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Mixed-norm of orthogonal projections and analytic
interpolation on dimensions of measures

Bochen Liu

Abstract. Suppose that u and v are compactly supported Radon measures on R4,
V eG(d,n) is an n-dimensional subspace, and let 7y : R4 — V denote the orthog-
onal projection. In this paper, we study the mixed-norm [ H]ry;LHqu(G(d ) dv(y),
where

Ry [ et =y oy,
y+vi

assuming pu has continuous density. Whenn = d — 1 and p = ¢, our result signifi-
cantly improves a previous result of Orponen on radial projections. We also discuss
about consequences including jump discontinuities in the range of p, and m-planes
determined by a set of given Hausdorff dimension.

In the proof, we run analytic interpolation not only on p and ¢, but also on
dimensions of measures. This is partially inspired by previous work of Greenleaf
and losevich on Falconer-type problems. We also introduce a new quantity called
s-amplitude, that is crucial for our interpolation and gives an alternative definition of
Hausdorff dimension.

1. Introduction

Let m,(x) = x - e, x € R%2, ec S, denote the orthogonal projection. In 1954, Marstrand
proved in [12] that, for every Borel set E C R? with dimg E > 1, the set 7. (E) has
positive Lebesgue measure for almost all e€ S!. In 1968, Kaufman [8] gave a simple
alternative proof of Marstrand projection theorem using Fourier analysis. Moreover, he
proved that the induced measure 7, u on m.(E) has L? density for almost all e€ S,
where 1 is a Frostman measure on E. Nowadays, orthogonal projection has become a
central problem in geometric measure theory, and has been studied actively from different
perspectives.

In higher dimensions, we denote orthogonal projections by 7y : R? — V, where V €
G(d,n) is a n-dimensional subspace of R? and G(d, n) denotes the Grassmannian. Also,
throughout this paper #* denotes the s-dimensional Hausdorff measure, and y, , is the
probability measure on G(d, n) induced by the Haar measure 6, on the orthogonal group.
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Of course, ry u € L?(H"|y) is not a necessary condition for " (7ry (E)) > 0. But for
technical reasons, the L2-method is the most popular approach to this type of problems.
We refer to [11, 13] for L2-approaches to Falconer distance conjecture.

It is not surprising that L2 does not always help. For x # y in R4, let

7 (x) := =)

|x =yl

denote the radial projection. The visibility problem asks that, given E, F C R?, whether

there exists y € F such that 77 (E \ {y}) C S9~! has positive surface measure. Although

there are L2-estimates in the literature (e.g., [18]), their geometric consequences are far

from being desired. Finally, Orponen [17] proved that if supp i Nsuppv =@, s > d — 1
and s +¢ > 2(d — 1), then

(1.1) / 7 117 a1y dV) < 1s()P72 - L (0)'/?

for every

c Sd—l

t t
I < p <min 2- b
=F 2d—D)—s " d—1
where I denotes the s-energy (see (1.9) below for definition) and 77 u denotes the push-
forward of the weighted measure cg|x — y|~“@~V dyu(x) under 7%, which in particular
equals

/,u(y +te)dt

if u has continuous density. For applications, there is no difference between this repre-
sentation and the pushforward of p itself (we can always assume p has compact support
away from y), but the modified version is more convenient when writing the proof.
Notice that in Orponen’s result, p < 2 is required, and p — 1 as s, ¢ get close to the
critical case s + t = 2(d — 1). Both will be improved significantly in this paper.
As a geometric consequence of (1.1), if E, F C R4 are such that dimy E > d — 1
and dimyg E + dimg F > 2(d — 1), then

(1.2) HA N7 (E\{y})) >0, forsome yeF.

It is known that neither of assumptions dimgx E > d — 1, dimg E + dimg F > 2(d — 1)
can be relaxed. We refer to [16] for the discussion on the sharpness, and to Example 5.13
in [15] for details of examples. This also implies that both s > (d — 1) and s + ¢ > 2(d — 1)
are necessary for the existence of p > 1in (1.1).

What is more, the estimate (1.1) was quickly introduced into the study of Falconer
distance conjecture, playing crucial roles in a couple of recent breakthroughs [7, 9]. This
brings more attention to L?-estimates of projections.

Even more recently, Dabrowski, Orponen, Villa [1] proved that, if x is a compactly
supported measure on R¥ satisfying the s-dimensional Frostman condition

w(B(x,r)) <r, forallr >0, x € R?,

then

s—n
(1.3) / ||nV;,L||Iij(J€,,)dyd,n(V) <oo, forall2<p<2+ 7
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This is sharp for s > d — 1, and has applications to Furstenberg sets and discretized
sum-product problems.

Estimates (1.1) and (1.3) are closely related, due to Orponen’s formula (see Lemma 3.1
in [17] and Lemma 4.17 in [1], with some notation redefined here)

(1.4) J 1 1 amy @90) = [ Vvl dran V),

given p has continuous density and

(15) Wu)i= [ pdret =yt y),

y+VL
A remark is that 77 itself is not a projection when n < d — 1, as a (d — n)-plane cannot
be determined by two points. For this reason, it is not straightforward to define 77 u as
a measure on G(d, n) when w is not continuous. We leave the detailed discussion to the
beginning of Section 4. This is also why we prefer naming this paper “mixed-norm of
orthogonal projections” instead of “radial projections”.

Although the proof of (1.4) is not hard (just change variables R? = V @ V1), it is
very important. In [17], the proof of (1.1) starts from (1.4); in [1], (1.4) is used to obtain
an incidence estimate from (1.3).

In [1], the authors suggest studying the mixed-norm

[ vl e @9,
especially for g < p. Their motivation is the following. As a corollary of (1.3), for almost

all Ve G(d, n),

(1.6) Ty e LP(H"y), forall p <2+ ;_”

Since both supp u and G(d, n) are compact, one may expect a wider range of p by con-
sidering smaller g.

In fact, it is not hard to obtain mixed-norm estimates for ¢ < p. It follows directly from
the classical L2-estimate (see, e.g., Section 4.1 in [15]) and the Sobolev embedding that

2n :
< ifn<s<2n
1.7 avil? pgom d V)<oo, V 2n—s’ -
(1.7 /II VLo (geny dVan (V) P{ D ifssom

The range of p in (1.7) is wider than (1.6) if n < s < 2(d — n) or s > 2n. Then by analytic
interpolation, one can prove

[ vt ony dran(v) < o0

for2 < g < p < ooand

(1.8) mpHzImEs

p q
Although this interpolation is not the standard Riesz—Thorin because of the mixed-norm,
it follows from its vector-valued version (see e.g. Exercise 5.5.2 in [4]), or one can just
see our interpolation argument in Section 7 below.
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On the other hand, unfortunately, interpolation on p never makes its range wider. In
this paper, we shall interpolate also on dimensions of measures, that indeed extend the
range of p.

Now we turn to the mixed-norm

/ ||7Tyﬂ||]t{p(c(,1,n)) dv(y).

When g > p, it is equivalent to consider

J 1 k1 my SOV, o S gy = 1.

so some results follow from the case p = ¢, as fdv is also a Frostman measure if the
measure v is (Holder’s inequality); while when ¢ < p, due to the lack of Sobolev embed-
ding, there seems no way to reduce it to ¢ = p. As we mentioned above, the first step of
Orponen’s argument on (1.1) is to apply his formula (1.4), whose proof relies on ¢ = p.
So we need new ideas for ¢ < p, even to start.

To state our main theorem, we need the classical s-energy

(1.9) I(w) == / v =y du(x) du(y)

as well as a new quantity As(u), called the s-amplitude. This new quantity plays a key
role in our analytic interpolation, and makes our statement quite clean. See Section 3 for
more discussions.

