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Resonance expansion for quantum walks
and its applications to the long-time behavior

Kenta Higuchi, Hisashi Morioka, and Etsuo Segawa

Abstract. In this paper, resonances are introduced to a class of quantum walks on Z. Res-
onances are defined as poles of the meromorphically extended resolvent of the unitary time
evolution operator. In particular, they appear inside the unit circle. Some analogous properties
to those of quantum resonances for Schrodinger operators are shown. Especially, the resonance
expansion, an analogue of the eigenfunction expansion, indicates the long-time behavior of
quantum walks. The decaying rate, the asymptotic probability distribution, and the weak limit
of the probability density are described by resonances and associated (generalized) resonant
states. The generic simplicity of resonances is also investigated.

1. Introduction

Resonances, a generalization of eigenvalues, are known as characteristic quantities to
observe the long-time behavior in various problems. The real and imaginary parts of
a resonance are interpreted as the rate of oscillations and that of decay of a physical
state, respectively. For example, in the study of Schrodinger equations, the imaginary
part of each resonance gives the reciprocal of the half-life time of an associated state.
In this manuscript, we introduce resonances to the discrete-time quantum walk on Z.
We observe some properties such as local decaying rate and asymptotic behavior of
probability distribution induced by the quantum walk from the resonance expansion,
which is similar to the eigenfunction expansion. We first briefly explain our results
in Section 1.1-1.3, and then mention backgrounds, motivations, and related works in
Section 1.4.
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1.1. Motivating example

Let us introduce a discrete-time quantum walk on Z. For a given initial state ¥ €
JH = 12(Z; C?), the state at the time n € Z is given by

Vn 1= U"W-

Here, the unitary operator U = SC is defined for a given sequence (C(x))xez of
2 x 2 unitary matrices as follows:

(CY)(x) = C)Y(x),

snw=(y e+ + (g

0
0 1)w(x—l) (x € Z, y € #).

We call C and S coin and shift, respectively.

As a motivating example, let us start with the simplest case called double barrier
problem (see Figure 1 and Proposition 4.2). Let k be a positive integer and let 0<r <1.
Define U, = SC, by C,(x) = I, (the identity matrix) for x € Z \ {0, k} and

—r2 r
Cr(0) = Cr(k) = ( ]—r m)

Suppose that ¥ (x) = 0 holds except for a finite number of x € Z. Then for the free
quantum walk Uy = S, the first (resp. second) entry of each vector v (x) € C? shifts
to left (resp. right) each time Uy is applied, and we do not find any non-zero vector in
each compact set after a certain time passing. Contrary, for Uy, we find 2k eigenvalues
C1s.o. Gk (j = exp(im(2j — 1)/2k)) and Y, varies periodically with its period 2k
(with respect to n > 1) in each compact set. Moreover, the behavior in the compact
set is given by a linear combination of eigenstates.

For the intermediate cases 0 < r < 1, the time evolution is similar to neither of the
above cases. We may find non-zero vector ¥, (x) between 0 and k also for large n.
However, there is no eigenvalue of U,. Moreover, v, is 2k-quasi-periodic in each
compact set. Let J/ C Z be a large interval of integers. There exists n; € N such that

Vntak(X) = _rZWn(x)

for any x € J and n > n ;. This behavior is explained in a similar way to that of U;
by generalizing eigenvalues to resonances. In this case, A1, ..., A,x given by
;m2j—1)
Aj=ril =rke "I (j=1,2,....2k)
are resonances (in the sense of Definition 1.1). Let ¢; be a map Z — C? defined by

05 (x) = ( (L—o0,-11() VT = 12 + Ly —1) (X)) A% )
’ (L4 1,400) () V1T =12 + 1y g (XA )
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Figure 1. Time evolution of U/ (x)|c2 withk = 5, ¥(1) = (0, 1), ¥(x) = 0 (x # 1).
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Figure 2. Resonant state ¢ with r = 2-1/2 | =10.

loE ol

—loR )|

with 14 standing for the characteristic function of each subset A of Z (replace A with
A N Z when A is a subset of R):

1 whenx € A,

lat) = {0 when x ¢ A.

Then ¢; satisfies the eigenequation
Urpj = /\j @j-

Since ||¢; (x)||c2 grows exponentially as |x| — oo, ¢; does not belong to ¢, and A,
is not an eigenvalue of U, (see Figure 2). However, in J, each initial state 1 supported
on J is decomposed into a linear combination

2k
v = chfpj + o,

J=1

where c1, ... , cor are constants, and ¢ € J is such that U" ¢y = 0 for n > 1. This
implies that in J, we have

n—Un ZCJ/\](:DJ
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for large n. This is the resonance expansion of v, by resonant states of U, (Theorem 1
for general cases). In particular, this is quasi-periodic since /\}k = (r'/kgH)?k = 2,
From this formula, we easily see the decaying rate of the probability measure induced

by ¥, in J:
2k 2k
Iswalae =% |10 Y b = (X leilswrla) = My,
ji=1 =1

where M (/) is a constant determined by . The decaying rate is the modulus of the
resonances: r1/k = |A;| (Corollary 1.4).

1.2. Definition of the resonance and resonance expansion

Let us make precise and generalize the above argument. The resonances are defined
as poles of the (meromorphically continued) resolvent operator of U. Throughout this
manuscript, we consider finite rank perturbations without any “isolations” on Z.

Assumption 1. The diagonal entries of each C(x) never vanishes for x € Z, and
C(x) = I except a finite number of x € Z.

Under Assumption 1, the perturbations
U-Uy=S8C,, Cp,:=C—-1,

are of finite rank. Since U is unitary, the spectrum is a subset of the unit circle.
Moreover, under Assumption 1, there is no eigenvalue of U, the spectrum of U is
the unit circle, and is absolutely continuous [23, Lemmas 2.1 and 2.2]. We note that
the non-existence of eigenvalues is not necessary for studying resonances. For most
of our results, one may find an analogue even if the diagonal entries of C(x) van-
ishes for some x € Z. However, the unique continuation principle for the equation
(U — M)y = 0 follows from the condition (shown for example by the method of
transfer matrices e.g., proof of Lemma 5.1), and it simplifies arguments.

Let R(A) := (U — 1)~! for |A| > 1 be the resolvent operator (bounded on ¥ —
H#), and let J C Z be a bounded interval of integers, that is,

J={x€Z;minJ <x <maxJ}
= [minJ,max J]NZ with—o0o <minJ <maxJ < +oo.
In this paper, an interval means an interval of integers. For integers a < b, we denote

the interval by
la,blz :=[a,b] N Z.

As we will see in Proposition 2.1, the cut-off resolvent Ry (A) := 17 R(A)1; extends
meromorphically to whole A € C. Moreover, the poles of R; and the multiplicity of
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each non-zero pole are invariant with respect to the choice of the interval J containing
the perturbed region J D chs(C,). Here, we denote the convex hull in Z of the support
supp(Cp) = {x € Z; C(x) # I} of Cp by

chs(Cp) := [infsupp(Cp). sup supp(Cp)]z.
Taking these facts into account, we define resonances in the following way.

Definition 1.1. We say A € C is a resonance of U if it is a pole of the extended family
{Ry(A); A € C}, where J is a bounded interval containing chs(Cp). We denote the
set of resonances by Res(U). We define the (algebraic) multiplicity m(A) of each
non-zero resonance A € Res(U) \ {0} by

m(d) = rank¢ R;y(A)d),
A
where the integral runs over a small circle enclosing A counterclockwise.

As an analogue of the L2-theory, we define the vector space of compactly suppor-
ted states Hcomp and that of locally € maps #j,c by
Heomp := {¥ € H; supp Y is compact},
Hioe :={V : Z — C?; 1y € H for any compact J C Z}.
Note that . coincides with the set of maps from Z to C2: Hyo. = {¥ : Z — C?}. We
have seen in Section 1.1 that for the free quantum walk Uy = S, the motion of each

entry of ¥ is trivial. Let us denote the first and the second entry of a map ¥ € H), by
YL and ¥R, respectively. Then we have

yh(x + 1))
yR(x—1)

for each x € Z. We say v is outgoing if there exists r > 0 such that

Yt =yfx =0

(Uo¥)(x) = (

holds for any x > r. We also define the incoming support of ¥ € ), by
by 1 R L
supp’y = [infsupp ™, sup supp ¥ “]z.

