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Local minimality of R” -valued and S"-valued
Ginzburg-Landau vortex solutions in the unit ball BY

Radu Ignat and Luc Nguyen

Abstract. We study the existence, uniqueness and minimality of critical points of the form

Mo () = (fon (X 5. 8en(|x])) of the functional e [m] = [ [§|Vm [ + 7L (1 = |m[2)? +

:zsz'H] dx form = (my,...,my,my41) € HY(BYN RN+ with m(x) = (x,0) on 90BN
We establish a necessary and sufﬁment condition on the dimension N and the parameters ¢ and 7n
for the existence of an escaping vortex solution (f¢,5, g¢,n) With g¢, > 0. We also establish its
uniqueness and local minimality. In particular, when n = 0, we prove the local minimality of the
degree-one vortex solution for the Ginzburg—Landau (GL) energy for every ¢ > 0 and N > 2. Sim-
ilarly, when ¢ = 0, we prove the local minimality of the degree-one escaping vortex solution to an
S¥ -valued GL model in micromagnetics forall 7 > 0and2 < N < 6.
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1. Introduction

The minimality of the degree-one vortex solution for the Ginzburg—Landau system in the
unit ball BY C R¥ in dimension 2 < N < 6 is an important open question for which a rich
literature is available. In dimension N > 7, this has been proved recently in a joint work
of the authors with Slastikov and Zarnescu [28]. In this paper, we address the local min-
imality of this solution. Motivated by the theory of magnetic materials, we also consider
the local minimality of a similar vortex structure taking values into the unit sphere S¥.
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Our strategy is to treat the local minimality of the vortex solution for an extended model
of which the previous two models are special limit cases.
We introduce first the Ginzburg—Landau (GL) functional

1 1
ES'[u] = /BN[§|VM|2 + EW(1 - |u|2)] dx,

where ¢ > 0, W(t) = % and u belongs to the set
ASL = {u e H'(BY,RY) : u(x) =x0naBN}.

The functional ESL has a unique radially symmetric critical point of the form (see Defi-
nition A.1 and Lemma A.4)

ue(x) = fern(x) € A% () ==, =xl, (1.1)

where the profile f; is the unique solution to the ODE (see e.g. [22,24])

N -1 N — 1
B ——f == fe=—zW U= [ in 1), (1.2)

fe() = 1. (1.3)

1

Note that f;(0) = 0 (see Lemma A.4). Here, a map uc;; € 4ST is said to be a bounded
critical point of ESY if uey € L¥(BN,RY) and (DES [ucn], @) == %|,=0ESL[ucrit +
tg] = 0forall g € CX®(BN \ {0}, RY) (which is dense in H} (BY,R¥)), and is said to
be a radially symmetric critical point of E SL if Uy is radially symmetric! in the sense of
Definition A.1 and (DES [ucq], ¢) = 0 forall 9 € C2° (BN \ {0}, RY). By Lemma 2.7,
radially symmetric critical points of ES™ are bounded.

The map u, in (1.1), called the (RN -valued) Ginzburg—Landau vortex solution of
topological degree one, can be considered a regularization of the singular harmonic map
n: BN — SN=1 given by n(x) = ﬁ for every x € BY, which is the unique minimizing
S¥~1_valued harmonic map for N > 3 within the boundary condition (x) = x on BV
(see Brezis, Coron and Lieb [9] and Lin [34]). It is not hard to see that, when ¢ is suffi-
ciently large, EST is strictly convex and so u, is the unique bounded critical point of ES-
in ACL for every N > 2 (see e.g. [7] or [29, Remark 3.3]). In dimension N = 2, Pacard
and Riviere showed in [39] that, for small & > 0, u, is the unique critical point of E SL in
ASL: however, whether u, is the unique minimizer of £ S’L for all & > 0 remains an open
question. In dimensions N > 7, it was shown in a recent work of Ignat, Nguyen, Slastikov
and Zarnescu [28] that u, is the unique minimizer of £ S’L in AST for every € > 0. It is not
known whether u, minimizes E£ EGL in ACL in dimensions 3 < N < 6 when ¢ is small.

'By Lemma A .2, radially symmetric maps in H'(BY,R") belong to L2 (BN \ {0}, RV).

loc
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A different way to regularize the singular harmonic map 7 is to add an (N + 1)st
direction in the target space, while keeping the constraint of unit length, and to minimize

1 1 ~
MM 2 2
E M m] = [BN [§|Vm| + W” (mN+1)] dx
where n > 0, 7% () = t and m belongs to

AMM = {m e H' (BN, SV) i m(x) = (x,0) on dBV}.

This model comes from micromagnetics, where the order parameter m stands for the mag-
netization in ferromagnetic materials (see [18]),> and also the Oseen—Frank theory for
nematic liquid crystals (see [5]). Considering radially symmetric critical points of E#M
in AMM, one is led to (see Appendix A)

my(x) = (fo(r)n(x), gy (r)) € AM™, (1.4)
where the radial profiles f,, and g, satisfy
fE+gi=1 in(01), (1.5)
and the system of ODEs
i+ Nr_ lfn’— Nr; : fo==A(r)fy in(0.1), (1.6)
5+ gy = W )y — gy in (0. (17
fr()=1 and g,(1) =0, (1.8)
where
M) = (G + 2+ ) + W e (19

is the Lagrange multiplier due to the unit length constraint in A,

Remark 1.1. We will see in Lemma A.6 that solutions to (1.4)—(1.8) satisfy the dichot-
omy that either f;,(0) =0 or f,(0) = 1. Furthermore, in the latter case, it holds that N > 3
and (f; =1, gy = 0) in (0, 1), which corresponds to the equator map

m(x) = (n(x),0).

In dimension N > 7, i is the unique minimizing harmonic map from B into S¥ in
AMM (Jiger and Kaul [30]; see also [29, Example 1.6]), and so is the unique minimizer of
EY™in AMM for every n > 0.

There is also a thin-film regime different from [18] where in the reduced micromagnetic model in
dimension N = 2 (see e.g. [14, Section 4.5] or [23, Section 7]), after a rotation by % in the first two
components, the condition V x (m;, my) = 0 is imposed in the space of admissible configurations in
AMM Note that the vortex solution my in (1.4) satisfies the above curl-free condition and we will prove its
local minimality in the larger class of HJ perturbations (that are not necessarily curl-free in the in-plane
components). A related model appears in the study of the cross-tie walls; see [4].
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We will focus on “escaping” solutions 11, (x) = ( fn (r)n(x), £g,(r)) satistying g, >
0 in (0, 1) which exist only in dimensions 2 < N < 6 (see Theorem 2.6). More precisely,
we will show in these dimensions that, for every n > 0, there exists a unique solution
( fn, gyn) with g5 > 0in (0, 1) of the system (1.5)—(1.8), and we call the two configurations
my = ( f,, (rn(x), £g,(r)) € AM the escaping ( SN -valued) Ginzburg—Landau vortex
solutions, or simply the micromagnetic vortex solutions. In addition, the micromagnetic
vortex solutions m, have lower energy than the equator map; in particular, the equator map
is no longer a minimizer of E)™ in AM (see Proposition 2.15). It is not known whether
the micromagnetic vortex solutions 7, minimize E%’[M in AMM in dimension2 < N < 6.

The goal of this paper is to study the local minimality of the vortex solutions u, and
my with respect to EZ™ over the set A% and E)™ over the set AM respectively. We
will in fact consider C?2 potentials W: (—oo, 1] — [0, c0) and W [0, 00) — [0, 00) more
general than the ones described above. We make the following assumptions:

W@0)=0, W) >0, W'(t)>0 in(—o0,1]\ {0}, (1.10)
W) =0, W) =0 W"'()>0 in(0,00). (1.11)

We point out that (1.10) implies that w’ (O) = 0and tW’(¢t) > 0 in (—o0, 1] \ {0}. Like-
wise, (1.11) implies that W’ (0) > 0 and W’ () > 0 in (0, c0). However, we allow the
possibility that W or W is zero in a neighborhood of the origin. This leads to new diffi-
culties as well as new behaviors of solutions; see for example Proposition B.1 (ii).

Under assumptions (1.10) and (1.11) for W and W, we will prove the existence
and uniqueness of the radial profiles f, and (f,,, gn) with g, > 0 solving (1.1)—(1.3)
and (1.4)—(1.8), respectively. See Theorems 2.1 and 2.6, where the global minimality
of these solutions in the class of radial symmetric maps is also established. For these
unique radial profiles, we will continue to refer to the maps u.(x) = fe(|]x|)n(x) and
my(x) = (fy(r)n(x). g,(r)) as the RN -valued and S¥ -valued Ginzburg-Landau vortex
solutions. Our main results concern the local minimizing property of these vortex solu-
tions, in particular the positive-definiteness of the second variation at those solutions (see
Section 3 for the definition).

Theorem 1.2. Let W € C?((—o00, 1]) satisfy (1.10). For N > 2 and every € > 0, the RN -
valued Ginzburg—Landau vortex solution ug(x) = f¢(r)n(x) is a local minimizer of ES"
in ASY with a positive definite second variation.

Theorem 1.3. Let W € C2([0, 00)) satisfy (1.11). For 2 < N < 6 and every n > 0, the
escaping SN -valued Ginzburg—Landau vortex solution my(x) = ( fn(r)n(x), g,(r)) with
gn > 0is a local minimizer my of E#M in AMM with a positive definite second variation.

For3 < N < 6 and every n > 0, the equator map m = (n(x), 0) is an unstable critical
point ofE,I;/IM in AMM and E%M(mn) < E#M(rﬁ).

Remark 1.4. (@) In Theorem 1.3, we can replace (1.11) by
W e C2(0,1]), W(@©) =0, W()=>0, W’'t)=0 in[0,1],

since any such function W can be extended to a function satisfying (1.11).
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(b) Indimension N = 2, the equator map m ¢ H'(BY,SV), soim ¢ AMM. However,
the second variation of E ,I;AM at m can still be defined and it is negative in a certain
direction compactly supported in BY \ {0}, leading to the instability of in for
N = 2 also (see (2.27)).

In the R -valued Ginzburg-Landau case, when N = 2, Theorem 1.2 was proved
by Mironescu [36] for W(t) = % Also when N = 2, the non-negativity of the second
variation was proved by Lieb and Loss [33] for potentials W which are strictly increasing
and convex® in [0, 1]. In dimension N > 7, the global minimality of the vortex solution
was proved by Ignat, Nguyen, Slastikov and Zarnescu [28,29]. When the domain is R
(instead of BY), the local minimality of the entire vortex solution (in the sense of De
Giorgi) was obtained in Mironescu [37] for N = 2, Millot and Pisante [35] for N = 3 and
Pisante [40] for N > 4. For the stability of the entire vortex solution, see Ovchinnikov
and Sigal [38], del Pino, Felmer and Kowalczyk [13] for N = 2 and Gustafson [19] for
N > 3.

In the micromagnetic case, in dimension N = 2 and for W(t) = t, Theorem 1.3 was
proved by Hang and Lin [20]. For dimension N > 7, see Remark 1.1. See also Li and
Melcher [32] for related stability analysis in the study of micromagnetics skyrmions.

More generally, we consider a family of extended energy functionals E, ; depending
on two positive parameters ¢, 1) of which EZ" and E)™ are limiting cases:

1 1 I ~
Eelml = [ [SIVmP + 5 W( = m?) + s Wonk )] dx. o> 0,
bl = [ [GI9mE + 55 W0 =Py + W )] dx. e >

where W and W satisfy (1.10)—(1.11) and m belongs to
A = {m e H'(BY RV ") : m(x) = (x,0) on BBN}.

Under suitable conditions on W (e.g. W(t) > 0 for ¢ > 0), it can be shown that for a fixed
& > 0, minimizers of E¢,, in # converge in H! to minimizers of ES" in ASL as n — 0.
Likewise, under suitable conditions on W, for a fixed n > 0, minimizers of E;, in #
converge in H'! to minimizers of E,I;/IM in AMM as & — 0. We hope that having a good
understanding of critical points of E , will lead to new insights on the open problem
concerning the minimality of the vortex solutions u, and m,.

We define a map mi; € 4 to be a bounded critical point of E, , if mci € L>®(BV,
RN*1) and (DE¢ pmeid), @) = %|,=0E8,,,[mcm +tp] =0forall p € CC°°(BN \ {0},
RN*1) and to be a radially symmetric critical point of Ej ,, if mcy is radially symmetric
in the sense of Definition A.1 and (DE¢ [merid], ¢) = 0 forall g € C(BN \ {0}, RN *1).
By Lemma 2.7, radially symmetric critical points of E, ; are bounded. Radially symmetric
critical points of E; ; in # take the form

(fen(r)n(x). gey(r)) € A, (1.12)

3See Remark 3.5 for a related comment for E ;.
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where ( f¢.5, 8s,n) satisfies the system of ODEs

N -1 N —1 1
L I RYSETS
" N - / 1 ’ 2 2 I =, 2
gs,r] + Tga,n = _S_ZW (1 —Jem T gg,n)gé‘,'l + FW (gg,n)gé‘,ﬂ’ (1.14)
fin()=1 and ge,(1) = 0. (1.15)

Note that the above implies f; ,(0) = 0 and g;’n (0) = 0 (see Lemma A.5).

Of special interest to our discussion will be solutions to (1.12)—(1.15) satisfying the
sign constraint g, , > 0 in (0, 1). It is easy to see by the strong maximum principle that
either g.., = 0 or g¢, > 0in (0, 1). When g, , = 0, we obtain an n-independent solution
given by (fe,0), where f; is the unique radial profile in (1.1)—(1.3). We will sometimes
refer to ( fe, 0) as the non-escaping solution to (1.12)—(1.15) and

me(x) = (fe(r)n(x).0)

as the non-escaping (radially symmetric) critical point of the extended energy functional
E, , in sA. In contrast, we refer to solutions ( f¢ 5, g¢,n) of (1.12)—(1.15) with g, > 0 as
escaping solutions and the corresponding maps

Mep(xX) = (fen(r)n(x), £gey(r))

as* escaping (radially symmetric) critical points of the extended energy functional E
in 4. The escaping phenomenon” refers to the positivity of g.,. We will prove that such
escaping solutions satisfy f;, > 0in (0, 1); see Proposition 2.10.

There exists a sufficiently large €4« such that E ; is strictly convex for all £ > &4 and
n > 0 and so m; is the unique critical point and hence the unique global minimizer of
E¢y in oA if N > 2. In dimensions N > 7, it follows from [28, Theorem 21° (compare
[29, Theorem 1.7]) that 7m,(x) is the unique global minimizer of E,, in A for every
g > 0.In dimension 2 < N < 6 and for small ¢ > 0, it is not known whether a solution to
(1.12)—(1.15) satisfying g , > O gives a global minimizer of E 5 in . Our next theorem
concerns the existence, uniqueness and local minimality of these solutions. See Figure 1.

Theorem 1.5. Let N > 2, W € C?((—o0, 1]) and W e C2([0, 00)) satisfy (1.10) and
(1.11).

(a) There is at most one escaping critical point mgy(x) = (fo,n (N)n(x), ge,n(r)) of
E¢ .y in A with g¢ 5 > 0. Moreover, if such an escaping critical point exists, then
it is a local minimizer of E¢ y in A with a positive definite second variation, and
the non-escaping critical point ing(x) = (fs(r)n(x),0) is unstable for Eg .

“When discussing escaping and non-escaping critical points, we will drop the term “radially symmet-
ric” as here we only study radially symmetric critical points.

SFor more about escaping phenomena in the context of harmonic maps, see e.g. [6].

%In [28], besides the convexity of W, it is assumed that W is positive away from 0; but it can be seen
from the proof there that non-negativity W > 0 is sufficient, as in (1.10).
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Escaping region

l Q Non-escaping region

Figure 1. Radial critical points of the extended functional Eg 5, when W'(1) > 0 and W’(O) > 0.
In the escaping region, there is a co-existence of non-escaping and escaping critical points. In the
non-escaping region, only the non-escaping critical point exists.

(b) An escaping critical point mg 5 (X) = (fo,n (r)n(x), ge,5(r)) with g¢ n > 0 exists if
andonlyif 2< N <6, W'(1) >0, 0 < & < g9 and n > 1o (&) for some &gy € (0, 00)
and a continuous non-decreasing function’ 1¢:[0, g9) — [0, 00) with 1¢(0) = 0.

(c) In the absence of an escaping critical point mgy(x) = (fon(r)n(x), ge.n(r))
with ggn > 0 for Egy, the non-escaping solution mg(x) = (fe(r)n(x),0) is a
local minimizer of Eg y in 4 with a positive definite second variation unless 2 <
N <6 WI(1)>0 W(0)>0,0<e< e and n = n9(g). Moreover, in the
latter case, the second variation of Eg ; at m is non-negative semi-definite with a
one-dimensional kernel generated by (0, ;) € C2(BN ,RN*1) for some positive
smooth function q¢ > 0 in BN with g = 0 on BV

A main part of our paper concerns the local minimality of vortex solutions. Let us
explain our strategy for the Ginzburg—Landau model. We establish

EJUue + v] = EJ"[ue] + c|lvl  forue +v € A%, |Jvllg <6,

for some small ¢ > 0 and § > 0. This draws on a careful study of the second variation of
ESY at u, based on a separation of variables and a Hardy decomposition technique [25].
To separate variables, we first decompose v = sn + w, where w - n = 0, and then, for
each 0 < r < 1, we use the Helmholtz decomposition to write w = W+ lDw on 4B,
where 10 is a divergence-free vector field on 9B, and I} is the gradient operator. In the
context of Ginzburg—Landau theory, our use of the Helmholtz decomposition appears new
in dimension N > 3. The contribution of 1 to the second variation is treated at once using
the sharp Poincaré inequality in Appendix C and the Hardy decomposition technique.

7For more about ¢ and 79, see Lemma 2.3 (c) and Remark 2.5.
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Finally, we decompose s and ¥ into spherical harmonics and treat them using the Hardy
decomposition technique again, with special choices of factoring functions.

An important point in proving our results resides in the analysis of the radial profiles
Je, ( f,, gn) and (fs,5, 8s,5) for general potentials W and W that goes beyond the exist-
ing (very rich) literature. For example, the choice of factoring functions in our use of the
Hardy decomposition technique is based on the positivity and monotonicity of (a priori,
nodal solutions) f, f,, and f; ,. The proof uses the moving plane method for cooper-
ative systems [12, 16,42]. A novel part of our argument is in the fact that cooperativity
is obtained alongside the application of the moving plane method. Another issue is the
uniqueness of the radial profiles, which is proved again using the Hardy decomposition
technique which handles the non-linear part in the ODE. This analysis enables us to show
the dichotomy of escaping vs. non-escaping critical points in the extended model intro-
duced here for the first time.

