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Abstract. We describe a time-dependent functional involving the relative entropy and the H!
seminorm, which decreases along solutions to the spatially homogeneous Landau equation with
Coulomb potential. The study of this monotone functional sheds light on the competition between
dissipation and nonlinearity for this equation. It enables us to obtain new results concerning regu-
larity/blowup issues for the Landau equation with Coulomb potential.

Keywords. Landau equation, Landau operator, degenerate diffusion, Coulomb interaction

1. Introduction

We consider the spatially homogeneous Landau equation with Coulomb potential

3. f = O(f. N, (L1

complemented with initial data fy = fo(v) > 0. Here f := f(¢,v) > 0 stands for the
distribution of particles that at time ¢ € R have velocity v € R3. The Landau operator
(with Coulomb potential) Q is a bilinear operator acting only on the velocity variable v.
It reads

Q(g.h) =V -([axg]Vh—[a*Vg]h) (1.2)
with
a(z) = |z|_1(Id—Z®Z). (1.3)
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This equation, first obtained by Landau in 1936, is used to describe the evolution in time
of a (spatially homogeneous) plasma due to collisions between charged particles under
the Coulomb potential.

Introducing the quantity

3
bi(z) == 0ja;j(z) = —2z|z| 7, (1.4)
Jj=1
the Landau operator with Coulomb potential can also be written as

3

3
0 1) =3 0:(D (@i  ))3; f = i )
i=1

J=1

3 3
=) (aij * [)0i; f + 8 f>, (1.5)

i=1j=1

where we have used the identity Z?zl 0;b; (z) = —8mdy(2).

1.1. Basic properties of the equation and notations

The weak counterpart of the Landau operator Q, for a suitable test function ¢, is the
following:

1 3 3
Lot nweeran==33" %" //R RO

i=1j=1
x {ﬂ(v)_ﬂ

f f

From this formula, we can obtain the fundamental properties of the Landau operator Q.
The operator indeed conserves (at the formal level) mass, momentum and energy, more
precisely

(v*)} {0ip(v) = 0ip(ua)} f(v) f(ve) dvdvs.  (1.6)

f O(f. /Yw)e@)dv =0 fore) =1,v;,|v]?/2,i =1,2,3. (1.7)
R3

We also deduce from (1.6) the entropy structure of the operator (still at the formal
level) by taking the test function ¢(v) = log f(v), that is, we define

D) == [ O wog f(v)dv

= %ii/ASXR3aij(v—v*)

i=1j=1
N {ﬂ(v)_ﬂ(v*)}{ﬂ(m_ﬂ

- - ’ - (v*)}f(v)f(v*)dva’v*. (1.8)
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Note that D( f) > 0 since the matrix a is (semidefinite) positive. Note also that for
any f such that D(f) = 0, it can be shown (see [9] and [13] for a rigorous statement and
proof) that 1" is a Maxwellian distribution, thatis, f = [t 7 With

_Iv—ul2
P 2T

We s (19)

Mpu,1 (V) =

where p > 0 is the density, u € R3 is the mean velocity and 7 > 0 is the temperature of
the plasma. They are defined by

1
p= fdv, u=-[ vf(v)dv,
/R3 p /Rz‘ (1.10)

1
Tz—/ v —ul?® f(v) dv.
3p R3

Thanks to the conservation of mass, momentum and energy, we have (when f :=
f(t,v) is a solution of (1.1)—(1.3) and p, u, T are as defined above, at the formal level),

Vi =0, p(t)=p0). u@)=u0), T@)=T(). (1.11)

which implies that the parameters p, u, T are constant (along solutions of (1.1)—(1.3)).
Denoting (when f := f(t,v) is a solution of (1.1)—(1.3)) by

H(t) := H(f |ppu,r)()
= /R3 (f(l, v)log(f(t’ U)) — f(t,v) + up,u,T) dv, (1.12)

pu,T

the relative entropy with respect to (t, 4,7 (defined by (1.9), (1.10)), we see that (still at
the formal level)

d

EH(” =-D(f(,) =0. (1.13)
Note that in the above definition, H(¢) differs from the usual (nonrelative) entropy
J f(t,v)log f(t,v) dv only by a constant, thanks to the identities (1.11).

Throughout this paper, we shall assume that fo > 0 and fo € L1 N L log L(R?).

Furthermore, without loss of generality, we shall also assume that fj satisfies the normal-
ization identities

[ pwav=1 [ powd=o. [ pwhPdo=3 a1
R3 R3 R3
which can be rewritten as p(0) = 1, u(0) = 0, T(0) = 1. Finally, we denote by

(V) 1= (2m) 32~ 0P/2 (1.15)

the Maxwellian distribution (centred reduced Gaussian) with the same mass, momentum
and energy as fy satisfying (1.14).
Next we introduce some function spaces which will be used throughout the paper:
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o Let (v) := (1 + |[v|>)'/? denote the Japanese bracket. For any p € [1, +oo[, [ € R,
the Llp norm is defined by

1112, = [ 171 @) av.

o The following quantity, for functions in L log L, is written as if it were a norm:

1/ L oeL = /R \Fllog(1 + | £1) dv.

e For any p € (1,00), ¢ € [1, +o¢], the standard Lorentz space LP? is defined by the
norm
(2@ 7 f )7 21, 1< q < oo,

1A llera = sup /2 f*¥ (1), g = o0,
t>0

(1.16)

where f**(t) :=t7! fé f*(s)ds,and f* is the decreasing rearrangement of f. When
[ € R we also denote the weighted Lorentz norm by

1z = 17O Lra.

More details on Lorentz spaces including the case when p = 1, p = oo can be found in
the Appendix.

e The homogeneous Sobolev H™ norm with m € R is defined by

1 By = [ 6P F@F d,

while the weighted inhomogeneous Sobolev H;" norm with m € N,/ € R is defined by

= 2 [ 10t .

loe|<m

1.2. Short review of the Landau equation with Coulomb potential
We briefly review the works on the Landau equation with Coulomb potential (1.1)—(1.3).

¢ Existence and uniqueness of solutions: In [39], Villani proved the global existence
of so-called H -solutions for (1.1)—(1.3) when the initial data have finite mass, energy
and entropy. The key part of the proof lies in the use of the entropy dissipation D( f),
rewritten as

D(f(t)) = 2/] |v—1v ||H(v—v*)Vv_U*\/f(l,v)f(t,v*)|2dvdv*. (1.17)

Here I1(z)V := (Id — é—| ® é—l)V is called the weak projection gradient (see [23,39]). In
all generality (when an estimate for V,, f is not available), TT(v — v)Vy—yp, is not equal
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to IT(v — v4)V, — IT(v — v4«) Vy, . This means that the construction of approximations to
an H -solution plays a significant role. When the solutions are well-constructed (that is,
using a suitable approximation process), we have

M —ve)Vy—p, = (0 = 0:)Vy — TI(V — 04) Vy,. (1.18)

We refer the readers to [23] for more details. When (1.18) holds, we can use the estimate
for the entropy dissipation D(f) in [9] to show that an H -solution is a weak solution of
the equation. More precisely, there is an explicitly computable constant Co = Co(H) > 0
such that, for all (normalized) f > 0 satisfying H(f) < H, the following inequality
holds:

1/1z3, < Coll + D(S)). (1.19)

Therefore, we know that such an H -solution of (1.1)—(1.3) lies in L} ([0, 00); L2 ;(R?)),
and this estimate is sufficient to show that it is indeed a weak solution in the usual sense.

Fournier [14] showed that uniqueness holds for the solutions of (1.1)—(1.3) lying
in L2([0, 00); LY(R3)) N L ([0, 00); L¥(R?)), and this result implies a local well-
posedness result assuming further that the initial data lie in L>°(R?), thanks to the local
existence result of Arsen’ev—Peskov [3] for such initial data. We also refer to [7] for
uniqueness of higher integrable solutions, and to [26] for the study of an equation sharing
significant features with (1.1)—(1.3).

In the spatially inhomogeneous context, we quote [38] for the existence of renormal-
ized solutions and [18,21] for the global well-posedness near Maxwellian and the local
well-posedness in weighted Sobolev spaces. We finally refer to [5] for a general perturba-

tion result, and to [24,25] for conditional regularity results.

e Long time behavior: In a perturbative and spatially inhomogeneous framework, Guo
and Strain [35] (see also [5]) proved for solutions of (1.1)—(1.3) the stretched exponential
decay to equilibrium in a high-order Sobolev space with fast decay in the velocity vari-
able. For (uniformly in time) a priori smooth solutions with large initial data, L.D. and
Villani [12] proved the algebraic convergence to equilibrium.

In the homogeneous setting, Carrapatoso, L.D. and L.H. proved the following result
which plays an essential role in the present paper:

Theorem 1.1 (Cf. [4, Theorem 2 and Lemma 8]). Let fo € Llog L(R*) N L} (R3) with
£ > 19/2 satisfy the normalization (1.14), and consider a (well-constructed) weak (or

H-) solution f to (1.1)—(1.3) with initial datum fy. Then for any strictly positive B <
242-250+57
9({—2)

K > 0 such that || fo ”Lzlz ®3) t 1 follL1og L(r3) < K) such that the relative entropy satisfies

, there exists some computable constant Cg > 0 (depending only on B and

Vi >0, H(t)<Cp(l+1)P. (1.20)
Moreover, for all £ > 2, there exists Cy > 0 (which only depends on £ and K) such that

vt >0, ”f(tv')”Lé(RS) < Ce(1 +1). (1.21)
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o Functional estimates: In [9], it is shown that (for normalized f > 0) the following
estimate holds:

D)+ 12 CoalV T, (1.22)

where Cp,; > 0 depends only on an upper bound of H( f|u).
Using the precise Sobolev embedding inequality

If ez = CIV fllz2

(see [1]) and the O’Neil inequality in Lorentz spaces (see Proposition 6.2 in the
Appendix), we end up with the following inequality (holding for normalized f* > 0):

D(f) + 1=z Cpoall fll 31, (1.23)

where Cp > > 0 depends only on an upper bound of H( f|u).
We refer to [4,9, 13] for variants of (1.23).

o Partial regularity issue: Very recently Golse, Gualdani, Imbert and Vasseur [15]
proved that the set of singular times for (suitable) weak solutions of the spatially homo-
geneous Landau equation with Coulomb potential has Hausdorff dimension at most 1/2
if the initial data has all polynomial moments. The key ingredient of the proof is the
application of De Giorgi’s method to a suitable scaled solution. They also observed that
the solution to the Landau equation with Coulomb interaction enjoys a scaling property
which is similar to that of the 3D incompressible Navier—Stokes equation. This explains
the link between the bound on the Hausdorff dimension of the set of singular times in both
equations. We also mention the papers [16, 17] where Gualdani and Guillen provide esti-
mates which are useful to understand the issues of regularity blowup and the role played
by the various terms in the Landau equation with Coulomb potential.

1.3. Main result

A very challenging problem for the (spatially homogeneous) Landau equation with
Coulomb potential (1.1)—(1.3) is to answer whether smoothness is propagated for all pos-
itive times, or if some blowup may occur in finite time. If a blowup appears, a further
challenging issue is to understand what really happens at the blowup time (cf. Villani’s
monograph [40, Chapter 5, §1.3 (2)]). The main result of this paper provides new partial
answers to the first question, while another result deals with the second question.