Then ¢ is outgoing if and only if suppbw is compact.
The resolvent operator (U — A)~! is characterized as the bounded operator which
assigns to each f € J the solution ¥ € J to the equation

U -y =1



Resonance expansion for quantum walks and its applications to the long-time behavior 213

If Ag is an eigenvalue, a solution belonging to # to the above equation is not unique
since there is an eigenvector ¥ € J, that is, a non-trivial solution to (U — A¢)y¥ = 0.
Especially, A¢ is a pole of the resolvent operator. Similarly, the extended operator is
characterized as the operator which assigns to f* € Hcomp the outgoing solution of the
above equation (Proposition 2.3 (1)). A complex number A € C \ {0} is a resonance
if and only if there exists an outgoing solution ¢, to the eigenequation (Proposi-
tion 2.3 (2)). We call @), a resonant state associated with the resonance A. Moreover,
for each non-zero resonance A € Res(U) \ {0}, there exists @; 1, ... ,¢1,mx) € Hioc
which corresponds to the Jordan chain of an eigenvalue (Proposition 2.3 (3)). They
are also outgoing with N; (supp’@ x) C chs(C,), and we call each linear combina-
tion of them a generalized resonant state. For a non-negative integer r € N and an
interval A C Z, we denote by

Ny (A) ;= [min A — r,max A + r]z,

the r-neighborhood of A.
Contrary, the pole at A = 0 is different from the others. The space

Vi(0) := Ran¢ Ry(A)dA C{Y € Heomp: suppy C J}
0

depends on the choice of an interval J. For any ¢g € V;(0), we have
Ulpo(x) =0 onJ,
for any n > 2|J|, where we put |J| := Card(J), the cardinality of J.

Theorem 1. For any compactly supported state y € Hcomp and any bounded interval
J D (supp ¢ U chs(Cyp)), there exist coefficients c) r (A € Res(U) \ {0}, 1 <k <
m(A)) and gg € Vy(0) such that

m(A)

y=1; > D cakgik+ %o (1.1)

A€Res(U)\{0} k=1

Moreover, we have

m(A) k—1

vy = Y A”Zcx,kz(’})rlm,k_z(x) on Ny1-211(J).
A€Res(U)\{0} k=1 =0
(1.2)

forn > 2|J|. Here, the (usual) binomial coefficient is defined for n,l € N by

n n!
=" ihol=1.
(1) Nn—n1 "m0
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Since the number of resonances and their multiplicity is bounded by 2|chs(Cp)| >
2|J| (Proposition 2.3 (4)), the sums in (1.1) and (1.2) are finite and the binomial
coefficient is well defined. As an analogue of the Schrodinger equation, these exact
formulae may look strange. However, it is natural since the finiteness of the rank of
the perturbation makes this problem essentially finite dimensional.

The latter formula (1.2) is a consequence of the former with Lemma 2.5, which
states that if € ), is outgoing, then

Ul =1y, nU"y (1.3)

holds for any 7 > 0 and for any interval J containing supp”y U chs(C ).

Remark 1.2. We will see in Theorem 2 that in generic cases, all non-zero resonances
of U are simple. Then formula (1.2) turns into a simpler form

Ury(x) = > Acapa(x)  on Nu_i—ops(J).
A€Res(U)\{0}

Most of the formulae in the next section follow from formula (1.2), and each of them
also turns into a simpler form by using the above formula.

Remark 1.3. The existence of a non-identically vanishing outgoing solution ¢, to
(U — A)¢ = 0 for each non-zero resonance implies that the scattering matrix also has
a pole there. In fact, we can equivalently define resonances as poles of the scattering
matrix (Corollary 5.4).

1.3. Long-time behavior

We observe some properties of long-time behavior of quantum walks by using the
resonance expansion (1.2) of Theorem 1.

The decaying rate of the survival probability on each compact interval is given in
terms of the modulus of resonances and their multiplicity.

Corollary 1.4. For any compactly supported initial state Y € Hcomp and any bounded
interval J C 7 containing supp y U chs(Cp), there exists a constant M = M () > 0

such that

n

||ﬂJUnw||J€fM(mO_l)Angnmo—lAg, 1.4)

for n large enough, where 0 < Ay < 1 and mg > 1 stand for the maximal modulus
of resonances and for the maximal multiplicity of non-zero resonance whose modulus
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attains Ng:
Ao := max [A],
A€Res(U)
Mo ‘= p(Ao),

p(A) ;= max{m(1); A € Res(U) \ {0}, |A| = A}.

Moreover, there also exists M’ = M'(y) > 0 such that

Uyl < M’( )A(W < M PO A (1)

n
p(A(Y)) —1

for n large enough. We here put

A(W) == max{|)&|; 9§ R dA # 0} < Ao. (1.6)
A

Note that the decaying rate given by (1.4) is independent of the choice of the
initial state {» whereas that given by (1.5) is not. In general, the latter is sharper. The
sentence “for n large enough” means that there exists ny > 0 such that the statement
is true for any n > ng. Estimate (1.4) (resp. (1.5)) holds for any n € N if Ag # 0
(resp. A(Y) # 0).

For a given initial state ¥ € # and n € Z, as usual, let j1,, : Z{®1 — [0, 1] be a
probability distribution defined by

pn(A) = 1Yl DU Y02 (A CZ),
xX€A

and let X, be the random variable induced by w,. Since U is unitary, u,(Z) =
¥ 721U ¥ |5, = 1 holds for any n. The probability i, (x) is asymptotic to that
given by resonant states.

Corollary 1.5. For any compactly supported initial state € Heomp and any x € Z,

we have
. m(A) k—1 n . 5
) =A@ 3 e‘"afg*ch,kz(l)e—”af%,ku))Cz+o(A(w>2")
A€Res(U) k=1 =0
[Al=A®)
(1.7)

as n — +oo, where A = A(Y) is given by (1.6). Especially, if the initial state is a
restricted resonant state = 1, with an interval J D chs(Cp) =: [x~,x 1]z, there
exists constants c4+ such that
*) {ci|k|2(”¢x) for x € Ny(J) \ chs(Cp) with £ (x—x%) > 0,
Hn(X) = _
A" eall 7 lea(OlIZ2  for x € chs(Cp).
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Remark 1.6. The estimate for the remainder o(A ()?") in (1.7) is improved as fol-
lows:

O\ ()2 N(y) = max{w; Al < AW). 95 ROV )pd # 0}.
A

For an initial state ¥ € Hcomp and an interval J C Z containing suppy U chs(Cy),
the mean of the survival time in J is defined by

o0
t=1( ) = ) (M (D).
n=1
Corollary 1.4 shows the following upper bound of 7 in terms of resonances.

Corollary 1.7. Suppose ||V ||z = 1 and that there exists at least one non-zero res-
onance. We use the same notations as those in Corollary 1.4. Let n1 > mo — 1 (resp.
ny > p(A) — 1) be such that (1.4) (resp. (1.5)) is true for everyn > np (resp. n > nj).
Then we have the estimate

t(J,¥) <min{ny + M)*Ymg—1(Ao), n2 + M () Ypawy—1(AR))}-

where the function Yy, is defined by

Tk(r) =

Pkl g%k e ok & k1) 2D s
(=) = 2 a9
=0

22k dr2k \1 —r2 20 +1) (1 —r2)2k+1°
In particular, when mg = p(A) = 1 and ny = ny = 0, it turns into

M@)?  M'(y)? }
1= A2 1—A@W)2)

T < min{

Remark that identity (1.8) can be shown by the partial fraction decomposition:
k

d%( r )__1( 1 1 )_E: 2k +1) !
dr2k \1—r2) — 2\(1 —r)2k+1 (1 4 r)2k+1) =20+ 1) (11— r2)2k+1’

Remark 1.8. When the initial state i = 1 ¢, is a restriction of a resonant state ¢;
associated with a non-zero resonance A € Res(U) \ {0}, the mean t is explicitly given
by

T

_ 1 M) 2
_1—m2_Q—Awy)’
where we have M'(y) = 1, A(y) = |A].
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Figure 3. Evolution of | U’ 1{— 113¢1 | with r = 271/2 &k = 10.

