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Holder estimate for a tug-of-war game with1 < p < 2
from Krylov-Safonov regularity theory

Angel Arroyo and Mikko Parviainen

Abstract. We propose a new version of the tug-of-war game and a corresponding
dynamic programming principle related to the p-Laplacian with 1 < p < 2. For this
version, the asymptotic Holder continuity of solutions can be directly derived from
recent Krylov—Safonov type regularity results in the singular case. Moreover, exist-
ence of a measurable solution can be obtained without using boundary corrections.
We also establish a comparison principle.

1. Introduction

In Section 7 of [3], we show that a solution to the dynamic programming principle

(1.1) u(x) = %(hsu}; u(x +eh) + inf (s + sh)> +,8][B u(x + eh)dh + e2f (x),
€B; 1 1

withf =1—a e (0,1]Jand x € Q C R¥, satisfies certain extremal inequalities, and thus
has asymptotic Holder regularity directly by the Krylov—Safonov theory developed in that
paper. This dynamic programming principle corresponds to a version of the tug-of-war
game with noise as explained in [19], and it is linked to the p-Laplacian when p > 2
with suitable choice of probabilities « = «(N, p) and § = B(N, p). Interested readers
can consult the references [5,12,20,22] for more information about the tug-of-war games.

In the case 1 < p < 2, one usually considers a variant of the game known as the tug-
of-war game with orthogonal noise as in [22], although there is also other recent variant
covering this range and not using orthogonal noise but measures absolutely continuous
with respect to the N-dimensional Lebesgue measure, see [13]. An inconvenience of the
“orthogonal noise” approach of [22] is that the uniform part of the measure is supported
in (N — 1)-dimensional balls. Thus we do not expect that solutions to the corresponding
dynamic programming principle satisfy the extremal inequalities required for the Krylov—
Safonov type regularity estimates obtained in [2, 3].
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Second, there are some deep measurability issues related to the corresponding dy-
namic programming principles, and this introduces some difficulties in the existence and
measurability proofs in the case 1 < p < 2, as explained at the beginning of Section 3.2.
As a matter of fact, in [8] and [4] a modification near the boundary was necessary in order
to guarantee the measurability. See also [1], where a modification of the usual tug-of-war
is made near the boundary.

For these reasons, and with the purpose of covering the case 1 < p < 2, we propose a
different variant of the tug-of-war game that can be described by a dynamic programming
principle having a uniform part in a N -dimensional ball in (2.4) below. For this variant,
no boundary modifications are needed in the existence proof (Theorem 3.7) because of
better continuity properties that are addressed in Section 3. We also establish a comparison
principle and thus uniqueness of solutions (Theorem 3.8). Moreover, the solutions to this
dynamic programming principle are asymptotically Holder continuous (Corollary 4.3) and
converge, passing to a subsequence if necessary, to a solution of the normalized p-Laplace
equation (Theorem 5.3).

2. Preliminaries

We denote by B the open unit ball of R" centered at the origin. For |z| = 1, we introduce
the following notation:

2.1 JZu(x) 1= 1 u(x + eh)(z - )22 dh,
yN,p Bl

for each Borel measurable bounded function u, where Y, is the normalization constant
_ 1
22) Ywp = (W22 dh = _][ ha|P~2 d,
B] 2 Bl

which is independent of the choice of |z| = 1. Here, we have used the following notation:

_ P2 ifr >0
23 1?72 = ’
23) @ {0 ifr <0.

We remark that ¢ +— (t)f'f2 is a continuous function in R when p > 2, but it presents a
discontinuity at # = 0 when 1 < p < 2. We observe, integrating for example over a cube
containing Bi, that Y, , < oo for any p > 1. Later we compute the precise value of Yy,
in (A.4), but we immediately observe that Y , > 1/2if 1 < p < 2, since

2¥N,p =][ z-h|P"2dh 2][ |h|P~2dh > 1.
By B,

Throughout the paper, 2 C R denotes a bounded domain. For & > 0, we define the
e-neighborhood of €2 as

Q. = {x e RN : dist(x, Q) < &}.
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Let f: Q2 — R be a Borel measurable bounded function. We consider a dynamic program-
ming principle (DPP)

2.4) u(x) = %( sup dZu(x) + mf Jzu(x)) + &2 f(x)

lz|=1

for x € Q, with prescribed Borel measurable bounded boundary values g: Q. \ 2 — R.
The parameter p above is linked to the p-Laplace operator as explained in Section 5.

Next, we recall the asymptotic Holder continuity result derived in [3] and [2]. The
results there apply to a quite general class of discrete stochastic processes with bounded
and measurable increments and their expectations, or equivalently functions satisfying the
corresponding dynamic programming principles. Moreover, the results actually hold for
functions merely satisfying inequalities given in terms of extremal operators, which we
recall below. This can be compared with the Holder result for PDEs given in terms of
Pucci operators (see for example [6] and [10, 11,23]).

For A > 1, let M(By), as in those papers, denote the set of symmetric unit Radon
measures with support in B, and let v: RY — M (Bp) be such that

X u(x + h)dvy(h)
Bx

defines a Borel measurable function for every Borel measurable u: RY — R. By symmet-
ric we mean that

Vx(E) = vx(=E)
holds for every measurable set E C R .