Our main result is concerned with the new monotonicity formula for equation (1.1)-
(1.3) announced in the title, and its byproducts:

Theorem 1.2. Let fo € Llog L(R3) N Li(R3) N HY(R?) be a nonnegative initial
datum satisfying the normalization (1.14). Then there exist (explicitly computable) con-
stants B*, C¢ > 0, ky > 7/2, k > 0 (depending only on K satisfying ||f0”L;5(R3) +
[ follL10g L(r3) < K) such that the following three statements hold:
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(i) (Monotonicity of a functional) Let T > 0 and denote by f := f(t,v) a smooth and
quickly decaying (C2(S)) nonnegative solution on [0, T] to (1.1)—(1.3) with initial
datum fy. Define h := f — u, where  is given by (1.15) (recall also that H(t) is
the relative entropy given by (1.12)). Then the following a priori estimate (which we
call the monotonicity property) holds for t € [0, T]:

d

dt

(ii) (Global regularity for initial data below threshold) If in addition we have

H(O)(||h(0)||§_.l1 + B*)2/5 < 5/2, then (1.1)~(1.3) admits a (unique) global and
strong (that is, lying in L™°(R; H'(R?))) nonnegative solution satisfying

[H@) = 5(1h@)1%, + B* 1+ 07 )P pcs(t+0F <0 (1.24)

5/4

where h, u and H are as in (i).
(iii) (No blowup after a finite time) If finally H(O)(||h(0)||i11 + B*)2/5 > 5/2, set

1
1+k _ kT

T* = (C—6[H(O) = 3URO)1%, + B*7>°] + 1) ~1. (1.26)

Then one can construct a global weak (or H-) nonnegative solution of (1.1)—

(1.3) such that for t > T*, it becomes global and strong (that is, it lies in

L®((T*, 00); H'(R?))), and satisfies the estimates

HO[IA@]%, + B*(1+1)' 721725 < 5/, (127)
Ce 5/4
12 g1 (k—+1[(1 Lol (4 T*)1+k]) < (2/5)7%/4, (1.28)
where h, u and H are as in (i).

1.3.1. Comment on the monotonicity formula (1.24). To the best of our knowledge,
inequality (1.24) of Theorem 1.2 (i) is a new monotonicity formula for the (smooth
solutions of the) Landau equation with Coulomb potential. The explicit increasing rate
Cs(1 + 1)* comes from the dissipation effect of the equation. We denote the monotone
functional by

—2/5
b

M(t) == H(t) = 3(1h )17, + B*(1 + 1)) (1.29)

and notice that the differential inequality (1.24) formally allows |2(¢)| ;71 to blow up.
The global dynamics of M(t) described by (1.24) gives clues about the global dynamics
for the original solution:

e When M(%g) is below its critical value, (that is, M(#y) < 0, cf. comment below), the
solution to equation (1.1)—(1.3) after time #¢ will remain bounded in H'! and converge
to the equilibrium; this is indicated in Theorem 1.2 (ii). We call this the stable regime.
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e When M(?) is above its critical value (that is, M (2y) > 0), some blowup may occur, but
there exists a computable time T* (strictly greater than the blowup time if it occurs)
such that M (¢) gets inside the stable regime for any t > T*; this is indicated in Theo-
rem 1.2 (iii).

Note that in Theorem 1.2 (i), the differential inequality (1.24) will be shown to rigorously

hold for (smooth and quickly decaying when |v| — co) solutions to an approximate prob-

lem (problem (2.42) described in §2.6) for (1.1)—(1.3). Finally, when it is integrated with
respect to time (see (5.8)), it is shown in the proof of Proposition 1.3 (in §1.4) that it also
rigorously holds for strong (that is, lying in L°(H,}) for m large enough) solutions to
the original equation (1.1)—(1.3), such as those appearing (on suitable time intervals) in
Propositions 1.1 and 1.2 (in §1.4).

1.3.2. Dissipation and nonlinearity. Our results shed some new light on the competition
between dissipation and nonlinearity for the Landau equation with Coulomb potential.
We present here the main ideas which are used in the proofs of Theorem 1.2 and the
related results. In particular, we point out that the mechanisms which enable us to build
global strong solutions to (1.1)—(1.3) when M(0) < 0 (in Theorem 1.2 (ii)) and when
17(0){-)2|| g1 is small (in Proposition 1.2) are quite different.

Let us first recall that by a previous study of the large time behavior of the Landau
equation with Coulomb potential (cf. [4]), the L' moments of h = f — u decrease with
a power law (cf. Theorem 1.1).

As a consequence, by interpolation, we see that the L? norm of D2 f typically
increases in time. Roughly speaking, for some C, k1 > 0, this dissipation is lower bounded
in the following way:

IV2h12, = ClIRI> IVRILY® = C+of Va3
—3/2 15/4

o Initial data far from equilibrium (in terms of H! norm): In this situation, the main
challenge is to show that the nonlinear terms can be controlled. Indeed, by interpolation,
the behavior of the nonlinear term with respect to the H! energy is of the same order as
the dissipation term in the following sense:

Nonlinearity < D(f)IIVhIIZZ/S-

More precisely, a slightly simplified version of estimate (2.37) reads

d -
TIVAIE + C1+ 0 VRIS < GDANOIVAILES + G+ 75,

It is expected that dissipation will dominate the nonlinear term after some time since
(1+ 1)1 - +oo0ast — coand fooo D(f)(s)ds < 4o00. The detailed arguments are in
Section 2.

o Initial data close to equilibrium (in terms of H! norm): In this situation, we have

Tail of linear term plus nonlinearity 3 ||Vh||12 + ||Vh||iz,
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as we can observe from (4.17) by neglecting the weights. Since we have assumed that
the H'! norm of the initial data is sufficiently small, we see that competition occurs
between (1 + 1)¥1[|VA[}%/* and | VA2,

Suppose now that ||Vho||i2 ~ €. Then the smallness of ||Vh||i2 can be kept at least
for an interval of time of length [log €| (cf. the proof of Proposition 1.2). This implies that
at some point, dissipation will be lower bounded in the following way:

(1+ 0 [ VAIS® = €+ [log e[ VRIS [ VAl
Hence, when ||Vh||]‘i/25 is not small, dissipation still prevails and prevents a blowup of
the H' norm. We refer the readers to Section 4 for detailed arguments. Note however
that in the description above, weights are not taken into account, whereas they play a
significant role in the proof of Proposition 1.2 below. Finally, we refer to [16] for extra
considerations on competition between dissipation and nonlinearities.

1.3.3. No blowup after a finite time. This is a direct consequence of inequality (1.24)
since after time 7*, the monotone functional M (¢) will enter the stable regime (defined
in Comment 1.4.1).

o If the solution has not blown up in H?! before time T*, then the solution will remain
strong (that is, will lie in H 1) for all time thanks to inequality (1.28). Then thanks to
the uniqueness result established in [14] and the regularity obtained in Proposition 1.1,
the constructed solution is the unique strong solution with initial data fq satisfying the
conditions stated in Theorem 1.2.

e Looking at definition (1.29), we see that M(¢) is still well-defined if || (2)]| g1 = oc.
When such a blowup (in H! norm) happens, the constructed solution is the unique
strong solution before the first blowup time, and becomes strong again after time 7*.
Note that in order to give a rigorous proof of these facts, we apply the estimates
obtained in this paper to solutions of an approximate problem and then pass to the
limit.

Finally, combining our result with the previous result in [15], we see that the set of
singular times for weak solutions is included in a subset of the interval [T, T*] whose

Hausdorff dimension is at most 1/2.

1.3.4. Dependence of the coefficients in the main theorem on L' moments. We can pro-
vide estimates for the explicit dependence of all coefficients in Theorem 1.2. Moreover,
we can extend the validity of this theorem somewhat, when the initial data has less than
55 moments. Indeed, when fo € L/,

262—25K+57( 0) 0
4o = "o

=)+ -,
18(1 —2) L L

and choose £ > 31 and 7 € [31, £) such that gg 99/4 > 7/4,q¢ . > 0. Then one can check
that it is possible to take k := min {kq, %kz — %} with k; = %q4514/5, k2 = qg99/4 in
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such a way that estimate (1.24) holds. In our main theorem, we have selected £ = 55 and
T = 45 for the sake of readability.

1.4. Additional results

Using variants of the estimates in the main theorem, it is possible to get more standard
results of local (in time) well-posedness for large initial data (in H' norm), and global
(in time) well-posedness for small initial data (in H'! norm). It is also possible to give
estimates concerning a possible blowup (of the H ! norm). These results are stated in the
following three propositions, where we recall that u is the Maxwellian given by (1.15),
and we denote i := f — wand hg := fo — U.

We begin with local well-posedness:

Proposition 1.1. Let fo € L log L(R?) N L1 (R3) N H'(R3) be a nonnegative
initial datum satisfying the normalization (1.14). Then there exists a time T =
%(||ho||i-1l + C7_1)_4/5 (where C7 > 0 only depends on K such that ||f0||L;5 +
| follLog L < K) such that the Landau equation (1.1)—(1.3) admits a unique strong solu-
tion on the interval [0, T). By strong solution, we mean here that f € C([0,T]; H') N
L2(10,T); H2, )

We then turn to global well-posedness for small initial data:

Proposition 1.2. Let fo € Llog L(R3) N Lig(R3) N H}(R3) be a nonnegative initial
datum satisfying the normalization (1.14), and hy := fo — (. Then there exists a (small)
constant €y > 0 (depending only on K > 0 such that ||f0||L§5 + |l follLgr < K) such
that if || ho(-)? l ;1 = €0, the Landau equation with Coulomb potential (1.1)~(1.3) admits
a (unique) global smooth (that is, lying in L°°([0, +00); H) (R?))) and nonnegative
solution, denoted by [ := f(t,v). Moreover, (under the same assumption on the initial
datum) there exists a constant C > 0 only depending on K such that (with the notation
h:=f—-w
A Mgy = €O+ 7,

Finally, we give some clues about the behavior of solutions close to a potential blowup:

Proposition 1.3. Let f := f(t,v) be a nonnegative solution of the Landau equation
with Coulomb potential (1.1)—(1.3), corresponding to initial data satisfying the assump-
tions of Theorem 1.2. Suppose that f € L*®([0,t]; H'(R?)) for all t € [0, T|, and that
IV (@Ol 23y blows up at time T. Then for T —t < 1 and some explicitly computable
constants ¢, C, Cy, Cy > 0 (depending only on K satisfying || follL g1 + ||f0||L;5 < K),

1h(t) | g1 = C(H(t) — H)™* with  H(t)— H > C(T —1)(1 + T)F+1;

_ T —t _ 5/14
inf_[[A(s)ll g1 < (£(C(T — t))g(l + T)—(k1+k2)) 7
s€lt,T] Cl

where H :=lim, 7 H(t) and B(x) := Cox~'3 exp{7x450/14},
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1.4.1. Description of the potential blowup. Proposition 1.3 describes a potential blowup
phenomenon for solutions to the Landau equation with Coulomb potential. We recall that
restrictions are given in [15, 17] on the possible appearance of such a blowup. Our lower
bound for the blowup rate is given in terms of relative entropy. Our upper bound enables
excluding a double exponential (that is, exponential of an exponential) growth of the H !
norm of the solution close to the first blowup time. This bound heavily depends on the
number of initial moments which are assumed.

1.5. Additional comments

1.5.1. Nonoptimality of the results. We notice that the lifespan of local well-posedness
is not optimal in Proposition 1.1. For example, it can be extended by the effect of the
dissipation term Cg(1 + £)¥, which is not used in the proof of this proposition.

It is also possible to use Proposition 1.1 in order to relax the condition M(0) < 0
in Theorem 1.2 (ii), recalling M (¢) is defined in (1.29). Using the fact that the Landau
equation with Coulomb interaction admits a local solution f € C([0, T]; H') where T
depends only on the initial data fy (see Proposition 1.1 for more details), this condition
can be transformed into

C6 k
M) < ——((1+ T —1). 1.30
) = =+ =) (1:30)
Indeed, thanks to estimates (1.24) and (1.29), one gets
T
M(T)+C6/ (1 + )k dr < M(0),
0

so that M(7") < 0 and we can use Theorem 1.2 (ii) starting at time 7 (the equation being
invariant by translation in time).