Definition 1.1. For every compactly supported Radon measure ;1 on R4 and 0 < s < d,
define the s-amplitude of u by

As(p) == sup /Ix—yl‘s dp(y).

xeR4

Theorem 1.2. Suppose ju and v are compactly supported Radon measures on R, and let
O0<t<nO<s,a<d,ands +t > 2n. Denote
— 14 s+1t—2n
Q=" 5d "o

Then, for every

2nqo 2n s+t—2n
15p<n—i—t _n+t( + 2(d — @) )
we have
(1.10)
L(w)2 - Ag ()" - ()2, q4=4o

I wl V() Sanps, -
J 1 gian ) 102 - Aa) T Ay gy (), 4> do-

Furthermore, whent = n,
(1.11)

L()Y2 - Ag ()" - I,(0)/2, q = qo,
/”ﬂylj/”‘[]/m(c;(d,n)) dU(J’) sd,n,s,ot { ’ ¢ .

L)' - A ()T A, 2y (V). 4> do.
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With Theorem 1.2, one can compute for what p, g the mixed-norm estimates on Frost-
man measures [, v are finite. We leave the full table of p, g to the end of this section, as
it looks quite complicated. In particular, by taking p = ¢ and n = d — 1, we can improve
the range of p in (1.1) to

2(d —1)

1.12 I1<p< (1
(1.12) _p_d—l+t +

s+t—2(d— 1))
2(d —s)
To see this is an improvement, first notice that the range of p in (1.1) makes sense only if

te(2(d — 1) —s,d —1). Then we fix s > d — 1 and observe that, as a piecewise linear
function in ¢,

| z z 2d - 1)
- - :
mpugﬁiﬁ_u(mm{xd—w)—s’ d—d}) 3d—1)—s

Finally, one can easily check that (1.12) is increasing in t € [2(d — 1) —s,d — 1], and
therefore by plugging int = 2(d — 1) — s, itis

_ 2d-1)
=3d-1)—s

as desired. In fact, the improvement of (1.12) over (1.1) is significant: the range of p tends
to [1,00] as s — d and equals [1, 31(111:3) when s + ¢t = 2(d — 1), while (1.1) cannot go
beyond p = 2, and collapses when s + ¢t = 2(d — 1).

As a remark, the assumption 0 < ¢ < n is necessary (see Section 10), so our result
is not comparable to (1.3) by taking & = v and p = g. But our method does give an
alternative proof of (1.3), with a more delicate upper bound. See also Section 10.

Now we ignore g and focus on when ¥ € L?(G(d,n)). By Theorem 1.2, or from

the full table in Corollary 1.5, one can obtain the following.

Corollary 1.3. Suppose j and v are compactly supported Radon measures on R satis-
Jying
w(B(x,r) < e, v(B(x,r)) <%, forallx e RY, r >0,

where 0 < s, < nand?2n —s, < s, < d. Then, for every

2 sy +sy—2n .
1<p< n+r.lrv (1 + g(d—s“) )’ if Sp = 2d —3n,
- 2 max{s;—2n,0} .
n+max{2';z—sﬂ,0) (1 + 2(;_%) ), if Sp < 2d —3n,

there exists y € supp v such that
n¥u e LP(G(d,n)).
In particular, if s, > 2n, then the set of y € R? such that

Sy —2n
d—sy

inf{p:x’u ¢ LP(G(d,n))} <2+

has Hausdorff dimension 0.
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Notice that, near the critical line segment
{(S.8v) € (O,d)2 DSy sy =2n,0<s, <nj,
the critical p in Corollary 1.3 equals
2n 2n

= > 1.
n+sy 3n—sy

On the other hand, by considering j¢, v on R”*1 x {0} € R¥, the sharpness of the visibil-
ity problem in R”*1 implies that s,, + 5, > 2n is necessary for the existence of p > 1.
Together, it follows that the range of p has jump discontinuities at critical cases. See
Figure 1 below: in the shadow, p > 2n/(3n — s,), while in the blank, p = 1. This
phenomenon cannot be seen from Orponen’s previous result (1.1), thus unexpected and
surprising. I think there are deep reasons behind it to be explored.

Sy Sy
(n.n)
n * (n.n)
\> TS, n
P = 1 ! > 2n
=1 p 3n—s;,
L (d, 21 — d) P \
d Sw 2n d Su
n>dj2 n<dj2

Figure 1. Jump discontinuities of p at s, + sy = 2n.

I do not know whether our range of p is sharp, or how far it is from being sharp. It
seems very hard to compute L?-estimates from known geometric examples. I think the
first step towards the sharpness is to understand the jump discontinuities along the critical
line segment.

Our results also generalize the visibility problem. Notice that not every generaliza-
tion is nontrivial. For example, one can easily conclude that for every E, F C R? with
dimgp E > n and dimg E + dimg F > 2n, there exists y € F such that

(1.13) VadniW e G(d.d —n): W N (E —y) # 8} > 0.

To see this, just project E and F onto a (n + 1)-dimensional subspace, preserving their
dimensions or having positive Lebesgue measure; then (1.13) follows from the visibility
problem in R” 1. See [2] for an application of this trick on Falconer distance conjecture.

To make nontrivial generalizations, we consider the set of m-planes determined by
E — y, that s,

a?(E™) :={We G(d,m): W =Span{x; — y,...,Xm — ¥} : X1,....Xm € E}.
Throughout this paper, when writing
W = Span{¥y, ..., Um},

vectors U1, ..., Uy, are a priori assumed nonzero and linearly independent.
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Corollary 1.4. Suppose 1 <m < d — 1 and let E C R? be a Borel subset.
o If

m

dimJgE>max{d— 3m—d},

2m—1’
then
dimge{y € R? : ygm(x” (E™)) = 0}
(d —m)(dimgp E —2m + m(d — dimy E))
: , 0}.
d—m—m(d —dimg E)

< max {Z(d —m) —dimy E,

(i) If

dimg E > max {2(d —m), d — 2m = d},
m—1
then
dimge{y € R? : ygm(w” (E™)) = 0} = 0.

One can check that (i) matches the results above on the visibility problem with m = 1.
Also (ii) makes sense only if m > d /2.

To deal with (m + 1)-point configurations like Corollary 1.4, people used to consider
(m 4+ 1)-linear estimates. One example is the method in [5,6] that we shall discuss briefly
in next section. In our case, multi-linear means ¢ € Z, but for Corollary 1.4 we need
p = m + ¢ (see Section 8), whose associated ¢ may not be an integer. This explains
why our interpolation between multi-linear estimates gives a better bound than multi-
linear estimates themselves. We hope this will shed lights on other multiple configuration
problems in the future.

I do not know how sharp Corollary 1.4 is, or what to expect for m > 2. One could
follow the idea in [16] on the sharpness of the visibility problem (m = 1), to transfer
special cases to orthogonal projections via projective transformations. But then one should
check, not only the projected image has positive Lebesgue measure, but also each slice is
not contained in a lower dimensional affine subspace. This seems not easy.

Now we give the full table of p, g as the end of the introduction. Since p,q — oo as
sy, — d, our result covers all p,q € [1, c0).

