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Toeplitz operators on non-reflexive Fock spaces

Robert Fulsche

Abstract. We generalize several results on Toeplitz operators over reflexive, stand-
ard weighted Fock spaces Ftp to the non-reflexive cases p = 1, co. Among these
results are the characterization of compactness and the Fredholm property of such
operators, a well-known representation of the Toeplitz algebra, and a characteriz-
ation of the essential center of the Toeplitz algebra. Further, we improve several
results related to correspondence theory, e.g., we improve previous results on the
correspondence of algebras and we give a correspondence theoretic version of the
well-known Berger—Coburn estimates.

1. Introduction

The theory of Toeplitz operators on Fock spaces experienced significant attention and
progress in recent years. In the present work, we are concerned with operators acting on
the standard p-Fock spaces F/ on C", i.e., spaces of entire functions which are p-integra-
ble with respect to the Gaussian measure 15/, cf. Section 2 for details. Basic accounts
on these Fock spaces and their Toeplitz operators can be found in [24,34]. Many properties
of Toeplitz operators and the algebras they generate have been investigated. One common
feature among most of these works is that they deal only with Toeplitz operators on the
reflexive Fock spaces, i.e., FZ with 1 < p < oo. Nevertheless, there has been some steady
interest in understanding the non-reflexive Fock spaces, F| tp with p = 1, 0o, as well as their
linear operators, see [7,17,18,22]. The aim of the present work is to present an approach
which is suitable for both the reflexive and the non-reflexive cases. Simply speaking, we
will apply tools from harmonic analysis to extend some results known from the reflexive
cases to the non-reflexive world. Along the way, we will also obtain some results which
are new even in the Hilbert space case.

Let us briefly discuss some of the obstacles one has to overcome when studying
Toeplitz operators on non-reflexive Fock spaces. Details and definitions will be given later.

As is well known [4], a bounded operator A on a reflexive Fock space is compact if
and only if it satisfies two properties: first of all, it needs to be contained in the Banach
algebra generated by all Toeplitz operators with bounded symbols (which we will refer
to as the (full) Toeplitz algebra). Secondly, its Berezin transform needs to be a function
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vanishing at infinity. When passing to non-reflexive Fock spaces, one faces the following
two problems: given a compact operator, it may happen that it is no longer contained in the
Toeplitz algebra. Even worse, the Berezin transform may no longer be injective, i.e., there
are non-trivial bounded linear operators with Berezin transform being constantly zero.
These problems of course lead to other problems, e.g., difficulties in the characterization
of Fredholm properties for operators from the Toeplitz algebra. In [12], it was shown for
the reflexive cases that an operator from the Toeplitz algebra is Fredholm if and only if
all of its limit operators are invertible. As a matter of fact, an operator from the Toeplitz
algebra over a reflexive Fock space is Fredholm if and only if it is invertible in the Toeplitz
algebra modulo the ideal of compact operators. Since, again, the compact operators are
not necessarily contained in the Toeplitz algebra when the Fock space is non-reflexive,
this causes obvious problems.

Let us now shift from describing obstacles towards describing the outcomes of this
paper. To introduce some short-hand notation for this, we will denote by F/ the standard
Fock spaces, and by 7F  the (full) Toeplitz algebra over this Fock space. The precise
definitions of these and other terms used will be given in Section 2 below. It will then be
our first goal to present a suitable approach to the correspondence theory on non-reflexive
Fock spaces. The basic concepts of correspondence theory originate from [29], and were
already successfully used by the present author [10] to study Toeplitz operators in case of
reflexive Fock spaces. This part of the paper, which will be carried out in Section 3, really
forms the technical heart of the approach to non-reflexive Fock spaces, as most problems
arising from non-reflexivity will be explained and overcome in this section. In the next
part, Section 4, we will present some applications of the correspondence theory. Some of
them are already known from [10], we give some prominent examples: in [4], W. Bauer
and J. Isralowitz proved the following compactness characterization for Toeplitz operators
over Fock spaces.

Theorem ([4]). Let A € £(FF), where 1 < p < oco. Then,
Ae X(FP) & AeTF and A e coCm).

In [32], J. Xia obtained (in principle) the following result.
Theorem ([32]). It holds true that

77 = {T} : f € BUC(CM)}.

We discussed in [10] how both of these results can be easily obtained from corres-
pondence theory in the case of reflexive Fock spaces. Here, we will obtain (versions of)
these results even over non-reflexive Fock spaces, adding some necessary modifications
due to the non-reflexivity. Further, we will discuss, among other results in this direction, a
generalization of following well-known fact.

Theorem ([5]). It holds true that

essCen(T ") = {T} - f € VO3(C") = {T} : f € VO(C™)} + K (FP).

We will end that section by presenting a correspondence theoretic version of the
Berger—Coburn estimates [6], generalizing results such as the compactness version of the
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Berger—Coburn estimates [2]. In the rather short Section 5, we add a small contribution to
the “algebra question” of correspondence theory, initiated by the author in [10]. Finally, in
Section 6, we derive the Fredholm characterization for operators from the Toeplitz algebra.
Initially, this result has been proven for the reflexive Fock spaces.

Theorem ([12]). Let1 < p <ocoandlet A TE Then, A is Fredholm if and only if Ax
is invertible for every x € dC".

Here, 0C" denotes an appropriate boundary of C”" (the boundary coming from the
maximal ideal space of bounded uniformly continuous functions on C”, considered as a
compactification of C"), and A, is the operator obtained by “shifting” A to this boundary
point in an appropriate way. While some of the results from [12] can be carried out in
the case p = 1 (which will also be important for our discussion), some key arguments
in the proof of the above theorem break down in this case. We will replace these argu-
ments by an investigation of the Banach algebra of all limit operators. To the best of the
author’s knowledge, this algebra, which we will call [im T ! (see Section 6.2 for the pre-
cise definition), has not been studied before, not even in the Hilbert space case. After an
important result (Theorem 6.11) on the structure of the elements of this algebra, we prove
the following result, which is new even in the Hilbert space case. We formulate it now
only for the reflexive cases 1 < p < oo, the non-reflexive cases needing some technical
modifications (cf. Theorem 6.13).

Theorem. Let 1 < p < oo. Then, as Banach algebras, T tp/JC(F,p) =~ limTF .

Based on the structural result on the elements of [im 7% tp, Theorem 6.11, it is then
possible to extend the result on the Fredholm characterization for elements of the full
Toeplitz algebra to non-reflexive Fock spaces.

Let us end this introduction by mentioning that some of the results presented in Sec-
tions 3 and 4 have already been obtained in the author’s PhD thesis. Nevertheless, we have
the feeling that our results deserve proper publication. In addition, we decided to give a
more streamlined presentation here.

2. Preliminaries

On C”, we consider the family of probability measures y,; given by

1 _
dus(z) = W@ 2P/t g7,

where | - | is the Euclidean norm on C” = R?", dz the standard Lebesgue measure, and
t > 0.Givenany I < p < oo, we define

Ly := LP(C", t21/p)-
The Fock space F/ is given by

Ftp = L¥(C", Mzr/p) N Hol(C"),
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where Hol(C") denotes the entire functions on C”. This space is always endowed with its
natural L?-norm, i.e.,

1712 = ()" [, 1rer et az,

2wt

For p = oo, we set
L® = {f:C" - C; f measurable with || f |z := || fe ™I/, < 00}
Here, two different Fock spaces come into play: first of all, there is
F° := L NHol(C").
Further, we also consider
fRi={fe F®: fe PG ¢ cocmy).

Here, Cy(C") denotes the continuous functions on C” vanishing at infinity. For each value
of p, FF is well known to be a closed subspace of L?. Further, ¢ is a closed subspace
of F°.

These Fock spaces are well-studied objects, the basic references being [24,34], where
also the following facts can be found.

For p = 2, we clearly are in the Hilbert space setting. We will usually write the F?
inner product by (-, ), or even (-, -). As is well known, F? is even a reproducing kernel
Hilbert space, the reproducing kernels being given by

Ki(w) = W/t

Here, w -z = Z;’ —; w;z; is the standard sesquilinear product on C”. Indeed, the func-
tions K* are contained in any of the spaces F¥ and f,°°, and they span a dense subspace
of F for 1 < p < oo and f,°. The normalized reproducing kernels are now defined as

kL (w) = Kw) _ oD 1-IzP/t
T K :

It follows from elementary computations that we have ||k || z» = 1 forany 1 < p < oo.

Under the F? inner product, the Fock spaces satisfy the following duality relations:

e Forl < p <oo: (FP) = F/,where 1/p+1/q = 1;
. (ftoo)/ ~ Ftl;
o (F®) strictly contains F!.

Note that these identifications are not isometric, but they hold with an equivalence of
norms. Nevertheless, we will always identify dual spaces in this way. If 4 is a bounded
linear operator on any of the Fock spaces, A* will denote the adjoint, acting on the dual
space, with respect to the F| t2 duality.

We will consider £(X), the bounded linear operators on X, for X any Banach space.