1.5.2. Landau equation with very soft potentials. We can generalize the result of Theo-
rem 1.2 to the Landau equation with very soft potential in the range y € |3, —2], that is,
when

a(z) = |z|y+2(ld— Z®Z). (1.31)

|z[?
Indeed, the main difference in the proof from the Coulomb case is the estimate of the term
Jo—vaj<1 f@W|v = va" VA ()| [V?h()| dvs dv, which appears in Proposition 2.3.
The Coulomb potential case y = —3 is critical in the sense that it requires (in order to
close the differential inequality (1.24)) the use of the Lorentz space L1, since

// S = va"FHVRQ)|[V2h()| dvi dv < C| f I3V 2 V2R 2
[v—vx|<1
holds when y > —3 but not when y = —3.

We think therefore that when y € |—3, —2], it is possible to avoid the use of Lorentz
spaces and still get a closed inequality in the same spirit as (1.24).
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We also believe that if y = —2 — 5 with n > 0 sufficiently small, then the equation will
generate a global smooth and bounded solution if initially | Vg ||z2 <(C; n)_c2’7_] —-C3

for some C;, Ca, C3 > 0 (depending on H(0)). This is coherent with the existing theory
of existence of global strong solutions when y € [—2, 0[; cf. [41] for example.

1.5.3. Comparison with Leray’s work for 3D incompressible Navier—Stokes. We recall
that the 3D incompressible Navier—Stokes equations read

du+u-Vu—Au+Vp =0,
divu =0, (1.32)

Ulr=0 = Ug.

In the classical work [29] (see also [32] and references therein), Leray proved the follow-
ing results:

@) If fluoll2llVuollz2 < 1, the 3D incompressible Navier—Stokes equations admit
global smooth solutions, which are nowadays called Leray solutions.

(i) He also considered the potential blowup phenomenon. Using the lower bound of the
blowup rate for the potential singularity, one can show that the set of singular times
for suitable weak solutions has Hausdorff dimension at most 1/2.

For a result about long-time regularity, we refer to [28,37].

We are in a position to compare our results with Leray’s.

If we consider that the relative entropy H plays for the Landau equation with Coulomb
interaction the same role as the energy ||u|| 2 for the Navier-Stokes equations, it is natural
to compare the Leray condition |[ug||;2]|Vuollz2 < 1 to the condition M (0) < 0, written
in the form H(O)(||h(0)||il.l + B*)?/5 < 5/2. We then see that as in the Navier—Stokes

equations, the L2 norm of a gradient of a solution plays a decisive role. Note however that
no equivalent of the term B* exists in Leray’s condition for the Navier—Stokes equations,
which constitutes a significant difference.

The condition M (0) < 0 includes the case in which the initial relative entropy H (0)
is small, while |2(0)|| ;1 may be large. Note that such (normalized) initial data exist.
Indeed, one can take initial data f(0) close (in weighted L!) to the Maxwellian u, but
having quick oscillations, so that [|2(0)| ;1 is large (see Proposition 6.6 for a concrete
example).

Note that in Proposition 1.3, we get not only a lower bound, but also an upper bound
for the rate at which a potential blowup occurs. However, the lower bound is given in
terms of relative entropy and thus probably cannot be used to estimate the size of singular
times. We recall that the size of that set for the Landau equation with Coulomb potential
is anyway estimated in [15].

1.5.4. Blowup of V f in L?>(R?). We remark that studying the blowup of V f in L?(R3)
is directly related to studying the blowup of f in L% (R3). The results of [33] imply that
if V £ is uniformly in time bounded in L?(R3) (with suitable bounds of L! moments),
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then f is also bounded, and therefore (1.1) is globally well-posed. On the other hand, if
V f becomes unbounded at a certain time, at that time f itself has to become unbounded.

2. H! estimate and the proof of Theorem 1.2

This section is devoted to the H! estimate for the Landau equation with Coulomb poten-
tial, which leads to the monotonicity formula (1.24). We first provide a set of a priori
estimates for the terms appearing in the equation (this is done in §§2.1-2.5). Then we
show that all estimates rigorously hold by passing to the limit in an approximate problem
(in §2.6), which enables us to complete the proof of Theorem 1.2.

2.1. Decomposition of the derivative in time of the H' norm of solutions to the Landau
equation

To make full use of the results on the long-time behavior of the solution (cf. Theorem 1.1),
we write the Landau equation with Coulomb potential as follows (at the formal level),
setting h := f — p, with u defined by (1.15):

dch = Q(f.h)+ Q(h. p). 2.1

Then we focus (at the formal level) on the H! norm of /. We write the equation (for
k =1,2,3) satisfied by dh:

9:(dh) = Q(f.dkh) + Q@r f.h) + Q(Okh. n) + Q(h. O pe). 22

Then we multiply it by dg /i, integrate with respect to v, and sum over all k. This gives
1d||Vh||2 =hLh+L+I+1 (2.3)

T 12 =11+ 1+ 13+ 1y, .

where I, I, I3 and 14 are defined (and subdivided) as follows:
() I = Zi:l [r3 Q(f. dxh)dih dv. We also write

I :=—-11+ Lp, (2.4)

where
3
Iy = Z/ (@ f): Vorh ® Voghdv,
]R3
k=1
3
= -V .
I ;A3(b % f) - Vorhdeh dv

Q) I, = Zi:l [r3 Q3 f. h)dxh dv. We also write

I ==+ I, (2.5)
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where

3 3
L= Z/ (a*akf):Vakh@)Vhdv:Z/ (Ogax f):Vrh®Vhdv,
R3 R3
k=1 k=1
3 3
Iyp:= ];/Rs(b*akf)-vakhhdvzg/Rs(akb*f)-vakhhdv

303
= ZZ(— /R3(3i3kbi*f)akhhdv—/ﬂ{3(3kbi*f)8kh8ih dv)

k=1i=1

3
= Z(—Sn /R3 f(ha,%h—ir(akh)z)dv+/Rs(b*f)-(Vh<‘)ih+V8kh8kh) dv)

k=1

3
<> |87 | fhighdv+ | (bxf)-(Vhdzh+Vochoch)dv ).
R3 R3

k=1
3) I3 := Zi:l Jr3 Q@kh, w)drh dv. We also write
I3 .= —1I31 + I3, (2.6)

where I3 := ZZ:I Jr3(a % dgh) : Vogh ® Vidv and

3
Iy, = I;/W(b % Oph) - Vorhu dv

3 3
= Z Z(—/ (0;b; * dgh)oxhu dv —/ (bi * 0xh)0rhd; dv)
R3 R3

k=1i=1
3

- Z(Sn[ 1|9kh|? dv +/ (b*h)-(akhakw+aihw)dv).
k=1 R R

4) 1 := 22:1 Jr3 Q(h, dx)dxh dv. We also write
Iy = =141 + 14, 2.7

where
3 3
Iyq:= ];/R3(a *N) :Vorh@Vogudv, Isr:= ];/]Rs(b xh)-Vorhogudv.

In §§2.1-2.5, the a priori estimates are proven as if the functions considered are
smooth and quickly decaying (when |v| — 00). They are used later for solutions of an
approximate problem which have those properties.
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2.2. Coercivity estimate for I 3

In order to treat the term /;,1, we introduce the following classical coercivity estimates
(named here Proposition 2.1 and Corollary 2.1). Their proofs can be found in [2, Prop.
2.1, p. 4], or [33, Lemmas 3.1 and 3.2], or [4, 10].

Proposition 2.1. Forall j € {1,2,3}, m € R, f >0, p € W2 (R3), we have

loc
LIV v = 41y 4y ()72

x [ / 0= a ]2 ([0=0s P (0=02) ® (1= v2)} : Vp(©) BV p(0) £ (ve) (v)" dv dv,
R3 JR3
(2.8)
where Aj(f) = [g3 fv]zdv.

Corollary 2.1. Let f > 0 be such that [g3 f(v)dv =1, [p3 f(V)|v[* dv = 3, and such
that ||f||L; + | fllLwgL < K for some K > 0. Set h = f — . Then there exists a constant

C(K) > 0 (depending only on K) such that for all h € L} (R®) and m € R,

3
Z/ (a* f): Vogh ® Vagh(v)™ dv > C(K)||V2h|?, &) (2.9)
i) /R3 m/2—3/2

We now state another corollary which is an easy consequence of the above two results.

Corollary 2.2. Let f > 0 be such that [g5 f(v)dv =1, g3 f()|v|* dv = 3, and such
that ”f”L; + | flLogr < K for some K > 0. Seth = f — . Then there exist constants

C(K),C*(K) > 0, depending only on K, such that for allh € L} (R3) and m € R,

loc

Iz CKYIVARIG,  + COONRI VRIS = CH ORI @10)

Proof. Note first that by taking m = 0 in Corollary 2.1, we get
L1 = C(K)|V2h37, .
—3/2
Then using Proposition 6.4, with m = 0, we see that for some constant C > 0,

VA2 < CIRIZY (Il + V2RI, ).
15/4 /2

This inequality implies that (for some constant C* > 0)

V2h|2, = ClR|ITYE VRS — e n)?,.
192132, = CIAIE IV —Co Al

which yields (2.10). [ ]
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2.3. Estimates for the remainder terms
2.3.1. Estimates for I3 and 14.
Proposition 2.2. Let f > 0and h = f — . Then for all n € 10, 1],
—1p 12 2 o212
I3 + 1y = Co Ikl g + ClIVAIL + 41V hIILz3/ (2.11)

for some absolute constant C > Q.

Proof. Indeed, for some constant C > 0,

L+ 1 5c/ |Vh|2udv+C// 10— vu | 21| (IV2h] + VAR dvs do
R3 RO

< c/ VA2 dv + V20|12,
R3 4 Lz

2
+Cn_1/ (/ |v—v*|_2|h*|dv*) ()3 dv
R3 R3
2
+C/ (/ |v—v*|_2|h*|dv*) udv.
R3 R3

Then we see that

2
/ (/ |v—v*|_2|h*|dv*) (v)3pdv
R3 \J/R3
2
-2 3
52/ (/ |[v— vy |h*|dv*) (vy°udv
R3 \J|jv—v«|<1
2
+2/ (/ |v—v*|_2|h*|dv*) (v)>pdv
R3 [v—vs|=1
2
SC/ |h*|2/ |v—v*|_2(v)3udvdv*+2(/ |h*|dv*) / ()3 dv.
v« €R3 [v—vs|<1 R3 R3

We conclude thanks to the Cauchy—Schwarz inequality.

(]
Then we observe that for some constant C > 0,
Lo+ 1, <C //6 |0 — va| 72 fi| VR V21| dvs dv
R

+C/f|V2h||h|dv, (2.12)

and we define (with C being the same as above)
)= C//6 v — va| 2 £u| VA |V2h] dvs dv, 2.13)
R

dd = C/ £1V2h||h| dv. (2.14)
R3
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2.3.2. Estimate for 4. We state

Proposition 2.3. Let f >0 (and h = f — u) be such that ||f||L% =4and | fll 1 g3 +
| fliLiog < K for some K > 0, t > 31. Then for alln € 10, 1{ and A > 1,
n — _z=31
§ = IV |+ (Cn+ COKy log )75 )(D(S) + DIVAIE?

T

— — _ _ =31
+C+n"+0 3AZ)IIVhIIi§+C(K)n "(log A)~ 750 || Vh|2,.

where C(K) > 0 is a constant depending only on K, and C > 0 is an absolute constant.

