) — 3(gY) given in Lemma 4.15 preserves the nice simplicial subdivision.

Proof. The nice simplicial subdivision is isomorphic to Bar(Cc(Y)) which is isomor-
phic to St;, (Y, €) which is isomorphic to St;, (gY, €). The second statement follows
from the product decomposition of the nice simplicial subdivision, the map ¢ and the
complexes X (hZ) and X(gY). [

Example 4.17. Let m, g € Nx,. We go back to the example of the Dyer graph I', 4
with associated Dyer group D,, 4 and scwol X, , given in Figure 1, Example 2.6,
and Figure 5. Figure 7 shows the subcomplexes X (e{a, b}), X (e{b,c}), Z(e{c,d})
and their simplicial subdivision in the case m = 4 and ¢ = 3.



A Davis—Moussong complex for Dyer groups 243
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(@) Z(e{a, b}) (b) Z(e{b,c}) (c) Z(efc,d})

Figure 7. The subcomplexes associated to some vertices of the development of X, , and their
simplicial subdivision.

The cell complex ¥. We now have the tools needed to build the cell complex X.
Consider
x= |J =@en.
gYev(e)
where we identify X (hZ) with ((X(hZ)) C X(gY) whenever hZ € St;,(gY,€). So,
by Lemma 4.15, ¥ has a well-defined piecewise Euclidean metric. We endow % with
the associated length metric. The set of vertices of X is

V,(€) = {gY e V(€) | Y € V(X), Y CV,, gD} € D/D{}.

The action of D on V,(€) induces an action by isometries of D on X; in particular,
for d € D, we have d - £(gY) = X(dgY). By Lemma 4.16, the nice simplicial
subdivision of each X (gY) induces a simplicial subdivision of X, which we call the
nice simplicial subdivision of X.

Lemma 4.18. The scwol € is isomorphic to the nice simplicial subdivision of X. In
particular, this implies that ¥ is a simply connected metric space.

Proof. Since € = UgYeV(f) Stin(gY, €) and by Lemma 4.16 every St;,(gY,€) is
isomorphic to the nice simplicial subdivision of X (gY') preserved by ¢, the complex
€ is isomorphic to the nice simplicial subdivision of X. This induces a metric on €
with respect to which the geometric realization |€] is isometric to X. By [2, Theorem
I11.C.3.14], the scwol € is simply connected. So, ¥ is a well-defined simply connected
metric space. ]
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We are finally in a position to show that X is CAT(0). Since X is simply connected,
we only need to understand its local structure, so we are back to studying links of
vertices. In order to have a precise description of the links of vertices, we introduce
an edge labeling of ¥ by V(I").

Edge labeling. Let Y € V(X) and D] € D/D{ so that hY € V(€). We start by
labeling the edges of X (1Y) by elements of Y. To define this edge labeling, we study
when two vertices of X (hY) are adjacent and then give the corresponding label. Let
X,Z e V(X)andkD{ € D/D{,ID% € D/D% sothatkX,1Z € V,(hY); i.e., they
are vertices of X (hY). Then, kX and /Z are adjacent in X (hY) if and only if their
preimages j, "' (kX), j, "' (IZ) € V(Cc(Y)) are adjacent in Cc(Y). Let j, ' (kX) =
(k2. Ak kpX), ji ' (1Z) = (I2. A1, 1,Z) € V(Ce(Y)); hence, hkadp(Ar)kp X = kX
and hlr¢ (A1), Z = 1Z in V,(hY). Remember that

Ce(Y) = Cce(Y2) x Ce(Yp) x Ce(Yoo).