The rest of the paper is organized as follows. In Section 2 we establish the existence
and uniqueness of vortex radial profiles and discuss their minimality within radially sym-
metric configurations. In Section 3 we analyze their stability and give the proof of the
main theorems. We also include four appendices on some miscellaneous results.

2. Existence and uniqueness of vortex radial profiles

We study existence and uniqueness properties of radially symmetric critical points of ES-
E 2’“\’[ and E; ;. We define the following reduced energy functionals relevant in the discus-
sion of radially symmetric critical points in A4S, AMM and 4 (see Appendix A):

+ the reduced R¥ -valued Ginzburg-Landau functional

19f] = —o 1|EGL[f(|x|)n(x)]

|SN=
1/[
where f belongs to BCL = {f : r'z £/, r'T f € L2(0,1), f(1) = 1};

+ the reduced S" -valued Ginzburg-Landau functional

+ 5 Lw - )] ar

I8 = e E,?“M[(f(r)n(x), o)
=3 [+ @+ M L]

where (£, g) belongsto BMM = {(f.g):r'z f'.r'z fr'7T g’ r'z g€ L2(0,1),
frP4+e2=1 f() =1 g(1)=0}
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¢ the reduced extended functional

1

leylf gl = WEs,n[(f(r)n(X),g(r))]

1 N —
=5 [+ @r+ S e gwa—ri-g)

where (f, g) belongs to 8 = {(f, g) : r%f’, rz f, r%g’, r%g e L%(0,1),
S =1, g(1) =0}
Note that ( f, g) € B if and only if m(x) = (f(r)n(x), g(r)) € H' (BN, RN *1) with
m(x) = (x,0) on dBY, in which case,

1 J—
/BN [V dx = |SN_1|/0 [+ @+ S 2]

It is straightforward to check that bounded critical points of 7S, I ,1,\4M and /; , correspond
to bounded radially symmetric critical points of ESL, E ,I;’IM and E, ,, respectively.®

The R” -valued Ginzburg-Landau model. We prove the following:

Theorem 2.1. Let N > 2 and W € C?((—o0, 1)) satisfy W(0) = 0 and W > 0. Then, for
every ¢ > 0, (1.2)—(1.3) has a solution f, such that % € C2([0,1]), 0 < f. < 1in (0,1)
and f¢(0) = 0. If, in addition, W satisfies (1.10), then f] > 0in (0, 1] and f; is the unique
solution to (1.1)~(1.3); in particular, f is the unique minimizer of I1S* in BCL.

Remark 2.2. The existence and uniqueness of the vortex radial profile for the R -valued
Ginzburg-Landau model has been studied by many authors. Closely related to our result
above is a result in [28] which gives the uniqueness in dimensions N > 7. Earlier results
in [2,11,15,22,24] are for all dimensions N > 2 but assume the inequality W (0) > 0,
while Theorem 2.1 above allows the case W”(0) = 0.

Let f; be the radial profile in Theorem 2.1. Note that ( f;, 0) is the non-escaping critical
point for the extended functional I, for any 1 > 0. For the existence of escaping solutions
in the extended model, we give an estimate for the first eigenvalue £(g) of

1
LS = A~ 8—2W’(1 D) .1
in BN with respect to the zero Dirichlet boundary condition. Note that since the poten-

tial eizW’ (1- faz) is radially symmetric, any first eigenfunction of LSL is also radially
symmetric. It is clear that, under (1.10), we have £(g) > —W’'(1)e~2 for every ¢ > 0.

81n this radially symmetric setting, when W and w satisfy (1.10) and (1.11), the boundedness assump-
tion on critical points can be dropped, in view of Lemma 2.7.
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Lemma 2.3. Let W € C?((—oo0, 1]) satisfy (1.10). Then £ is a continuous function in &
with
e20(e) > E2(F) forall0 <& < e < 00, (2.2)

and the following estimates hold:
(@ IfW'(1)=0,then W = 0in (0,1), LS" = —A and

L(e) = A1 (=A) >0 foralle >0,

where A1(—A) is the first eigenvalue of the Laplacian on BN with respect to the
zero Dirichlet boundary value.
b IfN =7,
N —2)?
L(e) > %—(N—l) >0 foralle > 0.
(©) If 2< N < 6and W(1) > 0, then there exists g9 € (0, 00) such that £(g) < 0
and increasing in (0, &g), £(g9) = 0 and £(g) > 0 in (g9, 00). Furthermore, for
some €1 € (0, &9) and c1 € (0, W/(1)),

i
1
—W§)<a@5—% fore € (0, 61).
& &

The extended model. We are now in position to give a necessary and sufficient condition
for the existence of an escaping solution of (1.12)—(1.15). For an illustration see Figure 1.
Theorem 2.4. Suppose W € C2((—oc0,1]) and W € C2([0, o0)) satisfy (1.10) and (1.11).

@ IfN =7o0r W(l) =0, then for every g,n > 0, (1.12)=(1.15) has no solution
(fe.ns 8e.n) that satisfies g > 0 in (0, 1). Moreover, the non-escaping solution
(fe, 0) is the unique minimizer of I 5 in 8.

(b) Let2 <N <6 W'(1) >0, g € (0,00) be as in Lemma 2.3 and
W'(0)
[€(e)]

(bl) System (1.12)—(1.15) has an escaping solution (fsn. 8e.n) that satisfies
8en > 01in (0,1) if and only if 0 < & < g9 and 1 > no(e). In this case,

no(e) = € [0,00) fore € (0,8p).

it is the unique escaping solution of (1.12)—(1.15), @, 8en € Cc2([o, 1)),
8oy <L fen >0, f/, >0, g, <0in(0,1), and there are exactly
two minimizers of Is n in B given by (fe.n, £8e.n)-
(b2) If € > g9 or 0 < n < no(e), the non-escaping solution (f¢,0) of (1.12)—
(1.15) is the unique minimizer of I,y in B. Otherwise (i.e. 0 < & < gy and
n > no(e)), the non-escaping solution ( fe,0) of (1.12)—(1.15) is an unstable
critical point of I, in B.
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We note thatif 2 < N <6, W/(1) > 0 and W'(0) = 0, then no(e) =0forall e € (0, &p).
In this case, the theorem asserts for all 7 > 0, an escaping solution of (1.12)—(1.15) exists
if and only if ¢ € (0, &9).

Remark 2.5. By Lemma 2.3, when2 < N < 6, W/(1) > 0 and VT//(O) > 0, the function
no defined in Theorem 2.4 (b) belongs to C([0, &¢)), "OT(S) is increasing with respect to ¢,

lim n(e) = o0, lim 19(0) = 0,
£—>&0 e—0

and, for some C > 1 and &; € (0, &p), ~ WZ(O £ <nole) <CV VT/’(O)S forevery ¢ € (0, 7).

Theorem 2.4 can be viewed as an extension of the results in [29] but within radial
symmetry, relating the escaping phenomenon with the stability property of critical points.

The S¥ -valued Ginzburg-Landau model.

Theorem 2.6. Suppose that W € C2([0, 00)) satisfies (1.11).

(@) If N =7, then for every n > 0, system (1.4)—(1.8) has no escaping solution
(fn. &n) with gy > 0in (0, 1).

(b) If2< N =<6, then for any n > 0, (1.4)~(1.8) has a unique escaping solution
(f,, gy) with gy > 0. Also, (f,], +gy) are the only two minimizers of the func-
tional 1)™" in 8™, ];",gn € C2([0,1]), f,, > 0, f’ > 0and g, <0in (0,1). In
addztzon for3 < N <6, the non-escaping solution (1, 0) is an unstable critical
point of I};/IM in 8MM,

Recall that, when N > 7, the non-escaping solution (1, 0) is the unique minimizer of

1 ,I,‘/IM in 8MM for every > 0 (see Remark 1.1). Note that when N = 2, the non-escaping

solution (1,0) ¢ BMM. however, the second variation of 7 ,IIVIM at (1, 0) can still be defined

and it is negative in a certain direction with compact support in the interval (0, 1), leading

to the instability of the non-escaping solution (1, 0) for N = 2 also (see (2.27)).

The rest of the section is organized as follows. In Section 2.1, for the extended model,

we prove the monotonicity (see Proposition 2.9) and uniqueness (see Proposition 2.12)

of escaping solutions (1.12)—(1.15), if they exist, together with the positivity of f , in

Proposition 2.10; we also prove the boundedness of arbitrary solutions to (1.12)—(1.15);

see Lemma 2.7. In Section 2.2, for the R¥ -valued GL model, we give the proofs of Theo-

rem 2.1 and Lemma 2.3. In Section 2.3 we give the proof of Theorem 2.4 for the extended

model. Finally, Theorem 2.6 for the S¥ -valued GL model is proved in Section 2.4.

2.1. The extended model: Monotonicity and uniqueness

In this subsection we establish the monotonicity and uniqueness of escaping radially
symmetric critical points of the extended functional E, ,, which correspond to escap-
ing solutions ( f¢,5, g¢,n) With g, > 0 of the ODE system (1.12)—(1.15). Furthermore,
we show that f; , > 0 and prove the minimality of this escaping solution with respect to
radially symmetric competitors.
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The next lemma shows that, under (1.10)—(1.11), all solutions to (1.12)—(1.15) are
bounded in (0, 1). To dispel confusion, in this result, we do not assume a priori the bound-
edness or the non-negativity of f; , and g .

Lemma 2.7. Let N > 2, ¢ >0, 7> 0, W € C2((—00, 1]) and W € C2([0, 00)) with
(L10)—~(1.11). If (fe.ns 8e.n) satisfies (1.12)—(1.15), then fs?,, + gf’n < 1in (0, 1) and the
map x = Mg y(x) = (fen(r)n(x), geq(r)) is C2(BY). In particular, Jen(0) = 0 and
ge,(0) = 0.

Proof. Note that m,,, € H'(BV) (as (fe,ns 8e,p) € B) and, by (1.13)—(1.15),
Aty = =5 W' = g Py + W62 genenss in BY\ (0}, @3
Mep(x) = (n(x),0) on dB™.

Let M = f2, + g2, Note that M(1) = 1 and

1 , N-—-1_
z _M)
2( + r
/N2 /N2 N -1 2 1 ’ 1 T2 2
= (fs,r]) + (ga,n) + r—zfs,n - 8_2W (1 - M)M + FW (gg’yl)gs,n
1
> ——2W’(1 - M))M.
£
In particular, the function X = 1 — M satisfies
N —1
X' ——X'"+2a(r)X >0, 2.4)
r

where a: (0, 1] — [0, co) is given by
1 W= M)
a(r) = g2 1—M(r)

1
—W"(0) it M(r) = 1.
&

M@y ifM(r)#1,
(2.5)

Note that (1.10) and the continuity of M in (0, 1] imply a > 0 and « is continuous on
(0, 1]. Now define

ro = inf{r €(0,1]: M <1lin]r, 1]}
The aim is to show that ro = 0.

Step 1: We show that if ro > 0, then M > 1 in (0, rg). Assume by contradiction that
M(ry) < 1 for some r; € (0, o). Multiplying (2.4) by r¥ =1 X~ (where X* = max{0,
+X}), noting that X~ (1) = X~ (r1) = 0, and integrating over [ry, 1] give

/1 rN (X T))? + 2a(r) (X T)*dr 0.

ri
This shows that X~ = 0in [ry, 1], i.e. X > 0and M < 1 in [r, 1]. By definition of ry,
this implies that ro < ry, which contradicts the fact that r; € (0, r).
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Step 2: We show that 8 n T gs p=Llin (0,1). Indeed, if ro = O, this step is clear. Suppose
that ro > 0. By Step 1, we have M > 1 and so W’/(1 — M) < 0 in (0, ro). Returning to
(1.13)—(1.14), as (1.11) implies W’(l) > W’(O) > 0 for t > 0, we have that the functions
Je,n and g, p, considered as functions on the ball B(0, ro) in R, satisfy

Afen=c1fey and Agey =cageyn in B(0,19) \ {0},

where ¢; = 851 — LW/(1 - M) > 0and c; = —LW/(1 - M) + #W’(gg’n) > 0in
(0, ro). By Kato’s inequality (see [31] or [8, Lemma A.1]), this implies

AfE >0 and Agy, =0 in B(0,r0)\ {0}.

Slnce Sen 8e, n € H'(B(0,r9)), these hold in B(0, ry). By the maximum principle, fg =
(ro) and gs n <8 77(ro) in B(0, rg). We deduce that + gs n < M(ro) <1in (0,r¢).

As M en T g?n < 1in [rg, 1], the conclusion of Step 2 follows.

Step 3: Conclusion. By Step 2 and the fact that m,, € H'(B"), we deduce that (2.3) holds
in the whole of B ; then standard elliptic regularity theory yields that Mgy and so X are
C?in BN In particular, f;,(0) =0 (as f..,(r)n(x) € C2(BV))and g, ,(0) = 0 (since
Ze.n extends to an even C2 function on (—1, 1)). By Step 2, we know that M < 1in (0, 1).
Moreover, since f; (1) = 1, we deduce that the inequality in (2.4) is strict near r = 1; in
particular, X cannot be identically 0. Thus, the strong maximum principle applied to (2.4)
yields X > 0in (0,1)i.e. M < 11in (0, 1). ]

By restricting attention to solutions with g, , = 0 (for any w satisfying (1.11) e.g.
W (t) = t), we immediately obtain the following corollary:

Corollary 2.8. Let N > 2 and ¢ > 0. If W € C?((—o0, 1)) satisfies (1.10) and f, satis-
fies (1.1)=(1.3), then | f¢| < 1 in (0, 1) and the map x — u.(x) = f.(r)n(x) belongs to
C2(BN). In particular, f,(0) = 0.

Concerning the monotonicity of solutions of (1.12)—(1.15) satisfying g , > 0, we first
prove it in Proposition 2.9 under an additional assumption that f; , > 0. We then show in
Proposition 2.10 that this additional non-negativity assumption on f; , can be removed.

Proposition 2.9. Ler W € C2((—00, 1]) and W € C2([0, 00)) satisfy (1.10) and (1.11),
and (fen» 8en) satisfy (1.12)=(1.15) with fen > 0, gey > 0 in (0,1). Then f;, > 0,
(=L “’)’ < 0 and either g, ,, <0 or gen = 0in (0, 1].

Proof of Proposition 2.9. To simplify notation, we write (f, g) for (fe . &e,5)- By
Lemma 2.7, we know that f2 + g2 < 1in (0, 1), f(0) = 0 and g’(0) = 0. By the strong
maximum principle applied to (1.13) for f > 0in (0,1), we get f > 0in (0,1) (as f =0
in (0, 1) would contradict the boundary condition f(1) = 1 in (1.15)). By the strong max-
imum principle applied to (1.14) (as a PDE in BY for g > 0) we get g > 0in [0, 1) or
g =20in (0, 1).
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Case 1: g > 0in[0,1). Fora,b € [0, 1], let
1 1 1 ~
Aa.b) = —=W' (1 —a*—b*a, Bla.b)=—-5W (1 —a>=b*)b+ W (b*)b.
€ € n

Then (1.13) and (1.14) can be rewritten as

N -1 N

-1 N -1
M == f = [+ =T = A(f®) nOD. 6

72
" N -1 / .
Ag=g'+——g =B(fg) in(O.D. 27
The convexity assumption on W in (1.10) yields
dpA(a,b) = 9,B(a,b) >0 foralla,b € [0,1].

These inequalities give system (2.6)—(2.7) a cooperative structure; see e.g. [12, 16,42]. In
order to prove the monotonicity of f and g, we follow the ideas based on a moving plane
argument in the proof of [27, Theorem 1.6]. See also [1] for a similar argument in the
context of phase segregation in Bose—Einstein condensates. For 0 < s < 1, define

fs(r)= fQ2s—r) and gs(r)=gQ2s—r) formax(0,2s—1)<r <s.

By (1.15) and (1.10) (in particular, W’(0) = 0), we have A(f(1),g(1)) = B(f(1),g(1)) =
Oand recall that 0 < f <1 = f(1)and g > 0 = g(1) in (0, 1). As 3, A(a, b) > 0, we
deduce that the function f = f — f(1) satisfies

~ N—-1,. N
6 -] =

) + A9 — A1), £(1)
> A(f.9) — A(f(1).g) = c(r) f

for some continuous function ¢ € CJ[0, 1]. As f(l) = 0 and f < 01in (0, 1), we deduce
from the Hopf lemma (see e.g. [17, Lemma 3.4]) that /(1) > 0. Likewise, we can show
that g’(1) < 0. Consequently, there is some small § > 0 such that f; > f and g; < g in
max(0,2s — 1) < r < s forany s € (1 — 4§, 1). We define

s =inf{s € (0,1): f; > f and g; < g in (max(0,2r — 1),¢) forall 7 € (s, 1)}.
It follows that s € [0, 1 — §].
Claim: s =0, f' > 0and g’ <0in (0,1].

Proof of claim. Assume by contradiction that s > 0. Then
(a f'>0andg’ <O0in(s,1),
(b) and fy > f >0and gz < ginmax(0,2s — 1) <r <.
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Combined with the monotonicity of A(a,-) and B(-, b), it follows for every s € [s, 1) and
every r € (max(0,2s —1),s),

M) = NS S = S0 =) = N s ) = S f2s )
< A(/@5 — )85~ 1)
= A5 (0. 85(1) £ A0, 80)) @8
Ags(r) = BUA). 85(1) = B, 85(7). 29

and equality in all the inequalities (2.8) (resp. in (2.9)) for some s € [s, 1) implies that, for
every r € (max(0,2s — 1), ),

f'2s —r) =0 (resp. g'(2s —r) = 0). (2.10)

Combining (2.8) and (2.9) with (2.6) and (2.7), we have for all s € [s, 1),

o= ) = A0~ AL = (o= Nen(r),

A(gs — g)(r) > B(f.gs) — B(f.g) = (g5 — g)ca(r),

A(fs = ) -

with ¢1, ¢, being two continuous functions on [max(0,2s — 1), s] and equality in the above
inequalities again implies (2.10).