By K (X) we will denote the compact operators, and N (X) will be our notation for the
ideal of nuclear operators.
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For p = 2, we of course have the well-known orthogonal projection P, € £(L?)
mapping onto F? by

1
(we)

P f(z) = (f.K): = / S(w) @D/ =PI gy,

(Cn

As is well known, P; (interpreted as an integral operator) gives rise to a bounded pro-
jection on L{ mapping onto F/ for any 1 < p < 0o with P¢|r» = Id. Hence, for any
fe L*®(C")and 1 < p < oo, the Toeplitz operator T]E given by

TL:FP — FP, Ti(g) = P(fg)

is well defined and bounded, satisfying || T; I FPoFP = | P£ |1l £ oo~ Further, every such
Toeplitz operator leaves f,°° invariant. Therefore, we can also consider T; € L(f>).

For z € C", we define the Weyl operator W/ by

W, g(w) = ki (w) g(w — 2).

Indeed, W) = T&f ., with
2 A -
g;(w) — elz\ /(28)+2i Im(w z)/t’
and in particular, W} € £(F7) forany 1 < p < oo and W} € £(f°°). These operators
satisfy the following well-known properties, which we fix as a lemma.

Lemma 2.1.
(1) W! is an isometry on FF forany 1 < p < oo;
Q) WW} = e mEW/ty! " forany z,w € C";

(3) For 1 < p < 00, z +> W/ is continuous in strong operator topology over FF. The
same holds true over f,>°.

Note that (1) and (2) above follow from elementary computations, while (3) holds for
1 < p < oo by Scheffé’s lemma, and the case of f,°>° can be proven by some standard e-6
argument.
We will frequently encounter the Berezin transform: for A € £(FF) or A € £(f°),
we set
A(z) := (AK' kL),

z' vz
As is well known, the Berezin transform 4 — A is injective on £(F7) for 1 < p <00

and on £( f,°>°). Nevertheless, there exist non-zero operators A € £(F°) such that A = 0.
For the reader not familiar with this, we give an example of such an operator.

Example. We will show how to construct non-trivial continuous linear functionals on F°
which vanish identically on f,°°. Once such a functional is obtained, one can easily set
up a non-trivial rank one operator on F,>° which vanishes on f,°°, hence has zero Berezin
transform (as k. € f,°°). Recall that for g € F°, the function C" > z g(z)e~1217/@D)
is bounded and continuous, hence extends to a continuous function on the Stone—Cech
compactification BC” of C”". For a fixed function f e F\ f,°, there exists a point
x € BC" \ C”, the Stone—Cech boundary, such that the point evaluation of fe™!" /@0
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at x gives a value different from zero (since f € f,°° if and only if fe I /@0 ¢ ¢, (@€™y).
Denote by v (g) the functional of point evaluation of ge™!" /20 at x. Then, g ve(g)
is a non-trivial bounded linear functional on F;>*° (non-trivial since v, (f) # 0) which
vanishes on f,>°.

For a (suitable) function f:C" — C, we set
FO@) = (FKL KL

Under suitable growth conditions (in particular, for f€L°(C")), we obtain T} = ]7 ®,

There will be many statements we will consider over any of the Fock spaces. For this
reason, we will write IF; to denote a generic Fock space with respect to the parameter ¢ > 0,
that is: if we do not state otherwise, F; € {F : 1 < p < oo} U { f,°°} arbitrary. For two
quantities A and B, we will write A < B and A 2, B for A < ¢B and A > ¢ B, respectively,
with some inessential constant ¢ > 0. By A ~ B we willmean A < B and 4 2 B.

3. The correspondence theorem

For any z € C" and 4 € £(IF;), we set
a(A) = W AW!, € £(F,).
Further, for f € L*°(C") and z € C", we let
az(fHw) = fw—z).

We say that the subspaces Dy C L°°(C") and D; C L(IF;) are -invariant if oz (f) € Do
ora;(A) € D; forany f € Dy or A € Dy, respectively, and any z € C”,
In the following, we always write

C1(F;) :={A e £, : z > az(A)is || - ||F,—F,-continuous}.

The “classical counterpart” to €; (IF;) is the space of bounded uniformly continuous func-
tions on C”, which we will denote by BUC(C”").
For § C L*°(C"), we write

Tin' (S) := Span{T} € L(F,); f € S},
In this section, we are going to establish the following theorem.

Theorem 3.1. Assume Dy is an a-invariant and closed subspace of BUC(C™). Further,
let A € €1 (F;). Then, the following holds true:

A€ TE(Dy) &= A € Dy.

Note that this theorem essentially goes back (in the Hilbert space case) to [29] and
has been proven by the author in [10] for the reflexive cases 1 < p < oo. There, we
made critical use of the so-called convolution formalism of quantum harmonic analysis
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(which also goes back to [29]). To some extent, these concepts can be carried over to the
non-reflexive case: at least on f,°°, most things work out and hence can be carried over
to F}! and F by duality. Nevertheless, this approach somehow lacks the naturalness
it has for p € (1, 00), as technical burdens keep stacking up. Therefore, we chose to
present a different entrance point here, which is one of the two well-known Berger—Coburn
estimates. While initially only proven for the Hilbert space case [6], they have recently
been generalized to any value of p € [1, 00], see [3].

Theorem 3.2 ([3,6]). Let f:C" — C be measurable and such that fK' € L? for any
z € C". Then, for every s € (0,1/2), there exists a constant C, depending only on n, s
and t, such that _

ITflF,~F, < C1LS oo

Corollary 3.3. Forany f € L>®(C"), it holds true that

T} (S] '€1 (]Ft)

Proof. Clearly, f () ¢ BUC(C™) for every s > 0 whenever f € L®(C") ( f ) is simply
the convolution of f* with an appropriate Gaussian). Hence,

loez(T)) = THI = 1T, 5y 4l < Cllaz(f ) = F9 .

By uniform continuity, the right-hand side of this estimate goes to zero when |z| — 0,
proving the statement. u

In particular, this proves that 7% C € (F,). Here, we denote by 7' the Banach
subalgebra of £ (IF;) generated by all Toeplitz operators with bounded symbols.

We can now define an L!(C") module structure on €, (F;) as follows. For any 4 €
€, (F;)and f € L'(C"), we set

fra= [ e,

This integral always exists as a Bochner integral in €;(FF;), hence we have f x A €
€1 (F;). It follows from basic properties of the Bochner integral that we have

ar(fxA) = f*(az(A) = az(f) * A.
It is also immediate that this module structure satisfies
I/ * Allr, 5, < IIf lL1cny [ AllF,~F, -
In what follows, we will set

—lz?/s

gs(z) = (5"

Then, elementary estimates show the following: for any A € € (IF;), it holds true that

|A—gs* A|lr,>F, — 0, ass — 0.
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We will also use the following important identity, which holds for any A € €; (IF;):
_ Tt

This identity is well known for p = 2 (see e.g. [5]) and can, for arbitrary [F,, be verified
in the same way, i.e., by comparing the Berezin transforms of the two operators:

g = [ e@amw = [ e iw-2 d:
=gt % A(z) = ()" V(2) = T4(2).

Note that the Berezin transform over £(F;°) is no longer injective, therefore it is not
immediately clear that the above reasoning implies g; * A = T/ff for this case. Indeed, the
Berezin transform is injective on €; (F;°). We will defer showing this for a moment.

Recall that, by Wiener’s approximation theorem, for any N € N there are finitely
many constants c]N € C and ZJN € C", such that

Proof of the correspondence Theorem 3.1 for F; # F°. Let N € N, and choose the con-
stants ¢ JN and z]N as above. Then, we have

t _ N t
”A_szc,f.vazN<Z)H - HA_ZCJ' oy Ts
/e -

1

<
Licry - N

8t/N — ZCJNO‘Z]N (81)
J

i Senea]
J

<A =g+ Al + |

gi/N *A—Zc}vazjz_vg, *AH
J

< 4= g * Al +| Al

N
gt/N_ZCj aszgt I I
J

1
<14 = guyw Al + 37 1.

We therefore obtain that A can be approximated by Toeplitz operators with symbols in Dy,
whenever Dy is an «-invariant subspace of BUC(C”) containing A.In particular, Ae Dy
implies A € T2 (Dp).

On the other hand, if A € ’J‘Ii]g’ (Do), then Ae Dy follows easily by translation invari-
ance. (]

Let us come back to the problem we mentioned earlier, namely the non-injectivity
of the Berezin transform on £(F;°). This problem can be resolved by observing the
following facts.

Lemma 3.4. (1) Every A € €, (F) has a pre-adjoint in €1 (F}), i.e., an operator B €
L(F}) such that B* = A.
(2) Every A € €1(F°) leaves f,>° invariant.
(3) The restriction of the Berezin transform to €, (F°) is injective.
@) f° ={f€e F®; z— W!f iscontinuous with respect to the F°-topology}.
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Proof. Let us consider
A :={A € €1 (F); A has a pre-adjoint in €; (F')}.

