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A quantitative stability result for the Prékopa-Leindler
inequality for arbitrary measurable functions

Karoly J. Boroczky, Alessio Figalli, and Jodo P. G. Ramos

Abstract. We prove that if a triplet of functions satisfies almost-equality in the Prékopa—Leindler
inequality, then these functions are close to a common log-concave function, up to multiplication
and rescaling. Our result holds for general measurable functions in all dimensions, and provides a
quantitative stability estimate with computable constants.

1. Introduction

1.1. Brunn-Minkowski and Prékopa-Leindler inequalities

Writing | X | to denote Lebesgue measure of a measurable subset X of R” (with |¢] =
0), the Brunn—Minkowski-Lusternik inequality states that if o, 8 > 0 and A, B, C are
bounded measurable subsets of R” with @A + BB C C (by convention, if one of the sets
A or B is empty, then ¢4 + BB = 0), then

1 1 1
ICl7 = ald|" + BIB". (4.1

Also, in the case when |A| > 0 and |B| > 0, equality holds if and only if there exist a
convex body K (that is, a convex compact set with nonempty interior), constants a, b > 0,
and vectors x, y € R”, such thatwa + b = 1, ax + By = 0, and

AcaK+x, BChK+y, [(@aK+x)\A|=0, |(bK+y)\ B|=0, and |[KAC| =0,

where KAC stands for the symmetric difference between K and C. We note that even
if A and B are Lebesgue measurable, the Minkowski linear combination ¢4 + BB may
not be measurable (while A + BB is measurable if A and B are Borel). We refer to the
monograph [44] for a detailed exposition on this beautiful topic.

The Prékopa—Leindler inequality is a functional generalization of the classical Brunn—
Minkowski inequality. In order to state it precisely, we recall that a function f:R"” — Rxg
is said to be log-concave if f((1 —A)x + Ay) > f(x)'"* f(y)* for all x,y € R” and
A € (0, 1); in other words, f is log-concave if it can be written as f = e~ % for some
convex function ¢: R" — (—o0, 00].
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Theorem 1.1 (Prékopa, Leindler; Dubuc). Let A € (0, 1) and f, g, h: R" — R be mea-
surable functions such that

h((1=A)x + Ay) > f(x)'"*g(»* VYx,y e R™. (1.2)

L= (L) (L)

Also, equality holds if and only if there exist a > 0, w € R", and a log-concave function
h, such that h = h, f= a_kh( —Aw), g =a'” Ah( + (1 — M)w) almost everywhere.

Then

Note that, if f, g, h are the indicator functions of some sets A, B, C, then Theorem 1.1
corresponds exactly to the Brunn—Minkowski inequality.

The Prékopa—Leindler inequality, due to Prékopa [40] and Leindler [35] in one dimen-
sion, was generalized in Prékopa [41] and Borell [8] to any dimension (cf. Marsiglietti
[37], Pivovarov, Rebollo Bueno [39], Brascamp, Lieb [10], Kolesnikov, Werner [34],
Bobkov, Colesanti, Fragala [7]). The case of equality is characterized by Dubuc [16].
Various applications are provided and surveyed in Gardner [29].

1.2. Stability questions

As discussed above, optimizers are known for both the Brunn—Minkowski and Prékopa—
Leindler inequalities. However, in spite of knowing the equality cases for these inequal-
ities, one might ask what geometric properties can be deduced if one knows that the
equality is “almost” attained. This is what one usually refers to as stability estimates.

Recently, various important stability results about geometric and functional inequal-
ities have been obtained. For example, Fusco, Maggi, Pratelli [28] proved an optimal
stability version of the isoperimetric inequality. This result was extended to the anisotropic
isoperimetric inequality and to the Brunn—Minkowski inequality for convex sets by Figalli,
Maggi, Pratelli [23, 24] (for the latter problem, the current best estimate is due to Koles-
nikov, Milman [33]). One can further mention, for instance, stronger versions of the func-
tional Blaschke—Santal6 inequality, provided by the work of Barthe, Bordczky, Fradelizi
[5]; of the Borell-Brascamp—Lieb inequality, provided by Ghilli, Salani [30], Rossi, Salani
[42,43], and Balogh, Kristaly [3]; of the Sobolev inequality by Figalli, Zhang [26] (extend-
ing Bianchi, Egnell [6] and Figalli, Neumayer [25]), Nguyen [38], and Wang [47]; of
the log-Sobolev inequality by Gozlan [31]; and of some related inequalities by Caglar,
Werner [12], Cordero-Erausquin [15], and Kolesnikov, Kosov [32]. An “isomorphic” sta-
bility result for the Prékopa—Leindler inequality for log-concave functions in terms of the
transportation distance has been obtained by Eldan [17, Lemma 5.2].

1.2.1. Stability for Brunn—-Minkowski. For the specific case of the Brunn—Minkowski
inequality (1.1), the stability question is rather delicate. The first contribution in the direc-
tion of stability was made by Freiman [27], although indirectly, as a consequence of his
celebrated 3k — 4 theorem in dimension n = 1 (see also Christ [14]):



General stability for the Prékopa—Leindler inequality 567

Theorem 1.2 (Freiman). Let A, B, C C R be bounded measurable sets satisfying A +
B C C and |C| < |A| + |B| + ¢ for some ¢ < min{|A|, |B|}. Then there exist intervals
I,J CRsuchthat AC I, BCJ,|I\ Al <eand|J\ B| <e.

In the planar case, van Hintum, Spink, Tiba [46] have found the optimal stability ver-
sion of (1.1).

Theorem 1.3 (Van Hintum, Spink, Tiba). For t € (0, %] and A € [t,1 —1], let A, B, C
be bounded measurable subsets of R? satisfying (1 — A)A + AB C C and

[[A| = 1]+ [|B| = 1|+ |IC| - 1| <&

for some e < e~ with M(t) > 0 depending only on t. Then there exists a convex body

K, with AC K + x and B C K + y for some x,y € R?, such that
(K +x)\ A + |(K + y) \ B| + |[KAC| < ¢t~ 262 (1.3)

for an absolute constant ¢ > 0.

We note that, for n > 2, in (1.3) one cannot have an estimate with better error term,
in terms of the order of both t and ¢. In higher dimensions, the only available quantita-
tive stability version of the Brunn—Minkowski inequality has been established by Figalli,
Jerison [19].

Theorem 1.4 (Figalli, Jerison). For t € (0, %] and A € [t,1 —1], let A, B, C be bounded
measurable subsets of R", n > 3, with (1 —A)A 4+ AB C C and

[[A|— 1] +|IBI— 1| +|IC| - 1| <e

for some & < e~ 4@ with A,(1) == (23n+2n3n llog 7|3") /", Then there exists a convex
body K, with A C K + x and B C K + y for some x,y € R", such that

(K +x)\ A] + [(K + y) \ B| + |[KAC| < 7 Nngm(®), (1.4)

where yn (1) = r3n/(23"+1n3" llog t|*") and Ny, > 0 depends only on n.

Remark 1.5. We list here some results for particular cases of Theorem 1.4.

* When A = B, van Hintum, Spink, Tiba [45] obtained the optimal stability version,
where the error term in (1.4) is of the form cnr_%s:% with ¢, > 0 depending only on
n. Their result improves the previous contributions [18,20,21].

When at least one of the sets A or B is convex, several results have been obtained, as
described below. However, it is important to observe that all these results measure stability
by controlling the symmetric difference between A and a translate of B. This is weaker
than the statement in Theorem 1.4, where one finds a convex set K that contains both A4
and B (up to a translation) with a control on the missing volume. Here are some important
results.
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*  When either A or B is convex, an optimal stability estimate has been proved by
Barchiesi, Julin [4]. This extends earlier results about the case when both A and B
are convex [23,24], or when either A or B is the unit ball [22].

e If A and B are convex and n is large, then Kolesnikov, Milman [33] provided an
estimate on |[AA(x + B)| with a bound of the form cn275t2¢2, for some absolute
constant ¢. Actually, we note that the term n2-7% can be improved to n2->+t°() py
combining the general estimates of Kolesnikov, Milman [33, Section 12] with the
bound n°(M on the Cheeger constant of a convex body in isotropic position, which
follows from Chen’s work [13] on the Kannan—Lovasz—Simonovits conjecture.

1.2.2. Stability for Prékopa—Leindler. With respect to the Brunn—Minkowski inequal-
ity, before now much less was known about stability for the Prékopa—Leindler inequality,
except for some results in the case of log-concave functions (see the discussion below). In
this paper, we prove the first quantitative stability result for the Prékopa—Leindler inequal-
ity on arbitrary functions.

Theorem 1.6. Given t € (0, %] and A € [t,1 —1), let f, g, h:R" — R be measurable
functions such that h((1 — A)x + Ay) = f(x)'*g(»)* forall x,y € R", and

1-4 A
/Rnh<(l+£)(/Rnf) (/ﬂ;ng) for some ¢ > 0. (1.5)

There are a computable dimensional constant ©,, and computable constants Q,(t) and
M, (1) depending only on n and t," such that the following holds: if 0 < & < e~ Mn(®),
then there exist h log-concave and w € R" such that

N - N 3 £0n(®)
/ |h—h|+f la f—h(-+kw)|+/ la* lg —h(-+ (A —Dw)| < ) / h,
R~ R~ R~ " R~

T

where a = fRn g/ fRn S

Remark 1.7. For f, g, h a priori assumed to be log-concave, Theorem 1.6 was estab-
lished by Ball, Boroczky [2] and Boroczky, De [9] in the case n = 1 (in this case,
£21(9) /7On in Theorem 1.6 can be essentially replaced by (s/7)3; see also Theorem 2.1),
and by Boroczky, De [9] in the case 7 > 2 (in that case, £27(P) /7 in Theorem 1.6 can be
replaced by (/1) i ). Further, we note that Bucur, Fragala [11] proved another interesting
stability version of the Prékopa—Leindler inequality for log-concave functions, bounding
the distance of all one-dimensional projections.

Theorem 1.6 is probably quite far from the optimal version, which one could con-
jecture to provide a bound of the form C(n, r)s%. In this direction, even for n = 1,
Example 1.8 below shows that the error term in Theorem 1.6 is at least ce.

At the end of the proof of Theorem 1.6 (see (5.34)), we indicate explicit values for the constants
My (7), Qn(7), Op.
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At first sight, this is perhaps surprising, because in the case of Freiman’s result (Theo-
rem 1.2) the error is of order &, which shows that the Brunn—Minkowski and Prékopa—
Leindler inequalities exhibit different behaviors for n = 1. Nonetheless, our proof of
Theorem 1.6 shows that the Prékopa—Leindler inequality in dimension n shares some —
but not all — of the geometric aspects of the Brunn—Minkowski inequality in dimension
n + 1, which explains, at least partially, the difference between the two exponents.

Another important difference between the stability version of the Prékopa—-Leindler
and the Brunn—Minkowski inequalities is shown by the following observation: when A =
B, the convex set K in Theorem 1.4 coincides with the convex hull of 4; on the other hand,
for f = g, the function h in Theorem 1.6 can be quite far from the log-concave hull of f
(see Example 1.9 below). In other words, there is no direct geometric characterization of
the function & (see also Remark 1.10 below).

As mentioned above, the following example shows that the error term in Theorem 1.6
is at least ce2.

Example 1.8. There is an absolute constant ¢ € (0, 1) such that the following holds. For
any ¢ < 1, there exist log-concave probability densities f, g on R such that

/ sup f(x)%g(y)% dz <1 +e¢,
R

1 1
z=5x+5Yy

while
/ lg(x) — f(x + w)|dx > cez  for any w € R.
R

Proof. We fix f(x) = ¢~ and an odd C? function ¢ on R satisfying suppe C [—1,1]
and max ¢ = 1. Note that, since ¢ is odd, fR fo=0.