Corollary 1.5. Suppose p and v are compactly supported Radon measures on R satis-
Jying
w(B(x,r)) S, v(B(x,r)) <r%, forallx € R4, r >0,

where 0 < s, <nand 2n —s, < s, <d. Then
(1.14) [ 1 11 Gy A < o0

if one of the following holds:
* 5, <2d —3n, and

2 —2n,0 - Su < 2n,
1<p< n ( n max{s, —2n }) _ s ”
n + max{2n —s,, 0} 2(d —su) 2+ 57% . S >2n,

1<¢g<

25y ( max{sy —2n,0}) _ ZnZ—f”S“ Sy <2n,
max{2n — s, 0} 2(d —su) ] oo, S > 2n.
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* 5, >2d —2n, and

Sp sy —2n

2n ( S+ sy —2n
n 4+ sy 2(d —su)

* 2d —3n < s, <2d —2n, and p and q lie in the region enclosed by

1<p<

, 1 <g<?2
) =4 * d—s,

1<p< 2n ( su+sv—2n)’
n+ sy, 2(d —su)
2sy
l<g< 25, ( max{s, —2n,0}> _ Znisﬂ’ S < 2n,
max{2n — s, 0} 2(d —su) 00, sy > 2n,
and
Sy —2d + 3n 2d —2n — sy,
T <n + d——.
11— g —1
n Sy

In particular, in the case p = q,

[ 1 11y A ) < o0

for every
2 Spt+sy—2n .
l1<p< {n-:% (1 + IZ(d—sM) )’ { } if su= 2d — 3n,
— 2 max{s,,—2n,0 .
n+max{2r}llfsu,0} (1 + 2(;,%‘) )7 if Sp < 2d —3n.

Organization. In Sections 2—4, we discuss in detail about different ingredients in our
proof, including analytic interpolation (Section 2), the newly defined s-amplitude and its
role in the dimension theory (Section 3), as well as some “trivial” estimates on orthog-
onal projections (Section 4). In Section 5-9, we prove our theorems and corollaries. In
Section 10, we compare between our setup and the estimate (1.3) of Dabrowski—Orponen—
Villa, and then give an alternative proof of (1.3) using our method.

Notation. X < Y means X < CY for some constant C > 0, X &~ Y means X < Y and
Y £ X,and X <, Y means X < CY for some constant C = C(¢g) > 0.

2. Preliminaries on analytic interpolation

2.1. The Hadamard three-lines lemma

Suppose f is a bounded analytic function in the strip {0 < Re z < 1}, continuous on the
boundary, and let

My := sup |f(2)] <00, Mp:= sup |f(2)] < oc.

Rez=0 Rez=1
The Hadamard three-lines lemma states that for every z € {0 < Rez < 1},
|f(Z)| S M(l;ez . Mll_ReZ.

There is a higher dimensional version of the Hadamard three-lines lemma. We give
the statement and a proof for completeness. One can also see, e.g., Lemma 3.16 in [5].
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Lemma 2.1. Let f(z1,...,z,) be an analytic function on C" and let ay, . ..,ar € R" be
real-valued vectors, k > 2. Suppose that for every j = 1,...,k,
sup |f(z1.. zn)| < 1.
(Rezy,...,Rezp)=a;
Then | f(z1,...,2zn)| < 1 whenever (Rezy,...,Rez,) € R” lies in the convex hull gen-
erated by ay, . .., ay.
Proof. The proof goes by induction in k. When k = 2, one can assume a; = (0,...,0)

and a, = (1,0,...,0). Then, by restricting f to the complex line C x {0} --- {0}, the
desired estimate follows from the one-dimensional three-lines lemma. For general k, first
by the inductive hypothesis on k — 1 we have | f| < 1 if (Rezj,...,Rez,) lies in the
boundary of the convex hull generated by aq, ..., ak. For (Rezy,...,Rez,) lying in the
interior of this convex hull, one can find a line segment containing this point with end
points in the boundary. Then, by restricting f to this line segment, the desired estimate
again follows from the one-dimensional three-lines lemma. ]

The Hadamard three-lines lemma was first announced in 1890s. It was introduced into
harmonic analysis in mid-20th century to bound norms of operators between L? spaces.
These techniques are still widely used today, including Riesz—Thorin interpolation, Stein’s
interpolation, and many others.

2.2. The Riesz potential
Our analytic interpolation is inspired by both classical ones and the work of Greenleaf—
Iosevich [6] and Grafakos—Greenleaf—losevich—Palsson [5]. Suppose ¢ € Cg° (R%), ¢ >0,
[ ¢ =1, define ¢5(-) := §74¢(-/5), and let

1o () = s ¥ p().
Then the Riesz potential,

7.[2/2

Ir'z/2)

is a smooth function in x € RY, initially defined for Re z > 0, that can be extended to
z € C by analytic continuation. It is well known that (2.1) has Fourier transform

@2.1) |- 79 % B (),

pd-2/2 .

s -z
o PO

in the sense of distributions, and in particular, (2.1) equals cgu® as a distribution when
z = 0. We refer to pp. 71 and 192 in [3] for details. Also, when z € (0, d) is real, the Riesz

potential is the same as the fractional Laplacian (—A)~%/2% up to a normalization which

is defined by the Fourier inverse of w8 (§)|£|72.
In [5, 6], geometric k-point configuration problems are reduced to k-linear forms

A(H’Sv ce v/*LS)’
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where p is a Frostman measure and A is a symmetric k-linear form. Take

].[21/2 ”zk/z
22) ®(z1,...,zk) = A B I L N b R
Q2 OC1 .z = Ay [T e )

as an analytic function on C¥. If 1(B(x,r)) < r®*¢ for all r > 0 and Re zi=d—s€
(0, d), it follows immediately that

@3) [ le= s )| < [ 1= duo <1

Therefore, |®(z)| can be reduced to a bilinear form

zj, /2 Zj, /2
(L |- |—d+2/1 * /«LS, TR |- |—d+2/2 * MS),
F(Zjl/z) F(ij/z)
where
k(d —s)
Rezj =Rez;, = s

We skip details here. One can read [6] or Section 6 below for a clue.

Since A is symmetric, the bilinear form estimate is independent in the choice of jy, 2,
which means the same estimate holds for (1;) non-proportional vectors (Rezq, ..., Rezg)
whose convex hull contains the origin. Hence estimates of

D0) = A’ 1%)

follow from the Hadamard three-lines lemma.

2.3. Remarks

There are some technical issues about [5, 6] to be clarified.

(i) Though (2.3) holds, one cannot conclude that the Riesz potential (2.1) is also < 1,
due to the unbounded factor |I"(z/2)|™!. To resolve this issue, we shall work with

w2 |- |—d+z
['(z/2)

2.4 p(x) =y (x) e s 118 (x),

with ¢ € Cg° (R?), nonnegative and equal to 1 on supp . The role of e” ? is to control
e - T7' (@) Sez 1,

as "1 is an entire function of order 1. It also guarantees the boundedness of | Mﬁ (x)| in
each strip {a < Rez < b}, necessary for the Hadamard three-lines lemma. The role of v
is to ensure the support of uﬁ (x) is compact.

(i) When Re z € (0, d), it is straightforward that

18 ()] e / I — R G () e b ().
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But we are not convinced that this relation can be extended to general z € C: the right-hand
side is not even guaranteed positive for Re z ¢ (0, d), because it is defined via analytic
continuation. In our argument below, we are super careful when taking absolute values of
possibly complex-valued ,ui, as we do not know how to compute the Fourier transform
of |u§ |. Readers can keep an eye on our timing of taking absolute values in Section 6.

3. Energy, amplitude, and dimensions of measures

For every Borel set E C R?, denote by M (E) the collection of nonzero compactly sup-
ported Radon measures on E.

The well-known Frostman lemma implies that, for every Borel subset £ C R? and
every s < dimyg E, there exists u € M(E) such that

w(B(x,r)) <r, forallr >0andall x € RY.

In fact,

dimyp E = sup {s :du € M(E) such that sup

X,r

M(B(f,r)) - Oo}’
r

We call
u(B(x,r))
Sup —

X r

the Frostman constant of u (of dimension s).
By direct computation, the above implies that for every s < dimg E, there exists
€ M(E) such that the s-energy

Is() :=/ |x — [ du(x) du(y)

is finite. Also
3.1 dimyp E = sup{s : 3u € M(FE) such that I;(u) < oo}.