Then, for any A € 4, we have

A= B,

where B is a pre-adjoint in £(F,'), and since the Berezin transform is injective on £(F}!),
we get that A =0ifand only if B = 0 if and only if A = 0, i.e., the Berezin transform is
injective on 4. As before, we obtain now g; * A = T:T for A € 4. Now, one can imitate
the proof of the correspondence theorem, i.e., show that any A € 4 can be approximated
by linear combinations of translates of Tff. Since every Toeplitz operator (with bounded
symbol) on F® leaves f,°° invariant, we obtain that every operator from -4 leaves f,>°
invariant. From this, we can now prove (4): first, we recall that we already know that
z + W} f is continuous in F®°-topology for any f € f,°°, hence we only need to show
the reverse inclusion.

Assume that f € F is such that z — W/ f is continuous in F,>°. Then, the operator
f® 1clearly has 1 ® f as its pre-adjoint, i.e., (1 ® f)* = f® 1. Now, f ® 1 is clearly
contained in #: we have

lez(f® D)= (f® DIl < [Ikz = U gpll fll e + 1Kz g ILf = Wil e — 0. as z —0.

Similarly, the pre-adjoint 1 ® f is contained in €; (F,!). By the previous discussion, f ® 1
must leave f,°° invariant, i.e.,

(feh) =(11)f=fe [~

Finally, we now show that any A € €;(F7°) leaves f,°° invariant. From this, we then
obtain
A = (Alge)™,

and in particular, A has a pre-adjoint in F 1 je., A € 4. Then, the statement automatically
follows from the reasoning above.

So let A € €;(F°) and pick any f € f,°°. As explained above, the rank 1 operator
(1 ® f) is contained in €; (F>). Therefore,

A(f® D) =(Af® 1) € C1(F).

Recall that for the operator norm of rank one operators b ® a witha € F! and b € F®,
we have

Ib®allpesre = sup  [b@a(f)llre = sup [(f.a)llIb]lFp
feFe, If <1 I£1=1

= llallzeey 16l e = Nlall gy b1 7o
Therefore, we obtain
0= lim [lo;(A(f® 1)) = A(f @ D|| = lim [[(W;(4f) @ k;) — (Af @ D]
= limsup | W (A1) ® (& ~ DIl = (W} (47) = AP @ 1]
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Now, we clearly have
IW(AS) @ (k% = DI S Kz = U g W (AP e = NIkz = Ll | Af e — O,
as z — 0, and therefore necessarily

liminf | (W (4f) — Af) & 1| Z lim sup I g IWZ(AS) — Af Il Fee = O.
Z—>

This shows that z — W} Af is continuous in F topology, hence Af € f° by (4). We
thus obtain Af,>° C f*°. L]

Remark 3.5. Indeed, once one sees the characterization of f,°° in (4), it is not at all
surprising that this holds true. Nevertheless, it seems that this was not observed before.
Obtaining a direct proof of (4) should be a nice exercise.

Proof of the correspondence Theorem 3.1 for F; = F°. Follows now as in the other cases,
having the injectivity of the Berezin transform on €; (¥,>°) at hand. ]

Corollary 3.6. Let Dy C €,(F;) be an a-invariant, closed subspace. Then,
D1 = Ty’ (Do)
Sfor some unique o-invariant and closed subspace Dy of BUC(C").

Proof. Set
Do :={A:Ae D)

Since P, is a-invariant, the same is true for Dy. The proof of the correspondence theorem
shows
F
Dy C '.T{int (Do).

On the other hand, for f € Dy we have f = A for some A € Dy, hence
T} = T/Ef = g * A,

where the right-hand side was defined as a Bochner integral with values in D;, hence
is again contained in ;. This shows equality of £, and THIE’ (Do). The correspondence
theorem now easily gives uniqueness of Dy. ]

4. Applications of the correspondence theorem

Here, we give some applications of the correspondence theorem. In what follows, we will
denote by 7F the full Toeplitz algebra, i.e., the Banach algebra generated by all Toeplitz
operators with L°°(C") symbols over the respective Fock space ;.

Theorem 4.1. The following holds true:
€ (F;) = 75 = i (BUC(C™)).

Proof. Follows from the correspondence theorem with 9y = BUC(C"). ]
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2
Remark 4.2. The equality 7 f = Tin" (L°(C™)) was first obtained by J. Xia in [32].
In [10], we obtained this result in the reflexive cases.

Corollary 4.3. T is inverse closed in £(F;).

Proof. Let A € TF and B € £(F;), with B = A~'. Then, (a;(A4))~! = a,(B). By con-
tinuity of the inversion, we get that the map z — «,(B) is continuous, and hence that
B et (F,) =TF. "

The following result extends the characterization of compact operators on Fock spaces,
which was first obtained in [4] for the reflexive cases, to the non-reflexive cases. This
initial result is contained in part (1) of the theorem.

Theorem 4.4.
(1) Let F, € {FP : 1 < p <00} U{f°}. Then, for A € £(F;) we have

Ae XK([F,) — Ae T and A € Co(CM).
(2) Let A € £(F}') have a pre-adjoint in £( f,°). Then, we have
Ae X(Fl) < AeTF and A e Co(C™).
(3) Let A € L(F°) with Af° C f2°. Then, we have
Ae K(F®) < AeTF" and A € Co(C™).
Before we discuss the proof, let us briefly mention that some additional assumptions
in the cases p = 1, 0o are indeed necessary: on F!, there are clearly compact operators

not contained in 7. As an example, consider 1 ® f with f € F°\ f,°°. One readily

. . . . . ~F1
checks that this operator is not contained in €; (F,'), hence not in 7 F' Further, there are
nontrivial operators in £ (F°) the Berezin transform of which vanishes identically.

Proof of Theorem 4.4. Recall that the statement for the reflexive cases have been proven
in [10] using the correspondence theorem. In principle, the proofs here work analogously.
Let us, for completeness, quickly go through the details to verify that nothing strange is
happening in the non-reflexive cases. First, we discuss why any f € Co(C") gives rise to
a compact Toeplitz operator T; even in the non-reflexive cases, which seems to be not that
well known in the literature. Let us denote

EN(F;) :={A € N(F;) : z+— a(A) is continuous with respect to || - ||y F,)}-
It is easily verified that (1 ® 1) € €N (F;). Further, €N (IF;) is a closed, «-invariant
subspace of N (IF;). Hence, the Bochner integral

/ f@oe,(1®1)dz
(Cn

exists as an operator in €N () for every f € L'(C"™). Further, €N (F;) C €, (F;). Com-
paring the Berezin transforms, we see that fcn f@a,(1®1)dz = (7t)" Tft. Hence, we

get that T} is nuclear whenever f € L'(C"). In particular, T} is compact for f € C.(C").
By approximation, we obtain compactness for any f € Co(C").
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Showing that a compact operator A € €;(IF;) has Berezin transform vanishing at
infinity follows from standard methods: on F? (1 < p < oo) and f,%°, the normalized
reproducing kernels k% converge weakly to 0 as |z| — oo, which implies the result for this
case. Over F°, apply the same reasoning to A|seo. Those steps together show

TE(Co(C™)) = €1 (Fy) N K (Fy).

Now, apply the correspondence theorem. ]

We want to add a nice observation which we borrow from [26], where it was presen-
ted for the Hilbert space case. Recall that a function f € L(C") is said to be slowly
oscillating if for every & > 0 there exist K > 0 and § > 0 such that

| f(x) — f(x —y)| <& whenever |x| > K, |y| <§.

Obviously, bounded uniformly continuous functions are slowly oscillating. Even more so,
a slowly oscillating function is continuous if and only if it is uniformly continuous.
Recall Pitt’s improvement of the classical Wiener Tauberian theorem.

Theorem 4.5 (Theorem 4.74 in [9]). Let f € L°°(R") be slowly oscillating, and let
¢ € LY (R™) be a regular function (i.e., its Fourier transform vanishes nowhere). Then,
if f* ¢ e Co(R™), it follows that f(x) — 0 as |x| — oo.

Since the Berezin transform f ® is simply the convolution by a Gaussian, which is a
regular function (in the sense that its Fourier transform vanishes nowhere), we obtain the
following characterization of compactness for Toeplitz operators.

Corollary 4.6. Let f € L°°(C") be slowly oscillating. Then, the following are equivalent
over any IF;:

(1) f(z) > 0asz — oc;
@ f® e CoC;
) T; is compact.

In the following, we want to consider the quotient of the Toeplitz algebra modulo
the compact operators. Since the compact operators are not entirely contained in ¥ for
F, =F tl, F, we will abbreviate

TK = KF,)NTF = 7E(Co(C™y).

Suppressing I, in this notation will not cause any confusion.
The following result is well known in the Hilbert space case [5], and has recently been
extended to the reflexive cases [15]. We present it now also for the non-reflexive cases.