Definition 2.1 (Extremal operators). Let u: RY — R be a Borel measurable bounded
function. For 8 = 1 — « € (0, 1], we define the extremal Pucci type operators

Lru(x) = 21 ( sup /B Su(x, eh) dv(h) +ﬂ][ Su(x, eh) dh)

VEM(B,)

1
T (a sup Su(x,eh) + B 4 Su(x,eh) dh)
&

heBy B
and
£ou(x) = 2% (a inf [ Su(x,eh)ydv(h) + B F Su(x,eh) dh)
€ vEM(BA) JB, By
=32 (a 1nf Su(x,eh) + B . Su(x,eh) dh)
where

Su(x,eh) = u(x + eh) + u(x — eh) — 2u(x)
for every h € By.

Naturally, also other domains of definition are possible instead of RY above.
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Theorem 2.2 (Asymptotic Holder, [2, 3]). There exists ¢g > 0 such that if u satisfies
cfju > —pand £ u < pin Br for some 1 —a = B > 0, where ¢ < g9R, there exist
C,y > 0 such that

)~ ) = g (sl + Kop) (=1 + )

forevery x,y € Bgy».

It is worth remarking that the constants C and y are independent of ¢, and depend
exclusivelyon N, A > land B = 1 —« € (0, 1]. Also a version of Harnack’s inequality
(see Theorem 5.5 in [2]) holds if the extremal inequalities are satisfied for some § > 0.
For a different approach for regularity in the case of tug-of-war games, see [16] (p > 2)
and [15] (p > 1).

3. Existence of measurable solutions with 1 < p < o0

In this section, we prove existence and uniqueness of solutions to the DPP (2.4). In addi-
tion, when 1 < p < 2, such DPP satisfies the requirements to get the asymptotic Holder
estimate from Theorem 2.2. The regularity result and the connection of such a DPP (as
well as the corresponding tug-of-war game) to the p-Laplacian are addressed in Sections 4
and 5, respectively.

Remark 3.1. Observe that the operator 47 defined in (2.1) is a linear average for each
|z| = 1, in the sense that J7 satisfies the following:

(i) stability: infp, (x) u < JZu(x) < supg, () u;

(if) monotonicity: JZu < JZv foru < v;

(iil) linearity: dZ (au + bv) = adZu + bdZv fora,b € R.

3.1. Continuity estimates for JZu

Given a Borel measurable bounded function u: 2, — R, we show that the function JZu (x)
is continuous with respect to x € Q and |z| = 1. In fact, we prove that (x, z) — JZu(x)
is uniformly continuous. As a consequence of this, the function

] z z
X —> 5( sup d7u(x) + 1nf d u(x))

|z|=1

is continuous in €2, as shown in Lemma 3 .4.

Lemma 3.2. Let €2 C RN, For u: Q, — R a Borel measurable bounded function and for
X € Q, the function
z +— JZu(x)

is continuous on |z| = 1. Moreover, the family {z — JZu(x) : x € Q\ is equicontinuous
onlz| =1.
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Proof. For |z| = |w| = 1, we have
u _ -
[Zu(x) — d%u(x)| < w][ |(z- W22 — (w-h)5>| dh
YN.p VB
uniformly for every x € Q. We claim that the limit

(3.1) lim |(z- W52 —(w-m)E?|dh =0
lz—w|—0J B,
holds for every 1 < p < oo. Observe that the limit in (3.1) is independent of x and u, and
thus it holds uniformly for every x € Q; then, the (uniform) equicontinuity of 4Zu in Q
follows.
(i) Case p = 2. Since (1)§ = X(0,00) (1), We have

[By0(z-h > 0yAtw - h>O0D| _ .
|B1| -

][B |z )% — (w1 |dh = |z —w]

for some explicit constant C > 0 depending only on N, so (3.1) follows. Here, A stands
for the symmetric difference AAB = (A\ B) U (B \ A).

(i) Case p > 2. We observe that the function ¢ +— (1.‘)1_2 is continuous in R. In
addition, given any |z| = |w| = 1, it holds that

I(z- W5 —(w-h)P 7 <1

for each i € Byp. Then (3.1) follows by the dominated convergence theorem.

(iii) Case 1 < p < 2. This case requires a bit care, since obtaining an integrable upper
bound needed for the dominated convergence theorem is not as straightforward. To this
end, we observe the inequality

min{a, b})

ja = bl = (a+ b)(l B max{a, b}

for every a, b > 0. Thus

_ min{(z - h)f__z, (w - h)f__z} )

(2 'h)i_z —(w- h)i_2| < ((z .h)fi—2 + (w -h)i—z)(l max{(z - h)p—z (w - h)p—z}
+ +

In that way, applying Holder’s inequality with ¢ = %Z—:; and recalling the definition

of Yn,(p+1)/2, We can estimate

f ot mr - mran
B,

B (f (1 M
’ B

2
<2y
N.(p+1)/2 max{(z - h)22, (w - h)2~2}

Observe that (p + 1)/2 > 1, and thus ¥y, (p+1)/2 < 00. Now, since ¢ — (t)f'f2 is continu-
ous in (0, +00) (and we set other values identically to O in (2.3)), and so, for any given
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|z| = 1 and for each i € Bj such that z - & > 0, it holds that (w - h)f';__2 — (z- h)f__2 as
w — z with |w| = 1. Then, we see that the function in the integral on the right-hand side
is bounded between 0 and 1 and converges to 0 as w — z for each & € By, so the assump-
tions in the dominated convergence theorem are fulfilled, yielding that the right-hand side
above converges to 0 as w — z, and thus (3.1) follows. [

Lemma 3.3. Let Q@ C RY. For |z| = 1, the function
x +— JZu(x)

is continuous in S2 for every Borel measurable bounded function u: Q, — R. Moreover,
{dZu : |z| = 1} is equicontinuous in Q.