Corollary 1.9. For any compactly supported initial state ¥ € Heomp (Suppose
1V |lge = 1 for simplicity), there exists the weak limit W = w-1imy,— 4 oo (X, /1). Its
density function w can be written in the form

w=c-6_14+c46;, ¢c+>0, cy+c_=1
Furthermore, for each n € N, we have
lex = AUV 15| < 1P UMV 15 = O(A@)™). (19)
where we put y° :=1— )(ﬁ_ — x* with

(o 0 (1 0
Fo=10 1 =3\ o

0 otherwise, 0 otherwise.

) x > max chs(Cp), ) x < minchs(Cp),

Especially, if v = 15, with a resonant state @), associated with a non-zero reson-
ance A and an interval J C Z containing supp ¥ U chs(Cp), we have

a_ a4
(.= —"—, (4= ——
a-+a4 a-+ay
with
a_ = |pa(min J)|>, ay = |p;(max J)J>.

Note that (1 — y*)v is outgoing with supp®(1 — y*)¢ C chs(Cp) for any ¥ € Hoc.
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1.4. Background, motivation, and related works

Quantum walks have been studied under various motivations, such as spectral graph
theory [8], quantum information theory [26], and probability theory [15]. One can also
find their experimental implementations in quantum optics [17]. Recently, discrete-
time quantum walks are also studied as discrete analogue of the scattering of Schro-
dinger equations [6,9, 18,27,30]. From the viewpoint of probability theory, quantum
walks are seen as a “quantum version” of random walks. As we have seen in
Section 1.3, the resonances are deeply connected with the long-time behavior of
the quantum walk. There are also many attempts to consider suitable models which
describe diverse quantum effects. As one of such attempts, non-unitary time evolu-
tion (corresponding to a non-hermitian, non-self-adjoint Hamiltonian) is introduced
for quantum walks to describe open systems [20]. In the study of quantum mech-
anics, resonances and associated resonant states are one of main objects to analyze
non-hermitian systems, especially the particle decay [21]. At least for our present set-
ting, we can observe the decaying rate in terms of resonances also for quantum walks
(Corollary 1.4). We also mention that there are many similarity with the problems
of finite absorbing quantum walks (see e.g., [15, 16]). Resonances are equivalently
defined as eigenvalues of a matrix of a finite size (see Corollary 2.7).

Resonances have been studied in many branches of mathematics, physics, and
engineering (see the survey [34] and references therein). Among the problems in
which resonances are studied, many quantities of quantum walks are concretely com-
putable since both the space and time are discrete. We can chase by a concrete and
simple computation the dynamics of a quantum walk which is interpreted as the prob-
ability distribution of a quantum particle. We expect that descriptions of quantum
effects by such a simple model will clarify what the essential property which causes
the effect is. For example, Feynman and Hibbs introduced the Feynman checkerboard
to explain their idea of the path integral [7]. The Feynman checkerboard is considered
as one of primitive models of quantum walks (see e.g., [19] for another primitive
model). Resonances for discrete models are also studied for other discrete problems
such as discrete Laplacians [2, 13], Jacobi operators [10], and discrete-time dynamical
system [1] (discrete version of the Pollicott—Ruelle resonances [25,28]) .

We consider the unitary time evolution operator although the generating Hamilto-
nian is usually considered in various situations of studying resonances. The Hamilto-
nian generating quantum walk is given [4], but at least for position dependent quantum
walks, the unitary operator seems to be easier to see the properties. The continuation
from outside the unit circle |A| > 1 to |A| < 1 for our spectral parameter A = e~i¥
for the unitary time-evolution operator corresponds to that from the upper half plane
Im«k > 0to Imk < O for the spectral parameter (or its square root) x of the Hamilto-
nian. Indeed, various objects and methods in the scattering theory are rehashed in
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the unitary framework (see e.g., [27,29,32]), especially in the study of the scattering
theory on quantum walks [6, 14, 18,22,27,30]. We also mention that Kato and Kur-
oda [12] studied an abstract theory of wave operators for the discrete-time evolution
given by a unitary operator in 70’s.

The resonance expansion is a typical motivation to study resonances also in other
settings (e.g., [3,24,31] for wave and Schrodinger equations, [11,33] for Anosov flows
where these results are essential to show the validity of the expansion [34, Theorem
19]). Our resulting expansion (Theorem 1) is closer to that for Schrodinger operat-
ors in the sense that the time evolution is directly expanded, whereas the correlation
is expanded in that for Anosov flows. Since the number of resonances in our setting
is finite, our formula is much simpler than them. The authors will introduce an ana-
logous method to the complex scaling in the other manuscript which allows to study
resonances for the case with a perturbation not necessarily having a finite support [9].
Another reason of the simplicity is due to formula (1.3) on the time evolution of outgo-
ing states. In general, the discontinuity of the indication function makes some “noise.”
The formula is not true even for quantum walks finitely perturbed from U := SCy
with some position independent (unitary) non-diagonal coin Cy.

We also show the generic simplicity of resonances (Theorem 2). As we have seen
before, many formulae are reduced to simpler forms when every resonance is simple.
In the case of Laplacian, an analogue to this theorem is shown in [5, Theorem 2.25]
by employing the Grushin problem to reduce locally the distribution of resonances to
that of zeros of a holomorphic function. In our setting, resonances are just zeros of a
polynomial appearing in the transfer matrix. We can directly apply the Rouché-type
formula (Lemma 5.6).

1.5. Plan of the paper

In the next section, we prove the main theorem on the resonance expansion (The-
orem 1) and preliminarily propositions to define resonances and to show the properties
of the extended family of cut-off resolvent (especially, the existence of generalized
resonant states). Section 3 is devoted to the proofs of the corollaries on the long-time
behavior of quantum walks stated in Section 1.3. We then see the distribution, the mul-
tiplicity, and their symmetries of resonances in Section 4. We finally show the generic
simplicity of resonances in Section 5 by using characterizations of resonances by the
transfer matrix or the scattering matrix.
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2. Proof of the resonance expansion

In this section, we show that resonances are well defined under Assumption 1 and
prove our main theorem (Theorem 1).

2.1. Meromorphic continuation of the resolvent

We define resonances as poles of continued resolvent. We first prove the following
proposition. Recall that U is unitary and that each A € C with |A| > 1 belongs to the
resolvent. For such A, let R(A) := (U — A)~! be the resolvent operator on #.

Proposition 2.1. Under Assumption 1, the followings hold.

(1) For any bounded interval J C Z, the holomorphic family {1;R(A)1y;
|A| > 1} of operators on H can be extended meromorphically to whole C.

(2) For any choice of non-empty J, A = 0 is a pole of the extended operator.

(3) The non-zero poles and their multiplicity are invariant to the choice of J D
chs(Cp).

We formally interpret Proposition 2.1 (1) and (3) as meaning that R(A) is contin-
ued meromorphically to C \ {0} as a family of operators from Hcomp to Hioc. In fact,
the linear map R(A) : Heomp — Hioc is well defined for A € C \ Res(U). Let ¥ belong
to Heomp and let Jy, J be intervals containing chs(C,) U supp ¥. Then we have

R;,(M¥ = Ry,(M)y  onJy N Jy. @.1)

This is true since for each x € J1 N J2, Ry; (A)¥(x) is a meromorphic function with
respectto A (j = 1,2). We see first that Identity (2.1) holds for |A| > 1, and it extends
by the identity theorem. However, the notion of analyticity is well defined only for
families of operators between Banach spaces, and “a meromorphic family of operators
Heomp —> Hioe” 18 NOL precise.