Theorem 4.7. The essential center of T, i.e.,
essCen(7F) = {4 € TF: [A, B] € TK for every B € T},

is given by
essCen(7Fr) = THIE’ (VO,(C™)).
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Here, VO3 (C") is the space of functions of vanishing oscillation at infinity:
VO,(C") = {f € Cp(C"): suppy <, [/(2) — f(z —w)[ — 0, as |z] — oo}
It is not difficult to see that VO3 (C") is an a-invariant closed subspace of BUC(C").

Proof of Theorem 4.7. 1t is easily seen that essCen(7 ) is closed and a-invariant. Hence,
let Dy denote the unique «-invariant and closed subspace of BUC(C") in the sense of
Corollary 3.6. Since the result is already proven in the Hilbert space case, we know by the
compactness characterization that for every f € VOy(C") and g € BUC(C"), we have

[Tf’, TE] € Co(C"). Hence, using the compactness characterization we have just proven
for any choice of Iy, this gives that [T]f, Té] is compact for each F;. Thus,
TE (vO,(C™)) C essCen(T);

in particular, VO3(C") C D.

For the other inclusion, we can literally argue as in the Hilbert space case [5], which
we briefly do for completeness. Let f € Dy, i.e., T]E € essCen(‘T]Ff). Then, since WZ’ is a
Toeplitz operator with bounded symbol,

W) Tfl = W/Tf - T/W} = Ke TX,

hence
aZ(T}) — T; = KW_’Z eTK.

This in turn implies

T]’;«(t) — T; = /;n g:(2) (ozz(T;) — T}) dz e TK,
hence ( ]7 O _ £)~@ ¢ Cy(C™). But such functions f are well known to be contained in
VO, (C"), see [5]. ]

We also have the following consequence, which is again well known in the Hilbert
space case.

Corollary 4.8. It holds true that
Tin' (VO3(C™) = {T} + K: f € VOy(C"), Ke TK}.
Proof. As in the previous proof, one sees that, for any 4 € 'J]E’ (VOy(C")),
a;(A)—AeTK,

hence
T,fi —A= / g:(2) (@z(A) —A)dz € TX.
(Cn

Therefore,
A= T:I + K,

which finishes the proof. ]
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Recall that the Calkin algebra is the quotient algebra £(X)/J (X). It is a Banach
algebra when endowed with its canonical quotient norm. This quotient norm is indeed
nothing else but the essential norm of the representatives:

Alless = inf A+ K| =4+ K(X .
[l Alless ke 4+ K|l = 4+ KX)lex)/xx
Let us, for simplicity, abbreviate X = JK (X) in the following. Recall again that for F, £
F!, F, X c 7. Hence, we may consider the quotient 7¥1 /KX = €;(F;)/ X as a
subalgebra of the Calkin algebra. Further, since the shifts leave K invariant, they descend
to a group action in the Calkin algebra:

a;(A+ K)=a;(A) + K.

In this case, we obtain the following.

Theorem 4.9. For F; # F 1 F 2°, the following holds true:
TF K = {A+ K e £(F)/K; z > a(A + K) is continuousw.r.t|| - @)/ x@)}-

Proof. For A + X e T¥ /X, it is clear that the shifts act continuously on them with

respect to the norm (keep in mind that |4 + K| < ||A||op). Clearly, the set of all A + K

on which the shifts act norm continuously forms a closed subalgebra of £/J. Denote

this closed subalgebra of £(IF;)/K by E’]E’ess. We can continue as in the proof of the
by

. F
correspondence theorem: define an L' module action on €; ",

f*A+K):= [(Cn f@a(A+ K)dz,

F;

considered as a Bochner integral in €; .

It is then again not hard to verify that

g,*(A+JC)=T:T+JC,
as A/:I\—/JC € A + Co(C™). Now, continue as in the proof of the correspondence theorem
to show equality. [ ]

Remark 4.10. Indeed, from applying the proof of the correspondence theorem as it was
sketched above, one does not only get the equality 7% /K = ‘C’I]F’CSS, but also a state-
ment analogous to the correspondence theorem in the sense of a correspondence between

closed, translation-invariant subspaces of 7 /KX and BUC(C")/Co(C™).

The statement of the following corollary is contained in [15] for 1 < p < co. Hence,
the statement is only new over f,>°.

Corollary 4.11. LetF, # F}, F™, and let A € £(F,) be such that [A, B] € X for every
B € TF. Then, A € X (vO,(C™)).

Proof. The assumption clearly implies A —a;(A) € K. Hence, a;(A + K) = A+ K in
£(F;)/ XK. The previous theorem yields A + K € el = g /K. Therefore, there are

1,ess

B € 7% and K € X with A = B + K, proving A € T, [
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Here is another corollary, which will be more important to us in the following.

Corollary 4.12. LetF, # F}!, F*°, andlet A € T be Fredholm. Then, for any Fredholm
regularizer B € £(IF;), i.e.,

AB—-Ide X and BA-1d e K,

we have B € TF:.

Proof. Being a Fredholm regularizer is just the same as saying that B + X is an inverse
to A + K in the Calkin algebra. Now, since the Calkin algebra is a Banach algebra with
unit, inversion is continuous here. Hence, we obtain that z — «; (B + KX) is continuous
in the Calkin algebra whenever z +— a,(A + K) is continuous in the Calkin algebra.
Theorem 4.9 implies that B 4+ K € T /K whenever A € T and B 4+ X is an inverse
to 4 + K. As in the proof of the previous corollary, this implies B € 7. ]

While the previous corollary does not carry over to the cases F, = F !, F®, its essence
still prevails: the Fredholm theory of operators from 7F is entirely contained in 7.

Theorem 4.13. Forany A € T, we have
A is Fredholm <= A is invertible in T** modulo TX.

Proof. By the previous results, we only need to deal with the cases F; = F, tl , F°. Clearly,
we only need to prove “==". Assume A €7 ¥ is Fredholm. By Lemma 3.4, A leaves I
invariant, and we obtain A = (A|zeo)**. Since a bounded linear operator on a Banach
space is Fredholm if and only if its adjoint is Fredholm, we can conclude that Az is

Fredholm. Therefore, there exist B € 7/ and K 1, K2 € X(f°) with
AlgeB =1d+K; and BA|se =1d +K>.
Clearly, we have B**, K{*, K3* € TE, K{* and KJ* are still compact, and
AB™ =1d+K{*, B™A=1d+K;".

This settles the case of F, = F®. For p =1 and 4 € TF !, we can apply the same
construction to A* € 77 to obtain

AB* =1d+K] and B*A =1d+K;,
where B is a Fredholm regularizer of (4™)] . |

Let us end this section by discussing correspondence versions of the Berger—Coburn
estimates. Recall that the Toeplitz operator Tf’ with (possibly unbounded) symbol f is
defined as

D(T)):={g e F}: fgc L}, Tig):= Pi(fs).

As we already noted above (cf. Theorem 3.2), one of the two Berger—Coburn estimates
has been proven to hold true over any Fock space by W. Bauer and the present author
in [3]. The other Berger—Coburn estimate, also obtained initially in [6] for the case p = 2,
can also be carried over to the general case.
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Theorem 4.14. Let f:C" — C be such that fK. € L? for any z € C". Then, there exist
constants C > 0 (depending on s, t, p and n) such that, for any s € (t/2,2t),

1f Qoo < CITFlIF,~F,-

Let us very briefly sketch the original proof for the Hilbert space setting, and then
discuss why this proof still works for arbitrary F;.

First of all, there is nothing to prove for s > ¢. For s < ¢, Berger and Coburn obtained
the inequalities by considering the operators

e ¢]

=) e, ®e, and T :Z(l——)

la|=k k=0

Here, efx are the elements of the standard orthonormal basis of F, ,2, ie.,

[ 1
t _ o n n
e,(z) = —t|0¢|a!Z , zeC" aeNyg,

using standard multi-index notation. Clearly, Py is of finite rank. Further, for s € (¢/2,1),
the sum defining TO(S) converges in trace norm, hence TO(S) is a trace-class operator. Now,
upon computing the trace of the product T( )T}, they noticed that, up to a constant not
depending on f,

(T T)) = f©(0).

More generally,
Te (T3 W TEWE) = Te(TO T ) = F ().

Now, using the standard estimate | Tr(AB)| < || A| st || B | op, Where the norms denote the
trace norm and operator norm, respectively, yields

17O SN 151 1T lop-

In principle, all of this carries over upon replacing the trace ideal by the ideal of
nuclear operators. First of all, we still have the identity Tr(TO(S) T}) ~ f~ ©)(0), which
follows from the dominated convergence theorem upon writing out the definition of the
trace, provided that TO(S) is indeed a nuclear operator (note that the nuclear trace is well-
defined, as the Fock spaces possess the approximation property —see Section 6.1 below
for a short discussion of this). Those are indeed the two points which need clarification.
For doing so, we first observe that the result on F° follows immediately from the result
on £, as ||T}| oo s and ||Tj£ | Fpo— Fpo are equivalent. Hence, we may exclude the
case IF; = F in the following discussions for convenience.

It is therefore the first logical step to prove the following proposition.