Proof. Letu: 2, — R be a Borel measurable bounded function defined in €2,. Our aim is
to show that
lim |J§u(x)—J§u(y)| =0.

X,y€Q st |x—y|—0

We can write

z 1 2
Jiu(x) = m /]RN u(x +¢eh) Xp,(h) (z - h)i dh,

1
JZy :—/ u(x + eh) Xp. _x=v\(h) (z - (h + =222 dh,
S = 5 [ B ) X () G E2)]
so it follows immediately that

|95 (x) = IZu(y)|
l[ 0o

~ Ynp|Bil Jr

We focus on the integral above. We can assume without loss of generality that z = e, oth-

erwise we could perform a change of variables. In addition, and for the sake of simplicity,
we denote £ = —(x — y)/e. Then the result follows from the following claim:

B DG E = gy () - (h o+ T2 | e

(3.2) lim / | X, (h) (h)5% = Xy (h) (hy — E0)5 2| dh = 0.
£E—0 JRN

To see this we need to distinguish two cases depending on the value of p.

(i) Case p > 2. The integrand in (3.2) converges to zero as & — 0 for almost every
h € RY. Moreover, it is bounded by 2 and zero outside a bounded set. Then the claim
follows by the dominated convergence theorem as § — 0.

(ii) Case 1 < p < 2. In order to apply the dominated convergence theorem when 1 <
p < 2, we observe similarly as in the proof of Lemma 3.2 that

| X8, (h) (h)5 ™% = Xpy ey (h) (hy — )72
< (X8, () (h)E72 + X, (M) (h1 — ED)T7)
(1~ min{Xz, () (1)} Ay (h) (i — €577 )
max{Xg, (h) (h)5 %, X, &) (h) (h1 — €))7}
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p—3

In that way, applying Holder’s inequality with g = % o

[ 1 )27 = ) G 6077

- C(/ (1_ min{X g, (h) (h1)5 72, X g, ) (h) (hl—él)’i_Z})—’pf? dh)_ﬁ%
Y Y max{Xp, (h) (h1)2 %, X, &) (h) (h1 — E1)5)

for every small enough &, where C > 0 only depends on N and p. Now again, the right-
hand side in the integral above is bounded between O and 1. Moreover, the integrand
converges to 0 as £ — 0 for almost every & € R¥, so that the dominated convergence the-
orem implies (3.2). Moreover, since the estimates obtained in this proof hold uniformly for
every x € Q and |z| = 1, this implies the uniform equicontinuity of the family x > JZu(x)
with respect to |z]| = 1. |

As a direct consequence of the continuity estimate from the previous lemma, we get
the following result.

Lemma 3.4. Let Q C RY and let u: Q, — R be a Borel measurable bounded function.
Then the function

] z : z
X —> E(;El Jiu(x) + |lenzfl Jsu(x))

is continuous in Q.

Proof. The result follows directly from the equicontinuity in Q of the set of functions
{JZu : |z] = 1} (Lemma 3.3) and the elementary inequalities

sup JZu(x) — sup JZu(y) < sup {dfu(x)—JZu(y)},

|z]=1 lz|=1 |z|=1
|Zi‘n_fl JZu(x) — |Ziln_fl JZu(y) < |slupl {dZu(x) — dZu(y)}. [
= = e

3.2. Existence and uniqueness

Next we show the existence of Borel measurable solutions to the DPP (2.4). We also
establish a comparison principle and thus uniqueness of solutions.

We remark that, contrary to the existence proofs in [4, 8], no boundary correction is
needed as in those references, since Lemma 3.3 guarantees that u — £2f is continuous
in €2, and the solutions to (2.4) are measurable. Also recall that measurability of operators
containing sup and inf is not completely trivial, as shown by Example 2.4 in [17].

The proof of existence of solutions to the DPP (2.4) with prescribed values in

T, =Q.\Q

is based on Perron’s method.
For that, given Borel measurable bounded functions f: Q2 — R and g: T, — R, we
consider the family Sz, of Borel measurable functions u: 2, — R such that u — &f is
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continuous in £2 and

1
u < 5( sup dZu + inf Jju) +&2f inQ,

lz|=1 lz|=1

(3.3)
u=<g in .

In the PDE literature, the corresponding class would be the class of subsolutions with
suitable boundary conditions. In the following lemmas, we prove that Sz, is non-empty
and uniformly bounded.

Lemma 3.5. Let f and g be Borel measurable bounded functions in Q2 and T, respect-
ively. There exists a Borel measurable function u: Qg — R such that u — &2 f is continuous
in Q and u satisfies (3.3) withu = g in T.

Proof. Let C > 0 be a constant to be fixed later, fix R = sup,cq_|x|, and define

{C(|x|2 ~ R+ 2f(x) ifxeQ,
u(x) = .
g(x) if x e T',.