By the definition of s, f; > f and g5 < g in (max(0,2s — 1), s) for s € (s, 1). By
the Hopf lemma, applied to the above differential inequalities, we have f;(s) < f’(s)
and gt (s) > g'(s), i.e. f/(s) > 0 and g’(s) < O for s € (s, 1). We now show that these
assertions continue to hold with s = s, i.e.

Fact1l. f; > fand g < ginmax(0,2s — 1) <r <s.
Fact2. /' >0and g’ <O0ins,1).

Indeed, since f/ > 0 and g’ < 0 in (s, 1), (2.10) does not hold and so the above
differential inequalities for f; — f and g, — g are strict in (max(0, 2s — 1), 5). Since
fs— f =0and gg — g < 0in (max(0,2s — 1), 5), the strong maximum principle applied
to those differential inequalities gives Fact 1. By the Hopf lemma, we then have f{(s) <
f'(s) and g (s) > g’(s), i.e. f'(s) > 0and g'(s) < 0, and Fact 2 follows. .

Conclusion. We now show that Facts 1 and 2 contradict the minimality of s. Indeed,
observe first that (f; — f)(max(0,2s — 1)) > 0 since

1
fs(max(0,2s — 1)) = 1 > f(max(0,2s — 1)) when 3 <s<l,

fs(max(0,2s — 1)) > 0 = f(max(0,2s — 1)) whens < 1

\S)
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Likewise, we have (g; — g)(max(0,2s — 1)) < 0 since

1
gs(max(0,2s — 1)) = 0 < g(max(0,2s — 1)) when 3 <s<l,
1
gs(max(0,2s — 1)) = —g'(2s) > 0 = g'(0) = g'(max(0,2s — 1)) whens < >

(in the latter case, this is combined with gz < g on (0, s) by Fact 1). Thus, thanks to
Facts 1 and 2, we deduce by continuity the existence of a small § > 0 such that, for every
sE€(s— 5, s], fs > f and g5 < g in max(0,2s — 1) < r < s, contradicting the minimality
of 5. Thus, s = 0. Also, by Fact 2, f’ > 0 and g’ < 01in (0, 1]. The claim is proved. [

Case 2: g = 0in (0,1). . The above argument applies to solutions f > 0 of (1.1)—(1.3),
where equation (2.8) is replaced by A f;(r) — Nr;l fs(r) < A(f5(r),0), yielding f" > 0.
(Note that the assumption W’ > 0 is no longer needed in this case, though the condition
W’ (0) = 0is used.)

Proofof(%)’ < 0in (0,1). Indeed, by Lemma A.5, we know that v = % e C2%([0, 1]).

To prove that v is decreasing, we follow the argument in [24, Proposition 2.2]: by (1.10)
we have W’ > 0in (0, 1) so that

rN+1

VT () = - W' (- f2—g¥Hu(r) <0, re(,]1).

o2
This implies that r¥*1v/(r) is a non-increasing C' function in [0, 1]. Then, since
lim, o r¥N*10/(r) = 0 (as v € C1([0, 1])), we have v/(r) < 0in [0, 1]. (]

Next, we prove the positivity of f;, when g, > 0. When g, , = 0, the result was
obtained in [22,25] under a slightly different condition on W.

Proposition 2.10. Suppose W € C2((—0c0, 1]) and W € C2([0, 00)) satisfy (1.10) and
(1.11), and (fe,, 8s,n) satisfies (1.12)—(1.15) with gzn = 0 in (0, 1). Then fo, > 0 in
0, 1).

Proof. As in the proof of the previous proposition, we drop the indices € and 7, so that in
the following we denote by f and g the solution considered in (1.12)—(1.15). Suppose by
contradiction that f changes signin (0, 1).Letr; € (0,1) be such that f(r;) =0and f >0
in (r1, 1]. Applying the Hopf lemma to (1.13) in (r, 1), we have f’(r1) > 0. In particular,
f < 0in some small interval (r; — &, r1). Note that (| f|, g) satisfies distributionally

N

L= A(flg) in (i),

r

—1
s—If1= A(f].g) in(0.1),

r

Alf] =

T

N -1 .
Ag//dl_Tg/:quLg) n (Ov 1)’
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where A and B are as in the proof of Proposition 2.9. Consequently, we can apply the
proof of Proposition 2.9 to the pair (| f|, ) to obtain

(fDs>1|f] and gz <g inmax(0,2s —1)<r <sforallr; <s <1,

where (| f)s(r) = | f|(2s —r) and gs(r) = g(2s — r). Observe also that, by definition,
both | f| and (| f|);, have the same first left-derivative at r;; thus, we deduce by the
Hopf lemma that (| f|)-, = |f| and f'(2r; —r) = 0 in max(0,2r; — 1) < r < ry (see
(2.10)). The latter identity is impossible, since f’(r;) > 0. We conclude that f > 0 in
(0, 1). The positivity of f follows by the strong maximum principle applied to (1.13) (as

F(1) = 1). n

Applying Propositions 2.9 and 2.10 to the solution ( f¢, 0), we obtain the following
corollary:

Corollary 2.11. Suppose W € C?((—o0, 1)) satisfies (1.10), and f; satisfies (1.1)—(1.3).
Then f, >0, f/ > 0and (L)' < 0in (0, 1].

Finally, we prove the uniqueness of escaping solutions of (1.12)—(1.15).

Proposition 2.12. Let N > 2 and suppose that W € C2((—00, 1]) and W € C2([0, 00))
satisfy (1.10) and (1.11). Then, for every € > 0 and n > 0, system (1.12)—(1.15) has at
most one escaping solution (fen,8en) With g¢n > 0in (0, 1). Furthermore, when it exists,
(fe,n, £8e,n) are the only two minimizers of 1,y over the set B; in particular, I, | f¢,0] >
Lo plfen. 8l where fe is the radial profile satisfying (1.2)—(1.3).

Proof. We use ideas from [28, 29]. Suppose that (f¢,. gc,y) solves (1.12)—(1.15) and
8en > 0 in (0, 1). By Proposition 2.10, f¢, > 0 in (0, 1). For (f, g) € B, we write
(f28) = (fen &e) + (5.q) and V(x) = (s(r)n(x), q(r)) € Hy (BN, R¥*1). By the
convexity of W, W and (1.13)—(1.14),

Is,n[fa gl— Ia,n[fe,nygs,n]
1

1
= 5 [ et + 6P+ 28 + @)
0

N -1
72

(2fens + 52)
1
- W= 12y — 82 R(fens + gend) + 57 + 47

1 ~ —
W2, Cgend + a2V dr

1! N -1
— 5/0 {(S/)2+((]/)2+ — S2

1 I ~ -
S LA G b R A UV T
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1 2 1 / 2 2 2 1 A7 (2 2
s | VYR = W= 2 = 2 )IVE 2V

_ FunlV]
C2|SN-1”

Claim: For every V(x) = (s(r)n(x),q(r)) € HL(BY ,RN*1), it holds that

FeqlV] E/BN{ 2z

and as a consequence, ( fey, 8s.n) minimizes Iy in B.

LY (x|} ax

() @] + 2,

Proof of claim. Since Fy is continuous in Hg (BN, RN*1) (because W'(1 — f2, —
ggz,”), W' (gg,n) € L°®(BY) by Lemma 2.7), by standard density results and Fatou’s
lemma, it suffices to show the claim for V = (s(r)n, ¢(r)) € C(BN \ {0}, RN *1).
For that, we will apply [24, Lemma A.1] for

1
L:=—-A—- 8_2W/(1 - fs%n _gt?z,ﬂ)’
1 i i Lo (2.11)
T :=—-A— 8_2W/(1 — Jon —8en) + FW/(gs,n)'

Indeed, writing V = (s(r)n,q(r)) = (Vi,..., VN, Vn+1) € CX(BN \ {0}, RV *+1) and
decomposing V; = fg,,,l7j with 17] = % forj=1,...,Nand Vy4; = ga,,,I?NH with

q
8en’

VN1 =

FS,W[V]

LV Vi dx +/ TVNt1:-VNs1dx

||M2 ||M2

/ 2 VD2 4 P2 Len - o

+ g?,r]|Vf/\N+l|2 + 171\2/+1ng17 * 8, 77} dx

= [ 7m0 [ = S+ a2y | () s} ax
= [ As0s] (7) @] + gz,,,(|x|>\(gm) x|’ }dx, .12
because L f;, = —%fg’n, Tgen =0 (by (1.13)—(1.14)) and
(Vv Vy) = fj’ir()r)n(x)
with |Vn|? = &1 [
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Step 1: We prove that {( fs,y, £8¢.n)} is the set of minimizers of I 5 in 8. Indeed, we have
seen that (fs,, £8s,5) minimizes /I, , in B. Suppose ( f; 5, &s,y) also minimizes I, , in B,

in particular, /¢ [ fe,n. 8s.n] = Loyl fe,n. 8s,n] so that, for V = ((fe — fen)n(X), ey —
8s,n), one has F[V] = 0 leading to

.fs,n - f‘a“,n

and 8en — ey

are constant in (0, 1).
Jen 8en

This together with f;,,,(l) — fen(1) = 0 gives f;,,] = fonand gy = age, in (0, 1) for
some a € R. Since g., > 0, this implies that g, , has a fixed sign. Furthermore, either
a =0 (so ggy =0), 0r |ggy| > 0in (0, 1) in which case, we can interchange g, , and
+g¢,, if necessary (note that (f;’,,, —8s,y) also minimizes /., in $B), so that we may
always assume that 0 < a < 1.

To finish the proof, we prove thata = 1,1i.e. g5y = g5 in (0, 1). Assume by contra-
diction that 0 < a < 1. We will show that

W' (- f2 —gi,) =0 in(01). (2.13)

Once this is done, we deduce from (1.14) that —Ag, , + nlz W’(g?,n)ga,r, =0in BV . Since
W’ > W’'(0) > 0 in [0, 00) (by (1.11)) and g¢, = 0 on dBY, we deduce that g, , = 0
in BN, which gives a contradiction to the assumption gen > 0in B N and completes the
proof.

Let us now prove (2.13). Returning to (1.13), we see that

W= f2, —g,) =W (- f2, —a’gl,) in[0.1]. (2.14)

Therefore, to prove (2.13), it suffices to show that W’ (¢) = 0 forevery 0 <t < max(o,1](1 —

2, —a’ge,) =: t. For that, we have f2, + a’gZ, < f2, + g2, <1in (0,1) by
Lemma 2.7, and hence 7 > 0. Note that the range of 1 — £, —a®gZ, over [0, 1] is
[0, 7] because of (1.15). Set £y = inf{r > 0 : W'(s) = W'(z) forall s € [t, t]}. We show
that #o = 0. For that, let ro € [0, 1] be such that 1 — fs?,] (ro) — azgg’n(ro) = t9. By
the continuity of W’ and (2.14), we deduce for ¢, := 1 — 3?77 (ro) — gin (ro) < to that
W'(t1) = W'(ty) = W'(t). As W' is non-decreasing (because W is convex), we deduce
that W'(s) = W'(z) for every s € [t1, t]. By the minimality of fo, it means that t; = to,
ie. gg’n (ro) = 0. Since g, > 01in [0, 1) (which is a consequence of the strong maximum
principle applied to (1.14), considered as a PDE on BY), this yields ry = 1, i.e. tp = 0.
It follows that W/ = W’(0) = 0 on [0, 7] as desired (where we use that 0 is a minimum
point of W by the assumption (1.10)).

Step 2: We prove the uniqueness of escaping solutions of (1.12)—(1.15). Indeed, assume
that (fvg,,,, 8e,n) is also a solution to (1.12)—(1.15) with g, > 0in (0, 1). Then the claim
yields that both (f¢,5, g¢,y) and (f;,,, , &e,p) minimize I, , in B. By Step 1, we have f; , =
f;,,, and g.» = &5 as desired. The proof is complete. m
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2.2. The R¥ -valued model: Existence and uniqueness

We prove existence and uniqueness of the radial profile and its minimality for 7S as
stated in Theorem 2.1. Then we prove Lemma 2.3.

Proof of Theorem 2.1. Let f; be a minimizer of the reduced energy functional /S in
BOL. (Itis easy to see that such a minimizer exists.) Since IS f] > 1% [min{| £ |, 1}], we
may also assume that 0 < f, < 1. In addition, we have that f, satisfies (1.2), fz(1) =1
and f, € C2((0, 1]). Noting also that the constant functions 0 and 1 are a solution and
a super-solution to (1.2) respectively (since W’(0) = 0), the strong maximum principle
implies that 0 < f; < 1in (0, 1). By Lemma A 4, f;/r € C?([0, 1]) and £;(0) = 0.

If (1.10) holds, then by Corollary 2.11 we have f; > 0 in (0, 1]. Also, the same argu-
ment as in the proof of Proposition 2.12 applies, also giving the uniqueness of f; as
solution of (1.2)—(1.3), in particular, as the unique minimizer of IS" over 8. We omit
the details. ]

We next prove estimates for £(¢).

Proof of Lemma 2.3. Note that by the definition of the first eigenvalue for LS and stan-
dard elliptic regularity, £ depends continuously on €. Let us prove (2.2) for 0 < & < & < o0.
We have, for all ¢ € H} (BV),

1
[ [ver = swa-saetlarzeo [ o ax.
BN & BN
By rescaling, we deduce for all € H/} (B(0, 1/£)) that
[P -wa- ez e [ yax
B(0,1/8)

B(0,1/8)

As B(0,1/¢) C B(0, 1/€), by the strict monotonicity of the first eigenvalue with respect
to domains (due to the positivity of the first eigenfunctions), we have, for all 0 # €
Hg (B0, 1/¢)),

f [IVy > = W'(1 = fZExDY?] > 846 y2dx.
B(0,1/¢) B(0,1/¢)
Now using the inequality 1 > f(¢|x|) > fz(€]x|) = 0 for |x| < 1/e (see Proposi-
tion B.1 (i)) and the monotonicity of W', we deduce that
/ (VY2 = W'(1 = f2elx )] > 8246 ¥2dx
B(0,1/¢) B(0,1/¢)
forall 0 # y € Hy (B(0, 1/¢)). Rescaling once again we get
1 &2L(8)
[ [ver = swa- s> 52 [ oras
BN & BN

&
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forall 0 # ¢ € H|} (BY), which is equivalent to (2.2).
Assertion (a) is clear because if W/(1) = 0, then (1.10) implies that W = 0 in (0, 1).
Assertion (b) for N > 7 is a consequence of the inequality

(N =2)? v?
/BN LS. vdx > (T—(N— 1))/BN dx forallv e Hy(BY).

which was proved in Step 4 of the proof of [28, Theorem 2].
We next prove assertion (¢) for2 < N < 6 and W’(1) > 0. We have seen that £(g) >
—W/'(1)e~2. We prove the rest in two steps.

Step 1: We show that there exist €1 > 0 and ¢y > 0 such that £(g) < _% fore € (0,¢er),
by exhibiting a function 0 # q = q.(r) € Lip.((0, 1)) with

[ LSLq.quf—c—;/ g*dx.
BN & BN

(Note that by the lower bound of £(¢), it is clear that c; < W'(1).)
Note that, by [25, Lemma A.1], for every positive function ¢ € Cl(l)’c1 ((0, 1)), we have
the following identity for every ¢ = f:0g € Lip.(BY \ {0}):

L, LS )
/BN LS -gdx = /BN 0| f21VaP + %qz} dx. (2.15)

We choose’ ¢ = r’¥ € C°((0, 1)), and note that, by (1.2),

(N2> —8N +8) f2¢p
LIefe) fo = 5 £

4r
The idea now is to exploit the negativity of N 2_8N +8for2 < N < 6 to reach the
desired conclusion. Let zy = sup{0 < ¢ < 1 : W(¢) = 0}. By Proposition B.1 (ii), for every

small § > 0, there exists Cs > 0 such that for every a > Cs we can find g1 = £1(§, a) for
which

—2ffle’ in(0,1).

l—tg—8< f?<1—ty in[Cse,ae]foralle € (0,¢;). (2.16)

The contribution of the term —2f; /¢’ in the above expression of LS (¢f) fe to the
right-hand side of (2.15) is handled as follows. (Note that if N = 2, then ¢’ = 0, so that
term vanishes and the reader can proceed directly to estimate (2.17) below.) We impose
that § = ¢(r) is supported in [Cse, ag]. Then integration by parts combined with (2.16)
and (r¥=1(¢?)")’ = 0 for r € (0, 1) yields, by Cauchy—Schwarz,

2 [P pusied ar = ) [ PR 0 26 ar
1
== [ 330 £ dr

_22 1 ~2
<5/ (q)zrdr+ )8/ 4 dr.

°See [28, inequality (6)] for an explanation of this choice of ¢.
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Since 2 < N < 6 implies N := N2 _8N + 8 < 0, using (2.16), we deduce

/BN[LS’LQ q+ —]dx

<157 [ o+ 0@

1 [ﬁa —1o—8) + (N —2)%§ N c1r?

r2 4 &2
We now specify ¢ € Lip,((0, 1)) by settlng qr) = sm(ln(a/cs) In o 8) for r € (Cse, ae)
and g(r) = 0 otherwise. Note that N(l —to—8) + (N —2)28 = N(1 — to) + ¢§ for
¢ = 4N —4 > 0. Inserting into (2.17), we get

/BN[LSLq q+ —] dx

|S —lllnc—s g ( t0)+6‘8 5
= 2 ((lncis) (1_’0+5)+++61a ) (2.18)

]cf} dr.  (2.17)

Recallingﬁ =N?_-8N +8<0for2 <N <6, we can choose § > 0small, a = ag > 0
large and then ¢; = ¢1(8) > 0 small such that the right-hand side of (2.18) is negative for
& < €1(8), yielding Step 1.

Step 2: We prove that there exists g9 > 0 such that £(g) < 0 and increasing in (0, g9),
L(g9) = 0 and £(e) > O for ¢ > gg. Let I = {& € (0, 00) : £(g) < O}. It is clear that
£(e) > 0 for large € and so [ is bounded. By Step 1, / contains (0, &1). Let

go =sup{€:L(e) <0 foree (0,8)} € (e1,00).

By the continuity of £, we must have £(g9) = 0. Then (2.2) yields the monotonicity of £
in (0, &9) and also, £(¢) > 0 for ¢ > g¢. Step 2 is proved. |

2.3. The extended model: Existence

The aim is to prove Theorem 2.4 for the extended model.

Proof of Theorem 2.4.

Proof of (a) when N > 7. By [28, Theorem 2],'° when N > 7, i (x) = (fe(|x|)n(x),0)
is the unique minimizer for E; o: A C H! (BN, RNH) — [0, 0], i.e.