Given 7 < 1 to be fixed later, we consider g = (1 + n¢) f so that [ g = 1. We note
that there exists a constant ¢ > 2 such that

¢’ .
|[log(1 + ne)]'| = )n- ( <én, (1.6)
1+ ng
¢"(1+ng) —nl@)?| _ .
|[log(1 + n¢)]"| = )n- <& (1.7)
(14 ng)?
for any 7 € (0, %). In particular, since (log f)” = —2m, it follows that g is log-concave

provided n < 1/¢.
Note now that, since g(x) = f(x) =e™™ ** for |x| > 1, there exists a constant ¢y > 0
such that

o0
/ |g(-x) - f(.x + U))l d_x Z / |e—n'x2 _ e—n(x+w)2| dx
R 1

> co min{|w|, 1}. (1.8)
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On the other hand, we have
/ g() — f(x + w)| dx > / 12(x) — F(O| = | £ () — f(x + w)| dx
R R
> n/Rf(X)IMx)Idx—EIwI-

Hence, combining this last estimate with (1.8), we deduce the existence of a constant
c1 > 0 such that

/ lg(x) — f(x +w)|dx > c1n Yw eR. (1.9)
R

Finally, we estimate [ & for h(z) = sup,,_, +y VS (x)g(y). To this aim, consider
the auxiliary function ﬁ(z) = / f(2)g(z). Thanks to the Holder inequality, this satisfies

foh<1.
Since f and g are log-concave and g(x) = f(x) for |x| > 1, for any z € R, there

exists a point y, € R such that i(z) = / f(2z — y;)g(y;). Also, y, = z if |z| > 1, and
lyzl = Lif |z] < 1.

We now observe that, for any z € R, the function ¥, (y) = log +/ f(2z — y)g(y) satis-
fies ¥, (z) = logh(z), ¥;(y;) = logh(z) , and ¥, has a maximum at y,. Then, recalling

(1.6), we have
1 ~
0=y;(z) = 2m(z = yz) + Sllog(1 + 1) (vz) = |z = yz| = én.
Hence, since || is bounded, a Taylor expansion yields (recall that ¥/, (y,) = 0)

log @ =Y, (y;) — ¥ (2) < cznz Vz e R,
h(z)

for some constant ¢, > 1, and we conclude that
/ h < eCZ"Z/ h<e” <1 +2cm% forn < 1.
R R

Choosing n := (26‘2)_%8%, (1.9) and the equation above prove the result. ]

The next example shows that, even in the case f = g, the function h provided by
Theorem 1.6 cannot be chosen to be the log-concave hull of f (i.e., the smallest log-
concave function above f).

Example 1.9. For any ¢ > 0 there exist f, h1: R — R measurable functions such that
h(ix +1y) = f(x)2 f(y)? forall x,y € R”,

/Rh<(1+8)/l;f,
La-n=5[r

where F' denotes the log-concave hull of f.

but
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Proof. Given A > 1, let f be defined as

e onl0,1]U 24,24 + 1],

0 otherwise,

f(X)={

and set i(z) == SUP,_ 1,41, f(x)%f(y)%. Then

{e—x on[0,1]U[A, A+ 1]U[24,24 + 1],
h(x) =

0 otherwise,

and therefore

Ah<(l+8)/ﬂ£f

with ¢ >~ e~ « 1. On the other hand, the log-concave hull of f is given by

e ™™ onl0,24 + 1],

0 otherwise.

F(x) = {

Hence, for A > 1,

24 1 1
—_ = -x = -1 — —24 > — — -1 — —
/R(F ) /1 ey =e¢Tl—e Mz (- 2/Rf,

as desired. [

Remark 1.10. The argument used in Example 1.9 emphasizes a key difference between
the Brunn—Minkowski inequality and the Prékopa-Leindler inequality: while in the
Brunn—Minkowski inequality only arithmetic means of points are considered, in Prékopa—
Leindler one considers points z that are the arithmetic mean of x and y, but then the
value of h(z) is obtained as a geometric mean of the values of f(x) and g(y). This
key difference is the source of many new challenges when proving stability results for
Prékopa-Leindler.

1.3. Outline of the proof of Theorem 1.6

We now sketch the structure of the proof of Theorem 1.6, which is split into four main
steps. The first three steps deal with the one-dimensional case. Then, in Step 4, we exploit
both the one-dimensional case and Theorem 1.4 to obtain the higher-dimensional result.

(1) We first deal with the case of symmetrically rearranged functions, and prove the
result in this case. Note that, if f, g, & satisfy (1.2) and (1.5), then their rearrange-
ments f*, g*, h* also satisfy the same estimates.

(2) With the knowledge that the result holds for f*, g*, h*, we deduce conditions on
the distribution functions ¢ > J ' ({ f > 1}), #'({g > t}). In particular, from (1.5)
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applied to f, g, h, we use a stability version of the Brunn—Minkowski inequality
in one dimension in order to prove that f and g are close to “bubble-shaped”
functions (i.e., that are nondecreasing on an interval (—oo, a) and nonincreasing
on (a, +00)).

Calling ¢ and ¥ such bubble-shaped functions, we define

M= sup g Yt
(A-A)x+Ay=z
This function is measurable (thanks to the fact that ¢ and i are bubble shaped),
and an analysis similar to the proof of Proposition 2.6 shows that ¢, ¥, A satisfy
both (1.2) and (1.5) (but for some smaller power of ¢).

(3) Denote

{x eRip(x) >t} = (ap(t).br(1))., {x e Riy(x) >t} = (ag(t),bg(1)).

Then we use the almost-optimality of ¢, ¥, A to prove that, on a large set, a four-
point inequality (in the same spirit as [19, Lemma 3.6 and Remark 4.1]) is satisfied
by the functions By (T) = by (eT)and Be(T)=b, (eT), and a “reversed” version
of such a four-point inequality holds for A7 (1) = ar (eT) and Ag(T) =ag eT).

As a consequence, we are able to prove that #f, s, are both L-close to
convex functions m s, mg on a large interval. Analogously, 87, B, are L'-close
to concave functions ny, ng on the same large interval. Thanks to these facts,
we show that there exist log-concave function ¢ and v such that {¢ > 1} =
(my(logt),ny(logt)) and (f >1) = (mg(logt),ng(logt)) on alarge interval.

Finally, we translate the properties of sz, g, Br, By, my, mg, ny, ng into
a bound on ||¢ — ¢||;, which can thus be made small. By Proposition 2.6, we
conclude the one-dimensional case of Theorem 1.6.

(4) In order to obtain the result in higher dimensions as well, we consider the hypo-
graphs of the logarithms of f, g, h. Denoting these sets by S¢, Sg, Sy, respec-
tively, we show that they satisfy the Brunn—-Minkowski condition S5 O (1-4)S s+
ASg. In particular, due to the one-dimensional case, we can estimate how level
sets of f, g, h are close to each other, in terms of volume. This enables us to use
the main theorem in [19] on the sets S¢, S¢, S5, which in turn produces a natural
algorithm to construct log-concave functions close to f, g, h.

The rest of the manuscript is organized as follows: In Section 2, we prove tail estimates
that allow us to suitably truncate the functions under consideration, as well as to estimate
the size of level sets. This allows us to perform a set of preliminary reductions of the
one-dimensional problem. In Section 3 we prove Theorem 1.6 in the case when n = 1
and f, g, h are symmetrically decreasing, while in Section 4 we deal with the general
one-dimensional case. Finally, in Section 5 we prove the theorem in arbitrary dimension.

Throughout the manuscript, we shall use the notation #* for the k-dimensional Haus-
dorff measure of a set. Sometimes we shall use ¢ > 0 to denote an absolute (computable)
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constant, whose exact value might change from one part of the paper to the next, and even
from line to line. We shall also occasionally use a subscript, e.g. ¢, to indicate depen-
dence of the constant on a dimensional parameter. Moreover, we write a < b whenever
a/b is bounded from above by an absolute and explicitly computable constant, and we
shall use a subscript ¢ <, b to emphasize the dependence of the bound on the dimension
considered. Finally, we write a >~ b if botha < b and b < a hold.

2. Tail estimates in the case of almost-equality in the one-dimensional
Prékopa-Leindler inequality

A useful tool for our study is the symmetric decreasing rearrangement. For a bounded
function ¢: R — R with 0 < [ ¢ < 0o, we define its symmetric decreasing rearrange-
ment ¢*:R — R>¢ by

9™ () = inflo: ' ({9 > a}) < 2]}

In particular, ¢* is an even function that is monotone decreasing on [0, 00), ¢*(0) is the
essential supremum of ¢, and

H({p = o) = H' (" = })

for any a > 0 with #'({¢ > a}) > 0. In particular, the level sets {¢* > «} are symmetric
segments, and the layer-cake representation yields fR Q= f]R Q*.

Symmetric decreasing rearrangement works very well for the Prékopa—Leindler
inequality. For A € (0, 1) and bounded functions f, g, h: R — R with positive integral,
if 1((1 —A)x + Ay) = f(x)'"*g(y)* forany x, y € R, then the one-dimensional Brunn—
Minkowski inequality yields 2*((1 — A)x + Ay) = f*(x)'"*g*(y)* for any x, y € R.
Also, if ¢ is log-concave, then the same holds for ¢*.

The main goal of this section is to show that if we have almost-equality in the one-
dimensional Prékopa—Leindler equality, then the functions f, g, & in (1.5) with positive
integral satisfy similar tail estimates like log-concave functions (here ¢: R — R>¢ has
positive integral if 0 < [ ¢ < 00). First we review the related properties of log-concave
functions. Let us recall the following estimate from [2,9]:

Theorem 2.1 (Ball, Boroczky, De). For t € (0, %] and A € [t,1 —1], let f,g,h:R — R>p
be log-concave functions with positive integral such that

R((1 = A)x + Ay) > f(x) *g(n)*

for=aea(fr) (L)

forall x,y € R, and
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for some ¢ € (0, 1). Then there exists w € R such that

/Wf h(- —|—Aw)|+/ la*~'g — h(- +(x—1)w)|<c §|1ogg|s/ h,

where a = [ g/ [g f» and ¢ > 1is an absolute constant.

Next we prove some basic properties of log-concave functions. We observe that if ¢
is log-concave and 0 < fR @ < o0, then the level sets are segments, ¢ is bounded, and its
essential supremum coincides with its supremum ||¢ || co-

Lemma 2.2. Let ¢ be a log-concave function with 0 < fR ¢ < 00. Then

0 H'{e > lelloo —5)) = {45 provided 0 < s < |plloo;

(i) H'(p > 1)) < 4l |log h—| provided 0 < t < }||¢lloo;

(i) fipary @ < Tofd

t provided 0 <t < 5 Lol o-

Proof. Using symmetric decreasing rearrangement we can assume that ¢ is even. Also,
by scaling, we may also suppose that ¢(0) = [|¢]lec = [g ¢ = 1.

For (i), let xo = sup{x:@(x) > 1 —s} = %J(’l({gp > 1 —s}), and choose y > 0 such
that 1 — s = e77*0 It follows from the log-concavity and the evenness of ¢ that ¢p(x) <1
if |x| < |xol, and @(x) < eVl if |x| > |xg|. Also, since e™¥¥0 > 1 — yxo we get % <2,
thus

*© Qe 70 1—s 2x
1:/<p§2x0+2/ e Y dx =2x¢ + <2x0(1+ ):—0.
R X0 Y s s

For (ii) and (iii), let x; = sup{x: @(x) >t} = %J(’l({w > t}), and choose § > 0 such

that r = e~9%1_ Tt follows again by log-concavity and evenness that ¢(x) > eIl if |x| <
|x1], and (x) < e8I if x| > |xq].
Then, on the one hand, we have

1 *1 l—e®  1-¢ 1

_2/ R P > - .1)

2 8 8 26 2|logt|
verifying (ii). On the other hand, using (2.1) we get

o0 2 %% 2t
[ 9052/ ey = T = <,
{p<t} X1 1) |10g tl

verifying (iii). ]

Given e € (0,1], T € (0, %], and A € [t, 1 — 7], we now consider measurable functions
f. g, h:R — R with positive integral satisfying

h((1—=A)x +Ay) > f(x)*g(n)* forx,y e R, 2.2)

ool ) (L)
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Fort > 0, we set

Ay ={f>t}, Bir={g>t}, and C; ={h>1}, 2.4
so that
Ar= () 4. Bi= () Bs. and Ci= () C.
o<s<t o<s<t o<s<t

It follows from (2.2) that if A;, Bs # @ for t, s > 0, then
(1—=A)A; + ABs C Cj1-aa. 2.5)
Lemma 2.3. Let f, g, h satisfy (2.2) and (2.3). Then f and g are bounded.

