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On local energy decay for solutions of the Benjamin–Ono
equation

Ricardo Freire, Felipe Linares, Claudio Muñoz, and Gustavo Ponce

Abstract. We consider the long time dynamics of large solutions to the Benjamin–Ono equation.
Using virial techniques, we describe regions of space where every solution in a suitable Sobolev
space must decay to zero along sequences of times. Moreover, in the case of exterior regions, we
prove complete decay for any sequence of times. The remaining regions not treated here are essen-
tially the strong dispersion and soliton regions.

1. Introduction

We consider the initial value problem (IVP) associated to the Benjamin–Ono (BO) equa-
tion ´

@tu �H@2xuC u@xu D 0; x; t 2 R;

u.x; 0/ D u0.x/
(1.1)

where uD u.x; t/ is a real-valued function and H is the Hilbert transform, defined on the
line as

Hf .x/ D p:v:
1

�

Z
R

f .y/

x � y
dy: (1.2)

The BO equation was first deduced in the context of long internal gravity waves in a
stratified fluid [4, 35]. Later, the BO equation was shown to be completely integrable (see
[2] and references therein).

In particular, it possesses an infinite number of conservation laws, the first three being
the following:

I1.u/ D

Z
R
udx;

I2.u/ DM.u/ D

Z
R
u2 dx;

I3.u/ D E.u/ D

Z
R

�1
2
jD1=2uj2 C

1

6
u3
�
dx;

(1.3)

where 1Dsf .�/ D j�js Of .�/.

2020 Mathematics Subject Classification. Primary 35Q53; Secondary 35Q51, 37K10, 37K15.
Keywords. Benjamin–Ono equation, asymptotic behavior, decay.

https://creativecommons.org/licenses/by/4.0/


R. Freire, F. Linares, C. Muñoz, and G. Ponce 726

The k-conservation law, Ik.�/, k � 2, provides a global-in-time a priori estimate of the
norm kD.k�2/=2u.t/kL2 of the solution u D u.x; t/ of (1.1).

The IVP (1.1) has been extensively studied, especially the local well-posedness
and global well-posedness measured in the Sobolev scale H s.R/ D .1 � @2x/

�s=2L2.R/,
s 2 R. In this regard, one has the following list of works: Iório [16], Abdelouhab et al.
[1], Ponce [36], Koch–Tzvetkov [23], Kenig–Koenig [19], Tao [38], Burq–Planchon [7],
Ionescu–Kenig [15], Molinet–Pilod [30] and Ifrim–Tataru [14], among others. In par-
ticular, in [15] the global well-posedness in L2.R/ of IVP (1.1) was established. For
further details and results concerning the IVP associated to the BO equation we refer
to Saut [37].

It should be pointed out that in [31] it was proved that no well-posedness for IVP (1.1)
in H s.R/ for any s 2 R can be established by an argument based only on the contraction
principle argument.

We recall that the BO equation possesses traveling wave solutions (solitons) u.x; t/D
�.x � t / of the form

�.x/ D
4

1C x2
; (1.4)

which is smooth and exhibits mild decay.
In this work, we are interested in the asymptotic behavior of solutions to IVP (1.1). In

fact, we will deduce some decay properties for solutions of (1.1) as time evolves.
Our main results in this work are the following:

Theorem 1.1. Let u0 2L2.R/ and uD u.x; t/ be the global-in-time solution of IVP (1.1)
such that

u 2 C.R W L2.R// \ L1.R W L2.R//:

Then
lim inf
t!1

Z
B
tb
.0/

u2.x; t/ dx D 0; (1.5)

where Btb .0/ denotes the ball centered at the origin with radius tb ,

Btb .0/ WD
®
x 2 R W jxj < tb

¯
with 0 < b < 2

3
: (1.6)

Moreover, there exist a constant C > 0 and an increasing sequence of times tn!1 such
that Z

B
tbn
.0/

u2.x; tn/ dx �
C

log
.1�b/
b .tn/

: (1.7)

As a consequence of the proof of this theorem we have the following corollary:

Corollary 1.2. Let u0 2 L2.R/ and u D u.x; t/ be the global-in-time solution of IVP
(1.1) such that

u 2 C.R W L2.R// \ L1.R W L2.R//:
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Then
lim inf
t!1

Z
B
tb
.tm/

u2.x; t/ dx D 0; (1.8)

where
Btb .t

m/ WD ¹x 2 R W jx � tmj < tbº; (1.9)

with
0 < b < 2

3
and 0 � m < 1 � 3

2
b: (1.10)

Remark 1.3. Under the additional hypothesis that

there exist a 2 Œ0; 1=2/ and c0 > 0 such that for all T > 0,

sup
t2Œ0;T �

Z 1
�1

ju.x; t/j dx � c0.1C T
2/a=2; (1.11)

a result related to those in Theorem 1.1 and Corollary 1.2 was established in [33]. The
argument in the proof in [33] was based on virial identities (or weighted energy estimates),
first appearing in [32] in the study of the long time behavior of solutions of the generalized
Korteweg–de Vries (KdV) equation. In [24,34] this was extended, adapted and generalized
to other one-dimensional dispersive nonlinear systems under an assumption similar to that
in (1.11).

In [29] a key idea was introduced to remove hypothesis (1.11) and to extend the argu-
ment to higher-dimensional dispersive models. This approach was further implemented in
[28] and [25] for systems.