_ 1 2 1 2
Em[m]_/BN[Ewm + 55 W(—|ml )]dx, £>0.

As W > 0, it follows that for every ¢, n > 0, i, is the unique minimizer of E;, in 4
and so ( f;, 0) is the unique minimizer of I, in B. This together with Proposition 2.12
implies that (1.12)—(1.15) has no escaping solution.

10128, Theorem 1] assumes strict convexity of W, but its proof uses only (1.10).
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Proof of (a) when W'(1) = 0. When W’'(1) = 0, we have by (1.10) that W = 01in [0, 1].
In particular, E  is exactly the Dirichlet energy (and hence convex) when restricting to
the set {m € +4 : |m| < 1 a.e.}. This together with the fact that for m € A,

m(x) if jm| <1,

Eecolm] = Eeoolm®]  where mb(x) =  m(x)

Im(x)]

implies that the unique minimizer of E; o is the map Y(x) = (x,0) (i.e. the unique

H'(BN,RN*1) harmonic map with boundary value (x,0)). Also, if W = 0 in [0, 1],

then f.(r) = r solves (1.2)—(1.3), so by Theorem 2.1, f; is the unique solution of (1.2)—

(1.3). Thus, mg (fsn(x) 0) =Y. Thus, m, is the unique minimizer of E, o, and hence

of E; 5 (since W > W (0)) in A; in particular, ( f;,0) is the unique minimizer of I, .n over
B. By Proposition 2.12, we conclude that (1.12)—(1.15) has no escaping solution.

if [m(x)| > 1,

Proof of (b). First, we focus on the existence of escaping solutions of (1.12)—(1.15) when
2 < N <6and W/(1) > 0. It is easy to see that I, , admits a minimizer ( f; 5, gs,5) € B.
Since (fe,n, &e.n) € B, (fo.n. 8s,n) € C((0, 1]). It follows that ( f; 5, gs,n) satisfies (1.13)—
(1.15) in the weak sense, and so (f,5, ge,y) € C2((0, 1]).

Since (| fz,n!. 18e,5]) is also a minimizer of I, 5, in B, the above argument also shows
that (| fenl, |8en]) € C2((0, 1]) satisfies (1.13)~(1.15). Since |fe |, |gen] = O and
Je.n(1) = 1, by the strong maximum principle, we have that | f; ;| > 0 in (0, 1), and
either |g,,n| > 0in (0, 1) or g, = 01in (0, 1). It follows that f; , > 01in (0, 1), and either
8sy > 0in (0,1) or g < 01in (0,1) or g, = 01in (0, 1). Clearly, when g¢, = 0, fz 5
is equal to the radial profile f; obtained in Theorem 2.1. By considering ( f;5. —8s,5)
instead of (fs,y, gs,5) if necessary, we assume in the sequel that g, , > 0.

Claim: g, , > O ifand only if (,17) € A == {(e.n) : 0 < & < g9, 1 > no(e)}.
Proof of claim. Define

Qsa’l[a’ﬁ] :/ I:LSLC(O[_'_LSLIBIB_’_ N;l 2
BN

o

2 1
+ S W= f2)f20? + W02 dx
£ 1

for («, B) belonging to the Hilbert space # = {(«, B) : (fe + «, B) € B} with the norm
[ (e, B)ll5e == l[(een., B)|l g1 (g~ ry+1y. This can be considered as the second variation of
Iz, at (fe, 0); see equation (3.1) in Section 3.1. The C? regularity of W together with
(1.10), w’ (0) > 0 and the boundedness of f; yield a constant ¢; > 0 (independent of ¢
and 7) such that

Qenler. B = (. )% = 5. ) apw, forall (o) € . (2.19)

(&). If(g,n) € A, then W (0) < —{(¢). Taking ,3 e H, (BN) to be any first eigenfunction

of LS, which is radially symmetrlc we have r '35 8/, r 31 B € L2(0, 1), B(1) = 0 and
O¢,510, B] < 0. This implies that ( f;, 0) is not minimizing /, , in B, and thus g, , > 0.



R. Ignat and L. Nguyen 686

(=). For the converse, we suppose by contradiction that there exists (¢, 7) € B =
(0,00)% \ A with g, > 0. By (2.15) with the choice ¢ = 1 and by (1.2),

/BNLSLoz-ocdxszN{ 2 Z‘ -

By a density argument in H, (B Ny using Fatou’s lemma, we deduce by (1.10),

Qe,ﬂ[oz,/S]z/BN{J;2 ( )) + (¢ W(O))ﬁ2}dx for (a, ) € Je.

In view of Lemma 2.3, we thus have that Q. ; is positive definite over # for (e, 1) €

= (0,00)2 \ A where £(¢) + w > 0. More precisely, there exists a constant ¢ > 0
(depending on ¢ and 7) such that Qg ,[a, B] > c||(c, /3)||i2(BN) for every (o, B) € K.
This follows by the above inequality for Q. ,[«, ] combined with the following estimate
based on the Hardy inequality in RN *2 using r < f,(r) < 1 for every r € (0, 1) (see
Corollary 2.11):

1 1 N2 1
/ PN R dr 3/ PN R dr > T/ rN 2 dr
0 0 0

N2 1
> — / rNof2R2 dr, (2.20)
0

1
oc2} dx fora € C°(0,1).

o

where & plays the role of 7 - Thus, by (2.19), for (e,n) € § there exists a constant ¢ > 0
(depending on ¢ and 7) such that

Qenla, Bl = Cll(e, B)|15  forall (@, B) € #. (2.21)
Fact. If (s, 1) € § then ( f¢,0) is a local minimizer of I, . For (o, B) € H,

SY Lalfs + 0B~ Lel 0D = 3 Qunle 12 [ . arym i) dx

1
h(x,V) = {W(l |fe(r)n + ViI> = Vi) = W( = fe(r)?)
+ W (1= fe()) QLI -Vy + [V]?)
—2W" (1= fe(r)?) fe(r)*(n - V))?}
1 ~ ~ ~
+ Z—YIZ{W(VﬁH) —W(O) —WO)\Vgii}. r=lxl,
V= (V. Vns1) € RVFL
We have h € C°(BN ,C2(RN 1)) (since W, W eC?and fon € C2(BN) by Lemma A .4),
h(x,0)=0,Vyh(x,0) =0, Vlz,h(x, 0) = 0 (thus, (D.1) holds true in Proposition D.1) and
h satisfies the growth assumption (D.2) in Proposition D.1 for p = 2 (due to the convexity

of W and W); therefore, Proposition D.1 applies and yields some small radius 7 > 0 such
that

¢ .
| hatrm B dx = =Sl Bl for e p)lac < 7.
Combined with (2.21), the local minimality of ( f;, 0) follows.
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End of proof of the claim. As the constructed minimizer (fs,y, g,n) of ¢ 5, satisfies gz 5, >
0, Fact 2.3 combined with Lemma 2.13 below yields (g, ) € B \ B and, for all (£,7) €
lg’ , (%, 0) is the unique minimizer for /35 in 8. Thanks to the latter, by considering a
sequence {(&;,7;)} C B which converges to (e, ), since fz; converges to f, in H 1(BN),
Fatou’s lemma implies that ( f;, 0) is a minimizer for /, ; in 8, which contradicts the fact
that ( f;,, =8¢,n) are the only two minimizers of I, in B (see Proposition 2.12). |

Proof of (bl). By the claim, an escaping solution of (1.12)—(1.15) exists if and only if
0 < & < g9 and 1 > no(e). In this case, the uniqueness of an escaping solution and the
classification of minimizers of I ; are obtained in Proposition 2.12, Lemma 2.7 yields
12, + g2, < 1, the regularity of (£, ge.,) follows from Lemma A.5, while the positivity
of f¢» and monotonicity of f; , and g; , are given by Propositions 2.10 and 2.9.

Proof of (b2). The fact that the non-escaping solution ( f, 0) is an unstable critical point
(and hence not a minimizer) of I, ; in 8 when 0 < & < g9 and 1 > 7o(e) was obtained in
the proof of the (<) part of the claim. The fact that the non-escaping solution ( f¢, 0) is the
unique minimizer of 1, , in B when ¢ > gg or 0 < 1 < n9(¢) follows from the claim. m

It remains to prove the following lemma used above:

Lemma 2.13. Let N > 2, &, > 0, and suppose that W € C?((—o0, 1]) and W e
C2([0, 00)) satisfy (1.10) and (1.11). If I, admits an escaping critical point ( fe.y, ge.y)
in B with g¢n > 0 in (0, 1), then the non-escaping critical point (f¢,0) is not a local
minimizer of I¢ . As a consequence, if the non-escaping critical point (f¢,0) is a local
minimizer of Iy, then (f,0) is the unique global minimizer of Iy in B and I,y does
not admit any escaping critical point (f¢.y, 8¢.n) in B with g¢ 5 > 01in (0, 1).

Proof. By Proposition 2.12, (f;5, £8¢,5) are the only two minimizers of /,, in 8. In
particular, I¢ 5[ fe.n, 8e,n] < Ieplfe. 0]. Suppose by contradiction that (f¢, 0) is a local
minimizer of I, ;. We use some ideas from [3,27]: we show, by means of a mountain-pass
theorem, the existence of a second escaping critical point ( f ,8) of I , with ¢ > 0, which
would lead to a contradiction with Proposition 2.12. Along the way, care is given due to
the fact that /, , is not always finite in 8. To avoid this problem, let V, VecC 2(R) be
bounded non-negative functions such that V|1 = Wjo.13, Vlfo.1] = W jo,17 and define
J: H — R by

N

-1
2 (fa+a)2

1
T Bl =5 [ [y + 8+
+ iZV(l —(feta) =B+ %V(ﬁz)]rN_l dr.
e n
Let M = {(a,B)eH: fo+a>0, B>0and(f; +a)> + B2 < 1in(0,1)}. Then

J € C1(J), M is aclosed convex subset of ¥, J [, B] = I [ fe + o, B] for (a, B) € M,
and (0,0) and (f;,, — f¢. 8e,y) are two relative minima of J in M with J(fe.y — fe. 8e.p) <
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J(0,0). We proceed to check that J satisfies the Palais—Smale condition on M (see e.g.
[43, Theorem I1.12.8]): if {(c;, B;)} C M is such that {J[«;, B;]} is bounded and

Glaj. Bjl = sup (DJaj, Bil. (@, ¥)) — 0, (2.22)
(@j—9.Bj—¥)eM
(@, ¥) e <1
then {(c;, B;)} is relatively compact in J. Indeed, since {J [e;, 8]} is bounded, {(c;, 8;)}
is bounded in #. Thus, we assume that («;, B;) converges to (c«, B«) € M weakly in J,
strongly in L2(B") and a.e. in (0, 1).
We may use

(0. ¥) = t(@j —ax, Bj = Bx) = 1((fe + j) = (fe + ox), Bj — B)

for a small # > O (which is independent of ;) in (2.22), since («t; — ¢, B; — V) is a convex
combination of (¢, B;), (a«, Bx) € M and M is convex. It gives

0 > limsup(DJ [, B;], (@ — @, Bj — Bs))

j—oo

1
= timsup [ [(f+ @) ey — o) + BB, — ) +

Jj—o00

N

-1
o (fe o)l —au)

W= (oo = B + ay)(ey —a) + By (B — o)
+ W8 By — )|

Using the strong convergence of (;, B;) to (e, B+) in L2(BY) and the boundedness
of (e, B;) in L*°(B N, the last two lines above converge to 0 as j — co. Then writing
o —ax = (fe + ;) — (fe + ), by the weak convergence of (o, 8;) in K, we get

N

! —1
0= timsup [ [+ @)+ B2+ 0 (kg 2] ar

Jj—00

N

1

— [ @+ B + o ek ],
Thus, [[((fe + a;j)n, Bj)ll g1y gy+1y converges to [[((fe + ax)n, Bx) || g1 gy my+1y and
so ((fe + a;)n, B;) converges strongly in H'(BY , RN *1) to ((f, + ax)n, B«). This
means also that («;, 8;) converges strongly in J to (a«, B+), giving the desired Palais—
Smale property for J.

Applying the mountain pass theorem (see e.g. [43, Theorem II1.12.8]), J has a moun-
tain-pass critical point (@5, ,38,,,) € M relative to M, i.e.

sup (DI [Gep. Benl (0. ¥)) =0, (2.23)
(&s,r/*W,ﬁs,n*Vf)EM
l(@,¥)ll e <1
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In addition, (&,y, ,38 ») is not a local minimizer of J relative to M. For ease of exposition,
we write f Je+d&pand g = ,38 »- Then (2.23) means

ool 1

! ! A/

2= (fo+sv)

1 ~, 5 a
+ ﬁwxgz)gw] dr
||(¢h¢)||ge5Lf—wzo,éf—w20,(f—<ﬂ)2+(§—W)251}. (2.24)

To proceed, we show that f2 + 4% <1in(0,1), f > 01n (0, 1) and either ¢ = 0 in
(0,1) or g > 0in (0, 1), so that we have in fact that ( f , &) is either a non-escaping solution
(fe, 0) or an escaping solution of (1.12)—(1.15). Once this is proved, by Theorem 2.1 and
Proposition 2.12, we then have that ( f , &) must be identical to either (f;, 0) or (fz,n. &e,n)-
which contradicts the fact that (¢, 5, ,38,,,) is not a local minimizer of J relative to M.

Indeed, if (¢, ¥) = té‘(f £)in (2.24), where ¢ € C2°(0, 1) is non-negative and t > 0
is small enough that 0 < 1 —¢¢ < 11in (0, 1), then

[+ g - _[(gz),,+zv @GP @+
—8—2W/(1—f2—£’2)(f2 )+ W@ <0 .0

in the sense of a distribution. It follows that the function X = 1 — f 2 _ 52, considered as
a radially symmetric function in BV, satisfies

2(N )f2>0 in (0, 1),

R SR 4 2a()R 2
where the continuous function a: (0, 1] — [0, oo) is given in (2.5). Since X >0, we deduce
from the strong maximum principle that either X =0in 0,1) or X >0in (0,1). The case
X =0is impossible since it would imply, in view of the above differential inequality, that
f = 0, contradicting that f(l) = 1. We thus have X > 0 and f2 + g2 < 1in(0,1).

As f2 + &2 < 1in (0,1), we may use (¢, V) = (—¢,0) in (2.24), where { € C2°(0, 1)
is non-negative and ¢ > 0 is sufficiently small so that ( f + té’)2 + 32 < 11in (0,1) to

get f” N— lf’ b(r)f<01n (0, 1) with b(r) = W(l f2—§2)€
loc((o 1. Smce f > 0 and f (1) = 1, we have by the strong maxnnum principle that
f > 01in (0, 1).

Likewise, we use (¢, ) = (0, —t{) in (2.24), where { € C2°(0, 1) is non-negative
and ¢ > 0 is sufficiently small so that f2 + (g +1t0)?<1in (0 1)toget " + =— N Lo/ —
c(r)g < 01in (0, 1) with ¢(r) == —SW'(1 — f2 2?) + .z W (8?). Since g > > 0 we
have by the strong maximum prlnmple that either ¢ = 0 in (O 1) or & > 0in (0, 1) As
explained earlier, this together with the prev10us shown facts that f f2 4 g% <1land f >0
in (0, 1) shows that the statement that (g, n) € B amounts to a contradiction.
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Finally, we explain the stated consequence: by the proof of Theorem 2.4 b), any mini-
mizer (fz,5, &¢,n) of I, in B satisfies |gs | > 0 or g, = 0. As we have just proved that
escaping critical points of I, , cannot exist whenever ( f;, 0) is a local minimizer of I, 5,
we conclude that every minimizer satisfies g, = 0, i.e. it is given by ( f;, 0). L]

2.4. The S" -valued model: Existence, monotonicity and uniqueness

We start with positivity of f;, and the monotonicity for an escaping solution ( f~,7 gn) of
(1.4)—(1.8) with g, > 0. Next we prove Theorem 2.6.

Proposition 2.14. Suppose WecC 2([o, oo)) satisfies (1.11), and ( f,7 gy) satisfies (1.4)—
(1.8) with g5 > 01in (0, 1). Then f77 > 0, f >0, g, <Oand( =1y < 0in (0, 1].

Proof. We adapt the strategy in the proofs of Propositions 2.9 and 2.10. By Lemma A.6,
(f~,7 gy) € C2([0,1],S!) and f(0) = 0. Recalling also that g, > 0, we may thus write
f,, =sin#, g, = cos 0 in [0, 1], where the lifting 6: [0, 1] — [-7/2,7/2]is C2, 6(0) = 0
and (1) = 7/2. Then 0 satisfies

N -1 N -1 1 ~
0" + = sin @ cos 6 — ?W’(cos2 f)sinfcost =: P(r,0) (2.25)

r r2

in (0, 1). Since 8(1) = 7/2,0 < /2 in (0, 1) and /2 is a constant solution of (2.25),
the maximum principle and the Hopf lemma applied to (2.25) yield 8 < /2 in (0, 1) and
0’(1) > 0.

Letry € [0, 1) be such that §(r;) = 0 and 6 > 0in (rq, 1]. Observe that, if r; > 0, then
by applying the Hopf lemma to (2.25) in (rq, 1), we have 6’(r1) > 0. In particular, 6 < 0
in a small interval (ry — 8, ry) when r; > 0.

Note that, since P(r, 6) is odd in 6, |0| satisfies in the sense of distributions,

N -1 .
O + =——16)' = P(10) i (. 1),

N -1
61"+ =——l6I

v

P(r,|16]) in (0, 1).
Since P is non-increasing in r, we apply the proof of Proposition 2.9 to get
(16Ds = 10| inmax(0,2s —1) <r <sforallr; <s <1,

where (|0|)s(r) = |6](2s — r). As in the proof of Proposition 2.10, the Hopf lemma then
implies that r{ = 0,1i.e. 8 > 01in (0, 1), and so the above gives

g >0 inmax(0,2s —1) <r <sforall0<s < 1.

In addition, we have that 8’ > 0 in (0, 1] (see Fact 2 in the proof of Proposition 2.9). In
particular, 0 = 6(0) < 8 < 6(1) = 7/21in (0, 1).
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Returning to (f,,, gn), we have shown that fn > 0, fn/ > 0and g, < 0in (0, 1]. The
statement (é)’ < 0in (0, 1] is obtained in the same way as in the last part of the proof of
Proposition 2.9 using the following equivalent form of (1.6):

(,N+1(f7~'7>/)’ - _rN+lx(r)fT~” <0 forre(0,1). .