To prove Proposition 2.1, we prepare a lemma. Recall that for A € C with [A| > 1,
the resolvent operator Ro(A) = (Ug — A)~! for the free quantum walk Uy = S is
given by

+o0 L
_ —y—1 (VT +y)
Ro(M)y(x) = yzzox y 1(1//R(x—y))' (2.2)

Lemma 2.2. The resolvent operator Ry(A) is bounded operator on K satisfying

[RoM) lge—se < IAT2A = A™H7TY2 for |A| > 1. (2.3)
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Let J be a bounded interval, then the operator 15 Ry(A)1 is extended meromorph-
ically to whole C. Its unique pole is A = 0. The norm is estimated as

117 RoM) Ly || < VITIATEY for 0< Al < 1. (2.4)

Proof. For any { € J, we have

400
IRV 1% < 3 S A2 (Wl (x + 0P + 19 R — )P

x€Z y=0
+o00
2 —2y—2
= Y13 Y A2,
y=0

and (2.3) follows. For 0 < |A| < 1, the infinite sum in the right-hand side of (2.2) does
not converge in general. It becomes a finite sum after cut-off, and we have

I Ro M LrylIZe < D Y I 2Ly (e + »)IP + 11y R = »)P).

xeJ y=>0

By a change of the variable, we obtain

SN TR+ P =D WP Y AT

xeJ y>0 zeJ y>0,z—yeJ
=2|J|—-2 L 2
< TIP3 ko).
z€Z

This with a symmetric estimate for the other term

SO AT YR - p))?

xeJ y=>0
implies (2.4). |

The meromorphic continuation is due to the analytic Fredholm theory. We also
use the Neumann series argument with the estimate given in Lemma 2.2.

Proof of Proposition 2.1. Note that the resolvent operator R(1) = (U — A)~! of the
unitary operator U on J is well defined for || > 1. According to the standard
resolvent equation, for [A| > +/5, R(1) is expressed as

R(A) = Ro(M)[I + (U = Up)Ro(W)] ™, (25)

since U — Uy and R((A) are bounded operators with their norm bounded by 2 and
IA|71(1 — |A|72)7V/2, respectively (see (2.3)).
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Under Assumption 1, for any interval J containing chs(C,), we have
(I =1)U =Up) =0
and
[I + (U = U) R =17 =1 — (U = Up) Ro(M)(I —1).
This with the factorization
I+ (U —Up)Ro(A) = [I + (U — Up)Ro(M)(1 —1,)][1 + (U — Uo)Ro(M)1,]
implies

[[ 4+ (U =Up)Ro(M] ™" =[I 4+ (U = Uo) Ro(M)1 ;][I = (U = Up) Ro(M)( = 11)].
(2.6)
Combining (2.5) and (2.6), we obtain the following representation of the resolvent

R(A) = RoMW[I + (U — Up)Ro(M)1417 I = (U — Up) Ro(M)(I — 1)].
We see that for any intervals J; and J, D N{(J U Jy),

{ (I =1y5u5) —U =Up)Ro(M){ —1p)]1,, =0,

for [A| > /5. (2.7)
(I =15 + (U = Up)Ro(M)14]1 505, =0,

The second one follows from the Neumann series representation

[+ (U = Up)RoMW)1s]" = D (—(U = Up)Ro(M)1)*. (2.8)
k>0

According to Lemma 2.2, the cut-off free resolvent 1y Ro(A1)1; is a meromorphic
family of operators for A € C. The operator (U — Up) Ro(A) 15 = (U — Up)1 7 Ro(1)1;
is of finite rank, in particular compact, and hence the analytic Fredholm theory (see
e.g., [5, Theorem C.8 and C.10]) shows that [I + (U — Up)Ro(A)1;]7! is extended
meromorphically to A € C. By the identity theorem, the properties of the support (2.7)
still hold after the extension. Finally, the cut-off resolvent

]111 R(A)]l.ll = ]1.]1 RO(A)]IJz[I + (U - UO)RO(A)]IJ]_I
x Lyun I = (U = Ug)Ro(M)(I — 1)1y,
is extended meromorphically to A € C. In addition, the poles other than A = 0 of

this operator come from [/ 4+ (U — Uy)Ro(A)1;]~!. The Neumann series represent-
ation (2.8) shows that for any two intervals J3 and J4 containing J, we have

[ 4+ (U —U)RoM1, 1 gy —1g,) =1g5 =1y,  for |2 > /5.

This invariance is true for all A € C. Therefore, the only dependence on the choice of
interval larger than J of the poles is the order of the pole at A = 0. |
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2.2. Properties of the outgoing resolvent and resonant states

We observe some properties of the continued resolvent. It is characterized as the oper-
ator assigning the unique outgoing solution for the equation

U-y=f (2.9)

to each f € Heomp (Proposition 2.3 (1)). Under Assumption 1, the above equation is
trivial for x| >> 1, and for each solution , there exist four constants cft and c'_jc such
that

ﬂ/\x
(Cb;_ ) =P WL (A, x) + P WRr(A, x)  for —x > 1,
C_ X

Y(x) = (2.10)

b 1x
ciA 4 b
(cﬁ_k‘x) =ciWr(A,x) + 3V (A,x) for +x > 1.

Here, Wy (A,-) and Wg(A,-) are left and right going solution to the non perturbed
equation (Up — 1) f(A,-) = 0 defined by

v = () et = (%)

More precisely, =x > 1 means outside the convex full of supp f U supp(Cp).
In this case, ¥ is outgoing if and only if ci = ¢® = 0. In particular, for |A| > 1,
L(—00,00¥L (A, ) and 1o, +00)WR(A, ) belong to H. Then the outgoing condition is
also equivalent for i to belonging to J.

Proposition 2.3. Under Assumption 1, the followings are true.

(1) Forany A € C \ Res(U) and for any ¢ € Hcomp, ¥ := R(A)@ is the unique
outgoing solution to (2.9). In particular, R(A)@ & H for |A| < 1. The incoming
support supp” (R(A)@) is a subset of the convex hull of the union

N1 (supp ¢) U supp(Cp). (2.11)

(2) A complex number A € C \ {0} is a resonance if and only if there exists a
non-identically vanishing, (unbounded) outgoing solution @) € Hyy. to

(U -V =0. (2.12)

(3) There exists a tuple (@) x)k=1,2....m\) Of outgoing maps for each non-zero
resonance A such that

(U —Vgax = @ak—1, M(supp’@s ) Cchs(Cp) (1 <k <m()),

holds with ¢, o = 0. In particular, ¢ 1 = @, is unique up to a multiplicative
constant (i.e., the geometric multiplicity of each non-zero resonance is one).
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(4) The number of non-zero resonances is bounded by 2(|chs(Cp)| — 1), where
we count each resonance ) the same time as its multiplicity m(A).

Proof. (1) Let f € Hcomp and |A]| > 1. Note that for |[A| > 1 and for a solution ¥
to (2.9), the outgoing condition is equivalent to that 1 belongs to #. By definition,
we have

(U =MRA)f = f. (RO NF(xs) = RA)NHRo) =0

for x4+ € Z such that [x_, x4]z D N;(supp f) U chs(C,). These identities extend to
all A by analyticity. For the uniqueness, let Ag € C \ Res(U). It suffices to show the
identity

¥ = RAo)(U — o)y (2.13)

for any ¥ € Hoc such that there exist constants ¢4 such that

U7 (Ao, f -1,
v =1° L(ho,x) forx < (2.14)
c+WVR(Ag,x) forx > 1.

See (2.10) for the definition of W7, and Wg. In fact, let ¥1, ¥, be two outgoing solu-
tions to (2.9) for f* € Hcomp- Then it follows that

R(Ao)(U — Ao)¥1 = R(A0)(U — A0)¥2 = R(Ao) /.