Proof. For any x¢ € R with f(xo) > 0, we have

AL ) = i
= f(xO)l_Al/Rg*;

therefore, f is bounded. Similarly, g is bounded as well. |

We use the following stability version of the inequality between the arithmetic and
geometric means. It follows from Aldaz [1, Lemma 2.1] thatif a,b > O and A € 7,1 — 7]
for T € (0, %] then

(1—=Ma + Ab—a'™b* > 1(Ja — Vb)>. (2.6)
According to Lemma 2.3, we can speak about || f ||co and || €| co-
Lemma 2.4. Let f, g, h satisfy (2.2) and (2.3). If & < 2773, then

oo N8l [ -
lglee 171

Proof. We may assume that [p f = [p & = 1.
We set 0 = || floo/ll€lloo- Using the notation (2.4), it follows from (2.2) that if 0 <

t <1/l llgll% then

Njw
(Sl

£2,

(1 —A)Aelt + A«Bel—lt C Ct.

We deduce from (2.5) and the one-dimensional Brunn—Minkowski inequality that

1A 155* 1,
1+sthz/ HC,) dt
R 0

1157 gl 11557 gl
(1 —x)/ H(Ags,)dt ~|—A/ H(Bgi-1,) dt
0 0

%

o A

1= Il g lloo
= / H'(As) ds +wl—l/ H'(Bs)ds =
0 0
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We conclude from (2.6) that
673 — 0" | < 17 3g3,

which in turn yields that

TTIe2 > eruozggI —1> _r|log(9|.
2
Since |log 0| < 2t 362 < % provided ¢ < v3/64, we have |0 — 1] < 47363, |

Lemma 2.5. Let f, g, h satisfy (2.2) and (2.3). If£% <n<1,then

_3
2 flh

HAS =l f o)) S i Jlogel*,
M 2.7
7' ({g = nligleo)) < % Jlogel*,

and
_s 4 _s 4
/ S 22| Sl - nllogel7, f g <t 2lgllh - nllogel*.
{f<n} {g<n}

Proof. We may assume that || f |oo = [|glloc = 1 and min{y f. [ &} = 1, so that Lem-
ma 2.4 yields

1= min{f]R s g} < max{fR 1ol g} <1441 3¢2 <2. (2.8)
For ¢t > 0, it follows from (2.5) that if ¢ € (0, 1), then
Cot O ((l — M)A a-»n + )&Bgl/k) U ((1 — M Aa-n + /\B,m), 2.9

thus the one-dimensional Brunn—-Minkowski inequality yields that J#¢!(Cy;) is at least
the arithmetic mean of (1 — A)H ' (A, 1/a-1) + AH ' (Byia) and (1 — V) H (A a-n) +
AJ1(B,1/2), and hence letting o tend to 1 implies

1
F(Cr) > E[(l = NI (Apsa-n) + AH (B (2.10)

In addition, #'(C;) — (1 — A)H'(A;) — AFH(B;) > 0 holds for any ¢ > 0, thanks to
(2.5) and the one-dimensional Brunn—Minkowski inequality.

Therefore, using the near optimality (2.3) for the Prékopa—Leindler inequality, (2.8),
and (2.10), we deduce that for any « € (0, 1], we have

3 1

817 2g2 > /a(%l(C,) — (=1 (A) — A" (By)) dt
0

> /0 (5100 =20 o) + 256 (B)]

—a —A)Jfl(A,)—AJé’l(Bt)> dr. 2.11)
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We now define

o) = /Oa((l — N FH(A;) + AH(By)) dt.

Note that I' is an increasing function bounded by 2. Also, through a change of variables,
it satisfies

/a((l — ) H (Ayss) + AF(B,iys)) di = sa'~5T(@s) Vs € (0,1).
0

Hence, assuming with no loss of generality that A < 1/2, it follows from (2.11) that

1—A
2

D=

_3
817 2¢

o TIT (@) — T(). (2.12)

2

As 1 — A > 1/2, using the substitution § = aTT € (0,1), (2.12) leads to

L(p) _32c2e2 ('™
/g = ﬂl—)t +4 ﬂl/\ ’

and, by iteration,

k 4i—1 1=k
re) <303 %Z F(ﬁ )
B~ 2 i T g
1
3 &2 4k
< c(l +r zﬁl_k)ﬁ(l S VK= L (2.13)
Hence, if g2 < B, then (2.13) yields
k
—F('B) < cr_%—4 .
B - B

Choosing k € [Hggl(lfff)‘l‘,Zf}ggl(lfff)‘ll] so that B1=2* ~ 1, then the bound above gives

(recall that A > 7 and that [log(1 — 7)| ~ 1)

r llogllog A1l
DO < ot < cbjogplt v efed.).

Since

r
B+ (1= 003 (a0 + 2000 (B) = w00 (40)+ 5 B,
this proves (2.7).
Finally, the layer-cake formula yields f{ Fem f+ f{ g<m & = I'(n)/t, and the mono-
tonicity of A, and B, imply #'({f > n}) + #'({g > n}) < I'(n)/n, completing the
proof of Lemma 2.5. ]



K. J. Boroczky, A. Figalli, and J. P. G. Ramos 578

Proposition 2.6. Let f, g, h satisfy (2.2) and (2.3) where t € (0, %] and 0 < & < ct3 for
a certain absolute constant ¢ € (0,27°). For n > & with n < 4ct3, we assume that there
exist log-concave functions f, g such that

If—Fflli<nllfli and g — &l <nlglh-

Then, setting a = [ g/ [g [ there exist a log-concave function h and a constant w € R
such that

/|a*f(x)—ﬁ(x—xw)|dx+/ la* g (x) — h(x + (1 — M)w)| dx
R R
—1._ L 4
<t 'nizlloge|3 | h,
R
/ Ih(x) — h(x)| dx < T—Zn%|1ogs|/ h.
R R

Proof. We may assume that min{| f oo, € llcc} = 1 and [ f = [z & = 1, so that Lem-
ma 2.4 yields

. -3 1
1= min{[l flloo. Igllo} < max{l| flloc. glloc} <1+ 47726z <2. (2.14)

It follows from the conditions || f — f It <nand|g—gll1 <nandn < % that the approx-
imating log-concave functions satisfy

1 ~ ~
< | f,] g<2. (2.15)
2 Jr7Jr
The main idea of the proof is to show that, for a suitable log-concave function ﬁ, the
log-concave functions fo = f X Foa) and g9 = gx{z>q) satisfy almost-equality in the
Prékopa-Leindler inequality for some value o > 7; therefore, the stability version Theo-
rem 2.1 of the Prékopa-Leindler inequality for log-concave functions implies that f; and
go can be expressed in terms of shifts and multiples of /.
As a first step, we claim that
z _3 1 ~ _3 1
1f loo = 1 lool = 3227272 and  [[[g]loo — lIglleo| = 3277272, (2.16)
As the roles of f and g are symmetric, we only prove the statement about f.
First, we assume that || f'{loo > || flloo, hence || f{loo = I|.f loc — & for some o > 0.
In this case, Lemma 2.2 (i) and (2.15) imply that #'({ f > || flleo —s}) = 51 /1152 for
s € (0, @); thus the layer-cake representation gives

a?

/nfnoo KT =
> >t > = .
"= £ lloo 41 £ 113,

Therefore, || f||co = ||f||oo —o > ||f||oo(1 —2,/1), and we deduce that

1/ oo = 11/ lloo < 11/ loo[(1 =2/ ™" = 1] < 8p2.
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Next we assume that || f lloo < II.f lloo- We consider the function

So=TF Xr<ifiey T W oo Xipy finy

15(/Rf1)_15(/Rf—/R|f—fI)_l<1+2n.

As fi < f,wehave h((1 — A)x + Ay) = fi(x)"*g(y)* for any x, y € R where

forsaea( )" (L) osam(n) " (Le)

We deduce from Lemma 2.4 applied to f and g on the one hand, and to f; and g on the
other hand that

1A lloo _ 1Nl lglloo
[ Fle  lglloo I filloo

Recalling (2.14), this proves claim (2.16). In turn, combining (2.14) and (2.16) leads to

which satisfies

3

< (144t 3e3) - (1+4r3p)(1 +4n) < 1 4+ 1617372

1 5 -
5 </ lloo. lIglloo: 1./ lloo- 18llo0 < 2. 2.17)

For any r > 0, we define
Ay ={f>rh Ao ={f>r}), B,=lg>r}, B,={g>r}

According to the layer-cake representation (representing |[@ — v||; for nonnegative
¢, ¥ € L1(R) as the area of the symmetric difference of the parts between the graphs
and the first axis),

o0
| aaiyar=is - fii <
0
0 ~
| BB ar =gzl <
0
In particular, the set S C (0, co) defined by the property

JV(A,AA) + HV(B,AB,) <2 forreS (2.18)

satisfies that )

H1((0,00)\ S) < 4n2. (2.19)
It follows from (2.18) that if r,s € S and x € R, then H'((1 — M)A, A(1 — V)A,) <
1- k)n% and H'((x — ABs)A(x — ABy)) < An%; therefore,

|7 (1= 1) A, N (x — ABy)) — H (1 — DA, N (x — ABy))| < n2. (2.20)
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Consider
x 1.1 ~ -1 1
ro = | flleo —32t7 7% and so = [|glloc —3277 n3. (2.21)
Using (2.15) and (2.17), we deduce from Lemma 2.2 (i) that
H(Ayy). H(Byy) > 417 "n4

Possibly after shifting f and f together on the one hand, and g and g together on the
other hand, we may assume that zero is the common midpoint of the segments A4,, and

By, . In particular, setting
clA, = [ai1(r),a2(r)] and cl By = [b1(s), ba(s)] for0 <r < ||f||oo, 0<s<|&lloos

using that a; (r), b1 (r) are monotone increasing and a, (r), b, (r) are monotone decreasing
provided 0 < r < min{|| f||cos [|€[loo}> We have

ax(r),ba(s) > 21_177% and ay(r),b1(s) < —21_177% for r € (0,r¢], s € (0, so].
We deduce thatif r € S N (0, rg), s € S N (0,s0) and
xe(1+229)7 (1 = DA, + ABy) € (1—15)((1 - VA, + (ABy)),

then (1 — A)a; (r), Ab; (s) > 27]% fori = 1,2, and x — ABg = [x — Aba(s), x + Ab1(s)]
satisfies x — Aba(s) < (1 — A)ax(r) — nikbz(s) and x + Abi(s) > —(1 — Aa;(r) +
n% Ab1 (s); therefore,

H((1 =) A, N (x = ABy)) = 2.

In turn, (2.20) yields that if x € (1 + 277%)_1((1 — M)A, + (ABy)), then
x € (l—=M1)A, + (ABy).
In other words, if r € S N (0,rg) and s € S N (0, s9), then
(1= 2) A, + ABy € (14 20%)((1 = DA, + ABs) C (1 + 2n5){h > r' 5%}, (2.22)

On the other hand, for any r € (n%, ||f||oo) and s € (ni, I€]loo)s (2.19) and the definitions
of rg, so yield the existence of some 7 € S N (0, min{r, ro}) and 5 € S N (0, min{s, so})
with

F>r—0(r) and §5>s5—06(s),

where 0(t) = 261—1,7% ift > %, and 0(t) = 4;7% ift € (0, %)_ In particular,
fZ(1—27‘[_1n%)r and 52(1_27,[—1”%)5‘ fOI'V,Szi’]%,

thus setting t = rl_ks’\, we have

FlAsh > 1- 271_177%)[ >t — 281_177%.



