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On the interpolation of the spaces
WHLRY) and W (R¥)

Eduard Curca

Abstract. We study some properties of spaces obtained by interpolation of the Sobo-
lev spaces wk1 (Rd) and W! ’°°(Rd), where [ and r are nonnegative integers, and
d > 2. We are concerned with the standard real and complex methods of interpola-
tion. In the case of the real method, an old result of De Vore and Scherer (1979) gives
that
WELRD). WEORD))g 5y = WHPO (RY),

where 6 € (0,1) and 1/pg = 1 — 6. We complement this result by considering the
case [ # r. We prove that, when / # r,

(%) WHLRY), Whe(RY))g,, = BTI(RY),

where 0 := (1 —0)[ +0rand 1/qg =1—0,ifandonly if/ —r € R\ [1,d]. Also,
we prove a similar fact when whl s replaced in (*) by a space W*P where s # r
is a real number and p € (1, 00). Several other problems like the boundedness of the
Riesz transforms on interpolation spaces are also considered.

In the case of the complex method, it was proved by M. Milman (1983) that, for
any 1 < p < o0,

(x%) WL R, whP(RY))y = WP (RY),

where 1/pg = (1 — ) + 6/ p. We show by simple arguments that (x*) fails when
p =ooand!/ > 1, answering a question of P. W. Jones (1984). As an immediate con-
sequence of these arguments, we show that certain closed subspaces of (C (Td))N
(with N € N*) that are described by Fourier multipliers are not complemented in

(C(Tn.
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1. Introduction

In this paper, we study interpolation properties of classical function spaces such as the
Sobolev spaces W5?(R?), where / is a nonnegative integer and p € [1, oo]. Here, as
usual, W5?(R9) is the space of all distributions f on R¢ for which the quantity

1 Iwes == £ e + IV fllzs

is finite.

We will first consider the real interpolation method (for details, see Chapter 3 of [5] or
Chapter 5 of [4]). Recall that for a compatible couple (X, X1) of quasi-normed spaces,
given the parameters 6 € (0, 1) and g €[1, o], we define the interpolation space (Xo, X1)g,4
as being the quasi-normed space of all the elements f € X¢ + X; for which the quantity

* _ dt\1/a
o, = ([ 67K X0, x5

t

is finite, where K; is the K-functional, defined by

K (f. Xo, X1) == inf{| follx, + 2l /1llx, | f = fo+ f1),

for any t > 0.

In 1972, De Vore and Scherer [14] explicitly computed the K-functional that corres-
ponds to the couple (W', W) where / is a nonnegative integer. This allowed them to
interpolate between the Sobolev spaces W4 -?i in the case where Iy = [; = [. Indeed, by
reiteration, it suffices to have the interpolation result in the case po = 1, p; = oo:

(1.1) WELRY), Who(RY))g , = WH(RY),

where 1/g = 1 — 0 (see also Corollary 5.13 in [4]). The arguments used by De Vore and
Scherer are based on a careful analysis involving combinatorial ideas and spline-functions
techniques. For a proof based on the Whitney covering lemma, see Section 5 in Chapter 5
of [4]. (For a version of (1.1) on more general domains, see Theorem 9 in [27].) Also,
Bourgain (see Theorem 3 in [6]) gave a short elegant proof of (1.1) using the Calderén—
Zygmund decomposition and elementary interpolation theory.

On the other hand, we have the following result that corresponds to the case [y # /1,
po = p1 = p € [1, 0] (see Theorem 4.17 in [4]):

(1.2) (Whr@RY), WP (RY))g 4 = BII(RY),

for any ¢ € [1, oc], where @ = (1 — 0)ly + 61, and Bg’? is a Besov space. The proof of
this result is based on A. Marchaud’s inequalities [4], Theorem 4.4.

Note that the results (1.1) and (1.2) do not cover most of the cases where [y # [; and
Po # p1. In the nonlimiting case, i.e., pg, p1 € (1, 00), one can use the characterization
of the spaces W'>?i provided by the Littlewood—Paley theory and prove that for any two
different nonnegative integers /¢ and /1,

(1.3) (Whoro R, Wit (RY))g, = B2 (RY),
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where o = (1 —0)lg + 0]y and 1/q = (1 — 0)/po + 6/ p1 (see Lemma 2.6 below). This
nonlimiting case is less interesting. More interesting are the limiting cases when at least
one of the parameters pg or p; equals 1 or co (and pg # pi1). Here, one cannot use the
same arguments as for (1.3). This is due to the fact that one cannot describe efficiently
spaces as W/ and W' by means of Littlewood—Paley theory.

The interpolation problem in the limiting cases was partially solved in 2003 by Cohen,
Dahmen, Daubechies and De Vore in [11]. (In fact, some partial results were proved
earlier. See, for instance, [12].) They proved that, as long as p € (1,00) and s € R \
[1 —1/p’, 1], we have

(1.4) (BV(RY), BS?(RY))g,4 = BT (RY),

whereo = (1—0)+60sand 1/qg =1—6 4 6/ p.Itis not hard to see that in this result we
can replace the spaces BV with the Sobolev space W 1! and, since By> = W"2 when r
is a nonnegative integer, we obtain

W RY), Wr2(RY))g,, = BI4(RY),

whereo = (1—0)+0rand 1/g =1—6 + 6/2 as long as r = 0 or r > 2. With this
we have at least one result in the limiting case po = 1 that cannot be covered by (1.1)
and (1.2). The interpolation result (1.4) relies on an “almost” characterization of the space
BV by means of wavelets. Note that unlike the Besov spaces or the Sobolev spaces W7,
for p € (1, 00), the space BV does not even have an unconditional basis (see, for instance,
the discussion in the introduction of [11]). Hence, it cannot be completely described via
wavelets. However, the partial description provided by the authors of [11] is sufficient for
establishing the interpolation result in (1.4).

All the above interpolation results remain true in the case of the corresponding homo-
geneous spaces.

In what follows, we will study the interpolation spaces (Xo, X1)g,, where at least one
of the spaces X is of the form Wl or W where [ and r are different integers. As we
have seen, the cases where the differential regularity of X coincide with the differential
regularity of X are well studied. Hence, we will consider only the case where X, and X;
are of different differential regularity. We will also consider the homogeneous versions of
the function spaces and in some situations, for the sake of simplicity, we provide proofs
only for the homogeneous version if the situation for the inhomogeneous case is similar.

Note that in all the known situations in which we have an explicit description of the
interpolation space, as in (1.1), (1.2), (1.3) and (1.4), the result of the interpolation is a
Triebel-Lizorkin space. For instance, the interpolation space in (1.1) is the space W4 =
le’q and in (1.2), (1.3) and (1.4), we have the space Bg’q = an’q. For this reason, it is
natural to compare the spaces obtained by interpolation to Triebel-Lizorkin spaces of the
form F;?, where the parameters o and ¢ are the “right” ones and 7 is any number in
the interval [1, oo]. In the case the interpolation space is not a Triebel-Lizorkin space, we
will call it pathological. The “pathologies” we find while interpolating function spaces
will give rise to some other properties of the classical Sobolev spaces. There are however
some situations in which we prove only the homogeneous versions (see, for instance,
Corollary 3.24).

Throughout the entire paper, the dimension d of R will be always at least 2.
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Real interpolation. In the case where both endpoints are in a limiting situation, we prove
the following.

Theorem 1.1. Suppose [ and r, with | # r, are some nonnegative integers and fix 6 €
0,1). Leto := (1 —0)] + Or and q := 1/(1 — ). Let X be the interpolation space

X = (WHIRY), W (R7))g.,.

If l e R\ [r,r +d] then X = Bg’q(Rd). In the case l € (r,r + d], no space FZ? with
7 € [1, 00], embeds in X. The same result holds for the homogeneous spaces.

Remark 1.2. Suppose that X and Y are two quasi-normed function spaces. When we say
that Y does not embed in X, we also mean that we have the noninequality

1A llx = 1/

for f € X N Y. Similar quantitative facts are taken into account when we say X # Y.

In order to prove the above theorem, we will need the following generalization of (1.4)
where the space BV is replaced by W', where [ is any integer, possible negative. (See
Section 2.1 for a definition of the spaces W’ when [ is a negative integer.)

Proposition 1.3. Consider some parameters | € 7, s € R, with s # 1, and p € (1, 00),
te[l,oolIf l=1ands e R\ [l —1/p',I],orl <0ands € R\ [l —d/p’,1], then for
any 0 € (0, 1), we have

(WH(RD), FPP(R?))g,, = BIY(RY),

whered = (1 —0)l + 0s and 1/qg = 1 — 0 + 0/ p. The same result holds for the homo-
geneous spaces.

In the situation F;"? = B,’?, Proposition 1.3 has been already proven in the case [ = 1
(with BV instead of W 1) by Cohen, Dahmen, Daubechies and De Vore [11], and in the
case [ = 0 by Cohen [10]. We prove Proposition 1.3 by using the technique introduced
in[11] and [10]. We use the “almost” characterization via wavelets of the space BVand L!
that was given in [11] and [10], respectively, in order to give similar “almost” character-
izations for the spaces W!-'. When [ > 1, we simply deduce our characterization of W'
directly from that of BV givenin [11]. When / = 0, we use instead a result from [10], and
then we easily deduce the characterization of W'l when! < 0.

We mention that, according to equations (16) and (17) on p. 17 of [20], it was proved
(by different methods) by N. Kruglyak in' 1996, see [24], that

(1.5) (L'(RY), B3P (RY))g,4 = B (RY),

where s > 0,0 = (1 —60) + 6s and 1/¢g = 1 — 6 + 6/ p. This covers the particular case
[ = 0 in Proposition 1.3, when# = p and s > 0. An explicit computation of the K -func-
tional for the couples (L?, W*4), with p,q € [1, c0) and k a nonnegative integer, can be

11t seems that this is the first apparition of (1.5) in the literature. See also [25].
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found in Chapter 9, Part II, of [21] (see also [25]). Using the theory in [21], [33], and (1.5),
it is possible to prove Proposition 1.3 in the case [ < s, t = p. We do not consider this
approach here.

Unfortunately, we do not know whether or not the condition imposed to s in Propos-
ition 1.3 is sharp, unless we are in the case / < 0 (see Corollary 3.21). This remains an
open question. However, when one of the endpoints is a space of the form W' and the
other one is a Triebel-Lizorkin space, we can identify all the pathological cases.

Theorem 1.4. Consider some parameters s € R, r € N, with s # r, and let p,q € (1,00),
0 €(0,1),t€[l,00],0 €Rbesuchthat1/qg=(1—0)/pando =(1—0)s+0r. Let X
be the interpolation space

X = (FPP(RY), W (R))g .

If s€ R\ (r,r +d/p), then X = By, In the case s € (r,r + d/ p), no space F¢*, with
7 € [1, 00], embeds in X. The same result holds for the homogeneous spaces.

Theorem 1.1 and Theorem 1.4 seem to be new even in the nonpathological case. The
nonpathological cases of Theorem 1.1 and Theorem 1.4 are deduced from Proposition 1.3
by simple arguments that involve duality and the celebrated theorem of T. Wolff proved
in [40] concerning the real interpolation method. The proof of Theorem 1.1 and The-
orem 1.4 in the pathological cases rests on trace theory and the interpolation theorem of
Wolff. Roughly speaking, we show that (in the pathological cases) the space obtained by
interpolation is “closer” to have a trace on a particular subset I' € R¢ than its correspond-
ing Triebel-Lizorkin space FZ2? . For instance, in the case of Theorem 1.1, when r = 0
and [ € (0, d/p), the space (W1, L*)g 4 has a trace on R4~ ~ RA=1 % {0}, while
F&4 = FY949 has no trace on R4,

It is remarkable that this trace argument covers all the pathological cases in The-
orem 1.1 and, combined with Wolff’s theorem, all the pathological cases in Theorem 1.4.
The main point of the paper is this power of the simple trace argument rather than the
result of Proposition 1.3 or the nonpathological parts of Theorem 1.1 and Theorem 1.4.

Theorem 1.1, Proposition 1.3 and Theorem 1.4 above are the subject of Sections 3.2.1
and 3.2.2.

Sums of spaces. One particular property of any interpolation space (Xo, X1)g,4, Wwhere
(Xo, X1) is a given compatible couple, is that it embeds in the sum of the endpoint spaces.
In other words,

(1.6) (X0, X1)9,g = Xo + X1.

In view of this property, one can refine Theorem 1.4. In the most of the pathological
cases, as long as we are dealing with homogeneous spaces, one can prove much more.
Namely, we have that if r, p, ¢, 6, s, o are as in Theorem 1.4 and r <s < r + d/p, then
(see Proposition 3.25),

(1.7) FO4(RYY o£> FPP(RY) + W (RY).

This easily follows from Theorem 1.4 and some dilation arguments that are possible
thanks to the fact that we work with the homogeneous version of the spaces. Of a partic-
ular interest is also the inhomogeneous version of this result. Restricting ourselves to the
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case of the inhomogeneous Sobolev—Slobodeckii spaces one can deduce from (1.7) the
following proposition.

Proposition 1.5. Let r be a nonnegative integer and let p,q € [1,00), 6 € (0,1), s,0 € R
be some parameters such that 1/¢g = (1 —0)/pand o = (1 —0)s +0r. If r <s <
r+d/p, then

WoIRY) /> WP (RY) + W (RY).

This is in contrast with the following fact, proved by Mironescu in [30] (see The-
orem 1.4 in [30]). Suppose that sg, s; > 0, with 59 # 51, 1 < pg < p1 <oo,and 1/g =
(1—-0)/po+6/p1,0 = (1 —0)sg + Os; for some 6 € (0, 1). Then

Wo(R?) < WSOPO(RY) N WO (R?) + WSPL(RY) N WO (RY).
In particular, we have
(1.8) WoU(RY) s Wi0-Po(RY) - WS1:P1(RY).

As it was shown in [30], if we drop the condition p; < oo, the embedding (1.8) may
fail. The example given in [30] is the nonembedding

wi=e/A=O®R) £ WHI(R) + L®(R) < L¥(R).

Proposition 1.5 above enlarges the number of examples of this kind. In fact, suppos-
ing the condition p; < oo fails, Proposition 1.5, together with the nonpathological part
of Theorem 1.4 and formula (1.6), can decide in most of the cases whether or not the
embedding (1.8) holds. More precisely, if p; = 00, 51 € N, 59 ¢ {s1,d/po} and o is not
an integer,” then (1.8) holds if and only if 5o € R \ (s1.51 + d/po). If 5o = 51, then (1.8)
still holds thanks to (1.1) and (1.6). The case s9 = d/ p remains open.

