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Isospectrum
of non-self-adjoint almost-periodic Schrodinger operators

Xueyin Wang, Jiangong You, and Qi Zhou

Abstract. For non-self-adjoint almost-periodic Schrodinger operators, a criterion is given to
guarantee that they have both the same spectrum and the same Lyapunov exponents with the
discrete free Laplacian. As a byproduct, we show that the Moser—Pdschel argument for opening
gaps may not be valid for non-self-adjoint operators.

1. Introduction

Benefiting from methods of dynamical systems and harmonic analysis, enormous
breakthroughs have been made in recent years in the study of self-adjoint almost-
periodic Schrodinger operators on £2(Z) (resp. L?(R))

Hy = A+ V(), (1.1

where V(-) are almost-periodic on Z (resp. R). These breakthroughs include, for
example, the Cantor spectrum [5, 9, 30], the interval spectrum [21, 31], the Ander-
son localization [6, 8, 17,39, 40], the reducibility of Schrodinger cocycles [7,24,35],
and Avila’s global theory [2]. However, little progress has been made for non-self-
adjoint almost-periodic operators (non-Hermitian quasicrystals in physical literature),
and even the fundamental spectral theorem has not been established so far (may
not be possible). In comparison, non-Hermitian Hamiltonians received wide atten-
tion from physicists in recent years because (i) the recent experimental advances in
controlling dissipation have brought about unprecedented flexibility in engineering
non-Hermitian Hamiltonians in open classical and quantum systems [1,32]; (ii) non-
Hermitian Hamiltonians exhibit rich phenomena without Hermitian counterparts, e.g.,
P T (parity-time) symmetry breaking [11], topological phase transition [49], non-
Hermitian skin effects [36]. Of course, these observations and predictions in physical
literature deserve rigorous mathematical proofs.
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There are also other motivations for the mathematical study of the non-self-adjoint
almost-periodic operators. Firstly, a striking result worth highlighting is Avila’s global
theory of the one-frequency quasi-periodic Schrodinger operators [2]. However, if one
wants to establish the quantitative global theory [27], the core is to study

(HY)n = VYnt1 + VY1 +v(x + na +ie)yy,,

which is a family of non-self-adjoint operators. Secondly, the spectrum of non-self-
adjoint Schrodinger operators has deep connection with problems of the elliptic oper-
ators, such as ground states, steady states and averaging theory [45,47].

1.1. Isospectrum

In this paper, we study the spectrum of the following non-self-adjoint almost-periodic
Schrodinger operator on £2(Z):

(H/lv,a,x‘p)n = Yut1 + Vn—1 + Av(x + nat) Yy, (1.2)

where A € R is the coupling constant, x € T? = (R/27Z)? is called the phase with
d € Nt U {oo}, v: T4 — C is the potential, « € T is the frequency satisfying that
(1, @) is independent among Q. In this case, the spectrum of H}, o , is independent
of x [27,41], and thus we denote it by X, 4.

P T symmetric operators constitute an important class of non-self-adjoint oper-
ators coming from quantum mechanics [44]. Recall that (1.1) is T symmetric, if
V(n) = V(—n) [10]. In the almost-periodic setting where the potential v: T¢ — C,
one can extend the definition to v(x) = v(—x), since the spectrum X, 4 is indepen-
dent of x.

It was first observed by Bender and Boettcher [10] that a large class of T sym-
metric operators have real spectrum. This observation has a profound significance in
that it not only suggests a possibility of 7 symmetric modification of the conven-
tional quantum mechanics that considers observables as self-adjoint operators [44],
but also goes far beyond quantum mechanics and has spread to many branches of
physics [54]. Thus, a basic mathematical question is to ask which class of T sym-
metric operators have real spectrum.