General stability for the Prékopa—Leindler inequality 581

Therefore, if we define
o= 28r_1r1%,
then, for any r € («, ||f||oo) and s € (@, ||&]lo0), We deduce from (2.22) that t = r1=*s*

satisfies
(1—=2)A, + ABy € (1= ) Az + ABs C (1 +2n%){h > F'7*5*)
c+229){h>1t—a). (2.23)

Next we replace f by fo = f)({];w} and g by g0 = g X{z>a}- Then Lemma 2.2, (2.15),
and 3 < || /oo, g lloc < 2 (cf. (2.16)), yield

If = folli + 118 — &olli < 32, (2.24)
' (supp fo) + J¢' (supp go) < 32|logal. (2.25)

In particular, we deduce from (2.24) that

I/ = folli + llg = ol < 2%, (2.26)
hence
/ﬂ,,[goz1_26.a. 2.27)
R R
Consider now the log-concave function h defined as
h@) = s fo@)' o),
z=(1—-A)x+Ay

which satisfies /1 (z) > « for any z € int supp}; and

¢! (supp l;) < 32|log «| (2.28)
(see (2.25)). According to (2.27) and the Prékopa—Leindler inequality, we have
/ h>1-2%. (2.29)
R
It follows from the definition of / and (2.23) that, for any ¢ > o, we have
th>ty= J (A=NA +1B) c (1 +25)h>1—a). (2.30)
t=rl-Agh

To relate 4 to f and g, we deduce from (2.27) and (2.30) that
- o0 " o0
/h:/ J(’l({h>t})dt§(l+2n%)/ HUh >t —a))dt
R o 4

=(1+2n%)/h<1+4n%
R

1-A A
5(1+29a)(/Rf5) (/Rgo) . (2.31)
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Recalling that ¢ = 28 ;1 n%, thanks to Theorem 2.1 there exists w € R such that
2

/ la? fo— (- +Aw>|+/ a2 G0 — (- + (= Dw)| < 73 %uogaw/ i
R~ n

where a9 = [ &0/ Jgn fo. Also, by (2.27) and the conditions [ 7. Jr& <14+n,it

holds that
1—2”f1n%s/ fo,/g’oil—i-n,
R R

In particular, |ag — 1| < r_ln%; therefore,
| o=+ awl+ [ g0+ G- Dw)l < et ogalt [
R” R”" R”
Recalling (2.26), this proves the first bound in the statement of Proposition 2.6.
To relate A to &, consider the auxiliary function

3 ) l;((l +2n%)x)—a if x eintsuppﬁ,
X) =
0 otherwise,

so that, if t > «, then
~ 1o~
{h>ty=04+2n4){he >t —a}. (2.32)
Comparing (2.32) and (2.30), it follows that l;() < h. In addition, (2.29) implies that

27a<(1+2n%)—1/E:/EOS/h<1+s,
R R R

1h = holl1 < 2%a. (2.33)

therefore

Next we claim that
h~((l + Zr)%)x) < h~(x) + 27r_277% for any x € supp h. (2.34)

We observe that tg = rd ~*s} > 1 26772 % according to (2.14), (2.16), and (2.21). Since
f and g were translated to ensure fo(O) > ro and go(0) > s¢, we deduce that ﬁ(O) > 1.
Using that his log-concave, we deduce that if ﬁ(x) < lo, then ﬁ((l + Zni)x) < ﬁ(x) On
the other hand, if h(x) > to then (2.34) follows from ||h||oo <1+ 32r‘§n2 (see (2.14)
and (2.16)) and the bound fo > 1 — 261' EVES

Thanks to (2.34), since & < 27772n% we get

Il = holl =[ ~|/5(x)—1€((1+zr,%)x)+oc|dx
supp h
:/ Ay + 277204 — (1 + 274)x) + (@ — 2777 2n4) | dx
supp i

< / Nh(x) + 271_277% — l;((l + 277%))() dx + / 5 271_277% dx
supp &

supp i

= (1— 1)/ Nfz(x)dx+2-J€1(suppﬁ)-27t_2n%.
1+ 254 supp h
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Since [p h <2and J! (supp h) < 32|loga| (see (2.31) and (2.28)), we conclude that ||}; —
ﬁo||1 < 2141_277% |log |. Combining this estimate with (2.33) implies that ||z — h~||1 <
215r_277%|10g a|. As a = 281_1n%, we have [log @] < max{|log 7|, [log ¢|} < |log ¢|.
Plugging this into the statements above, we obtain the original claim, which finishes the
proof. ]

3. The case of symmetric-rearranged functions

For this part and for the remainder of the paper, we assume that all the reductions and
results from Section 2 hold.

As noticed at the beginning of the previous section, the symmetric decreasing rear-
rangements of functions f, g, h satisfying (1.2) and (1.5), denoted by f*, g*, h*, also
satisfy (1.2) and (1.5) with the same constant, as rearrangements preserve L?-norms. By
changing these functions on a zero-measure set, we may suppose that their level sets are all
open. The main result of this section Theorem 3.2 lays out the foundation for the analysis
in the following ones. But first we state a lemma that is used in the proof of Theorem 3.2
and also later in the paper.

Lemma 3.1. Let f, g, h: R — R satisfy (1.2) and (1.5) for 0 < e <2793, | f|1 =
gl = 1 min{|[ flco. glloo} = 1, and let Ay ={f =1}, By ={g =1}, C; ={h = 1}

be their level sets. Then

O [ 13— (1 =03 (40 - 2361 (B dr < 9k
R4
(i) there exists a measurable set F C Ry such that #'(Ry \ F) < 9¢% and
|#1(Cr) — (1= 2)H(A;) —AH(B,)| <t 3s% VieF.

Proof. We may assume that min{|| f||co, [|€llec} = || flloo = 1, and hence Lemma 2.4
yields that ,
1
1 <|lglloo <1+ 47722,

Let S; = {t > 0; #'(C;) = (1 — A) K ' (A;) + AH'(B;)}. By the reductions made, we
know that S; 2 (0,1)as A; #Pand B; #0if0 <t <1 =|floo < |lglloo, and S;
(1+4773, 00)as A, = By = Bift > 1 + 4772 > ||glloe = || £ loo. If £ € S for S,
Ry \ Sy, thens>1land [5 f = [rg < [gh <1+ eyield H'(A;), H'(B;), H'(C;) <

1 + &; therefore,

Iy

|HNC) — (1 =) H (A) —AH (B)| <1 +e<2 Vies,.

Thus,

31
2g2

1+47~
/ |J€1(c,)—(1—A)Jel(A,)—uel(B,)uz5/ 2dt = 8t~
S> 1

(S
(Sl

£,
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By the fact that the integral fﬂh (HUC)— (1= H(A;) — LI (B,))dt < e, we obtain
/ |H(Cy) — (1= M) H(Ay) — AF N (B,)| dt < 9t 362,
Ry

By using Chebyshev’s inequality, we obtain that the set of # > 0 where the integrand is
larger than 1_38% has measure at most 95%, which finishes the proof of Lemma 3.1. m

Theorem 3.2. There is an absolute constant ¢ > 0 such that the following holds. Suppose
fig.h:R — Ry satisfy (1.2) and (1.5) for 0 < ¢ < ce=1000l0et*/* " Thoy there exist
even log-concave functions f, g such that

~ T
I/ = Sl + 118" = &l S 77 0e2 el
where w is an absolute constant given by w = 6 + 32ﬂ, with wg as in Lemma 3.3.

Here and henceforth, given a family of sets {Sy }, we shall use the notation U:; Sy to
denote the union | J,.g, 2 Sa-

Proof of Theorem 3.2. First, we may suppose without loss of generality that || f||; =
llgll1 = 1, and that min{|| f oo, [|€llcc} = || f llec = 1. These assumptions, together with

Lemma 2.4, imply that
3

0<|lgllo—1 <4t 2¢2.

Consider, thus, the functions a, b, c: R — R defined to satisfy, for any R € R,

{f* >R} = (—a(R),a(R)) =: Ag,
{g" > e®} = (=b(R),b(R)) =: B,
[h* > e®} = (=c(R),c(R)) = Cg.

By (1.2) applied to h*, we have (remember, | J, So: = U5, 45 Sa for any sets Sq)

*

er2 ) {0-MAr+2A8s). 3.1
(1=A)R+AS=T

Thus, as [ f* = [ g* = 1, by a change of variables t = e”, we have

> / (J€1(€T) — (A=) H (A7) + k%l(JBT)))eT dT.
—0o0

Notice that the map T+ H1(€r) — (1 — L)H (A7) — AH(B7) is, by (3.1) and the

Brunn—-Minkowski inequality, nonnegative for all 7 € R for which A7, B # @. We

observe that
Ar = AeT, Br = BeT, Cr = CeT.
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Let F be the set constructed in Lemma 3.1 (ii). In particular, Lemma 3.1 yields that if
AR, Bs # 0, (1 —A)R+AS =T,ande” =t € F, we have

3

(1 — M)a(R) + Ab(S) < (1 = ANa + Ab)(T) + v 2e4. (3.2)

Fix thus M = 60 log(1/¢), with 6 > 0 small to be chosen later. Denote Fyy = F N
[e_M ,eM ]. With this definition, we have that the set

log(Fy) = {T € R:e” € Fu}

has large measure within [—M, M]. Indeed, recalling that # (R \ F) < et

/RX[—M,M]\log(FM)(T) dT < eM /R X=m o) (T)eT dT
— e 0 g ([e ™, eM]\ F) < ei™f. (3.3)

Thus, if 6 < 1/8, then J1([—M, M] \ log(Fy)) < &5.
Therefore, if 77, T> € log(Fs), and additionally

T ! Ty + - AT €log(Fu), T ! T, + - AT € log(Fu),
= — 0 = — ()

1,2 2 -1 2 gr'm 2,1 2 - 1 glr'm

then the reduction in [19, Remark 4.1] and inequality (3.2) show that the following four-

point inequalities hold:

2
a(Ty) +a(T2) < a(Ti2) +a(Ten) + 77 ek,

2
b(Ty) + b(T2) = b(T12) + b(12,1) + xt_zs .

)
Bl

Inspired by this, we recall the statement of [19, Lemma 3.6] in the one-dimensional case:
Lemma 3.3 ([19, Lemma 3.6]). Let G C R be a measurable subset and ¥: G — R be a
function, such that the following properties hold:

(1) The four-point inequality

v(T) +y(T2) =¥ (Th2) +¥(T21) + o (3.4)
holds, whenever Ty, T2, T12,T2,1 € G.

(2) The convex hull co(G) = Q satisfies #'(Q\ G) < ¢.

(3) Thereisr € (1/2,2) with [—r,r] =

(4) The inequalities —k < W (T) < k hold for all T € G for some k > 1.

(5) Thereis H C R such that

/ #' (ol > sH\ 1y > s} ds + / Ky > <t (S
H R\H
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Then there exist a concave function V: Q — [—2k, 2«] and an absolute constant ¢ > 0
such that

/G (T) = y(T)dT < ekt (o + ),

where we let oy = and wg > 0 is an absolute constant.

—r
16]log 7|’
We are almost ready to apply Lemma 3.3: we change variables and set a(7’) =
a(MT').
7,77, Ty, € log(FM) /M and A € [r,1 — 1], then the four-point inequality
(3.4) holds for a, with o = - /2 Moreover, the properties of log(Fs) (see (3.3)) imply

' (co(log(Far)/ M) \ (log(Fr)/M)) < &5.

From that, we see that 27 ‘= co(log(Fpr)/ M) is an interval that differs by at most
&% from the interval [—1, 1], and thus can be written as To + I, with I = [—r, r] and
r—1| < 28%, and Ty € R with |Tp| < es.

Defining the function @’(T") = a(T’ + Tp) preserves conditions (1), (2), (4), and (5),
in Lemma 3.3. In addition, now condition (3) is also fulfilled. Furthermore, by Lemma 2.5,
we have that @’ is bounded in absolute value by k = :—4|10g ¢|*/*, with ¢ an absolute
constant.

Finally, as the function a is nonincreasing on R, the level sets of @’ are all intervals.
Hence we may take H to be the support of @’ in (3.5) and ¢ = 465,

Therefore, by Lemma 3.3, there is a concave function a’: S:Z;W = QM — Ty —
[—2k, 2k] such that

or

£ 8

|&(T) — & (T)|dT < Kkt™® . ——_.
/log(FM)/M—To r5a:/2

Thus, the function a(7") = &' (T — Ty) satisfies

ﬂtr

&(T) —a(T)| dT < |logel®
/log(FM)/M Thteo”

This follows from the definition of « and the fact that t® = ¢~%/16, which is bounded from
below and above whenever T € (0, 1/2]. Changing variables T = T’/ M above yields that
a(T) = a(T/M) satisfies (recall that M = 0 log(1/¢))

or
E 8

l l I 1+%
/log(FM) |a(T") —a(T)|dT" 5 Jloge|"*+ —. (3.6)

We observe that, if we denote by Qpy = M Q M the domain of definition of a, then it
follows from the considerations above that # ' ([—M, M|\ Q) < |]0g8|8é.