Then u — 2 f is clearly continuous in 2. To see that u satisfies (3.3), let

uo(x) = C(|x> = R?) — €| flloo — g lloo

for every x € Q.. Then uyp < u in 2. By the linearity and the monotonicity of the oper-
ator 47 (see Remark 3.1),

1 1
—( sup dZu(x) + inf Jju(x)) > ( sup dZug(x) + inf Jjuo(x))
2 Iz|=1

|z1=1 lz1=1 lzI=1

2

1 : z —Z

= inf {JZuo(x) + d; Zuo(x)}
2 |z|]=1

C

A%

inf ][ x +eh|?|z-h|P"2dh
\ZI=1{2)’N,p Bl| e }

~CR? = | flloo — l|glloo-

By the symmetry properties and the identity (A.5), it turns out that

2

N+p 3

N -2
][ X+ sh2 |z hP2dh = |xP+ 2 X P2 S i p 4 &
2¥YN,p J B,

holds for any |z| = 1, N > 2 and p > 1. Therefore,

1( sup JZu(x) + inf JZu(x)) = C(Ix? + i) —CR* =& flloo — lg]
2 |z|=1 € |z|=1 € - 3 o o

2
= u() =270 + (G = U oo g le)

Then (3.3) follows for C = 3(|| f |loo + ¢ 2||glloo), since then the expression in the par-
enthesis right above equals zero. |
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Lemma 3.6. Let f be a Borel measurable bounded function in Q. If u:Q, — R isa
Borel measurable function satisfying (3.3) in 2, then

Supu = Ce?[| flloo + llglloo

for some constant C > 0 depending only on Q2 and e.

Proof. We start by extending the function u as || g||co outside 2. For each x € €, let
Sy={heB;:1/2<|h| <1 and x-h > 0}.

Then we define the constant

1
v =9%(N,p)= —— -h|P~2 dh,
0= DB s,

which is independent of x € Q and |z| = 1. Indeed, since

/ 1z-h|P~2dh = / |z - h|P~2 dh,
SxN{z-h<0} S_xN{z-h>0}

we can write

z-h|7™ = z-h|" + z-h|7™
h|P~2dh h|P~2dh h|P~2dh
x SxN{z-h>0} SxN{z-h<0}

:/ |z-h|1’_2dh+/ |z - h|P~2 dh.
SxN{z-h>0} S_xN{z-h>0}

Using this and the fact that S, U S_y = By \ By, we get

1
L h| P2 _ . p—2 — - -
/X |z-h|P™2dh = /BI\BW(Z m272dh = yn,,|B1| (1 2N+H).

In the last equality, we used the definition of ¥ , and a change of variables as
/ (z-h5 2 dh = / (z-m5 > dh — (z-h)5 > dh
B1\By)» B B>
= [ -mE?dh—2"N+r=2 /B (z-h)5 2 dh.
1

B

Thus we obtain

U= ! ! Ll f N >2and 1
_E—WE(Z,E) orany N >2and 1 < p < o0.

Let x € Q. By Lemma 3.2, there exists |zo| = 1 maximizing 7 u(x) among all |z| = 1.
Then

u(x) —ef(x) < %( sup JZu(x) + |zi|n=fl Jju(x)) < %(Jj"u(x) + 4770 (x))

lz]=1

][ u(x 4+ ¢eh)|zo-h|P2dh <9 sup {u(x +eh)} + (1 — ) supu.
B

2¥YN,p heBiNSy RN
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Foreachk € N, let V; = RN \ BJEg/2~ Since

2
x + eh? > x? + %

forevery i € By N Sy, it turns out that x 4+ ¢h € Vi forevery h € B; N Sy and x € V.
Therefore,

supu < O sup u + (1 — ) supu + &2 |l oo-

Vi Vie+1 RN

Iterating this inequality starting from Vo = RY, we obtain
k—1
sup = 9% supu + (Y2 #7) (1= 9) supu + €2 /oo
RN Vk j=0 RN

and rearranging terms,

_ 9k )
supu < supu + ———¢ .
upu S SUPU S, I/ lloo

Since £2 is bounded, choosing large enough ko = ko (¢, 2) we ensure that @ C B sz /5,

and thus Vg, C RN \ Q. Thus there is necessarily a step k < kg so that supy, u <
supgy\@ U < [|glloo- Using also that & € (1/4,1/2), we get

supu < supu < [Iglloo + 22 €2 floo- =
Q RN

Now we have the necessary lemmas to work out the existence through Perron’s method.
The idea is to take the pointwise supremum of functions in ¢, the family of Borel
measurable functions u with u — 2f € C() satisfying (3.3) (this would be subsolu-
tions in corresponding PDE context), and to show that this is the desired solution. Here
we also utilize the continuity of u — £2f in €, so that the supremum of functions in the
uncountable set Sy, is measurable. Indeed, otherwise to the best of our knowledge, Per-
ron’s method does not work as such (unless p = oco [14]), but one needs to construct a
countable sequence of functions as in [17] to guarantee the measurability.

Theorem 3.7. Let f and g be Borel measurable bounded functions in Q and T, respect-
ively. There exists a Borel measurable function u:Q, — R satisfying

u

1
E( sup JZu + |Zilnz‘fldlju) +ef inQ,

|z]=1

(3.4)
u=g in Te.