The Riesz transforms. There is yet another aspect of the pathological situations that
deserves attention: the boundedness of some common singular integral operators such
as the Riesz transforms on spaces obtained by interpolation. Here, the Riesz transforms

R1...., Ry on R? are the operators defined by the equality
_ & ~
R f(§) = ﬁ f©.

for any Schwartz function f on R? and any j € {1,...,d}. (Here, as usual, f is the Four-
ier transform of f'.) We study the Riesz transforms on the interpolation spaces that appear
in the pathological case of Proposition 1.4, when r = 0 and s < d/p. More precisely, we
prove that, as long as s € (0, d/p), none of the Riesz transforms R; is bounded on the
space

X 1= (FP(R), L®(R?))g g,

where the parameters p, ¢, 6 and ¢ are as in the statement of Theorem 1.4 (see Propos-
ition 3.26). Even worse, no R; is bounded from (F;*?, L%)g 1 to (F;"F, L%®)g o (see

ZPresumably the assertion remains true when o is an integer.
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Proposition 3.30). This is in contrast to the fact that the Riesz transforms are bounded on
the interpolation space

(F7 (). L®(®R)o = (L7 ®Y), L®(R)g = LIR).

We prove this nonboundedness result by combining Theorem 1.4 with the remarkable
result of Adams and Frazier obtained in 1988, see [1], that

(19)  BMONF? = LN FPP 4+ R(L® N FPP) + oo+ Rg(L® N FP),

as long as s > 0 and p,t € (1, o0). This in turn rests on a celebrated construction of
Uchiyama and some ideas of Baernstein (see [1] for the references therein), also making
use of the atomic decomposition for the spaces F; .

It is natural to expect that R; are unbounded on X in the most general pathological
situation described by the statement of Theorem 1.4. However, this problem remains open.

Interpolation functors. Due to the extremal properties of the real interpolation method,
one can easily improve our result concerning the pathological situation of Theorem 1.4.

Proposition 1.6. Consider the parameters s € R, r € N, with s # r, and let p,q € (1,00),
0 €(0,1), ¢t €[1,00], 0 € R be as in the statement of Theorem 1.4. Moreover, suppose
that s € (r,r + d/ p] and fix some t € [1,00]. Then F*? is not an interpolation space
of exponent 0 with respect to the couple (F;*?, W"%). The same result holds for the
homogeneous spaces.

Proposition 1.6 has the following immediate consequence for the homogeneous ver-
sion of the spaces. With the same notation as in Proposition 1.6, if s € (r,r 4+ d/ p), then
there exists a linear operator

T:FPP 4 Wro© — E2P 4 Wi,
that is bounded on F;# and on W”°°, and not bounded on F{*? (see Corollary 3.24).

Complex interpolation. In Section 4 we study some aspects of the complex interpolation
of Sobolev type spaces. (See, for instance, Chapter 4 of [5] for a description of the complex
method.) By means of the Littlewood—Paley theory and the retraction method, it is easy to
obtain that, for any 6 € (0, 1) and any [/ € N*,

(110) (Wl’pO,Wl’pl)e — Wl,pg,

as long as pg, p1 € (1,00) and 1/pg = (1 — 0)/po + 0/ p1 (see [5], Chapter 6). We
cannot handle the case po = 1 by the Littlewood—Paley theory. However, as it was proved
by Milman in 1983 (see Theorem B in [29]), the equality (1.10) continues to hold even
in the case pg = 1, p; € (1, 00). The main tool used by Milman rests on a result of
Peetre that makes a connection between the complex and the real interpolation method
via the concept of Fourier type of a Banach space. The case where p; = oo is also of
interest. Here, neither the Littlewood—Paley theory nor Milman’s method can be applied.
In 1984, P. W. Jones (see Section 8.22 on page 519 of [18]) asked if (1.10) continues to
hold when 1 < py < p; = oo. In Section 4.1, we give a negative answer to this question.
The fact that (1.10) fails in this extreme case is a consequence of the following slightly
more general negative result (see Remark 4.2 and Corollary 4.3).
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Proposition 1.7. Let [ > 0 be an integer and consider some parameters 1 < p,q < 00
and s > 1/ p. Fix some 0 € (0, 1) and define o :== (1 —0)s + 01, p :== p/(1 — 0). Then,
forany 1 <t < oo, we have that

FPP(RY) o> (F3P(RY), Whe(RD)).

As in the case of the real method, we prove Proposition 1.7 by a simple trace argu-
ment. This time, we show that (F;*¥(R%), W/ (R9))y has a trace on RY~! that is

embedded in a space Fg~'/*P(R9~1), where p; < p, while the trace of FZ”(R9) is
the space Fg_l/p’p(Rd_l). It remains to notice that F;,T_l/p’p(Rd_l) is strictly larger
than F:l_l/p’p(]R{d_l).

Noncomplemented subspaces. The trace technique also allows us to easily see that some
closed subspaces of (C(T¢))"N (where N is a positive integer) are not complemented.
Recall the following result obtained by G. M. Henkin in 1967, see [16].

Proposition 1.8. Suppose | > 1 and d > 2 are two integers. Then the space C*(T?) is
not an isomorphic copy of a complemented subspace of C(S), for any compact space S.

This result was improved by S. V. Kislyakov in 1975, see [19], who showed, using the
Grothendieck theorem on absolutely summing operators, that C!(T¢) (I > 1) is not an
isomorphic copy of a quotient space of C(S). Note that Proposition 1.8 implies the fact
that the closed subspace G;(C) of (C(T?))N (here, N = [{o € N | || = [}|) formed by
the /-gradients (elements of the form V/ ) is not complemented in (C(T4))" . This result
was generalized to other differential expressions (than /-gradients) by the authors of [22]
in 2015, using Grothendieck’s theorem and some Sobolev type embeddings. We will prove
that G;(C) is not complemented in (C(T%))" using trace theory. In fact, we will prove
in Section 4.2 a more general result (see Proposition 4.5) that involves Fourier multipliers
instead of differential expressions. Our result, Proposition 4.5, has a more restricted range
of applications than the main result of [22]. However, it has a shorter proof and it covers
some cases that are not covered by the results in [22]. We mention that Proposition 4.5 is
not the most general result that can be obtained by our method, however, for simplicity
we do not provide here further generalizations.

General remark. Several general observations are in order. The main point of the paper
is the study of some of the pathological situations that arise in the interpolation theory
of Sobolev type spaces. One of our main tools is trace theory. When we consider traces
on subspaces of R?, we are using standard trace theory as presented, for instance, in
Section 4.4 of Chapter 4 in [38]. In some cases we need to consider traces on fractal type
subsets of R?. In these cases we use the more recent trace theory developed (between
others) by Bricchi, Caetano and Haroske (see [8] and the reference therein). We will recall
in Appendix A several results from the trace theory that will be used in the paper.

Apart from the nontrivial results given in [11] and [1] (see (1.4) and (1.9) above), we
use standard facts from the interpolation theory as can be found in [5] and [4]. Also, we
use standard facts from the theory of function spaces as can be found, for instance, in [38],
Chapter 3 of [36], or [15].
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Notation. Throughout the paper, we use mainly standard notation. For example, N =
{0,1,2,...} is the set all natural numbers, N* = {1,2,...} is the set of the positive natural
numbers and Z is the set of integers.

Often, we use the symbols < and ~ . For two nonnegative variable quantities a and b
we write a < b if there exists a constant C > 0 suchthata < Cb.Ifa < bhand b < a
then we write a ~ b. Other notation will be introduced when needed.

Some notation will be used only in one subsection. For instance, we will denote by ¢
and ¥ some functions related to the wavelets that appear in Section 3.1. Outside of Sec-
tion 3.1, ¢ and ¥ will have a different meaning. This re-use of the notation should be clear
from the context.

2. Function spaces and interpolation

2.1. Homogeneous and inhomogeneous spaces

We quickly recall here the definition of some standard function spaces. We begin by recall-
ing the definition of the Sobolev spaces. As we have already mentioned, when / > 0 is an
integer and p € [1, 00], WP (R9) is the space of all distributions f on R for which the
quantity
L Iwes == £ e + IV flles

is finite. The homogeneous spaces will be defined here in a slightly nonstandard way.’
Let Sy be space of all Schwartz functions f on R4 such that f vanishes in a neighborhood
of 0. When 1 < p < oo the homogeneous space W52 (R%) is obtained by completion of Sy
under the norm

1 it = 1V f o
We can see that we can also define the above homogeneous spaces W!>? by completing

the normed function spaces W, Lp (R?). Here, Wl P(R4) is the space of all the compactly
supported functions whose Wl P-norm is finite. The spaces WP as defined here are com-
plete. The main advantage of the above definition of the homogeneous Sobolev spaces is
that we have the embedding

2.1) Whory(RY) — W2 (RY),

forany ly,l, €N, p1, pa € (1,00), withly > [y and [y —d/py =11 — d/ p;1. (This follows,
for instance, from Theorem 4.31 on p. 102 of [2] by a dilation argument.)

In the case where | = —r <0 and 1 < p < oo, we define W-?(R?) and W!-?(RY)
by completion of Sy under the norms

1 £ llwrs s=inf{ D faller [ £= D2 V¥ faf. and

|| <r | <r
1l = i€ D7 W el | £ = Y V* fu.
la|=r la|=r

3Usually the elements of a homogeneous Sobolev space are defined as distributions (factorized to polyno-
mials) whose homogeneous Sobolev seminorms are finite. See also Chapter 6 of [15]. However, most of the
standard properties (as interpolation or duality) translates to our case without difficulties.
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respectively. Note that when / < 0 the spaces W2 and WP are Banach spaces whose ele-
ments are distributions. When / > 1, we can also define the space W7 (R9) as being iso-
morphic to the dual of W7 (R¥), where the isomorphism is chosen so that WCI”’ (R¥) —
WP (R?). Also, when p € [1, 00), we have that (W2 (R%))* = W2 (R?) and when
p € (1, 00), we have (W"2(R%))* = WP (R?). When [ > 1, we define the space
W12 (R¥) as being isomorphic to the dual of W~/ (R?) and the isomorphism is chosen
such that W/*®(R?) — Wi RY).

In some situations it will be convenient to use the spaces C!(R%), Cé (R?) and its
homogeneous version Cé (R%). We define Cé (R%) as being the closure of the space of
Schwartz functions in the W%*-norm. Similarly, we define Cé (R?) as being the closure
of the space of Schwartz functions in the W% norm.

We continue by briefly recalling the definition of the Triebel-Lizorkin and Besov
spaces (see [38] for details). Consider a radial function ® € C° (R?) such that supp ® C
B(0,2) and ® = 1 on B(0, 1). For k € Z, we define the operators Py, acting on the space
of tempered distributions on R¢, by the relation

2ef @ = (o(5) ~o(57)) F®)

for any Schwartz function f on R¥. We will also consider the operator P~ defined by

P<of(§) == D) (5,

for any Schwartz function f on R¢. The operators Py, Py will be called Littlewood—
Paley “projections” adapted to R4 For any Schwartz function f, we have that

f=Y Pf

keZ

in the sense of tempered distributions. In some cases it is useful to consider another func-
tion ® € cx (R?), similar to ®, such that supp ® C B(0,4) and ® = 1 on B(0,2) and,
starting from this to consider some Littlewood—Paley projections Py and }350. We have
the useful identities Py Py = Py and 1550P§0 = P-o.

The inhomogeneous Triebel-Lizorkin space F,*” (R) (with 1 < p,g <ocoand s a
real number) is the space consisting of those tempered distributions f on R for which
the following norm is finite:

1/q
ey = 2o e + | (25012 17)

k>0

A remarkable fact is that if / > 0 is an integer and 1 < p < oo, then le’p(Rd) =
wi.rp (]Rd) with equivalent norms (see, for instance, item (iii) of Theorem on p. 29 of [38]).

The Besov space B;’p (R?) (with 1 < p,g < oo and s a real number) is the inhomo-
geneous Besov space consisting of those tempered distributions f on R? for which the
following norm is finite:

1/q
1 £ llggr = 1P<ofllLo + (325 1P £1L,)

k>0
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If s > 0 is not an integer and 1 < p < oo, then B,” (R?) = WP (R?) with equivalent
norms. Here, W*? is a Sobolev—Slobodeckii space (see, for instance, [35], p. 12, for a
definition).

The homogeneous space F,"”(R?) (with 1 < p,q < oo and s a real number) is
obtained by completion of Sy under the norm

||f||pqs,p = H(Zykq ||Pkf||q>1/q

keZ

L’

When k > 0is an integer and 1 < p < oo, then sz’p (R?) = WkP(R?) with equivalent
norms.

The space B;’p (R?) (with 1 < p,g < oo and s a real number) is obtained by comple-
tion of 4 under the norm

1/q
1 £ lagr = (221 Pef L)
JEZL
In the above definitions of the Triebel-Lizorkin and Besov spaces, one can use also
the “projections™ Py, F’so instead of Py, P<o without changing the spaces we obtain.
If s > 0is not an integer and 1 < p < oo, then B,” (R?) = W*?(R¥) with equivalent
norms (for simplicity, we may consider that this is the definition of W*?(R?)). One can
also define W*'? as being the completion of Sy or WP (R?) under the W*? (R%)-norm.
We have that on ’I(Rd ) can be identified with the Hardy space H'(R?) (see, for
instance, Remark 6.5.2 on p. 70 of [15]). The space Ff’w(Rd) is defined as the dual of
FZO’I (R%) = H'(RY), i.e., FZO’OO(]R{d) = BMO(R?). In the inhomogeneous case, we have
that on ' can be identified with the local Hardy space h'(R%) (see, for instance, Propos-
ition 2.1.2 on p. 14 of [35]). The space F20’°°(]Rd) is defined as the dual of on’l(Rd) =
h'(R9), ie., F20’°°(Rd) = bmo(R?), the local bounded mean oscillation space (see,
for instance, [35], p. 13, for a definition). We will use several times the embeddings
L®([R?) — BMO(R?) and L>®°(R?) — bmo(R%).
Notice that for the homogeneous spaces on R?, we have the following dilation prop-
erties:

2.2) 1 A gz ~ A2 £

for any f € F)” (Rd)_, respectively, and any A > 0, where A == f(A-). A similar
equivalence holds for By? instead of F;"”.
Also,

2.3) 1L i ~ A S s and L A lge ~ A S Drnoe
when f € WEL(RY) or f € WHoo(RY), respectively.

Remark 2.1. The properties of the homogeneous spaces that we define here are in most
cases deduced from the properties of their inhomogeneous versions (see, for instance, (2.1)
or the tool provided by Lemma 2.3 below). Apart from this, we also need some interpola-

“In the case of W’®°, the linear operator f — f)L is defined by duality.
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tion identities that are similar to those of the standard spaces (see, for instance, Lemma 2.6
and its proof). The standard definition for the Hardy space H! coincides with our defin-
ition of ! and we can use the well-known properties of H! in this case. Other easy
facts can be checked by standard arguments.

Remark 2.2. In fact, we could choose to define the homogeneous spaces only as normed
spaces endowed with the corresponding norm. This is due to the fact that in order to define
a real interpolation space for a compatible couple the completeness of the involved spaces
is not required. However, in order to avoid some technical details appearing in the proofs
of our results, we prefer the definition given in this subsection.