Notice that the process above can be adapted verbatim to b, and we find a concave
function b: Qs — [—2k, 2«] such that

224

I6(T") — B(T)| dT" < Jloge|! T+ - 3.7)
tog(Far) THeo
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For brevity, let w; := 4 + wo. We must now ensure that a, b satisfy the requirements
of distribution functions. Indeed, in the case that a, b are both nonincreasing on the subin-
terval Ipy = [-3M/4,3M /4] C Qp, we do not change them.

On the other hand, if either a or b are not nonincreasing on such a large interval, we
use Chebyshev’s inequality in conjunction with (3.6) and (3.7).

This implies that there is a set # C log(Fyy) such that #!(log(Fy )\ F) <t~ £ €3,
and

I6(T) = b(T)| + |a(T) —a(T)| St 2% YT eF

Changing a, b on a zero measure set, we may suppose that both are lower semicontinuous.
Suppose then, without loss of generahty, that a attains its maximum at a point 7y € Ijy.

AsH'(Qu \F) <t £ €35, there is a point 77 € ¥ such that
ITo—Ti| St~ 7e%
Analogously, there is a point 7, € ¥ such that [T, + M| < 7~ e " &35, thus,

a(To) —a(T2) < |a(T2) —a(T2)| + a(Ty) — a(T2) + |a(Ty) — a(Ty)| + |a(T1) — a(To)|
<ct™ 2 e% 4 |a(Ty) — a(To)- (3.8)
On the other hand, by concavity,
a(Ty) = ya(Ty) + (1 —y)a(Tp), withy € (0,1) such that yTy + (1 — y)Tp = T7.

It follows from the manner we have chosen Ty, 77, T that

@1

12 or M ar
e > Ty — Tol = (1 —p)|To — T2| > (T —cr_Teﬁ)(l —).

Thus, if € > 0 is sufficiently small, we have

21 lLr
64 |

y>1-—-10t"2
Also, by boundedness of a, we have
a(Ty) — a(To)| < [loge|Fr~ 3 e (3.9)
Combining (3.9) and (3.8) implies
a(Ty) < a(Ty) + c|10g£|%r_3%8%5,
where ¢ > 0 is an absolute constant, and so, by monotonicity,
a(To) < a(T) + cllogelit=2" & VT e IyT < To. (3.10)

‘We thus define

. a(T) ifT ely, T =T,
a(T) =
C((To) ifTGIM,T<T0.
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This new function, besides being concave, is also nonincreasing on /s, and, by (3.6) and
(3.10),

3w ar
/ |a(T)—a(T)|dT < |10g8|1+%‘L’_T1857.
log(Fpr)NIy

As both a, & are bounded by c|log |7 /t# on Ins and J' (Iys \ log(Far)) < €%, we con-
clude moreover that

(234

3w
/ &(T) —a(T)|dT < |loge|' trr™ 2 e,
Iy

By symmetry, the same method can be applied to the function b. Given the two resulting
concave functions a, b, they define an almost-everywhere unique pair f, g of functions
such that

{x €R: f(x) >t} = (—a(logr),d(logr)), {x € R:g(x) >t} = (~b(logr),b(log?)),
whenever logt € I (thatis, t € ((9%,5_%)),

supp(f)= () (=@(ogr).d(logs)). supp(@= | J (~b(logr).b(logr)).

te(s¥,af¥) t€(€¥,87¥)
and {x € R: f(x) >t} ={xeR:g(x)>s}=0fort,s > ¢~ or whenever a(logt) =
0= f)(log s).
We claim that these functions are log-concave. Indeed, if f(x1) > s1 and f(x2) > s,
with 51,5, € (8¥,8_379) then

x1 € (—a(logsy), a(logsy)), x2 € (—a(logsz), a(logsz)).
By concavity, for any z € (0, 1),
txy + (1 —t)xy € (—ta(logsy) — (1 —t)a(logsy), ta(logsy) + (1 —t)a(log sz))
< (~alog(s}s; ™). allog(sis; ))).
Thus f(tx1 + (1 —)x2) > s1s37", which concludes in this case.

The case max{si, s} > e ¥ or a(max{log s1, log s»}) = 0 is trivial by definition.

Also, if 51 € (0, £¥), then x; € (—a(logty), a(logty)), for ty € (£¥ , s’¥), and thus we
reduce to the previous one. By symmetry, the same holds for g, and the claim is proved.

Finally, it remains to prove that | f — f i + |lg — &ll1 is small. By the layer-cake
representation, choosing 8 = «; /100 we have

I = 7l =f0 Jel({f>t}A{f>z}>dt=[R|a(T)—a<T>|erT

360
e 4

5[ (S > )+ HOAS > ) dr +s—¥/ ja(T) = &(T)|dT
0 In

% 1 4 3 3
< Erroselr [log £| + |10g8|1+%8%_¥1_% < g%|loge|1+%r_%,

~ 'L'4
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where we used || f||co, ||€]loo < 2 and Lemma 2.5. Naturally, all such considerations hold
in the exact same manner for g, g.

We now notice that, if & > 0 satisfies the smallness condition as in the statement of the
result, then we may bound

|log 8|1+%8% < 2%,

By Proposition 2.6, this is enough to conclude the case of symmetrically decreasing func-
tions. As we do not need an explicit estimate on the distance between / and a log-concave
function, we omit the final bound one could obtain using that proposition, limiting our-

selves thus to the statement of Theorem 3.2. [

4. The general case

We now turn to the general case, assuming the results in the previous subsection. We shall
prove the following result:

Theorem 4.1. There is an explicitly computable constant co > 0 such that the following
holds. For T € (0, %] and A € [t,1 =], if f, g, h: R — R are measurable functions for
which (1.2) and (1.5) hold, with 0 < & < cpe™™ @ then there exist a log-concave function
h and w € R such that

- - - 0(7)
/|h—h|+/ |a*f—h(-+xw>|+/ a* g i+ A= D) < co” /h,
R R R R

.L-a)

where @ = % + 2, with wy being the exponent of T in Lemma 3.3, M(t) = 10*° (wo +
llog(x)|* _ 4
4) pr and Q(t) = 2100(j0g 7 [F*

As pointed out in the introduction, in order to prove such a result we shall break the
proof into several steps.

Step 1: Finding better behaving functions f, g, h (cf. (4.3)) that satisfy (1.2) and
(1.5) with a possibly smaller power of ¢. Once more, we assume that the reductions
made in Sections 2 and 3 hold. That is, we have || f |1 = |lg]l1 = 1, min{|| f ||co, [|€loo} =
| flloo = 1. Lemma 2.4 then yields that

lglloo € (1,1 4 477 3¢2).
Also, as || f|l1 = llgll1 = 1, using notation from Lemma 2.5,
[e )
£ > / (F(Cr) — (1= 1) F (Ay) — AH ' (By)) dit > 0.
0
Thus Lemma 3.1 implies

TTie2 > /m‘%l(ct)—(l — VI (A)) — 2K (By)| dt.
0
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Let F be the set constructed in Lemma 3.1 (ii). Moreover, if t < 1 — cr_%e%, then we
know that C; D (1 —A)A; + AB;. Thus, Lemma 3.1 and the Brunn—Minkowski inequality
yield

0<HY(C)—(1=N)H (A) = AH (B) <t 263 YreFN(0,1—ct 2e2). (4.1)

We need one more preliminary result in order to move on with our construction.

Lemma 4.2. Let f,g, h: R — Rxg satisfy (1.2) and (1.5) for 0 < & <2763, || f|1 =

gl =L min{|| flloo. Iglloc} = 1. and let Ay ={f =1}, Bi ={g =1}, C; ={h =1}
be their level sets. Then there exists a measurable set F' C R such that

(1) HYR4\ F') < &8, whenever § < a;/2048;
Q) |FUC,) — (1 = A)H(A) —AH(B,)| < v 2et forallt € F';
(3) min{J1(A,), H(By)} > &b forallt € (0,1 + ct2e2) N F/, § < otz /2048,

where, as before, we let oy = #ogt\'

Proof. By the considerations in Section 3, we know that there are log-concave functions
f*, &* such that

3w; ’e

~ ~ 291 ar
1" =+ g™ = &%l St~ 7 e,

where f*, g* denote the symmetric decreasing rearrangements of f, g, respectively.
By the reductions in the proof of Proposition 2.6, we may suppose that (2.16) holds for
the functions f *, &*. In particular, applying it in conjunction with Lemma 2.2 to these
functions, we conclude that

K ({r > 0: 3 A f* > 1) =6°)) 560,
for all § > 0. By writing

ot

L= 7*1 =/(; Jf’l({f*>t}A{f*>t})dz§f—3%gﬁ

and using the argument with Chebyshev’s inequality that we have employed extensively
throughout this manuscript, we obtain

' ({t > 0: 3 (f* > 1)) <)) <6

for all § € (0, ﬁ), and ¢ > O sufficiently small (independently of v > 0). Thus, by
equimeasurability of the rearrangement,

H (> 0: 7' (f >1) <&P)) s éb
for all § < «;/1024. In particular, we see that

J(A;) > 20,
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whenevert € F/ C F N (0,1 — cr_%e%), where J1(F \ F') < £205 . The same holds
for g, and thus we may still denote by F”’ the set where the above properties hold for both
/ and g. By the considerations above, the set F’ thus defined satisfies the assertions in
Lemma 4.2, and we are done. [

We now wish to employ Freiman’s theorem in order to conclude that the convex hull
of the level sets A4;, B; are not too far off from A;, B; themselves. To that extent, notice
that, for e < t# <« 1,

Bl

min{J¢" (4;), ' (B,)} > e20% > t7iei VieF

Thus, thanks to (4.1), we can apply Freiman’s theorem. This yields that
H'(co(A) \ A7) + ' (co(By) \ By) S 7 2e “2)

for all # € F'. Notice also that, since the sets {4;};~¢ are nested, the same property holds
for their convex hulls {co(A4;)}s>0.
With this in mind, we set

co(Ar) = (ap(t),bp (1)), co(By) = (ag(1),by(1)).

The main idea is to slightly change the functions al, a él,, b}, b;, in order to construct two

functions f_ , & close to f, g respectively, and whose level sets are intervals coinciding
with co(A;), co(B;) for the vast majority of levels ¢ > &, where 6 > 0 will be a small
constant to be chosen later.

By redefining on a set of zero measure, we may assume that the functions a}, a ;,,
b }, b; are all right continuous. Then we define

brt)= s BE),  be()= sup b,

t'>t,t’'eF’ t'>tt’'eF’
_ : 1,/ _ : 1,/
af(l) h t’>t1,I}’fEF’ af (t )’ g (t) a t’>tl,Itl’feF’ ag (t )

The functions ay, ag, by, by defined in such a way are all, by definition, monotone.
Moreover, modifying on a zero-measure set, we may suppose them to be right continuous
as well.

Now let & > 0 be a fixed parameter, whose exact value we shall determine later. We
define

(@r.br) = (ay (%), br(e?)).

As JL((0,1 —ct3e2) \ F’) < e20%, as long as we choose 6 < /212 we may always

find a point o € F’ so that ﬁeg <ty < & Thus, forall > &, (4.2) yields

(b (1) —as(1)) < (by(to) —ay(to)) < H'(Ag) + ct 36 < v *[loge|*,
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where we used Lemma 2.5 in the last inequality. We then build the function f_ supported
in (ag,by), for x < ar(1), as
f(x) = sup{tiar(t) < x}.

We further define it to be 1 in the interval (ar (1), bs (1)), and for x > br (1) we let

f(x) =suplt:x < br(t)}.
An entirely analogous construction yields the function g. Notice now that, for s € (0, 1),

{x eR: f(x)>s) = {x € R:3t > s sothateitheras () < x and x < ay(1)
orbs(t) > x > bf(l)} U (ar(1),br(1))
= Jar (). b ()

t>s

= (infar (). supby () = (ar (5). by (5)). @3)

Notice that we used the hypothesis of right continuity of ar, by in order to obtain the last
equality above. Thus, we have

Ay = {f >t} =co(4;) ViteF.