Proof. We write d = J1 + J, with

gy = // v = val 2 £ V] [V2h] dvs dv,
[v—vs«|<1

(2.15)
dy = // [v — V|72 fi| VA| |V2h| dvs dv.
[v—v =1
We see that
Jp < C /[w — )2 £ | VA [V2h] dvs dv
<cC //(v)_z(v*)2f*|Vh| V21| dvs dv
< CUS gy IVRIL21VRll2
< 2IVZhIZ: +Co VAL 2.16)

We now turn to d;. We first note that in the region {|v — v«| < 1} we have the estimate
%(v) < (vs) < +/3 (v). Thus by the Cauchy—Schwarz inequality, we have

1/2
9 < c(// [0 — a2 (S (02) ) VA [F2{0) /] d, dv)
[lv—vx|<1

=g

1/2
— |72 6 27 1,\=3/2
X (//lv—v*lsl [v — v | 2 (S (va) ) VA] [V R {v) 72| dvs dv) '

=:dyp
We observe that for k € [0, 3[, 1. j<1}| - | 7% € L3/k:%°_ Therefore, we get
2
Jia = Cll Sl 3.0 VRN IV 2,

thanks to the O’Neil inequality (Proposition 6.2 in the Appendix).
Concerning 15 (and for any A > 1), we split f into two parts: fy = fx(f/A) and
fA:= f — f4, where y is a nonnegative C! function with y = 1 in B; and y = 0 outside

of B,. Thanks to this decomposition, we get
d1p < CIIfAlngl ||Vh”L2”V2h”L2_3/2 + CA|IVA 2 V2Rl 2

Z3/2°
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Here we again use the O’Neil inequality (Proposition 6.2) for f4, and the bound
fa < CA.
Putting together the estimates for 41, and J1, yields
1/2 1/2
$= I A V2

+A”2||f||”2 ||Vh||‘/2||Vh||”2||v2h||L )

< levzhlliz + nIIfIILz VA7
+C S N IIfAIILg‘l IVAaIZ> + 77_3A2||Vh||ig). (2.17)

: 2 2 A 2
In what follows, we estimate ”f”L3_~‘ VA7, and ||f||L3_§ .f ||L2,1 VA7 .

Estimate of ||f||22 ! ||Vh||L2 Remembering that ||f||L1 = 4 and using Proposition 6.3,

we get the estlmate

1/ l31 < CIFE T < CAVAIL + 1), (2.18)
where we have used the interpolation estimate
IRz < CAlAlLr + [IVAllL2) = CA + [VA] L2). (2.19)
This yields
1£1204 IVRIZ2 < CAVRIZE + DI 311 VA1 (2.20)
We end up with the bound

||f||23_.; VA7, < CUS N IIVhIIM/5 a MAVES: IVR]2,)
< CDAOIVAILY® + IVA) A +1VRIZ,),
where we have used the estimates (1.23) for the first term, and (2.18) for the second.

Estimate of || f ||, 3.1 [l f4 (FES! ||Vh||i2. Thanks to the definition of f4 and the interpo-
-3 6
lation estimate (2.19), we first see that

I < CV1+ A2 (|Vh||g2 + 1). (2.21)
For R > 0and 4 > 1, we know that

IIfAIILg1 =< R“(logA)_I/f 1flogfa’v + RT3V £
; >

so that
1/ 401, < C(K)(log )73/, (2.22)
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Using Proposition 6.3, one gets

1A 1201 AN 20 IVRIZ2 < ClL D2 IIfAll”S LA IV R)2,.
Then, by (2.21) and (2.22),

1A 1211430 IVAIF2 < C(K)(log A)~CDED| 7] 5, 1(||Vh||“‘/ >+ [VA]2,).
(2.23)
Using both estimates (1.23) and (2.18), we end up with

1/ 03 1 43 IVAIZ 2 < C(K)(log A)~CV/EDUD(f) + DI VA +(VAI].
(2.24)
Finally, we see that

n _
< IV, +Cn a2Vl +Cn(D<f)||Vh||“/5+||Vh||“‘/5+||Vh||iz)
+C(K)n ' (log 4) ™™~ 3“5’[(D(f) + DIVAILE +1Vh|2.]
< vaZhan +(Cn+ C(K)p (log A)~ 3D/ (D(f) + 1) VA4
—3/2
+C+ A VA2, + C(K)n~" (log A)~ 3V ED | w7, (2.25)
6

We deduce the desired result by combining this estimate with the estimate for 5. ]

2.3.3. Estimate for 44. We now prove the following bound:

Proposition 2.4. Consider f > 0 (and h = f — ) such that ||f||L£ =4 and ||f||L; +
| fllLwgr < K for some K > 0, T > 31. Then for all n € [0,1[and A > 1,

1 < vazhui + C(K)n~ (log A)~3V/CI(D(f) + 1) VA Y
+ Cn—lAznhlng/z + C(K)n~" (log )~ Va2,

where C(K) > 0 only depends on K (and t), and C > 0 only depends on t.

Proof. We recall that

J(J§/f81-2hhdv=/fA8i2hhdv+/fA3%hhdv.
Then

99 = CANVZhI 2, Il +Clf Al VL2, e

3/2

w2712 —1, 42 2 A 2
SZIIV h||L33/2+Cn (4 ||h||L§/2+||f||L33||f I3V AIZ2)- (2.26)

The desired result is obtained by using an estimate almost identical to that of (2.24). =
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2.3.4. Summary of the estimates for the remainder terms. We combine the results of
Propositions 2.2-2.4:

Proposition 2.5. Let f > 0 (and h = f — ) be such that ||f||L; =dand || f|1 +
| fllLiogr < K with K > 0, T > 31. Then for alln € 10, 1[ and A > e,

Lo+ L+13+14 < TI||V2h||22
+(Cn+ C(Km—l(log A3V (D(f) + )| VALY
+ O 2RI + CEY G+ A7) VA

where C(K) > 0 only depends on K and t, and C > 0 only depends on .

Proof. This estimate is directly obtained from Propositions 2.2-2.4, remembering that
n<l,logA>1and —(r —31)/(57) <O. |

2.3.5. Summary of the estimates for all terms. We now combine the results of Proposi-
tion 2.5 and Corollary 2.2. From now on, we typically denote by C* constants which can
be replaced by a larger constant, and by C constants which can be replaced by a smaller
(strictly positive) constant. We get

Proposition 2.6. Let f >0 (and h = f — p) with [ps f(v)dv =1, [p3 f(v)|v]* dv
=3, and || flpr + I fllzwg = K with T > 31. Then for all n €10, 1],

C(K)

_CK
L+ b+ L+ 1< ——=|V?h|}, ( cx)

i ||Vh||“‘/5
+C*(K)n expg,,—f_—m)”h”L b, T (K)n(l + D(f))IIVhIIWS, (2.27)
where C(K), C*(K) > 0 only depend on K and .
Proof. Using Proposition 2.5 and Corollary 2.2, we see that
I+ L+ I Iy < =CKIVPIZ, = COORI VA2 + C (K,
+ V2RI +(CTn+ C (K™ (log A)‘“‘“”“”)(D(f) DIVAIS?
+ CE T A2l + CHK) O+ 0T A [ VAT (2.28)
Using Proposition 6.4 for m = 6, we see that

IVAIl2 + lIkl2 < C* ||h||2” ||h||5”+c ||h||2” ||v2h||5” ,

so that thanks to Young’s inequality, for any ¢ > 0,

IVAIG; + W7, = €A+ 7RG, +CTEPIV2hIE,

L2_
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Taking ¢ := C*1'%/74719/7 we see that
_ _ — Ui
C*n lAz||h||iz <C*n ' A?(1+7 5AS))”h”il + —||V2h||iz , (2.29)
2 99/4 2 32
while taking ¢ := C*(K)n?%/7 A=1%/7 (and observing that n~! < =3 A2), we see that

CHE) ™ + 02 D)VRIR, <CHEP A2 A+ 074N B2, + v,
Lg Looss = 2 L7255
(2.30)
Making use of this bound in estimate (2.28), we see that

bt I+ 1< @n = CORIVZhIG, = CE I VRIS

FICT(K) + Co (147 4% 4+ CH K> A4 ARG
99/4

+(C*n + C*(K)n ™ log A)~ =3/ (D(£) + 1) VA4, (2.31)

so that when n < C(K)/4,
C(K)
2

LR AT,
99/4

L+L+13+ 14 <—

V2h|2, — C(K)|h| ¥ vn |45
IV = ORI 1VAIS

+(C*n + C*(K)y~ " (log A)~ VG (D(f) + )| VA, Y. @232)

We now select A > e such that (log A)~(F=3D/(107) — ) "and get (changing the names of
the constants) estimate (2.27). ]

2.4. Application of the estimates to solutions of the Landau equation

Lemma 2.1. Let £ > 19/2, fy € L% N Llog L be a nonnegative function such that
Jr3 fo)dv =1, [g3 fo()|v|*dv = 3. Let f := f(t,v) a weak (well-constructed)
nonnegative solution to the Landau equation with Coulomb potential (1.1)—(1.3), and
h = f — . Then for all 6 € [0,{] and q < q¢ 9 with

202 —250 4+ 57 0 0
= = " (1-2)+= 2.
qe.6 180 -2) ( €)+€’ (2.33)

there exists C > 0 (depending on 0, £ and K such that ||f0||L[1 + || follLogr = K) such
that
Vi =0, |h( )]y = CA+1)? (2.34)

More specifically, if £ > 55, then for some ry > 7/4, r, > 0,

vz 0, @)l = CA+ 7A@ ), = CA+ )77 (2.35)
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Proof. We first recall that thanks to Theorem 1.1, for 8 < %, the relative entropy
decays according to the inequality

Vi >0, H()<Cg(l+1)P,

where Cg > 0 only depends on £ and K such that ||fo||L; + || follLiog < K.
Using the Cziszar—Kullback—Pinsker inequality (cf. [8,27]), we see that

Vi >0, |ht, )| < Cp(1+1)7P2,

Then (using Theorem 1.1 again) for all £ > 2, there exists C; > 0 (which only depends
on £ and K such that ||f0||L£ + | follLwegz < K) such that

Vit > 0, ||h(t,-)||L}Z < Ce(1+1).
Finally, we interpolate between the previous two inequalities, for 6 € [0, £]:

elly < Wl Rl < ca+ o (2.36)

for g < g, and C > 0 as described in the lemma.

The special case (when 6 = 99/4, or 6 = 45) is directly obtained thanks to this esti-
mate. (]

We now write the H ! estimate that will yield the differential inequality (1.24).

Proposition 2.7. Let fo € L1.(R?) N Llog L(R3) be a nonnegative function such that
Jr3 fo(v)dv =1 and [g3 fo)|v|>dv = 3. Let f := f(t,v) be a nonnegative smooth
and quickly decaying (when |v| — oo) CZ(S) solution (on a time interval [0, T]) to
the Landau equation (1.1)—-(1.3), and h = f — p. Then for some ki > 0, ko, > 7/2,
C1, Cy, C3 > 0 (depending only on K such that ”fO”L‘ + || follLog < K), the follow-
ing differential inequality holds (on [0, T]) for all n € ]0 1[ sufficiently small (depending
on K):

—||Vh||Lz +Ci(1+ 0k va|Y?

< nC3D(f)||Vh||14/5 + Cop Bexp{Tn™P"* 1 + )%, (2.37)

Proof. We consider a smooth and quickly decaying (when |v| — oo) solution f :=
f(t,v) >0 to (1.1)-(1.3) (on a given time interval [0, T']). According to Lemma 2.1
(more precisely to the special case described in this lemma), this solution is bounded in
L}5(R3) (with a bound controlled by K such that ||f0||L;5 + | follLioegr < K).

Recalling the computation (2.3), which rigorously holds, we can use Proposition 2.6
with T = 45 (for a smooth solution to (1.1)—(1.3)), and we see that (for some C,C4,C5 >0
depending only on K such that || foll 1, + [l follz 1oz = K),

—||Vh||L2 + C||h||“‘/5 VA4

13

< Cany™ eXp(7n_45°/”)llhllil . T O+ DUIVAIES.  238)



A new monotonicity formula for Landau equation 1769

Using again the special case described at the end of Lemma 2.1 (and observing that
|12 ||L}5/4 <|h ||L(1)9/4), we complete the proof of the differential inequality (2.37). L]

Thanks to Proposition 2.7, we can now reduce the main results in Theorem 1.2 to the
analysis of some ordinary differential inequality.