In a similar way we can define Triebel-Lizorkin and Besov spaces on T <. The proper-
ties of the spaces defined on the T are similar to those of the spaces defined on R? (see
Chapter 3 of [36] for details). When working on T¢, it is sometimes convenient to con-
sider functions whose integral on T¢ vanishes. In general, if X(T¢) is a function space
on T ¥ (in this case all the elements of X (T¢) will be taken to be distributions), we denote
by Xy (T4) the subspace of X(T%) generated by the distributions f € X(T¢) for which
f(©0) =0.

Let 2 be a Lipschitz bounded domain in R?. Then F;P(Q) (with 1 < p,g <ocoands
a real number) is the space consisting of restrictions to § of elements from F,*? (R?),
normed with

1l rr ) = inf{lig ] psogay | € € F3P(RY). g = f on ).

In a similar way, B;’p () (with 1 < p,q < oo and s a real number) is the space
consisting of restrictions to €2 of elements from B;’p (R%), normed with

1 s @y = inf{lglpsrgay | € € BEP(R), g = f on Q).

Analogously, we can define the spaces F,;"? (), By'? (Q2), W!*°(Q) or other similar
spaces.

When s > 0, we have that F;"” = L? N F;*” and By = L? N By”. In what fol-
lows, we will introduce a tool (possibly well-known) that will enable us to make another
connection between the homogeneous spaces and their inhomogeneous counterpart.

Consider the family of open cubes (Q)gezd, Where Qy 1=k + (=1, 1)? for all
ke Z? andlet y € C®((—1,1)%) with y = 1 on [-3/2,3/2]¢. For each k € Z%, we
define the function yj by

Y (x) := _ =k
> vezd X(x — V)’
for any x € R?. We observe that yj € C(Ok)s yk ~lonk + [—3/2,3/2]¢, and

Z xe =1 onR?.
kezd

By solving a linear system, one can find for each m € N a unique single variable
polynomial p, (¢) of degree m such that

1 .
2.4) / 3 pm(t) dt = 8jm,
-1
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forany j € N, where §;,, is the Kronecker symbol. For any multiindex o = (ayq,...,04) €
N4, we consider the polynomial pg (x) := pg, (x1) -+ Doy (xq). By (2.4), we have

2.5) / Vﬂpa(x) dx = 8ge forany B N¢.
Qo

Fix now some / € N*. For any Schwartz function f on R? and any k € Z¢, we define
some polynomials p,lc (depending on f) of degree at most [ — 1 by

PLx) = alSZl_l( [, v o) pute =

Thanks to (2.5), we have
[ VP - phedx =o.
Ok

for any B € N¢ with |8] <! — 1 and any k € Z?. Hence, by Poincaré’s inequality (see,
for instance, Chapter 4 of [41]), for any integers @ and j satisfying 0 < a < j </ and any
k € Z4, we have that

(2.6) IVCf = piDILrcon S IVICf = P Lrcoy):

for any p € [1, 0o].
With this notation, we can now introduce the linear operator

Lif =) u(f—pp
kezd

for any Schwartz function f on R?.
Note that, by introducing a second operator L,

Lif:= ) rpri:
kezd
we obtain the decomposition
f=Lif+Lf
Lemma 2.3. Let p € (1,00), s > 0 be some parameters and let | be the smallest integer

with | > s.
(i) The operator Ly: WP (R?) — W*P(R?) is bounded.
(i) The operator L;: WP (R?) — WP (R4) N W (R?) is bounded for any r € N.

Proof. First we prove Lemma 2.3 in the case s € N*. In this case, we have / = s. For any
Schwartz function f and any integer a with 0 < a <[, we have

IVLif 1] gay S D2 IV Ga(f = PO o 0y
kezd

a
S D0 D NV IV = il g,

kezd j=0
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SOOIV =0,

J=0kezd
I 1
< IV S Wiy ~ 191 g
kezd

where we have used the Poincaré inequality (see (2.6)). This proves (i) in the case / = s.
Let us observe that, in the case 0 < a <[ — 1, we can also write

a
@D VLI ey S D0 DIV = P 0s

Jj=0kezd
S DIV =P o
kezd
S Y IV W0 + IV PRI 0,
kezd kezd
_ p
SV Wy + 2 ([ 19 @)

kezd

where, in order to pass to the second “ < we have used (2.6).
By Jensen’s inequality, we have

(J, v ra)” s [ 19 reonax

and from (2.7), we obtain

”VaLlfnip(Rd)

We have now that L; is bounded from W2 to WP and also from W!=1:7 to w!=1.7,
By real interpolation, one obtains that L; is bounded from B,” to B,'* . In a similar way,
using the complex interpolation, we obtain that L; is bounded from F ? to Fy 5P This
proves (i).

In order to prove (ii), one observes that L ; = id — L;. This proves that L ; is bounded
from W5 to W5, On the other hand, we observe that il is bounded from W7 to Wr°
for any integer r > 0. Indeed, let us consider for each integer @ with 0 < a <[ — 1, the
parameter p, € (1, 00) defined by the relation 1/p, = 1/p — (I —a)/d. Using Jensen’s
inequality and the Sobolev embedding Whe < Wapa (see (2.1)), we can write

||V1Pk”L°°(Qk) < Z/ V4 £(x)| dx < Z(/ V4 f(x)|Pe dx)

< ”Vl lf”Lp(Rd)

_ 1/pa _
< Z( /R Ve FEledx) = annwa,paw) < 1S ey
a=0 a=0

for each integer 0 < j </ — 1. Since p]lc is a polynomial of degree at most / — 1, we have
\%ZJ p]l{ = 0 for any j > [. Hence, we can write

V7 il S 1S lhirtogay:
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for each integer j > 0. Using this we get

.
IV'Lif liw@a) < sup D NV 5l V7 pillizecop
keZe ; _
j=0

]
< sup Y IV pellzeccon S 1S o ay-
kEZdj=0

As in the case of (ii), we can now prove by interpolation that L; is bounded from W*:?
to W"°°. This proves Lemma 2.3. [

2.2. Some auxiliary interpolation facts

Note that the trace of L®(R%) on R4~ is not well defined. Since we are going to use
trace theory, it is convenient to replace the space L*° with C (and W">*° with C”). The
following easy lemma ensures us that, when interpolating the couple (F;?, W), chan-
ging W with C" does not affect the result of the interpolation.

Lemma 2.4. Let r be a nonnegative integer and consider the parameters p,t € (1, 00),
s > 0. Then, for any fixed 6 € (0, 1),

28) (FPRE). WP ®R))g = (FF (RY). C5 (RY))s.
with equivalence of norms. Also, for any q € [1, 0],
29) (FPPRD).WIRR))pq = (FF (RY). CTR))a g,

with equivalence of norms.
The same fact holds for the homogeneous spaces or for the spaces defined on T?.

Remark 2.5. Since C] < C”, in the case of the inhomogeneous spaces we have, by (2.8)
and (2.9), that

(2.10) (FPPRY), Wre(RY))g = (FP(R?), CT(R))g

and
(F7 (RE). WHR?))gq = (F7(RY).CT(R))o g

respectively.

Proof. Since (Co)* = M, where M is the space of the Radon measures on R?, we get
that (C)* = M™", where M™" is the space of all distributions f" of the form

f = Z ve Mo
la|<r
with each o from M (see, for instance, Section 4.3 in [41]). The norm on M ™" is given by

1f e = int{ 3 liallac | £ = D Voual-

lee|<r loe|<r
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We have now that (see Corollary 4.5.2 on p. 98 of [5])
2.11) (FPP.C)g = (FP)"(C5)Me = (F, 7. Mg

Consider some element g € (Fth’p/, M™")g and some f € 37(1:;5,1”’ M™") such that
a = f(0) and

(212) ||f ||j¢(Ft75sP,7M—r) S 2 ||g||(Ft75s17,,M—r)9 :

Consider some ¢ € C° (R?) of integral 1, and for any & > 0, denote by ¢, the function
0 (x) = e7% (¢ 1 x). Define the function f;, by

Je(z.x) := f(2) * @e(x),

where the convolution is in the variable x. One can see readily that f, €  (F,, "7 ,W~"1)
and

”f‘é‘”f(F;S’P/’W—r,l) S ”f”f(F;S’p,,M_’)’

for any ¢ > 0. This, together with (2.12), shows that

2.13) 186l y-rayy < 218l pons’ ygory

for any ¢ > 0, where g, := g * ¢.. Note that, since FtTS’I’/ is reflexive, by Calderén’s
reflexivity theorem (see Paragraph 12.2 on p. 121 of [9]), the space (FtTS’I’,, W),
is reflexive. One can easily see that (FITS’I’/, W="1), is separable (it suffices to see
that Sy is dense in F,;?" N W~"1). Consequently, since (F*?", W)} is reflex-
ive, and its dual is (F;757", W™"1)o, we get that (F,;**?", W=""1)* is separable.” The
space (FtTS’P,, W_”l); is also a predual of (FZTS’Pl, W"1),. By applying the sequential
Banach—Alaoglu theorem, one can find some g € (F tTS’P,, W"1)q such that g, /n—> &
when n — oo in the sense of distributions, up to a subsequence. Since g, — g in the sense
of distributions whene — 0 and g, g € FtTSJ’/ + Wl wegetg=g¢ (FtT”’/, WTh.
Also, by (2.13), one gets

S llggf ||g5||(Ft7saP/7w—r,l)9 S 2 ||g||(Ft75nP,,M—r)9'

”g || (F;S,P/ ’W—r,l)e
With this we have
(F 57 Mg > (F 7 W,
Since we also have the trivial embedding

(F;s’p/, M)y < (F;S’p/, W),

we get
(F 57 Mg = (F 27, Wy,

SWe use here the fact that if the dual X* of a Banach space X is separable, then X is separable (see, for
instance, Theorem 4.6-8 on p. 245 of [23]).
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By this and (2.11), we have

(FIS,P, C(;)z — (FtTS’p,, W—r,l)e'

Calder6n’s reflexivity theorem and the duality theorem (see Corollary 4.5.2 on p. 98
of [5]) give now that

(Fts,p’c(;)e — (Fts,p’ Cor);* _ (F;s,p” W—r,l); — (Fts,p, W),

which proves (2.8).
One can prove equality (2.9) directly, or one can deduce it from (2.8) (see The-
orem 4.7.2 in [5]):

(Fl:Y’Pi Wr,w)g’q = ((Fts,pv eroo)l/Z’ (FtS’P! Wr,oo)3/2)77,q
= ((F"?,C1y2, (F"P,CT)3/2)n4
= (F"",CMyy,
where n € (0, 1) is such that 6 = (1 —n)/2 + 3n/2.

On the same lines we can prove the corresponding equalities in the case of the homo-
geneous spaces and the spaces on T¢. ]

We will often need the following result concerning the real interpolation of Triebel—
Lizorkin spaces.

Lemma 2.6. Consider some parameters pg, p1 € [1, 00), s0,51 € R and ty,t; € [1, 00]
such that py # p1 and so # s1. Then, for any 6 € (0, 1),

550,00 [~51,P1 — ISP
(Ft() ’ Ft1 )9,p - Fp ’

wheres = (1 —0)so + 0s1and 1/p = (1 — 0)/ po + 0/ p1. Supposing po € (1, 00) and
so # 0, we also have
‘ So. -0, - (1-0)s0.
(F;:)O PO’ F2 00)9’1) — Fp(l )so P
The same result holds for the inhomogeneous version of the Triebel-Lizorkin spaces.

Lemma 2.6 follows from standard facts in interpolation theory. Since it is hard to
localize it in the literature, we give a proof below (however, see Theorem 5 in Chapter 5
of [32] for the case 9 = t; = 2, and Theorem 6 in Chapter 5 of [32] for the case 7o = po,

1 = p1).
Proof. Consider the retraction operator

P LPO(ER) + LPV () — FpoPo 4 Fornt
and the extension operator

E 1 E0P0 4 FSUPY s LPO(§0) 4 LP1 (43,
defined formally as

P(fidkez =Y Pifi and Ef := (P [)kez.

keZ
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where Py and Py are Littlewood—Paley “projections” such that Fk P, = P;. We can see
that P o E =idon F;"*7° + F;"P*.

By using the retraction method (see Theorem 6.4.2 in [5]) for P and E, we see that it
suffices to prove that

(2.14) (L2 (). L7 (E))e,p = L7 (£).

Indeed, by applying Theorem 5.7 (ii) on p. 129 of [34], we have that
(2.15) (L2 (E3). L7 (€3))e,p = L2 (635 3o, p).
and now, applying Theorem 5.6.1 on p. 122 of [5],

(0. 61)9,p = 65,

o’ D’

which, together with (2.15), gives (2.14).
The second assertion follows from the first assertion by duality. Indeed, if zy > 1, we
have

50,00 120,00 _  —S0,P) 20,1 _ o—(1=0)s0,p'\x _ 1~(1—0)s0,
(ono O,Fz )9,p—(Ft(/) 0’F2 );,pl—(Fp/ 0 )*_Fp( )sop.

If ty = 1, we have
(F(c:;) PO) = FSo,po,
where F s" Po is defined by replacing the £ space 1n the definition of F 5020 by the cg
space. We now interpolate the spaces F 50 Po, F as above by using the method of
retraction. We get
. , . , 1— 9 D
(FISO 170, FZO 00)9,17 (F(c(:;) »Po FO 1)0 = (F ( )so0,p’ ) _ F(l 0)so,p
which proves the second identity in Lemma 2.6. ]

Another useful tool will be the following celebrated theorem of Wolff proved in The-
orem 1 of [40]. Below we give the version that appears in Theorem 2.11, p. 317, of [4].

Theorem 2.7. Suppose (X1, X4) is a compatible couple of quasi-normed spaces. Con-
sider some parameters 6,, 03 € (0,1), g2,q3 € [1, 0], and let X», X3 be some quasi-
normed spaces such that

X2 = (X17X3)02,q2» X3 = (X27X4)93,q3'

Then, with equivalence of the quasi-norms, we have

XZ = (Xla X4)¢2,q27 X3 = (X19X4)¢3,q3’
where
0,05 03

¢2:=1—92+9293’ ¢3:=1—6’2+9293.



On the interpolation of the spaces W1 (R4) and W (R4) 949

3. The real method

3.1. Wavelets and the spaces W 1 (R9)

In this section we provide “almost” characterizations via wavelets for Wit (R%), when
I € Z, similar to the ones obtained in [11] in the case of BV(R?).

3.1.1. Some notation related to the wavelet system. Concerning the wavelet system,’
we work essentially in the same setting as the authors of [11], Section 1 (see also Chapter 3
of [28]). Let us recall here some notation used in Section 1 of [11]. Let N € N* and let
@ € CN(R) be a scaling function associated with the orthogonal wavelet ¥ € C>®(R).
Consider also the set E := {0, l}d \ {(0,...,0)} and for each e = (eq,...,eq) € E, define
the function ¢ € CN (R?) by

YO(x) = Y () - Y (xa),

for any x € R, where ¥° := ¢ and ! := /. We assume that
/ x*Ye(x)dx =0,
R4

for any multiindex « € N¢ with |a| < N.