This allows us to estimate

[ 1700 retax = /ww(AIM,)dr
R 0

< / A + I (A di + / 1 (co(An) \ A) di
0

(9, 1)NF’
+[ (HY(A:) + H(A)))dt
(39,1)\F’
< t_480|log 8|%, 4.4)

where we used (4.2), 0 < o,/ 212 "and once more Lemma 2.5. The same conclusion holds
in an entirely analogous way for ||g — g||1-

We now build a function / so that (1.2) and (1.5) are satisfied. In fact, we take the most
natural choice

h(izy= sup  f)'"r gt
(1-A)x+Ay=z

The level sets C; = {x € R:h(x) > 1} satisfy, by definition,

Ci= |J (1=MA, +1By).

ri-Ash=¢
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As the level sets of f , g are intervals, the function h is measurable. It remains to verify
that we have a control of the form

/ h <1+ c(r)e”
R

for some y > 0 and some function c(t) > 0. The strategy here is similar to the proof of
Proposition 2.6.
First, we may choose 6 = a;/2!3 in (4.4), so that we obtain

Ty fowe%’l({f S QAL > ) di S e logelt (45

(with the same estimate holding for g, g) and then use Chebyshev’s inequality in order to
conclude that
H (> 0: 3 (f >t <)) s éb (4.6)

for all § < az/2'5. Then we fix yo < a;/2'% and define S C (0, +00) to be the largest
measurable subset of (0, +00) satisfying

€)) min{]fl({f >1)), H'{g > 1)) > e forallt € SN (0,1 + Cr"‘s%);

Q) HAS > OAF > 1)+ H'({g>1)A{g > 1)) <&l forallt € S.
By (4.5) and (4.6), we have # (R \ §) < t=*¢%0. Thus, for some absolute constant
¢ > 0, there is an element 7o € (1 —ct#&0, 1 + ct~*£%0) N S. Fix this element until the

end of the proof.
Note that transformations of the form

(f.8.h) = (f(-—x0).&(- + x0). h),
(/.8 1) = (f(- = x0).&(- = x0). h(- = x0))

preserve (1.2) and (1.5) with the same constant. Also, they leave the set S defined above
unaltered. Hence, with no loss of generality, we may suppose that the barycenters of { f >
ro} and {g > ro} both coincide with the origin. Assume this additional fact until the end
of the proof as well.

Now we employ the same strategy as in the final part of the proof of Proposition 2.6.
Fix t > £ 2. It is not hard to see that the set {h >t} splits as

* *
C= |J -4, +rBypu | (1=WA, + 2By
rl=Agh—; pl-Agh=¢
r,seS r,S€S
ro>r,s>¢g¥0 either r>rg or s>rg
U U (1 =XM)A, +ABg) = CLuC2uUC;}.
rl-Agh=¢

citherr € Sors & S
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Case 1: Analysis of étl. By Young’s convolution inequality and the definition of S, we
have
IXa-2)4, * XaB, — Xa1-2)4, * X258, oo

< lxa-ma, — xa-nil + llxas, — x5,
g215 VrseS. 4.7
On the other hand, by the definition of S and the fact that we are analyzing C L, we have

min{(1 — )} ' (4,), AH" (Bs)} > te?.
We thus have the convolution estimate

Xmd, * Xng, (x) > 3627 4.8)
whenever
x € (1= A)ag(r) + Aag(s) + 3%, (1 — M)by(r) + Abg(s) — 3627°).

Since (1 = A)ays(r) + Aag(s) < —€°, (1 = A)bs(r) + Abg(s) = €7, and r,s € (¢7°, rp),
due to the fact that the barycenters of A,, and B, coincide with the origin, we have that
the set

(1= Nay(r) + Aag(s) + 3627, (1 — Mbs(r) + Abg (s) — 36270
¥ ¥

contains (1 — syTO)((l — M)A, + ABy) whenever yo < a/2'5.
On the other hand, (4.7) and (4.8) imply that

x € supp(x(1-a)4, * XaB,) = (1 = A)A, + AB;.

Thus,
_ _ 1 1
(1—MA, + ABs C —m((l —AMA, +ABs) C —m{h > t},
—g4 1—¢a
hence )
611 C —)/()Ct
1—e4

i ol 8l . o . _
Case 2: Analysis of C2 U C. Recall that, by assumption, 7 > & 2" Hence, since | f [|oos
2lleo < 2, we readily obtain
Yo
rsZez.
Since #' (R4 \ §) < &7, there exist ', s’ € S, with 7/, s’ € (€7, ro), such that [r — /| +
|s —s’| <e¥andr >r’,s > s’ Therefore,

(1=MA, +AB; C (1 —A)Ay + ABy C o> ()R
— &4

c L thsi—em),
1—¢4
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which implies
Yo
2

C C {h>1—¢e7} Vi>g2.

)
l1—¢e2

Moreover, since_supp(ﬁ) C (1 —A) supp( )+ A supp(g) and all sets involved are inter-
vals, J¢1(supp(i)) < t*|loge|<. Thus,

/Rﬁz/ooojfl({ﬁ>t})dz

o

%s 2 _ 1 oo
< f H (supp(h)) dt + 1—,0/: - HI(h > 1)) dt
0 4 Jje 2

— &4 &
c ™ 4
<14 —¢&72 [logelr,
T

for some absolute constant ¢ > 0. This concludes Step 1, as long as we take y € (0, %)

and e(r) = t74.

Step 2: The functions as, ag, by, bg are suitably close to satisfying four-point inequal-
ities. We now use similar methods to those employed in Section 3 in order to conclude
that the functions we constructed are close to being concave.

Indeed, for notational simplicity, we reset our construction from the beginning, addi-
tionally assuming the reductions and conclusions of Step 1 to hold. In other words, we
assume that f, g, h satisfy (1.2) and (1.5), and moreover the level sets of f, g are inter-
vals. We further assume that || f o = 1, [ f = Jg & = 1, as in Section 2.

Now Lemma 3.1 yields that there is a set F C (0, +-00) such that #! (R4 \ F) < e%,
and moreover

|#1(Cr) — (1 =) H(A;) — 2K (B))| St 732e% VieF.

We may now invoke the set F’ constructed in Lemma 4.2. With this in hand, we define
the set 7, := log(F') N [-M, M], M = O log(1/¢) (6 < §/2 to be chosen later). From
this definition and a change of variables we see that #1([—M, M|\ Fa) < e%, and ¥,
is such that the sets

Ar = A,z = (ar(R),bs(R)),
Bs = Bs = (ag(5),bg (5)),
Cr = C,r = (ap(T), bp(T))
satisty
|#1(Er) — (1 = ) H (A7) —AH (Br)| ST 7326t VT e Fy 4.9)
and

min{# ! (A7), H(Br)} > & VT € (—oo.log(1 + ct72e2) N Fyy.  (4.10)
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We claim that, for R, S, T € ¥, such that Ar, Bs #0,(1 —A)R+AS =T
(1=2)AR + A8Bs

c ((1 — Nay(T) + Aag(T) — ——&b (1 -

88). 4.11)

1000 1000

Indeed, if this is not the case, then, by (4.10) and the Brunn—Minkowski inequality,
H((1 =X AR + ABs) > &,

and thus, as all sets involved are intervals,

H(((1=A)Ar +A8s) \ (1= )b + AB7) = 10100 e

This implies, on the other hand, that

HEr\ (1= Ay +2Bp) 2 e

which, together with (4.9) and the one-dimensional Brunn—Minkowski inequality, contra-

dicts the definition of ?A’,I, as long as we take ¢ K 73. Thus, whenever R, S, T € .‘Fj\’l,
(1—=A)R+AS =T, Ar, Bs # @, we have

§ ( )

(1= )by (R) + Abg (S) < (1= )by (T) + Ab 1000°

which proves (4.11).
As indicated in Section 3, we can apply [19, Remark 4.1] to translate the three-point
inequalities presented in (4.12) into the following four-point inequalities:

1
ar(Th) +ar(12) > ar(T12) +ap(T2,1) — 185,

1 4.13)
ag(Tl) + ag(TZ) = ag(Tl,Z) + ag(TZ,l) — xg‘g’
1
by (T1) + by (T2) < by(T1) + by (To1) + 76,
1 4.14)
bg(T1) + bg(T2) < bg(T12) +be(T2,1) + xsb"
whenever
N e Tiae ‘g Ao e L 1A
1,142 M- 1,2—2_/.{ 1 A 2 M 2’1—2_A 2 T 1 M-

This concludes this step, as the functions ar, ag, by, bg are close toar, ag, by, bg, which
themselves satisfy the four-point inequalities.
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Step 3: Constructing the log-concave approximations. We now apply Lemma 3.3 to
the functions ar, ag, by, bg.

Indeed, fixing a level 7o > 1 — c® with min{H ' ({ f > ro}). #1({g > ro})} > &, we
may suppose that the barycenters of the intervals { f > ro}, {g > ro} coincide with the
origin; the existence of such a level follows once again by the definition and properties of
the set 55,

After this reduction, the definition of 3‘71(,, and Lemma 2.5 ensure that the additional
hypothesis

jas (T)] + by (T)] + |ag (T)| + [bg (T)] < T*|loge|*

holds on a subset & C F,, so that (¥, \ &) < %, We thus replace Fyy by &, and
henceforth still denote it by ¥, 1\//1 Notice also that, in such a set, one has ar, a; nonpositive
and by, by nonnegative.
At the present point, one notices that all other prerequisites for Lemma 3.3 are satis-
fied; thus we may apply it to by, bg, and to —ay, —a, (thanks to (4.13) and (4.14)).
Applying Lemma 3.3 and arguing as in Section 3, we find functions br, by, ar, ag,
defined on an interval Qs satisfying H'((=M, M)\ Qu) < 8%, such that
4

[loge|t ser
/|ww%mADMT+/|waraﬂans S
7, 7, 1

(4.15)

/|%wrmADMT+/|%wrwADMTs
7, 7,

Moreover, by, by are concave, as, ag are convex, and they are all bounded in absolute

lloge|? sac
—& 2 .
T®1

value by ct™*|log ¢ z.

Again, the considerations in Section 3 applied almost verbatim to br, by, —ar, —a,
imply that, by potentially decreasing the power of ¢ in the left-hand side of (4.15), we may
suppose thatay, ag, b, bg are all monotone on a smaller interval Ipy = (—3M/4,3M/4),
and thus, as ar, ag, by, bg are themselves bounded by ct™* [log €] %,

loge|'+7 sur

[ s @ —apmlar [ o —vpnyiar s FEG
M Iy T2

loge|*7 sar

ﬁ|%araaan+/|%GrmaansL%%—ww

M

Iy T2

Similarly to before, we pick the unique pair f , & of functions such that

{x €eR: f(x) > 1} = (ay(logt), by (logt)),

{x e R:g(x) >t} = (ag(logt), bg(log1)).
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whenever log? € I (thatis, ¢ € (s¥,s_¥)),
supp(f) = |  (ar(ogs). by(logt)).
39 39
te(e 4,6 4)
supp(@) = () (ag(logr), by (logr)),
39 39
te(e 4,6 4)
and {x e]R{:f(x) >ty={xeR:g(x)>s}=0fort,s > e
bs(logt) = 0 = ag(logs) = bg(logs).
It follows from the convexity of as, a,, the concavity of br, b, and the argument in
Section 3 that these functions are log-concave.

or whenever ar(log?) =

Step 4: Conclusion. We can finally conclude the proof. Assume, as in previous sections,
that || f1l1 = llgll1 = 1 and min{|| f oo, ||€lloc} = || f llcc = 1. Moreover, we assume that
Steps 1, 2, 3 hold. Thus, using the functions f , £ and the way we built them, we are led
to estimate

I = Flh = /O KOS > DAL > 1) dr

< [ tar )= DT ar+ [ o) =T aT

Im

89 1
+/0 JVAS > 1)) dt

30

58_4(/ |af(T)—af(T)|dT+/ |bf(T)—Bf(T)|dT)
Iy Iy

C 9 4
+ — ¢ [logel~
T

Sar 3w;  Sar

4 3oy _ 301
<lloge|'ttr™ 232 <t 2 e

4
by choosing 6 = %% and using & K e 10% e . Note that, in this computation, we
assumed that f and g fulfill the requirements in Steps 1-3. In doing so, we lose powers of
¢ along the way. More precisely, combining estimates from Section 3 and Steps 1-3, we
have the following requirements:

(1) We must not incorporate any further power from Section 3, as it has only been
used in the reduction to the case of functions whose level sets are intervals.