As a warm-up example, let us first look at the heuristic example

(Hy expaV)n = Ynt1 + Ynor + ATy (1.3)

proposed by Sarnak [55], whose spectrum has already been completely known.
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Theorem 1.1 ([13,15,55]). For any o/2m € R\Q, we have the following.
(1) If|A| < 1, then the spectrum of (1.3) is a real interval:
z:Aexp,ot = [_za 2]

(2) If|A| > 1, denote &€ = In |A|, then the spectrum of (1.3) is an ellipse given by

5 —{EGC‘(ReE)2+(ImE)2—4}
Aexpa “\cosh& sinhg/ )
Theorem 1.1 was proved by Sarnak [55] in the case |A| # 1 and « is Diophantine.

It was generalized to all A € R and o € R\Q by Boca [13] and by Borisov and
Fedotov [15] independently. In this paper, we will give a simple proof of Theorem 1.1

by Avila’s global theory of one-frequency analytic SL(2, C) cocycles [2].

The phenomenon of being isospectral to the free Laplacian Hy, described by The-
orem 1.1 (1), is of particular interest. It has roots in the study of the non-self-adjoint
differential operator with periodic potential, see [57,58]. The famous Borg’s unique-
ness theorem [14] for the Hill operator

(Hoy)(1) = —y" (1) + v(O)y (1),

states that if v € L2 (R) is periodic and real-valued, then ,, = [0, 00) if and only if
v = 0 a.e. The modern proofs of Borg’s uniqueness statement replace the condition
of periodicity of the potential by the property of being reflectionless. Details can be
found in [22, Theorem 4.1] and the comment following its proof. [22, Theorem 4.4]
provides a more general version in the matrix-valued context. The actual trace formula
on which these considerations rely on is due to [28]. For the discrete Borg’s theorem,
see [29, 56] for the Z! version and [48] for the Z¢ version. However, in the case of a
complex-valued periodic potential v, the situation is very different, as it was proved

by Gasymov [26] (see also [34]) that if the Hill operator satisfies

o0 [e.e]
v(t) = Zﬁkeikt with Z |Dk| < o0, (1.4)

k=1 k=1
then X, = [0, 00) or say H, is isospectral to Hy. However, it is still open whether,
under some smoothness requirements, any operator with periodic potential v (x) isospec-
tral to Hy must be a “Gasymov potential”, i.e., of the form given by (1.4), or the
complex conjugate of a Gasymov potential [52].

In the non-periodic discrete setting, Killip and Simon [43] largely extended Borg’s
uniqueness theorem [14], and proved that for self-adjoint discrete Schrodinger opera-
tor (1.1) with V:Z — R, Hy is isospectral to Hy if and only if V' = 0. Theorem 1.1
shows that being isospectral to Hy does not imply v = 0 for complex quasi-periodic
potential (1.2).
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The main ambition of this paper is to explore the structure of complex potential
(not necessarily T symmetric), and to give a criterion to ensure the corresponding
operators (1.2) are isospectral to Hy. Before stating the results, we first introduce
some notations. For any k € Z¢, we define |k|, = > jen(/)"IKk; |, where (j) :=
max{l, j} and n > 0 is a fixed constant. Let fo be the set of integer vectors with
finite support Z¢ = {k : 0 < |[Kk|, < oo}. Clearly, if d € N7, then Z¢ = Z9\{0}. Let
T }fl be the complexified torus defined by

T{ := {x € C? :Rex; € T, |Imx;| < h(j)"},

and denote by C?(T¢, C) the space of bounded analytic complex-valued functions
equipped with norm ||v||, = 3} |Ok|e”¥ln.

Let d € Nt U {oo}. We assume that the frequency o = () belongs to the
d-dimensional cube R := [1,2]¢
& induced by the product measure of the d-dimensional cube R¢. The following

almost-periodic Diophantine frequencies were first defined by Bourgain [16]:

, which is endowed with the probability measure

Definition 1.1 ([16]). Given y € (0, 1), T > 1, we denote by DC;‘ir the set of Dio-
phantine frequencies

: 1 d
nlr€1£|(k,a)—2nn| 2)/1_[ W, forallk € Zg, (1.5)
eN J J

d d
and denote DC* = | J,., DCj ..