Let D be the set of all dyadic cubes in R?. We can now define the BV-normalized
wavelets as follows. For each e € E and each dyadic cube I = 27/ ((k + [0, 1]¢) (where
j €Zandk € Zd), we define the function

Yi(o) =270y @ x k),
for any x € R?. We will say that ¥ are (“mother”) wavelets of class N.

Remark 3.1. Even when we do not mention explicitly, we will always consider wavelets
of class N sufficiently large. For instance, when we are describing spaces like W7 via
wavelets, we will consider that the wavelets involved in the description are of class N > |/|.

The family of wavelets (¥ );ep,eck is a complete orthogonal system in Lz(Rd). We

define also a dual system (lﬂle) IeD.ecE; €ach lﬁle differs to v; by a scaling factor, i.e.,
keeping the same notation as above,

Vi) =21y @ x — k).
for any x € R?. We have that
(W5 U5) = bee S0

forany e,e’ € E and any I, I’ € D, where § is the Kronecker symbol.
As in Section 1 of [11], in order to simplify the notation, we use the vector valued
functions

Ui = Y eer and Yy i= (Vf)eck-

6We will mainly consider here only the “homogeneous” wavelet systems. In other words, for simplicity, we
give more attention to the “mother” wavelets.
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The wavelets coefficients of a distribution f on R? are defined by
I = (L)
for each e € E and each dyadic cube /. In a more contracted way, we would write

Jr = {91 = (f)eek-

With this notation the corresponding wavelet decomposition of a function f € L2(R%)

can be expressed as
=Y fivi=Y > ffvi.

IeD ecE IeD

where the convergence is in the sense of distributions.
One can also use “father” wavelets (see the introduction in [11]) in order to write the
decomposition

3.1) =3 fur=Y Y vt

IeDy ecEU{0} I€D

where D is the set of the dyadic cubes of side length at most 1 and Y% := ¢ ® --- ® @,
f1+ = f7 whenever I € D.

In what follows we restrict to the use of the “mother” wavelets, since in this case the
proofs are cleaner.

3.1.2. Description of W51(R?) via wavelets. In Definition 1.2 of [11], the authors
introduced the spaces £}, (D) and w} (D) by defining the norm

1/p
lenrenllg = (D 1107 |er7)

IeD

and the quasi-norm

lenrenllpg = supr Y 11",
A0 e > alTpy

The spaces £, (D) and wl (D) consist of those sequences (cr)sep that have finite
£)-norm or w¢? -quasi-norm, respectively.
Note that, in the case of w{} (D), we have the quasi-triangle inequality

1 2 1
lc; +cDrepllwer < 2I(ep)renllye + 21 renllye

for any two sequences (¢ Il) 7ep and (c?) IeD-
Adapted to the case of WLt (R?) rather than to BV(R%), the main result in [11] (see
Theorem 1.3 in [11]) reads as follows.

Theorem 3.2. Supposey € R\ [1—1/d,1].If f € WYY (RY), then the sequence (f1)1ep
belongs to wt’, and

I Dreplwer S I -
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Remark 3.3. The proof of Theorem 3.2 (with BV in place W !-!) given in [11] splits in
two cases. First, the authors of [11] show that the result holds in the case where y € R \
[0, 1] (see Section 3 in [11]). Then they prove the result in the case where y € [0,1 —1/d),
which requires a more subtle analysis (see Section 4 in [11]).

By slightly adapting the arguments in Section 3 of [11], Cohen proved the following
analogue of Theorem 3.2 for the space L' (see Théoreme 2.1 in [10]). In the case where
the wavelets are BV-normalized, this result reads as follows.

Theorem 3.4. Suppose y € R\ [0,1]. If f € L'(R?), then the sequence (|1|"¢ f1)1ep
belongs to wt, and

IA71Y? frenllyper S 01F -

Remark 3.5. By constructing counterexamples, the authors of [11] have shown that the
range of the parameter y in Theorem 3.2 cannot be improved (see Section 6 in [11]). As
mentioned in Remarque 2.2 of [10], the range of y in Theorem 3.4 is also optimal.

Fix a nonnegative integer / € N and consider a function g € C((0, 1)%) such that all
its moments of order [ — 1 vanish, i.e.,

(3.2) / x%g(x)dx =0,
R4

for all @ € N with || < — 1. (By convention, when / = 0, we impose no vanishing
condition on g.) For any dyadic cube I =277 ((0,1)? + k) € D, where j € Z and k € Z¢,
we define the function g7 by

gr(x) =2/g(2’x —k) forallx € R,
For any function f € L'(R¢) and any dyadic cube I € D, we introduce the quantity

cr(f) = (/. &)l

In [11], the analogue of Theorem 3.2 was derived from the following more general
result (see Theorem 2.5 in [11]):

Lemma 3.6. Supposey € R\ [l —1/d, 1] andlet g € Cc((0, 1)) be a function with zero
integral. If f € Wl’l(Rd), then the sequence (cy(f))rep belongs to wﬁll’, and
(3.3) ez (fN1eplwer S 1S s

We need a version of this result adapted to the case of the Sobolev spaces W51 (R%)
when [ is any positive integer. The following version can be easily deduced from the work
in[11].

Lemma 3.7. Suppose | > 1 and y € R\ [1 — 1/d, 1]. Consider some r € N and let
g e C.c1 ((0, 1)?) be a function such that all its moments of order | — 1 are vanishing. If
f e WEL(RY), then the sequence (1|14 ¢ (f))1ep belongs to we}, and

(3.4) 121 er(frepllwer S 1 i
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In order to prove Lemma 3.7, we need the following (well-known) fact.

Lemma 3.8. Letr > 1 be an integer. Consider some function g € C1((0, 1)%) such that all
its moments of order r are vanishing. Then there exists a family of functions G = (Gg)|a|=r
such that for each o, the function G, € C[ ((0, 1)%) is of integral zero and

g=V-G= > VG,.
|la|=r

This lemma is a direct consequence of standard techniques in elliptic theory. For
instance, we can observe that g belongs to the Holder space C /2 = BL/2:®, and then we
can apply repeatedly the Bogovskii formula for the divergence operator (see Remark 4.12
in [13]).

Proof of Lemma 3.7. One can deduce Lemma 3.7 directly from Lemma 3.6. Since the
case [ = 1 is covered by Lemma 3.6, it remains to prove the statement in the case [ > 2.

By Lemma 3.8, there exists a family of functions G = (Gg)jq|=/—1 such that for
each «, the function G4 € C Cl ~1((0,2)?) is of integral zero, and

g=V"".G= ) V.
le|=1-1

From this we immediately get

(3.5) 1|0 D gp = N V*(Ga)s.
loe|=1—1

Using (3.3) for the functions V¢ f € W1-1(R?), we have
IS VG Diep ey = 1V L (G Dien e S NVVE [l < V! Fllz,

for every multiindex o with |a| = [ — 1. Hence, by adding up and using (3.5) together
with the quasi-norm property of w{?, we get

(£ eDrenllwer S D 1LYV GiDrenlwe S IV fllLr,

la|=r—1
which proves Lemma 3.7, when [ > 1. n

Theorem 3.9. Fix some | € 7 and let (Y1)rep be a wavelet system on R? of class at
least|l| + 1.If I > 1andy e R\ [1—1/d,1],or]l <0andy € R\ [0, 1], we have

(3.6) 171D fyrenllwer S 1 s SNATYP f)renlle,

forall f € WEL(RY).

Proof. We treat first the case where [ > 0. The case [ = 0 easily follows from Theorem 3.4.
Suppose [ > 0. Consider a positive integer p and some function { € C2((0, 27)4) such
that all its moments of order at most / — 1 are vanishing. Then there exist M := 274 +1
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open cubes Q1, ..., Qu, each of them being a translation of the unit cube (0, 1)¢, and
some functions xi,..., ym € CCOO(Rd) such that (0,27)¢ € Q; U---U Qy, each y,, is
supported in Q,,, and

M
ZX” =1 on]0,27]%.

v=1
Since all the moments of order at most [ — 1 of ¢ are vanishing, by Lemma 3.8, we
can find a family W = (Wy)|q|=s, With ¥y € CI71((0,27)?) such that

E=V' W= ZV“%.
la|=1

(When [ = 0, we take by convention ¥ = ¢, and the above formula becomes { = VO. g,
where V? is by convention the identity operator.)
We decompose ¢ as

M M M
3.7 (=V (Y wn) =2V =Y g"
v=1 v=1 v=1

where g¥ := V! . (Uy,) € L (Qy), forallv € {1,..., M} (here, ¥y, = (Wo o) |a|=r)-
Note that each gV satisfy the vanishing moments condition (3.2). Since the inequality (3.4)
is translation invariant, by applying Lemma 3.7, we get

(3.8) AT ey (fN1epllwer < 18° 1LV £l SNV f L,
forany v € {1,..., N}, where c¢; (f) := [{f. g])|-
Let {7 be the functions given by
¢r(x) =242 x — k),

for each dyadic cube I = 277 ((0,1)? + k). For &7 (f) := (f.¢;), thanks to (3.7) and the
triangle inequality,

M M
(3.9) & (Ol = WAL= DY Ifgh =D et (f)
v=1

v=1

Using (3.9), the quasi-triangle inequality for the w¢}-quasi-norm and formula (3.8),
we get

M
310) A PE (Nrepllwe £ D NANOP G (Mrepllwe S IV FlLr

v=1

Let (1/79)36 E be the generators of the dual wavelets. Applying (3.10) for ¢ = Je, for
each e € E, and using the quasi-triangle inequality for the wﬁ’l'-quasi-norm, we obtain

171D fyrenllye < DAY [ renllpe S IV FllLr,
ecFE

which proves the first estimate in (3.6) in the case [ > 0.



E. Curca 954

The second estimate in (3.6) follows immediately from the triangle inequality (by a

limiting argument”)
1 e < D2 D 1ENTS Ny

IeD ecE

and the fact that [|§ |1 ~ [1]7D/4 forall I € D.

Now, we treat the case [ = —r < 0. Let f € W"1(R4) N CCOO(Rd) and consider a
family F = (Fg)|g|=r € L'(R?) such that

(3.11) f=V4.F= Z VYF,,
la|=r—1

in the sense of distributions, and

S 1 Fallzr < 201 -

loe|=r

By (3.11), we have

S =005 = (=07 D (Fa VEUF) = (DY (Fas (V99)1),

lee|=r lae|=r

and we get

(3.12) [T rep < S [T (Fa, (V491

la|=r
Using (3.10) for the function ¢ = V“{ﬂe (in the case [ = 0),
ATV (Fa (V9 ) )ren ey S I Fallir,

for each & € N¢ with |a| = r. This, together with (3.12), the quasi-triangle inequality
and (3.11), implies that

A1 ) renllwer £ D0 Y NAIY (Fay (V) ) ren e

|a|=r ecE
< Y 1 Fallir S 1S jonas
la|=r
which proves the first estimate in (3.6) in the case [ = —r < 0.

As in the case / > 0, the second estimate in (3.6) follows immediately from the triangle
inequality. Indeed, by a limiting argument, we have

1 e = 3 S UAENITE D yira

IeD ecE

and it remains to see that ||1/~/Ie||W_a,1 < |1|+0/d forall I € D.

~

7We first consider functions f with finite wavelet expansion and then we pass to limit.
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In order to estimate ||1Zf ll i1, we note that, since all the moments of order at most
r — 1 of ¥¢ are vanishing, one can use Lemma 3.8 to write

Pe=Vw= )" VO,
|o|=r

for some family ¥ = (Wy)|o|=r € C/. It follows that

Ui =117 3"V (We)s

la|=r
and
175 s < 11793 1 War s = 121791143 [l 5 17104072,
la|=r la|=r

forall I € D. ]

Remark 3.10. One can obtain a version of Theorem 3.9 for the inhomogeneous spaces
W1 by using essentially the same arguments as above and the decomposition (3.1)
involving the “father” wavelets.

3.2. Interpolation results

3.2.1. The nonpathological case. Fix some parameters s € R and p € (1, 00). According
to Section 10 in Chapter 6 of [28] (see also the discussion in [11], pp. 242-243), we have

(3.13) 1/ 552 @ay ~ 1/ ren g

for any Schwartz function f on R?, where yt := 1 4 (s — 1)p’/d. (Here, we suppose
that the wavelets involved are of class at least |s| + 1.) We can rewrite the quantity
||(f1)IeD||eg using the weights |7|=D/4 as follows. For any y € R and any finitely
supported sequence (cy)7ep, we have

B B B 1/p
11D epyrepllg = (3 1110777 (110D p)7)
IeDy,

— ( Z |[|(1—p)u|cl|p)l/p

IEDd

= llcDrep gz
where u = y + (I — 1) p’/d. Hence, from (3.13),

(3.14) 1 W gsr qay ~ 1AL f)renlley.

for any Schwartz function f on R¢, where y := 14 (s — ) p’/d.
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Let us introduce the weighted spaces £ (D, @;) and wl} (D, w;) by defining their
quasi-norms

=[P

(e renlle; ) cD1epllgy

and

= lqr|=h

lcDrenllwer @) c1epllwer-

The spaces £ (D, w;) and w€} (D, w;) consist of those sequences (c7)sep of finite
Z; (wy)-norm or finite wZ’{ (wy)-quasi-norm, respectively.

For simplicity, we will denote the space w9 by wf;. Notice that wf; (D) is the dis-
crete Lorentz space L1:°°(D) on the set of the dyadic cubes D endowed with the counting
measure.

Proposition 3.11. Consider some parameters | € Z, s € R, p € (1,00) and define y :=
1+ 6=0Dp'Jd. Ifl >1andy e R\ [1—1/d,1],0or]l <0andy € R\ [0, 1], then, for
any 6 € (0, 1), we have

(WHRD). By? (RY))gq = BJI(RY),
whered = (1 —0)l + 0s and 1/q = 1 — 0 + 0/ p. The same fact holds for the inhomo-
geneous version of the spaces.
(Here, we suppose that the wavelets involved are of class at least |/| + |s| + 1.)

Remark 3.12. Note that the conditions y € R\ [1 — 1/d, 1] and y € R\ [0, 1] are equi-
valent to the conditions s € R\ [/ — 1/p’,l]and s € R\ [l — d/p’, [], respectively. In
other words, Proposition 3.11 is a reformulation of Proposition 1.3, in the particular case
t = p, in terms of the parameter y.

Proof. The proof follows the same argument as in Theorem 1.4 of [11]. First, rewriting
the estimates of Theorem 3.9 using the weighted spaces E},’(D, ;) and wZ},’(D, ), we
have

(3.15) I Dreplwer @y S IS i S NUDi1epller @)

provided that/ > landy e R\ [l —1/d,1],or/ <0andy € R\ [0, 1].
Also, from (3.14),

(3.16) 1A g5 ~ N1CfD1en g wp-
Let ) )
Py (o) + () — Wh + BSP
and ] )
E W 4+ B3P — wl (w) + € (wr)
be defined formally as
P(cniep ==Y cryr and  Ef := (fD)iep-
IeD

(Recall (3.15) and (3.16) in order to see that P and E are well defined.)
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We have P o E = id on Wh! 4 By'?. By the retraction method for P and E (see
Theorem 6.4.2 in [5]), we observe that it suffices to prove that

3.17) (Wl (@), & (@)e,q = (L] (@1), 6 (@1))o,q = L (@1).