2.5. Analysis of a differential inequality

We start with the following lemma, which corresponds to the special case n = C3 !, B* :=
B(n), B(x) := Cox~13 exp{Tx 45914} of Proposition 2.7.

Lemma 2.2. Let X, H be C! functions from [0, T] to Ry (for T €10, +00]), C1, B*, ky
>0, ko > 7/2, and D := —H' such that

vt € [0,T], %X(t)z + i1+ Xx()™5 < DOX(1)'™5 + B*(1 +1)7*2.
(2.39)

Then for k := min {21(25_7 ,k1} and some constant C¢ > 0 depending only on Cy, B*, kj,

vt €[0,T], %(H(t) —3[X(t)* + B*(1 +0)'7F2725) + Cs(1 +1)F <0.  (2.40)

Proof. We first observe that denoting Y (t):= B*(1+1) %21 and ¢; :=(B*)"2/5 (k,—2),
we have

d
VEe0.T], YO +e(l+ 02Ky ()75 < —B*(1 + 1) *2.

Therefore for some Cg > 0 depending only on Cy, B*, k5,

vt € [0, T, %[x@)Z + B*(1 + )72 + Co(1 + 0)*[X(1)? + B*(1 + 1) 7*2]7/3
= DOX()? + B*(1+1)! 7]/,
The differential inequality stated in the lemma is then obtained by dividing this differential
inequality by [X(£)% + B*(1 +1)'*2]7/5, "
Next we turn to the following consequence of Lemma 2.2:

Lemma 2.3. Let X, H be C! functions from [0, T] to Ry (for T €10, +00]), C1, B*, ky

>0, ky >7/2, and D := —H’, such that the differential inequality (2.39) holds.

e If H(0)[X(0)® + B*]*/5 < 5/2, then for some constant C¢ > 0 depending only on
Cy, B* ks,

Ce —5/4
Vie[0,T], X() < (2/5)—5/4(H(z) + -[a + )tk — 1]) :
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o If H(0)[X(0)2 + B*]?/5 > 5/2, then for

1/k+1
T* = (M[H(O) - §[)((0)2 + B*]_Z/S} + 1) -1,
Cs 2

one has (for T > T*) H(T*) < 3[X(T*)? + B*(1 + T*)'7%2]72/> and for t €
[0,T —T%,

Cs
k+1

_5/4
X0 = @/ () + S50+ T 40— )

Proof. By integrating both sides of (2.40) on [t1,1,], T > t, > t; > 0, we see that

Ce
1+k
< H(t1) — 3[X(t)* + B*(1 + 1) %2125 (2.41)

H(t) — 3[X(12)* + B*(1 + 1) %2725 ¢ [(1+ )% — (1 + 1)

Taking t; = 0, ¢, = ¢, and using the condition %[X(O)2 + B*]72/> > H(0), we rewrite
the above inequality as

Cs

5 2 * 1-ka1—2/5
S[X@)"+ B*(1+1) ] zH(t)+1+k

[(1 40k —1].

From this, we get

C —5/2 1/2
o) st

X(1) < [(2/5)—5/2(H(z> s

which proves the first result.
The second result follows from estimate (2.41) by taking t; = 0 and t, = T*, and
solving (for T*) the equation

Cs
1+k

[(14+ T — 1] = H(0) — 3[X(0)% + B*]72/°.

Now letty =T*and 1, =T*+1,¢>0. Then H(T*)—3[X(T*)?+ B*(1+T*)'7*2]72/5
< 0 implies that

Cs x 1tk ek
1[(1+T +t) —(14+T%™] ,

X(T* +1) < (2554 (H(T*) b

which gives the estimate for X after time 7* described in the lemma. ]

2.6. End of the proof of Theorem 1.2

We are now in a position to prove Theorem 1.2. We show that the a priori estimates
obtained in §§2.1-2.5 can be used to build a solution to (1.1)—(1.3), thanks to their appli-
cation to smooth solutions of an approximate equation.
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We introduce therefore the unique solution f€ := f€(¢,v) > 0 to the approximate
equation

atfé = Qe(fev fe)’ (242)

where QF€ is defined by
0°(g.h) = Vy - ([a® * g]Vuh — [a® = Vg]h)

with

a<(z) = (2> + 62)_1/2(Id - ZETZZ). (2.43)
Thus we are still considering a Landau equation, but with a regularized cross section.
We also introduce smooth and quickly decaying (when |v| — oo) initial data, converg-
ing when € — 0 towards the original initial data f. The problem (2.42)—(2.43) satisfies
the same conservation properties (propagation of nonnegativity, conservation of mass,
momentum and kinetic energy, decay of entropy) as the original equation (1.1)—(1.3).
Next we briefly explain how to prove

Proposition 2.8. For € > 0, estimates (1.24), (1.25) and (1.27)—(1.28) hold for the unique
smooth (C2(8)) solution of (2.42)~(2.43) (with smoothed initial data), with constants
which do not depend on €.

Proof. Step 1. Since (for € > 0) there is no singularity in a€, equation (2.42)—(2.43)
behaves (from the point of view of regularity) like the Landau equation with Maxwell
molecules (that is, when y = 0 in (1.31)). Hence, smoothness and moments can be proved
to be propagated globally for this equation. This is easily checked by following the strat-
egy used in [19,20]. Thus equation (2.42)—(2.43) admits a unique (global) smooth solution
(the initial data being themselves smooth).

Step 2. Using [9, Theorem 3], we see that estimates (1.22) and (1.23) hold when a is
replaced by a€, with a constant that does not depend on €. It is then possible to show,
using the same method as in [4], that the long-time behavior estimates are the same for the
solution to (2.42)—(2.43) as those for the solution to the Landau equation with Coulomb
potential (1.1)—(1.3). In other words, Theorem 1.1 holds for the unique smooth solutions
to (2.42)—(2.43), with constants which do not depend on €.

Step 3. We show that Proposition 2.7 holds for the unique smooth solutions of (2.42)—
(2.43), with constants in the estimate which do not depend on €.

This amounts to showing that the estimates in the proof still hold when a is replaced
by a¢. Noticing that b (z) := 213-:1 dja5;(2) = =2z 1z]72(|z|? + €2)71/2, 30, 9ibf(z)
=—2¢3le 1z|2(le 1z |2 + 1)73/2, we see that [a€| < |al, |b§| < |b; |, and those inequal-
ities can be used to show that the estimates from above in §§2.3, 2.4 can be reproduced
with the same constants for the approximate problem as for the original problem.
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We can then directly check by inspecting the proofs that the coercivity estimate
appearing in Proposition 2.1 and Corollary 2.1 can be reproduced when a is replaced
by a€, with constants that do not depend on €.

Since for € > 0, the solution f€ is smooth and quickly decaying when |v| — oo,
the assumptions of Proposition 2.7 are fulfilled, so that estimate (2.37) holds (for this
solution), with constants in the estimate which do not depend on €.

Step 4. We can now apply Lemmas 2.2 and 2.3 to X = ||VA€||; 2, and obtain the estimates
of Theorem 1.2 for the unique smooth solution of (2.42)—(2.43), with constants in the
estimate which do not depend on €. ]

End of the proof of Theorem 1.2. Note first that Theorem 1.2 (i) is immediately obtained
(without using the approximate problem) by the use of Proposition 2.7 and Lemma 2.2.

We now turn to parts (ii) and (iii). As in [9], we let f€ be the unique smooth solution
of (2.42)—(2.43) with initial data strongly converging to f°. It is then possible to pass to
the limit (in a weighted weak L' space, and up to extracting a subsequence) when & — 0
in f€, and get in this way a (well-constructed) weak solution f to the original equation
(1.1)=(1.3) with initial data f°.

Due to the convexity of x — x log x and the lower semicontinuity of weak conver-
gence in H', we obtain

H(t) < liminf H(r). |Vh|z> < liminf V€| ,2,
€—> €—>

where H €(t) is the relative entropy of f€ at time ¢.
Thanks to these properties, we can pass to the limit in the following estimates:

e for the initial data under the threshold,

Ce —5/4
V=0, IO = /5T (HE + S0+ )

e for general suitable initial data and t > T,

HE@) < 3[R @))%, + B*(1 +1)' 7272/,
Ol = @555 (- 401 -1 4 ToyR)
H! = k+ 1 '

3. Local solutions: proof of Proposition 1.1

We start the proof of Proposition 1.1 with the following proposition, which is a variant of
Proposition 2.6:
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Proposition 3.1. Let f >0 (and h = f — ) be such that ||f||L%(R3) =4 and ||f||L% +
| fllzwer < K with K > 0 and © > 31. Then

- 1
o f o= =S wniz, S (o - S
+C (K)nhn%m + VA1 ,5°. (3.1

where C*(K), C(K) > 0 only depend on K and t.
Proof. Using estimates (2.18) and (2.20), we see that
171254 19A1Z2 < CAVAIZ + IVRIE®).
Then, recalling estimates (2.18) and (2.23), we also see that (for 4 > e)
1A 20 Al IVAIZ < CK)(log A)~C=D/CO(TR|Z, + VA5
-3 6
Using the notation (2.13) and bounds (2.16) and (2.17), this leads to the bound (for all
nel0,1[and A > e)
1< IV2h|2,  + (Cn+ C(K)y" (log A)~C3D/GD) v 18/
2 LZ3)
+ Clnt "+ 1A% VA, + C(K)yn~" (log A)~*V/CD | V7,

Using the notation (2.14) and estimate (2.26), we also get the estimate (for all n € ]0, 1]
and A > e)

n - —
902 IVPhIG o+ CK)n ! (og A~ EOVAIEE + Cot A2,
+ C(K)y! (log A)~ 73D/ v 2,

where C(K) > 0 only depends on K and 7, and C > 0 only depends on t.

Recalling now estimates (2.11) and inequality (2.12) (together with notations (2.13)
and (2.14)), and remembering that n < 1,log A > 1 and —(z — 31)/(57) < 0, we end up
with the estimate

ot bt B+ L < V2hIG, 4+ (Cot C(K)n ™! (log )~ C20/C0) vy 32

+Cn ' A%|R)12, 2 + C(K)(™' +n724%)|Vh|? (3.2)

L27

where C(K) > 0 only depend on K (and 7)and C > 0 only depends on t.

Using estimates (2.10), (2.28) and (2.38), we see that (using C* for constants which
can be replaced by larger constants, and C for constants which can be replaced by smaller
constants)

Nt o+ 3t L < (20 = SCUO)IVRIZ, | = SCIAIL VRIS = 51
+[5¢* <K>+C*n—‘A2<1+n—5A5))+c (K)n—3A2<1+n—1°A nlzy,

+(C*n + C*(K)n~  (log A)~=30/Gy 1w p |18/, (3.3)



L. Desvillettes, L.-B. He, J.-C. Jiang 1774

so that when n < C(K)/8,

K K
bt f= =S, — SR v - L

+ C*(K)n_13A7IIhIIL$9/4 +(Cn+C” (K)n—laog A)“f—“”(s”)||Vh||;i/5.
(3.4)

Selecting 7 > 0 sufficiently small, and 4 > e such that (log 4)~=3D/100) — p we see
that estimate (3.1) holds. ]

End of the proof of Proposition 1.1. We observe that inequality (3.1) still holds when the
kernel of the Landau equation is replaced by the kernel of the approximate equation
(2.42)—(2.43), with all constants independent of €. Then, when f€ (and h¢ = f€ — )
is the unique smooth solution of (2.42)—(2.43) (with regularized initial data), and pro-
ceeding as in the proof of Proposition 2.7, we get the estimate

d
- Vhe 2
Il

72+ CoalV?hIG, |+ 15+ §Coo(1 + 0F VA5

< IVAINS° + Cn(l+ 072, (3.5)

where k1 > 0 and k, > 7/2 are defined as in Proposition 2.7, and Cyg, C11, C12 > 0 only
depend on K such that | foll 1 + Il follLiogz. < K.
This differential inequality implies that

d
IVEIE: < VRSP +

so that
—(||W||L2 +C°) < (IVAE |12, + %),
Therefore, for 1 < T := 5(|VA*(0)[2, +2C;]°) ™/,
_ —5/4
IVA @), < [(IVAS )2, + CE2)4/5 — &7 —¢)°. (3.6)

Passing to the limit when € — 0 as at the end of the proof of Theorem 1.2, we get the
existence of a weak solution of the Landau equation (1.1)—(1.3) on [0, 7] which is in fact
strong in the sense that it lies in L ([0, 7]; H'(R3)). Note indeed that the first time of
blowup (in H! norm) is strictly greater than 7 since part of the dissipative terms were
not used in the differental inequality in order to get the bound (3.6).