In dimension theories, s-energy plays an important role due to its Fourier-analytic
representation (see, e.g., Section 3.5 in [15])

Is(1) = Ca / [AE) P ETIH dE = Ca [(=A) 9412,
In fact, Kaufman’s simple alternative proof of Marstrand projection theorem is just
[ etz dote) = [[ 7 drdote) = [[ 17w ardote

(3.2)
- / AE Pl d = ChLw.

So far, in the literature, all estimates on Frostman measures are written in terms of the
Frostman constant and the energy . But these are not enough for our analytic interpolation.
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For our use, estimates should hold with complex-valued ., or more precisely, ;Lﬁ defined
in (2.4). The s-energy works well with /Lgi thanks to its Fourier-analytic representation,
we have that, for € Cg° and ;Lﬁ defined as (2.4),

3.3) ls(Mi sw,d,s,Rez I5—2Rez ().
To prove (3.3), notice ug € Cg°, and therefore
L) = Ca [ W2@P 1617+ a

ezz d=2)/2
- Cdﬁ"r
(

d—12)/2)
< / [P 7282 [ (€ — )| dn |67 TS dE,

" | [ ot dentie - nan| 1674+ ag

where the implicit constant depends on ¥, d, s and Re z, but is independent in §. Then,
when [§] > [n]/2,

[ (6 — )l |EI74+ dg < lnl‘d“/ (€ — n)| dE < In=4+.

[&]>Inl/2

When |§| < |n|/2, we have |€ — 5| = |n|, and therefore

/ 10 E — )] 679+ dg sN/ & — ™Y (e dg < (14 DN,
[&l<Inl/2 [E—n|Z|n|

where the last inequality follows from changing variables § = |n|¢. This completes the
proof of (3.3).

Though the s-energy is compatible with /,LSZ, there seems no easy way to deal with the
Frostman constant of /Lﬁ, namely

13 (B(x. 1))
sup ————-
x ré
This is why we introduce the s-amplitude defined in Definition 1.1. This definition is very

natural. In fact, (3.1), the connection between dimg E and I5(1), is built upon A (1) < oo
(see, for example, Theorem 2.8 in [15]), that immediately implies

dimg E = sup{s:3Ipu € M(E), As(n) < oo}.

However, there seems no further discussion about this quantity in the literature.

Unlike Frostman constant, one can expect the s-amplitude to act on uﬁ, due to the
semigroup property of the Riesz potential (see, e.g., p. 48 in [10]): heuristically, if 0 <
s —Rez < d, then

w2 aes s\ | 7 —s —d+z 8
As(pry 1T ) = g 7w 1w
e gd+2)/2 1 (d=s). (=2
— ( 2 ) ( 2 ) 'H|'|_S+Z*M8”Loo

L(3)-T(4%5)-r(=52)
(3.4) = Ca’,s,Rez : As—Rez(,Uvs)'
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To make this heuristic argument rigorous, some functional analysis is required. For sim-
plicity, we keep (3.4) in mind and write our proof in Section 7 in a slightly different way
to avoid tedious discussion.

It is routine to consider ? first and take § — 0 at the very end. One can check that all
implicit constants below are independent in §. From now, we write 1 for u® for abbrevia-
tion, and assume p has continuous density.

4. Trivial estimates on orthogonal projections

4.1.

The finiteness for p = g = 1 is trivial. In fact, for every finite measure p of continuous
density, we have

4.1) /eru(V) dyan(V)~ 1, forally ¢ supp .

This also implies that for @ of singular support, one can define 7”x as a measure on
G(d, n) by taking the weak limit of a subsequence of % ;8. However, as we mentioned
at the end of the previous section, it is more convenient to take this limit at the very end,
after all estimates are proved. So we continue working with & of continuous density.

For the proof of (4.1), since y4 , is induced by the Haar measure 6, on the orthogonal
group O(d), by its invariance

/ 7 (V) dygn(V) = [ / W+ g (.0)) dx' dby (g)
o) JR»

= / / /Oou(y +g-(ro,0) r" Vdrdodb,(g)
o) Jsr1Jo
[ oo( / KO + g+ (0,0)) dba(9)) " dr do

Sn 1| el
|Sd 7 u(y +ro)r* " drdo

|S" 71
s
As a consequence, if supp u and supp v are disjoint,

// 7wV dyan(V) dv(y) ~ 1

(4.2) w(y +x)|x|"4 dx ~ 1.

4.2

The trivial estimate (4.2) looks perfect and there seems nothing more to discuss. But here
we would like to present another trivial estimate of

[/ 77 (V) dya (V) dv(y)

that inspires our argument below.
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Assume both p and v have continuous density. Then, by the definition of 7 (V)
(see (1.5)), withs +¢ =2n and s > n,

// 7 w(V) dyan(V) dv(y)
= f/ my p(u) - wyv () dH" () dya (V)

- 1/2 —(n—
<(f [ e dg danm) I8 vl
G(d,n) JR?
@3) =C- 1w -1} ).

The second line of (4.3) follows because in general, given @ € (0, n),

) [ re=[ Fi= [ Feler gk
. ~ 1/2
([ 1F@PErag)” 1-a" sl

The last line of (4.3) follows because for arbitrary but fixed Vy € G(d, n),

// TR 1% dE dya (V) = / T )2 (£l dE dba(g)
(4.5)

- / / A2 (£l dJen ) dba(g) = [ / A(2E)2 [E1% dIe™ ) dba(g).
gV() Vo

which equals a constant multiple of 7,44 (1) by applying polar coordinate on V, and
integrate in 8 first as in (4.2).

The estimate (4.3) looks useless, as we already know it is ~ 1 even if the energy
blows up. However, it inspires our proof in Section 5, which is the beginning of this
project. We hope that presenting this “trivial” estimate here would help readers have a
better understanding of this paper.

5. Thecaseq =1

We start our proof with ¢ = 1. This is also how we discover jumps of p ats + ¢ = 2n.

Proposition 5.1. Suppose v is a complex-valued C§° function on R4, v is a compactly
supported measure on R, and 0 < t < n. Then

(5.1) / I il r G amy) AV () Sampa Tan—s (W) - I (0)'/?
for every
| < 2n
<
=P n—+t
Furthermore,

(5.2) / 172 1l Gy V() Sam Tn ()2 - L)V,
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By considering v * ¢ — v, we may assume v has continuous density. The reason we
work with complex-valued p is for the analytic interpolation in Section 7. It brings extra
difficulties, and even the case p = 1 is no longer trivial. More precisely, if we follow the
argument in Section 4,

/ 172 L Gy AV () = / [ 17 1V dyan(V) dv(y)
(5.3) Gd.m

- // )] - 30 () I () Ly (V).

getting stuck due to the absolute value symbol. The following argument overcomes this
obstacle, and eventually proves Proposition 5.1.
Now we start our proof. The endpoint case 1 = n, p = 1 follows directly from taking
2n

Cauchy—-Schwarz of (5.3). Sowe assume 0 < ¢t <nand1 < p < o < 2.

To estimate |7 || r(G(a,n)), | < p < 00, the most natural way is to consider

sp | [0y ) dyan ()]
171, =1

But this setup is not convenient to us due to the integral in dv(y) outside the supremum.
Instead, we take f to be the maximizer directly, namely,

sgn(z? w(V)) - |z u(V)[P!

p—1
||77y,u||Lp(G(d,n))

HWV)=fV.y)=

’

with Y (V)
_ K
sen(r? (V) = 1)

Then the mixed-norm in Proposition 5.1 is reduced to

. Xnyu(V);aéO(Vv y).