Proof. In view of Lemmas 3.5 and 3.6, the set S¢,, is non-empty and uniformly bounded.
Thus, we can define % as the pointwise supremum of functions in S, that is,
u(x) = sup u(x)
MGSﬁg
for each x € Q. The boundedness of # is immediate. Moreover, # is Borel measurable.
Indeed, since i — £2f can be expressed as the pointwise supremum of continuous func-

tions u — e2f with u € Sy, it turns out that # — &2 is lower semicontinuous in €2, and
thus measurable, so the measurability of i follows.
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By Lemma 3.5, there exists at least one function u in Sy, such that u = g in I'g, so u
agrees with g in I';. On the other hand, since # > u for every u € Sy, then

u—82f§%< sup 47 u—l—lme u)_%(suprl u+ inf JZu )

Iz|=1 |z|=1 lzI=1

in 2. Taking the pointwise supremum in Sy, we have that

1
= 2 z z
(3.5) u 8f<_2<sup Jou + inf d; )

|z|=1 |z]=1
Hence u is a Borel measurable bounded subsolution to (3.3) with # = g in I';. Next

we show that # — &2 is indeed continuous in Q. For this, let i7: Q; — R be the Borel
measurable function defined by

1
5 —( sup Jzu—i— 1nf dZu >+82f in Q,
u = 2 ‘Zl 1

g in T

Then # < % in Q by (3.5), so i is a subsolution to (3.3), since the right-hand side above
can be estimated from above by  (sup|, = 4@l + infj;|—; JZi) + &> /. Observe also that
il —&2f is continuous in Q by Lemma 3.3,s0 1 € § .¢- Thus % < i, and in consequence,
u = u € 8¢,. Moreover,

—_1 z z 2
u_z(;}lpl(] u+|1nf d )+8f

in €2, and the proof is finished. ]

The uniqueness of solutions to (3.4) is directly deduced from the following comparison
principle.

Theorem 3.8. Let f be a Borel measurable bounded function in 2, and let u,v : Q. — R
be two Borel measurable solutions to the DPP (2.4) in Q such thatu <vin . Thenu <v
in Q.

Proof. For simplicity, we define w = u — v. Then w is continuous in 2 by Lemma 3.4
and w < 0 in I';. Furthermore, w is uniformly continuous in €2, and thus we can define
w: Qe — R by
lim w(y) ifxedQ,
IE(X) — Qoy—>x
w(x) otherwise,
so that @ € C (). Let us suppose thriving for a contradiction that

M =supw = max W > 0,
Q. Q

where the fact that w < 0 in I'; is used above.
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By continuity, the set 4 = {x € Q : W(x) = M) is non-empty and closed. Indeed,
since €2 is bounded, then A is compact. For any fixed y € €2, by Lemma 3.2 there exist
|z1| = |z2| = 1 such that

d2'u(y) = sup JZu(y) and J2v(y) = ‘i‘nf dZv(y).
z|=1

|z]=1
Then
w(y) =u(y) —v(y)

1 z : z 1 z : z
5 (sup LEu() + inf S7u(y)) = 5 ( sup JZv() + inf SEv())

2\ z1=1 lz|=1
1 1

=3 (42 u(y) + 422u(y)) — 3 (d2'v(y) + 422v(y))
1

=3 (d2'w(y) + J2w(y)) < sup JZw(y).

lz]=1

Using this, for any x € A,

M =w(x)= lim w(y)< lim ( sup wa(y)) = sup JZw(x) < M,
Qo3y—x Q3y—>x |z|=1 |z|=1

where the continuity of x > supj,—; 47w (x) by Lemma 3.3 has been used in the last
equality. That is, sup ;= J;w(x) = M, and again by Lemma 3.2, there exists |zo| = 1
such that :

— 1 wx +eh)(zo -5 dh = M.

YN.p /B
By the definition of Yy, , and the fact that w < M, this implies that w(x + ¢h) = M for
a.e.|h| < 1 suchthatzg -/ >0.Thenx +¢h € A C Q fora.e. || < 1suchthat zg- & > 0.
Moreover, by the continuity of @ in &2, it turns out that x + eh € A for every |h| < 1 with
zg - h > 0. In particular, taking any |#| = 1 such that zo - # = 0, we have that x & ¢h € A,
S0 X = %(x +¢eh) + %(x — ¢h). That is, any point x € A is the midpoint between two
different points x1, x, € A. The contradiction follows by choosing x € A to be an extremal
point of A, i.e., a point which cannot be written as a convex combination Ax; + (1 —A)x;
of points xq, x5 € A with A € (0, 1) (take for instance any point x € A maximizing the
Euclidean norm among all points in A). Then M < 0, and the proof is finished. ]

4. Regularity for the tug-of-war game with 1 < p <2

The above DPP can also be stochastically interpreted. It is related to a two-player zero-
sum game played in a bounded domain  C R¥. When the players are at x € Q, they
toss a fair coin and the winner of the toss may choose z € R, |z| = 1, so the next point
is chosen according to the probability measure

1 1 h—x\p=2
R (Z . x) dh.
YNp |Bs(X)| JanB.(x) & /+

Then the players play a new round starting from the current position. When the game exits
the domain and the first point outside the domain is denoted by x., Player II pays Player I
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the amount given by F(x;), where F: RY \ Q@ — R is a given payoff function. Since
Player I gets the payoff at the end, she tries (heuristically speaking) to maximize the
outcome, and since Player II has to pay it, he tries to minimize it. This is a variant of a
so called tug-of-war game considered for example in [19,21,22]. As explained in more
detail in those references, u denotes the value of the game, i.e., the expected payoff of
the game when players are optimizing over their strategies. Then for this u, the DPP
holds and it can be heuristically interpreted by considering one round of the game and
summing up the different outcomes (either Player I or Player II wins the toss) with the
corresponding probabilities.