) Indeed, from (3. 15) and (3.16), we have the boundedness of the operators P: 611' (wp) —
WhL Pty (o)) — ByP and E: Wh! — we (w;), E: By’? — £} (w;). Consequently,

P (8 (). & (@)og = L (@) — (W BSP)g,
and ) )
E:(WH L BSP)eq — (8 (1), £ (@1)a,g = £ (1),

are bounded operators. This shows that

I i 3oy, = WPCED i gsry, , S 10D 1en e

and
I/ Dren gy = 1ES @y = 1 g ggoy,,»
ie., by (3.14),
1 i szey,, ~ NCDIED ey ~ 1 1550
forany f € Sy.
Let us see now that (3.17) holds. Note that, in all the sequence spaces we consider, we
have the same weights involved. Hence, (3.17) is equivalent (by the retraction method) to

the equality
(wﬁl,ﬁp)g,q = (el7ep)9,q = eq’

which is known to hold (see, for instance, Theorem 5.3.1 in [5]). [
Using Lemma 2.6 one can prove now Proposition 1.3 in full generality.

Proof of Proposition 1.3. The proof follows from Lemma 2.6 and Proposition 3.11 (see
also Remark 3.12) via an application of Wolff’s theorem (Theorem 2.7). Indeed, with the
notation used in the statement of Proposition 1.3, by Proposition 3.11, we get

(3.18) (W' BZ) 12,9, = BGH,
where 01 =[/2+4+0/2and 1/g; = 1/2 + 1/(2q). By Lemma 2.6, we also have

(3.19) (BJ FPP)gq = B3,
where ¢ = 0/(2 — ). Using now (3.18), (3.19) together with Wolff’s theorem (The-
orem 2.7), we conclude the proof of Proposition 1.3. ]

One can now deduce the nonpathological case of Theorem 1.4 from Proposition 1.3.

Since (F, Sy o FSP when t = 1, we start with the particular case t = p, and then we
obtain the full Theorem 1.4 by using Lemma 2.6.
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Proposition 3.13. Let r € N. Suppose p € (1,00) and 6 € (0, 1). Then, for any s €
R\ [r, 7 4+ d/ p], we have

(ByP(RY), W ™ (RY))g,4 = BJI(RY),

whereo = (1—0)s + 0r and 1/q = (1 — 0)/ p. A similar statement holds for the inhomo-
geneous spaces.

Proof. This follows by duality from Proposition 1.3. Indeed, applying Proposition 1.3
with! = —r <0andt = p, we get

5=S,0" 1i/—",1 _ p—o4q
(Bp’ s W )O,q/ = Bq/ )

and, since the dual of W1 is W”°°, we can write
25,0 1T, — (RSP 7.1
(B; [7’ Wr oo)e,q - ((Bp/s P )*7 (W r )*)G,q’
'—S,, S ._0,,/ 50,
=(Bp/ P’W r );,q’=(Bq’ q)*=B:1761’
and Proposition 3.13 is proven. ]

Proof of the nonpathological case of Theorem 1.4. The proof follows from Lemma 2.6
and Proposition 3.13 via Wolff’s interpolation theorem (Theorem 2.7). (See the proof
of Proposition 1.3.) ]

We can now use Proposition 3.13 in order to prove the following.

Proposition 3.14. Suppose r and | are some nonnegative integers such that | € R\
[r,r + d]. Then, for any 6 € (0, 1),

(WHLRD), W (RY))g,q = BJI(RY),
whereo = (1 —0) +0rand1/qg =1-86.

Proof. Suppose [ < r; the case [ > r + d being similar. Pick some 7; € (6, 1). Proposi-
tion 3.11 gives us that

(3.20) (WY By, p = B2,

wheres = (1 =)l +noand 1/p =1—1n;.
Consider 75 := (51 — 0)/(1 — n1) € (0, 1). Note that 1/g = (1 —n3)/p and 0 =
(1 — n2)s + nr, hence, by applying Proposition 3.13, we obtain

(3.21) (B3P, W)y, 4 = BT,

By (3.20), (3.21) and Wolff’s interpolation theorem (Theorem 2.7), we conclude the
proof of Proposition 3.14. ]

As we did in the case of Proposition 1.3, we can deduce the nonpathological case of
Theorem 1.4 from its particular case t = p.



On the interpolation of the spaces W1 (R4) and W (R4) 959

3.2.2. The pathological case. In this section we deal with the pathological case of The-
orem 1.1 and Theorem 1.4. Our first result in this direction relies on classical trace theory
(see Appendix A).

Proposition 3.15. Suppose r and | are some integers such thatr <[ <r + d. Fix some
parameters 6 € (0,1) and t € (1, 00), and let 0 and q be some numbers such that 6 =
(1—6)+6rand1/q=1—80. Then

BYY(RY) & WHI(RY) 4 CT(RY).

In particular,
BYY(RY) o> WHIRY), WP (R?))g,q.
Proof. We first consider the case where r = 0. In this case, we have 1 </ < d and
o = (1 —6)l =1/q. We argue by contradiction. Suppose
(3.22) BZY(R?) — WEL(RY) 4+ C(RY).
If] =d, theno = d/q, and since W41 (R?) «— L®(R?), (3.22) gives
B4 (R?) < L®(RY).

However, it is known that there exist functions f € B,d /4 (R?) that are not bounded.
This® disproves (3.22) in the case [ = d.

Suppose that I < d. Let Try_; be the trace operator on the subspace R4~ x {0}/ c R4,
We have that Trg_;: W51 (R4) — LY (R?~?) boundedly. Indeed, when / = 1, this is clear.
When [ > 2, by Uspenskii’s result (see [39] or [31]), we have that Trg_;41: whi (Rd) —
B! (R?=1*+1), and then we use the fact that Tr: B{"' (R?~/+1) — L1(R4~). Moreover,
Try—;: C(R4) — C(R4~) boundedly, and together with (3.22), we obtain

Trg—; B7Y(R?Y) < Trg_; WHY(RY) 4 Trg_; C(RY) — LY(R4™) + C(RY7H).

However, this is contradicted by Proposition A.1 and consequently (3.22) cannot hold.
Suppose now that r > 0 and that

B (RY) — WH(RY) + CT(RD).
We introduce the operator
D := (id,idy,...,i0dq),

where id is the identity operator.

By means of Calder6n-Zygmund theory, for any Schwartz function f, one can find
a family F = (Fy)jqj=r € B{"/(RY) such that f = D" - F and ||F||goe < || f||BZ.
Indeed, one can consider F := (D(id — A)~1)" £, where the operator D(id — A)~! acts
component-wise. Noticing that D”: W1 — W!="1 and D": C" — C, we can write

I lwi-risc = ID" - Fllwi-riyc S I Fllwtater S 1Flgea < 11/ ge—ra.

which implies
B (RY) — W RY) + C(RY).

However, as we have already seen, this embedding is false.

8This argument is based on the example given in [30], p. 2, related to the irregular triples.
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The last assertion of Proposition 3.15 follows from Lemma 2.4 and the intermediate
space property:

WL RY), WrP(RY))g, = (WH(RY), CT(RY))g 4 — WHIRY) + CT(RY).
Proposition 3.15 is proved. u

As a corollary of the proof of Proposition 3.15, one can get a similar conclusion if
we replace the Sobolev space W1 with the Besov space B{’l. Moreover, using more
advanced trace theory, one can deal with the spaces B{*! when the parameter s is allowed
to be any real (not necessarily integer) number in the interval (r, r + d].

Proposition 3.16. Suppose r is an integer and s is a real number such thatr <s <r +d.
Fix some parameters 0 € (0,1), t € (1,00) and let 6 and q be some numbers such that
c=01—-0)s+0rand1/q =1—0. Then

B (RY) > BY'(RY) + CT(RY).

In particular,
B(RY) o> (BY (RY), WH(R?))g 4.

Proof. The proof follows essentially the same strategy as the proof of Proposition 3.15.
However, we use traces on more general subsets of R? rather than subspaces. As in the
proof of Proposition 3.15, it suffices to prove Proposition 3.16 only in the case where
r = 0. Assume for contradiction that

(3.23) BY(R?) — BIN(R?) 4+ C(RY).

Suppose s # d. Otherwise we can easily obtain the contradiction by mentioning that,
since B f’l (R?) — C(R?), the right-hand side of (3.23) is embedded in C(R?). However,
By (R9) is not embedded in C(R¥).

Suppose 0 < s < d. Define the parameter § := d — s € (0, d) and consider a §-full
subset I' C R¥ (see Appendix A). By (3.23) and Theorem A.2 (i), we have

(3.24) Trr B4 (RY) < Trr BN (RY) + Trr C(RY) < LY(T) + L®(T),

where the L? spaces on I are considered with the respect to the Hausdorff measure J¢.
However, since 0 = (d — §)/q, by applying Theorem A.2 (ii) the space B{*? (R¢) has no
trace on I'. This disproves (3.24) and we have that (3.23) cannot hold. ]

Proposition 3.16 can be used to give a partial converse to Proposition 1.4. First, we are
concerned with the inhomogeneous version.

Corollary 3.17. Let r be a nonnegative integer and let p,q € [1,00), 8 € (0,1), 5,0 €R be
some parameters suchthat 1/q = (1—0)/pando =(1—-0)s+0r. If r <s <r+d/p,
then

(By? RY), W (RY))gq # BJI(R).

Proof. The case where p = 1 is already covered by Proposition 3.16, hence, we may take
p € (1, 00). Suppose by contradiction that we have

(3.25) (BSP, W"®)g, = B3,
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Note that 1/qg = (1 — 8)/p < 1/p, hence, there exists a unique number 7; € (0, 1)
such that 1/p = 1 — 1 + 11/q. Define the real number

s —1n0
S0 = s
l—m

which is positive thanks to the fact that s > o (this follows from the inequality s > r and
the formulao = (1 —0)s + 0r).Since 1/p =1—n; + n1/gand s = (1 —n1)so + n10,

50,1 0,9 — RSP
(BY”". By Dpyp = By,

which together with (3.25), implies via Wolff’s theorem (Theorem 2.7) that

(3.26) (B W)y, p = BYP,
where
- n16
2=
1—m +mb

One can check that 1/p = 1 — 1, and s = (1 — 12)sop + n2r. From this, as long as
r<s<r+d/p,wehave

So = I 702l =p(s—L/) =p(s—r+£) =ps—r)y+re(r+d].
1= P P
However, it follows from Proposition 3.16 that (3.26) cannot hold for this range of the
parameter So. (]

We can generalize Corollary 3.17 as follows.

Proposition 3.18. Let r be a nonnegative integer and let p,q € [1,00), 8 € (0,1), t €
[1,00], 5,0 € R be some parameters suchthat1/q = (1 —0)/pando = (1 —0)s + 6r.
If r <s <r+d/p, then, forany t € [1, 00|,

FFARY) > (FP(RE). WHP(RY))g 4.
Proof. Suppose by contradiction that
(3.27) F29 — (FP W) 4.

Introducing the spaces X := F;>? and X; := (F,"?, W) 4 = F2?, we observe
that Xy is in the class €(0, F,S’p, W) and X; is in the class € (6, FtS’P, W) (see
Definition 3.51 and Theorem 3.5.2 in pp. 48-49 of [5]), and we can apply the reiteration
theorem (see Theorem 3.5.3 on p. 50 of [5]). Therefore, for any p € [1, oo],

(FPP FI D12, = (Xo. X172, = (FPP WP )6 0,

where ¢ = 6/2. Setting p € (1,00) such that 1/p = 1/(2p) + 1/(2¢), we have (using
also Lemma 2.6)
B = (FP Fo)

and hence

(3.28) BoYP — (FP, W™ )4,
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where o1 = (1 — ¢)s + ¢r. Notice also that from Lemma 2.6, we get (since L°° < bmo =
F%° and W < FJ*)

(FP W)y p = (FP Fy ™), = BoP,
which together with (3.28) gives us the equality
ByP = (FSP ,Wh®) g 5.
Now, using again the reiteration theorem as above, we have

(3.29) (BJ1P, W), 4 = (F7P W)y 0. W), 4
= (F/"7, Wr)gq = B3,

where 6 := 0/(2 — 0). We can easily check that r < oy <r + d/p. Hence, Corollary 3.17
shows that (3.29) cannot hold. By this we contradict (3.27). [

Let Q be the cube [—1, 1]¢. With minor modifications, we can prove a version of
Proposition 3.18 for the cube Q (and for C” instead W"*°). More precisely, when the
parameters p, ¢, t, s, o are as in the statement of Proposition 3.18, then

(3.30) (F/P(0).C"(Q))o,q # BI(Q).

We can use this fact to prove a similar result that concerns the homogeneous version of
the spaces.

Proposition 3.19. Let r be a nonnegative integer and let p,q € [1,00), 8 € (0,1), t €
[1,00], 5,0 € R be some parameters such that 1/q = (1 —0)/pando = (1 —0)s + Or.
If r <s <r+d/p, then, forany T € [1, 00|,

FEORY) o (FPPRY). WP (R?))g4.

Before passing to the proof of Proposition 3.19 let us recall some facts from the theory
of subcouples introduced by Pisier in [33] that will be useful in what follows. Let (X, X1)
be a compatible couple of Banach spaces and let (Yy, Y1) be a subcouple of (X, X1). In
other words, we have that for any j = 0, 1, ¥; is a (Banach) subspace of X;. According
to Pisier [33], we say that (Yy, Y1) is K-closed in (Xy, X;) if, for any f € Yy + Y;, we
have the equivalence

K:(f. Yo, Y1) ~ K:(f., Xo, X1).

for any ¢ > 0, where the implicit constants do not depend on ¢ or f. Trivially, we have
that

K:(f.Yo. Y1) > K/ (f. Xo. X1).
and hence, in order to verify the K-closedness of the subcouple (Yy, Y1), it suffices to
check the inequality

K:(f.Y0. Y1) < K¢ (/. Xo, X1).

In other words, it suffices to verify that for any fixed # > 0 and any decomposition
f = fo+ fi1 (depending on t), where fy € Xy, f1 € X1, with

I follxo + 2l f1llx, = 1.
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there exist gg € Yo, g1 € Y1 (depending on ¢) such that f = go + g1 and

lgolly, + tllg1lly, <1,

where the implicit constant does not depend on ¢ or f.

The notion of K-closedness was introduced by Pisier in [33] in order to give a short
proof of Bourgain’s result that the disc algebra has the Grothendieck property. Other
authors like Bourgain [6] or Kislyakov and Kruglyak [21] further developed the theory
of K-closed subcouples deriving interpolation properties for the Hardy and the Sobolev
spaces. Here, we only use the notion of K-closedness in a simple situation. We need the
following lemma on quotient spaces that follows from the work of Pisier and Janson.