This with (2.13) implies the uniqueness: {¥r; = V.
To show the identity (2.13), we decompose given y of the form (2.14) into three
parts,
V = Loo,—r—1¥ + Li—rn¥ + L4140V,

where r > 1 is so taken that [—r, r]z D N;(chs(Cy)) and
L(—o0,—r—1)¥ () = ¢—L(—o0,—r—1]¥L (A0, X),
I 41,400) ¥ (X) = 4+ 1[r41,400) YR (A0, X),
holds with some constants ¢4 for any x € Z. For A € C with |A| > 1, we have
RAM(U — A)]l[—r,r]w = ]l[—r,r] v,
RA)(U = M (—o0,—r—11%LA, *) = L(—o0,—r—11%L(A, +),
RA)U = MIp11,400)YRA, ) = 141,400 VR(A, ).
Since (U = D119+ (U = M oomrm WL (A, ), a0d (U = D141 400 YR, )

are compactly supported, the above identities are valid for A at which R(4) is holo-
morphic, in particular at A = A¢. Then (2.13) follows from this with the linearity.
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(2) Let Ao € Res(U) \ {0} and . := ~/A. By the meromorphic continuation, there

exist K > 1, finite rank operators Ay, ... , Ak, and a holomorphic family A¢(4) such
that
K Ay
R(u?) =)  —5———+ Ao(i?).
,;1 (1% — Ao)¥

holds for ¢ near +/A¢. By the residue theorem, we have

1 1
A=~y i= 5= P ROA = 5 § RG> 2udp.
2mi 2mi
Ao Vo

and

- ¢ R(/«Lz)dl/« Z( 1)k 1(2k 12))‘ (ZAO)_2k+1Ak~

Since (U — ,uz)R(,uz) = Idyg

comp N€AT [L = +/A¢, modulo terms holomorphic near
/Ao we have

Ao) Ak — Ak1
(n? — Ao)k ’

0= (U - p)R(:?) = Z v-

where we use the convention that Axq = 0. It follows that Ag+; = (U — A¢) Ag for
k=1,...,K. As a consequence, we obtain

(U =20)* T, = (U —29)¥ 41 =0

Since the operator U — A9 commutes with I1;,, U — A¢ is nilpotent on RanITy,.
Hence, we can express it by a Jordan normal form. There exists a basis {¢; ;1 <[ <
L, 1< j <k;}ofRanll;, suchthat Y/, k; = K and

U —-2Xoer,j =w¢1,j—1. (1=<j <k ¢10=0)

holds for each /. Since ¢;,; = Ro(Ao)(¢1,j—1 — (U — Up)¢1,;), each ¢; ; belongs to

J J
>~ Ro(ho) (Heamp) = { D~ Ro(ho)* Vs ik € Heomp -

k=1 k=1

In particular, ¢;;; € Ro(A)(Hcomp) implies that ¢; ; is an outgoing solution to an
equation of type (2.9) with U = Ujy. This with the uniqueness of the continuation of
solutions to (U — A)y = 0 implies that ¢; ; is unique up to a multiplicative constant.
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Therefore, there is only one Jordan chain, i.e., L = 1, and k; = K = dimRanlIT,,,.
This also proves (3) with

m(Ao) = rank¢ R(A)dA = rankIl;, = K.
Ao
The inclusion of the incoming support follows from Ug; j = Aos,;j + ¢1,j—1 by

an induction with respect to j. Suppose that there existed xo < min chs(C,) such
that (le ; (x0) # 0. Then it would follow from the above identity and (Ug;, j)R(xo) =

(lel_ (xo — 1) that
o (xo — 1) = Ao, (x0) + ¢ _; (xo).

The induction hypothesis ¢;, ;1 (xo) = 0 would imply that (,ol{e ; (xo—1) #0,and ¢ ;
is not outgoing. This is a contradiction.

Conversely, suppose that there exists a resonant state ¢, , for 1o € C \ {0}. The
uniqueness (2.13) shows

Pro = RAYU — Vgp, = (Ao — A R(A)@z,.

for A € C \ Res(U), and

dA .
b ROYidh = b sy = 2,
Ao — A

A() A()

(4) Since the resolvent equation (A’ — A) R(A)R(A") = R(X’) — R(L) extends ana-
lytically to A € C \ Res(U), for any resonances A1, A, € Res(U) with A1 # A5, the
projections —(27i)~! gﬁxj Ry(A)dMA (j = 1,2) are mutually orthogonal. Thus, by
Cauchy’s integral theorem, we have

rank 55 RyMdr= ) rankng,(x’)dx/

Al=1 A€Res(U) 2
= rankyﬁ Rydr+ Y. m.
0 A€Res(U)\{0}

Since Ry (A) is analytic for |A| > 1, we also have rank ﬁM:l Ry(A)dA =rankly =
2|J|. Recall that m(A) is independent of the choice of J DO chs(C,). Let us take
J = chs(Cp). We will see in Remark 2.8 that rank ¢§ Ry (A)dA > 2. This ends the
proof. ]
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2.3. Time evolution of resonant states

The time evolution of restricted (generalized) resonant states is given by the following
proposition.

Proposition 2.4. Let A € C \ {0} be a resonance. For any interval J O chs(Cp,) and
n € N, we have

U'(1ypn) = A" (L, )ea).

for an associated resonant state ¢y, and

k—1
n __1n n -1l
U'(lyprr) = A (MH(J);)(Z)/\ ‘P)L,k—l),

for a generalized resonant state gy, i, where (Q; i )k=1,2,.... m(») forms a Jordan chain.
Here we use the convention () = 0 forn < .

Proposition 2.4 is a straightforward consequence of the following lemma with
the fact that each generalized resonant state is outgoing with its incoming support
contained in chs(C,) (Proposition 2.3 (3)).

Lemma 2.5. For any outgoing map € Ko and for any interval J C Z containing
supp”y U chs(Cp), we have

Ulsy = Ly, U (2.15)

Proof. By definition, for each x € Z, (Uy)(x) depends only on ¥(x — 1) and
¥ (x + 1). This implies (2.15) away from the extremal points of J =: [a, b]z, namely
forx e Z\{a—1,a,b,b + 1}. Recall that the dependence on ¥ (x — 1) and ¥ (x + 1)
is shown explicitly by

0 0

Uy)(x) = ((1) g)C(x + Dy (x+1)+ (0 )

)C(x - Dy(x —1).
Note that a — 1 ¢ J implies that
Ca-2)=Cla-1)=1,

and
v¥a-2)=yRa-D =0

As a consequence, for x € {a — 1,a}, we have

Wi = (o g)cte+ e+ 1 = WL,



K. Higuchi, H. Morioka, and E. Segawa 228

We also obtain (Uv)(x) = (Ul;v¥)(x) for x € {b,b + 1} in the same way. In par-
ticular, this also holds for x = a — 1 and x = b + 1 even though they do not belong
to J but Ny (J). [

2.4. Resonance expansion

The following lemma shows that the non-zero resonances are eigenvalues of a finite
rank operator.

Lemma 2.6. For any interval J D chs(Cp), we have
Ry(A) = (1yUl; =AY forA e C\Res(U).
Proof. For A € C \ Res(U), one has
1;=1;,U-VDRM1; =1,U -1y RM1; +1,[15,UIR(A)L;.
It suffices to show that the second term of the right-hand side is zero:
11y, UIR(M1y = 0. (2.16)

According to (2.11), R(A)1;v is outgoing with supp”(R(A)1;v) C N;(J) for any
Y € Hyoe. Then Lemma 2.5 implies that

1. UIRM)1sy = () —1)URM) 15 9.
Clearly, this is supported only on N7 (J) \ J, and (2.16) follows. [

Corollary 2.7. A complex number A € C is a resonance of U if and only if it is an
eigenvalue of 1;U1 . For A € Res(U), the generalized eigenspace associated with
the eigenvalue A of 1yU 1 is given by the range

Vi) i= Ran9§ Ry(V)d A
A

= {l;¢; ¢ is a generalized resonant state associated with A}.
In particular, a state W € H with supp ¢ C J belongs to Vj(0) if and only if
U'y(x)=0 onlJ, (2.17)
foranyn > 2|J|.

Proof of Theorem 1. According to Corollary 2.7, the resonance expansion (1.1) is
nothing but the expansion by (generalized) eigenvectors. The time evolution (1.2)
is just a summation of that of each generalized resonant states given by Proposi-
tion 2.4. ]
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Remark 2.8. We have dim V;(0) > dim Viyg(c,)(0) > 2 for any J D chs(Cp). Itis a
consequence of the fact that

detCt =detC™ =0,

with

0

Ct:= (1 O)C(maxchs(Cp)), C™ = (0

0 .
0 0 1)C(mlnchs(Cp)).

Let v* be an eigenvector associated with the zero eigenvalue of C*. Then
Q= C+]lmaxchs(C,,)v+ + C_Jlminchs(Cp)U_

satisfies 1;U17¢ = 0 for any constants c*.

Remark 2.9. The bound n > 2|J| for (2.17) is optimal. For example, let C(0) be
the only non-diagonal coin, and let / = [0, N]z for some N > 1. Then for the state
V¥ (x) ="(6N.x,0), we have

;U #£0 (n <2N), 1;U =0 (n>2N).