Proposition 4.15. Let s > t /2. Then, the series defining TO(S) converges in nuclear norm.
In particular, TO(S) € N(F).

The proof hinges on the following fact.
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Lemma 4.16. Let p € [1,00]. If q € [1, 00] denotes the conjugate exponent, thatis, 1/ p +
1/q =1, then

sup llegllp llegll pa < oo

aeNg

Proof. Using the tensor product structure of the standard basis, it suffices to consider the
case n = 1. For ¢ = o0, basic calculus shows that

——g suprte

k g=lzP/20) _ 1 k2@ _ L ki k2
k't r=>0 k'

1
leg |l ree = sup —— |2
ki zeC 11k

For p = 1, we obtain

1 |z]F 2 1 o0 2 2k12 K
el = — e 2 dz = / rktl e dr:—l"(— 1).
! Znt/(c |tk 11k Jo k! 2 +
Il r Al N
Thus, we arrive at

_(2k)kr2

k
t t —k/2
el p llellree = —1, F(E + 1) e k2,

Stirling’s approximation,
2 x 1
[(x) = \/—n (f) (1 + (9(—)) as x — 0o,
x \e x

sup flef | 1 llef |l < oc.
keNy

now easily gives

Clearly, the case p = oo and ¢ = 1 follows the same asymptotic behaviour. For p € (1, 00),
the uniform bound is immediately obtained from a version of Littlewood’s interpolation
inequality for Fock spaces. ]

For completeness, we give the Fock space version of the interpolation inequality we
just mentioned.

Lemma 4.17. For f € F} and 1 < p < oo, it holds true that

1 1-1
ATy Vi Vaeid

We omit the proof of this inequality, as it is a standard consequence of Holder’s
inequality.

Proof of Proposition 4.15. Recall that the nuclear norm of A € N (IF;) is defined as

Il = inf { D1 fille, iy = A=Y fj ® g fj €Fr. g € )},
j J

As usually, we will identify (F7)" with F,!, which are identical up to passing to an equi-
valent norm. Recall that we excluded the case F; = F;>° from our discussion.
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We clearly have

2‘1__‘ 1Pl < 2‘1——( > lleblis, lleglice,y-

la|=k

By Lemma 4.16, we may uniformly estimate the product of the two norms to obtain that
the above is

gi‘l—é‘k.|{aeN6‘: o = kY| = i)]-ﬂk(k_;{*"),
k=0 k=0

using some basic combinatorics in the last step. By the quotient test, this series converges.
Therefore, the series defining TO(S) converges absolutely in N (IF;). As the nuclear ideal is
complete, the series therefore converges and TO(S) e N(Fy). |

Proposition 4.18. Let f:C" — C be such that fK. € L? for any z € C". Further; let
se/2,0).If oe_z(T}) is bounded on any of the spaces F} or f°, then

7O = () i asa (),

Proof. Without loss of generality, we may assume z = (. Since the nuclear operators form
an ideal, we have TO(S) T]i € N (F,) provided that the Toeplitz operator is bounded. We may
compute its nuclear trace as follows:

Tr(TO(S) T;) B kz (1 B £>k ||Zk Tr(PkT;) B kZ (1 - é)k |Zk(Tf ) a
=0 o|= =0 al=

Note that for any polynomial g, |¢|? can be dominated by a linear combination of functions
|KL|?. Since fK! € L?, we also get fq € L?, hence T} (¢) = P:(fq), thus the above is

|ot|=k
|Z1|2‘"1 """ |za?®n (1 1yl ),
S dz.

It is an easy exercise to show that f € L? implies f € L! whenever s € (1/2,1). Thus, we
may apply the dominated convergence theorem to continue as

i e 2 B e
O e f (0 7 :
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Combining all the steps, we have now seen that the Berger—Coburn estimates carry
over to any Fock space, i.e., for f with fK. € L? we have seen that

ITH S 1 F Do for 0<s<t/2, and [|f Dl SITH for 1/2 <5 <21,

where the operator norm can be taken over any of the Fock spaces F?, 1 < p < oo,
and f,°°. The correspondence theorem now immediately gives the following improvement
of this result.

Theorem 4.19. Let f: C" — C be such that fK. € L? for any z € C". Further, let
Dy C BUC(C™) be a closed, a-invariant subspace.

(D) If £ e Dy for some 0 < s <12, then The TE (D).

Q) If Tf’ € r];i]E’ (Do), then f© € Dy foreveryt/2 < s < 2t.

Proof. (1) By the Berger—Coburn estimate, TJﬁ is a bounded operator. As in the proof of

Corollary 3.3, f ) € BUC(C™) implies even T} € €, (F;). Now, apply the correspond-
ence theorem.
(2) Recall that g5 denotes the standard Gaussian gg(z) = q nlt),,

Berezin transforms, it is not difficult to see that g * Tjﬁ = Tj’7 ©° where the star denotes

the L!(C™) module structure of €, (F;). Since Th]f:’ (Do) is, by definition, closed and a-in-

: ¢
variant, we get T/; .

BUC(C") is contained in D if and only if § @) is contained in Dy for some 7 > 0. This can
be shown by mimicking the prove of the correspondence theorem, i.e., use that convolution
by g is an approximate identity on BUC(C”) and then, for suitable constants ¢; € C,

zj € C", show that
5~ S,
J

can be made arbitrarily small. Now, in our situation, T J‘; o € ’Jﬁ’ (Dy) implies that

e~12lP/s, By comparing

€ ?‘;i]g’ (Do). Note that one can prove the following: a function g €

~ = (@)
FOt = £ e D,.

Since f ) is in BUC(C") by the Berger—Coburn estimates, the previous comment imply
that £ € D,. |

Remark 4.20. We want to emphasize that, after this theorem has been presented in the
author’s thesis, Wu and Zheng independently proved the first part of the theorem for p =2
in their recent preprint [31]. Their methods differ significantly from our proof. For Dy =
Co(C"™) and p = 2, this result is already contained in [2].

The Berger—Coburn estimates naturally lead to the Berger—Coburn conjecture, which
asks if T} is bounded if and only if ]7 /2 is bounded (with f under the assumptions of
the Berger—Coburn estimates). So far, this conjecture is only resolved for certain classes
of symbols, most notably non-negative symbols and symbols of bounded mean oscillation
(see e.g. [8] for some results concerning symbols of bounded mean oscillation). For such
symbols, we have the following well-known fact.
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Lemma 4.21. Let f:C" — C be such that fK. € L? for any z € C". Further, assume

that either f > 0 or f € BMO(C"). Then, f~(’) is bounded for one t > 0 if and only if it
is bounded for all t > 0.

For this class of symbols, we now get the following correspondence statement.

Theorem 4.22. Let f:C" — C be such that fK. € L? for any z € C" and let Do
be a closed, a-invariant subspace of BUC(C™). Further, assume that either f > 0 or
f € BMO(C"). Then, the following are equivalent:

(1) Tf € T (Do);

@ f© e Do

3) f(s) € Dy foranys > 0.

Proof. As we have already mentioned, the property of ]7 ) being bounded is independent
of s > 0 for such symbols. Therefore the property of f ) being in BUC(C") is inde-
pendent of s > O (simply write f ) = go % f (5—2)). Now, f ® e Dy clearly implies
gs—t * f(’) = f(s) € Dy fors > t. For s < t, we have seen in the proof of Theorem 4.19
that ]7 ) € D, if and only if ]7 6+ ¢ Dy. Summarizing, membership of f ) in Dy is
independent of s > 0. Thus, an application of Theorem 4.19 finishes the proof. ]

5. Correspondence of algebras

In [10], we started the investigation of the following question: let g be a closed, a-invari-
ant subspace of BUC(C"). Is there a relation between £g being an algebra and ‘TH]E’ (Do)
being an algebra?

As the author already noted in Corollary 3.9 of [10], the property of ’J]E’ (Dy) being an
algebra is independent of the particular choice of IF, (there, it was stated for F, = F with
1 < p < oo, but this is true for every possible IF; by the same proof). Our investigations led
to Theorem 3.13 in [10], which we shall not formulate here. Instead, we want to note that
parts of the proof of the said theorem needed some additional structure on Dy, namely that
it is self-adjoint and S-invariant (8 is the operator 8f(z) = f(—z)). The assumption of
B-invariance can be overcome within the frame of our initial proof, but our proof strictly
hinges on the self-adjointness of Dy. Nevertheless, in their recent preprint [30], S. Wu
and X. Zhao could give a better statement and proof in this particular direction, not using
self-adjointness.

Combining now all the available results, we arrive at the following theorem.

Theorem 5.1 ([10,30]). Let Dy be a closed, o-invariant subspace of BUC(C™). Then,
the following are equivalent:

(1) Dy is an algebra,

2) THJE’ (Do) is an algebra for every F; and every t > 0;

3) ?‘{El (Do) is an algebra for some F; and every t > 0.
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If Dy satisfies (1)—(3) above and d is a closed and a-invariant subspace of Dy, then
the following are equivalent:

(1*) o is an ideal of Dy;
(2%) ‘TH]E’ (do) is a (left- or right-)ideal of 'Tli]E’ (Do) forevery F; and every t > 0;
(3% ‘Tli]f;' (do) is a (left- or right-)ideal of 'TH]E’ (Do) for some F; and every t > 0.