(54 [ #7800 109 dpanr v
with || f(, »)|»» = 1, forall y.
We first fix V, parametrize R? by (u,v) € V @ V= and integrate in v € V1 first.

Since 7¥ (V) = my u(my y) is a constant in each level set y € 71‘71 (u), the integral (5.4)
equals

65 [ [ ano( [ A0 da ) a6 draa (V).
Gd.n) Jv yen; ()
Denote
(5.6) F(Vou) = / FVy) v(y) dHd(y).
yeny; )
Then, similar to (4.3), the integral (5.5) is reduced to
/ / sy () F(Vou) 3" () dyan(V)
G(d,n) JV

< L2 (0 =8 " F | 2 geny -

(5.7
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The first factor is desirable, so it remains to consider the second. Since 0 < ¢ < n, it
follows that

1Ay 4 FE, = [ [ 1F0L0R 7 de dyan(V)
(5.8) ®
=Cyn.s /[/ lu—u' | P F(V,u) FV,u')dudu' dyg ,(V).

By the definition of F in (5.6) and again R? =V @ V1, (5.8) equals, up to a multiplicative
constant,

(5.9) // v (v = YO SV ) dv(y) £ (Ve y ) dv(y) dyan(V).

Now fix y # y’ and integrate over G(d, n) first. Since 1 < p <2and || f(-. y)|l,» =1
for every y, it follows that

I SC YN pw =1, forall y, y,
with 1 < p’/2 < oo. Therefore, by Holder’s inequality,

/ v 5 — O FVoy) £V y) dyan(V)

(5.10) oy
19y /(p']2)
= ([t = dya,m)

It is well known (see, for example, Theorem 3.12 in [14]) that (5.10) is integrable and

7t .
Sdnps |y =Y ift-(p'/2) <n.
After computation, this is equivalent to

2n
n+t’

p <

which completes the proof of Proposition of 5.1.

6. Thecaseq =k

Proposition 5.1 only works when p < 2. This is not satisfactory. In this section, we prove
results for large p. For technical reasons, both & and v have to be positive. See (6.5) in
the proof below.

Proposition 6.1. Suppose y and v are compactly supported Radon measures on R?, and
letk >2,0<t <nand0 < s,a < d be real numbers satisfying

6.1) s+t =2n4+2k—-1)(d —a).
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Then
(6.2) / 17 1§ o i@y 4V D) Sampiese Is()? - Ag)F=" - 1,(v) /2
for every
1< p< 2nk
=P n-+t

Furthermore, when t = n,

6.3) / 177 1l b Gy D0 O Sdms s - Aa ()" - ()2,

As G(d,n) is compact, we may assume p > k and denote py := p/k > 1. Write
J 12 1l s @90 = [ 16104 et 0tamy dv ).

We shall study the pi-norm of the k-linear form H?=1 o, with u; = p.

If one repeats the argument in Section 5, there is an obstacle that (4.4) does not
work for multi-linear forms. To overcome this difficulty, we take ideas from Greenleaf—
Tosevich [6] and Grafakos—Greenleaf—Iosevich—Palsson [5], that are already sketched in
Section 3. Compared with their multi-linear estimates, our case is more subtle because of
the mixed-norm. We should be super careful, especially on the timing of taking absolute
values.

Now we start the proof of Proposition 6.1. Again we assume both x and v have con-

tinuous density. With u; = u, j = 1,..., k, similar to Section 5 it suffices to consider
k
(6.4) [ TL= w01 709 dvanvy v,
j=1

with | 9 = 1.¥ .
Let Y € C§° (R?) be nonnegative and equal to 1 on supp /i, and define

k
01z i= [[ T1#ms, (V) V3 dvaa (V) dv(y)
j=1

to be an analytic function on C*, where Wz (x) is defined as in (2.4). Similar to Section 5,

since 7y (4, is a constant in each level set n;l (1), one can write ®(zq,...,2x) as
y d—n
[ [ sy [ T] s 0 £ v a0 )
G(d,n) JV yen;l(u)j¢j0

xdH" (u)dyan(V),
for arbitrary jo € {1,...,k}. Take

Rezj =d —a forj # jo, and Rezj, =-— Z Rez; = —(k — 1)(d — o).
J#Jo
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Since p is positive,

T2 /2
69 iy 001 = [y Ty [T S Ao, foral £ o
Denote
66 FWayi= [ ]2 0) SV ) v0) AR ).
yemy () joj

Then, as in (4.3) and (5.7),

|®(z1, ..., 2)| = ‘ // 7yt () F(V,u) du dV

< Lt (z) 2 |(=A) 4 F | o

6.7)

By (6.1), we have
2n—t =s5—2(k —1)(d —a) = s +2Rez,
so by (3.3), the square of the first factor is
Ion—t(pz;,) St Don—t—2Rez;, (1) = Ls(),

as desired.
It remains to estimate the second factor in (6.7). Now we can feel free to take absolute
values. By (6.6) and (6.5),

68)  |F(V.u)] Sd.adiumuonsoy Aa (1) - / V) v () d4 ().

yerytw)

Then the special case (6.3) follows quickly: when + = n and pr = 1, we have that
| f (G, ¥)|lLe = 1, for all y, and therefore

IF llz2nsya,y S AaG) ™ I vlizaensy,,y S Aa()* ™ - I(v)'/2,

as desired.
We now prove (6.2). When 0 < ¢ < n, as in Section 5, we write ||(—A)_(”_’)/4F||1242
to be
[ 1E0 e e dg dyanv)
6.9) R
= /// lu—u'| " F(V,u) F(V,u')dudu' dV.

By plugging (6.8) into (6.9), we obtain the upper bound

426D ). /// v = ) LA dv ) L Vo) o) dyan(V).
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The rest is the same as Section 5, and eventually gets to

2n
k=pr < .
plk=pi<- i
As jo € {1,...,k} is arbitrary, the estimate holds for k non-proportional vectors
(Rezy,...,Rezx) € RF whose sum equals 0. This implies the origin lies in their con-

vex hull. Hence by Lemma 2.1,

k
0O = [] T2 w0 703 dran V) dv)| 1) 2 4G4 1,002,
j=1

that completes the proof of Proposition 6.1.

7. Analytic interpolation

The previous sections already constitute an interesting paper. One can even prove a weaker
version of Corollary 1.4 from Proposition 6.1 as a geometric application. But if we com-
pute the range of p for

e LP(G(d, n)),

there is something strange. Suppose u and v are Frostman measures satisfying
w(B(x,r)) < r%, v(B(x,r)) <r*, forallx € R? andallr > 0,
with 0 <5, <n and 2n — s, < s, < 2n. It follows from Propositions 5.1 and 6.1 that
a’u(V) e LP(G(d,n)), forsome y € suppv,

for every

(7.1) 1<p< 2nk
. max ,
=P S 3 s 20— )(d — s

where k is taken over all positive integers satisfying
(7.2) S+ sy =>2n 42k —1)(d —su).

By solving k from (7.1), we see that when s, < 2d — 3n we should take k as small as
possible, that is, k = 1, while when s, > 2d — 3n we should take k as large as possible,
that is, by (7.2),
k=14 [su+s,,—2n]’
2(d —su)
where [-] denotes the integer part. This means the range of p has jump discontinuities at
each %(SM + sy —2n)/(d — s,) € Z4. We have seen in the introduction that jumps at
sy + 8y —2n = 0 do exist. However, there is no evidence to support jumps elsewhere.
We would like to drop the [-] symbol for a wider range of p. As we commented right
after (1.8), traditional interpolations only on p and ¢ do not help. To make it, we introduce
a new technique that also interpolates dimensions of measures. For technical reasons, one
cannot interpolate between the estimates in Proposition 6.1 directly. We have pointed out
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that both p and v there have to be positive. In fact, for the proof of Theorem 1.2, readers
can skip Section 6 and read this section directly. However, without Proposition 6.1 and the
observation above, there is no way to know what to prove. For later use of this mechanism,
one can first obtain an analog of Proposition 6.1 on the scratch paper, and then prove
desired estimates by arguments below.