Next, we present a result concerning the decay of solutions in the energy space:

Theorem 1.4. Let u0 2 H 1=2.R/ and u D u.x; t/ be the global-in-time solution of IVP
(1.1) such that

u 2 C.R W H 1=2.R// \ L1.R W H 1=2.R//:

Then

lim inf
t!1

Z
B
tb
.0/

.u2.x; t/C jD1=2
x u.x; t/j2/ dx D 0; 0 < b < 2

3
: (1.12)

Now, we consider the asymptotic decay of the solution in a domain moving in time to
the right:

Theorem 1.5. There exists a constant C0 > 0 depending only on ku0kH1 such that the
global solution

u 2 C.R W H 1.R// \ L1.R W H 1.R//

of IVP (1.1) satisfies
lim
t!1
ku.t/kL2.x�C0t/ D 0: (1.13)
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Remark 1.6. (1) This result is inspired by a similar one found in [26] for the gen-
eralized KdV equation. In fact, the proof in [26] is a generalization of the iden-
tity used in [17] to establish the so-called Kato local smoothing effect in solu-
tions of the generalized KdV equation. The proof for the KdV is significantly
simpler. In the case of the BO equation, the proof follows the virial identity
obtained in Lemma 5.1, (5.1), and some commutator estimates; see the comments
in Remark 5.2 below.

(2) From a scaling argument, i.e. if u.x; t/ is a solution of the BO equation, then for
any � > 0, u�.x; t/ D �u.�x; �2t / is also a solution, one sees that for any c > 0
one has a traveling wave solution (soliton) (see (1.4))

uc.x; t/ D c�.cx � c
2t / D c�.c.x � ct//:

The speed of propagation of the soliton c is proportional to its amplitude ck�k1.
Also, for the associated nonlinear problem, i.e. the inviscid Burgers equation,

the maximum speed of propagation of the (implicit) solution is given by the L1-
norm of the data.

Combining the Sobolev embedding theorem and the conservation laws for the
BO equation, one controls theL1-norm by theH 1-norm of the data. This justifies
estimate (1.13).

(3) Combining (1.13) and the conservation laws for the BO equation, and under the
same hypothesis as Theorem 1.5, one gets that for any p 2 .2;1� and any C 00 >
C0,

lim
t!1
ku.t/kLp.x�C 00t/ D 0 (1.14)

and for any s 2 .0; 1/,

lim
t!1




Ds
x

�
u.x; t/�

� x

2C 00

��



L2
D 0; (1.15)

with � 2 C1.R/, 0 � �.x/ � 1 for all x 2 R, �.x/ � 0 if x � 1, �.x/ � 1 if
x � 2 and �0 � 0.

(4) If, in addition, one assumes that the global solution u D u.x; t/ satisfies

u 2 C.R W H 3=2.R// \ L1.R W H 3=2.R//;

then
lim
t!1
k@xu.t/kL2.x�C 00t/ D 0; (1.16)

and (1.15) holds for s 2 .0; 3=2/. This result extends to global solutions u 2 C.R W
H k=2.R//, k 2 N with k > 3.

The next result studies the decay of the L2-norm of the solution in the far left region:
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Theorem 1.7. For any constant C1 > 0 and any � > 0, the global-in-time solution

u 2 C.R W H 1.R// \ L1.R W H 1.R//

of IVP (1.1) satisfies
lim
t!1
ku.t/kL2.x��C1t log1C� t/ D 0: (1.17)

Remark 1.8. (1) To our knowledge the result in Theorem 1.7 is totally new. From its
proof below it will be clear that it applies with minor modifications to solutions of
the generalized KdV equation,

@tuC @
3
xuC u

k@xu D 0; x; t 2 R; k D 1; 2; : : : ;

to solutions of the generalized BO equation (see (1.19)) and solutions to other
one-dimensional dispersive models.

(2) Statements (1.14), (1.15) and (1.16) in Remark 1.6 apply to the result in Theo-
rem 1.7 with the appropriate modifications.

(3) Collecting the information in Theorems 1.1, 1.5 and 1.7 one can deduce several
estimates. In particular, one has that there exists C0 D C0.ku0kH1/ > 0 and an
increasing sequence of times .tn/1nD1 with tn " 1 as n!1 such that for any
constants c > 0, 
 > 0,

lim inf
n!1

Z
�.tn/

ju.x; tn/j
2 dx D ku0k

2
2; (1.18)

with

�.t/ WD
®
x 2 R W �ct log1C
 t < x < �ct

2
3

�

or ct
2
3

�

< x < C0t
¯
:

Finally, we will consider the possible extensions of the above results to solutions of
the IVP associated to the k-generalized BO (k-gBO) equation´

@tu �H@2xuC u
k@xu D 0; x; t 2 R; k D 2; 3; : : : ;

u.x; 0/ D u0.x/:
(1.19)

In this case, the equations in (1.19) are not completely integrable and satisfy (in gen-
eral) only three conservation laws : I1.u/, I2.u/ in (1.3) and

I3.u/ D

Z
R

�1
2
jD1=2uj2 C

ukC1

.k C 1/.k C 2/

�
dx:

A scaling argument, see Remark 1.6, says that if u.x; t/ is a solution of the k-gBO
equation in (1.19), then for any � > 0, u�.x; t/ D �1=ku.�x; �2t / is also a solution. This
suggests that the critical Sobolev space for the well-posedness should be H sk .R/ with
sk D 1=2 � 1=k.
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The results considered here are concerned with global solutions of (1.19). Thus, for the
cases k � 2 these are only known under appropriate smallness assumptions on the data.
More precisely, if k D 2, local well-posedness in H 1=2.R/ was established in [22]. This
local result extends globally in time if one assumes that the L2-norm of the initial data u0
is small enough (the blow-up result in [27] shows that this restriction is necessary).