Remark that V (0) = {32 c,U" + cy~: ¢p.c € C}and dim V; (0) = 2(|J | + 1)
(see also Proposition 4.1 for the non-existence of non-zero resonancs).

3. Proof of long-time behavior

We prove the corollaries stated in Section 1.3. They follows almost trivially from the
resonance expansion (Theorem 1).

By applying the triangular inequality to the resonance expansion (1.2), we obtain
the decaying rate of Corollary 1.4. Note that for Ao € Res(U) \ {0}, the operator

1
- ¢ R(A)d A
2mi
Ao

is the projection to the space of generalized resonant states associated with Ao (see
proof of Proposition 2.3 (2)).

Corollary 1.5 is also a straightforward consequence of the resonance expansion.
Since each resonant state is outgoing solution to the eigenequation (2.12) (see defin-
ition and Proposition 2.3 (2)), its behavior outside chs(C,) is given by (2.10) with
cbi =0.
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Corollary 1.7 follows from the estimates (1.4) and (1.5) in Corollary 1.4. Indeed,
we have

oo

=Y npaN(D\T) =D (LU )5 = 11U (15%)

n=1 n=1
o0

=Y 1,U" (1%
n=0

We have ||1; U”w||§€ < 1forany n € N. By applying (1.4), we have

00 00 n 2
M2 Z 1,Uy % < Z (mo—l) A2

n=n| n=ni
2(mo—1)—1 2(mp—1)
- Ay (d (mo—1) Z r2n+1)
= 22(mo—1) *gp2(mo—1) r=Ao
n=ni
The required estimate follows from this with
o 2n1+1 ni
ont1 _ T 20—1 r
r =5 == r + —.
2 i) 5
n=n I=1

Proof of Corollary 1.9. Since the initial state ¥ has a compact support, so does U™y
with supp(U" ) C N, (suppy). This implies that for any € > 0, there exists n, € N
such that

U'y(x)=0

holds for any n > ne and any x € Z \ [—(1 4 €)n, (1 + €)n]. Hence, the density
function w satisfies
suppw C [—1,1]. 3.1)

Conversely, inside [—n, n]z, we have the resonance expansion. It also shows for any
initial state ¥ € Heomp that there exists n(y) € N such that U" is outgoing with
Ny (supp” (U y)) C chs(Cp) for any n > n(y). This with Lemma 2.5 implies that for
any interval J D chs(Cp) and n > n(y), we have

11y UV e = UMD AU D)3 = (LU PP llge. (B.2)
On the other hand, the time evolution outside chs(Cp) is trivial:
Utk y(x) = Uy(x Fk) fork >0, £x > 1, (x Fk) & chs(Cp).

Then for any € > 0, the values

Ilia=en,a+0m U " ¥llze and || 1—(+epn,—a-omU" ¥ |l 5
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monotonically increasing with respect to n > n (). In fact, we have
1o m+0).a+amroU" Vil = a0 mth.aroern U™V (- — k)|l
> 1 lja-eyn,a+eomU" ¥l 5,

since [(1—€en+k,(1+en+k]C[(1l—€)(n+k),(1+¢€)n+ k).
By combining (3.2) and the monotonicity, we obtain

1l—-en,a—omU" ¥ — 0,
as n — +oo. This with (3.1) implies
suppw C {£1},

and in particular, the existence of c4 in Corollary 1.9.
The equality

LU = Lawc,) Uy
holds for n > n (). Thus, the estimate of (1.9) follows from Corollary 1.4. ]

4. Distribution of resonances

In the previous sections, we have seen the usefulness of resonances for quantum
walks. In this section, we study where the resonances distribute and when they have
multiplicity.

4.1. Concrete examples
We start with simple models such that all the resonances are computable.
Proposition 4.1. If the number of non-diagonal coins
Card{x € Z; C(x) is not diagonal}
is strictly less than two, then there is no resonance other than zero: Res(U) = {0}.

Proof. In this setting, there is no outgoing solution (except the zero function) to (2.12)
forany A € C. This fact can be shown by using the method of transfer matrices (in par-
ticular, the transfer matrix 7 (x) introduced in (5.2) is diagonal if C(x) is diagonal).
Then the statement follows from Proposition 2.3 (2). ]

According to Proposition 4.1, the double barrier problem is the simplest case with
non-zero resonances. The distribution of resonances reflects a quasi-periodic dynam-
ics of the quantum walk.
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Proposition 4.2. Assume that C(x) is a diagonal matrix for x € Z \ {0, N } for some
N € N\ {0}. Then there exists a constant a € C such that for any initial state \ € #
with supp’y C [1, N — 1]z, one has

Un+an (X) = ayn(x) foranyn € N, x € [0, N]z.

The set of resonances Res(U) consists of 0 and the 2N -roots of A*N = «, which are
simple.
Without loss of generalities, we can assume that chs(C,) = [0, N]z (see Lemma

5.1).

Remark 4.3. The constant « is the “probability amplitude” associated with the
dynamics. Let (1) =7(0,1) and ¥ (x) = 0forx € Z \ {1}. Thenfor0 <n < N —1,
we have U"y (n + 1) =(0,a,) and ¥ (x) = 0 forx € Z \ {n + 1} with

Ap+1 = anczz(n) apg = 1, (41)

where ¢ (x) stands for the (j, k)-entry of C(x). After that, for N <n <2N — 1, we
have Uy (N —n—1) =1(b,,0), Uy (x) =0forx € Z\{N —n—1,n + 1} with

bpy1 =bpci1(N —n), by =an—1c12(N). 4.2)

Then at the time 2N, we have
UNy (1) = (O), UNy(x)=0 xeZ\{+l} witha = byy_1c21(0)
o

Therefore, we have
N-1

@ = c21(0)cra(N) [ ] detC(x). (4.3)

x=1
Let A be one of the roots of A2Y = o, where « is given by (4.3). Put

ﬂ(—oo,N—l](X)/VC_ZszN—l—x)
]1[1,+oo)(x)k_xax ’

ot = (
where a,, and b,, are defined by (4.1) and by (4.2), respectively. We can easily see that
@, 1s a resonant state associated with A.

Proof. According to Lemma 2.6, the non-zero resonances of U are the non-zero
eigenvalues of a 2N x 2N -matrix. It is not difficult to see that the characteristic poly-
nomial associated with this matrix is factorized as

AZ(AZN _ Ol),

with the constant o defined by (4.3). This implies the above proposition. |
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As we see in Proposition 4.2, non-zero resonances in the double barrier problem
are simple. We give an example of multiple resonances in the triple barrier problem.

Proposition 4.4. Assume that C(x) = I, holds for x ¢ {0, £1}. Then each non-zero
resonance is a root of the equation

At = (€21(0)c12(1) + c21(—1)c12(0)A% — c21(—1)c12(1) det C(0) = 0,  (4.4)

where cji(x) stands for the (j, k)-entry of C(x). Its multiplicity coincides with that
as a root. In particular,

i%(cﬂ (0)c12(1) + €21 (=1)e12(0) 2,

are non-zero resonances of multiplicity two if and only if
((321 (O)Clz(l) + ¢21 (—1)612(0))2 + 46‘21 (—1)6‘12(1) det C(O) =0. (45)

Proof. This proposition is proved also by a direct computation of the roots of the
characteristic polynomial. Let J = [—1, 1]z = chs(C,). Then 1;U1; is identified
with the matrix

0 0 c11(0) ¢21(0) O 0
0 0 0 0 0 0
E, = 0 0 0 0 c11(l)  ca1(1)
" lei=) e 0 000 [
0 0 0 0 0 0
0 0 c21(0)  ¢22(0) 0 0
in the sense that we have
LyULyy(=1) Y(=1)
1;UL;9(0) | =Es| ¥(0) for any ¢ € Hioc.
1,UL5y(1) v(1)
Then the characteristic polynomial of this matrix is A2 times (4.4). ]

Remark 4.5. Let us simplify the condition (4.5). The modulus of the two terms
necessarily coincide when the equality holds:

2/lear(=1)cr2(D)]
lc21(=1) + c12(1)(c21(0)/c12(0))|

Hence, by putting 7y, := |c12(x)| = |c21(x)], they need to satisfy

2./r_qr
ro > JTr-1r1

T ra+n

lc12(0)] =
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It is required that r_; # ry since the right-hand side is equal to one when r_; = ry
and ro < 1.