We shall see how s-amplitude helps us, and why we consider s and o to be possibly
different in Proposition 6.1.

Proposition 7.1. Suppose y and v are compactly supported Radon measures on R?, and
letO0<t<n 0<s,a<dands +t > 2n. Denote

(7.3) qg:=1+
Then
(7.4) f 17 1202 i@y AV D) Sdmpsia 12 (0) - Aa(w)?™" - 1, ()2

for every

2nq 2n s+t—2n
7.5 1<p< = )
(75) =2 n+t n+t(+2(d—a)

Furthermore, when t = n,

(7.6) / 17 102 4 G amyy AV ) Sdmsa LsG)'? - Ag ()T - Iy (n) V2.

The case ¢ = 1 is already done in Proposition 5.1. So, as # < n and the integrand is
compactly supported, we may assume p > g > 1.
It suffices to consider

/f T (V) - F(V. ) dyan(V) §(7) dv(y).

with || /(. »)lL» = 1, forall y, and [|g]| ¢,y = 1.
For every z € C, let

S, =84+2z, o,=a+z,

_1+sz+t—2n_2(d—(x)+s+t—2n P
== T %d—a) T 2d-a-z = T
Then we make the following observations:
® S0 =95,00 =&, 4o =(g, Po = P;
e Forallz € C,
sz +t=2n+2(q;—1)(d —az),
and particularly,
7.7 SRez +t =2n+2(k —1)(d —orez), ifq, =k € Z4;

e both 1/p, and 1/q; are linear in z.
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The linearity of 1/p, and 1/¢g, in z is important to us, because it guarantees that
le1/Pz| = el/Prez gand |e1/4z] = e1/dRez,

Now take
() = // 21z (V) - o (Vey) dyan(V) g:() dv()

as an analytic function, where p is defined as (2.4),

f(Voy) i=sen(f) - | £(V, )P A7YP) and g, (y) = sgn(g) - |g(y)|4 171/92),

Since both 1/ p; and 1/g, are linear in z,

12 o) ey =[1£ Gy PO me)
= H |g|q/(1_1/qRez)

.y =1, forally,
(7.8) L(PRez)

/ =

. Lt

Heuristically, if Proposition 6.1 could be applied to w., it would imply that for each
dRez € Z+9

|D(2) |9 < Ig/2 (12) - Area, ()T 1 - I (v) /2

Res;
(7.9) S Ires—22) ()7 - Are(oa—n) (7 L, ()2
= 10" Aa o™ 1 ()12,
Recall that ¢ > 1 and that 1/¢; is linear in z. So gg., is monotonic in Re z, and there

must exist a; < 0 < as such that q4,, g4, € Z 4. Therefore one can apply the Hadamard
three-lines lemma to the analytic function

D(z2)
IS(M)I/(Z‘IZ) . Aa(ﬂ)l_l/qz . ]t(v)l/(ZCIz) ’

whose absolute value is < 1 when Rez = a; < 0 and Rez = a, > 0. Consequently,

1D(0)] < Is() @D - Ay ()14 1, (1) D,

as desired.

In the following, we make the estimate (7.9) rigorous.

First consider Rez = —(s + ¢t — 2n)/2 < 0. In this case, gr., = 1. Then by Holder’s
inequality, (7.8), Proposition 5.1, and (3.3),

00| < / 172 ez e (G AV () < Tress ()2 - T, ()12

Sdsrez Is()'? - I, (v)'/2.

We also need estimates with Re z > 0. Since gg.; — 00 asRez — d —a > 0, there
exists Re z > 0 such that gg. ; is an integer k > 2. Recall we have assumed p > ¢ > 1, so
PRez > qrez = k. In this case, by Holder’s inequality and (7.8),

@) < / 17 1 W e Gamy V)

- // 7 (V) -7 (V) - h(Voy) dyam(V) dv(y).
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where
12C, V) orezrey = 1, forall y.

Fix z. Our intuition for the next step is to follow the idea from the previous section to
consider

k
J] TL# oy )1V 3y i v
j=1

With the semigroup property (3.4) in mind, one should expect (uz)w; = Hz4w; Up to a
complex-valued factor. However, as we explained after (3.4), this requires some functional
analysis. To make the proof simpler, instead we directly consider

k
Watwnonwg) = [ TT e (V) BV ) dva (V) d (),
j=1

that is analytic in C¥, because by our definition of s, in (2.4), the integrand is compactly
supported. For an arbitrary but fixed 1 < j, < k, take

Rew; =d —Rea;, forj # jo, and Rewj, =— Z Rez; =—(k —1)(d —Reu;).
J#Jjo
Then, with
F(V,u) := [« V)h(V. djed
Ju) = » 7 (zw) ) (V) RV, y) v(y) ),
yemy ) oy
we can write |V, (wq, ..., wg)| as
| s g - FOVa0 a3 ) dyan (V)
G(d,n) JV
< Dont Bz ) /2 - 1(=8) "4 F | 2
< Dn—t-aRe(eugy) (107 - [(=8) "4 F o,

where the last inequality follows from (3.3).

Due to grez = k, (7.7) and our choice of wj,, the first factor equals /g (;1,)1/2, as
desired.

It remains to estimate the second factor. We shall need the observation that

(7.10) ”l’Lz”LCX’ < Ad—Rf:Z(l’L)7 if Reze(O, d),

where the implicit constant is independent in Im z. See (6.5) above for the proof.
When ¢ = n, it follows immediately that

IF |22 xya ) S Aretaz— WO Iy vl 2gensy,,y S Aa(w) - Li(w)/2,

as desired.
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When O <t <n,

[(=A)~ =D/ F |2, = // lu—u'|* F(V,u) FV,u') dudu' dV
< 400,00 [[[ et = ) o) I v dya ()

= 420G - [[] 1y = O IV 00 IV 00 (V).
The rest is the same as Section 5. We omit details. Eventually, it ends up with

W, (wr, .. wi)| < L) ? - A () - 1, (0)2,

where the implicit constant is independent in the choice of jy. By (3.3) and (7.10), this
implicit constant is also independent in Im w and Im z. Therefore, by Lemma 2.1, when
gRez = k>2,

|D(2)[T: = |W,(0)] < Is()"/? - Ag ()71 1, (v)1/2,

where the implicit constant is independent in Im z.
Now we have estimates of |®(z)| at hand, for both positive and negative Re z. Hence

| D)7 < ()2 - Ag ()41 - I, (v)1/?

by the Hadamard three-lines lemma again, which completes the proof of Proposition 7.1.

8. Proof of Corollaries 1.3 and 1.4: Optimize the range of p

To finally go from Proposition 7.1 to Theorem 1.2, it remains to broaden the range of ¢. We
leave it to the next section. In fact, Proposition 7.1 is enough for Corollaries 1.3 and 1.4,
as we should ignore ¢ for the maximal possible p.