Lemma 3.20. Let (Xo, X1) be a compatible couple of Banach spaces such that Xo N X4
is dense in Xo and X1. Suppose M is a finite dimensional subspace of X¢ N X;.
(i) We have that
(Xo/M) N (X1/M) = (Xo N X1)/M.

(ii) Forany 0 € (0,1) and any q € (1, 00), we have
(Xo/M, X1/M)g,q = (Xo, X1)g,4/M.

Proof. Part (i) follows from the work of Pisier (see, for instance, Theorem 4.1 (i) and (iv)
in [17]), and (ii) is a consequence of Theorem 4.2 in [17]. First, let us recall that, since M
is finite dimensional, any two norms are equivalent on M. It is easy to see that (M, M) is
a normal subcouple of (X, X1) (see Definition on p. 317 of [17]). Note that M is a finite
dimensional subspace of X¢ 4+ X1, and consequently M is complemented in Xo + X;.
Therefore, there exists an onto bounded projection Pys: Xo + X1 — M. We get

186 fllar < 1S o+, = min([]f flxo, | llx1)

forany f € Xo N X;. Since

I1Pag Sl ~ 1 Pas fllxo ~ N1 Pas flIx: -

the operator Pps: X; — X is bounded for any j = 0, 1.

One can see now that (M, M) is a K-closed subcouple of (Xg, X7). Indeed, fix some
t > 0. Consider some f € M and a decomposition f = fo + f1, with fo € Xo, f1 € X1,
such that

(3.31) I follx, + Il f1llx, < 1.

Observe that
f=Puf=Pufo+ Pufi.

and by the boundedness of Py on X, together with (3.31), we get
I1Par follxo + 211 Par fillx, < [Pall < oo

Now, we can apply Theorem 4.1 (i) and (iv) in [17] and Theorem 4.2 in [17] to the
subcouple (M, M) in order to obtain (i) and (ii), respectively. |
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Proof of Proposition 3.19. 1t suffices to prove Proposition 3.19 in the case t = p € (1, 00)
(or t = 2), T = q, with nonequality instead of nonembedding. One can then prove the gen-
eral case as we deduced Proposition 3.18 from Corollary 3.17. Suppose by contradiction
that

(3.32) (WP RY), WO (R?)g,q = BJ4(RY).
Using Lemma 2.4, this is equivalent to
(3:33) (WP R?). C5(R))gq = BFT(RY).

Let / be the smallest integer with / > s and consider k := max{/, r}. By the Poincaré
inequality (see, for instance, (2.6)), we have

I/ lLr @y 2t = I lirsr -

for any Schwartz function f, where &/ is the space of polynomials of degree at most / — 1.
Now, using this and the trivial inequality

1 ooyt < 1 isocgy = 1 sy

together with Lemma 3.20 (i) (for M = Py and the fact that W52 = LP N W5P we get
I/ lws.eoy 2t = NS Nirsir ey

for any Schwartz function f. Hence, since k > [,

(3.34) I/ lwsrcoyyox < NS lyirs.o ey

for any Schwartz function f. By (3.34), the restriction operator Rg (Rgp f := f|p for
any Schwartz f) is bounded from W*?(R%) to W*> 2(Q)/F P*. Also, by using the mean
value theorem (see also (2.6)), R is bounded from C (R¥) to C"(Q)/P7T. Since k > r,
R is bounded from C (R%) to C"(Q)/P*. By mterpolatlon we get

Ro(WP(R?), C§(RY))g 4 — (WSP(Q)/P*,CT(0)/P5)g,4.
Using (3.33), we can rewrite this as
(3.35) Ro(BJI(RY)) — (WHP(Q)/P*.CT(Q)/P¥)oq.

For any element of By (Q)/J P* . there exists a representatlve f € B7(Q) and there
exists an extension f € Boq(Rd) < BJY(R¥) such that Rg f = f. Hence,

BJ1(0)/P* < Ro(BJ(RY)).
and combining this with (3.35), we get

BJ(Q)/P* — WP (Q)/P*.CT(0)/PF)o 4.
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Using this and Lemma 3.20 (ii) (for M = £%), we get

(3.36) BJ(Q)/P* — (WSP(Q),CT(Q))o,q/P*.

Now, by using Lemma 2.6 (and by a standard application of the retraction method),
we have

WHP(0).CT(Q))g,q = WP (Q). F;7(Q))eq = BF(0).

and hence, by (3.30), the space (W*?(Q), C"(Q))g,4 is strictly smaller that By (Q). In
other words, re-denoting the spaces as A; := B;?(Q) and 4> := (B;?(0),C"(0))o.4-
there exists a sequence (f;)n>1 of Schwartz functions on R4 such that

(3.37) I falla, =1 and | fulla, — O,

when n — oo. Consider the sets Uy 1= (=2, 1/2) x (=2,2)¢7, U, := (—1/2,2) x
(=2,2)4~1 that form an open covering of Q. For these open sets, one can find two smooth
functions y; € CX(U;), j =0, 1, with y; + y2 = 1 on Q. We can observe that, for any
Schwartz function f on R4, we have

(3.38) lxi flla < I1f lla.

when A = A; or A = A,. This is a standard fact when A = A;. To obtain the inequality
for the case A = A5, we observe that (3.38) holds for A = B,”(Q) and A = C"(Q), and
then apply the standard real interpolation method. Now we can write

IA Ny = Ixa S lla; + x2S lla, S 1f N4y

and combining this with (3.37),

1 fullas + llx2 falla, ~ 1,

uniformly in 7 and
lx1fallay + llx2 fullay = 0,

when n — oo. Considering a subsequence (which for simplicity will be also denoted by
(f#)n>1) we can suppose without loss of generality that

X1 /ulla, ~1 and | x1fulla, = O,
when n — oo. In other words, introducing the functions g, := y1 fn, we have
(3.39) lgnlla, ~1 and | gnlla, =0,

when 1 — oo. There exist two sequences (p}),>1, (p2)n>1 of polynomials’ in P* such
that, for any j = 1,2, _
lign — Pilla; ~ lgnlla, o

9These polynomials are not the same as the polynomials p,lc introduced in Section 2.1.
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Hence, by (3.36),

(3.40) lgn = Pallaz < llgn = Pallay < llgnlla,
uniformly in n. Consider some ¥ € C2°(2), not identically 0, where Q := [2/3, 1] x
[—1,1]471. As in (3.38), we get

lpilla, = 1V (gn = P4z < llgn — Pallas,

where we have used the fact that, since supp g, C U, the sets supp g, and 2 are dis-
joint. This inequality implies that all the coefficients of the polynomial p2 are uniformly
bounded by ||g» — p2|l4,- Hence, by (3.39) and (3.40), all the coefficients of the poly-
nomial p2 are converging to 0 uniformly. Since P* is finite dimensional, any two norms
are equivalent on ¥, and consequently || p2| 4, is equivalent to the sum of the absolute
values of the coefficients of p2. By the previous discussion, we get || p2|l4, — 0, when
n — oo. By this, (3.39) and (3.40), we have
lgnllaz < llgn — Pallas + P75l < lgnllay + 1P3llay — O,

when n — co. However, this contradicts (3.39). This proves that (3.32) does not hold. =

By duality, Proposition 3.18 (or Proposition 3.19 for the homogeneous case) immedi-
ately implies a partial converse to Proposition 1.3 in the case where [ < 0.

Corollary 3.21. Consider some parameters | € Z, s € R, p,t € (1,00). If | <0 and
[ —d/p <s <, then, for any 6 € (0, 1), we have

WHRY, FP(R)gq # BFI(RY),
whereo = (1—0)l +60sand1/g=1—0 + 0/ p.
Indeed, if for some r = —[ > 0 and some s € [-r —d/p’, —r), we have
(WL FP)oq = BYY,
then, by duality, we get

(3.41) (W7, F, ) 0 = B,
However, since r < —s <r + d/p’, by Corollary 3.17 the equality (3.41) cannot be true.

Remark 3.22. A direct consequence of Corollary 3.21 and the proof of Proposition 3.11
is the fact that the range of the parameter y in Theorem 3.9 cannot be improved when
[ < 0. In other words, for any y € [0, 1] and any integer [ < 0, we have the noninequality

1D e @y = 1 s

for Schwartz functions f. This is in contrast with the case / > 1, where a larger range of y
is available (see Remark 3.5).

Since we have proved the nonpathological case of Theorem 1.4, Proposition 3.18 and
Proposition 3.19, we have proved Theorem 1.4.

One can observe that Theorem 1.4 implies, via the reiteration theorem, the following
sharpening of the conclusion in the pathological case.
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Proposition 3.23. Consider the parameters s € R, r € N, with s # r, and let p,q €
(1,00), 0 €(0,1), t €[1,00], 0 € R be as in the statement of Theorem 1.4. Let X be a space
in the class €(0, F;"F, C"). Then, if s € (r,r + d/ p), no space F{*, with t € [1, o0],
embedds in X. A similar fact holds in the case of the homogeneous spaces.

Proof. Indeed, suppose by contradiction that FY*? <> X. Then, as in the proof of Propos-
ition 3.18, we get, by the reiteration theorem (and Lemma 2.6), that

Bgl,ﬁ — (Fts,l” F;T’q)l/Z,p s (FtS,P’ X)l/z,p — (FIS,P’ Wr,oo)qb’p’

where ¢ = 0/2,01 =s/2+0/2and 1/p = 1/(2p) + 1/(2q). However, this contradicts
Theorem 1.4. ]

Proof of Proposition 1.6. Suppose by contradiction that Fy*? is an interpolation space of
exponent 6 with respect to (F;'?, W), By a simple regularization argument, we get
that F;°? is an interpolation space of exponent § with respect to (F;*?, C"). Then, by the
Aronzajn—Gagliardo theorem (see [3] or Exercise 2.8.4 on p. 33 of [5]), there exists an
interpolation method (functor) Gg of exponent 6 such that

F& = Go(F),C").

However, since F;"? N C” is dense in F,"? and C”, by the extremal property of the
real interpolation method (see Theorem 3.9.1 on p. 58 of [5]), we get

(F7?,C"g1 <> Go(F;"P,CT) > (F;"7,C")go0-

In particular, according to Theorem 3.5.2 on p. 49 of [5], Gg(F;*?,C") is a space of
class €(0, F, ,S’p , C"). Hence, by the reiteration theorem (as in the proof of Proposition
3.18 and Proposition 3.23),

Bgl,P — (FIS,P7 Fro’q)l/Z,p — (FZS,P, GG(Fts’p» Cr))l/z,p — (FZS,IT7 Wr,00)¢’p,

where ¢ = 60/2, 01 =s/2+ /2 and 1/p = 1/(2p) + 1/(2q). This contradicts The-
orem 1.4. ]

At least in the case of homogeneous spaces Proposition 1.6 can be strengthened as
follows.

Corollary 3.24. Consider the parameters s € R, r € N, with s # r, and let p,q € (1, 00),
0 €(0,1), ¢t €[l,00], 0 € R be as in the statement of Theorem 1.4. Moreover, suppose
that s € (r,r + d/ p) and fix some © € [1, 00|. Then there exists a linear operator

T: FPPRY) + WHRRY) — FPP(RY) + W (RY),
such that
(1) T is bounded on F,S’p (R%),
(i) T is bounded on W (R%),
(iii) T is not bounded on F&?(RY).
Proof. Suppose by contradiction that any operator

T:FPP 4 Wro® — E2P 4 Wi,
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that is bounded on F;*? and on W"°, has to be bounded on F*?. By Theorem 2.4.2
in [5], we have
(3.42) 1T g, poa S NT N gsogsr + 1T oo pirnoos

where the implicit constant does not depend on 7. Fix such an operator T'. For any A > 0,
we introduce the new operator 7, formally defined by

T f = (T,
where f*(-) = f(A-) (see Section 2.1, (2.3)). We can easily verify that
1741 poa_, o ~ A7 NT || poa, poa,
and get similar relations corresponding to the spaces F, 5P W™ From (3.42), we get
Il goa_ poa S APCTTYPNT s o 4+ A7 OCTYPT e
and, by setting

1= (”T“Wr,oo_)Wr,oo)1/(S—r—1/17)
IT 1l gsr_y v ’
we obtain

1-6 6
1T g on S ITIES on I T e

However, this implies that 7> is an interpolation space of exponent 7 with respect to
(F;>P, W), which by Proposition 1.6 cannot be true. n

3.3. Pathological sums of Sobolev spaces on R4

As we have seen in the previous section, the statement of Proposition 3.16 gives more than
the fact that the space Bg ! is not equal to a space obtained by interpolating B {’1 and C",
when [ € (r,r + d]. Namely, Bg 4 cannot be even embedded in the sum B{’l + CT. Itis
natural to ask if the same phenomenon occurs in the pathological cases described by Pro-
position 3.18 or Proposition 3.19. The homogeneous spaces that appear in the statement of
Proposition 3.19 are in most cases convenient for converting the result of nonequality into
a stronger result of nonembeddability into the sum. More precisely, we have the following
partial result.

Proposition 3.25. Let r be a nonnegative integer and let p,q € [1,00), 8 € (0,1),t, 7 €
[1,00], 5,0 € R be some parameters suchthat 1/q = (1 —0)/pando = (1 —60)s + Or.
Ifr<s<r+d/p, then

FZIRY) o FP(RY) + W (RY).

Proof. For simplicity, let us denote the spaces as follows: Ay := F,S’p , Ay i= W and
Y := F7*?. Suppose for contradiction that we have

Y < Ag + A;.
This implies that, for any f € Y,
(3.43) 1f * agar < I Dy
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for any A > 0, where f*(-) := f(A-). Introducing the number ¢ := A" ~5+4/7 (recall that
r—s+d/p #0),one can see by a direct computation that (see (2.2))

(3.44) 1/ *lag+ar = 25~VP K, (f. Ao, Ar).
Since, || f*ly ~ A°~4/4]| f |y, by (3.43) and (3.44), we obtain

I flly 2 Ab—d/P=C=dlD g, (£, Ao, Ay)
= AN6=IPI K (f Ao, Ay) = 17K, (f Ao, A)),

which means that
Y — (Ao, Al)G,oo-

Let us consider the spaces Xo = Ao and X; = (Ao, A1)s,00- Note that Xy is in the
class €(0, Ag, A1) and X is in the class € (0, Ag, A1) (again see Definition 3.51 and The-
orem 3.5.2 in pp. 48—49 of [5]). We can apply the reiteration theorem (see Theorem 3.5.3
on p. 50 of [5]) and (3.44) to conclude that, for any p € [1, c0],

(3.45) (A0.Y)1/2,0 = (X0, X1)1/2,0 = (A0, A1) .0

where ¢ = 6/2. Fix p € (0,1) such that 1/p = 1/(2p) + 1/(2q). In this case, by Lem-
ma 2.6, we have that

(A0.Y)1/2,p = (F7P  FP) 12, = Bf"o,
where 8 := s5/2 + 0/2, which together with (3.45) gives
BEP < (FSP 1770),
By the fact that L>® <> BMO = on’oo, we have

(3.46) (PP WrYg o (FPP Fy®) g0 = (F757  F; 7N
_(pBr _ RB.
= (B,P*y; = BE”,

where we also have used Lemma 2.6. Hence,

(3.47) BEP = (E]7 , Wh™)4.,.