As proved in [12,16], for any T > 1, Diophantine frequencies DC;{r are typical in
the set Ry in the sense that there exists a positive constant C(t) such that

P(Ro\DCY,) < C(1)y.
We also denote

r,=2%n {k UG Kjwy = rlkly, with Y wy = Lw; > o}, (1.6)
J J

where I', is an integer cone whose angle is less than 7 strictly, as shown in Figure 1.

Once we have these, now we are ready to state our main theorem.

Theorem 1.2. Lerd € NT U {oo}, > 0,1 > 0, r € (0,1], « € DC?. Suppose that

v(x) = Y dke'™¥ e co(Ty. ).
kel

Then there exists Ao = Ao(n, h,r, o, ||v|p) such that Ty o = [-2,2] if |A] < Ao.
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Figure 1. Integer cone.

Remark 1.1. The smallness condition of the coupling constant || is necessary due
to Theorem 1.1.

Remark 1.2. If d < oo, then the assumption (1.5) can be replaced by the standard
Diophantine condition

DCe, = {a e R’ inf |(k.a) - 2mn| > ﬁ for all k € zd\{O}}.
Remark 1.3. If 0 € R for any k € T, then the potential v is £ T symmetric. How-
ever, the key assumption for us is the cone structure I',, whether 0k is real or not is

not important.

Note that Sarnak [55] also extended his result to multi-frequency case: for any
Diophantine frequency «, he constructed one 7 symmetric v, and showed that
Hjy 4. is isospectral to the discrete free Laplacian if |A| is small enough.' Our result
not only generalizes Sarnak’s result [55] to the almost-periodic case, but also (more
importantly) finds that the cone structure I', in (1.6) for the Fourier coefficients of v
is a sufficient (almost optimal) condition to ensure that H}, 4 x is isospectral to the
discrete free Laplacian.

To understand Theorem 1.2 more clearly, we look at the case d = 1, where [, =
7T, consequently we have the following.

A

Corollary 1.1. Suppose that h > 0, « € DC', and that v(x) = Y ., 0ke™*. If|A] <
Av1(h,a, ||v]|n) which is small enough, then Xy o = [-2,2].

We remark that the phenomenon described in Theorem 1.2 is totally different from
the self-adjoint case where having open gaps is a typical phenomenon [3, 24, 30, 31,
53]. The most important example is the almost Mathieu operator:

(HZAcos,oc,xW)n = Wn—i—l + Wn—l + 24 COS(X + na)wn,

'While Sarnak stated the result in the continuous setting, the method can clearly be carried
out in the discrete case, as point out by him at the end of [55, Section 2].
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whose spectrum is a Cantor set for all A # 0, « € R\Q and all x € T [5]. We also
remark that the cone structure assumption (1.6) is necessary due to the following
counter-example where the angle of the cone is 7.

Proposition 1.1. Let x € R\Q, |A| € (0, 1), |¢|] < —log|A|, and
Ve(x) = 2A cos(x + i€).

Then Xy, o = 22) cos,e IS a Cantor set.

1.2. Lyapunov exponent

The Lyapunov exponents of H}j, o , in Theorem 1.2 can be exactly calculated. Recall
that the eigenvalue equations Hy, o x¥ = E are equivalent to a certain family of
the discrete dynamical systems, the so called Schréodinger cocycle (a, Sg jv) € T x
SL(2,C),1i.e.,

(W:;:l) — SE,)LI)(X + l’lOl) (Wfil)’ where SE,)LU(X) — (E —i\.v(x) _01)

Any formal solution (), ez can be reconstructed from the transfer matrix S, which
is defined by So = id, and forn > 1, by

Sn(x) = S av(x + (1 — D) -+ SE av(x),  S—n(x) = Sp(x — na)_l.

The Lyapunov exponent of (&, Sg_ 1, ), denoted by L(E), is defined by

L(E) = l/1og 1S4(0)ll dx.

lim
n—oon
Td

In general, it is hard to give a precise expression of the Lyapunov exponent L (E)
except for some very special examples. It is well known that L(E) = max{0,log ||}
in the spectrum [2, 18] for the almost Mathieu operator, however, the formula of L(F)
for E outside the spectrum is not known. For other analytic quasi-periodic operators,
it is almost impossible to have a precise expression of L(E) even though FE is in
the spectrum [2]. Up to now, the only quasi-periodic Schrédinger operator whose
Lyapunov exponent can be calculated explicitly for all £ € C is the Maryland model,
but this is due to the unboundedness and monotonicity of the potential [33, 38].