We now focus on the regularity of the solution obtained, and the consequences con-
cerning the issue of uniqueness. Using Theorem 1.1, we see that on the time interval
[0, 7], one has h € L (L1,). Then the estimates (3.6) and (3.5) imply that Vh € L°(L?)
and V2h € L7(L? ). Thanks to a Sobolev embedding, we see that 7 € L{°(L°). Interpo-
lating with the estimate stating that h € L$°(L1,), we see that h € L°(L3,). Interpolating

again this estimate with the statement V24 € L?(Liyz), we see that h € L;6/7(H273/?16).
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Thanks to yet another Sobolev embedding, we find that / € Lf(L°°), which is sufficient
to apply the stability result in [14], and get the uniqueness of the strong solution built
above on the relevant time interval.

We finally prove that f € C([0, T]; H'). Using estimate (3.5), we see that V2h €
L%([0, T: L33/2) and I ; € L'([0, 7). Recalling identities (2.3), (2.4) and estimate
(3.2), we observe that %HVhHiz € L'([0, T]), so that £ = | VA(1)||7, is continuous
on [0, T].

Remembering the weak formulation (1.6) and the fact Vi € L;’O(Lz), it is not diffi-
cult to check that ¢ > [p3 0;h(t, v)¢(v) dv is continuous on [0, T] for any smooth and
compactly supported function ¢. We conclude that & € C([0, T]; H') by combining the
above facts. Indeed, thanks to the continuity of ¢ + ||Vh(t) ”12}’ we know that

lim ||V (h(t) = h(s) |72 = 2| VRO 7> — 2 1im (VA(s). VA()).

We conclude by approximating VA (z) in L? by a sequence ¢, € C. Note finally that
the formula appearing in the definition of 7 in Proposition 1.1 is obtained by defining
Cr =1 .

4. Weighted H! estimates and proof of Proposition 1.2

The main goal of this section is to get estimates for weighted H!' norms of solutions to
(1.1)—(1.3), and then to use them in order to prove Proposition 1.2.

4.1. Weighted H" estimate

Multiplying the equation for the derivatives of the Landau equation (1.1)—(1.3), that is
(remembering that 7 = f — p and that w is the normalized Maxwellian given by (1.15)),

3¢ (Ich) = Q(f. dch) + QOr f.h) + Q0kh. w) + Q(h, ), (4.1)

by (v)™dih, integrating with respect to v and summing for k = 1, 2, 3, we obtain (at the

formal level)

1d
5 77 VhIs = Wit Wa o+ W+ W, (4.2)

where Wy, W,, W3 and Wy correspond to the terms of the right-hand side of (4.1).
We start our study by estimating the most significant terms, that is, W; and W,.

4.1.1. Estimate for Wi and W,. The following proposition enables us to treat a large part
of terms coming from W; and W;:

Proposition 4.1. Let f be a nonnegative function with normalization (1.14), and h =
f — . Then, for all m > 0 and some (absolute) constant C > 0,

/ (v — v ™" + [v = v |72 f () [ VR() > ()™ dvi dv < C(1 + ||Vh||Lz)||Vh||2’2n/2
(4.3)
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and

/ v = 0| 2|V f )] 1 ()] [VA()[(v)™ dvs dv
< CA+ IVRIZ ANy VAL - (44

Proof. For (4.3), we bound the integral over |v — v4«| < 1 in the following way:

[/ [ = va ™ + |0 = val 21 f ) [VE )] (0)" v dv
[lv—vx|<1
< [Tz + 1) * f e VAT,
< Tk + 1 R L gorsl el V125

< CIIVfIILzllwlllign/2 =C(1+ IIVhIILz)IIVhIIi;/z- (4.5)

The integral over |v — v4| > 1 satisfies

f/ o= 0el™ [0 = 0l 21 @) VAP (0™ dve dv < SN IVAIZ
[v—vx|>1 m

(4.6)
Now, estimate (4.3) is a consequence of (4.5) and (4.6).

For (4.4), using \/Lg(v) < (v4) < +/3 (v) when |v — v4| < 1, we see that the integral
over |v — v«| < 1 is bounded by
I = @b 9h@l " dv. do
[v—va|<1
< 1= 120 #1602V L1 s [AHVRI™ 2 a2

=< ||Vf||1ﬁ2n/2 ||| : |ﬂ2<1||L6/5||h||L6||Vh||L’2n/2
< CA+ VAl IV VAl . @.7)
Since | - mzzl lies in L2, the integral over |[v — v«| > 1 is bounded in the following way:

/[ v = 0219 £ @) [h)] [V (0)" dvs dv
[v—vs|=1
< CIV el IVHs |
< Cllhl IVHl | +CIVRI Al VRl - @8)

We get (4.4) by collecting the bounds (4.7) and (4.8). ]

Next we estimate the terms W; and W,. We start with
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Proposition 4.2. Let [ > 0 be such that [g5 f(v)dv =1, [p3 f(v)|v|* dv = 3, and
”f||L}5/2 + | fllLwogr < K for some K > 0. Set h = f — . Then for all m > 0 and
some constants C*(K), C(K) > 0 depending only on K,

= (Q(f. 9h), (v)" ich)
—2C(K)IV2hl7> +CH KA+ IVRIZ)IVAIZ, . (49)
m/2—3/2 m/2

Proof. Using an integration by parts, we see that
= (O(f. 9ch). (-)" 0ch)
—~( X [ @« n@amicimaman)

k,i,j

(X Jos pamiamama)
ki
(X f@sn: am s @ a3 Y [ b pockRom do
k 2 ki
“3 | T e pioraaerav) + (3 X [ e piiraney
1,], N2

+ 47 Z/ FIah)? ()™ dv).
k

Thanks to Corollary 2.1, the first term of the expression above satisfies

Z/(“ * 1) (Voeh) ® (Vo) ()" dv = CUOIVPHIE,

Then, thanks to Holder’s inequality and Sobolev embedding (H' C L9),

[0 h]? ()™ dv

< C¥ £l VA2, V(YR 2732) 2

=cC” ||f||1/5 I|f||4/5||Vh||L2 LIV2h]2 + VA2 )

m/2—3/2 m/2—5/2

<c* (K>||Vf||“/5||Vh||Lz VRl CTEOIV SIS IR

/2—3/2
LW
= S IVhIE, S CU R+ VAL VA,

+C(K)(1 + ||Vh||Lz>4/5||Vh||,%gn i

Using the estimates above and (4.3), we end up with estimate (4.9). ]
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Proposition 4.3. Let [ > 0 be such that [g5 f(v)dv =1, [p3 f(v)|v|* dv = 3, and
||f||L£1‘5 + | fllLwgr < K for some K > 0. Set h = f — . Let C(K) be as in Proposi-
tion 4.2 and 0 < m < 76. Then there exists some constant C*(K) depending only on K
such that

Wa = (Q(3k f. h). (v)™dich)

_3C(K) 3C(K)

2 * 2
IV CEY VR kl gy I VA, o @10)
Proof. Using integration by parts, we see that
W2 = (Q(3k f. h), {v)™ Oh)
= 3 [ ~@uas « HODIGADE" + @i do

ki, j

+ 2 [ G 0BG b+ @) ()" .
ki
Using first (4.3) of Proposition 4.1, we obtain the estimate

3 [ @iy * )@@ ()" dv| = C(1+ VAl VAN

kii,j
Also, still treating separately |v — v«| < 1 and |v — v«| > 1, and observing that | - |H2<1
€ L*/3, we compute
> [ @y @@ 3"
ki j
2 2y,
C*(If e VA2 (19%Rlgz U f I VAl | I92hI )
1/10 9/10 2),
CULI A1 IR 2, + Iz VIVl
C( ) x
||v2h|| O ||Vh||Lz>9/5||Wz||§2 .

Then, thanks to Proposition 4.1 again,

(bi * Ok f)(R)(3; (-)™)dch dv| < C*(1 + ”Vh”22)”h”H}il/2||Vh||L’2n/2

Finally, we estimate | Zk,i [ (bi * 3k f)(h)(3;90xh)(-)™ dv]|. Recall that f = h + L.
Thanks to integration by parts, we have

> [t amm@ah

ki

== 3 [0 @™ dv 487 Y [ @ @)™ do.
ki k



A new monotonicity formula for Landau equation 1779

Therefore,

bi # 0 ) () (B dich) ()" dv| < C* [kl gy VA2

We now turn to the term | Zk’i [ (bi * 3xh)(h)(d; 0xh)(-)™ dv|. The integral over
|v — v«| < 1 is bounded by

//| 0 PITRE O R e dy
v—ux|<1

= |11 # 1™ 2VR | a1 IV2R1™2] s

< C*|I VAl - |||<1|}L4/3||hIIL4 IIVzhlle/2 i
1/10 9/10 1 o2

<cC* IIVhHL2 ||h|| ||Vh|| v h||qu/2_3/2

_C(K .
<& )||v2h|| 2_3/2+c (KO + VA VI,

Notice now that | - |H2>1 € L14/9. Thus, the integral over |v — v4| > 1 is bounded by

c* /f [V — 02 Vh )| [h(0)] [V ()" dvs dv
[lv—v4|>1
< 11720 # 19A 1 1AL T92R1 ™ e
< UV o Wl as 1922

< CTIVRI IS VRV

m/2—3/2

m/2—3/2

(L .
S IVRIZ: o+ CTR) A IVRIZ)I VAL,

since m/2 + 105/16 < 45 when m < 76.
Finally, we get estimate (4.10) by regrouping all the estimates above. ]
4.1.2. Estimates for W3 and W4. We now estimate jointly the terms W3 and Wjy.

Proposition 4.4. Let f > 0 be such that [g3 f(v)dv =1and [gs f(v)|[v]* dv = 3. Then
for allm > 2, and some (absolute) constant C > 0,

W3 + Wy := (Q(0kh. ), ()" 0ch) + (Q(h, dep) ()" dpch)
= ClIVal2lhlgy, - .11

Proof. Using integrations by parts, we compute
W3 = (Q(9kh. ). ()" ch)
- Z [ @ s am@eyanan+ Y [ G <h@dn o do

kii,j

" an/makm " dy —Z/(b i 0} (34 11) (Oih) ()"
k
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and
Wy = (Q(h, O ), ()™ 0xch)

=> / (bj * 1) (@0 ) k) ()" dv + ) / (aij * 1) (3;0; 0 ) ich) ()™ dv
k,j j

kii,j

=30 ( [ x am@m @iy v+ [ @B @™ dv).
ki

. . . 2
Hence, using the elementary inequality (vs)21jy—y, <1 < [V — vs|2e"/*1}y_y, <1, We get

Wyt Wy < c[/ b1 1981 1Vh1 2+ [ 1o *|h||Vh|u”2+/|Vh|2u”2]
< Bl y<a] * (] + VD2 [ VA 2
+C [ IR+ V@AWW dv v, + T
[v—vx|>1

< CIIVAIZ, + ClAlL2 VAl L2 + C VAl (1Al 2 + VA 2)
< CIVAla (Al + VA2 ) = CIVAI Al

remembering that m > 2. [

4.2. L2 estimate

Proposition 4.5. Let [ > 0 be such that [g5 f(v)dv =1, [p3 f(v)|v|* dv = 3, and
||f||L‘115 + 1 fllziogr < K for some K > 0. Seth = f — . Let C(K) be as in Proposi-
tion 4.2. Then for all m > 4, and some constant C*(K) depending only on K

(QUF). (™) + (Q(h. ). (")
< —COR) VI ooz + CH KN+ [VAI)UVAIZ, 4+ 412, ). @12)

Proof. Using integration by parts, we obtain the decomposition

(QUfR). ()"hy = — / (@* f): (Vh) @ (Vh)()" dv
-3 / (aij * f)(@;h)h@; (Y™ dv + Y / (bi % [)(W)[0: ((-)™h)] dv
v l —: _E;—E, +Es.