Next we prove the uniqueness of escaping solutions of (1.4)—(1.8).

Proposition 2.15. Let N > 2, n> 0 and W e C2([0, 00)) with (1.11). Then system (1.4)—
(1.8) has at most one escaping solution (fy, gy) with g, > 0in (0, 1). Furthermore, when
it exists, then (fy, £gy) are the only two minimizers of the functional I,];/[M in 83MM,

Proof. By Proposition 2.14, we have f,, > 0in (0, 1) for any escaping (f,,,gn) with g, >0
in (0, 1) of system (1.4)—(1.8). To prove the uniqueness, we follow a similar argument
to the proof of Proposition 2.12, adapted to the new target space S¥. Indeed, denoting
my = (fn(r)n(x), gy(r)) e H! (BN, S™) for a solution (ﬁ?,g,,) in (0, 1) of system (1.4)—
(1.8) with g, > 01in (0, 1), take an arbitrary radial configuration m = (f(r)n(x), g(r)) €
HY(BN,SV) with m = (n,0) on 0BN. Setting V = m — my = (s(r)n, q(r)) €
Hy (BN, RNT1), the constraints |m| = |my| = 1 yield fys + gng = my -V = —3|V|?
in BV By the convexity of W and (1.6)—(1.7), we have

LMf 8] = LMy 0]
1! =
= 5 [ g 60 20+ @7
0

-2
N —1

~ 1 ~
T Qs )+ W) Qg + ) dr

Loy N-—1 1~ X
= E/(; rN 1{(S/)2+(q/)2+ > 32+?W/(g%)qz‘i‘z/\(fnS—i-gnq)} dr

1 1 ~
= — VVIP+ =W'(g2)VZi., —AVI*}d
s L AITVE+ W@V - v ax

. 1 MM

Claim: For every V(x) = (s(r)n(x),q(r)) € H (BN ,RN*1Y), it holds that
iz [ 0]v( ) e[ + gt |[v(L )]
n

Proof of claim. Since FY™ is continuous in Hg (BN, RN*1) (because A, W’(gf]) €
L®(BY) by Lemma A.6), by standard density results and Fatou’s lemma, it suffices
to show the claim for V = (s(r)n, q(r)) € C(BN \ {0}, RV *+1). For that, we apply
[25, Lemma A.1] to

- ~ 1 ~
L=-A-A(r) and T:=-A+5W'(g2,)—Ar).
. :
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Writing
= (S(V)l’l, q(r)) = (Vl» [REE] VN, VN+1) € CCOO(BN \ {O}7RN+1)?

OO
V= fo¥ with ¥ = 2 forj =1,
n

VN1 = gnI7N+1 with Vy 1 = gi’
n

we have
N
FYMV] = Z/BN LV;-V;dx +fBN TVnir-Vhgrdx
j=1
N ~ -~ ~ ~
=30 [ ATAVOE+ LTy )
j=1

+ [ GVl + Vi Ten-g0) dv

:/BN{f:?z’ (f((r)) ())‘ r_ls +gn(|x|)‘V( )(le)‘}

= [, Aenv ()] + e [v (e[ ax

because L f — N1 f,,,Tg,,:O(by(l 6)~(1.7)) and (Vy,...,Vy) = S") 2n(x) with

7'2
|Vn|? = N . Hence, the claim is proved. |

Consequently, ( f,. +g,) minimizes )M in BMMUTE ( ﬁ, &») also minimizes )™ in
B™M, the argument in Step 1 of the proof of Proposition 2.12 gives (fy — f,)/ fy and
(&4 — &n)/ 8y are constant in (0, 1). This together with fn(l) — ]7,7(1) = 0 gives fn = f,7
and &, = ag, in (0, 1) for some constant a € R. Since f~,72 +gr=1= ﬁ,z + &; we deduce
that &, = =gy in (0, 1). This proves that ( fy- £gy) are the only two minimizers of I ™
in 8MM. Lastly, if ( f,, &) is also a solution to (1.4)~(1.8) with &, > 0in (0, 1), then the
claim yields that ( fvn, &y) also minimizes ;™ in 8MM, and by the above, an = f, and
8n = &y in (0, 1). The proof is complete. =

Proof of Theorem 2.6. Recall that for N > 7, since w > 0, the equator map m(x) =
(n(x), 0) is the unique minimizer of E}\}’[M in A for every n > 0 (see Remark 1.1). Thus,
by (1.11) and Proposition 2.15, escaping solutions of (1.4)—(1.8) do not exist for any 1 > 0.

Suppose now that 2 < N < 6 and fix > 0. The uniqueness of the escaping solution
( f77 gn) of (1.4)—(1.8) with g, > 0, together with its minimality, monotonicity and positiv-
ity, was proved in Propositions 2.14 and 2.15 and its regularity follows from Lemma A.6
in Appendix A. It remains to prove the existence'' of an escaping solution of (1.4)—(1.8)
for 2 < N < 6 and the instability of the non-escaping solution (1,0) for3 < N < 6.

"For the existence of an escaping solution, it suffices to assume W € C2([0, c0)) instead of (1.11).
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Proof of the instability of (1,0) when 3 < N < 6. We show the second variation of 7™
in 8MM at (1,0) is not non-negative semi-definite, i.e. there exists ¢ € Lip, (0, 1) such that

er\’/[M[O’q]z [MM( (1,29) )

dt?lr=0 " 1+ 1242
! N—-1 W’ (0
- / [(q’)2 - g%+ ( )qz]rN_l dr < 0. (2.26)
0 72 n?

To this end, we adapt the computation in Step 1 of the proof of Lemma 2.3 (c). Writing
q = ¢q with ¢ = r="3% and applying [24, Lemma A.1] (for the Laplace operator), we
have for N = N2 —8N + 8 < 0,

oyo.a = [ @+ SV + Wf;?r Ja2)rar

For 0 < b < a < 1 to be fixed, let G(r) = sm(l” In z) for r € (b,a) and G(r) = 0
otherwise. We have

o= 3l (7) + o+ TR

Noting that N <0 for3 < N <6, we can select 0 € b < a < 1 such that the above
quantity is negative.

Proof of the existence of an escaping solution. Minimizing I)™ in 8™, we obtain a
minimizer ( ;. g,) € 8M™. Replacing (ﬁ,,gn) by (| /5] 1gn]) if necessary, we have f, >0
and g, > 0. It is readily seen that (fn, gy) satisfies (1.4)—(1.8). By (1.6), the fact that
f,,(l) = 1 and the strong maximum principle, f,, > 01in (0, 1). By (1.7) and the strong
maximum principle, either g5 > 0 or gy =0 in (0 1). The case g, = 0 cannot hold since
it would imply f,, = 11in (0, 1) (since f2 + g,] =1, f,,(l) = 1and f,, € C((0,1])) and
N > 3 (since r n f,7 € L2(0, 1)), which contradicts the instability statement established
above. |

Remark 2.16. For N = 2, if we define the second variation of 7)™ at (1,0) (in 8™")
along directions (0, ¢) compactly supported in (0, 1) by (2.26), then the same proof as
above yields a perturbation ¢ € Lip,(0, 1) such that

0M™M[0,4] < 0. (2.27)

Remark 2.17. One can also prove Theorem 2.6 by considering the limit as ¢ — 0 of
the escaping (minimizing) solutions (fz, > 0, g, > 0) obtained in Theorem 2.4 for a
fixed 7 > 0 with W(z) = ¢2. The strong limit ( fy. gy) of {(fe.n. &e.n)}e—s0 in B is indeed
escaping because the non-escaping solution (1, 0) (which corresponds to the equator map
m(x) = (n(x),0)) is unstable for 7)™. We omit the standard proof.
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3. Stability analysis of vortex solutions

3.1. An orthogonal decomposition for the second variation

Assume that N > 2 and W € C2((—o0,1]) and W € C2([0, 00)). Let Mgy = (fonh, 8e,n)
be any (bounded) radially symmetric critical point of E,; in +, and define the second
variation Qg »: H} (BN ,RN*1) — R of E, , at m,,, as follows. Under our assumptions
on W and W, E. , may take an infinite value in any neighborhood of m, . To bypass

this technical matter, we first define the second variation Q. ,[V] along a direction V =
(v.q) € C(BV \ {0}, RY) x C*(BY \ {0}, R) = C(B" \ {0}, R¥*1) by

dz
Qs,n[V] = W’t=0Ee,n[ms,n +tV]
- [ [|w|2+|vq|2__w<1_ — @20 + 40+ 5 W(e2,)g”
BN n?
2
+ W”(l_ ggn)(fsnn v+g81ﬂ)
+ ;W”(gin)ginqz] dx, G.D)

and extend this definition to V € H} (BN, RN *1) by density using the fact that the right-
hand side of (3.1) is continuous H} (BN, RN *1) (because f; . gen € L®(BY) and W
and W are twice continuously differentiable). We will see that this definition is appropriate
for our proof of the local minimality of the escaping critical points.

In the sequel A : B denotes the Frobenius scalar product of matrices. Writing v =
sn + w, where w - n = 0, with s € C*(BY \ {0}, R) and w € CX (BN \ {0}, RY), we
compute

N —1
|Vv|? = |Vs|* + —2s2 + |Vw|? + 2V (sn): Vw,
r

/ V(sn):Vwdx = —[ A(sn) -wdx = —2/ Vs - ((Vn)'w) dx
BN BN BN

2
—/ —(w-V)sdx,
BN T

where we used w - dgn = % for1 <k < N because w - n = 0. It follows that

N —1 4
QenlV] = / [|Vs|2 + —5—s> 4+ |Vw]* — —(w - V)s + |Vg|?
BN r r

1 1
— W= S -6+l + ) + W (g2)d°
2
+3 W"(l — 12— 82 ) (femS + @)’ + = 7 =W (g2,)8n4 ]dX-
We identify x = (r,6), where r = |x| > 0and 6 = iy € SN¥—1 Let I} denote the covariant

derivative of the standard metric g,oung On the unit sphere S¥-1 and do denote the surface
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measure on SV~ For a tangent vector field w on S¥~! (i.e. w - n = 0), one computes
[Vw|? = [3,w]* + —(|w|2+|12>w|2), (3.2)
0untVi= [ [ Hiansr + Lipsp +
1 2 2 4 2 1 2
+ | Pw|* + —2|w| - —2(w -D)s + (3,9)* + —2|12>q|
r

1 1
__W(l_ gsn)(s _’_|u}|2—+_q2)_’_17 W(gsn)q

1
52 + [0, w]?

+ W”(l - ggy;)(fe nS + e, nCI)

+ ﬁW”(gi,,)gsz,nqz} do dr. (3.3)

We start with an orthogonal decomposition for Q, . LetAg =0<A; <Ay <.+ — 00
be the eigenvalues of the Laplacian —A on S¥~!, and let {'0, {1, ... be a corresponding
orthonormal eigenbasis of L2(SY~1). In particular, Ay = N — 1 fork =1,..., N, )Lk >
2N fork > N + 1, and the first N 4 1 eigenfunctions can be taken as ZO(G) m

L (0) = ,/Wek for 1 < k < N.Moreover, fSN*I {rdo =0forallk > 1.

Proposition 3.1. Let N > 2, W € C2((—o0, 1]), W € C2([0,00)), mey = (fenh. 8e.p)
be a radially symmetric critical point of E¢y in A and Q5 be the second variation of
E¢y at mg,y defined by (3.1). Suppose that V = (v = sn + w,q) € C®(BN \ {0}, RV 1)
withw -n = 0. Forr € (0, 1], let

o w(r,-) = w(r )+ PY(r, ) be the Helmholtz decomposition of w(r,-) as a tan-
gent vector field on SN, where 1 € CC°°(BN \ {0}, RV), v € CC"O(BN \ {0}, R),
D-w(r,-) =0and Jsn—1 ¥ (r,0) do = 0, where we use the convention that w=0
when N = 2;

* the expansions of s(r, 0), ¥ (r, 0) and q(r, 0) in the basis {{; }72, be

sro) =Y siG. Y =) i, g =Y g, (34

i=0 i=0 i=0
with s;, Vi, qi € C2((0, 1)) for every i > 0.'> Then V = (., 0), V; == (sitin +
ViBLi, qiti) € CR(BN \ {0}, RNF) fori > 0 and

Qs,n[V] = Qs,n[f}] + Z Qs,n[Vi]- (3.5)

i=0

2Note that ¥ = 0 since ¥ (r, -) as well as ¢; has zero average on SN ! fori > 1.
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For a related decomposition see [13, 19,36] (in the context of the Ginzburg—Landau
energy), [20,32] (in the context of micromagnetics), [25,27] (for the Landau—de Gennes

energy).
Proof of Proposition 3.1. Observe that for a tangent vector field w (i.e. w - n = 0),
/ (w-P)sdo = —/ D - wsdo. (3.6)
SN-1 SN-1
Hence, in the coupling term (w - P)s between s and w in the expression for Q, ,[V] in
(3.3), the divergence-free part of the tangent vector field w does not contribute. If w =

W + Py is the Helmholtz decomposition of w with /-1 = 0 and [gy—1 ¥ do = 0, then,
by (3.6),

/ |w|2d0=/ |1f)|2d0+/ |lw — 0% do,
SN-1 SN-1 SN-1
/ |8,w|2d0=/ |8,1f)|2d0+/ 10, (w — )|? do,
SN-1 SN-1 SN-1
[ sdo= [ =) Dsdo
SN-1 SN-1
/ |125w|2da=/ |E)tf)|2do+/ |B(w —)|* do
SN-1 SN-1 SN-1
= [ pdPdo+ [ @02 - v - 2IpyPldo.
SN-1 SN-1
where we used the Bochner identity (see e.g. [41, Ch. I, Proposition 2.2])

/ B2y do = / [(AY) — (N —2)| By ] do.
SN—1 SN—1

where Dzw and Ay are the covariant Hessian and Laplacian of 1. Summing and using
(3.4), the Dirichlet part in O, »[V] in (3.3) becomes

Dir :=/ r"’—l{(a,s)2 + (0,9)* + |0, w|?
SN-1

L V= Ds? + [ Bs]? + [ Bq|? + [Bw]* + [w]> — 4w - P)s
r2

}dcr
- o 1 o I 1 N -1
=/ P08+ S IBBP + 1B + @) + — | Bs + =52
SN-1 r r r r
N

-3
Dy

1 1
+@r9)* + 5 1Dql* + [0, DY I” + S (Ay)? — —

— %Ew . E)s} do
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1 1
_ N-1 02 , Ligon 1 o
—/SN NP S IDBP + 1B do
N-1 2)‘+N12 N2 )Liz L (U2
+§ r () + 2 S +(¢;) +r—zqi + i (Y1)

A =N +3) 5 4k
L M / )
r

1ﬂtsl}

Noting that, as A;(A; + N —1)(A; = N +3) — 4Ai2 =AA+N-3)L—N+1)>0
for A; > N — 1, which holds fori > 1, we have

/xi+N_1x2+Ai(xi_N+3)y2_4;_A2i

> > xy >0 foralli > 1.
r r

Recall also that 9 = 0 and Ay = 0. Hence, all the summands on the right-hand side of

the identity above are non-negative. Hence, by the Fubini—Tonelli theorem, we obtain the
following formula for Q. ,[V] in (3.3):

QeqlV] = /lDirdr
//sm ——W(l— — 82,67 +|w|2+q2)+ = W'(g2 )
t2 W"(l— — g2 ) (fenS + gend)”
+ ?W”(gin)ginqz} dodr

= Qa,n[f}] + Z Qa,n[Vi]y

i=0

because the same computation as for the Dirichlet energy Dir yields

o 1 [}
||VV||L2(BN RN+1) = / /;N 1 |8 W] + 2|lDw|2 + r—2|w|2} dodr < oo,

Ai + N —1 Ai
||VVZ||L2(BN,RN+1) —/0 N= l{(Si)z lr—zslz + (ql{)z + —;‘112
Ai(A; =N +3) 4A;

PP+ IRy Sy dr < o,
which finally gives the expressions of Qg , [I;] and Q; »[V;:] used above:
S ! o th} 2 + lf} 2
Ounliy= [ [ s |arw|2+—' SaL
0 SN-1 r

_wa—- — g2 )|w[?
82 }

dodr,
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! Ai+ N Ai—N+3
Qualtil = [ i+ 2ET R 4 a2 4 MOy

4)& Vs
r2

+(g)* + zq,

- —W (1= f2, — g2 )7 + A} +q,)+ Ly (82,47
+ Wﬂ(l - — &, n)(fs nSi + &e, riql)

+ ?W”(&in)ginqi2 . 3.7)

Thus, (3.5) holds. L]

Strategy of the proof of stability/instability. The aim is to study the positivity of the
terms in the decomposition of O, ,[V] in (3.5). For that, we will use the Hardy decompo-
sition [25, Lemma A.1] for the two operators L and T defined in (2.11) (as in the proof of
Proposition 2.12). By equations (1.13)—(1.14), one easily computes for o € R,

L(r® fon) = —20r*™! on— @@+ N—-2)+N - Dr* 2 fon,
2N — 1) 2N —1)
L(fg,,n) =- 2 f:c;’yl + 73 fS,TI
W//(l_ gan)( fen+f8ng87]gsn)
(3.8)

Tgen =0,

’ N -1 "
ng,r] =5 ggr]__W (1_ gsr])(gé‘?]fsnf:en_kgsr]gsr])

- ﬁWN(gg,n)ging;,m

paying attention to the differences in the cases g¢, > 0 and g, = 0.
Stability in direction V= (0, 0).

Lemma 3.2. Suppose N >3 and W € C?((—o0, 1]) and W e C2([0, 00)) satisfy (1.10)
and (1.11). Let mgy = (feqn, 8s,n) be a radially symmetric critical point of E¢ y in 4
with ge.n > 0in (0, 1), and let Q¢ 5, be the second variation of E¢y at my defined by
(3.1). Then there exists a constant C > 0 independent of €, 1 > 0 such that for every
e CP(BN\ {0}, RY) with -n = 0and Ip -1 =0,

Qenl(15.0)] = C /BN 12 dx.