Next we show that if u is a solution to the DPP (2.4), then it satisfies the extremal
inequalities (when 1 < p < 2 and also p = 2) needed in order to apply the Holder result
in Theorem 2.2. However, in the case 2 < p < oo, the DPP (2.4) does not have any Pucci
bounds, as we explain later in Remark 4.2.

Proposition 4.1. Let 1 < p < 2 and let u be a bounded Borel measurable function satis-
Jying
1
u(x) = 5( sup dZu(x) + inf Jﬁu(x)) + &2 f(x).
lzl=1 lzI=1

Then £fu + f >0and £;u + f <0 for some 1 —a = B > 0 depending on N and p,
where £} and £ are the extremal operators as in Definition 2.1.

Proof. Let
l—-a=8= € (0,1
B 2wy 0,1)
and, for |z| = 1, consider the measure defined as
1 “h|P72 -1
W(E) = — lz-hP -1,

|B1l JBine 2VNp—1

for every Borel measurable set. Then v € M(B;). Indeed, by the definition of ¥, , and
the fact that Yy , > 1/2 for 1 < p < 2, we have that v is a positive measure such that
v(B1) = 1. Therefore,

a/BAu(x—i—sh)dv(h)—f—ﬂ][Blu(x+£h)dh !

2VN,p
1 z —Z
= E(JEM()C) + JG u(x)),

][ u(x +eh)|z - h|P~2dh
B

o)
JZu(x) + 477u(x) — 2u(x)

282
for every |z| = 1. Now, if u is a solution to the DPP, then

1
—f(x) = ﬁ<|§‘u=pl JZu(x) + ‘Zi‘n:fl JZu(x) — 2u(x))

< sup {qu(x)—i—fﬂs_zu(x)—Zu(x)
2g2

L u(x) < < ef;'u()c)

b= 2hue),

lz|=1

and similarly for £, u(x) < —f(x). ]
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Remark 4.2. The extremal inequalities do not hold for 2 < p < oco. Indeed, the map

Ees 1 |z-h|P~2dh
2YN,p|B1l JBinE
defines a probability measure in B; which is absolutely continuous with respect the Lebes-
gue measure, and whose density function vanishes as /2 approaches an orthogonal direction
to z when p > 2. Thus, it is not possible to decompose the measure as a convex combina-
tion of the uniform probability measure on B; and any probability measure v, which is an
essential step in the proof of the Holder estimate in [3] and [2].

By Proposition 4.1, a solution u to the DPP (2.4) satisfies the conditions of The-
orem 2.2. Thus it immediately follows that u is asymptotically Holder continuous.

Corollary 4.3. There exists &g > 0 such that if u is a solution to the DPP (2.4) in Bpg,
where € < goR, there exist C,y > 0 (independent of €) such that

C
) w0 = o (sup el + R sup | £1) (1x = 1" +¢7)
BpRr Bgr

forevery x,y € Bgy».

5. A connection to the p-Laplacian

In this section, we consider a connection of solutions to the DPP (2.4) to the viscosity
solutions to

N
5D Aju=—f,

where we now assume f € C(Q). Here Agu stands for the normalized p-Laplacian,
which is the non-divergence form operator

D?*uVu,V
ANu = Au +(p—2)%~

In Section 7 of [3], it was already pointed out that in the case 2 < p < oo this follows (up
to a multiplicative constant) for the dynamic programming principle describing the usual
tug-of-war game (1.1), so here the main interest lies in the case 1 < p < 2.

First, to establish the connection to the p-Laplace equation, we need to derive asymp-
totic expansions related to the DPP (2.4) for C2-functions. The expansion below holds for
the full range 1 < p < oo.

Proposition 5.1. Letu € C?(Q). If 1 < p < oo, then
JZu(x) =u(x) +e¢ % Vu(x)-z

N.p
5.2
(5.2) &2

& e .
) [Au(x) + (p = 2)(D?u(x)z,2)] + 0(e?).
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In particular, if Vu(x) # 0and z* = Vu(x)/|Vu(x)|, then

47" 477 -2 1
lim =& w) + 4, zu(x) ux) _ AJu(x).
£—>0 2¢ 2(N + p)

Proof. For the sake of simplicity, we use the notation for the tensor product of (column)
vectors in RV, v ® w = vwT, which allows to write (M v, v) = Tr{Mv ® v}. Using the
second order Taylor’s expansion of u, we obtain

JZu(x) —u(x) _ 1

][ (Vu) b+ 2 T {D2uCoh @ b + 0(e)) - 1) 2 dh
B,

& )’N,p
1
=V A——+ hz-h)?%dh
) (5 ][B (=172 dh)
e 5 1 p—2
(5.3) +§Tr{D u(x)(m Blh®h(z~h)+ dh)}—i—o(e).

In order to compute the first integral in the right-hand side of the previous identity,
let R be any orthogonal transformation such that Re; = z, i.e., e; = R"z. Then a change
of variables Rw = h yields

h(z-h)5 2 dh = R][ w(wy); 2 dw

Bl Bl

using
z+Rw=z"Rw = (R"z)"w = ejw = wy.