Using Proposition 2.1 (and keeping in mind the arguments used in the proof of Corol-
lary 2.1), we see that
IE1 = C(K)||Vh||,2n/273/2. (4.13)



A new monotonicity formula for Landau equation 1781

Using then the same computations as in the proof of Proposition 4.1, we see that

[Eal < CIV £l 2 IVAIL2 +Clf bl IVAIL2
= C(L+ VAR IV (4.14)

Similarly,
[Esl = CA + [IVAllL2) (Al VA2 |+ 117> ). (4.15)
m m m/2

Using again integration by parts, we also see that

(Q(h. ). ()" )|
1 Z / —(aij % W)@ Wi ()" I] + By *+ W1 R)]) dv

<c /<|a| T 1bl)  [RI(A] + VA2 dv
< C||lal + B 1<t] * 1Al 2 (1RllL2 + VA 2)
v [ T e+ )l dvas,
< CQlhlga + VAL, @16

where [V — Vi | Ty, =1 < (vs) " 1{v) is used.
Collecting all terms and remembering that m > 4, we conclude the proof of Proposi-
tion 4.5. |

4.3. End of the proof of Proposition 1.2

To end the proof, we perform the computations for a smooth C?($) solution f > 0 of the
Landau equation with Coulomb potential (1.1)—(1.3). We should in fact repeat here the
process of approximation presented in the proofs of Theorem 1.2 and Proposition 1.1. We
do not write it for the sake of readability, since no new argument is used to deal with the
approximate process.

We first observe that thanks to the assumptions of Theorem 1.2 and Lemma 2.1, there
exists a constant K > 0 such that

flllg(llf(f)lhg15 + 1/ OllzwgL) = K.

Then we compute (for 4 < m < 76) the quantity 2 T ||Vh||i2 . By using the computa-
m/2
tions (4.1), (4.2) and Proposition 4.2—4.4, we end up with the estimate

1 ( ) 2712 * 2
3 Ik, 4 ST, <t IRy VAL

2d
4.17)
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Then, multiplying (2.1) by (-}, and integrating with respect to v, we compute
1d

2 _ \m \m
5 il = QU0 (") +(Q k. ). (). (4.18)

Using Proposition 4.5 and (4.18), we get the differential inequality

1d
5 22+ CUONTAI, 5 sy < CHRYA+ IVRIL)VAIE: + 1A ).
(4.19)
Combining (4.19) and (4.17), we finally obtain the differential inequality
1d C(K)
= —I|h)3 ——|IVh|? < C*(K)A+ |VRIZ)IRIZ, . (420
L A PPN o COTURN A ST AR o)

We emphasize that from the proofs of Propositions 4.2-4.5, the constants C*(K), C(K)
> 0 in the above inequality only depend on K such that || fo|| Lt I follLiogr < K.

Thanks to Proposition 6.4, we know that, for some C, C5, C4 > 0, and some k3 > 2/5
(we take | = 55,60 = 15/4 4+ 7 and q; 9 ~ —3.79 with the notations of Lemma 2.1, then
k3 > 3),

C(K)

Z2VRIZ, S Gl RTH —Ch|?, = Ca( 0% ||| —C R 2,.
5 IVhIGy = CslhpPIA"  —ClAl, | = Ca+0 Il ~ClnIE,

H2 L {5 /4
In the inequality above and in the rest of the proof, we do not make explicit the (existing)
dependence of C, C3,C4 > 0, and k3 > 2/50on K.

Denoting Y (1) := ||h(2)] 1, we therefore get (for some Cs > 0 only depending on K)

%Y(t)z + Co(1 + B Y()'*5 < Cs(Y(1)* + Y(1)?). 4.21)

Remembering that ||4¢]|, 1 is bounded and that the initial condition is supposed to satisfy
10 ()2 g1 = €0 < 1, we see that by interpolation, the differential inequality (4.21) is
complemented with the initial datum Y (0)?> = € < 1 (note that here and below, the way
in which € is small depends in fact (only) on K).

We now consider T* :=sup{t >0 | Y(1)* < Y(#)*}) =sup{t > 0| Y(¢) < 1}. For
t € [0, T*], the differential inequality

d
—Y()? <2Cs5Y(1)?
T (1)" <2CsY (1)

holds. It implies that for all ¢ € [0, T} := (2C5)_1|10g(%|10g €|71&)71|], the inequality
Y(1)* < 3|logé|~" < 1 also holds. Thus, T* > T.

We now use a contradiction argument in order to show that solutions of (4.21) globally
exist. If the set {t > 0 | Y(t)? = |log&|~'} is empty, then this is automatically true. If not,
we define T** := inf{t > 0 | Y(¢)?> = |log é|~'}. Then there exists a time T, defined by
Ty :=sup{t <T**|Y()?> = %|log€|_1}. Because of the definition of T} and 75, we see
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that 7* > T** > T, > Ty, and Y(t)?|logé| € [1/2,1] when t € [T, T**]. In particular,
in the interval [T, T**], we have

%Y(r)z + Ca(1 + TR Y(0)*°Y(1)? <2Cs5Y(1)2,

where
(1 + [log €)**|log €| 72/% = Ozyo[Ca(l + T)F3 Y (1)*/7).

This implies that if k3 > 2/5 and € > 0 is sufficiently small (depending on K again),
then C4(1 4+ T1)k3Y(1)*/> > 2Cs. Thus Y2 is decreasing on the interval [T, T**], so
that Y(T**)? < Y(T2)* = 3 |logé|~". This is not compatible with the definition of 7**,
which entails that the set {t > 0 | Y(¢)?> = |log é|'} is empty. As a consequence, we
get the global existence for solutions of (4.21), and those solutions moreover satisfy
sup,so Y (1) < [logé|™".

The solutions therefore satisfy the following modified differential inequality:

d
Ey(z)z + Ca(1 + )R Y ()5 < 2C5Y ().

Splitting the interval (0, o) into the two sets {t > 0 | C4(1 + 1)*3Y (£)1*/5 < 4Cs5Y (1)?}
and {t > 0] C4(1 +1)*3Y(£)'4/5 > 4C5Y(1)?}, we conclude that for some constant C > 0
(remembering that k3 > 3)

Yr)<Cl+ t)_5k3/4 <Cc(+ t)_15/4.

We recall that the estimates obtained in this subsection hold for a smooth solution of
the Landau equation (1.1)—(1.3), and that, as in Proposition 2.8, they also hold uniformly
with respect to € € ]0, 1] for smooth solutions of the approximate equation (2.42)—(2.43),
with suitably mollified initial datum (we recall that such solutions are known to exist and
be unique). It is then possible to pass to the (weak weighted L') limit in the final estimate

1h€llgy < CA+ )7 < e+ 0794,

and get the existence of the unique strong global nonnegative solution to (1.1)—(1.3)
announced in Proposition 1.2. The uniqueness is obtained thanks to a variant of the argu-
ments used in the proofs of Theorem 1.2 and Proposition 1.1.

5. Investigation of a potential blowup
Here, we prove Proposition 1.3, which provides estimates describing the potential blowup

(in H') of solutions to (1.1)—(1.3).
We first present the following (abstract) lemma:
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Lemma 5.1. Let T > 0, X, H be C! functions from |0, 7_"[ to Ry, Cy,Cz,ky >0,
ko >7/2, and D := —H'. Suppose that X is a solution to the following ordinary dif-
ferential inequality for all n > 0 small enough:

%X(zf + Ci(1+ ) X" <nCDOX ()™ + B+, (5.1

and that lim,_, 7 X(¢t) = 4o00. In the estimate above, 8 is a continuous decreasing non-
negative function.

Then the following quantitative estimates hold for some c, C > 0 (depending on
C1,C3,kq,ky and 8B) and k = min{2k2_7,k1}, when T —t > 0 is small enough:

5
X(1) = C(H(t) — H)™>* while H(t)—H > C(T —t)(1 + T)¥, (5.2)
5/14
inf X(s) < (£(c[f —t])i(l + T)—(k1+k2)) . (5.3)
selt,T] C

In the estimates above, we use the notation H := lim,_, 7 H(t).

Proof. We can first use Lemma 2.2 with n = C5 ! (up to choosing C3 > 0 large enough)
and B* := B(n). Estimate (2.40) implies that for § > 0 small enough, and some Cg > 0
given by Lemma 2.2,

T-§
H(T —8) + Cs / (14 s5)¥ds < H(t) = 3[X(1)2 + B*(1 + 1) 7F2]72/5 (5.4)
t

which is enough to get the first part of estimate (5.2), by letting § — 0.
Using again estimate (5.4) and letting § — 0, we see that

X2+ B*(1+ 0% > [2(H@) - B)] "

By definition, lim, 7 H(t) = H so that (1 +1)'7%2 =0,  7(H(¢) — H)™5/?, and we
get the second part of (5.2).

In order to prove estimate (5.3), we go back to assumption (5.1). Dividing it
by X 1%/5, we get

—g %X(t)“‘/5 + 1+ 0F < nCD() + B+ 072X ()15,

which gives
_ T-§
X)) —3X(T - 8)™*° + ¢ / (1 + )< ds
t

T-§
< nC3H(0) + B(n) / (1 +s)7*x(s)"*5ds. (5.5
t
From this, we deduce (remember that lim,_, 7 X(¥) = 400)

(‘sup X)) A+ (T =0 Bm) = C1(1+ 0} (T — 1) = nC3H(O).
s€lt,T]
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Let  := (T — 1), for ¢ > 0 chosen small enough. Then for 7 — ¢ small enough, we get

- C _ 5/14
sup X(s)7' = ((ﬂ(c[T ) =a+ T)k1+k2) 7
s€lr.T] 2

which yields estimate (5.3). [

Remark 5.1. The entropy H plays an important role in the estimates, giving hints about
the way that a possible blowup could occur for (1.1). We observe that this quantity is
continuous (with respect to time, on [0, 7)) under our assumptions (namely when f :=
£(t,v) is a nonnegative solution to (1.1) lying in C([0, T); H') N L ([0, T); Lz)). From
the inequality

loc

laloga — blogh| < Cpla —b|"? + |a — bllogt (la — b|) + 2v/a A b+/|a — bl

which is proved in Proposition 6.5 (for p > 1,C, = p/(e(p — 1)) and a A b = min{a,b}),
used when p := 4/3, we see that (for 0 < 11,1, < T)

|H(t) — H(t2)|
<C(If(t1)~ f(r2>||3/;t2+||f(r1)—f<z2>||i2+||f(z1)—f<r2)||;/332||f(r1)+f(zz)||”332).

Thanks to the interpolation inequalities (based on Holder’s inequality and Sobolev embed-
dings),

1132 < ||f||3/5||f||§éf < C||f||3/5||Vf||§/25, 1l < 1INV AR5

we finally get the estimate (for some C depending on ||f||L?o(L;) and ||f||L[0<,(H1), the
norms being taken on [0, sup(t1, £2)])

|H(t1) — H(t2)|
< CIf @) = F@ER + £ @) = FEIE + £ @) = F@)l),  (5.6)
which is sufficient to conclude.