(2) In Steps 1-3, we must substitute & — ;—48%, by the reduction made in Step 1.
Thus, we conclude that if the functions f, g, h satisfy (1.2) and (1.5), then there are

log-concave functions f, g such that

T

= ~ _ 301
If =Sl +llg =gl =ct™ 2 e

R

3
— 15 Q0@

S
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—3w
We are now in a position to use Proposition 2.6. We choose n = ¢t 2 +£20() _The con-
dition 1 < ¢t for some ¢’ € (0, 1) becomes

e <ce M@ (4.16)

where we define M(7) = 10*°w,; |k’gr(—f)‘4, and ¢ > 0 is an absolute constant. Under that
condition, notice that all the smallness conditions in the proof above are also fulfilled.

Hence, thanks to Proposition 2.6 and the smallness condition (4.16), there exists a
log-concave function h such that, for f, g, h satisfying (1.2) and (1.5), if we let a =
lgll1/Il.f 1, then there is w € R for which

/ '“Af(x)"g(x—*w)ldxST—%%[ h,
- R

A lg(x) —h(x + (1= MHw)| < 2% [ b,
la* " g
R R

/ lh(x)—ﬁ(xndxsf‘”zegos(ﬂ/ h
R R

Here, we have let w, = %' + 2. Thus, noting the choices of Q(7), M () in the statement
of Theorem 4.1, we notice that this finishes the proof of that result, and thus also the proof
of Theorem 1.6 in dimension n = 1.

5. The high-dimensional case

With the one-dimensional case already resolved in the previous section, we now employ
a recent strategy by the first author and De [9] in order to reduce the higher-dimensional
version to the one-dimensional one, with the aid of the stability version of the Brunn—
Minkowski inequality proved by the second author and Jerison [19]. Indeed, we note that
the main result in one dimension implies the following result:

Corollary 5.1. Let F,G, H: Ry — R be measurable functions such that
Hr'™4st > F)'"™G(s)* vrs >0, (5.1)

where A € [t,1 — t] for some t € (0, 1/2]. Suppose that

1-2 A
R+H§(1+e)(/R+F) (/]RJrG) (5.2)

holds for 0 < & < e Then there are constant a,b > 0, with a/b = |F||1/|G|1.
such that

/ la=* F(b™ 1) — H(1)| dt +/ a PGBV — H(ldt <22 | H.
R, R, R,

Here, w and Q(t) are the same as in Theorem 4.1.
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Proof. We change variables and define f(x) = F(e*)e*, g(x) = G(e¥)e*, h(x) =
H (e*)e*. These functions satisfy (1.2), and, as

Jor=lor he=too L=

they also satisfy (1.5). By the result in Section 4, there is a constant € R such that

/R | ) = £ 11 /llgl)*h(x + A dx < T2 1.
/R lgC) = gl ll £ 1) h(x + (A = D] dx < T72e2Dg ]y,

for Q(7) as in the statement of Theorem 4.1. Changing variables back, we obtain

A

/R IF(t) — 1\ FlL/IG I HeeM) | di < ve@@ | F])y,

A

/ |G(6) — eG4 | F ) H(te* M) dt < 22| G|,
R

which implies that
A e (IG I /IF D} Fe™*"s) — H(s)| dt 5% @ F[}7*G|}.
LI E 1 /1610 6 75) = Hes)| di 5 76O FIIHGI

Taking a = %, b = e and using the Prékopa—Leindler inequality on the right-hand

side of the last expression implies the result. ]

Let f, g, h: R" — R satisfy the n-dimensional version of (1.2). We use Corollary 5.1
for the triple F, G, H defined by

J(’”({x e R": f(x) > t}) = F(1),
H"({x e R": g(x) > t}) = G(1),
H"({x e R":h(x) > t}) = H(1).
By (1.2) and the n-dimensional Brunn—Minkowski inequality, we have
H(r' ™% = (1= HF ()" + 2G5y,

whenever F(s), G(r) > 0. Thus, using the weighted inequality between arithmetic and
geometric means, we get condition (5.1) for F(s), G(r) > 0. Whenever one of them is
zero, (5.1) holds trivially, and thus we have verified (5.1). By the layer-cake representation,
(5.2) follows at once from (1.5).



General stability for the Prékopa—Leindler inequality 601

As conditions are verified, we are in position to use the following result:

Lemma 5.2. Ife € (0,e ™), and f, g, h: R" — R satisfy (1.2), (1.5) and [ [ =
fR" g = 1, then there is a dimensional constant ¢, > 0 such that

[ |F(t)_H(t)|dt+/ |G(t) — H(1)| dt <cnr 81657,
0 0

Proof. In analogy with the notation employed in Sections 2, 3, and 4, in what follows, we
let

{x e R"™ f(x) >t} = A,

{x e R": g(x) >t} = By,

{x eR":h(x) >t} = C;
denote the level sets of [, g, h, respectively. Since || f |1 = |lg|l1 = 1, fooo H = [p.h <
1 + &, it follows from Corollary 5.1 that there exists some b > 0 such that

/ |b* F(b*1) — H(1)| dt +/ b~ RGN — H(r)| dt < a(z, ),
0 0

where we denote a(t, £) = ct™?e2® . We may assume, without loss of generality, that
b>1
Fort > 0, let

z‘it = b%Ablt lf/It 7é @,

- —(1-%) o~
Bt =b = Bb—(l—l)t if Bt # @.

These sets satisfy |A,| = b* F(b*t), |B;| = b~ AP G(b~1V¢), and

o0 o
[ 1= ol dr+ [ 160 - #oldr < age), (53)
0 0
In addition, we also know from the Prékopa—Leindler condition that
(1—M)bw A, + b7 B, C C,.

We proceed to divide the positive line [0, 00) into two sets, where the measures of Ay,
B; are either both close to that of H(t), or otherwise. Indeed, we write [0, +00) =T U J,
wheret € I if 2H(r) < |A;| < 2H(1)and 2H(r) < |B;| < 2H(r), and 1 € J otherwise.
For J, since & < ¢~ Mn(D) (5.3) yields

/ H(t)dt < 4/ (|4l — H@t)| + ||B;| — H(t)|) dt < 8a(r.e) < l. (5.4)
J J 2

Turning to 7, it follows from the Prékopa—Leindler inequality and (5.4) that

/H(t)dz > 1—/ H@)dt > - (5.5)
1 J 2
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Fort € I, we define a(t) = |A;|/H(t) and B(t) = | B;|/H(t), and hence % <a(t), () <
2, and (5.3) implies

o0
/ H(t) - (la(t) = 1| + |B(t) — 1]) dt < 2a(z,¢). (5.6)
0
We then proceed by estimating, by the Brunn—Minkowski inequality,
1 1\n A, ~ 1 1-A ~ 1\n
H(t) > ((1 — V)| Apr |7 +A|Bb1_1,|n) = ((1 —A)bn |Agn + Ab 7 |B,|n)
~ A ~1-2
~ ~ Aln 2 |B n n
— |Al|l—)t . |Bt|/l((1 —A)b_% | ~t|/1 +Ab1n)t | ~l|17 )
| Be|n |Ae|
_ A _1-4
= H(t)-a(t) ™ BOM (= Dyr + 4y )", 57

where we let y = b‘ﬁéll. Then (2.6) yields
t

(= Ayr + 2y~ % = 1 aps —y ™5 )2 = 1+ oyt —yan)2,
We now note that for s > 1, we have

A1
sﬁ—s_ﬁzs_ﬁ(sﬁ—l)zs_ﬁ-s (s—l)zi(s—l),
2n 2n s

and thus (5.7) implies
_ T _
H(D) = H@)-a)' ™ O (14 =0 =v7)?).
n
We claim that if r € I, then

o) B (14 =7 71)?)

(Vb —1)?

> 1= 2la() 1] =210 — 1| + 1 —

(5.8)

Since a(t)'~* - (1)} = 1 — |a(t) — 1| — | B(z) — 1], (5.8) readily holds if | () — 1| +
|B(t) — 1] > WB=D? Tperefore we may assume that

16n-b
Wh—-1)% 1
-1 s —"T <= .
le@ =1+ 1B0) — 1] = ———= < 5. (5.9
which condition in turn yields that

b b(1 — o1 bh— 1) b1
/3(1)z ( 16n2‘b)2b 1—2~M—)>zb(l—f ):JZ_ (5.10)
o) 1 4 Wb-12 32n-b b

16n-b
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We deduce, first applying (5.9), and then (5.10) and the fact that y = b":g(ft)), that

o) B (14 - —y7))
= (1= o) =1 = 1BO) ~ 1D(1+ - =y')?)
= 1= la() = 1= B0~ 1+ o= =y
= 1= fa() = 1= 180 = 1] + (VB - =)

proving (5.8), under assumption (5.9) as well.
It follows first from (5.5), then from (5.7) and (5.8), and finally from (5.6) that

b—1)2 b—1)? 1
o1y s/H(z)-(f—)dz <+ [ HO- Qo) - 11+ 2080) - 1) ds
16n-b I 8n-b T Jr
- 4a(r, 8).
- T
Since ¢ < e_M"(’), we deduce that b < 2; therefore, one easily deduces that

b<1+ 50)1%‘[7%61(‘[, 8)%.
Next we claim that
00 . o ~ 11 1
/ ’|A,|—|At||dt+/ ||B:| — | B;||dt <200n27 2a(r,¢)2. (5.11)
0 0
Since |Apa,| < |A;|, we have
o0 - o0
/0 ||At|—|At||azr=/0 14| = b* Ay, || 1
o0 o0
5/ ||A,|—b*|Az||dr+blf 1401 = | Ay, | dt
0 0
o0
- 1>+b1f (Ad] — | Aga, ) dt
0

= 2(b/\ -1 < 100/\2’1_1n%t_%a(r, 8)% < IOOn%r_%a(r, 5)%.

Similarly, |B;| < |Bpi-1,|, and hence
o0 - o0
| NBd =Bl de = [ 1B = 5 B
0 0
o0 o0
5/ ||B,|—bA*1|B,||dt+b**1/ ||B:| — | Bpr-r, || di
0 0
o0
= =0 5 [ By - 1B dr
0

=2(1 - bk_l) < IOOn%r_%a(r, s)%,

proving (5.11). We conclude the proof by combining (5.3) and (5.11). ]
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As a by-product of Lemma 5.2, notice that, by setting min(|| f|loo, [|€lloc) = || f oo =
2, then

. . max [|g lloos 172l 0o
T 2a(t,8)? =, / (G(@t)+ H(t)) dt.
2

In particular, we know that
C;D(1—-A)A; +AB; (5.12)

whenever ¢ € (0, 2). We claim, before proceeding with the proof, that under such condi-

tions,
2e - 3n+1
lglloo < EPTES I (5.13)

Indeed, if yo € R" is fixed, we have
Cr O (1 = V) A 1/a-1 /g (yo)r/0- + AYo.

In particular,

/Ot F(s)ds = ﬁ/o
= ﬁ(g(;o)))k/o -

1 A go)*
o o) Hdr

Therefore, by picking ¢ = 2 and using that [ H < 1 + ¢, foz F(s)ds =1,

(-4 F1/1=2)

g(vo)* F( )( r ),1/(1—,1) J
,
(o) U=1 /X g(yo)

tlfl

2 (o) A1/(1-2)
F(g(yo)x/(l—x) ) dr

2-(1+¢)l/*
g(yo) = W

A quick analysis shows that, for A € (0, 1), the inequality
1
(=2 =20 -2)

holds. If ¢ < 7, then the numerator is at most 2¢, and thus, as yo was arbitrary above, we
conclude the claim. Now using (5.12), we get

_FO+G60)  [F@) =GO
- 2 2

H(t) > (1-VHFO" + 26@0)"")" Vi € (0,2).