In [39], local well-posedness was proved in H s.R/ for s > 1=3 if k D 3, and for
s � sk D 1=2� 1=k if k � 4. These local results extend to global ones under a smallness
assumption of the H 1=2-norm of the initial data u0 (see [10]). In all these global results
one only has an a priori bound of the H 1=2-norm of the solution.

Our argument of proof of Theorem 1.5 depends on a global bound of the L1-norm
of the solution. Hence, the proof of Theorem 1.5 provided below does not extend to these
small global solutions of IVP (1.19).

The approach to obtain Theorem 1.7 only requires a global bound of theLkC2-norm of
the solution, which follows from that of theH 1=2-norm. Hence, the result in Theorem 1.7
expands to all small global solutions of IVP (1.19) commented on above.

Remark 1.9. In the cases when k � 1 is odd, the arguments utilized to prove Theorem 1.1,
Corollary 1.2 and Theorem 1.4 apply to get the results in (1.5), (1.8) and (1.12) with the
term u2 in the integrand substituted by ukC1. However, in this case k � 2 and small data
(in a weighted space), stronger asymptotic results were accomplished in [13].

The rest of this paper is ordered as follows: Section 2 contains the statements of some
general estimates to be used in the proofs of the main results. Theorem 1.1 and Corol-
lary 1.2 will be proved in Section 3. Section 4 involves the proof of Theorem 1.4 and
Section 5 those of Theorems 1.5 and 1.7. Appendix A consists of the proof a commutator
estimate stated in Section 2 and used in Sections 3-5.

2. Preliminaries

We present a series of estimates that we will employ in the proofs of our results.

Lemma 2.1. For any k;m 2 N [ ¹0º, k Cm � 1, and any p 2 .1;1/,

k@kx ŒH I a�@
m
x f kp � cp;k;mk@

kCm
x ak1kf kp: (2.1)

The case k Cm D 1 corresponds to the first Calderón commutator estimate [8]. The
general case of (2.1) was established in [3]. For a different proof see [9].

The next estimate is an inequality of Gagliardo–Nirenberg type whose proof can be
found in [5].

Lemma 2.2. There exists C > 0 such that for any f 2 H 1=2.R/,

kf kL3 � Ckf k
2
3

L2
kD1=2f k

1
3

L2
: (2.2)
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Throughout the proofs of our results we will use the following general version of the
Leibniz rule for fractional derivatives:

Lemma 2.3. Let r 2 Œ1;1� and p1; p2; q1; q2 2 .1;1� with

1

r
D

1

p1
C

1

q1
D

1

p2
C

1

q2
: (2.3)

Given s > 0 there exists c D c.n; s; r; p1; p2; q1; q2/ > 0 such that for all f; g 2 �.Rn/
one has

kDs.fg/kr � c.kf kp1kD
sgkq1 C kgkp2kD

sf kq2/: (2.4)

For the proof of Lemma 2.3 we refer to [12]. The case r D p1 D p2 D q1 D q2 D1
was established in [6]; see also [11]. For earlier versions of this result see [18, 21].

Finally, we consider a commutator estimate whose proof will be given in the appendix.

Lemma 2.4. Let a 2 C 2.R/ with a0; a00 2 L1.R/. There exists c > 0 such that for all
f 2 L2.R/,

kD1=2ŒD1=2
I a�f kL2 � ck ya

0kL1kf kL2 � cka
0
k
1=2

L2
ka00k

1=2

L2
kf kL2 : (2.5)

3. Proofs of Theorem 1.1 and Corollary 1.2

First we will introduce some notation and definitions.
Let � be a smooth even and positive function such that8̂̂̂̂
<̂̂
ˆ̂̂̂:
�0.x/ � 0 for x � 0;

�.x/ � 1 for 0 � x � 1; �.x/ D e�x for x � 2

and e�x � �.x/ � 3e�x for x � 0;

j�0.x/j � c�.x/ and j�00.x/j � c�.x/ for some positive constant c:

(3.1)

Let  .x/ D
R x
0
�.s/ ds. In particular, j .x/j � 1C 3

R1
1
e�t dt <1.

Next we consider a smooth cut-off function �WR! R such that

� � 1 in Œ0; 1�; 0 � � � 1 and � � 0 in .1;�1� [ Œ2;1/; (3.2)

and define �n.x/ WD �.x � n/.
For the parameters ı; � 2 RC, we define

�ı D ı�
�x
ı

�
and  � .x/ D � 

�x
�

�
:

The proof of Theorem 1.1 will be deduced as a consequence of the following lemmas,
which we will prove below.
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First, we start by considering some useful parameters involved in our argument of
proof:

�.t/ D ˙tm; �1.t/ D
tb

log t
and �.t/ D t .1�b/ log2 t; (3.3)

where m and b are positive constants satisfying the relations

0 � m � 1 �
b

2
and 0 < b � min

°2
3
;

2

2C q

±
; q > 1: (3.4)

Since
�01.t/

�1.t/
D
b

t
�

1

t log t
and

�0.t/

�.t/
D
.1 � b/

t
C

2

t log t
it readily follows that

�01.t/

�1.t/
�
�0.t/

�.t/
D O

�1
t

�
; for t � 1 (3.5)

where t � 1 means the values of t such that �01.t/ is positive. In particular, Œ10;C1/ �
¹t � 1º.

For u D u.x; t/ a solution of IVP (1.1) we define the functional

	.t/ WD
1

�.t/

Z
R
u.x; t/ �

� x

�1.t/

�
�ı

� x

�
q
1.t/

�
dx; (3.6)

for q > 1.