Let us restrict ourselves to the case with c11(x) = c22(x) = M and c12(x) =
—c21(x) = rx. Then the condition (4.5) turns into

24/7'_17‘1

ro = .
r-1+n

For any r_; # ry, the right-hand side is between 0 and 1. The following gives an

example:

3 12
r-1=-—-, ro=—,
1 0 3

4 e

1
3
4.2. Symmetries

The distribution of resonances is symmetric in the following sense.

Proposition 4.6. If A is a resonance of U, then —A is also a resonance and m(—A) =
m(A). In general, for any k € N \ {0} satisfying supp c12 C kZ, we have

me™ ) =mA) (1 =0,1,2,... 2k —1)

for any A € C. Moreover, if @), is a (generalized) resonant state associated with A €
Res(U) \ {0}, then ¢ € Hyo. given by
eilnx/k 0

o= () i )a)

is that associated with e''™*/k ),

Proof. Let us suppose that supp c1» C kZ with k € N \ {0}. It suffices to show

eilrcx/k 0 )
U ( 0 e_iznx/k) =y, (4.6)
forany / € {0, 1,...,2k — 1}. The matrix diag(e’™/*  ¢~i7X/k) commutes with C(x)

for any x € Z. Note that the latter matrix C(x) is also a diagonal matrix for x ¢ kZ,
and the former matrix is I, for x € kZ. Hence, identity (4.6) follows from

eimx/k 0 o/ k
S( 0 e—inx/k) = em/ S. u

Remark 4.7. If each C(x) is a (real) orthogonal matrix, then we have

m(A) = m(M)
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for any A € C \ {0}, and for a (generalized) resonant state ¢, associated with A €
Res(U) \ {0},

¢ =9xr
is that associated with A. These facts follows from

Yy =Uy
for any ¥ € Hioc.

We can also define incoming resonances as poles of meromorphic family of oper-
ators (1;(U — L)~ '1);ec extended from |A| < 1 to whole C. They have similar
properties with (outgoing) resonances. Especially, A € C is a incoming resonance if
and only if there exists an incoming map ¢” € H satisfying (2.9). Here, we say a
map ¥ € Hyo is incoming if there exists r > 0 such that

yhx) =yRE) =0
holds for any x > r. We denote the multiplicity of an incoming resonance A by m®(A).

Proposition 4.8. If c¢11(x) = c22(x) holds for any x € Z, we have for A € C \ {0},
m) =mP(A7h).
Moreover, if ¢, is a (generalized) resonant state for an outgoing resonance A €

Res(U) \ {0}, then
g 0 1\__
¢ -= (1 0)‘/’A

is a (generalized) resonant state for the incoming resonance A~ !.

Proof. The assumption c11(x) = c22(x) implies that

PC(x)* =C(x)P, withP := ((1) (1)),

for each x € Z. Since we also have PS* = SP, it follows that

SPU*Yy = SPC*S*y = SCPS*y = USPY.
Hence, (U — A)Y¥ = f (equivalently U*y = A=Y (U* f — v)) implies that
USPy = SPU*Yy = A~ (SPy —USP f),

and (U — A~ 1) (SPy) = —A~'USP f. This ends the proof. n
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5. Generic simplicity of resonances

We show Theorem 2 which tells us that “most of” quantum walks satisfying Assump-
tion 1 have only simple resonances except the zero resonance, that is, the image of
the multiplicity function m on Res(U) \ {0} is a subset of {1} (either @ or {1} itself).
In the preliminaries for the proof, we also give other characterizations of resonances
using the transfer matrix (Lemma 5.1) or the scattering matrix (Corollary 5.4).

For any k € N, let 2 be the set of equivalence classes of quantum walks sat-
istying Assumption 1 and |chs(C,)| = k, where two quantum walks U; = SC; and
U, = SC, are said to be equivalent if the coins are translation of each other, that is,
there exist y € Z such that C;(x) = C,(x — y) holds for all x € Z. We introduce the
group topology of €% (€ := {C € U(2); C1; # 0}) to Q by the trivial bijection. We
define later the group operation and the topology here of € which make € a Hausdorff
topological group.

Theorem 2. Forany k € N, the set of U ’s satisfying m(Res(U) \ {0}) C {1} is dense
in Q.

We introduce the topology by using the transfer matrices. Let T be the set of 2 x 2
matrices given by

T ={e!T; T e SLQ2), T11 = Ty, To1 = Th2, 6 € [0, 7)}.

Here we denote the (j, k)-entry of a matrix 7" by Tjx. Then T and € are isomorphic
to & := ({(z,w) € C?;|z|?> — |w|?> = 1} x (R/27Z))/ ~, where we define an equi-
valence relation (p, g, 0) ~ (—p,—q, 0 — 7). The isomorphisms from & to T and to
€ are given respectively by

io(P 4 ——1[¢€ q
(p.q.0) > Ty g0 :=e’9( _) and (p,q.0) > Cpgp:=p ( i )
p.q q p pa —q e7?
These are well defined and one-to-one after divided by ~. We consider the topology
induced by &. On T, we consider the usual multiplication of matrices. Then the

group product * on € is induced by that on T through the isomorphism M: T >
Tpq.0 > Cpgo €C.

5.1. Other characterization of non-zero resonances
‘We discuss on the other characterization of non-zero resonances.

Lemma 5.1. Let Ay € C \ {0}. Under Assumption 1, Ag is a resonance of U if and
only if

(1 0) T(AO)((I)) =0, (5.1)
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where we put
T(A) = ()Tt =1 Ta(x7), [x7,xT]z 1= chs(Cp),

and Ty (x) for each x € Z is the analytic continuation of

_oy—1gy—1 e [Ap(x) q(x) )
TH(x)=M (A" 'Cx)) =e ( Jx) A-pm) (5.2a)
B e o) B e 1™, (x)
p(x) = ek q(x) = el (5.2b)
o(x) = %arg(cﬂ(x)), $(x) = arg(Cu(X)sz(X))’ (5.20)
c11(x) 2

defined for |A| = 1. Moreover, (1,0)T (1)(*(1,0)) is rational function with respect
to A, and

o(d) =AM (1 0)TM) ((1))

is a polynomial of degree 2|chs(Cp)|. The multiplicity as a zero of this polynomial
coincides with that as a resonance.

We call each matrix T (x) or their product T (1) transfer matrix.

Remark 5.2. Under Assumption 1, A9 € C \ {0} is an incoming resonance of U if
and only if (0, 1)T (A¢)(*(0, 1)) =0. The function A~I"C)I0, 1)T (19)(*(0, 1)) is
a polynomial of degree 2|chs(C,)| with respect to A~!. The multiplicity of A, as a
zero of this polynomial coincides with m"(1o).

Remark 5.3. The scattering matrix S(A4) is expressed as

D A0
( 0 )t—(x"'—i—l))S(A)( 0 Ax‘)

1 1 —tlz(/\))

=M(TQA) = —— , (5.3)
T = il

where 7;; (1) stands for the (j, k)-entry of T (1), [x~, xt]z = chs(Cp), and A =

det T (1) is independent of A (since each factor det T (x) is independent of A by

definition (5.2)). Recall that the scattering matrix is a unitary 2 X 2-matrix which can

be introduced as the linear relationship

(TZ ), TE))SQ) = (FF (1), Tr(V),

between the bases consist of Jost solutions to the equation (U — 1)g = 0 characterized
by
TEQ,x) =W (A, x), TEQA,x) = Wr(A,x), for x> 1.
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Corollary 5.4. Under Assumption 1, for A € C \ {0}, one has

1 0, det S(u)

() — m(h) = ﬁ?g“((aﬂs NS~ = 5= P = sy U
% A

Note that m”(1) = 0 for 0 < |A| < 1 and m(X) = 0 for |A| > 1. In fact, one
deduces det S(1) = A2t T4 (A)/t11 (1) from (5.3). The multiplicity as a zero
of t5(A) and of 71 (1) coincides with m” (1) and m(2), respectively (Remark 5.2 and
Lemma 5.1). Then the equality follows from the argument principle.