In the lemma above, m, ; can be either an escaping solution with g¢ , > 0 or a non-
escaping solution with g, , = 0. Also, for N = 2, this inequality is obvious since w = 0.
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Proof of Lemma 3.2. Note that f; ; > 0 by Proposition 2.10. Let « € R to be chosen later

(see (3.10) at the end of the proof). We factor 1 = r® feqW with @ = (Dy, ..., W) €
CX (BN \ {0}, R") and we apply [25, Lemma A.1] for the operator L in (2.11):

N
0unl@.01= [ YL ax
j=1

N
= Z/BN (P22 f2 VD >+ DIL® fog) - (r* fon)} dx
j=1

= /1/ r20t+N—lf2 {|8 @|2_2af€/ﬂ7|@|2_ (Ol+])(Ol+N—3)|®|2
0 JSN-1 s r'fen r?

1
+ (DD~ [@)} do dr, 3.9)
r

because of (3.2) for the tangent vector field w and (3.8). By the Poincaré inequality for a
divergence-free vector field on the unit sphere (see Lemma C.1),

/ |ID@|2daz(N—2)/ |D|? do.
SN-1 SN-1
We then choose @ € (—(N —2),0) yielding
a<0 and (@+ 1)@+ N-3) <N -3. (3.10)

Since fs/’77 > 0 (see Proposition 2.9) and rlz > 1in (0, 1), it follows that Q. ,[(0, 0)] >
C ||1§’)||i2 for a constant C > 0 independent of ¢, n > 0. |

3.2. The extended model: Stability of the escaping vortex solution

Stability for the zero-mode Vy. Recall that A9 = 0 and gy is a non-zero constant that
satisfies [|Co[| 2(sn-1y = 1, in particular, )¢y = 0; thus, the zero-mode in (3.5) is given
by Vo = (son, g&o) for two functions s, g € C°(0, 1).

Lemma3.3. Let N >2, W € C?((—o0,1]) and W € C2([0,00)). Let me. = (fe.yht, 8e.n)
be a bounded radially symmetric critical point of Eg 5 in 4 and let Qg y be the second
variation of E¢ 5, at mgy defined by (3.1). If fen > 0 and gz, > 0 in (0, 1), then for
(s.9) € €20, 1),

2

2
+g2,

Qe,n[(SZOn’qg‘O)] N /01 rN_l{ ‘5’7 (f:n)/ (gj,n)/

2
+ S W= f2) = g2 fens + gend)?

2 ~
+ ?W”(gﬁ,n)gﬁ,r,qz} dr.
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Proof. Recalling the operators L and T defined in (2.11), by (3.7),

N-1,
s“+Tq-q
|x|?

+5 W”(l — [y — o) (femS + gemd)”

1
Qs,n[(SEOH,qio)] = W/BN LS s +

+ n_ZWN(gg,r])gsz,nqz} dx.
We factor s = fz S and ¢ = g, 4 and (3.8) combined with [25, Lemma A.1] yields the
conclusion. (For details, see (2.12).) [ ]
Stability for the modes Vi, i > 1.

Lemma 3.4. Assume N > 2 and W € C?((—o0, 1]) and W e C2([0, 00)) satisfy (1.10)
and (1.11). Let mgy = (fe,yh, 8e,n) be a radially symmetric critical point of E,  in A
and let Q¢ y be the second variation of E¢  at m ;, defined by (3.1). Suppose that g¢ , > 0
in (0,1). I s, ¥,q € C°(0, 1) then, fori > 1 and V; = (s¢;n + ¥ B&;, q8),

0V = | e fj’”>, e ‘(;wn)
+(gé,,,)2‘(; )/)2

&
2 , (VN —1s  JAirg\2

+ 5 fenfln (o - ) far=o.
r fs,n fs,n

Moreover, there exists a constant C > 0 independent of €, > 0 such that
QeplVil = C”Vi”iz(BN) foreveryi = N + 1.

Proof. By Proposition 2.10, f¢» > 01in (0, 1). By Proposition 2.9 we have that £, > 0
and g;, < 0in (0,1). We factor s = f,§, ¢ = @1} and ¢ = g, ,q. Recalling the
operators L and T defined in (2.11), by (3.7),
1 Ai+N—-1,
QenlVil = W/BN{LS'S—FMU/"W-FTCI'Q-F r—zs
Ai(Aj = N +3 4)L
+ Mw _— w +

r

2
+ 8_2WN(1 - fs?n - gin)(fa,ns + ge,nQ)z

2 ~
+ ?W”(gg,n)gsz‘,nqz} dx
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= [ e s A =D )<f8,7>“

Y/ (w 4 2 fg,,,fg,,,&z
+/\l(l, rSN 1))f8,7 8,,
+#(gw)2q2+<ge,,)< )2

2W”(l— — 82 fou fin8en8hyG =2} dr. Gu1D

where we used [25, Lemma A.1] and (3.8). As f;, > 0, fe’,n >0and A; > N — 1 for
i>1,

N — N -1
(r D gy 4 Ml r( ) g2 g
2V (hi — (N =1 s
o NG WD) i,
Fori > 1,
VAN =1 +2vAi (i = (N = 1) =44 =2V 4i[(VA; = 1)? = (VN = 1= 1?] 20,
SO

2V2i(Ai = (N = 1)) \//\(N 1) e
r faﬂf,nw

r3 f€7lf57]| WI

Putting these inequalities in (3.11), we conclude
1N—1 P2z L M2 he 1 N2(AN2
QealVi) 2 | VL@V + 5 S50 + (g, @)
2 R R
+ 5 fon fy VN =18 = Vi) dr

This proves the first assertion.

Consider the second assertion concerning the case i > N + 1. We prove a uniform
L? lower bound by a different Hardy decomposition using A; > 2N . Indeed, we factor
S = fens, ¥ = fg,ng/; and g = g,,q and we compute using [25, Lemma A.1] and (3.8):

1 <2 . = . .
Qs,n[Vi] = W /BN {fg?n|vs|2 + SZLfs,n : fs,r; + Ai(fg%y]|vvf|2 + szfs,n : fs,r])
Ai+N -1 Ai(Ai =N +3
PN, MmN+
r r

+82,IVal* +

42 A 2
- —sw +3 + W (L= f2, = g2 ) (fens + 8end)”

+ ?W//(gg,n)gs,nq }dx
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- . Ai ~ Ai(Ai =2N +4)
2/0 N 1{ s?n(s/)2+r_;sz+ki 8?7]“”/)24_ i(A rz w2

A 4/\
+ gs,,(q )? +

Wﬂ(l - — &, r,)(fe nS + &e, 7751)
+ FW//(gg,n)gg,nqz} dr
! N-—1 2 N2 2 (712 A’ 2
= [P A 2,0+ =290 }dr (3.12)

where we used (1.10) and A; > 2N fori > N + 1. Finally, the L? lower bound (uniform
in &, > 0) follows by the Hardy inequality in RN *2 using r < f; ,(r) < 1 (as in (2.20)):

1 1
/ PN (h )2dr>/ rNE () dr
0 0

2
> N— N2 gy
4 Jo
N2 1
>— | PN R, (3.13)
4 Jo ’
where h stands for either § or /. |

We are in position to give the following proofs:

Proof of Theorem 1.5 (a) and (b). By Theorem 2.4, we only need to prove that, when an
escaping critical point mg ,(x) = (fe,5(r)n(x), ge,n(r)) with g, > 0 exists, the sec-
ond variation Qg , of E, , at m., is positive definite, and that m, 5 is a local minimizer
of Eg .

Proof of the positive-definiteness of Q¢ . Fixsome V € C®(BN \ {0}, RV+1) and define
= (10,0), V; = (s;&in + i p&;, qi &) as in Proposition 3.1. By the orthogonal decom-
position (3.5), Lemmas 3.2, 3.3 and 3.4, we have

N
+ Q0+ 0. (3.14)

L2(BN) i=1

QunlV] = cH S

i=0

2

2 /
q0

g2 ‘( )
ol 8e,n

Qo =/0er_1{ a?n’(;son)/

2 ~
+ W”(l_ — & n)(fa nS0 + 8e, nCIo) + = 7 W"(gi,,)g?,nq(z)} dr,
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o= [} oG T+ 53l (T + |G T
P

By the density of C2° (BN \ {0},RY*1)in H} (BY , RN *1) and Fatou’s lemma, the above
inequality holds for all V € H} (BN ,RN*1), proving that Q, , is non-negative semi-
definite.

Suppose next that Q. ;[V'] = 0 for some non-trivial V € H} (BN, RN *1). The above
inequality implies that V = ZzN=o Vi, S0 = o fe» o = Co8e» Si = Ci fops Vi = % fen
qi = c}g;,n in (0,1) for 1 <i < N and some constants c;, &, ¢;. As V; = 0 on dBY and
Sen (D), f,(1), g; (1) # 0, we deduce that V = Vo = (0, o%o).

Suppose by contradiction that ¢y % 0. Then go has no zeros inside (0, 1), therefore
W' - f2, —g2,) = I/T/”(gezyn) = 0in (0, 1). It follows that W' is constant in [min(1 —
12, — g2, max(1— f2, — gz )] =:[0,7] and hence W’ =0in [0, 7] since W’(0) = 0 (by
(1.10)). Recalling (1.14), we thus have that —Ag, , + 72 W (g2 1)8en = 0in BY . Since
W' > W'(0) > 0in[0,00) (by (1.11)) and g¢., = O on aBN, we deduce that g, , = 0 in
BY, which gives a contradiction to the assumption 8en >0in B N Thus, ¢y = 0, leading
to go = 0 and V' = 0. This proves that O, , is positive definite.

By (3.1), the convexity of W and W the fact that W’ > 0 and the boundedness of
(fe.n+ 8e,n)» we have for some constant C; = Cy(g) > 0 that

’ dr, 1<i<N.
)l

Qe,n[V] > ||VV||i2(BN) -G ||V||i2(BN) forall V € H()I(BN,RN+1)~
This together with the weak lower semi-continuity of Q. in Hj (B N RN*1) implies
that min{Q,»[V]: V € HI (BN, RN*1), [V llz2¢gvy = 1} is achieved and positive (as
Q¢ s positive definite), yielding, for C; = Cz(e, 1) > 0,
1
QenlV] > C—2||V||§2(BN) forall vV e H} (BN, RN*),
The above two inequalities imply for C3 = Cs(e,n) = 1 + C>(Cy + 1) that
1
QenlV] > C—3||V||§11(BN) forall V e H} (BN, RN*),
Proof of the local minimality of me . We note a subtlety in this step due to the fact that
E.,, may not be finite in an H| neighborhood of m,, as we make no growth assumption
for W and W. Since m, , is a critical point for E, , in #, we have, for V = (v, q) €

H()l (BN,RN+1),

1
Bulien + V1= Englines] = 30unlV) = [ (e Vo)) d,
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1
hx,y) = 55 W = Imey () + Y12 = WL = ey ()
+ W (1= ey (1)) @y (x) -y + [y )
= 2W (1 = [y ()17 O () - )7}

1~ ~
+ ﬁ{w (e () + yn41)?) — W (g2 ,(x))

— W'(g2,(X)2gen(X)yN+1 + Y1)
—2W" (g2, (x))g2,(X) ¥ 41 )-
Note that & € CO(BY, C2(RN 1)), h(x,0) = 0, V,h(x,0) = 0, VZh(x,0) = 0 (thus,

(D.1) holds true in Proposition D.1) and, due to the convexity of W and W, h satisfies the
growth assumptions in Proposition D.1 for p = 2, namely

1 1~
h(x,y) > _s_ZWU(l — Mg (x)[2) (Mg (x) - y)* — FW”(gf,,,(X))gf,n(X)yzsz
> —C(e, )|yl

for every x € BY and y € RN *! and a constant C (g, ) > 0. Combining Proposition D.]
with the positive-definiteness of Q. 5 yields for some § > 0 and C>0 (depending on &
and ),

Eeplmen + V] = Eeylmen] + 5||V||§.11(BN)

forall V e HJ (BN, RN*1) with |V || 1(gny < 6. "

Remark 3.5. The above result can be used to obtain the local minimality of any escaping

radially symmetric critical point me y = (fenn. ge.y) of E¢y with gey > 0 and f2, +
ggz,,7 < 1 under a slightly weaker assumption that W € C?2(]0, 1]), W e C?2([0,1]) and

W(©0) =0, W) >0 in(—o0,1], W"()>0 in]0,1], (3.15)

W(@©0)=0, W()>0, W'(t)>0in[0,1], W) > W(l) in[l,00). (3.16)

In the Ginzburg-Landau context, similar conditions appeared in [33].

Indeed, for m € A, define the truncation Tm € A of m by

m(x) if [m(x)| <1,
Tm(x) = m(x)
Im (x)]

if jm(x)| > 1.

Observe that, by (3.15)-(3.16), E, 5[m] > E, ,[Tm] for m € A. On the other hand, by
applying Theorem 1.5 to a pair of potentials satisfying (1.10)—(1.11), which agree with
(W, W)in [0,1] (e.g. by using suitable quadratic polynomials outside [0, 1]), we obtain that
there exist § >0 and C >0 such that E, ,[Tm] > E 5 [m¢ 5]+ é ITm—meyllgr gy my+1y



Local minimality of Ginzburg-Landau vortex solutions 705

whenever m € A and ||Tm — me | g1 gy gy+1y < 8. Therefore, to prove the local min-
imality of m, ,, it suffices to show that the truncation map is continuous at m, y, i.e. if
mj — mey in HY(BN ,RN*1) then Tm; — m, in H'(BY,RV*1). Indeed, observe
that, for a, b € RY with la| > 1,1b] <1,

b-a\2 b-a |2 b-a\2 b-a |2 a 2
(- b= (- b
la =0 = (lal = 7) + o= zal = (1= T7) + - el =g

This implies that
2 2
[|m; _ms,n”LZ(BN’RN-H) > |Tm; _mé‘,??”L2(BN’]RN+1)’

and so Tm; — mg,, in L2(BY RN *1). Since | Tm; |1 gny < lmjll g1 gy, {Tm;} has
an H'-weakly convergent subsequence {7}, " }, whose weak limit must be m, , (in view
of the strong L2 convergence of Tm i), and

Ve yllp2cay g1y < l}ggf”Vijk lL2(BN RV +1)-
On the other hand, by construction,
IVTmjllL2gn gv+1y < IVmjllp2 gy gav+1y = Vg llL2gy gv+ry.

We thus have that [[VTmj || 2gv gy+1y = Ve llp2gn gy+1y and so Tmj, — me
in H'(BYN,RN+1). Applying the above argument to any subsequence of {Tm;}, we get
Tm; — mgy in HY (BN, RN *1) as desired.

3.3. The R” -valued model: Stability of the vortex solution

Let N >2and W € C?((—o0, 1]) satisfy (1.10). Let u, = f,n be the radially symmetric
critical point of ESL in ASL obtained in Theorem 2.1, and let Q" be the second variation
of ESY atu, = fen,

05t u] = [ [IVoP = SW/1 = 20 + SW1 = £2) 12007 dx (a7

for every v € H} (BN, RY).

Proof of Theorem 1.2. We will only prove the positive-definiteness of QS in C°(BN \
{0}, ]R{N). As in the proof of Theorem 1.5 (a), the estimate we obtain (see (3.18) below)
implies that QS [v] > C ”””%{1(31‘/) forv e HJ (BN, RV) and that u, is a local minimizer
of ES" in ASE, more precisely, for some constants § > 0 and C > 0 (depending on ¢),

ES"ue 4 v] > ES[u,] + 6||v||§,1(BN) forallv € HY (BN, RY), v g1 sy < 8.

Take an arbitrary v € C®(BY \ {0}, RY). We use the decomposition in Proposi-
tion 3.1 in the orthonormal basis (¢;);>0 of LZ(SV~1). We write v = sn 4+ + Py with
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s € C(BN\{0}), b € C=(BYN \ {0}, RY) being a tangent vector field (i.e. 1 - n = 0)
with I - (r,-) = 0on SV "' and ¥ € C (BN \ {0}, R) satisfying [gv— ¥/ (r.0) do =0,
and decompose

s(n8) =Y si(NGO). V(.0 =Y vi (NGO,

i=0 i=0
with s;, ¥; € C2((0,1)) foralli > 0 and all r € (0, 1]. We will prove

U—Z

=1

N . / .
> [l () - 2 (- Ty
z(r}/f)/z

where v; = s;¢in + Y PG € Cc°°(BN \ {0},R™), i > 0. By Proposition 3.1,

oS ] = C

L2(BN)

}dr, (3.18)

Il = QMWD + Y 05 [vi].

i=0
First, Lemma 3.2 yields a constant C > 0 independent of & such that
Q] = Clwl)3.
for every tangent vector field 0 € C2 (BN \ {0}, RY) with b - i (r,-) = 0. Second, for
the zero mode vy = s¢on, the proof of Lemma 3.3 yields
S0\’ |2 2
<_) ‘ + 8_2W”(1 - fsz)fszsg} dr

g soon] = /01 rN_l{fe2 I

[T
0 fe
where we used 7 < f, < 1 in (0, 1) and the Hardy inequality in R¥*+2 (as in (2.20)).

Third, for the modes v; = s;¢in + ¥; P¢; for 1 <i < N (sothat A; = N — 1), we factor
si = fJ8;and y; = %wi, and the computation in the proof of Lemma 3.4 yields

1
i) = [ V00260 + P LG = 0 4 S 2

> 0.

N2 N2
dr > —/ N-lg2dr = 7 — [lvoll%,.
0

4

Finally, for the modes v; = s;{;n + ¥; D¢ fori > N + 1, we factor s; = f,.5 and ¢; =
feWi; by the computation in the proof of Lemma 3.4 (see (3.12)),

£-vi] = Cllvillagpyy foreveryi = N +1.

for some C > 0 independent of ¢ and i. These estimates yield (3.18). ]
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3.4. The extended model: (In)stability of the non-escaping solution

Let N >2, W € C?((—o0, 1]) and W e C?([0, 00)) satisfy (1.10) and (1.11). Let 71, =
(f¢n,0) be the in-plane radially symmetric critical point of E 5 in /4, where f; is given by
Theorem 2.1. Let Q_e,,, be the second variation of Eg; at m,: for V = (v, q) €
Hy (BN RV) x H} (BN ,R) =~ HJ (BN RN+,

Q_E,H[V] = QSL[U] + Q_e,n[(Ov 9)],

— 1 1 ~
Ounl®.a)) = [ [19a = SW/(1 = f200% + /002 ] ax
BN n

where QS is the second variation at the critical point u, = fzn of the Ginzburg-Landau
energy EST given in (3.17) and LS is defined by (2.1).