Proof of Corollary 1.3. Since we need

s+t—2n

=1 —>l7
qo0 +2(d—ot)_

the assumption s 4+ ¢ > 2n is required. Also, for the finiteness of I5() Ag (1) and I, (v),
weneed 0 < s, <5, and 0 < ¢ < s,. Therefore, the maximal p equals, up to the end
point,

@.1) 2n (1+s+t—2n)
. su .
OSS,aPSsM n—+t 2(d — @)
0<t<s,
s+t >2n

The assumptions 0 < s, < n and 2n — s, < 5, < d ensure the supremum is well
defined, namely not taken over an empty set. As parameters lie in a compact set, the
supreme can be attained, say at so, &tg, o-
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Notice that, for every fixed ¢, the critical p is an increasing function in s and «. There-
fore so = a9 = 5. To find 19, write

2n ( su+t—2n) djsu( 2d—3n—sﬂ).

n+t 2(d —su) - n+t

To make this quantity large, one can see that, when s, > 2d — 3n, we should take fy as
large as possible, namely 7y = s,; and when s, < 2d — 3n, we should take fy as small as
possible, namely fo = max{0,2n — s, }. This completes the proof of Corollary 1.3. ]

Proof of Corollary 1.4. When m = 1, it matches previous result on the visibility problem,
So assume m > 2.

Let F C R¥ denote the exceptional set. First we may assume E N F = @. This is
because for every ¢ > 0, one can find disjoint compact subsets E;, E, C E satisfying
dimy E;,dimgp E, > dimg E — ¢ (see, e.g., p. 59 and Theorem 8.13 in [14]), and then
consider 7y, (ET") if y € E> and 7y, (EJ") if y € E.

Next we point out that F is Borel. This follows because one can define y;4 , by count-
ing the number of almost disjoint §-“cubes” in the covering (like the Lebesgue measure),
which implies the set {y € RZ\ E : Yd,m (Y (E™)) > &} is Borel for every ¢ > 0.

Now we consider Frostman measures v and v on E and F, of exponents s, and s,,
respectively. It suffices to show that when s, is large enough, then there exists y € F such
that y4 ,,(w” (E™)) > 0, contradiction.

To prove our result, we shall consider the push-forward measure induced by the map

Dy (x1,....xn) =Span{x; — y,...,xpn — y} € G(d,m).

However, the map ®,, is not well defined for arbitrary x1,. .., X, because the vectors x; —
Y,...,Xm — y may be linearly dependent. Fortunately, as in either case of Corollary 1.4
one has dimgp E > d — 1, we may assume dimg E > d — 1. Then there exist compact
subsets Eq, ..., E, C E such that u(E;) > 0, for all i, and no m-tuple (x1,...,Xy) €
Eq x---x E,, lies in a m-dimensional affine subspace. This guarantees the map ®,, is well
defined on Eq X --- x Ep,, for all y € F. We can also conclude that ®,, has no critical point
on £y x ---x Ey,. This is convenient to us when changing variables later. For its proof,
just consider the action of the orthogonal group on a neighborhood of E X --- x E,,.
From this point of view, if there exists a critical point in this neighborhood, then every
point in this neighborhood is critical, which implies ®,, is a constant map, contradiction.
Denote ; = u|g; and define a measure @y (1g X -+« X fi,,) on ¥ (E™) by

/f(W)dcbywl x---xume)=/---/f(cby(xl,...,xm»dm(xl)...dum(xm).

Then, to show that y4 (¥ (E™)) > 0, it suffices to show the measure @y, (11 X -+ X fim)
has L? density for some p > 1.
By considering p * ¢5 — @, we may assume u has continuous density. Since ®,, is
regular and Eq x --- X E,, is compact, by the co-area formula we have
m

[0 ~ m? _ X m y 1y m

S x ) 0 ~ [gdaen =TT [ dsen < v

@' (W) i1 YW

Here ~ holds because ®, has no critical point.
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Therefore, to show @y, (41 X - -+ X W) has L7 density, it suffices to show

/ 2 (WP dygm(W) = / 7 (NP dya.am(V) < oo,

Denote p = mp.

To proceed, one could apply the multi-linear estimates from Proposition 6.1. However,
as we already observed at the beginning of Section 7, the range of p would have jumps.
This means one has to make s, and s, large enough to ensure the range of p jumps
across m. In other words, the g associated to p = m may not be an integer. This explains
why our interpolation between multi-linear estimates gives a better bound than multi-
linear estimates themselves. We hope it will shed lights on other multiple configuration
problems in the future.

To finish the proof, we invoke Corollary 1.3 with n = d — m, and check when the
range of p covers m = d —n.Recall 0 < s, < n and s, + 5, > 2n are always required.

We first prove (i) in Corollary 1.4.

Since s, > 2d — 3n, we need to solve

2_”(1 M)>d_n_
ot sy 2(d —s,,)

This can be reduced to
(8.2) n+sy)(n—(d —n)(d —s,)) > n(s, —2d + 3n).

Since n + s, < 2n is required, (8.2) has a solution only if
1
n—(d—n)(d—s,) > E(SM —2d + 3n) > 0,

equivalent to
d—n _ m
2(d —n)—1 2m — 1

Then we solve for s, from (8.2) to obtain

n(sy —2(d —n) + (d —n)(d —s,)) . (d —m)(sy, —2m + m(d —s,))
n—(d—n)d-—su) N d—m—m(d —s,) ’

Sy >d—

(8.3) sy >

which completes the proof of (i) in Corollary 1.4. One can check that the right-hand side
of (8.3) is non-negative unless
d—2n 2m—d

d———=d—
Sw = d—n-—1 m—1

Now we turn to (ii) in Corollary 1.4.
When s, > 2d — 3n, it follows directly from taking the right-hand side of (i) to be 0.
So we assume s, < 2d — 3n. Since s, > 2n, by the second part of Corollary 1.3, we need
to solve
2+ Su = 2n >d—n,
d—s,
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which is equivalent to

o d d—2n 2m —d
K - =d - —,
H d—n-—1 m—1
that completes the proof.
There is one case we did not discuss, that is when s, < 2d —3n and s, < 2n. This is

because in this case we need )
n

3n—s,

>d—n,

that has a solution only if n = d — 1, namely m = 1, already ruled out. ]

9. Proof of Theorem 1.2 and Corollary 1.5: Broaden the range of ¢

Since both G(d, n) and supp v are compact, for every pair p, g in Proposition 7.1, the
estimate also holds for smaller p, g. So it remains to prove results for large g. Theorem 1.2
is a summary of Proposition 7.1 and the following.

Proposition 9.1. Suppose p and v are compactly supported Radon measures on R4, and
letO<t<n O<a<dand2n—t <s <d. Denote

s+t—2n

Sk
o=+ 50w

Then
9.1 / ””yllv”‘[{p((;(d’n)) dv(y) <dn,p.s. ISI/Z(I/L) : Aa(//v)q_l : Amax{t,ﬁt)(v)

for every

- 4 1< <2nq0 2n ( s+t—2n>
an = .
7= =Pt T 2d —a)

Furthermore, when t = n,

2qq

9.2) / ”nyu'”Zq(G(d,n)) dv(y) Sdang.s Is(ﬂ)l/z : Aot(:u)q_l : Amax{t,iz}(‘))'

The proof goes by analyzing those right-hand sides in Proposition 7.1. We do not need
totreatt = n and 0 < t < n separately.
It suffices to consider

/ ||7Tyli||Z°p(G(d,n)) g(y)dv(y), for ”g”L(q/qo)’(v) =1

When ¢ < 2qg, we treat g as g € L2. So we may assume ¢ > 2¢o. By Proposition 7.1 it
is bounded above by

120 - AT - 1 (1g) dv)'/2,
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Now it remains to estimate

1 (lg] dv) = / 1y — ¥ g dv(y) 1g ()] dv(y).