Lemma 3.1. Let u.�; t / 2 L2.R/, t � 1. The functional 	.t/ is well defined and bounded
in time.

Proof. The Cauchy–Schwarz inequality and the definitions of the functions �.t/ and
�1.t/ imply that

j	.t/j �
1

�.t/
ku.t/kL2




 �� �

�1.t/

�



L1




�ı� �

�
q
1.t/

�



L2

D
�
q=2
1 .t/

�.t/
ku.t/kL2k �kL1k�ıkL2

.�;ı
1

t .2�2b�bq/=2
1

log.4Cq/=2.t/
ku0kL2 : (3.7)

Since b satisfies condition (3.4) we have

sup
t�1

j	.t/j <1:

Lemma 3.2. For any t � 1, it holds that

1

�1.t/�.t/

Z
R
u2.x; t/ 0�

� x

�1.t/

�
�ı

� x

�
q
1.t/

�
dx � 4

d

dt
	.t/C h.t/; (3.8)

where h.t/ 2 L1.t � 1/.
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Proof. We have that

d

dt
	.t/ D

1

�.t/

Z
R
@t

�
u �

� x

�1.t/

�
�ı

� x

�
q
1.t/

��
dx

�
�0.t/

�2.t/

Z
R
u �

� x

�1.t/

�
�ı

� x

�
q
1.t/

�
dx

DW A.t/C B.t/: (3.9)

The Cauchy–Schwarz inequality and the conservation of mass, I2 in (1.3), yield

jB.t/j �
ˇ̌̌ �0.t/
�2.t/

ˇ̌̌
ku.t/kL2




 �� �

�1.t/

�



L1




�ı� �

�
q
1.t/

�



L2

.�;ı
1

t .4�2b�bq/=2
1

log.4Cq/=2 t
ku0kL2 : (3.10)

Hence B.t/ 2 L1.¹t � 1º/ whenever b � 2
2Cq

. We remark that this term is bounded in
¹t � 1º.

To estimate A.t/, we first differentiate in time to write

A.t/ D
1

�.t/

Z
R
ut .x; t/ �

� x

�1.t/

�
�ı

� x

�
q
1.t/

�
dx

�
�01.t/

�1.t/�.t/

Z
R
u.x; t/

� x

�1.t/

�
 0�

� x

�1.t/

�
�ı

� x

�
q
1.t/

�
dx

�
q�01.t/

�1.t/�.t/

Z
R
u.x; t/ �

� x

�1.t/

�� x

�
q
1.t/

�
�0ı

� x

�
q
1.t/

�
dx

DW A1.t/C A2.t/C A3.t/: (3.11)

Using the equation in (1.1) and integrating by parts yields

A1.t/ D
1

�.t/

Z
R

Hu.x; t/@2x

�
 �

� x

�1.t/

�
�ı

� x

�
q
1.t/

��
dx

C
1

2�.t/�1.t/

Z
R
u2.x; t/ 0�

� x

�1.t/

�
�ı

� x

�
q
1.t/

�
dx

C
1

2�.t/�
q
1.t/

Z
R
u2.x; t/ �

� x

�1.t/

�
�0ı

� x

�
q
1.t/

�
dx

DW A1;1.t/C A1;2.t/C A1;3.t/: (3.12)

We remark that A1;2.t/ is the term we want to estimate in (3.12). Then we need to show
that the remaining terms are in L1.¹t � 1º/.

Differentiating with respect to x, using the Cauchy–Schwarz inequality, Hilbert’s
transform properties, the conservation of mass and the definitions of �.t/ and �1.t/ we
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deduce that

jA1;1.t/j �
1

�.t/�
3=2
1 .t/

ku.t/kL2k 
00
�kL2k�ıkL1

C
1

�.t/�
.1C2q/=2
1 .t/

ku.t/kL2k 
0
�kL2k�

0
ıkL1

C
1

�.t/�
3q=2
1 .t/

ku.t/kL2k �kL1k�
00
ı kL2

.�;ı
ku0kL2

t .2Cb/=2 log1=2 t
C

ku0kL2

t .2�bC2bq/=2 log.
3
2�q/.t/

C
ku0kL2

t .2�2bC3bq/=2 log.4�3q/=2 t
: (3.13)

Since q > 1 it follows that A1;1.t/ 2 L1.¹t � 1º/.
The term A1;3 can be bounded by employing the conservation of mass and the defini-

tions of �.t/ and �1.t/:

jA1;3j �
ku.t/k2

L2

2j�.t/�
q
1.t/j




 �� �

�1.t/

�



L1




�0ı� �

�
q
1.t/

�



L1

.�;ı
ku0k

2
L2

t1�bCbq log.2�q/ t
; (3.14)

and because q > 1 one has that A1;3.t/ 2 L1.¹t � 1º/.
Next we turn our attention to the other terms of (3.11). First, by means of Young’s

inequality, we have for " > 0,

jA2.t/j �
ˇ̌̌ �01.t/

�1.t/�.t/

ˇ̌̌ Z
R

ˇ̌̌
 0�

� x

�1.t/

�
�ı

� x

�
q
1.t/

�ˇ̌̌hu2
4"
C 4"

ˇ̌̌ x

�1.t/

ˇ̌̌2i
dx

�
1

4"

ˇ̌̌ �01.t/

�1.t/�.t/

ˇ̌̌ Z
R
u2.x; t/ 0�

� x

�1.t/

�
�ı

� x

�
q
1.t/

�
dx

C 4"
ˇ̌̌ �01.t/

�1.t/�.t/

ˇ̌̌


�ı� �

�
q
1.t/

�



L1




� �

�1.t/

�2
 0�

�
�

�1.t/

�



L1
:

Then, taking " D �01.t/, which is positive in ¹t � 1º, we get

jA2.t/j �
ˇ̌̌ 1

4�1.t/�.t/

ˇ̌̌ Z
R
u2 0�

� x

�1.t/

�
�ı

� x

�
q
1.t/

�
dx

C Cı;�
.b log t � 1/2

t3�3b log6 t

D
1

2
A1;2.t/C Cı;�

.b log t � 1/2

t3�3b log6 t
; (3.15)

where C�;ı is a constant depending on � and ı.
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Notice that the last term in the last inequality of (3.15) is integrable in t � 1 since
b < 2

3
.