In the following, for any £ € C, we give the exact expression of L(E) for the
operators defined in Theorem 1.1 and Theorem 1.2. For Sarnak’s example (1.3), we
have the next theorem.
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Theorem 1.3. Let o € R\Q and v(x) = Ae'*. Then for any A € R\{0}, its Lyapunov
exponent satisfies

L(E) = max{0,log [A|}, forall E € T} exp - (1.7)

Moreover;

VEZ 4

E
L(E) = max{log‘i + 7

,10g|)t|} forall E € C. (1.8)

Remark 1.4. Equation (1.7) was also proved by Borisov and Fedotov [15], while (1.8)
is totally new. Our proofs are new and based on Avila’s global theory [2].

If the potential has cone structure I',, Theorem 1.2 states that the corresponding
Schrodinger operator is isospectral to the discrete free Laplacian. The following the-
orem shows that they also share the same Lyapunov exponent with the discrete free
Laplacian.

Theorem 1.4. Under the same assumptions as in Theorem 1.2, we have

E E?2 -4
L(E) =log > + — forall E € C.
In particular,

L(E)=0 forallE € $),4.

1.3. Failure of Moser-Poschel argument

Almost reducibility is an effective approach to deal with the spectral problems of
almost-periodic operators, especially for the small potentials [6, 19, 20, 23, 24, 46,
51]. Now, we give the definition of almost reducibility. Recall that two cocycles
(a, A), (o, A') € T? x C®(T4,SL(2, C)) are analytically conjugated if there exists
B € C?(2T4,SL(2, C)) such that

B(x + o) 'A(x)B(x) = A'(x).

We say the cocycle (o, A) is almost reducible if the closure of its analytic conjugates
contains a constant matrix. Moreover, we say the cocycle is reducible if it is analyt-
ically conjugated to a constant matrix. For the self-adjoint operator, the reducibility
of (o, Sg, av) is closely related to the rotation number of the cocycle. Specifically, for
small analytic potentials and « € DC¢ with d € N, Eliasson’s famous result [24]
states that (o, Sg 1) is reducible if the rotation number is Diophantine with respect
to « or rationally dependent. For the non-self-adjoint operator, the rotation number is
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not well defined since the projection of SL(2, C) cocycle is not a circle diffeomor-
phism. However, we can find another object p that plays the same role as the rotation
number. Indeed, for any E € [—2, 2], if we define

p=p(E):= arccos(g) mod 7,

then we have the following.

Theorem 1.5. Under the same assumptions as in Theorem 1.2, we have that

(1) if p e DC(a) = Uy» DCx (@), where

DCy () := {p eR: (20— (k,a)|T > K]l;!I T forallk e Zf},

1
()7 I |7

then (o, Sg av) is reducible to (a, (eip o )),

0 e7io
() if 2p = (k, @) mod 27 for some k € Z2, then («, SE.av) is reducible to
(. A) where A = (§9) or A= () %) with ¢ # 0.

In the self-adjoint case, by the well-known Moser—Poschel argument [51], it is
known that (o, Sg ) is reducible to the identity if and only if E is located at the
edges of the collapsed gaps. However, in the non-self-adjoint case, one may need
more caution due to the following result.

Theorem 1.6. Let d € Nt U {oo}, @ € DC?, and v(x) = e™*). Then there exists
E € (—2,2) such that («, Sg av) is reducible to ((1) %) with ¢ # 0, provided that |A|
is sufficiently small.

By Theorem 1.2 and Theorem 1.6, we see that even though all gaps are collapsed,
the cocycle (o, Sk ),) may still not be reducible to identity. Therefore, the Moser—
Poschel argument [51] does not work for non-self-adjoint almost-periodic operators.