Then, the vertices j;, '(kX), j, ' (IZ) € V(Cc(Y)) are adjacent in Cc(Y) if and only
if one of the following holds:
(1) ky, [ are adjacent in V(Cc(Y>2)) and Ay = A; and k, X = [, Z. Equivalently,
kz_llz = x, forsomev € Y and Ay = A;and X = Z and k,l, € D)j;.
(2) ky =15 and A, A; are adjacent in V' (Cc(Y)) and k, X = [, Z. This is equiv-
alent to one of the following:
(@) ky=ILand At CAyand A\ Ax ={v} C Yo and X = Z and k1, €
D,
(b) ko=l andA; CArandAg \ A ={v} CYpand X = Z andk;llp €
D}
(3) ko =l and Ay = A; and kp X, [, Z are adjacent in V(Cc(Y))). This is equiv-
alent to one of the following:
(@ ky=LhLand Ay =A;and X C Z and Z \ X = {x,} for some v € ),
and k1, € D,
(b) kp =l and Ay =A;and Z C X and X \ Z = {x,} for some v € ¥,
and k,'l, € p.
Using the fact that ¥ € V(X) so that Dy is a spherical Dyer group, this leads

to the following characterization and labeling of edges by Y C V(I"). The vertices
kX.,lZ € V,(hY) are adjacent in X (hY') if and only if one of the following holds:

() X=Zandk7 'l e va){ for some v € Y5. In this case, we label the edge by
veY, Cc V().

2) X=Zandk7 'l = x;—LID)j(r for some v € Yoo. In this case, we label the edge
byv € Yoo C V(D).
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(3) (@) XCZandZ\ X = {x,} forsomev € Y, andk~'l =k, I, € Dg. In
this case, we label the edge by v € Y, C V(I).

(b) ZCXand X\ Z = {x,} forsome v € Y, andk~'l =k, I, € pf.In
this case, we label the edge by v € ¥, C V(I').

Note that, for /'Y’ € St;,(gY, €), the labeling of an edge in X (h'Y’) is invariant
under the inclusion ¢ : X (4'Y’") — X (gY). Moreover, the labeling of edges in X (eY)
is invariant under the action of D{: . So, this defines a labeling by V(I") of the edges
of X. Note that this edge labeling is invariant under the action of D.

4.19. Links of vertices As our goal is to apply Moussong’s lemma to X, we need
to understand links of vertices in X. We start with links of vertices in X(gY). This
is crucial to prove later on that X is CAT(0). Let Y € V(X) and hD{: e D/ D{ SO
that 1Y € V(€). Let X € V(X) and kD € D/D{ sothat kX € V,(hY). The edge
labeling on X and ¥ (gY) induces a vertex labeling [ : V(Lk(kX, X)) — V, which
restricts to [ : V(Lk(kX, X(hY))) — Y. Using the map j; in Lemma 4.14, the link
Lk(kX, X(hY)) is isometric to the link Lk(jh_l(kX), Cc(Y)). With Lemma 4.12,
this implies that Lk(kX, ¥(hY)) can be identified with the spherical flag complex
Iy, * Ty, * Ty, \x * (*vex{v’ | 1 <i < f(v)}). The vertex labeling is given by
l(v) =vforevery v e YUYy UY,\ X and [(v') = v for every v' € {v' | v €
X,1 <i < f(v)}. By Lemma 4.12, the edge length in Lk(k X, X (hY)) is given by

dv,w)=mn —a/m(w), [(w)).

As Y € V(X), the matrix (cos(d(v, w)))y,wey is positive definite by Lemma 4.1.
So, Lk(kX, X (hY)) is a metric flag complex. Additionally, we have that v, w are
adjacent vertices in Lk(kX, X (hY)) if and only if /(v) # [(w). As this holds for
every gY e V(€), it implies that if v, w are adjacent vertices in Lk(k X, X), we have
[(v) # [(w). So, for pairwise adjacent vertices vy, ..., v, € Lk(kX, X), we have
I(vi) # l(vj) forevery i # j. To simplify the notation, we will write v; = [(v;) € V
when considering pairwise adjacent vertices vy, ..., v, € Lk(kX, X).

Lemma 4.20. Let Y € V(X) withY C Vj, sothatY € V,(€). Let the vertices
vy1,..., 0 € V(LK(Y, X))

be pairwise adjacent. There exist Z € V(X) and g € D such that Y € V(2(gZ))
and vy, ...,vx € V(LK(Y, 2(gZ))) if and only if Y U {01, ..., 0%} € V(X).