Letr := q/(2q0) > 1. Then the relation

1o, (; _ )
r (@/q0)"  q/q0
is satisfied. Denote
Ky.y)=1ly-»yT"
as the kernel. By definition of A, we have

,
([ 1K0r avm)” = ([1K00r avm)” < 4,00

Then, by Holder’s inequality, the fact || g]|| L@/aoY (yy = 1, and Young’s inequality,

[[xosmiamisonao | [kookwian],,,  <A4m0"

as desired.

Proof of Corollary 1.5. Tt follows directly from Theorem 1.2.
We first consider the special case p = g. Observe from Theorem 1.2 that lifting ¢ from
qo to 2qo does not change the finiteness. Then, since

P < % < 2qo,

it follows that lifting ¢ from g¢ to p does not influence the optimal p, that is Corollary 1.3.
Now we consider general p,g. We need to find all p, g € [1, co) such that, there

exist s, o and ¢ satisfying

q 2nqo
0<s, o<sy, O<max{t —t}<sv, s+t>2n and p< ,
240 n—+t
where
_1+s+t—2n
0= 2(d — @)

Since both p, g are increasing in s and ¢, up to the end point we may take s = o = sy,
for large p, g. Then conditions above are equivalent to

max{2n —s,,0} <t <s,,

and

< 2n (1+su+t—2n) n (1 2d—3n—s,¢),

n+t 2(d —su) :d—su n+t

2s Sy +t—2n K 2d —2n —s
(14 £ =" (1 2).
(1+ 2(d—su)) d (1+ : )

(9.3)

q <
_SM
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When s, < 2d — 3n, both p, g are decreasing in #, so for large p, ¢, we should take ¢
as small as possible, namely ¢ \ max{2n — s, 0}. Therefore, the range of p, q is

- 2n ( max{s, — 2n,0}) B 3"2+Su’ S < 2n,

P=uy max{2n — s, 0} 2(d = sp) )2+ sﬁ__j:, Sp = 2n,
- 258y (1 max{s,, — 2n,0}) _ %, S < 2n,
max{2n — s, 0} 2(d —s,) ] oo, S > 2n.

When s, > 2d — 2n, both p, q are increasing in ¢, so for large p, g we should take ¢
as large as possible, that is, ¢ s, . Therefore, the range of p, g is

2n ( sM~|—sv—2n) S+ sy —2n

—_— 2
n 4+ sy 2(d —su) s

<

P d—s,
When 2d —3n < s, < 2d — 2n, p is increasing in ¢, while g is decreasing in ¢, so
there is a relation between p and q. By solving for ¢ from (9.3), we end up with the region

enclosed by

1<p< 2n ( su+sv—2n)’
n+ s, 2(d —s,)
l<g< 25, ( max{s,, —2n,0}) _ 23?%’ sp < 2n,
max{2n — s, 0} 2(d —su) 00, Sy > 2n,
and
Sy —2d +3n 2d —2n — sy
—_—<nt— n
1— dfs,,‘p d*S;Lq 1
n Sy

10. An alternative proof of Dabrowski—-Orponen-Villa

When p = v and p = g, Orponen’s formula says

1
[ 1 11y A1) = [Tyl oy eV

Then it is natural to ask whether Proposition 7.1 covers (1.3). The answer is unfortunately
no, due to the constraint 0 < ¢ < n. In general, this condition 0 < ¢ < n cannot be relaxed.
Technically, we need (5.8) and (6.9) to come back to the physical space and integrate in V.
Geometrically, if our results hold for some ¢ > n, then s is allowed to be < n, contradicting
the visibility problem in R”*1.

Despite this, it does not mean our method is not strong enough. In fact, when p© = v,
there are extra symmetries. With ideas from previous sections, it is straightforward to
recover (1.3), with a more delicate upper bound.

Proposition 10.1. Suppose i is a compactly supported measure on R%, and let 0 < s,
o <dand?2 < q < oo be such that

(10.1) s=n+(q—-2)d—a).
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Then
(102) [ 1 e eny V) S 1000+ Aalir

Moreover, for every2 < q < p < 00,

(10.3) [ 121 ny @Pan (V) S 1000 Aalr ™,
with
(10.4) s=n+(q—2)(d—a)+n(1—1).

p

When s = «, the condition (10.1) becomes

s—n _2d—n—s
d—s  d-s

qg=2+ ,
that coincides with (1.3).

There are two ways to obtain (10.3) from (10.2): run interpolation on p, g with (1.7)
as in the introduction, or invoke the Sobolev embedding directly:

(10.5) / 7y Lo ey AV (V) 5 / I(=2)2 Py |9y gomy dYan (V)

and then run the argument below. We leave details to readers. From now, we only consider
the case p = gq.

As the idea is already explained clearly in Section 7, we decide to skip computations
on the scratch paper and present the rigorous proof directly. Readers can follow the expla-
nation in Section 7 to figure out where the exponents below come from.

Now we start the proof. It suffices to consider

// v ) - f(Vou) dH ) dyan (V). for | f e = 1.

For every z € C, let

- 2(d — —
s, =842z, o=a-+z and qZ:2_|_SZ ”: ( a) + s n.
d—(xz d—Ol—Z
Observe that
* So=8,00 =0,4do0 = (¢,
e Forallz € C,
sz =n+(q: —2)(d — ),

and particularly,
(10.6) SRez =N+ 2(k —1)(d —arez), ifq; =2k € 2Z4;

e 1/q, is linear in z.
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Now take

o) = [[ wvie - (Vo a3 ) dyan(V)
as an analytic function, where (., is defined as (2.4), and

£V, y) :=sgn(f) - | f(V, y)|9 A~V are2)

Since 1/q; is linear in z,

"(1-1
1ol paresy = |19 A1/ are2)

When Rez = —(s — n)/2 < 0, we have ggre, = 2. Then by Cauchy-Schwarz, the
classical L?-estimate of orthogonal projections, (3.3) and (10.6), it follows that

=1

L(qRez),

|q>(z)|2 = ||7TV,U«Z||22 = In(pz) < Ls(p).

For positive Re z, notice that gg. ; — 00 as Rez — d — o > 0. Therefore there exists
Re z > 0 such that gr.; = 2k > 4 is an even integer. Then

@) < / v =125 dyan(V) = // oy by - Ty B+~ WYty - Ty T

By our definition of w, in (2.4), one can easily see that ;t; = us.
Fix this z and let

Y, (wi, ..., wak) i= // Ty (Kz4wy) TV (2 4wy) TV (ztway) = TV (Hz 4wy )

that is analytic in (w1, ..., wsr) € C2¥ as z is fixed and the integrand is compactly sup-
ported. For arbitrary but fixed ji, j» € {1,..., 2k}, take

Rew; = Rewj, = —(k —1)(d —Rew;) and Rew; =d —Rewa;, forj # ji.j2.
Then, similar to (6.5) and (7.10), for every j # j1, ja,

”ﬂz-ﬁ-wj [l Lo, ||/"L2+w1‘ [| Lo SRezRew; Ad—Re(z+w)) (W) = Aa ().

Therefore, |V, (w1, ..., Wyt )| is bounded above by

||7TV(/'Lz+wjl)||L2 . ||7tv(,u5+wj2)||L2 . Ai(k_l)(ﬂ)
1/2 1/2 2(k—1 _ et
R I"—2R6(2+wj1)(u) ) In—ZRe(z-i-wjz)(/'L) - Ay )(M) = I(n) - Aa( )(M)-

As ji and j, are arbitrary, by Lemma 2.1,
(10.7) |®(2)[7% = |W,(0)] < To(p) - ALRT (),

for every even integer gre; > 4, where the implicit constant is independent in Im z.
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Now we have estimates of |®(z)| for both positive and negative Re z, with implicit
constants independent in Im z. Hence, by the Hadamard three-lines lemma,

D)7 = [W,(0)| < Is(1) - AL (1),

that completes the proof.
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