Going back to the original notation, and observing by symmetry that
= )i dh = YN ifi =1,
hi(h)5~ " dh = { /s,
B 0 ifi #1,
we get
h(z-h)E2dh = R][ h(h)5 "2 dh = YN, p+1Rer = VN py1 2.
B, B

Next we repeat the change of variables in the second integral on the right-hand side of (5.3)
to get

1

YN.p JB,

h®h(z )2 dh = R( h & h(hy)? ™ a’h) R

N.p J By
Observe that the integral in the parenthesis above is a diagonal matrix. Indeed, for i # j,
by symmetry,

1 )
— hih;(h))E~“dh = 0.
VYN,p J B, 7
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In order to compute the diagonal elements, we utilize the explicit values of the normaliz-
ation constants from Lemma A.2. Then

p—l =,

1 _ 1 NI
— 1 R0 dh = ][ Rlhi|P2dh = { "7
YN,p J B 2)/N=p B, N#-i-p’ I1=2,...,n.
Combining, we get
b h®h(z-h)"_2dh=R< L e ®en+ p_1e1®e1>RT
YN.p J B, * N+p N+p
= 1 + -2z R z).
v Ut (r=2:82)
The proof is concluded after replacing these integrals in the expansion for 4Zu(x). ]

Next we show that the solutions to the DPP (2.4) converge uniformly as ¢ — 0 to a

viscosity solution of
N, _
Apu==2(N+p)f.

But before, we recall the definition of viscosity solutions for the convenience of the reader.
Below Amax (D24 (x0)) and Amin (D2 (xg)) refer to the largest and smallest eigenvalues,
respectively, of D2¢(xo). This definition is equivalent to the standard way of defining
viscosity solutions through convex envelopes. Different definitions of viscosity solutions
in this context are analyzed for example in Section 2 of [9].

Definition 5.2. Let @ C R" be a bounded domain and let 1 < p < co. A lower semicon-
tinuous function u is a viscosity supersolution of (5.1) if for all xo € Q and ¢ € C%(Q)
such that u — ¢ attains a local minimum at x¢, one has

Apd(xo) < —f(x0) if Vo (xo) # 0,
A¢(x0) + (P = 2) Amax (D¢ (x0)) < —f(x0) if Vg (xo) = Oand p > 2,
A¢(x0) + (P = 2) Amin(D?¢(x0)) < —f(x0) if V(x9) =0and 1 < p <2.

An upper semicontinuous function u is a viscosity subsolution of (5.1) if —u is a super-
solution. We say that u is a viscosity solution of (5.1) in €2 if it is both a viscosity sub-
and supersolution.

Theorem 5.3. Let 1 < p < 2 and let {u.} be a family of uniformly bounded Borel meas-
urable solutions to the DPP (2.4). Then there are a subsequence and a Holder continuous
function u such that

Us — u locally uniformly.

Moreover, u is a viscosity solution to Agu =-2(N+pf.

Proof. First we can use the asymptotic Arzela—Ascoli theorem (see Lemma 4.2 in [19])
in connection to Theorem 2.2 to find a locally uniformly converging subsequence to a
Holder continuous function. Then it remains to verify that the limit is a viscosity solution
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to the p-Laplace equation. For ¢ € C?(Q), fix x € 2. By Lemma 3.2, there exists |z§| = 1
such that

15¢(x) = nf I ().
Zl=
By Proposition 5.1,

sup|;|=1 JZ @ (x) + inflz =1 I (x) — 26 (x)

(5.4) i
_ 38900 + 47 g )~ 2()
a 262
2
— s [0 + (=D TPk @ )] +

Let u be the Holder continuous limit obtained as a uniform limit of the solutions to
the DPP. Choose a point xo € £ and a C2-function ¢ defined in a neighborhood of x
touching u at x¢ from below. By the uniform convergence, there exists a sequence x,
converging to xo such that ¥, — ¢ has a minimum at x, (see Section 10.1.1 in [7]) up to
an error 1, > 0, that is, there exists x, such that

ue(y) — (y) = ue(xe) — p(xe) — ne

at the vicinity of x,. The arbitrary error 7, is due to the fact that u, may be discontinuous
and we might not attain the infimum. Moreover, by adding a constant, we may assume
that ¢(xg) = us(x¢), so that ¢ approximately touches u, from below. Recalling the fact
that u, is a solution to the DPP (2.4) and that 47 is monotone and linear (see Remark 3.1),
we have that

Jiue(xe) > 7P (xe) + ue(xe) — P (xe) — 7.
Thus, by choosing 1, = 0(&?), we obtain

o(e?) _ SUPjzj=1 J2¢(xe) + infzj=1 I (xs) — 20 (x,) + 282f(xs).
- 22

g2

Using (5.4) at x, and combining this with the previous estimate, we obtain

0(?) - 1

(55 —fG)+ =57 Z 5w [Ad(xe) + (p = 2) Tr {D3¢(xe)zf ® 25 }].

Let us assume first that V¢ (x¢) # 0. By (5.2), we see that

lim z§ = _—V¢(x0)
e—>0 ! |V (xo)]”

and thus we end up with

1 N
—f(xo0) = m A, ¢ (xo).
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Finally, we consider the case V¢ (xg) = 0. Similarly as above, (5.5) follows. Even if
we now have no information on the convergence of z3, since

Amin(M) <Tr{iMz @ z} < Apax(M)

for every |z| = 1, we still can deduce

A¢(x0) + (P —2) Amin(D?¢(x0)) < =2(N + p) f(x0) if p =2,
A¢(x0) + (p = 2) Amax (D3¢ (x0)) < —2(N + p) f(xo) if1 <p<2.