In order to use the transfer matrices, we introduce a unitary operator Q : K — K
(naturally extended to Hjoc — Hioc) by

(10 0 0 (YR =1
0wt = (g gre-n+ (g Vo =("%5")

It is clear (and known) that for any i € #;,. and A € C \ {0}, the equality (U —1)y¥ =0
is equivalent to that

Qv (x + 1) = TH(x) Qv (x), (54
holds for every x € Z. In particular, it follows that
QY (T + 1) =TMOY((x7), [x7,x¥]z 1= chs(Cp). (5.5
Proof of Lemma 5.1. By definition, v is outgoing if and only if
(0 1)oyEx)=(1 0)Qy(xT+1)=0. (5.6)

Then the characterization (5.1) for each non-zero resonance follows from (5.5) and
(5.6).
Let ¢ € Hio be defined inductively by

Qp(x) :=TH(x) "' Qealx + 1)

for x < x~ and
Qoa(x) :=TH(x)Qpr(x — 1)

00 = ).

This is well defined as a solution to (U — A)¢ = 0 forany A € C \ {0}, and is outgoing
if and only if (5.1) holds. Since T} (x) is analytic with respect to A away from A = 0,

for x > x~ with

we have fork > 1,

(U —Vga = (U —N)dkr — ;.
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By definition, Bﬁtp is outgoing if and only if 0®)(1) vanishes. Moreover, a Jordan
chain (¢1, ..., @r+1) is constructed by

1
Qlp1 = ﬂagm e (1=0,1,....,k). (5.7)

This with Proposition 2.3 (3) implies that the multiplicity of the zero of the polynomial
o(Ad)at A = Ao € C \ {0} is bounded by m(LAo).

It suffices to show for each non-zero resonance Ag €Res(U) \ {0} that 0P (1) =0
for/ =0,1,...,m(Ag) — 1 (note that / = 0 has been already shown). We prove it by a
mathematical induction. Assume for an m’ € {0, 1,... ,m(Ag) — 1} that 6@ (19) =0
holds for / = 0, 1,... ,m’ — 1. We prove ™" (1) = 0 under this induction hypo-
thesis.

From the hypothesis, there exists the Jordan chain (g1, ... , ¢,) defined by (5.7)
up to m’. The definition is rewritten as

1
Qui(x) = (l_—l)!(aa_lfﬁ(x - 1)) A=Aoe1’

where we put

- Th(x)Ta(x —1)---Tr(x7) x>x", 1
/l(x) = 1 -1 _ _ e = ( )
Ti(x + D7 Ta(x +2)71-Th(x7) x <x7, 0

From the argument above, o) (Lo) = 0 is equivalent to say that 1‘/7 € Hyo. defined
by
~ I e
Qv (x) = m(ax Ta(x —1)) gl (5.8)

is outgoing.
According to Proposition 2.3 (3), there exists a generalized resonant state ¥ € Hjqo.
such that

U -y #£0 (k=0,....m"), (U-1)"ty =0o.
Furthermore, we can take such ¢ that
U -MDY =¢mw, QO¥(7)=0.

This is due to the uniqueness of the Jordan chain (Proposition 2.3 (3)) and to the
fact that Qv (x7) is parallel to Q¢1(x™). Then our aim (5.8) is reduced to proving
v = 1}, namely the identity

1 /
OV (x) = (' Tulx = 1) _, e (59)
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In an almost same way as (5.4), we see for any u, f € Hjo. that (U —A)u = f is
equivalent to

(5.10)
with
1 Cll(X) 0 )
Ay(x) = .
M= o (Czl(x) -2
By Lemma 5.5, it follows from (5.10) and the definition of ¢,/ that
_ 1 .
Qu(x) = T(x = DQUE) + — (@ Bix=1)|_ er. (1D
m'! A=Ao
Then Qv (x™) = 0 implies the identity (5.9). ]

Lemma 5.5. Ifu € Hy, satisfies (U — A)u = @y, then the identity (5.11) is true.

Proof. By a straightforward computation, we see

(5 o)+ (5 1)) =amo.

1

o lag“TA(x) (I >1).

(g )i =

Then it follows that

(o g)eem o+ (5 1)eeme ]

1 1 O\ om/—1en 0 0\, p 1
_ 1 (o 1+1 m'—1—1 =
=1 2 (1) e e - e
(5.12)

We prove (5.11) by using the mathematical induction with respect to x. We here
only show it for x > x~. For x = x~, the identity is just a convention 7 (x~ — 1) = I,.
Assume that (5.11) holds for an x > x~. Then for x + 1, we have

Qu(x + 1) = Ta(x) T (x — DQu(x") + %Tx(x)(afx"/ﬂ(x - 1))‘@061

~4@(y o)eem @+ (g 1)owmtr+ 1)

The required formula is obtained by substituting (5.12) to this. |
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5.2. Proof of the generic simplicity

The characterization due to the previous subsection shows that the resonances are
zeros of a polynomial. The following lemma gives the instability of zeros of a holo-
morphic function under a small perturbation.

Lemma 5.6 ([5, Theorem 2.26]). Let e — f:(z) be a family of functions holomorphic
in a complex disc D(0,r¢) = {z € C; |z| < ro} satisfying

fe(z) = 2" —e + O(?) + Oelz]), |z < ro.
Then for ¢ sufficiently small, f.(z) has exactly m simple zeros in D(0, rg).

Proof of Theorem 2. Let U € 3. We assume for simplicity that chs(C,) = [1, k]. Let
{Upe; 0 € (R/27Z), 0 < & < go} be afamily of quantum walks defined by modifying
U in the following way. We replace the coin matrix C (k) by

B(l?, 8) = Cp(l?,s),q(l?,s),ﬂ * C(k),

1 + cel?
p(e) = —(—,
1+ 2ecos
881'19
q@.¢e) =

1+ 2scos®

Then B(%, &) — C(k) as ¢ — 0 uniformly with respect to . Hence, it suffices to
show that for any g9 > 0, there exist 0 < &1 < g9 and ¥; € R/2xZ such that every
non-zero resonance of Uy, ., is simple. Put

(o) Tx(k))(Tk(k - ”"'Tk(l)(ﬂzl))

Uk—l(/\))
-1(A) )

or(A) =A% (1 0) T (V) (é)

:eiO(k) (Azp(k) AM) (

Then oy, 0x—1, and 731 are polynomials of degree 2k, 2k — 2, and 2k — 3, respect-
ively. For each perturbed quantum walk Uy, the transfer matrix Ty .(1) is given by
replacing T} (k) by the analytic continuation of M~1(1~1 B(1, ¢)), and we have

ox(A,D,8) = AX (1 0) Tye(R) ((1))

ox—1(4)

= 0k (A) + ee'® (W22 (9) AB(®)) (Tk_l h

) 1O,

with

a(®) =iGsin®) plk) +ePqk), B@) =i(sin®)gk) + e p(k).
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Note that the vector (ox_1 (1), Tx—1(A)) is the first column vector of the product
AR=1T5 (k — 1) --- T5.(1). It does not equal ? (0, 0) for any A since the determinant of
these matrices never vanishes.

Let Ag € Res(U) \ {0} be a multiple resonance: m(1g) > 2. According to Lemma
5.1, Ag is a zero of multiplicity m(Ao) of o (A). By the Taylor expansion near Ag, we
have

ok(X, 9, €) = c(A — Ao)™ ) —ey(, Ao)
+ O(JA = Ao PO+ 4 9(62) + O(g|A — o)),

for some constant ¢ # 0 and
y(®.40) = e"® AFa(@)ok—1(20) + 20B([D) k-1 (20))-

There are at most finite number of ¢ for each A # 0 such that y (¥, A¢g) = 0. Remem-
ber that the number of non-zero resonances is at most finite, and hence there exists
Yo € R/2nZ such that y (g, A) # 0 for any A € Res(U) \ {0} with m(A1) > 2. Then
Lemma 5.6 implies that there are only simple zeros of oy (4, ¥, €) for any small ¢ > 0
near each A¢. This ends the proof. |
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