Notice also that, by Lemma 5.2,

/Oo |F(t) — G(t)|dt <n v 2a(z,€)?.
0
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Thus, by these considerations and the almost-optimality of f, g, & for the Prékopa—
Leindler inequality, we obtain

Cnt_%a(f, 8)% > /00‘ (H(t) — F@) ; G@) + L0 ; GO

On the other hand, notice that (2.9) implies, together with a limiting argument and the
Brunn—Minkowski inequality,

H(t) > max{(AGE )" + (1 = HF)Y™)" (1 = HFET)Y" + AG(1)Y")"),

)dz Va > 0. (5.14)

forall ¢ € (0,2) so that H(¢) > 0. Thus, (5.14) implies

F(t) + G(t)

Cn.[—%a(.[’ 8)% . /Oa(%((l _){)”F(l‘ﬁ) +)L"G(t%)) —_ 5 )dt. (5.15)

We thus let, in analogy with Lemma 2.5,

I(a) = /Oa((l —A)"F(1) + A"G(t)) dt.

Again in analogy with Lemma 2.5, we may suppose without loss of generality that A <
1/2. Then (5.15) implies
1-A 1 ) 1 1 Nw)

Tf‘((xm)oz_m <cpt 2a(t,e)2 + o

As in the proof of Lemma 2.5, we let 8 = a7 . We thus have

T'(B) 1 L T

T<2cnr Sa(r,e)? CpIA T ntl gi-A

and therefore

T _ (/! w1y LB
ﬂ (2cnr 2a(r £)2 ZW) +(1/7 H)kﬂ(lT)k'

i=1

We now select k € N to be the first natural number such that ,B(I_A)k > e~ 1. This implies

that
T s 1/ H(1+ CnL’i) B
IB I—A-Cf
Ifg>e¢ = , then the estimate above yields

4(n+3)|]0g 7|

L(B) < cat™ "% Bllog(p)]

In particular, one concludes directly from the definition of I" that

4(n+3)|log 7| 3

FB)+GB) < cnr_w+g+n [loge|™ = VB > e

(5.16)

We are now ready to give the proof of Theorem 1.6 in dimensions 7 > 2. For that, we use
the shorthand p, (7) = M.
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Proof of Theorem 1.6, n > 2. Let 6 > 0 be small, to be chosen later. Define the (truncated)
log-hypographs of f, g, h as

Sr={. D eR™Mxe{f>e) &’ <e’ < f(0)},
Sg ={(x.T) eR"hix e {g > &)}, & <e” < g(x)},
Sp={(x.T)eR"™:x e {h > %)}, & <eT <h(x))}.

We first claim that the measures of the first two such sets are well controlled. Indeed, it
follows directly from the definition of such sets and (5.16) that, for 8 < Q(7)/4,

a7 55 log el @ > Blloge| - H({f > £%)) = HTN(S)). (5.17)
On the other hand, by a change of variables and the normalization chosen for f, one
obtains
log || flloo 1
FT(Sy) =/ F(e*)ds > —. (5.18)
Ologe 2
The same estimates together with (5.13) show that
(n+1)
_w+3+n
cn0T= 2 © > gentl(s,) > CPRETESY (5.19)
holds as well. Employing Lemma 5.2, we obtain
|HEL(Sp) = HHHSw)| + [T (Sg) — H T (Sh)
(e )
S/ (IF(e") — H(e*)| + |G(e®) — H(e")]) ds
floge
<*(["ro - nOI+ 160 - ) as)
<cpt -3 56 = 1".5(e,1,0). (5.20)

We denote, until the end of the proof, § = (¢, 7, ) for shortness. By (1.2), we have
(I —=2)8r +ASg C $p. (5.21)

In particular, (5.20), (5.21), and the fact that " *1(S;) > 1/2 imply the following control
on the measure of Sj:

n

() > ](n+l(sh) > 7

2c, T

We are in position to use Theorem 1.4. That result states that, under the conditions satisfied
by the sets S7, S, and Sy, in (5.17), (5.18), (5.19), (5.20), and (5.21), for § < e=4n(®) the
sets Sy, Sg are both close (in quantitative terms of § = §(e, 7, 0)) to their convex hulls.
Here we let A, (t) = 23" n¥"|log 7|>" /%", in accordance with [19, Theorem 1.3].
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In more effective terms, Theorem 1.4 implies that there exist an absolute constant
¢n > 0 and an exponent y,(7) = 3"/ 23" 3 [log | such that the following holds.
Denote the closure of the convex hulls of S¢, S, S, by Sr, Sg, Sy, respectively. There are
w = (w,p) € R”*1 and a convex set Sy, D Sj, with

Sk D (8 —w) U (S + ),
H(SH\ Sp) + H"TH(Sp \ Sp) + H (S \ Sg)

< cnr_N”_erngn |log g|Pn (D §vn (@) (5.22)
HLSH\ S) + H TSR\ (S — D)) + H"TH(SH \ (Sg + D))

<cn T_N”_w+;+n |10g Slpn(f)gyn (T)

We thus use the shorthand N, = N, + %H" Now (5.22) readily implies that
HH(Sh \ Sp) < 26t i [loge| D57 @,
and thus
HTVSHA(Sy — ) + H"TH(SHA(Sg — W) < 6c,7 M |loge|PrDs7® - (5.23)

We now employ the analysis of [9, Lemma 6.1]. Explicitly, suppose first that 0 = (w, 0),
o0 > 0. We let
S¢ ={(x,T) € Sy:0loge < T < 6 loge + of.

By the fact that
HTH(Sy +(0,0) = H"TH(Sp) = HTH(Sy N (Sp +(0,0)) + HTH(SP),

it follows that #"*1(Sy A(Sy + (0, 0))) = 2H"*(S7). But we also have that S@’ C
S¢ \ (Sp + W), which, by (5.22) and (5.23), implies that

H"H(SP) < 6cp v Nallogeln @,
Thus, by the triangle inequality,
HTH S ASK + (w,0))) < 2H"FH(ST) + H" TSy A(Sh + 1))

=< 18Cn‘L'_N',l |]0g 8|Pn(‘l)8y,,(r)_

A similar argument works in the case ¢ < 0, if one considers S ’Ilal instead of SJ?. In the
end, this allows one to conclude that the w € R” from before satisfies that

HFVSRA(Sy —w)) + H'TH(SHA(Sg + w)) < T2¢,t Ve |log e @7 (5.24)
We now note that, as { f > e} x {T = floge} C Sy, then

Sy D co({f > &%) x {T = Ologe).
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We associate to each x € co({f > £?}) the function
Tr(x) =sup{T € R:(x,T) € S}.

Clearly, this satisfies T¢ (x) > 6loge forall x € co({ f > %}). We claim that this function
is, moreover, concave. Indeed, if (x, T1), (y, T2) € Sy, by convexity of that set we get

tx+ A=ty tTh + (1 —-1)T,) € Sf
Thus,
Tr(tx 4+ (1 —1)y) = sup{T € R: (tx + (1 = 1)y, T) € Sy}

> tsup{T eR:(x,Th) € Sf} + (-1 sup{T eR:(y,Tz) € Sf}
=tTr(x) + (1 =0)Tr(y) Vte(0,1).

By definition of Sy, it also follows that Tr (x) > log f(x) for all x € co({ f > e?}). Let

eTr® if x e co{f > &%),

0 otherwise.

flx)= {

Now notice that (x, r) belongs to the interior of Sy if and only if Tr(x) > r > 0 loge
and x belongs to the interior of co({ f > &?}). Writing A(r) = {(x,T) € A, T = r)} for
horizontal slices of a set A € R"t1, we compute, by Fubini,

Sy \ Sp) = /_ H(S7 () \ S7(r)) dr
log2

= J(’"({logf >ry\{log f >r})dr

floge

2 ~ d
- / SIS = AL = sh

23 [ aas = st > snas

(5.25)
By Chebyshev’s inequality and (5.22), there is
Np yn(@
So € (80,86 + cnt_TSVT
n ~ _Niifl on () yn ()
so that H"({ f > so}A{f > so}) <7~ 2 |loge|'¥§ 2.
. Q( ) 210Nn log(t)
Recalling the definition of §, one notices that, if Tr >0,and & < (c;)"le m@CO we

may take so € (7, 2¢?) so that

HUT > 5o} ALL > s0}) < T N/2[log oD ™G22 (5.26)
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Then define the function fl to be zero whenever f < 59, and equal to f otherwise. This
new function is again log-concave.

We claim that this new function is still sufficiently close to f. Indeed, by gathering
(5.25), (5.26), and (5.16), we have

~ 2 ~
T =/ KT > ALF > 1)) di
0
< /0 (F(Fr > so)) + J"(Lf > 1) di
2 ~
+/ HO(Fr > ALf > 1)) di

w+3+n

2
<cpt 2 89|1oge|f’n<f>+/ KU > A{f > 1)) dt
50

3+

< cpt Tl log e @ + 277 (S, \ Sp)

/ n(f)Q(T)
<n v Mg ™ [log el (5.27)
where we chose 0 = %(SQ(”. Fix this value, and thus the value of §, for the rest of the
proof. Such an inequality is evidently not restrictive to f, and the same argument yields

that there is a log-concave function g; so that

_ N/ _(n+ l)g Yn (11)6Q(f)

181 — gl Sn T log e|”»®. (5.28)

In order to conclude, we only need to prove that both fl, g1 are sufficiently close,
after a translation, to a log-concave function h1. In order to prove that, one only needs to
construct the function / in entire analogy with what we did for f, g; that is, we let

Tn(x) =sup{T e R: (x,T) € S}.

One readily verifies that this new function is, again, concave, and that the function

~ eTh™) if x € co({h > e?}),
h(x) =
0 otherwise,

is log-concave. Using (5.24) together with an argument similar to (5.27) implies that
HH(SHA(Sy —w)) + KT (SHA(Sg + w))
I721ll00 - ~
z/ (J(’”({h > SIALf (- + w) > 5))
0
~ . d
+ I ({h > s}ALE(-—w) > s})) ?S (5.29)

Notice now that ||f1 lloo = Il flloos I&1llcc = ll&lloo, by construction. The idea is then to
truncate from below at height {h > 50} and from above at height o := max(|| f1 lloos 181 1lco)
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in order to generate a new function, which is again log-concave by construction. Denote
this new function by /1. Moreover, by (5.29) in conjunction with (5.13), we have

2e - 3", r N log g| P (P 57 ()
= [0 > ARG+ ) (> A=) > ) ds
/ (I () = A+ w)] + 1or (x) — &1 (x — w)) dox. (5.30)

Combining (5.27), (5.28), and (5.30) implies that

~ ~ Ny n (1) Q(x)
iy (= w) = fll A+ 11+ w) = gl Sn v ¥ Hloge @™ 6.

Finally, in order to prove that / is close to h 1, We estimate
~ SO
/ [h(x) —hi(x)]dx = / H"({h > s})ds
R” 0

o 5 0o
+/ H({h > s}ALh > s)) ds +/ F((h > s))ds
S0 o

< an—_w+23+n €Q(T)yn(f)/16|]0g8|l7n ()

Q -
+/ H(Uh > sYALRy > sY) ds

(r)
Fepr2e57 (5.31)

where we used both (5.16) and Lemma 5.2 in the last line. In order to deal with the middle
term, we remark that an argument entirely analogous to that of (5.25) implies that

1 [e -
F(Sp \ Sp) = 5/ F({h > stALh > sY) ds,
50
which on the other hand implies
e ~ /
/ H"({h > sYA{hy > s} ds S v N g/ @/16)16g g on (D) (5.32)
S0

Inserting (5.32) into (5.31) implies

_(n+1) Vn(f)Q(T)

Ilh = hilly Sn llog ] (®. (5.33)

Finally, in order to arrive at the statement of Theorem 1.6, we notlc(e) g(lé)it the expression
on the right-hand side of (5.33) may be bounded by ¢, t N1 , as long as

_¢, llogzlon (0?2
g<e " on? for ¢, > 1 a sufficiently large absolute constant.
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An inspection of the constants needed for the proof above allows us to conclude that
Theorem 1.6 holds with ¥, = N,, + W + (n + 1), as 77 is bounded by an explic-
itly computable absolute constant C, whenever 7 € [0, 1]. We also conclude that we may
take Q, (1) = %, and the result holds whenever ¢ < ¢,e M@ where ¢, > 0 is

an explicitly computable absolute constant, and one may take
An(™) pn(0)? }
(1) " Ou(0)?)

for ¢, > 0 a sufficiently large absolute constant, depending only on the dimension n > 2.
This finishes the proof of the higher-dimensional case, and thus also of Theorem 1.6. =

M, (1) = cyllog(t)] max{ (5.34)
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