1.4. Methods and mechanism

Although Theorem 1.2 is an extension of Sarnak’s result [55], our method is com-
pletely different. In fact, the operator (1.3) is very special, as taking Fourier transforms
in trying to solve (Hj expo — E)Y¥ = 0, one finds

M (p +a) = (E —2cos p)¥(p).

which is easily iterated. Sarnak [55] studied the behavior of ]_[ZZO(E —2cos(p + a))
by combining Birkhoff ergodic theorem and nature of af-sets studied initially by
Engelking [25] and Katznelson [42]. As we can see, the method of [55] depends on
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the duality transformation, clearly fails if o € T4 with d = oo, i.e., the true almost-
periodic case.

We know that the spectrum of self-adjoint operators always stays in the real axis,
and the non-self-adjointness would push the spectrum out. In this paper, we give
a criterion for non-self-adjoint almost-periodic Schrédinger operators (1.2) to have
real interval spectrum. More importantly, one can see the mechanism of the spectrum
being real and staying an interval from our proof. Let us explain the main ideas. Our
approach is based on the quantitative almost reducibility of the Schrédinger cocycle.
In the self-adjoint case [24,46], the potential v is real (_x = ﬁ() which implies that
double resonances’

I{k, @) £ 2p[T ~ 0

must occur, which causes the uniform hyperbolicity of the Schrodinger cocycle and
makes the corresponding gap open. In the non-self-adjoint case, the potential is not
real anymore, which gives us a chance to avoid the double resonances. For the poten-
tial v defined in Theorem 1.2, we have U - V—x = 0. During the KAM iteration steps,
we will prove that at the cost of shrinking r, the cone structure I, is preserved and
there exists only single resonance (k or —k) in each iteration step. Thus, the interval
spectrum may survive.

More precisely, we can prove that the Schrodinger cocycle is reducible to
(a, Ayen) where A, € SL(2, C) with eigenvalues e*» and F, goes to zero. The
structure of I', guarantees that the average of the perturbation F, is always zero, and
thus Im &, is fixed during the KAM iteration, this is the reason why the Schrédinger
operator (1.2) has real spectrum. In addition, we will prove that the Schrédinger cocy-
cle (o, Sg.1y) is always almost reducible to the Laplace cocycle (o, Sg,0), which
implies that the Schrodinger operator shares both the spectrum and the Lyapunov
exponent with the discrete free Laplacian.

Organization of the paper. The rest of this paper is organized in the following way.
Some basic definitions are given in Section 2. In Section 3, we study the one step of
KAM iteration for SL(2, C)-valued cocycle with integer cone condition. In Section 4,
we obtain the reducibility of SL(2, C)-valued cocycle. In Section 5, as applications,
we prove Theorem 1.2, Theorem 1.4, Theorem 1.5 and Theorem 1.6. Finally, we prove
Theorem 1.1, Theorem 1.3 and Proposition 1.1 in Section 6. In Appendix A, we give
the proof of Lemma 3.1.

2Second Melnikov condition in Hamiltonian systems.
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2. Preliminary

2.1. Almost-periodic cocycle, Lyapunov exponent

Let €2 be a compact metric space and (€2, v, T') be ergodic. A cocycle («, A) € R\Q x
C?(R2,SL(2,C)) is a linear skew-product:

(T,A): Q2 xC? > Q xC?,
(x.9) = (Tx, A(x)9).
Forn € Z, A, is defined by (T, A)" = (T", A,). Thus, Ag(x) = id,

0
An(x) = [AT/x) = AT" 'x) - A(Tx)A(x) foralln =1,
j=n—1

and A_,(x) = A,(T"x)~!. The Lyapunov exponent is defined as

.1
L(r.) = fim - [ 1og 4,0l v
Q

We are mainly interested in the case 2 = T¢, dv = d x is Lebesgue measure, and
T = Ry, with (1,) rationally independent. If d € N, then («, A) =: (R, A) defines
a quasi-periodic cocycle. If d = oo, then (o, A) defines an almost-periodic cocycle.
We say («, A) is uniformly hyperbolic if there exist two continuous functions
u,s: T4 — PC?, called the unstable and stable directions such that for anyn = 0,

[An(x)¢ll < Ce™"|lp|  forall ¢ € s(x).
[A-n(X)¢ll < Ce™" (||| forall ¢ € u(x).

for some constants C, ¢ > 0. Moreover, u(-), s(-) are invariant under the dynamics:
Ax)-u(x) =ul(x +a), AXx)-s(x)=s(x+ a),

where A - x denoted the SL(2, C) action on the projective space PC?. If (a, A) is
uniformly hyperbolic, then L(A4) > 0. From now on, (&, A) € UHK means («, A) is
uniformly hyperbolic.