Proof. Asvy,...,vg € V(Lk(Y, X)) are pairwise adjacent, we have 0; # 0;. Assume
that there exist Z € V(X) and g € D such that Y € V(X(gZ)) and the vertices
v1,..., Uk € V(LK(Y,X(gZ))). Then, Y € V,(gZ),s0Y C Z and {v1,...,0;} C Z.
Hence, Y U {01, ...,Ux} C Z which implies that Y U {0y, ..., 03} € V(X).
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Now, assume that Y U {07, ..., 0x} € V(X). Each vertex v € V(Lk(Y, X)) is an
edge in X between eY and some vertex /1, Z, € X. Let us define an element g, € D.

(i) If 0 € Va, the vertex v € V(Lk(Y, X)) is an edge between Y and x;Y. In
this case, let g, = e.

(ii) If ¥ € Vi, the vertex v € V(LKk(Y, X)) is an edge between Y and ¢ (7)Y or
between Y and ¢ (9)~1Y. In the first case, let g, = e. In the second case,
let g, = ¢p(0)"! = xgl. Note that only one of these cases can occur as
vy, ..., Vg are pairwise adjacent.

(iii) For v € V, \ Y, the vertex v € V(Lk(Y, X)) is an edge between Y and
Y U {v}. In this case, we fix g, = e.

(iv) For ¥ € Y, the vertex v € V(Lk(Y, X)) is an edge between Y and x%(Y \
{0}) for some 1 <t < f(0). In this case, fix g, = e.

We claim that for Z =Y U {07,...,0;}and g = ]_[f-c=1 gv; wehave Y € V(X(g2))
and vq,...,vx € V(ILK(Y,X(gZ))). Since Y U {01,...,0;} € V(X), we have g, g =
guwg&v forallv,w € {vy,..., v ). Infact, g = p(w) ' foro ={b e Z| g, =x;'} C
(Z\Y)x.Hence,Y € V,(gZ). Letv € {vy,...,vi}. Now, we need to show that the
element h, Z, € V,(gZ). We use the case-by-case analysis above to fix the following
notation:

(i) Ifv e Vp,wehave hyZ, = x3Y,andweset Ay, = @ C (Z \ Zy)oo-

(i) IfveVoandhyZ, =p(0)Y,letdy, =0 U{v} C(Z\ Zy)oo.- If ¥ € Vo
and hyZy, = ¢(0) 1Y, let by = 0 \ {0} C (Z \ Zy)oo-

(iii) IfvoeV,\Y,wehaveh,Z, =Y U{v},andwesetd, =w C (Z \ Zy)oo.

(iv) Ifo eY,wehave h,Z, = x%(Y \ {0}) for some 1 <t < f(?), and we set
A =0 C(Z\Zyoo-

AsZ =Y U{vy,..., 0k} € V(X), we have gZ = hy¢p(Ay)"'Z and Z, C Z, so
hyZy, € V(Stin(gZ,€)). As additionally, Z, C Z N V,,wehave h,Z, € V,(gZ). =

We now have the necessary tools to show the following statement.

Theorem 4.21. The cell complex X is CAT(0).

Proof. By [2, Theorem I1.5.4], ¥ is CAT(0) if and only if it is simply connected and
the link of every vertex is CAT(1). By Lemma 4.18, the cell complex X is simply con-
nected. Let us now prove that the link of every vertex is CAT(1) by using Moussong’s
Lemma 3.33. Let Y € V(X) with Y C V), and gD{: € D/D{: so that gY € V().
Assume that ng = D{;, o}

gy =e¥Y =Y e V().
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Claim 1. Every edge in the link Lk(Y, ) of Y in X has length > /2.

Proof. Since the vertex Y € V(X) is contained in X (gZ) if and only if the vertex
gZ €Stou(Y, ), we can describe Lk(Y,X) as the union |, 7, (v.e) LK(Y, 2(g2)),
where Lk(Y, ¥(gZ)) is the link of Y in the subcomplex X(gZ). By 4.19, for two
adjacent vertices u, v € V(Lk(Y, X(gZ))), the length of the corresponding edge is
du,v) =7 —x/m,v) > /2 as m(u, v) > 2. So, each edge in Lk(Y, ¥) has
length > 7 /2. [

Claim 2. The link Lk(Y, X) of the vertex Y in the cell complex X is metrically flag.