We will add another contribution to this particular question. For this, we introduce the
notation 8 f(z) = f(Az) forany A > 0. It is easy to see that §; leaves BUC(C") invariant
for every A > 0. For typographic reasons, we will reserve § for the action on symbols and
write Cy, f(z) = f(Az) for the operator on Fock space elements. Then, Lemma 2.6 in [34]
shows that the linear operator Cy € £(F;,[F;/,2) is an isometric isomorphism.

The following statement is certainly well known. Nevertheless, it seems that it is not
contained in the standard reference [34], hence we provide the simple proof.

Lemma 5.2. (1) Let f € L°°(C"). Then, it holds true that
CiaT}Ch = Tgf/jf.
(2) Let A € £(F;) and A > 0. Then,
B(C1/2ACy) = 81/4(B(A)).
Here, we write the Berezin transform A, for typographic reasons, as B(A).

Proof. (1) The equality follows by direct computations. First,

1 \n _
CiaTj Cag@) = TiCas (/) = ()" [ gy fw) Aot 1ot s,

We use the substitution Aw = u, dw = %d u, to conclude that the above is

= ()" [ w00 () o (55— 5z) = 7 s

(2) Recall that Cy/) AC), € £(IF,)2). Thus,

2 2 —|~12 2 2 2
B(C1/2ACH) () = (Crip ACKT K ) g2 = T EDNAC KM G ) .
Using
2
G K = KL

which is readily verified, the above is

—|z|2 2 —_1~|2 2 2 2
= e FHNAKL 5 KL ) pp = e FHED D B(A) (2/4) = 81/, B(A)(2). m

Adding the §-invariance of Dy, we can now fully characterize the property of Th]ﬁ’ (Do)
being an algebra. We say that a subset of BUC(C") is §-invariant if it is invariant under &
for every A > 0.
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Theorem 5.3. Let Dy C BUC(C?) be a-invariant and §-invariant. Then, the following
are equivalent:

(1) Dy is a Banach algebra,
2) (JTE‘ (Do) is a Banach algebra for every t > 0;
3) fl‘]i]:to (Do) is a Banach algebra for one ty > 0.

If Dg satisfies (1)—(3) and dg C Dy is closed and both a and §-invariant, then the
following are equivalent:

(1*) dy is an ideal of Dy;
(2%) "J‘Im' (do) is a (left- or right-)ideal of Jlm’ (Do) foreveryt > 0;
(3%) Jlin"’ (do) is a (left- or right-)ideal of Jlinto (Do) for some ty > 0.
Proof. We show that (3) = (2). Then, Theorem 5.1 will show the equivalence of (1), (2)

and (3). Assume 'J{i]:to (Do) is a Banach algebra for some fixed 79 > 0. Let f1,..., fr € Do.
Then,

2 2
J>>(T;1°A T;;j* ) = B(Ciya TP CoCia...Crya T Cr)

_B(CI/AT“’T;" TR C) =813 BT ... T70),

by using Lemma 5.2 in the last equality. Since we assumed that ?‘{E"’ (Do) is an algebra,
we obtain
;3(TJ£1° .. Tf;") € Dy.
Since Dy is §-invariant, we get
81/ B(Ty ... T7°) € Do,
which is now of course the same as
BITPM TV € Dy,

By the correspondence theorem,

A2 A2 2
(A hn"“ (Do)
for every A > 0. Hence, 'JT]-]ES (Do) is a Banach algebra for every s > 0.

Using literally the same reasoning, one proves that (3*) implies (2*), and then con-
cludes the proof. |

6. On the Fredholm property

As is well known by now, the Fredholm property of operators from 7 can be character-
ized in terms of limit operators, at least for F with 1 < p < oo, see [12]. Unfortunately,
the method of proof from [12] has an important drawback: it does not carry over to the
non-reflexive cases. We will now discuss another approach to the problem, which goes
through a better understanding of the limit structures, i.e., the algebra of limit operators.
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We want to start by briefly recalling the definition of limit functions and limit oper-
ators. We note that theory of limit operators has a long history on sequence spaces, see
e.g. [25]. The moral ancestors of the limit operators we use were first considered in [28]
for the Bergman space over the complex ball and in [4] over (reflexive) Fock spaces. Since
the limit operators are really at the heart of the Fredholm theory, we describe them in some
detail.

By M(BUC) we denote the maximal ideal space of the unital C* algebra BUC(C").
As is well known, maximal ideal spaces of unital C* subalgebras of C, (C") (the bounded
continuous functions), which separate the points of C" and contain Cy(C"), are in 1:1
correspondence with compactifications of C”. This can be achieved by mapping each
z € C" to the functional of point evaluation 8. Then, {3, : z € C"} forms a dense subspace
of M(BUC).

In particular, any f € BUC(C") can be considered as a function I'( f) € C(M(BUC))
(where I' is the Gelfand transform). In an abuse of notation, we will not distinguish
between f and I'(f) (identifying f(z) with T'(f)(8;)), and will also write f(x) :=
I'(f)(x) for x € M(BUC). For any x € M(BUC) and z € C", we write

Jx(2) i= x(az(Uf)) = x(f(z =)

Let (zy), be anetin C” converging to x € M(BUC). Then, since M (BUC) is considered
with the w* topology, we have

s, ()W) = f(w—2y) =&, (fw—-)) > fel(w)

pointwise and independently of the precise choice of the net (z,),. An easy application
of the Arzela—Ascoli theorem shows that this convergence is indeed uniform on compact
subsets of C”, and further, f, € BUC(C") for any x € M(BUC).

Given a net (z,), in C” converging to x € M(BUC), using the fact that aZ(T;) =

Toiz( 1y itis easily seen that

az, (Tf) AN T;
in strong operator topology, at least for IF; # F°: if ¢ a holomorphic polynomial on C”,
oz, (Tf’)q — Tjﬁxq is readily established. Then, use that polynomials are dense and that
oz, (T}) is uniformly bounded in operator norm.

From this, it follows that for every A € €; (IF;) and every x € M(BUC), there exists Ay
such that a;, (4) — Ay in strong operator topology when z, — x: simply define Ay as
the limit of T(’ SOx? where the fj are such that T} — A in operator norm. This all works
flawless for IF; # F°. For A € C;(F°), define Ay as ((A[f)x)**.

Note that the group action of C” induces an operation on M(BUC). Since the sym-
bol « is reserved for the action on functions and operators, we denote this new action
by 7, and define it by letting 7, (x)( f) := x(az(f)). Then, 7, (x) is clearly again a multi-
plicative functional, i.e., 7,(x) € M(BUC). Further, the group action Sf(w) = f(—w)
induces the action v on M(BUC) in the same way, i.e., by letting vx(f) = x(Bf).
These group actions on M(BUC) are well-behaved, in the sense that o, (fx) = fr_,(x)
and oz (Ax) = Az, (x)-



R. Fulsche 1138

n [12], we obtained the following characterization of the Fredholm property.

Theorem 6.1 (Theorem 28 in [12]). Let F; = Ftp, with 1 < p < oo and t > 0. Then,
A € TF is Fredholm if and only if for every x € M(BUC) \ C", the limit operator Ay is
invertible.

As already mentioned, we aim to generalize this result to any of the spaces F; by
different means. In the following, we will usually abbreviate M := M(BUC) and dC”" :=
M\ C".

6.1. Some auxiliary facts

Recall [23,33] that for [F; # F°, an operator A € £(IF,) is called sufficiently localized if
there are constants C > 0 and 8 > 2n such that

C
t ot .
©.) HAKE K| = s

Itis not hard to see, for IF; # F>° and A € £(IF;), that A is given by the integral expression

6.2) Af(z) = / Fw)(AKL KLY dyse ().

Over F°, we say that A € £(F;°) is sufficiently localized if it satisfies both (6.1) and (6.2)
(where the second condition is not automatically true, as the Berezin transform is not
injective). As is well known, Toeplitz operators with bounded symbols are sufficiently
localized. Therefore, the Banach algebra A]SFI’ generated by sufficiently localized operators

contains TF. It was first proven in [32] for p = 2 that Agtz = TF In [15], the result
was extended to F for 1 < p < oo. Indeed, the proof given in [15] does not at all depend
on the reflexivity and can verbatim be used in the case p = 1. Further, if A4 is sufficiently
localized over some [F;, it is not hard to show that the integral operator (6.2) defines is a
bounded operator on each FF;. This is a consequence of Young’s inequality, cf. [15]. Since
its formal adjoint, the integral operator

Bf(z) = / F)ART. KLY dpty (w).

is again sufficiently localized and therefore bounded on each F;, a standard duality argu-
ment generalizes the following result from [15] to each [F;.