Finally, we consider the term A3.t/. Young’s inequality and the conservation of mass
tell us that

jA3.t/j �
ˇ̌̌ q�01.t/

�1.t/�.t/

ˇ̌̌
k �kL1

Z
R
t1�bu2.x; t/ dx

C

ˇ̌̌ q�01.t/

�1.t/�.t/

ˇ̌̌
k �kL1

Z
R

1

t1�b

h� x

�
q
1.t/

�
�0ı

� x

�
q
1.t/

�i2
dx

.�;ı
ˇ̌̌qt1�b�01.t/
�1.t/�.t/

ˇ̌̌
C

ˇ̌̌ q�01.t/�q1.t/
t1�b�1.t/�.t/

ˇ̌̌
: (3.16)

Hence, the conditions on (3.5) imply

jA3.t/j .�;ı
1

t log2 t
C

1

t3�b.2Cq/ log2Cq t
: (3.17)

Since b � 2
2Cq

, A3.t/ 2 L1.¹t � 1º/.
Gathering the information in (3.9), (3.11), (3.13), (3.14), (3.15), (3.16) and (3.17)

together we conclude that

1

2�.t/�1.t/

Z
R
u2.x; t/ 0�

� x

�1.t/

�
�ı

� x

�
q
1.t/

�
dx �

d

dt
	.t/C h.t/; (3.18)

where h.t/ 2 L1.¹t � 1º/, as desired.

The next lemma will give us a key bound in our analysis.

Lemma 3.3. Assume that u0 2 L2.R/. Let u 2 C.R W L2.R// \ L1.R W L2.R// be the
solution of IVP (1.1). Then there exists a constant 0 < C <1 such thatZ

¹t�1º

1

t log t

Z
B
tb

u2.x; t/ dx dt � C: (3.19)

Proof. From the definition, �.t/�1.t/D t log t and a straightforward computation involv-
ing the properties of the function �, it follows that

1

�1.t/�.t/

Z
B
tb

u2.x; t/ dx �
1

�1.t/�.t/

Z
R
u2 0�

� x

�1.t/

�
�ı

� x

�
q
1.t/

�
dx;

for suitable � and ı, whenever q > 1 is chosen sufficiently close to 1 and b slightly smaller
if necessary. Lemma 3.2 implies thatZ

¹t�1º

1

�1.t/�.t/

Z
B
tb

u2.x; t/ dx dt � �	.t/C

Z
¹t�1º

jh.t/j dt: (3.20)

The first term on the right-hand side of inequality (3.20) is bounded because b � 2
2Cq

< 2
3

,
and the last one is bounded by the proof of Lemma 3.2. This completes the proof of the
lemma.

Now we are ready to prove Theorem 1.1.
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3.1. Proof of Theorem 1.1

Since the function 1
t log t … L

1.Bcr .1//, from the previous lemma, we can ensure that there
exists a sequence .tn/!1, such that

lim
n!1

Z
Bb
.tn/

u2.x; tn/ dx D 0:

Therefore, 0 is an accumulation point and using that u2 � 0 we can conclude the result.
To end this section we will give a sketch of the proof of Corollary 1.2.

3.2. Proof of Corollary 1.2

The proof of this result follows the same argument as the proof given for Theorem 1.1.
Hence, we will present the new details introduced in the proof. We consider the functional

	�.t/ D
1

�.t/

Z
u.x; t/ �

�x � �.t/
�1.t/

�
��

�x � �.t/
�
q
1.t/

�
dx;

where �.t/ D ˙tm, m as in the statement of the corollary, �.t/ and �1.t/ defined as in
(3.3) and  � and �ı defined as above.

As in Lemma 3.1 we have
sup
t�1

j	�.t/j <1:

We also obtain a similar inequality to (3.8) in Lemma 3.2, i.e.

1

�1.t/�.t/

Z
u2.x; t/ 0�

�x � �.t/
�1.t/

�
��

�x � �.t/
�
q
1.t/

�
dx � 4

d

dt
	�.t/C h�.t/;

where h�.t/ 2 L1.¹t � 1º/. Besides the terms previously handled in the proof of Lemma
3.2, here we need to estimate two new terms,

�
�0.t/

�1.t/�.t/

Z
R
u.x; t/ 0�

�x � �.t/
�1.t/

�
�ı

�x � �.t/
�
q
1.t/

�
dx D A.t/

and

�
�0.t/

�
q
1.t/�.t/

Z
R
u.x; t/ �

�x � �.t/
�1.t/

�
�0ı

�x � �.t/
�
q
1.t/

�
dx D B.t/:

The Cauchy–Schwarz inequality and the mass conservation yield

jA.t/C B.t/j �

ˇ̌̌ �0.t/

�
1=2
1 .t/�.t/

ˇ̌̌
ku0kL2k 

0
�kL2k�ıkL1

C

ˇ̌̌ �0.t/

�
q
1.t/�.t/

ˇ̌̌
ku0kL2k �kL1k�

0
ıkL2

.�;ı;m
1

t .4�2m�b/=2 log3=2 t
C

1

t .4�2b�2mCbq/=2 log.4�q/=2 t
:
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We observe that the first term in the last inequality is in L1.¹t � 1º/ since m � 1 � b
2

.
Similarly, the last term in the last inequality is also in L1.¹t � 1º/ since m � 1 � b

2
<

1 � b 1�q
2

.
From this point on the argument of proof to establish Theorem 1.1 can be applied to

end the proof of Corollary 1.2.