Proof of Theorem 1.5 (c). We will only discuss the positive-definiteness of Q_s,n. As in
the proof of Theorem 1.5 (a), in the case when Q_ &, 18 positive definite, we have that
Q:cnlV] > C||V||§{1(BN) for V € H{ (BN, RN*1) and that /1, is a local minimizer of
E , in #: for some § > 0 and C > 0 (depending on ¢ and n) and all V € H} (BN RV +1)
with ||V||H1(BN) < 6,
Eoylifie + V] 2 Eoyliie] + CIV I3 gw)-

By Theorem 1.2, QS is positive definite. Therefore, Q_S,77 is positive definite if and
only if Q¢ ,[(0,-)] is positive definite, i.e. £(g) + WLZW'(O) > 0, where {(¢) is the first
eigenvalue of LS on BV with zero Dirichlet boundary value. Recalling that we are
assuming that (1.12)—(1.15) has no escaping solutions, we deduce from Theorem 2.4 (a)
and (b), Lemma 2.3 and the fact that w' (0) > 0 that the above inequality fails if and
only if 2< N <6, W/(1) >0, W(0) > 0,0 <& < g and 77 = no(¢). In this case,
L(e) + #W/ 0) =0, Qs,n is non-negative semi-definite with the one-dimensional ker-
nel {(0,q) : q € HO1 (BM), LSLq = {(¢)q} generated by (0, g.) for any first eigenfunction
qe of LST. n

3.5. The S¥ -valued model: Stability of the escaping vortex solution

Assume that N > 2 and W € C2([0, 00)). Let m, = (f,,n gyn) be the escaping radi-
ally symmetric critical point of E,I;/IM in AMM with ]7,7 > 0 and g, > 0, and let Q%’[M be
the second variation of E#M at my: For V = (v,q) € Hy (BN ,RV) x H{ (BN, R) =
HJ (BN, RN*1) with V - m, = 0,

d_2 MM[ my + 1tV ]
dlz t=0 n |mn +tV|

. 2 -
= IVVI2 =2V + W (gna® + W (g))ge,q” | dx.,
BN 772 n 772 n N

where A € C*([0,1]) is given by (1.9), so QMM is continuous in Hj (BN RN *1).

oMV =
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Proof of Theorem 1.3. By the instability of the equator map proved in Theorem 2.6 (b),
we only need to prove the stability and local minimality of the escaping solution m1,,.

Proof of the positive-definiteness of Q¥™. Let W(t) = t* and let &9 and 79 € C°([0, £9))
be as in Theorem 2.4; they are well defined as W/(1) > 0. If W’(0) > 0, then 5o is
increasing and lim,_,,, n7o(¢) = oo (see Remark 2.5), so 1o has an increasing inverse
M5 [0, 00) — [0, &9). If W'(0) = 0, then 79(g) = 0 for all & € (0, &9) and by abuse
of notation, we set ngl(n) = go for every n > 0. In both cases, by Theorem 2.4, for
0 <& < nyt(n), (1.12)(1.15) has an escaping solution (f;,,, ge,y) With fe, > 0 and
8s,n > 0. By Remark 2.17, (fe.5, 8e,n) — (f~,7, gy) in B as ¢ — 0, and so uniformly on
compact subsets of (0, 1].

We will prove the positive-definiteness of Ql,\,’lM from the positive-definiteness of the
second variation Q, , of the escaping critical point ms , = (fe.57., 86,n) Of Egy (estab-
lished in Theorem 1.5 (a)). Fix some V = (v,q) € C2°(BN \ {0}, RV 1) with V - m,, =0
in BN. We write v = sn + 1 + Dy withs € CX(BN \ {0}), w € C*(BN \ {0},RY)
being a tangent vector field (i.e. 1 - n = 0) having vanishing covariant divergence I -
w(r,-) =0on SV and y € CX®(BN \ {0}, R) satisfying Jsn—1 ¥ (r,0)do = 0.

For 0 < & < ny'(n), define

fs,n_fn 8e,n — &

e = 4 — S —= q
8e,n 8en

and V; = (v,qe) € CX(BN \ {0}, R¥N*1). Then supp V. C supp V C BV \ {0}, and
V= VinC*BYN)Nn H' (BN)ase — 0and V, Mgy = 0in BY. We decompose

s(n0) = Y si(NGO). Y0 = vi(NG©).

i=0 i=0
q(r.0) =Y qi(NGi(0). qe(r.0) =Y qei(r)Gi(6),
i=0 i=0

define V' = (lf) 0),V; = (St§1n+1/ft¢§1,QI§1) and V,; _(Slé‘ln_‘_v/lwgl’qal;l) as in
Proposition 3.1. Note that V,; — V; in C°(BYN) N H (BN) as ¢ — 0 for every i > 0,

0=V -my=sfp+qgy = Y20 fn +4ign)&i and so s; f + gigy = 0 foralli > 0.
By the positivity inequality (3.14), we have

1
ZV“ +/ rN_lfs%ﬂ
L2(BN) Jo

+(N—1)Zf -3 7/;)2

i=1

2
dr

QenlVel = C‘

so \/
(fs(,)ﬂ)

+ ;fa,nf;,,,(;s_{n B ;1#;)2} dr.  (3.19)
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Claim: Q. ,[Ve] — O)™[V]as e — 0.

Indeed, as f; ; converges to f~n in H,!.(0, 1), we have for any open set K compactly
supported in BN \ {0} and (¢;) C H{ (K) converging in H! to ¢ € HJ (K), by multiply-

ing from (1.13) and (1.6) with ¢/ f; , and ¢/ f; respectively,

tim [ W= g2 = geeds = [ 2w,
Recalling the expressions of Qg ,[Ve] and Q%’IM[V], together with the fact that sf; , +
qeen = Ve mey = 0,supp Ve Csupp V C BN \ {0}, and |V;|> — |V|?in H{ (supp V),
the claim is readily seen from the above identity.

Passing ¢ — 0 in (3.19) using the claim on the left-hand side and Fatou’s lemma on
the right-hand side, we obtain

N 2 1 ~ ’
oMV zCHV—;Vi Lz(3~)+/o Pt i((;—:) (zdr
N . ,
+(N_1);/0 rN—B{ 2 <r}€,) 2
~ ~ i i 2
+25 n(s_n/_%) ar (320)

forany V e CS°(BN \ {0}, RN *1) satisfying V - m, = 0in BV.

Suppose next that V € H} (BN, RN*1) with V - m, = 0 in B¥. Pick a sequence
{V;y c (BN \ {0}, RN 1) which converges in H! (BN , RN T to V. Let V; = V; —
(Vi -my)my € CX (BN \ {0}, RNT1). Then {V;} also converges in H'(BY ,R¥*1) to
V. Applying (3.20) to V; (since V; - m, = 0), and sending j — oo (using the continuity of
Qf‘fM on the left-hand side and Fatou’s lemma on the right-hand side), we see that (3.20)
holds for V € H} (BN ,RN*1) satisfying V - m,, = 0in BY. Moreover, if Q%’[M[V] =0,
then V = YN V;, and

So Ty si rvi

—, —— areconstant and — — — =0 forl <i < N.
Ja n fn/ S

Recalling also that sif;] +¢qigy =01in (0,1) and 5;(1) = ¥; (1) = 0 for all i > 0, we
deduce that V' = 0, i.e. the positive-definiteness of Q)™.

Proof of the local minimality of my. We relate the functional EY™ in a neighborhood
of m,, to the second variation QI,\”IM, notwithstanding the fact that H 1(B N §N ) is not a
manifold.

Consider a map my + V € AMM, and write V = (v,q) and V=V-(V- my)my, =
(0,q) so that V, Ve HJ (BN, RN*1) and 1% - my = 0. By the Euler—Lagrange equation
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for m, (as a critical point for EY™ in AMM) and V - m, = —3|V|? (since |m, + V|* =
g |2 = 1),

EYM iy + V] = EY™{my] — 2 O[]

= l 2 _ 712) _ 2 7712
=5 [ awve 1970 - sy - o)
1 -~
+ ?[W’(g,z,) +2W"(gD)g2](¢* —§ )}d
+ /N h(x,V(x))dx, 321)

hx.y) = - 303 7 (e )+ 3 = W (&)

— W (g2(x)(2gn(X)yN+1 + YN 11)
—2W"(g2(x))82(x) YN 41}-

As in the proof of Theorem 1.5 (a), the positive-definiteness of QI;IAM implies that there is

a constant ¢ > 0 depending only on 1, W and W such that
Q%’IM[V] > c||VV||iZ(BN) for every Ve HOl (BN . RN*1) with v ~my = 0.

Since h € CO(BN,C2(RN*1)), h(x,0) =0, Vyh(x,0) =0, V2h(x,0) = 0 and & satisfies
the growth assumptions in Proposition D.1 for p = 2 (due to the convexity of W), by
Proposition D.1, for any a > 0, there exists § > 0 such that

/BN h(x, V(X)) dx = =a|VV ]2 gn, ifV € Hy(BY RN [V][g1gvy < 6.

Let us consider the first integral on the right-hand side of (3.21). We start with the term
|V|> — |V|?, using the facts that V - m, = —S|VI2, V]2 = [V|> = |V -my|? = $|V|*.
Likewise, since |g| < |V, |g] < |V| <|V|,0<gp<landqg—g=(V -my)gy,

la* = 3%l = lg —qllg + 3l < 2|V -my| V] = V.

Next, the term |[VV |2 — |VV|2 is estimated using that V(V — V) = V((V - my)m,) =
—IV(V|>my) and —my - 3;V = d;my, - Viorl<j <N,

IVVI2—|VV|]> = |V(V =V)>+2V(V = V) : VV

= |V(V=)>=V(V[my): VV
~ N ~ ~
= |V = D)2+ Y ;(VIV - 9jmy — V>V, : VV
j=1
> |V =P =CIVP(VVI+ V)
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for some C = C(||Vmy||c1(gw)), where we have used |V| < [m, + V| + |my| = 2 and
IVV| = [VV + 3V(VPmy)| < CAVVI+ [V]).

Putting things together in (3.21) with a = % min(c, 1), by the Cauchy—-Schwarz and
triangle inequalities, we get for all m, + V € AMM with ||V || g1 (pny < § that

EYMmy + V] — Ey™[mey]
Cioi2 1 o 12 2
= 5||VV||L2(BN) + 5”V(V - V)”LZ(BN) _aHVVHLZ(BN)

— CUVV 2 IV IZagy + 1V 1 agny + 1V 15 pm)
min(c, 1) ~
> BEEZ VY By = CUV a1V sy

Note also that, since |V| < 2 and by the Sobolev embedding theorem for V € H, (BV),
we have for any fixed 2 < p < min(3, %) that

IV I sary + 1V 32y < ColV I imwy < Crp IV 2 -
By the last two estimates, for small § > 0, we obtain for some C > 0,
EYMmy + V] = EyMimy,] + é||VV||iz(BN) if my +V € AM |V |1y <6,

yielding the desired local minimality of m, for E)™ in AMM. m

A. Radially symmetric vector-valued maps

In the sequel, let SO(N) denote the group of N x N special orthogonal matrices, equipped
with the Haar measure. Naturally, SO(N) x B¥ is equipped with the product measure.

Definition A.1. Let N > 2 and k > 0. A measurable map m: BY — RV is said to be
SO(N )-equivariant, or simply radially symmetric, if

m(Rx) = Rm(x) for almost all (R, x) € SO(N) x BV,
where R = ( R ONX") € SO(N + k), and 0;x; and Ik denote respectively the i x j

. Opxn Tixk K X .
zero matrix and the k x k identity matrix.

LemmaA.2. Let N > 2,k > 0andm € L} (BN ,RN*K),

(@) If N = 3, then m is radially symmetric if and only if there exist functions f,

g1 gk € LL(0. 1) such that m(x) = (f(1x) . g1(x]).... g (Ix])) for
almost all x € BY.

(b) If N = 2, then m is radially symmetric if and only if there exist functions fi, f2,
g1,....8% € LL (0,1) such that

loc

X .XJ'
m(x) = (fi(lx)— + f2(x)) = g1(xD. .. .. gk (Ix])

x| x|

for almost all x = (x1, x2) € B2, where x+ = (—x2, x1).
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Proof. It is clear that if m has the stated form, then m is radially symmetric. For the con-
verse, suppose that m is radially symmetric. Let us make an observation on mollifications
of a radially symmetric map. Let (0.) be a sequence of smooth radially symmetric mol-
lifiers (i.e. 0e(x) = 0.(]x|)) satisfying supp 0. C (—¢, ¢) and let m, = m * o, in Bj_,,
where B, is the ball centered at zero of radius r > 0.

We claim that m, is radially symmetric in Bi_.. Indeed, by Fubini’s theorem, for
almost all R € SO(N), we have

m(Rx) = Em(x) for almost all x € BV .

Therefore, for almost all R € SO(N) and for all 0 < |x| < 1 — &,
me(Rn) = [ m(eu(Re = yyay = [ m(Ro)ou(Rx - R2)dz
BN BN
— [, BmGleutx = 2)dz = R
BN

which proves the claim. Thus, it suffices to consider continuous m in our proof. In this
case,
m(Rx) = Rm(x) forall (R,x) € SO(N) x BV. (A.1)

Clearly (A.1) implies that, for 1 < j <k and x € BV, my+;(Rx) = my4;(x) for all
R € SO(N) and so my 4 ;(x) = g;(|x|) for some g; € C(0, 1). We thus assume without
loss of generality that k = 0,i.e. m: BY — R¥.

Letey = (0,...,0,1). Forr € (0, 1), we write m(rey) = (a(r),b(r)), where a(r) €
R¥=1and b(r) € R. Since m is continuous, a,b € C((0, 1)).

Case (a): N > 3. Taking R of the form R = (, xi_ Om '), where S € SO(N — 1),
we obtain from (A.1) that a(r) = Sa(r) for all S € SO(N —1). As N > 3, there exists
S(r) € SO(N — 1) so that S(r)a(r) = —a(r) and so the above implies that a(r) = 0.
In particular, m(rey) = b(r)ey for every r € (0, 1). Now if |x| = r € (0, 1), we select

R € SO(N) such that R(rey) = x and obtain from (A.1) that
m(x) = m(R(rey)) = Rm(rex) = b(r)Rey = b(r)™~.
r

The conclusion follows with f(r) = b(r).

Case (b): N =2. Inthis case, a(r) is a scalar so that m(re,) = —a(r)ey + b(r)es. Now if
x = (rcosq,rsing) forsome r > 0and ¢ € [O 27), setting Ry, := (_Slc':)s'pw ;?;i) € S0(2),
then we have Ry(re2) = x and R (re2 ) = x1. By (A.]),

1
m(x) = m(Ry(re2)) = Rom(rez) = —a(r)RwezL +b(r)Ryesx = —a(r)xT + b(r);

The conclusion follows with f1(r) = b(r) and f2(r) = —a(r). [
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Remark A.3. In a similar fashion to Definition A.1, one can also define O (N )-equivar-
iant maps. It is easy to see from the above lemma that, for N > 3 and k > 0, SO(N)-
equivariant maps are O (N )-equivariant. For N = 2 and k > 0, m € L] (B?; R2tk) is
O(2)-equivariant if and only if there exist functions f, g1, ....gx € Li.(0,1) such that

loc

m(x) = (f(|x|)i,g1(|x|),...,gk(|x|)) for almost all x € B2.

|x|
This is because the map x + f2(|x|)% is O(2)-invariant if and only if f, = 0, because
(Rx)* = —R(x1) with R being the reflection about the xj-axis, i.e. R(xy,Xx2) =

(x1,—x2).

Lemma A.4. Suppose N >2, &> 0and W € C?((—o0, 1]). If m is a bounded"’ radially
symmetric critical point of ES" in ASL, then m € C 2(BN) and takes the form m(x) =
f(|x|)‘§—|f0r some f € C2([0,1]) with % € C2([0, 1)). In particular, f(0) = 0 and m is
O(N)-equivariant.

Lemma A.5. Suppose N >2,e,1> 0, W € C?((—o0, 1]) and W e C2%([0,0)). If m is
a bounded" radially symmetric critical point of Ee y in A, thenm € C 2(BN) and takes
the form m(x) = (f(|x|)|§—|, g(|x)) for some f, g € C?%([0,1]) with % e C%([0,1]). In
particular, f(0) =0, g’(0) = 0 and m is O(N)-equivariant.

We will only give the proof of the latter result. The proof of the other one requires
minor modifications and is omitted.

Proof of Lemma A.5. As m is bounded, it satisfies

{—Am = EW = Pym o+ LWy gmysaensa =0 inBY\{O), o

m(x) =x on 0BV .
Due to m € H' N L®(BY) (in particular, W'(1 — |m[2), W'(m%,, ) € L®(BY)), it

follows that (A.2) holds in all of BY, and, by elliptic regularity theory, m € C*(BY). On
the other hand, using Lemma A.2 and the regularity of m, we write

L
(A + falleh i g(x) i N =2
m(x) = : * (A3)
(A1 g00xD) N =3,

where f1, f2 € C* N L=((0,1]), g € C*([0.1]), f1(0) = f2(0) =0, g'(0) = 0.
To conclude, we show that é € CZ([O, 1]) and, when N = 2, f, = 0 in (0, 1). For
the last claim, we use ideas from the proof of [26, Proposition 2.3]. From (A.2), we have

V. (—maVmy +mVmy) = (ml,mz)L -A(my,mz) =0 in B2

BIf W satisfies (1.10), then the boundedness of m is a consequence of Corollary 2.8.
YIf W and W satisfy (1.10)-(1.11), then the boundedness of m follows from Lemma 2.7.
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Integrating over balls B, of radius r € (0, 1), the Gauss formula yields

/ (my,ma)t -0, (my,my)dS = (—m20,my + my0,my)dS = 0. (A4)
0B, 0B,

Using (A.3) in (A.4), we obtain

-+ f2/i=0 in(0,1). (A5)

Since f1(1) = 1, we have that f; > 0 in some interval (ry, 1) with 0 < r; < 1. Dividing
(A.5) by f#in (r1,1), we get (f2/f1)’ = 0, and using the fact that f>(1) = 0, we have
Jf> = 0in (r1, 1). In particular, f;(1) = 0. Now, by (A.2),

N -1
S+ S+ e() =0 in(.1), (A.6)

where c(r) == =251 + LW/(1 — f2 — f2 — g?) belongs to C1((0, 1]). Since f>(1) =

72
/> (1) = 0, standard uniqueness results for ODEs imply that f> = 0in (0, 1) as desired.
Let us show next that % € C%([0,1]) forany N > 2. By (A.2) and (A.3),

N

-1 N—-1 1
" / 7 2 2 .
Lt f1+(— 2 +—82W (I-Af —g)>f1 =0 in(0,1).