Theorem 6.2. For every Iy, it holds true that Tt = Ag’.

Let us recall a few facts on certain approximation properties. A Banach space X is
said to have the approximation property (AP) if for each compact subset K C X and each
& > 0, there exists an operator 7 € £(X) of finite rank with

[Tx —x|| <e, xeKk.

This implies, in particular, that each compact operator can be approximated by finite rank
operators in uniform topology.

A Banach space X has the A-bounded approximation property (A-BAP), where A > 1,
if there is a net 7, of finite rank operators on X, |7} || < A forevery y, with T, — 1d
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in SOT. Finally, X has the A-bounded compact approximation property (A-BCAP) if there
is a net K, of compact operators on X, || K, | < A, with K, — Id in SOT.
An immediate consequence of these definitions is the following.

Lemma 6.3. If X has (AP) and (A-BCAP), then it has (A + ¢-BAP) for every ¢ > 0.

Since the classical L? spaces (1 < p < oo) all have (1-BAP) (see Proposition 42
in [13]), it follows readily that F” (1 < p < oco) has (|| P;||-BAP). Now, F,! = (f>)*
having (AP) implies that f,°° has (AP) (see e.g. Proposition 36 in [13]). In particular, all
the Fock spaces have (AP). It will be important that f,°° also has the bounded approxim-
ation property — simultaneously, we will improve the respective constants:

Proposition 6.4. Let F, # F°. Then, F; has ((1 + ¢)-BAP) for each ¢ > 0.

Proof. We will show that IF; has ((1 + ¢)-BCAP) for every ¢ > 0. Together with (AP) and
the previous lemma, this implies the desired result.
Fors < 1,set K5 f(z) = f(sz). Then, for 1 < p < oo,

D \" _plz? 1 /p\» _plw?
IIstllfétp=(—) /Cn|f(sz)|pe dz:sTn(z—m) fcn|f(w)|pe 2w dw

2t

1 P \" P _ plw? _ 1
= ()" [ e aw= gl

2t

Hence, || Ks|| < (S%)l/ ? over F. Another simple estimate shows that || K[| < 1 over F>®°
(hence also over f,°°).

We will show that K is compact. For this, we will show that K € TF: It is then an
easy exercise to compute Ky (z) = e~121*/t+s121*/t ¢ Co(C™), which shows the compact-
ness.

Membership of Ky in 7F will be established by showing that K is sufficiently loc-
alized. Then, the statement is a consequence of Theorem 6.2. We compute as follows:

2% +[w[?

_lz2+w2  Re(sw-2)
t

t t — t t e
(KskZ, k)| =e (K, Ky =e 21 e
_ 1 WszPHsw? Re((vsw)(+/52) _ sz 4w Re((vsw)-(/52)
=e ¥ 2t e t <e 2t e t
/52— /50| |z=w|? 1
=e 2t B S <

Stz —w]f
Finally, note that K; — Id in SOT as s 1 1. This is well known, as e.g. shown in [34], Pro-

position 2.9, for F, 1 < p < 0o. Over f,>°, this is an easy exercise. Therefore, (K)15s>s,
is a net as needed in the definition of ((1 4 ¢)-BCAP) for s¢ € (0, 1) appropriate. |

6.2. The algebra of limit operators

-~

Definition 6.5. A compatible family of limit operators is amap y: dC" — 7
the following properties:

F: satisfying

(1) x — (y(x)1,1) is continuous.
(2) Forevery x € dC" and z € C",

az(y(x)) = y(t—z(x)).
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(3) We have sup,.cacn ||y (x)] < oo.
(4) The family of operator-valued functions

{C" 3z ay(y(x)): x € aC"}

is uniformly equicontinuous with respect to the operator norm.

Here, we say that a family of operator-valued functions ( f;)jer, where f;: C" —
£(IF;), is uniformly equicontinuous, if for each ¢ > 0 there exists § > 0 such that for
z,w € C" with |w| < §, we have

Ifi(2) = fi(z = w)|F,~F, <&

foreveryi € I.
Of course, limit operators give a compatible family of limit operators:

Lemma 6.6. Let A € TFt. Then, y(x) = Ay, x € dC", is a compatible family of limit
operators.

Proof. Continuity of the map x + (A1, 1) follows from continuity in strong operator
topology, which is obtained directly from the construction of the limit operators (for F; =
F°, note that (A1, 1) = ((A]r>)x1, 1)). Also, we have (using that the Weyl operators
are isometries)

IAxll = sup [|AxfIl = sup [lima, (4)f]
1=t 7

I71=1
= sup limsup [AW_, /| < sup limsup [|A[[[|W-z, fI| = [4].
IfI=t ¥ If1=1 v

If (wy) is anet in C” converging to x € dC”, we have
az(Ax) = oz (li)l,n Oy, (4) = li}I/n oz (awy (4) = li}I/n Gy, +z (A) = Ag_.(x),

where in the last step we possibly need to pass to a subnet. Finally, uniform equicontinuity
follows from the estimate

llow (Ax) — Axll = [[(ez(4) — Ax|| < llow (4) — A
and ||052 (Ax) —Qz—w (Ax)” = ”Ax —Q_y (Ax)” ]

We will denote by [itn T the set of all compatible families of limit operators. En-
dowed with the pointwise sum, this obviously turns into a complex vector space. Indeed, it
even turns into an algebra when endowed with the pointwise product, but this is not clear
a priori. What is clear is that the pointwise adjoint and pre-adjoint of a compatible family
of limit operators is again a compatible family of limit operators. We endow lim 7 with
the norm

7 ltim = sug ly o).

xeaCn

The following fact is now immediate.
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Lemma 6.7. The range of the map
TF 5 A [ya(x) = Ay] € im TF

is a normed algebra. The map is homomorphism of normed algebras onto its range, which
also is a contraction with kernel TX.

By passing to the quotient 7 /7K, we obtain an injective map
TEITHK 5 A+ TK > [ya(x) = Ac] € im T,
which is again a contractive normed algebra homomorphism.

Proposition 6.8. Let I, # f,°°, F°. Then, we have

sup_ [Axll < 1A+ TKllgr 75 < sup_ A1 Pl

x€d x€d

Proof. The first inequality is clear.

The second inequality actually follows from the methods presented in [12], at least
for 1 < p < oo. That paper was only written on the reflexive case, and indeed some of its
methods do not carry over to the general case (not even p = 1). Nevertheless, the proof
of Theorem 31 (and all the statements on which its proof is based) extends naturally to
p = 1, showing that

A+ TK|| < sup || Ax|]l Pl
x€iCn

for IF; =Ftp with 1 < p < oo. [
Corollary 6.9. For each A € T, we have

SHP [Axll = 1A+ TK|gr: g5

x€d

Proof. In the reflexive cases, the statement is contained in the previous Proposition 6.8.
Over f,°°, we of course have 7K = X, hence

4+ Kl =4+ TKlzF 75
Since every operator from 7~ ! hasa pre-adjoint in 7 777, we have

|A* + TK ey

tITHK T ”A + JJ{”(]’/, JTX®

and similarly,
|A** + THKNgree jgge = A+ TKlgr00 05

for A e T/, Further, since F tl and F*° have the (A-BAP) for every A > 1, Theorem 3
in [1] shows that

1A+ K N eremrey = 147+ K(Ftl)”ii(Ftl)/JC(F,l)
> A™ + K (F2) gm0y 570

Now, an application of the previous proposition for the case p = 1 finishes the proof. =
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6.3. Reconstructing operators from limit operators

Given a function f € BUC(C"), it is not hard to see that any other g € BUC(C”") with
glacn = flacn is of the form g = f + h for some i € Co(C"). Let us reformulate this
simple fact and state it as a lemma.

Lemma 6.10. Given f € C(dC"), there is some fo € BUC(C") with folacr = f. Fur-
ther, fo is unique modulo Co(C").

Proof. Note that dC” is a closed subspace of M, which is compact and Hausdorff, hence
normal. Thus, Tietze’s extension theorem allows us to extend f € C(dC") to fo € C(M).
But any function in C(M) is in BUC(C"). The uniqueness modulo Cy(C") has already
been mentioned above. [

Note that, in the notation of the lemma, f contains all the information about the limit
functions of fo: (fo)x(w) is simply Bf(zy (x)). Hence, the above lemma says that we can
reconstruct functions from BUC(C") from their limit functions, at least modulo Cy(C").
The same is indeed true for operators from 7 ¢, nevertheless the proof needs more explan-
ation.

The principal result in the discussion of compatible families of limit operators is the
following.

Theorem 6.11. Let y be a compatible family of limit operators. Then, there exists A € T
such that y(x) = Ay for every x € 0C", and A is unique modulo TK.
The proof will make use of the following lemma.