4. Proof of Theorem 1.4 (asymptotic behavior in H
1
2 .R/)

This section contains the proof of Theorem 1.4. The argument follows closely what
we did in the previous section. Thus, we will give only the main new ingredients in
the proof.

4.1. Asymptotic behavior of kD1=2u.t/kL2

Lemma 4.1. Let u 2 C.R W H
1
2 .R// \ L1.R W H

1
2 .R// be the solution of IVP (1.1).

Then there exists a constant C > 0 such thatZ
¹t�1º

1

t log t

Z
B
tb
.0/

jD1=2u.x; t/j2 dx dt � C: (4.1)

Proof. Consider the functional

J.t/ WD
1

�.t/

Z
R
u2.x; t/ �

� x

�1.t/

�
dx; (4.2)

where �.t/ and �1.t/ were defined in (3.3).
Differentiating (4.2) yields

d

dt
J.t/ D �

�0.t/

�2.t/

Z
R
u2.x; t/ �

� x

�1.t/

�
dx

C
2

�.t/

Z
R
u.x; t/@tu.x; t/ �

� x

�1.t/

�
dx

�
�01.t/

�.t/�1.t/

Z
R
u2.x; t/��

� x

�1.t/

�� x

�1.t/

�
dx

DW A.t/C B.t/C C.t/: (4.3)

Combining the properties �.t/ and �1.t/, the conservation of mass, and using (3.3),
it follows that

jA.t/j C jC.t/j .�
ku0k

2
L2

t2�b log2 t
: (4.4)

Thus, the terms A.t/, C.t/ are integrable in ¹t � 1º.
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Regarding B.t/, we use the equation in (1.1) and integrate by parts to write

B.t/ D �
2

�.t/

Z
R
@xuH@xu �

� x

�1.t/

�
dx

�
2

�.t/�1.t/

Z
R
uH@xu��

� x

�1.t/

�
dx

C
2

3�.t/�1.t/

Z
R
u3��

� x

�1.t/

�
dx

DW B1.t/C B2.t/C B3.t/: (4.5)

From Hilbert’s transform properties, integrating by parts and the Cauchy–Schwarz
inequality we obtain

jB1.t/j D

ˇ̌̌̌
�

1

�.t/

Z
R
u@x

h
H ;  �

�
�

�1.t/

�i
@xudx

ˇ̌̌̌
�

1

�.t/
kukL2




@xhH ;  �

�
�

�1.t/

�i
@xu





L2
: (4.6)

Lemma 2.1 gives us

jB1.t/j �
1

�.t/
kuk2

L2




@2x �� �

�1.t/

�



L1

.�
1

t1Cb
; (4.7)

which belongs to L1.¹t � 1º/.
To estimate B2.t/, we apply Plancherel’s identity to obtain

B2.t/ D �
2

�1.t/�.t/

Z
R
uD1=2

h
D1=2; ��

�
�

�1.t/

�i
udx

�
2

�1.t/�.t/

Z
R
.D1=2u/2��

� x

�1.t/

�
dx

DW B2;1.t/C B2;2: (4.8)

Notice that B2;2.t/ is the term we want to estimate.
To bound the term B2;1.t/ we use the Cauchy–Schwarz inequality, the conservation

of mass, (2.5) and properties of the Fourier transform to deduce that

jB2;2.t/j �
ˇ̌̌ 2

�1.t/�.t/

ˇ̌̌
ku0kL2




8�@x��� �

�1.t/

��



L1

.�
1

t1Cb
2 L1.¹t � 1º/: (4.9)

Finally, notice that by Lemma 2.2,Z
R
juj3��

� x

�1.t/

�
dx �

X
n2Z

Z
R
.juj�n/

3��

� x

�1.t/

�
dx

�

X
n2Z

ku�nk
3
L3

�
sup

x2Œn;nC1�

��

� x

�1.t/

��
.
X
n2Z

ku�nk
2
L2
kD1=2.u�n/kL2

�
sup

x2Œn;nC1�

��

� x

�1.t/

��
: (4.10)
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Moreover, by Lemma 2.3 and the hypotheses on u and �n,

kD1=2.u�n/kL2 . kD1=2u.t/kL2k�nkL1 C ku.t/kL2kD
1=2�nkL1

. ku.t/kH1=2.R/ . kukL1t H1=2 : (4.11)

Combining these estimates we deduce thatZ
R
ju.x; t/j3��

� x

�1.t/

�
dx .

X
n2Z

ku�nk
2
L2

�
sup

x2Œn;nC1�

��

� x

�1.t/

��
:

A similar analysis to that given in [29, Lemma 4.1] (see also [20]) yieldsZ
R
ju.x; t/j3��

� x

�1.t/

�
dx .

Z
R
ju.x; t/j2��

� x

�1.t/

�
dx: (4.12)

Using the properties of the function � in (3.1) for suitable ı and � we can apply
Lemma 3.3 to deduce that B3.t/ 2 L1.¹t � 1º/.