Thus we have shown that u is a viscosity supersolution to the p-Laplace equation.
Similarly, starting with sup instead of inf, we can show that u is a subsolution, and thus a
solution. ]

Remark 5.4. For 1 < p < oo, u € C2(RQ) and x €  such that Vu(x) # 0, we could also
show that

2

€ N 2
m APM(X) + 0(8 )

%( sup SZu(x) + inf Jgu(x)) = u(x) +

lz|=1

Indeed, by working carefully through the estimates similarly as in Lemmas 2.1 and 2.2
of [22], we could show that

1 JZ* J_Z*
_< sup JZu(x) + inf Jju(x)) _Jeu) + 7 ux)
2 zl=1 3

lzI=1

+ o(e?)

for z* = Vu(x)/|Vu(x)|. By Proposition 5.1, we have

e ZJ;Z 40D | o(e?) = ulx) + Z(NE—j—p) Apu(x) +o(e?),

and combining these estimates we obtain the desired estimate. This would give an altern-
ative way to write down the proof that the limit is a p-harmonic function. Reading this
expansion in a viscosity sense gives a different characterization of p-harmonic functions
as in [18] and [9] by the same proof as above.

A. Some useful integrals

In this appendix, we record some useful integrals that, no doubt, are known to the experts
but are hard to find in the literature.

Lemma A.1. Let«q,...,any > —1. Then

L D(F+1I(=5) - T(5)

o o _ . 2
(A1) ][B a0 Uy | dh - dhy = — T (et
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Proof. For convenience, we denote by B{V the N-dimensional unit ball centered at the
origin. We decompose the integral over B {V by integrating in the first place with respect
tot = hy, that s,

/ |hi | - |hn |2 dhy - dhy
BY

1
=/ |r|“N(/ [ Uy r [N iy - dhy— ) d.
-1 V1-12 B!

Then the change of variables v/1 —¢2 (w1, ..., wy—1) = (h1,...,hy—1) and returning
to the original notation gives

[l iy

BY
1

— / |t|a1v(1_IZ)(N+011+--.+0:N—1*1)/2 dt ./N 1 |hl|¢x1 ..,|hN_1|OtN—1 dhy - dhy_,.
-1 BN-

Next we focus on the first integral in the right-hand side. Using the symmetry proper-
ties and performing a change of variables, we get

1 1
/ |t|aN(l . t2)(N+011+"~+OlN_1—1)/2 dt = 2/ 1ON (1 . t2)(N+011+'“+OlN_1—1)/2 dt
-1 0
+1\ 1 (Ntag+tay +1
D(45) M(Fge)
F(N+‘X1+"'+‘;N71+OCN+2) ’

1
— / t((xN—l)/2 (1 _ t)(N+a1+“‘+aN_1—1)/2 dt =
0

where for the last equality we have recalled the well-known formula arising in connection

to the B-function
1
rx)r
/ A=) de = IHT)
0 Cx+y)
for x, y > 0. In the same way, we in general obtain

[l e i - b
-

1

1
— f |[|0‘N—k (1 _ t2)(a1+‘“+OtN_k_1+N—k—1)/2 dt
-1

/ [hg|® e |k |V %V dhy - - dhiy g
B{V—k—l

1
— / |t|(OtN,k+1)/2—l (] _ Z)(Otl-‘r"'-‘rOtN,kfl+N—k+l)/2—1 dt
0

: [ a0 Vg |54 dhy -~ dhy .
B{V—k—l
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Iterating the above formula, and dividing out the repeating terms, we get

/ | |k [ dhy - dhy
BY

1 1
= pamrmarey T(457) T T(E) /_ [ .
2

Then using the definition of the Gamma function and integration by parts, we get

1
2
r() [l an = megt ) 2 = ()
1 ) + 1
Finally, the result follows by recalling that
|BN| = L/z n
VU D(N/24 1)

The next lemma follows as a special case of the previous result. This lemma is the one
we actually use in the proofs.

Lemma A.2. Let 1 < p < 0. Then

1 p—1
A2 h|? dh =
(A.2) 2VN,p][31|1| N+

and

1

A3
(A.3) 2N

|h1|772 |ha|? dh = .
][Bl ' g N+p

Proof. First we recall the definition of ¥, , in (2.2) and use (A.1) to obtain
N J—
I T(z+Hr((5%)
WE TR

Since I'(s + 1) = s '(s) and I'(1/2) = /7, applying the identity (A.1) with @; = p and
oy, = - =ay = 0, we have

_ 1
(A4) YN.p = (Z h)i 26”1 = —f |h1|p_2 dh =
Bl 2 Bl

][ |h1|Pdh:L-F(%“)F(pTH)= p—1 1 T(GF+DI(F)
B, VI R, N+p Jm rtey

and (A.2) follows by combining the previous formulas. Similarly, since I'(3/2) = /7 /2,

1 IE+)I(E)IE)

][ 1|72 ol di
B

T ()
_ L1 rE+)ry)
TN VR (g

and (A.3) follows. ]
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Corollary A.3. Let 1 < p < oo and |z| = 1. Then

1
2J’N,p

N+p-2
N+p

(A.5) ][ |h|?|z - h|P~2dh =
B

Proof. By symmetry, we can take z = e1, s0 z - h = hy. Then
2|1 1P72 = AP+ [ha P72 ol A+ -+ [ P72 2,

SO

][ |h|2|z-h|1’—2dh=][ |h1|Pdh+(N—1>f 11172 ] dh,
B, B B,

and thus (A.5) follows from (A.2) and (A.3). [
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