Lemma 6.12. Ler S C Tt be a norm bounded subset such that the family of functions
{z—az(A): A€ S}

is uniformly equicontinuous with respect to the operator norm, i.e., for each € > 0 there
exists 8 > 0 such that

sup ||la(A) — Al < &

AeS

for|z| < §. Foreach N € N, let ch eC, ZJN € C" be finitely many constants such that

1
lge/n — ZCJNO‘Z]N(gt)”Ll = N
J

Then, the convergence

HA — Zc}vazjgv (T}f)
J

—0, asN — oo,

is uniformin A € S.

Proof. As in the proof of the correspondence theorem, we have

H A— Z c]NaZng (Tff)
J

< A= gun %Al + |

gun = Y ez | 1Al
J
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The second term clearly converges uniformly to 0, as sup,cg ||A|| < oo. For the first term,
observe that

14 =g+ AL = [ w14 = au ()] dw,
Now, for & > 0, let us choose § > 0 such that
[A—oaw(A)] <e

for every A € S. Pick N large enough such that

/ gyNw) dw < e.
B(0,6)¢

Then,
/ g0/ (W) |4 — aw(A)] dw < 2] A] +/ go/n (W) [ A — aw (A)] dw
Cn B(0,5)
<26]A] +e/ 2o (w) dw < (1 + 2] ]).
B(0,5)

This proves uniform convergence of the approximation scheme. ]

Proof of Theorem 6.11. Consider the function f(x) = (y(x)1, 1). Then, f € C(3C").
Note that

y(x)(2) = (e (y() 1 1) = (y(rz(x)1. 1) = f(z2(x)).
Pick a function fo € BUC(C") according to Lemma 6.10 such that fo|scn = f. Let the
constants ch and Z]N be as in the previous lemma. Note that the limit operators of

N
Z €j aZ]N (Tfto)
J

are given by

[Zc C(N(Tfo] Zc o NT(fO),

where the limit functions are

(fo)x(w) = f(W(Tw(x)) = f(T-w (v(x))).

Since {z — a;(y(x)) : x € IC"} is uniformly equicontinuous, it is no problem to verify
that {z — a—,(y(x)) : x € dC"} is also uniformly equicontinuous. Therefore, the previous
lemma implies that

2 Jpooem - Eefey Tt )|
= s Jpoven - 2o 0 (T o)

= sw 000 - § N (1 )] =0, as N > oo
xedCn X
J
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Hence, the family of sequences
> eNan (T ) : x € 9C™
J Zj (fo)x NeN !
J
is uniformly Cauchy. Now, this implies by Corollary 6.9 that the sequence

N t lead
(ch O‘z}V(Tfo) + JJC)NeN
j

is Cauchy in 7% /TK. Let A9 + T be the limit with some representative Ay € 7.
Then,

(Ao)x =lim ) o n (T{y,) ) = By (v(x)),
J
hence, for any net z, — X,

y
z, (B(Ao)) = Bla—z,(40)) — B(B(y(x)) = y(x).
ie., y(x) = Ax with A = B(Ao). L]
The following is now an immediate consequence of Theorem 6.11.

Theorem 6.13. The space limn T¥ is a Banach algebra. The map
TEITHK 5 A+ TK > [ya(x) = Ac] € Gm T
is an isomorphism of unital Banach algebras.

Proof. In Lemma 6.7, we already established that the map is an injective homomorphism
of normed algebras onto its range. By Theorem 6.1 1, the map is onto [ima 7F¢. By Propos-
ition 6.8, it is continuous with continuous inverse. Since 7F /T is complete, we also
obtain that lim ¥ is complete. ]

6.4. Fredholmness through invertibility of limit operators
Before coming to the Fredholm property, observe the following.

Proposition 6.14. Let A € TF \ith Ay invertible for each x € dC". Then, it holds true
that supcacn A3 < oc.

Proof. For1 < p < 0o, the statement is contained in [12]. Again note that, while not every
proof of that paper carries over to p = 1, all the ingredients needed for this particular
statement can be proven verbatim. Hence, the same proof yields the proposition over F!.
Now, using the fact that A, is invertible if and only if A} is, and further

AT = 1CATD ™ = 1AD 7

the statement follows also over f,°° and F;°. [
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Theorem 6.15. Let A € T:. Then, A is Fredholm if and only if A is invertible for every
x € 9C™.

Proof. We already know that A being Fredholm is equivalent to A being invertible in 7 F*
modulo 7K. Clearly, invertibility in 7 modulo 7K of A implies that A is invertible
for every x € dC”". Only the other implication needs a proof.

Let A, be invertible for every x € dC”. Then, all the inverses lie in TF: . Since
az(A;1) is an inverse to a;(Ay), we obtain a; (A1) = A;lz(x). Further, x — A;!is
continuous in strong operator topology; this is a consequence of the second resolvent
identity

A=A = A7 (A, — A0 4!

and the uniform boundedness of the A;l, which follows from the previous proposition.

Finally, note that {z > a;(A;') : x € 9C"} is uniformly equicontinuous. This is a con-
sequence of the standard estimate

A5 ez (Ax) — Axll
— llez (Ax) = Al A

oz (451 — 451 < 5

following from the standard Neumann series argument, using (oz(Ax))~! = az (A7),
and is valid for each z with [la; (Ax) — Ax|l < 1/sup,eacn [|4;]].

These facts show that y(x) = A ! is a compatible family of limit operators. Therefore,
Theorem 6.11 shows that there exists B € 7F with B, = A;l. Hence, ByAx=AxBx=1
for every x € 9C”, and the compactness characterization for operators in 7F yields that A
is Fredholm. u

Here are two consequences, which were already presented in [12] in the reflexive
cases. The statements can now be obtained for arbitrary I, with identical proofs.

Corollary 6.16. Let A € TF¢. Then,
gess(4) = | o(4y).
xedCn
Here, 0.5 and o denote the essential spectrum and the spectrum, respectively.

Corollary 6.17. The following statements are true over any I,
(1) Let f € VOu(C™"). Then,
aess(ij) = f(aC").
(2) Let f € VMOy(C™). Then,

oes(Tf) = [P HC).

We want to emphasize that results concerning .. (77 ) with /'€ VMOy(C") are avail-
able for a significantly larger class of Fock spaces, e.g., non-reflexive Fock spaces with
non-Gaussian weights. We refer the interested reader to the literature, see e.g. [18, 19].



R. Fulsche 1146

7. Discussion

The above results clearly lead to some imminent questions, some of which we will briefly
discuss now. First of all, having established formula for the essential spectra of operat-
ors from 7F tp, one can wonder to which extend such spectral data depend on the value
p € [1, o0]. More precisely, we consider Toeplitz operators: given f € L°(C"), T} acts
continuously on F/ for each p € [1, o0], so one can wonder if o(TJﬁ) or oess(T}) depend

on the choice of the space F” on which the operator is realized. Clearly, the results for
symbols of vanishing oscillation show that oess(T]ﬁ) is independent of p in that particu-
lar case. Indeed, there is an algebra ‘W; of linear operators, containing Toeplitz operators
with bounded symbols, which is densely contained in 7~ ' for each p € [1, o], such that
for each A € W, it holds true that 0(A4), 0es(A) and ind(A) (provided the latter exists)
are independent of the choice of the parameter p. Proving this relies on the results of the
present work, as well as some other deep results. Details can be found in [11]. In particu-
lar, these results show that the study of (essential) spectra as well as Fredholm indices of
Toeplitz operators reduce to the Hilbert space case.

In recent years, Fock spaces F?(¢) with non-Gaussian weights ¢ and operator theory
on them have been in the focus of quite a number of publications. In general, one should
not expect the methods of the present paper to carry over to such spaces: at the heart of our
method lies the CCR relation W) W} = e"ioGw)/tyy . satisfied by the Weyl operat-
ors. Of course, this relation is a consequence of the rather special form of the (normalized)
reproducing kernel functions, which one loses when changing to other weights. Neverthe-
less, it seems not entirely unlikely that there exists a class of non-Gaussian weights such
that at least parts of the methods presented here carry over to a more general setting.
Investigating this should be an interesting problem for future work.

Besides Toeplitz operators, Hankel operators are certainly among the best understood
operators on Fock spaces. Hankel operators have been investigated on a vast class of Fock
spaces, see e.g. the recent results in [20-22]. Nevertheless, investigations of Hankel oper-
ators on Fock spaces F'? () usually rule out the case p = oco. It could interesting to check
if any of the methods provided in this paper are suitable to obtain results on Hankel oper-
ators on F;°. As the paper [16] showed, this is not entirely hopeless, as limit operator
methods are indeed suitable to study properties of Hankel operators.

Last but not least, we want to mention the analogous problems on the Bergman space
(say, on the unit ball B, of C"). Indeed, many of the results we have proven here have
analogous results in that setting — at least in the Hilbert space case and to some extent, also
on the reflexive Bergman spaces A? (B,) with standard weights (cf. [14,27,32]). While
having similar results to ours, the present methods so far could not be adapted to the case
of the Bergman space in a satisfactory way. Obtaining any progress in this direction would
be desirable.

Acknowledgements. The author wishes to thank Raffael Hagger for a useful discussion
on the Fredholm property.
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