Collecting the information in (4.3), (4.4), (4.7), (4.9) and (4.12) we deduce that

1

t log t

Z
B
tb

jD1=2u.x; t/j2 dx dt �
d

dt
J.t/C g.t/;

where J.t/ is bounded and g.t/ 2 L1.¹t � 1º/.
A similar analysis to the one implemented in the proof of Theorem 1.1 yields the

desired result.

The remainder of the proof of Theorem 1.4 uses a similar argument to the proof of
Theorem 1.1, so we will omit it.

5. Proofs of Theorems 1.5 and 1.7

The proofs of Theorems 1.5 and 1.7 are based on the following virial identity.

Lemma 5.1. Let u 2 C.R WH 1.R// be the global real solution of IVP (1.1). Then for any
weighted function ' D '.x; t/ with

' 2 C.R W L1 \ PH 4.R//

the following identity holds:

d

dt

Z
u2.x; t/'.x; t/ dx D �

Z
u@x ŒH I'�@xudx �

Z
.D1=2

x u/2@x' dx

�

Z
uD1=2

x ŒD1=2
x I @x'�u dx

C
2

3

Z
u3@x' dx C

Z
u2@t' dx

DW A1 C A2 C A3 C A4 C A5: (5.1)
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Remark 5.2. The terms A1, A2, A3 derive from the (linear) dispersive part of the equa-
tion: A2 corresponds to the local smoothing effect of Kato type, first deduced in solutions
of the KdV equation [17]. As was proved in Section 2 the terms A1, A3 are of order 0 on
u and of order 2, in the homogeneous sense, on the weighted function '.

Proof of Lemma 5.1. Using the equation we get

d

dt

Z
u2.x; t/'.x; t/ dx D 2

Z
u@tu' dx C

Z
u2@t' dx

D 2

Z
u.H@2xu � u@xu/' dx C

Z
u2@t' dx

D 2

Z
uH@2xu' dx C

2

3

Z
u3@x' dx C

Z
u2@t' dx

D 2

Z
uH@2xu' dx C A4 C A5: (5.2)

By integration by parts it follows that

2

Z
uH@2xu' dx D �2

Z
@xuH@xu' dx � 2

Z
uH@xu@x' dx: (5.3)

Since

�

Z
@xuH@xu' dx D

Z
@xuH .@xu'/ dx

D

Z
@xuH@xu' dx C

Z
@xuŒH I'�@xudx; (5.4)

one has that

�2

Z
@xuH@xu' dx D

Z
@xuŒH I'�@xudx

D �

Z
u@x ŒH I'�@xudx D A1: (5.5)

Also

�2

Z
uH@xu@x' dx D �2

Z
uDxu@x' dx

D �2

Z
D1=2
x uD1=2

x .u@x'/ dx

D �2

Z
D1=2
x uD1=2

x u@x' dx � 2

Z
D1=2
x uŒD1=2

x I @x'�u dx

D �2

Z
D1=2
x uD1=2

x u@x' dx � 2

Z
uD1=2

x ŒD1=2
x I @x'�u dx

D A2 C A3: (5.6)

Inserting (5.5) and (5.6) into (5.3), and this into (5.2), we obtain (5.1).
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5.1. Proof of Theorem 1.5

First, we fix
'.x; t/ D �

�x � c1
c0t

�
; (5.7)

with � satisfying 8̂̂̂̂
<̂
ˆ̂̂:
� 2 C1.R/; 0 � � � 1 in R;

�.s/ � 0 if s � 1; �.s/ � 1 if s � 2;

�0.s/ > 0 in .1; 2/;

j�.k/.s/j � 2k for any s 2 R, k D 1; 2; 3;

(5.8)

and c0, c1 constants to be chosen later. We observe that

@t�
�x � c1
c0t

�
D �0

�x � c1
c0t

��x � c1
c0t

�
�1

t
� �0.�/

�1

t
(5.9)

and
@x�

�x � c1
c0t

�
D �0.�/

1

c0t
: (5.10)

With the notation in (5.1) and using the commutator estimates in Lemmas 2.1 and 2.4 it
follows that

jA1j �
c

c20 t
2
k�00kL1ku.t/k

2
L2
;

A2 � 0;

jA4j �
2ku.t/k1

3c0t

Z
u2.x; t/�0

�x � c1
c0t

�
dx;

A5 �
�1

t

Z
u2.x; t/�0

�x � c1
c0t

�
dx;

(5.11)

and

jA3j �
� 1

c0t

�5=2
k�00.�/k

1=2

L2
k�000.�/k

1=2

L2
ku.t/k2

L2

� c�

� 1

c0t

�2
ku.t/k2

L2
: (5.12)

Inserting the above estimates in (5.1) and combining Sobolev embedding with the conser-
vation laws of the BO equation one finds that

d

dt

Z
u2.x; t/�

�x � c1
c0t

�
dx

�
c�

.c0t /2
ku0k

2
L2
C

�2c2ku0kH1

3c0t
�
1

t

� Z
u2.x; t/�0

�x � c1
c0t

�
dx (5.13)

with c2 a universal constant. Thus, we take c0 such that

2c2ku0kH1

3c0
< 1;
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and for any given " > 0 we fix t1 > 0 such that

ku0k
2
2

Z 1
t1

c�

.c0t /2
dt � ":

Hence, integrating (5.13) in the time interval Œt1; t2� we find thatZ
u2.x; t2/�

�x � c1
c0t2

�
dx �

Z
u2.x; t1/�

�x � c1
c0t1

�
dx C ": (5.14)

Next we fix c1 > 0 such thatZ
u2.x; t1/�

�x � c1
c0t1

�
dx � ";

to get that for any t2 > t1,Z
x>c1C2c0t2

u2.x; t2/ dx �

Z
u2.x; t1/�

�x � c1
c0t1

�
dx C " � 2":

Finally, fixing C0 D 3c0 we have

lim sup
t!1

Z
x>C0t

u2.x; t/ dx � 2"

which yields the desired result (1.13).