As we can easily check, 8 = (1 — ¢)s + ¢r and 1/p = ¢/ p. This shows, via Propos-
ition 3.18, that (3.47) does not hold. [

Proof of Proposition 1.5. Suppose by contradiction that
W s WP 4 W,
Since s > 0, from this we get that

wWod s Ws,p + Wr,oo.
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Combining this with Lemma 2.3 (i), we get the estimate

(3.48) IL1 S yirsopvirree S WLt fllwoa S 1S llyiroa-

for any Schwartz function f, where [ is the smallest integer with / > ¢. By Lemma 2.3 (ii),
we also have

(3.49) Lt S lyirs.o girroe S WL2 S Nlwroe S NS Nyiroa-
Now, by the triangle inequality, (3.48) and (3.49) imply
L Wrsao sirroo < L1 S Wi iirroo + N1 f Niirer iirre S 11 lyiroas
for any Schwartz function f. However, this implies the embedding
Wa,q s Ws,p + Wr,oo’
which, by Proposition 3.25, cannot hold. ]

Note that we deduced Proposition 1.5 from Proposition 3.25, which is a result of a
global nature. It will be interesting to see if the conclusion of Proposition 1.5 remains true
for spaces defined on compact domains. This can be compared with the situation when the
parameters s, r, p are in the nonpathological case. More precisely, suppose Q is the cube
[—1, 1]¢ and the parameters s > 0,7 € N, p € (1, 00) satisfy s & [r, 7 + d/ p] (recall that
we always consider s # r). Then

WoUQ) — WP (Q) + W"™=(Q).

where the parameters o, ¢ are as in the statement of Proposition 1.5. In fact, we have the
more general embedding

F7(Q) = FP(Q) + Wh(Q),

where ¢, T € [1, 00). Indeed, if s < r, then we can write

o)) ele )

We also have that 0 = (1 — 8)s + 0r > s (since s > r), and we get, from the classical
embedding Theorem 1(3) on p. 82 of [35], that

FP(Q) = FP(Q) = FP(Q) + Wh™(Q).

Ifs >r +d/p,then
d d
0—r——=(1—9)(s—r——)>0,
q 4

and this implies (using the classical embedding Fy "¢ < L*°, when o > r + d/q) that

FJ(Q) = W"(Q) = F"P(Q) + W"*(Q).
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3.4. The unboundedness of the Riesz transforms

Let us turn the attention to the behavior of some operators given by singular integrals that
act on some “pathological” interpolation spaces. Here, we restrict ourselves to a class of
pathologies that are subject of Proposition 3.19. Let us recall that when 6 € (0, 1), p €
(1,00),t € [1,00], s € R are some parameters such that 0 < s < d/ p, by Proposition 3.19
(setting r = 0), we have

(3.50) (FSP(RY), L®°(RY))g,4 # BI1(RY),

where 0 = (1 — 0)s and 1/q = (1 — 6)/p. It turns out that much more is true. Namely,
at least when s # d/p , none of the Riesz transforms is bounded on the space defined by
the left-hand side of (3.50). This can be deduced from (3.50) and the following result.

Proposition 3.26. Consider the function space
X = (FP R, LYRY))g g,

where 6 € (0,1), p € (1,00), 1 € [1,00), 1/g = (1 —=0)/p and s > 0, with s # d/p.
If X # Bg 4 then none of the Riesz transforms is bounded on X . The same fact holds for
the inhomogeneous spaces.

Remark 3.27. Let us note that, by Proposition 3.26, one can construct in a natural way
function spaces with some special properties. Suppose that X is the space defined in
Proposition 3.26 above and 0 < s < d/p. Suppose also that ¢ € (1, 00). Then Fts’p is
uniformly convex and, by a theorem of Beauzamy (see, for instance, Theorem 2.g2.21 on
p- 229 of [26]), the space X is uniformly convex. One can immediately check that X is
translation and rotation invariant. Now, by Proposition 3.26 and (3.50), the space X is a
uniformly convex function space on Rd, translation and rotation invariant, and no R; is
bounded on X . The same observation applies in the inhomogeneous case.

Remark 3.28. Proposition 3.26 implies, in particular, that X is never a Besov space. Oth-
erwise, we would get that X = B7? for some 7 € [I, oo]. However, the Riesz transforms
are bounded on BY*? and not on X.

In order to prove Proposition 3.26, we need the following homogeneous variant of a
result of Adams and Frazier (Theorem 2 in [1]).'°

Lemma 3.29. Suppose s > 0 and p € (1, 00). For any f € WP N BMO, there exist
fo. fio.oy fa € WP N L such that

f=f+Rifi+-+Rqfa

and

d
Z”fj”Ws,meoo < ”f”WS!PﬂBMO'

j=0

10 emma 3.29 (that follows) can be proven on the same lines as Theorem 2 in [1]. However, since the proof
in Theorem 2 in [1] is too involved to be outlined here, we prefer to deduce Lemma 3.29 from Theorem 2 in [1].
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Proof. Let [ be the smallest integer with [ > s and fix some f € W*? N BMO. By
Lemma 2.3 (i), we have

”Llf”WSJ < ”f”WSp < ”f”Ws,meMov

and, by Lemma 2.3 (i),
L1 f lemo < 11f lemo + I fllevo < Il Iemo + 1 L1 f llzee < 1S lyirs.o i paro

Hence, we can write

(3.51) ”Llf”WSrPﬂBMO < ”f”W&PﬁBMO'

Using the Adams—Frazier theorem, Theorem 2 in [1], we have a decomposition of the
form

Lif=fo+Rifi++Raf,
such that

d d
(3.52) D 1 lirsoare S DS Iwsrare S ILif lwsrapmo.
j=0 =0

Now we can set fo := fj + L;f and f; := f/, for any 1 < j < d. Thanks to the
decomposition y
f=Lif+Lf
we have

f=f+Rifi+--+Rgfa.
Also, by (3.51) and (3.52),

d
> 15 lrsrnzee < 1f lirsrnsmo
j=1

and
”fo/”Ws,meoo < ”f”WS'PﬁBMO'
‘We combine this with the estimate

”Llf”Ws,meoo < ”f”Ws,p < ”f”Ws,meMo
(see Lemma 2.3 (ii)), and we get

”fO”Ws,anoo = ”f()/”Ws,meoo + ”Llf”Ws,anoo < ”f”WW’ﬂBMO’
concluding the proof of Lemma 3.29. ]
Proof of Proposition 3.26. It suffices to prove Proposition 3.26 in the case t = p ort = 2.

One can then prove the general case by reiteration as in the proof of Proposition 3.18. By
Lemma 3.29, for any g € W*» N BMO, there exist g¢, g1, ..,8q4 € WP N L* such that

(3.53) g=8go+ Rig1+-+Ragu
and

d
(3.54) > Ugilirsrazee < Iglhiernsmo-

Jj=0
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Let f € WP + H' and consider some g € W*? N BMO, with g lyirs.rnmo = 1
such that

(3.55) ”f”Wfs,p’_FHl =< z(fv g)'

Using the decomposition (3.53) for this g, and the estimate (3.54), we get

(f.g)=(f.go) +(Rif.g1) + -+ (Raf ga)
< ||f||L1+Wfs,p’ + ”le”Ll.g_W*s,p’ + 4+ ”Rdf”Ll.g_W*s,p”

which, together with (3.55), gives
I W= ot S NRS Nyir=s.pr 4115

where R f:=(f.R1 f.....Raq f). Thanks to the fact that the Riesz transforms are bounded
from H! to L' (and hence from W=5?" + H! to W5 4+ L), we have

(3.56) ||f||W—s,p/+Hl ~ ||Iéf||W—s,p/+L1'

Now consider some A > 0 and define f*(-) := f(A-). It is easy to see that for ¢ :=
ATSHIP (see (2.2)),

1 s g = 2K (LW HY,
and in a similar way,
IR s 11 = DR s g1 = A K(REW TSP LY.
Now, we get from (3.56) that
Ki(f WP H') ~ Ku(REWSP LY,
for any ¢ > 0, and consequently
(3.57) 1A s 11y, ~ VRS N ir=sr 11y, -
Notice that the dual of the closed subspace
Vi={Rf|feW P LY},

of (W=7, LY4) 144 js the space of all functions g that can be decomposed as in (3.53)
with the norm given by

d
gl = inf > gy lx.
Jj=0

where the infimum is taken over all decompositions of the form given in (3.53). Schemat-
ically, we can write this as

(3.58) V*=X+ R X +-+ Ry X.
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The dual of (W‘s’p,, Hl)g,q/ is (see, for instance, (3.46))
(3.59) (WP BMO)g, = (WP, F}"®)g, = BJ.
By (3.57), (3.58) and (3.59), we get that
(3.60) BJY =X+ RiX+-+RgX.

Observe that X < BJ*?. If all the Riesz transforms are bounded on X, then by (3.60)
we obtain X = Bg ‘4 which is not the case. Hence, at least one of the Riesz transforms,
suppose Rj, is not bounded on X. Any R; can be obtained from R; by a rotation of the
coordinates and we can immediately see that X is invariant to rotations. It follows that
any R; is unbounded on X. We have proved Proposition 3.26 in the homogeneous case.

Now, let us prove Proposition 3.26 in the case of the inhomogeneous spaces. Consider
some parameters A > 0, n € N* and the operator 7' defined by

T f :=( 3 Pkf)A
—n<k<n

for any Schwartz function f, where Py f (k € 7Z) are the Littlewood—Paley pieces of f.
Let ® € C°(B(0,2)), with ® = 1 on B(0, 1), be the function such that (see Section 2.1)

Pef(§) = (D(£/2%) — @(£/2K7Y) f ().

We get e R
Yo PfE) = (B(E/2) - dE/27T) [ ()

—n<k<n

Hence, we have T}' f := (f * ¢n)?, where

n = (®)an — (D)t

(Here, ($)3(-) = A7 ®(1-).)
Using the Littlewood—Paley square function theorem for L7, it is easy to see that

(3.61) I3 fllpsr = AP0 f % Gallr + A 7YP | f 5 Gull por
SATYPC N fllgsr + 25PN f % Gall g
S A.S_d/p(l + )\,_S Cn) ||f||Fts,p,

where C,, is a constant depending on n, s, p and ¢. We also have the estimate

(3.62) 173 fllzoe = 11 f * Sallzos < lgnllil fllzes < 201Dl f 2o

From (3.61), (3.62), we get by interpolation that

(63 NTL Sl gsr, 100y, S 1L+ ATC) AT fl oy
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for any Schwartz function f, where the implicit constant does not depend on n or A.
Suppose now that
R; : (Fzs’pv Loo)ﬁ,q g (Fzs’pv Loo)ﬁ,q

is bounded. Since (F;*?, L®)q, <> (F;*7, L®)q 4, we get
—o+d —o+d
(3.64) AT RTY [l g poey,, SATFVNNTE Nl ppr, 1y
for any Schwartz function f. It is easy to verify that
—o+d
AOTVNRITY f g, ooy, ~ IRITE fll g5, ooy,
Also, by (3.63), when A — oo, we have
cosoe ) —o+d
timinf A~ NTE f | o, ey, S 1S ipr, 1oy,
and now (3.64) implies
(3.65) IR; Tlnf”(Fts'P,Loo)eﬂ < ”f”(FtS'P,Loo)e’q»

where the implicit constant does not depend on n. Since R;T{' f — R; f in the sense of
distributions (when n — 00), it remains to observe that

IR £l ooy, < BInE IR TY o oy,

and by (3.65) we have reduced the boundedness of R; on (F;*”, L>)g 4 to the bounded-
ness on (F;"?, L*®)g 4. Now, we can apply the homogeneous case of Proposition 3.26 in
order to complete the proof. ]

Recall that we have the embeddings
(F7P, L% = (FP L®)gq = (F7, L)1,

where all the parameters are as in the statement of Proposition 3.26 above. In view of this
embedding, we can strengthen Proposition 3.26 by observing that R; is not bounded from
(F"P,L®)g1 to (F;"?, L°°)g oo. Indeed, if

Rj: (F?, L®)g1 — (F;"? L®)g 00

were bounded, then, since
. pSP s,p
Rj: F," = F,

is bounded, we would get by interpolation that
Rj . (Fts’pv (Fzs’p’ Loo)@,l)l/Z,p - (Fzs’p, (Fts’P» Loo)G,oo)l/Z,p

is bounded, where 1/p = (1 — 0/2)/p. Since F,"? is a space of class € (0, F;*?, L>) and
(F"P, L%®)g.1, (F{"P, L°)g o are spaces of class € (0, F;*?, L>), we get by reiteration
that

(Fts’ps (Fts’pv Loo)@,l)l/z,p = (Fts’p, (Fts,p» Loo)é),oo)l/z,p = (Fts,p» Loo)0/2,p-
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This combined with (3.65) gives the boundedness of the operator
Rt (FP, L®)e2.0 = (F7, L®)6/2,p5

which, as Proposition 3.26 shows, cannot hold.
To summarize, we have obtained the following result.

Proposition 3.30. Let 6 € (0,1), p € (1,00), 1 € [1,00], s € R be suchthat 0 < s < d/p.
Then, none of the Riesz transforms is bounded from (F;"?, L®)g 1 to (F;"?, L) 00

4. The complex method

4.1. A nonembedding property

We give now a proof of Proposition 1.7 based on standard trace theory and basic embed-
ding properties of Triebel-Lizorkin spaces.

Proof of Proposition 1.7. By Lemma 2.4 (see (2.10)), it suffices to prove that
FOPRY) o> (FyPRT).CHRY))p.
Suppose by contradiction that
4.1) FPRY) — (FP(RY), CHRY))p.
By standard trace theory, we have
Tr FPPRY) = B7TPo R,

Also, since the trace operator Tr: F,"? (R?) — B;_l/p’p(]Rd_l), Tr:C!(R%)—C! (R
is bounded, (4.1) implies
(4.2) BSTVPP(RITY) = Te(FP(R?)) < Tr(F3P (R?), CH(R?))g
= (Tr F3P(RY), Tr €' (RY))g
= (B, /PP RITH.CTRT)s.
Thanks to the fact that C! (R?~1) <> F/**°(R4~1) (recall that C(R?~!) <> bmo(R% 1) =
FZO’OO(Rd_I)), we have
(By~ /PP @I, CIRIT)g > (ByVPP @I, By PRy
_ —1/p, d—1
— F:l PP(R )7
and from (4.2), one gets
—1/p, d—1 —1/p, d—1
(4.3) BGTVPP(RITY) e FTVPA(RATY),

where 1/p1 = (1—6)/p + 0/2.
However, since p; < p, the embedding (4.3) is false (see, e.g., Theorem 3.1.1(i)
in [37]). [ ]
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Remark 4.1. Since, as long as 1 < p < oo, the spaces W5? and W* are Triebel—
Lizorkin spaces, Proposition 1.7 gives, in particular, that

(WP RE), WO RT))g # WP RY).