Setting v = é and

g gizw/(l _p2 gy Séw’a —mP) e (0. 1))

(asm € C2(BY)), we then have

N+ 1
o+ L de ey =0 in(0.1).
r

Considering v as a radially symmetric function on the (N + 2)-dimensional ball BN +2,
we have that v satisfies Av + dv = 0 in B¥Y+2\ {0}. On the other hand, since m €
H'(BV), we have r%fl’, P’ f; € L2(0,1) and so v € H'(BN*2). It follows that
Av 4+ dv = 0in BN*2 and since d € C([0, 1]), we deduce that v € C2(BN*2). The
conclusion follows. L]

Lemma A.6. Suppose N > 2, n> 0 and W € C2([0, 1]). If m is a radially symmetric
critical point of E%’IM in AMM, then m takes the form

X

mx) = (F1xD = g (D), (A7)
|x|

with f.g € C2.((0.1]), f2+g*>=land r'= (|f'| + |g') + r"= | f| € L*(0.1). In

particular, m is O (N )-equivariant. Furthermore, either % g€ C2([0,1]) orboth (f.g) =

(1,0) and N > 3, where in the former case one also has thatm € C2(BY), f(0) = 0 and

g'(0) =0.
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Proof. We adapt the proof of Lemma A.5. Without loss of generality, we may assume that
W (0) = 0. As a critical point of E)™ in AMM, m satisfies

|~
—Am —A(xX)m + —=W'(m%__ )mysiens1 =0 in BY,
n? N (A.8)

m(x) = x on dBY,

where A = |Vm|? + 17—121;f/'(m%v+1)m§\,+l € L'(BY). By Lemma A.2, m takes the form
(A.3). In particular, A = A(r) € L} ((0, 1]), which together with (A.8) (recast as ODEs for

loc

f1. f2. ) implies that f|", f'. " € Llloc((O, 1]), where f5 is absent when N > 3. This in
turn implies that A € C°((0, 1]) and then again, by regularity theory, f1, f2.g € C2((0,1])
(and hence m € C2(BY \ {0}). Next, as in the proof of Lemma A.5, when N = 2, we
prove that (A.4)—(A.5) hold here also, yielding f> = 01in (0, 1). We have thus shown that
m has the form (A.7), where f2 + g2 = 1,r 2 (| f'| +|g'|) + r*= | f| € L?(0, 1), and

f.g € C?((0,1]).
Step 1: We prove f,g € C([0,1]). We distinguish the cases N =2 and N > 3.

Case 1: N = 2. It is known that the continuity of .2 in B2 can be proved using Wente’s
lemma (see e.g. Hélein [21] or Carbou [10, Theorem 1]). However, in this ODE setting,
the continuity of f (and hence of g) in [0, 1] is a consequence of the fact that r2 [ /'] +
2| fl e L0, 1),

£20m) — £2(r2)] < 2/ SO dr

r2

: / (7 OF + 1 7R) dr 22250,

2

Also, since r=2| £| € L2(0, 1), we get £(0) = 0. It follows that m € C(B2).

Case2: N >3. As f,g € C2((0,1]) and f2 + g2 = 1, we can find a lifting 6 € C2((0, 1])
such that r¥|9’| € L%(0,1), f =sinf, g = cosf in (0, 1] and (1) = /2. (To prepare
for Steps 2 and 3 later on, we note that the existence of such a lifting 6 also holds for
N = 2 where we have in addition to the above that 8 € C([0,1]), r—1/2sin@ € L2(0, 1)
and 0(0) € 7Z.)
A direct computation using (A.8) gives
N —1 N

-1 1 ~
0" + 0" — ——sinfcos 6 + —2W'(cos2 f)sinfcosf =0 in(0,1). (A.9)
r r n

Set F(r) =[(N — 1) — n—lzer/AV/(cos2 0(r))] sin 8(r) cos B(r) € L>®(0, 1) so that (A.9) is
equivalent to (r¥~16’)’ = F(r)r¥=3. Thus, for a constant c,

1
FN—1

c r N—3 c 1
9’(r)=rN—_l+ [0 F(s)s ds = e +0(;) asr — 0.
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N-1

Using that r "2 |#’| € L?(0, 1), we deduce that ¢ = 0 and

1

,
! _ N-3
0'(r) = N /(; F(s)s ds.

It follows that, for some positive constant C independent of r,
, C .
|0°(r)| < — and |0(r)] < C(1+ |logr|) in(0,1).
r

Claim: We prove that 0 € C([0, 1]) and 6(0) = ’%for some k € 7.

Proof of claim. Indeed, let
r? -
P(r) =r?0)*+ (N —1)cos® 6 — —ZW(COSZ ).
n
By (A.11), P € L*(0, 1). Multiplying (A.9) by 2r26’, we see that

P'(r) = =2(N —2)r(0")> — i—:ﬁ/(cosz 6).

716

(A.10)

(A.11)

(A.12)

In particular, the function ﬁ(r) = P(r)+ for %VT/(COSZ 0(s)) ds satisfies Pe L°°(0,1)
and P'(r) = —2(N —2)r(8")? < 0. It follows that r(8')> = m|P’| e L'(0,1) and

P.PewWb(0,1) C C([0, 1]). By (A.10) and integrating by parts,

Fir) ! /r F'(s)sN 72 ds.
0

T (N—2r  (N—2N1

0'(r)
Since |F'(r)| < C(|6'(r)| + r) for every r € (0, 1), we obtain

|F(r)| = ‘(N —2)rf'(r) + ,N;_z /Or F'(s)sV "2 ds

C r
<Cr2+4Crlo'(r)|+ ﬂ/ 16" (s)|s™ 2 ds.
r 0

Noting that, by the Cauchy—Schwarz inequality,

r r 1/2
/ 16" (s)|sV 2 ds SCrN_Z(/ s|9’(s)|2ds) ,
0 0

we deduce from the above bound for | F| that

r r r 5 d
/ |[F(s)|sN3ds < CrV +c/ |9’(s)|sN—2ds+cf / 100V 2 ar £
0 0 0o Jo s

r 1/2
<crV +CrN2(/ s|9’(s)|2ds) )
0
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Returning to (A.10), since r|6’(r)|?> € L'(0, 1), we have
r 1/2
rlo'(r)| < Cr? + c(/ s|9’(s)|2ds) -0 asr —0.
0

Recalling the expression of P and its continuity, we deduce that cos? # and hence 6 belong
to C([0, 1]). By (A.10) and the continuity of F, r&’(r) = ﬁF(O) + o(1) for small
r > 0. Hence, F(0) =0, i.e. 6(0) = an for some k € Z. The claim and Step 1 are now
completed.

Step 2: We prove that if k is odd, then (f,g) = (1,0) and N > 3. When k is odd, f(0) # 0.
We saw in Step 1 that this is possible only if N > 3.

In the absence of W (i.e. for the harmonic map problem), the assertion that (£, g) =
(1,0) can be dealt with as in [30]: (A.12) implies that P’ < 0, which leads to 0 = P(0) >
P(r) > P(1) = (6'(1))? > 0. Thus 0'(1) = 0; since (1) = Z, uniqueness results for
second-order ODEs give that § =

To account for the presence of W in (A.9), we argue as follows. By (A.12), P'(r) <
2ar for some constant a > 0. Since r6’(r) — 0 as r — 0 and k is odd, P(r) — Oas r — 0.
Hence P(r) < ar?. By (A.12), we have (r2P)’ < 0 and since cos (1) = 0, W (0) = 0,

P(r)y> P()r* = (0'(1)*r*>0 in(0,1). (A.13)
Also by (A. 12) we have (r_lP)/ (N 1) cos? 6 — nl W(cos ). Using the fact that

cos6(0) =0, W(O) Oand W € C1,in partlcular |W(t)| <ct fort €0, 1], we thus have
that (r~! P)’ < 0in some interval (0,79). By r "' P(r) = Oasr — 0(as 0 < P(r) <ar?),

P(r) <0 in (0, rp) (A.14)

and so, P = 0in (0, rp). Putting together (A.13) and (A.14), 6'(1) = 0. By uniqueness
results for ODEs, we then have 6 = 7, i.e. (f.g) = (1,0).

Step 3: We prove that if 0(0) € nZ and N > 2, then L .8 € C?2([0,1]). Since 8(0) € nZ,
F(r)= (N =1)d(r)(OF) — 0(0)), where d(r) =1+ O(r? + |0(r) — 0(0)|?) as r — 0.
We can then recast (A.9) in the form

L0 —00) = 0 - 00y + Lo - o0y - T _g(0)) =

It is easy to check that, for § € (0, 1), there exists rs > 0 such that
L~ ®=D+8)y <0 and LG'%) <0 in(0,rs).

Thus, by the maximum principle (see e.g. [24, Lemma B.1]), we have

10Gs) — 6O 15

1-3
Ts

£ (0(r)—6(0)) =0 in (0,rs).

This shows that r~1=8 |9 — (0)| € L>(0, 1) for all § € (0, 1).
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Taking § = 1/2 above, we have d(r) = 1 + O(r). Then, for some large A > 0 and
small ro > 0, we have

L(r—Ar*) <0 and r—Ar?>0 in(0,r).

Again, by the maximum principle, we then have

|0(ro) — 6(0)|

>—(r — Ar?) £ (6(r) — 0(0)) = 0 in (0, ro).
ro — Arg

Thus, r~1(6 — 8(0)) € L>°(0, 1). This yields F(r) = O(r) and by (A.10),
0’ € L>(0, 1).

Since f2(0) = sin 0(0) = 0, we get é € L>(0, 1). Returning to m, as |Vm|?> = (0")? +
%, we see that m € C%1(BY) and A € L% (B") (given in (A.8)), and by bootstrap-

ping (A.8), m € C2(BN) and A € C'(B"). By the same argument as in Lemma A.5, it
follows that %, g € C2([0,1]), £(0) = 0 and g’(0) = 0 as desired. L]

B. Properties of the R" -valued vortex radial profile

Proposition B.1. Suppose that N > 2, W € C?((—oo, 1]) satisfies (1.10) and let
Je:[0,1] — [0, 1] be given by Theorem 2.1 and f,7':[0,1] — [0, 1] its inverse. Then,

1) fe(er) = fz(ér)forO<r <1/eand0 < & < g,
(i) if W'(1)>0andty :=sup{0 <t <1:W() =0} thenty <1,
S W =10)

m>*— " =0

li
e—>0 &

and, for every § € (0,1 —ty),
llm /;3'_1(\/ 1 _to _8)
e

e—>0

€ (0, 00).

In particular, for every a > 0, there exists e, > 0 such that
fg2 <1—1t9 in]0,ac]foreverye € (0,e,],
and, for every § € (0,1 — tg), there exists Cs > 0 such that
1—to—8 < f? in[Cse, 1] foreverye € (0,1/Cs].
Proof. For e > 0, define

fe(er) ifr e (0,1/e),

fa(r)={l ifr € (1/¢,00).
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Note that
A N-1,. N-1. N
fs” + r f‘e,_ r2 fé‘ = _W/(l _f:ez)fa mn (031/8)
and v, 1= f ¢ considered as a radially symmetric function in RV +2 satisfies

Aby = —W'(1 — f2)b, <0 in B(0,1/¢). (B.1)
As in Proposition 2.9, ¥, is non-increasing in (0, 1/&) and so in (0, 00).

Proof of (i). This is equivalent to proving that f; > f; for 0 < & < e. This is a direct

consequence of the comparison principle'” [24, Proposition 3.5] and the fact that f 0) =
fo _

¢(0) > 0 (since 2& = 1 is non-increasing), fs(l/e) f,3(1/8) =1, and
~ 1 Am. A
1 + f - fo=-WQ-fAf in.1/3),
N -1 N -1

'+ ——f - ——fe==W (=D in.1/d).
r r2
Proof of (ii). By (1.10), 29 < 1, W > 0 and W’ > 0 in (o, 1]. We prove

1in(1)f;—1(,/1—t0)=oo and lirr(l)j‘;_l(\/l—to—(?)e(o,oo). (B.2)

By (i), { fs} is non- 1ncreasmg as ¢ — 0 and hence converges pointwise to some limit
function f* In particular, f*(O) =0,0< f* < 1in (0, 0c0), f* is continuous at 0, and,
by the monotonicity of fg, f* is non-decreasing. By the equation of fg and the bound
0< fg < 1, for every compact interval [1/C, C] C (0, c0), the family {f8}0<€<1/c is
bounded in C3 ([1 /C,C1]). By the Arzela—Ascoli theorem, it follows that f* € C2%((0,00)),

fg converges to f* in C2,((0, 00)) as ¢ — 0 and

ocC

. N—1, N-1 ., A
*” + r f*/ - r2 f* = _W/(l - f*z)f* n (O’OO)

Since W’ > 0 in (t, 1], one can argue as in Step 3 of the proof of [24, Proposition 2.4] to
show that W/(1 — f,(00)?) fx(00) = 0, which implies that fx(c0) € {0} U [/T— 1o, 1].
Moreover, using again that W’ > 0 in (ZO, 1], we can argue as in Steps 4 and 5 of the proof
of [24, Proposition 2.4] to show that fe £ 0andso fy(c0) € [vT=10. 1]. Differentiating
the equation for f* and applying the strong maximum principle, we have that f* > 0in
(0, 00).

Claim: f*(oo) = J1 —t.

5SThough the comparison principle [24, Proposition 3.5] was stated with the assumption that W’ > 0
in (0, 1) and W”(0) > 0, it is straightforward to see that it remains valid under the weaker condition that
W’ > 0 in (0, 1). Alternatively, one can first apply [24, Proposition 3.5] for the unique radial profiles
corresponding to the strictly convex potentials ¢ > W(t) + §#2 with § > 0 and then send § — 0.
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Once this claim is proved, since { f;_l} is non-decreasing as ¢ — 0, the desired esti-
mate (B.2) follows.

Proof of the claim. Indeed, suppose by contradiction that this does not hold, i.e. f* (c0) >

/1 — ty. Then we can select rg € (0, 00) so that f*(ro) V1 —to, f* € [1 —1tp,1] and
so W'(1 — f*z) = 01in [rg, 00). It follows that f + &= lf,‘< rzlf* = 01in [rp, 00) and
N

f; ry=cr+ cr'™ in [ro, 00) for some constants c1, ¢3.

Since f; is bounded, we must have ¢; = 0, which implies that f;(oo) = 0, which gives a
contradiction. The claim is proved. ]

C. A sharp Poincaré inequality for solenoidal vector fields

Lemma C.1. Suppose N > 3 and let I and do denote the covariant derivative and the
volume form on the standard sphere SN =Y. For every smooth divergence-free vector field
vonSN1 jie Ip-v=00nSN1 onehas

/ |Dv|*do = (N—2)/ |v|2d0+2/ | Sym(Dv)|? do.
SN-1 SN-1 SN-1
In particular,
/ |Dv|2d02(N—2)/ |v|? do,
SN-1 SN-1
and equality holds if and only if v is a Killing field, i.e. Sym(pv) = 0.

Proof. In the following, we raise and lower indices using the standard metric g on the
round sphere, i.e. ' = g/ Ip;, v; = g;;v”, etc. Also, repeated upper-lower indices are
summed from 1to N — 1. As the commutator [/3”, I§;]v i = Ricg; v¥, integration by parts
yields

[ Bivj P’v' do = — B’ Bivjv' do
SN-1

SN-1

= —/ (B; B’ v; + Ricg; v¥ ' do
SN-1 N—— N——

=0 =(N-2)gx;
=—(N—2)/ lv|? do.
SN-1
It follows that
4/ |Sym(lﬁv)|2d0=/ |Biv; + Bjvi|*do
SN-1 SN-1
=2/ [|1Bv|* — (N —2)|v]*] do
SN-1

which clearly gives the assertion. ]
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D. Miscellaneous

Proposition D.1. Suppose N >2, M > 1,and2 < p <ocoif N =2and2 < p < 13—1_\'2

if N > 3. Let Q be a bounded smooth open subset of RN and h € C%(Q x RM) satisfies

h(x,
lim sup |(x—2y)| =0 D.1)
V=0 xeq |l
y#0
and, for some C > 0,
h(x,y) = —=ClyP(Iy|P2+1) forallx € Q,y € RM. (D.2)

Then
Jo h(x,v(x)) dx

2
Il rMy—0 ||v||H1(Q,RM)
v#£0,veH ] (2,RM)

> 0.

Note that by the Sobolev embedding theorem and the lower bound of £, the integral
Jo h(x,v(x)) dx € R U {400} makes sense for v € Hy (Q,RM).

Proof of Proposition D.1. Suppose by contradiction that the conclusion fails. Then there
existz; — 07 and v; € H}(Q,RM) with ||v; || g1 = 1 such that, for some & > 0 indepen-
dent of j,

1
/ —Sh(x,tjvj(x))dx < —e <0. (D.3)

Q tj
Without loss of generality, we may assume that v; converges weakly in H! and a.e. in
Q tosome v € HO1 (2, ]RM). Fix some small § > 0. By Egorov’s theorem, we can select
a measurable set A C Q such that v; converges uniformly to v in 4 and |Q \ 4| < §/2.
Also, since v € L2(R2), then for large K = K(§) > 1, we can select a measurable set
B C Asuchthat [v]| < Kin B and |4\ B| < /2. Thus, |v;| < 2K in B for all large j.
By (D.1),
1

lim = |h(x,tjv;(x))|dx = 0.

j—o JB []

Let ¢ = % if N >3 and ¢ be arbitrary in (p, co) if N = 2. Using the bound
h(x,y) > —C|y|*(ly|?~2 + 1), Holder’s inequality, the Sobolev embedding theorem for
lvjllgt = 1 and the fact that |2 \ B| < §, we have for some constant C’ > 0 (independent
of §) that

v

1
/ —h(x,tjv;(x)) dx
Q\B [;

€ [ @l Py ax
: Q\B

4

—C(P1 T 4 5170,

Putting together the last two estimates, we get

v

1 —2.1-2 _2
liminf/ t—zh(x,tjvj(x))dx z—C’limsup(tf’ 2510 4 8! 5).
Q .

Jj—>00 J Jj—oo

Clearly, when § is sufficiently small, this gives a contradiction to (D.3). ]
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