Proof of Proposition 1.3. We begin with the case when f is a smooth and quickly decay-
ing (when |v| — 00) solution to (1.1)—(1.3) on a time interval [0, T[. Thanks to estimate
(2.37), we see that assumption (5.1) holds with B (x) 1= Cox ™13 exp{7x 45914} We can
then apply Lemma 5.1 to X(¢) := ||V f(¢)||2-

We now briefly explain how to prove Proposition 1.3 without assuming that f is
smooth and quickly decaying (when |v| — o0). We consider a time interval on which f €
L (H"' N LLs). We first observe that thanks to Proposition 1.1, we have f € L2(H23/2)
Since f € L%(LLs), we see that thanks to Proposition 6.4, f € L?(H{,). Using now
estimate (4.20) and the uniqueness result, we see that f € L°(H} 19 /2) N L?(HZ) on all
compact subintervals of [y, T[ where fo > 0.
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Using the equation satisfied by second order derivatives of f* and computing the time
derivative of the square of the H? norm of f, we can use Corollary 2.1 and estimates like
those in Propositions 4.1-4.4 to end up with the bound

% %nfn’;,z FCEIVS s, < CUS I + IS IEIS W
Since f € L2(H), we see that f € L®°(H?) N L%(nyz) on all compact subintervals
of [tg, T[ where ty > 0.
Using the estimates above for solutions f€ of the approximate problem (2.42)—(2.43),
we find that f€ is bounded in L°°(H?2) on any interval [t;,,] C ]0, T[. Using also (5.6),
this is sufficient to pass to the limit in the inequality

t
ME(12) + C6/ 2(1 + 0% dt < M(1y), (5.7)
13}

where M(t) = H¢(t) — %(||hé(t)||21 + B*(1 + t)"%2*t1)=2/5_ We end up with the
inequality (1.24) “integrated in time”:

t
M(t2) + C6/ 2(1 +0)%dt < M(1y). (5.8)
t

The same construction can be used to obtain estimates (5.4) and (5.5) and conclude the
proof of Proposition 1.3 when f € L (H' N LLs) on all compact subintervals of [0, T'[.
[

6. Appendix

In this appendix, we present some results which are used in the paper. We start with
interpolation results and properties of Lorentz spaces.

6.1. Dyadic decompositions

We start by recalling some aspects of the Littlewood—Paley decomposition. Let By/3 :=
{x e R?||x| < 4/3} and R3/4,5/3 := {x € R3|3/4 < |x| < 8/3}. Then one introduces
two radially symmetric functions ¥ € C§°(B4,3) and ¢ € C5°(R3/4,8/3) which satisty

V=0, Y@+ Y e27x) =1 xeR. 6.1)
Jj=0
The dyadic operator &; is defined for j > —1 by
P f(x) =y f(x), Pifx):=9Q7x)f(x) ( =0).

We recall that P; P, = 0if |j — k| > Np for some Ny € N.
We present a norm based on the dyadic decomposition which is equivalent to the usual
norm of the weighted Sobolev spaces H} (R3):

Proposition 6.1 ([22]). Lets,l € R. Thenfor f € Hy, Y e 22| Px £ 1135 ~ || f I3
l
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6.2. Definition, norms and quasi-norms of Lorentz spaces

For the convenience of the readers and for self-containment, we collect some useful facts
about Lorentz spaces from [1,34]. Consider R” with Lebesgue measure | - |. In Section 1,
we have defined the norm in the Lorentz space L?-?, p € [1,00[,q € [1,00] (or p = ¢ = 00,
using the convention 1/ — 1, > 0), by

(2 fa)e 4)V 1< g < oo,

”f”Lp"{ = suptl/pf**(t), g = oo, (1.16)
>0
which is different from the commonly used definition
. (2P fan?d) . 1 < g < oo,
||f||Ll7Jl = Suptl/pf*(t), q = 0. (62)
t>0
Here ,
1
Fr0=1 [ £r©ds 1o =itz 0100 <)
0
where ay is the distribution function of f* given by
ap(t) = {x e R - [ f(x)] > 1}].
For p € (1,00) and g € [1, 0c], we note that the functional | - [|7 ,., is a norm only
when ¢ < p and a quasi-norm otherwise; on the other hand, || - ||z».¢ is always a norm.

For p € (1,00) and ¢ € [1, o], the following comparison inequality holds:
p
1A 1zea < fllLra < ﬁnfnzm.

Clearly for 1 < p < oo, wehave || f||7 ., = || fllL» and thus L?"? = LP.For p = 1 the
situation is different (see also [1, p. 224]); one can indeed check that

I fllLree = suptf™* (1) = sup/ fr(s)ds = [ frs)yds = fllpr
t>0 t>0J0 0

Finally, for p = oo (see also [1, p. 224]), one can also check that

1 t
[ fllzoo.co = sup f**(1) = sup;/ [ (s)ds = f7(0) = [ fllzee.
t>0 0

t>0

6.3. Inequalities and interpolation
We begin with a Sobolev embedding theorem and the O’Neil inequality in Lorentz spaces.

Proposition 6.2 (see [1,31]). (i) If f € H'(R3), then f € L%2(R3) and

[/ llze2®3y < ClSf e ®3)-
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(ii) For p1, p2,q1.92 € [l,00lwith1/p =1/p1 + 1/prand 1/q <1/q1 + 1/qa2, there
exists a computable constant C depending only on p1,q1, p2, g2 such that

IfgllLra < ClfllLrvarligloreaa.

(iii) If f € LP91, g € LP92 where p, p'.q1,q2 € [1,00] are such that 1/p +1/p’ = 1
and 1/q1 + 1/q2 > 1, then f x g € L*° and

ILf * gliLee < 1 f Lo llgllyp.ar-

Next we will prove some useful interpolation inequalities which are widely used
throughout the paper.

Proposition 6.3. For m € R, and some constant C > 0 depending only on m,
1/5 4/5
1 £z = CUAILY 1A
Proof. We split the proof into two parts. The first step is devoted to showing that

L s < IFIZIAIEE, < A IAIES.

By the definition of Lorentz spaces, one gets

o o, At
s = [P0 G

R 1/2 R 1/2 o)
dt dt dt
s(/ (t‘/6f**(t))2—) (/ z1/3—) + (supef ™ (0) / 23 dt
0 ! 0 ! t>0 R t
< 1S lige2RYC + || fllL10o RT3,

We conclude by optimizing R and by using the identity || /| 1.00 = || fl1(see §6.2
and [1, p. 224]).

In the next step, we extend the above result to the general case (the one with weights
appearing in the norms) using a dyadic decomposition. We observe that

I Uz = 1F ™ s < Z 1Pk £ ()" llz3n <€ Z 1Pk £ 1l 30 [ Pa ()™ | ooo0
k=—1 k=—1
oo o0
4/5
<C Y NP SN2 <€ Y @F P S IV P13
k=—1 k=-—1

/5 1 & /
=c( Z 2012 FINE) T (X0 123
k=—1

where we use the O’Neil inequality (Proposition 6.2) and the identity || f||Loo.co =|| f || oo
(see §6.2 and [1, p. 224]). From this together with the computation

L =

Z 23km|| f||1/3 C Z 25km/32 (5m+1)k/3||f”1/3 < C||f||1/3 .
+1 +1
k=—1 k=—1
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we finally get the inequality
1/5 4/5
15 < CIFIE I .
Proposition 6.4. For m € R,

1 £y, < CIFIEY Ul IV f N2, )7,
15/4+7m/2

m ~3/2 =32

+ V2 fllz ).

1/2 1/2

2/7
Iy, < CLAN (LAl
5/4+7m/2 -

where C > 0 is a constant depending only on m.

Proof. We first claim that
Lf e < CUAEY A N + IV2 £ll2) 7.

Indeed, since ||f||?_11 ~ fR3(1 + |§|)2f(§)2 d&, we have (for R > 1)

I£ 170 < CRNSIZ + RS 170)-

We conclude by taking R7 = || fII3,./Il fII7, + 1. recalling that || g2 ~ |/l +
V2 2. Thanks to Proposition 6.1, we see that

o]

oo
4/7
A2~ D 22212 3 = € D2 222" UPe 1Y (P S Nz + 1 P f 1)
k=—1 k=—1

. (Tm+15/2)k | > 2 2170 & -3k /|| » 2 D 2 5/7
<c(X 2 12e£120) 7 (2 27U PeS 122 + 12 120)
k=—1

k=—1

4/7
<CIA W, + 1V Nz, )7

Tm

The proof of the second inequality is similar. ]

Proposition 6.5 ([23]). Fora,b > 0and 1 < p < oo, the following inequality holds:
laloga —blogb| < Cpla — b|V? + |a — b|logt (jJa —b|) + 2vVa Aby/|a—b|,  (6.3)

where a Ab = min{a,b},C, := _g(pp—l) and

logx ifx>1,
log* |x| = g ifx=
0 if x <1.

Proof. We first observe that
1 _
log(1+x) <+/x, x>0; Jlogx|]<—x% O0<x<Ila>0. (6.4)
ew

Then, let ¢ > 1 satisfy 1/p + 1/g = 1. In what follows, we assume thata > b > 0.
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We first observe that

laloga — blogh| < (a—b)llogal + blog(%).

Using estimate (6.4), we see that

blog(%) =blog(l —i—%) Sb\/a;b = bva—b.

Next we compute
q —1/q + b
< =(a—0»b) +log"(a—b)+ /—.
e a—b

log((a — b)(l + %))

where in the case when a — b < 1, we use estimate (6.4) with « = 1/¢. This gives

loga| =

(a — b)|logal < g(a —D)YP £ (a—b)log(a—b) + VbVa—b,

which enables one to conclude. [

6.4. A remark on initial data

Finally we show that there exist initial data for Theorem 1.2 whose initial relative entropy
H (0) is not large, while their H' norm is large. See also the last comment of Theorem 1.2
in the introduction.

Proposition 6.6. Let €, < 1 and n := €'V/°. Assume the Maxwellian y and a smooth

$o > 0 both satisfy the normalization (1.14). Then
fow) := (1= + 1?2
< [ =mpu((1 =1+ 7€) 20) + 1 go(e™ (1 =0+ ne?)20)] - (6.5)
also satisfies the normalization (1.14), and
M(0) := H(0) = 3([h(0)[%,, + B)>/* <0,
while ||holl g1/2 ~ €719 (where hg = fy — ., and H(0) is the relative entropy of f).

Proof. We check that f satisfies the third condition of (1.14) since the other two are
easier to check. Thanks to a change of variables,

-+ 7762)3/2[(1 —) / (L= 1+ 7€) 20) o2 d

406 [ ol =0 9y PP dv}

2
ne 2
_ dv = 3.
s [P as

1—17 2
= - d
1—77+r]€2/'u(v)|v| v+
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Next let us estimate M (0). We first observe that ne~3/2 > 1. Then for any s > 0,
lholl s ~ me™ ~3/2_ The relative entropy H (0) is bounded from above by

o= | (m(5) -+
Lo ()

for some 6 € [0, 1], with the notation fy = (1 — ) fo + 0. From now on we denote
by C any strictly positive constant.
At points where fy > u, we see that

llog(fo/p)| = log(fa/w) = C(Jv]? + log(ne™)),

while at points where fy < u,

log(fo/ )| = log(1/ fo) <log(i/fo) < C(|lv|* + 1).

From these estimates, we deduce that

H(0) = C(1 +log(ne )|l fo— plly = Cn(l + log(ne™)).

Thus,
M(0) < Cn(1 + log(ne™3)) — Cn~*/%e2.

Remembering that n ~ €'1/9 and € < 1, we see that
M(0) < Cell/® log(e_l) — Ce*o/Hs <0.

Finally, |||l g1/2 ~ €719, so that hy is a large initial datum for the Landau equation in
H /2 (the critical space for incompressible Navier—Stokes equations). ]
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