5.2. Proof of Theorem 1.7

First we fix
'.x; t/ D ˇ

�x C c1
�.t/

�
; (5.15)

with ˇ satisfying 8̂̂̂̂
<̂
ˆ̂̂:
ˇ 2 C1.R/; 0 � ˇ � 1 in R;

ˇ.s/ � 1 if s � �2; ˇ.s/ � 0 if s � �1;

ˇ0.s/ < 0 in .�2;�1/;

jˇ.k/.s/j � 2k for any s in R, k D 1; 2; 3;

(5.16)

with
�.t/ D c2t log1C� t; � > 0; (5.17)

c1 a constant to be chosen later and c2 > 0 an arbitrary constant. We observe that

@tˇ
�x C c1
�.t/

�
D ˇ0

�x C c1
�.t/

��x C c1
�.t/

�
��0.t/

�.t/
� 0 (5.18)

and
@xˇ

�x C c1
�.t/

�
D ˇ0

�x C c1
�.t/

� 1

�.t/
: (5.19)



On local energy decay for solutions of the Benjamin–Ono equation 743

With the notation in (5.1) from commutator estimates in Lemmas 2.1 and 2.4 it follows
that

jA1j �
c

�2.t/
kˇ00kL1ku.t/k

2
L2
�

cˇ

�2.t/
ku.t/k2

L2
;

A2 �
c

�.t/
kˇ0kL1kD

1=2
x u.t/k2

L2
�

cˇ

�.t/
kD1=2

x u.t/k2
L2
;

jA3j �
c

�5=2.t/
kˇ00.�/k

1=2

L2
kˇ000.�/k

1=2

L2
ku.t/k2

L2
�

cˇ

�2.t/
ku.t/k2

L2
;

jA4j �
2ku.t/k3

L3
kˇ0kL1

3�.t/
�
cˇku.t/kL1ku.t/k

2
L2

�.t/
;

A5 � 0:

(5.20)

Inserting (5.20) into the virial identity (5.1) and using the conservation laws of the BO
equation one sees that there exists

K0 D K0.ˇI ku0kL2 I kD
1=2
x u0kL2 I k@xu0kL2/ > 0

such that
d

dt

Z
u2.x; t/ˇ

�x C c1
�.t/

�
dx �

K0

t log1C� t
: (5.21)

Thus, given any " > 0 we take t0 > 1 such thatZ 1
t0

K0

c2t log1C� t
dt � " (5.22)

to get that for any t1 > t0,Z
u2.x; t1/ˇ

� x C c1

c2t1 log1C� t1

�
dx �

Z
u2.x; t0/ˇ

� x C c1

c2t0 log1C� t0

�
dx C ": (5.23)

By taking c1 such that Z
u2.x; t0/ˇ

� x C c1

c2t0 log1C� t0

�
dx < ";

one finds that for any t1 > t0,Z
x<�c1�2c2tt log1C� t1

u2.x; t1/ dx �

Z
u2.x; t1/ˇ

� x C c1

c2t1 log1C� t1

�
dx � 2": (5.24)

Hence,

lim sup
t!1

Z
x<�3c2t log1C� t

u2.x; t/ dx � 2": (5.25)

Since " > 0 and c2 > 0 are arbitrary we finish the proof.
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A. Some auxiliary results

Proof of Lemma 2.4. One sees that

8
.D1=2ŒD1=2

I a�f /.�/

D j�j1=2
Z
j�j1=2

�
Oa.� � �/ Of .�/ � Oa.� � �/j�j1=2 Of .�/

�
d�: (A.1)

Therefore,

j
8
.D1=2ŒD1=2

I a�f /.�/j �

Z
j�j1=2

ˇ̌
j�j1=2 � j�j1=2

ˇ̌
j Oa.� � �/ Of .�/j d�: (A.2)

Assuming the following claim:

9 c > 0 s.t. 8�; � 2 R; j�j1=2
ˇ̌
j�j1=2 � j�j1=2

ˇ̌
� cj� � �j; (A.3)

we will conclude the proof. From (A.3) it follows that

E1.�/ � j
8
.D1=2ŒD1=2

I a�f /.�/j

� c

Z
j� � �jj Oa.� � �/ Of .�/j d� D c

Z
j ya0.� � �/ Of .�/j d�: (A.4)

Thus,
kE1k2 D kya0 � Of kL2 � kya

0kL1kf kL2 : (A.5)

Using that

k ya0k1 D

Z
j�j�R

j ya0j d� C

Z
j�j>R

j�j j ya0j

j�j
d�

� cR1=2k ya0kL2 C cR
�1=2
k ya00kL2 ; (A.6)

then choosing R D k ya00k1=2
L2
=k ya0k

1=2

L2
we obtain (2.5).

It remains to prove the claim in (A.3). First, we consider the case where � and � have
the same sign, so we assume �; � > 0. In this setting one sees that for some � 2 .0; 1/,

j�1=2 � �1=2j D
1

.�� C .1 � �/�/1=2
j� � �j: (A.7)

Thus, if 0 < �=10 < �, (A.7) yields the estimate in (A.3).
If 0 < � � �=10; one has

�1=2.�1=2 � �1=2/ � � � 2j� � �j:

In the case where � , � have different signs, one sees that

j� � �j D j�j C j�j;

and the estimate (A.3) holds.
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