Remark 4.2. Note that we get a similar statement if we consider the corresponding spaces
on T?. Namely, as long as / > 0 is an integer and 1 < p,q < 00, if s > 1/ p, then (keeping
the notation from the statement of Proposition 1.7)

FP(TY) o> (F3P(T4), wheo(T4))g.
In particular, we have

(WSP(T4), Whe(T9))g # WP (T?),
which easily implies that

WP (D), W2 (T9))g # WP (T?).

Corollary 4.3. Let | > 1 be an integer. Fix some 6 € (0, 1) and define p := 1/(1 — 0).
We have
WHRY), W R # WP RY).

Proof. Suppose by contradiction that

(“4.4) whtwheyg = whe,

Since 1 < p < 0o, by Milman’s result (see Theorem B in [29]), we have
(4.5) wht whey, = whp

for some n € (0, 1), where 1/p; :=1—1n+ n/p. By (4.4) and reiteration, one can
rewrite (4.5) as

(4.6) wht whey, = whL (wht whe)e), = whe,

where 11 := (1 — 0)n + 6. Using now (4.6) and the reiteration theorem (see Theorem 4.6.1
on p. 101 of [5]), we have

@7 (whe wheey, = (wh whe), whe),, = wh whe)y = whe,

where 11 := 6/n,. However, since 1 < p; < oo, according to Proposition 1.7 (see also
Remark 4.1), we cannot have (4.7). This concludes the proof of Corollary 4.3. [

4.2. Some noncomplemented subspaces of (C(T %))

Consider some function m = (my,...,my): Z% — RY and let us denote by |m/| the
function
. 2 241/2
m| = (m3 + -+ m3) 2.
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By m(V) we mean the Fourier multiplier whose symbol is m. In other words, for any
trigonometric polynomial f, we have

m(V) f = (mi(V)f.....mn (V) [f),

where . .
m; (V)™ )) (x) = mj (n)e?™ ),

foranyn € Z¢ andany 1 < j < N.
Fix some s > 0. We say that m is s-admissible if:

(i) forany p € (1, 00) and any trigonometric polynomial f on T, we have

Im (V) S NLocray ~o IIVE fllLocray:

(ii) there exists N, < N such that m}, := (my,...,my,) depends only on the first d},
coordinates (11, . ..,ng,) for some dy < d and, for any trigonometric polynomial f
onT%,

1m9) f ooy ~ NVE S Tomorra)-

Given a vector space X of distributions on T4, we denote by G,,(X) the vector space
Gm(X) :={m(V)g | g € D'(T?) such that m(V)g € XV} < xV.

When X is a Banach function space, we endow G, (X) with the norm induced by X ¥ .
The spaces C™(T%), W™ LP(T?) and bmo™ (T %) are spaces of distributions f
on T4 (or T%), for which the following norms are finite:

I lemeray = I lceray + 1m(V) flicray,
If lwmpocray == [ f lLecray + Im(V) fllLocrae

and
||f||bm0mh(11“db) = ”f”bmo(’]rdb) + ||m(v)f||bmo(1rdb),

respectively.
Note that property (i) implies

(4.8) W"LP(T?) = Fy(T9),
for any p € (1, 00). Also, by (ii), we can see that
4.9) bmo™ (T %) = F3°(T®).
Lemma 4.4. For m as above and 6 € (0, 1), we have

(C™(T4), W™ LP(T9))g # W™ LI(T),
forany p € (dy/s,00) and 1/q = 0/ p. We also have

(C(TD), WTLE(T?)g # W™ L{(T?).
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Proof. The argument is similar to the one used in the proof of Proposition 1.7. Suppose
by contradiction that we have

(4.10) WMLP(T?) = (C™(T?), W LP(T?))s.

Since s > dy/p > dy/q, we can write (using (4.8)),

By~ /rp (T4 = Trg, F}P(T) = Trg, W™ LP(TY)
and, similarly,
By @=d/aa(rdhy = Try W™ LY(T?).
Also, we see directly that
Trg, C™(T?) < C™(T%).
Using these considerations and (4.10), (4.9),

B;_(d_db)/QJq (Tdb) — deb (Cm(']I‘d), F;,P(Td))e
> (Trg, C"(T%), Trg, Fy(T%))g
> (C™(T%), Fy~W@=®/pp(Tdy),
<> (bmo™ (T %), Flf—(d_db)/PsP(Tdb))g
= (BT ), By ®/r (),
— Ftsf(d*db)/q,q(r[rdb)’

where 1/t =(1—-6)/2+6/p > 1/q.

As in the proof of Proposition 1.7, we conclude that this embedding is false, and
hence (4.10) must be false. The first nonequality of Lemma 4.4 is proved. The second
nonequality follows immediately from the first one or by slightly modifying the proof of
the first nonequality. ]

Using this, we can prove the following.

Theorem 4.5. Suppose m = (my,...,my) is s-admissible for some s > 0. Then the space
G (C) is not complemented in (C(T?))V.

Proof. We will prove it by contradiction. Suppose that there exists a bounded onto pro-
jection P: (C(T4))N — G,,(C). Define P: (C(T4))N — (C(T?))N by

(4.11) Pf :=f t_y P, f dy,
Td

for any f € (C(T?)N, where 7y is the translation operator of the vector y (7, f(x) =
f(x 4 ), for any x € T?) and dy is the normalized Haar measure on T¢. It is easy to
verify that P is indeed bounded on (C(T4))V . One can also verify that P: (C(T4))N —
G (C) is an onto projection. Indeed, if f € G, (C), then 7, f € G,,(C), and hence
Pr,f =1, f,forall y € T4 This and (4.11) give that Pf S forevery f € Gu(C).
Conversely, if f € (C(T%))V, using the boundedness of P, we have PfeGnu(C).
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Now, one can observe that by (4.11) the projection P is invariant to translations, and
hence it is a Fourier multiplier. In other words, for each n € Zd, there exists a matrix
M(n) = (M;;(n));,j=1,..,~ such that

Pf(n)=M@®)fm),
for all n. Thanks to the boundedness of P on (C(T4))Y, one gets
(“.12) | 3> Mo Fone | < f e,
nezd

forany f € (C(T4))N.Leth € C(T?) and fix some indices i, j € {1,..., N}. By setting
f=1(0,...,0,h,0,...,0), with & on the j-th position, the bound (4.12) implies

| > Myehon i) < iﬂ 2 My () hm) €210
k

nezd =1 nezd

Lo©

=| > Moy fm e i f s = bl
nezd
Consequently, each operator M;;(V) is bounded on C (T9), and by duality, also on
L'(T4). Hence, by interpolation, each operator M;; (V) is bounded on L? (T4) for any
p € (1,00). For such p, this gives that P is bounded on (L?(T4))V. Using some standard
density arguments, it is also easy to verify that P: (L?(T4))N — G,,(L?) is onto. Fix
some p € (1/s,00).
Note that each f € G,, (D) can be written as f = V" g for some g € D(T¥). Consider
the operator W: G,, (D) — D(T?) defined by

Y(m(V)g) = g —g(0).

We have that W maps G (C) to C{" (T4), respectively, G, (L?) to W'”Lé’(Td), iso-
metrically. Hence, PW: (C(T))N — C*(T?) and PW: (LP(T)N — wmLE(T?)
are bounded operators. Note that operator £ = W™! o (where ¢ is the canonical embed-
ding 1: Gy (C) — (C(T?)N and t: G, (LP) — (LP(T?))N) is bounded from C{"(T¢)
to (C(T?))N and from W'"Lé’(Td) to (L?(T9))N. Also, E is an extension for P, i.c.,
PWoE =idon Cf*(T4) + WML (TY).

Using this, by the retraction method, we get that, for any 8 € (0, 1),

(C1(T4), WP LE(T?)g = PU(CTYN, (LP(T)N)g = PULLT)N,
where 1/q = 0/ p. ;

Note that, by complex interpolation, P is bounded on

(€@ N (LP@)Me = (LUTYY,
and E is bounded from W”’Lg (T9) to (LI(T4))N. Also, as above, one can verify that
P:(LY(T4))N — G,,(L9) is onto. From this, we get that PW(L4(T4))N =w™ Lg(qrd ),
which combined with (4.12) gives

(C"(T9), WL (T9))g = W™ LL(TY).

However, by Lemma 4.4 (since s > 1/ p), this identity is false. ]
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A. Appendix

We give below some results concerning the existence and the nonexistence of traces of
Besov spaces on some particular subsets of R?. All the results we give below are known.
We only state them here in a form that is convenient for us. Before proceeding to these
results, we make some conventions in order to simplify the presentation.

Let I' € R? be a Borel set, and denote by Trr the corresponding trace operator. Let
V(R?) be a Banach function space on R¢ and let V; (R¢) be the normed space of all
smooth compactly supported functions that are in V' (R¢). The norm on V; (R?) is induced
by the norm of V(R%). We say that V(R?) has no trace on I" if for any Banach function
space Y(I") on T, the trace operator Trr is not bounded from V; (R?) to Y(T").

In the case where I' = R? x {0}¢~! ~ R!, we write Tr; instead of Trr and even Tr
when! =d — 1.

We are now interested in some critical situations. Proposition A.1 below is essentially
known (see, for instance, p. 220 in Section 4.4.3 of [38]). In our applications, one can
use instead Theorem A.2; however, the proof we give below of Proposition A.1 is much
easier, and in some applications, Proposition A.1 suffices (see, for instance, the proof of
Theorem 1.1).

Proposition A.1. Let 1 < p,q < co be some parameters and let | be an integer with
0 <[ < d. Then the space Bé/p’p(]Rd) has no trace on R4,

Proof. Note that if /[ > 2, by the standard theory of traces, we have that
Trg—111BY/ 7P (RY) = B,/PPRITIT).

Hence, it suffices to prove Proposition A.1 in the case [ = d — 1.
Aslong as 0 < s < 1, we have the following equivalent of the norm of Bj” (R?) (see,
for instance, Theorem 7.47 on p. 242 of [2]):

Al R~ | Apvl|? dh yi/a
(A1) lolsgray ~ I0lloey + ( NGl LY e W) ,

for any Schwartz function v, where B(0, 1) is the open unit ball in R¢ and
Apv(x) :=v(x + h) —v(x).
Consider some Banach function space Y(R¢~!) and let F € C2(R?~!) be a non-

trivial function in Y(R?~1). Consider also some ¥ € CX(R). Setting u := F ® ¥, we
see that

(Az) ||u||B‘}/Psp(Rd) S ”F”B;/MP(Rd—I) ”W”B[}/RP(R)
In order to prove (A.2), we apply (A.1) for s = 1/p. We have

(A3) lullzr ey = I1FllLr@a-1y [¥llLr@)-
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Also, since
Apu(x',xq) = (F(xX" + 1) = FQX'NY (xqg 4+ ha) + F(xX) (Y (xa + ha) — ¥ (xq))
= (A F(NY(xag + ha) + F(X)(Ap, ¥ (xa)),

the triangle inequality allows us to bound the term
dh \1/4

P Al g L)

(fgm,l)' I T

by
dh \1/4
—q/ q -
as /B NG v ey R T
dh

/q
+(/ B2 A 0N iy o) IF .
I LT R L s

Since

1
| e g et
0

we have

dh \1/4q
—q/p AT -
s ( /B o IR F1 Y )

1 1/q
S —q/p—d e /
b ([B’(o,l)<fo g dhd) 1A F”LP(Rd—l)dh)

1/q
—q/p—d
(o T N Uy d) ™ S Uy sy

where B’(0, 1) is the open unit ball in R4~!.
In a similar way, using the fact that

[ et an ~ g,
B’(0,1)

we obtain

dh \1/4
h=eP A q _) < .
(Lo 7 188U sy i) 5 W gy

(A.6)
From (A.4), (A.5) and (A.6), we get

dh

([ o2 g, o)™ < 1 gy 1915
BO.D L@ ()~ ey @y TV By 77 @y

which, together with (A.3), gives (A.2).
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Now suppose that the trace operator is bounded from V(R?) to Y(R?4~1). Since,
Tru(x’) = F(x’)¥(0), we can write

HE Iy [ O < lull grrrr ay-
Using (A.2) and the fact that || F'||y > 0 (note that F is not trivial), we get
|W(O)| < ”w”B;/p,p(R)’

for any ¢ € C°(R), where the implicit constant does not depend on . However, by a
translation argument, this implies the false embedding B ;/ P:P(R) — C(R). |

Consider some Borel set I' € R¢ and some number § € (0, d). We say that T is §-full
if it is of Hausdorff dimension § and there exist two constants ¢, ¢, > 0 such that

1R < 3%(B(x,R)NT) < c»RY,

for any x € R? and any R > 0, where #? is the §-Hausdorff measure. It is easy to see
that for any § € (0, d), there exist full Borel subsets of R4 of Hausdorff dimension §.

For such subsets we have the following result borrowed from Theorem 3.3.1 (ii) in [7]
and Proposition 2.9 in [8].

Theorem A.2. Let T' C R? be a Borel set that is §-full for some § € (0,d). Then,
(1) forany0 < p < oo and0 < g < min(p, 1), we have that

Trp BY=9/7P(RY) = LP(ID),
where LP(T) is considered with respect to the §-Hausdorff measure.

() If 0 < p<ooand 1 < g < oo, then Cfo(Rd \ T') is dense in Béd_s)/p’p(Rd).
It follows that Béd_s)/p’p(Rd) has no trace on T'.

Let us justify the last assertion of (ii). Suppose Y (I") is Banach space of functions on I’
and pick some F' € C° (R?) such that Trr F € Y(I") and Trr F is not identically 0. Then
we have that the operator Trr cannot be bounded from B(?=9)/7.P(R?) to Y(T'). Indeed,
since C° (R \ T) is dense in Béd_s)/p’p(]Rd) and F € Béd_s)/p’p(]Rd), there exists a
sequence (Fy),>1 of functions in C2° (R? \ T') such that

(A7) | F— Fn||B(§d—s>/p,p(Rd) — 0 whenn — oo.
If the operator Trr is bounded from B(gd—S)/ 7:P(R9) to Y(I'), then we must have
T Fliy = 1T (F = F)llvay S 1F = Fall oo gy,

for any n > 1, and by (A.7), we get that Trr ' = 0, which contradicts the choice of F'.

The part (i) of Theorem A.2 is a direct consequence of Theorem 5.9 in [7]. The part (ii)
of Theorem A.2 is a direct consequence of Proposition 3.16 in [8]. We mention that both
parts (i) and (ii) hold in a more general context, namely, when I is assumed to be an A-set
satisfying the porosity condition (see, for instance, Definition 2.8 in [8] for a definition of
porosity and Proposition 2.9 in [8] for a characterization that shows, in particular, that any
8-full Borel set with § € (0, d) satisfies the porosity condition).
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