Proof. Consider a set of pairwise adjacent vertices vy, . .., vg €Lk(Y, X). As Lk(Y, X)
is a piecewise spherical simplicial complex, the vertices vy, ..., vy are pairwise dis-
tinct. As mentioned in 4.19, then 07, . .., U} are pairwise distinct. So, the map

{vi,..., 0} = {U1,..., 0}, (V> D)

is a bijection. In particular, ¥ U {07, ..., U} spans a complete subgraph of T'. So,
V1, ..., Uk span a simplex in Lk(Y, ¥) if and only if vy, ..., vr span a simplex in
Lk(Y, X(gZ)) for some gZ € V(€). By 4.19, the link Lk(Y, X(gZ)) is a piecewise
spherical flag complex. So, the vertices vy, ..., vx € V(Lk(Y, X)) span a simplex in
Lk(Y, X) if and only if there exists some gZ € V(€) with Y € V(X(gZ)) and the
vertices vy, ..., v € V(Lk(Y, Z(gZ))). By Lemma 4.20), this is the case if and only
if
Y =Y U{vy,..., 01} € V(X).

By Lemma 4.1, Y' € V(X) if and only if the matrix (cos(w — 7/m(u, v)))y vey’
is positive definite. As 7 — x/m(u,v) = w/2 forall u € Y' \ Vo, v € Y’ \ {u}
and 7 — w/m(u,u) = 0 for all u € Y’', the matrix (cos(w — 7/m(u, v)))yvey’ is
positive definite if and only if its restriction (cos(wr — /m(u, v)))u,vey’nv, is posi-
tive definite. As Y/ N Vo, = {01,..., 0y N Vo and & — /m(it, v) = d(u, v) for all
u,0 €Y' NV, the matrix (cos(r — /m (i, 9)))g,5ev/nv, is positive definite if and
only if the matrix (cos(d(u, v)))a,5ey'ny, 1s positive definite. Finally, d(u,u) = 0
for all u € {v7,...,Ur}, and d(u,v) = w/2 for all &4 € {U7,..., 0} \ Vo and ¥ €

{01,..., 0%} \ {#1}, so the matrix (cos(d(u, v))),

A5e(Dr... ouynY, 1S Positive definite if
and only if

is positive definite. So, we conclude that vy, ..., vx € V(Lk(Y, X)) span a simplex if
and only if the matrix (cos(d (4, V)))u,ve{v,.,...,v; } 1S positive definite. So, Lk(Y, X) is

metrically flag. |
]
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Remark 4.22. If D is a spherical Dyer group, the scwol € decomposes as a product
€y x € X €. Fori € {2, p, o0}, let Z; be the cell complex associated to D;. So,
Y5 = Cox(V2), oo = RV, and ¥, = Stern(V},). Then, = = =5 x Lo X ,, Where
each factor is known to be CAT(0). So, X is CAT(0).

Corollary 4.23. The Dyer group D is CAT(0).
Proof. D acts properly discontinuously and cocompactly by isometries on 3. ]

Remark 4.24. If the Dyer group D is a Coxeter group, ¥ is the Davis—Moussong
complex described in Theorem 3.30. If the Dyer group D is a right-angled Artin
group, X is the Salvetti complex described in Section 3.3. The dimension of X is
dim(X) = max{|Y| | Y € V(X)}. Consider the Coxeter group W from Theorem 2.8
and its associated Davis—Moussong complex X (W). The dimension of X (W) is

dim(X(W)) = max{|S| | S C V(A), Ws is finite}.
Looking at the construction of the graph A, we can see that
dim(Z(W)) = max{|Y | + |[Vp| + Voo \ Y| | Y € V(X)}.

So, we have that dim(X) < dim(Z(W)).

Remark 4.25. There are many complexes beside Davis—Moussong complexes asso-
ciated to Coxeter groups. Similarly, there are other complexes, such as Deligne com-
plexes, associated to right-angled Artin groups. In this article, we focused on the
Davis—Moussong and the Salvetti complex as the associated actions are geometric,
but one could also generalize those other constructions to Dyer groups.
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