2.2. Schrodinger operators and Schrodinger cocycles

Let €2 be a compact metric space, T: 2 — © a homeomorphism, and v: 2 — C
a complex-valued continuous function. We consider the following complex-valued
dynamical defined Schrédinger operators:

(HxY)n = Y1+ VYu1 +0(T"x)Yn, n ez,
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and denote X, by the spectrum of H,. Note that any formal solution ¥ = (¥,,)nez
of Hyy = E satisfies

() =smao (i) ne

where

Sgo(x) = (E _1”(’“) _01) EeC.

We call (T, Sg,») Schrodinger cocycles. The spectrum X is closely related with the
dynamical behavior of the Schrodinger cocycle (T, Sg ). In the self-adjoint case, i.e.,
the potential v is real-valued, then by the well-known result of Johnson [41], E ¢ X
if and only if (7, Sg,,) € UH. The following result extends Johnson’s result [41] to
the non-self-adjoint case.

Proposition 2.1 ([27]). Suppose that v: 2 — C a complex-valued continuous func-
tion, (2, T') is minimal. Then there is some ¥ C C such that ¥, = X for all x € Q.
Moreover, E ¢ X if and only if (T, Sg ) € UK.

2.3. Global theory of one-frequency quasi-periodic cocycles.

We give a short review of Avila’s global theory of one-frequency quasi-periodic
SL(2, C) cocycles [2]. Let « € R\Q, suppose that A € C®(T, SL(2, C)) admits
a holomorphic extension to {| Im x| < h}. Then for |€¢| < h, we define 4. € C*(T,
SL(2,C)) by A¢(-) = A(- + i€), and define the acceleration of (¢, A¢) as follows:

L(Ol, A€+h) - L(Ol, AG)
h .

w(a, A¢) = lim
h—0t

It follows from the convexity and continuity of the Lyapunov exponent that the
acceleration is an upper semi-continuous function of parameter €. The key property
of the acceleration is that it is quantized.

Theorem 2.1 (Quantization of acceleration [2]). Suppose that
(a, A) € R\Q x C®(T,SL(2,C)),
then w(a, A¢) € Z.

For uniformly hyperbolic cocycles, Avila [2] proved the following equivalent
characterization.

Proposition 2.2 ([2]). Let (x, A) e R\Q x C®(T,SL(2,C)). Assume that L(c, A) >
0. Then (o, A) € UH if and only if L(c, A(- + i€)) is affine with respect to € around
e =0.
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3. Quantitative almost reducibility

As mentioned in the introduction, our approach is based on quantitative almost reducibil-
ity. The philosophy is that nice quantitative almost reducibility brings the precise
estimates of the growth on the Schrédinger cocycle.

3.1. Auxiliary Banach space

We first introduce the auxiliary Banach space related to the integer cone I',. Recall
that the integer cone I'; is defined as

T, =74 n{k:[K] = rlk|,}.

where [K] = Zj (j)"kjw; with Zj w; = 1, w; > 0. For a given integer cone I',, we
define the space

By [¥] = {F € C(TZ, %) : Fx = 0forall k € Z4\T,},

where * could be C or sl(2, C), and we abbreviate By, ,[sl(2, C)] by B, without
ambiguity. Since 0 ¢ I, it holds that Fo = O for any F € 8By, ,[*].

For any set W C I', and N > 0, we define the truncated set and residual set of W
as

TVW ={keW:|kl, <N}, RyW=1{keW:[k|,> N}

And we also define the truncated operator T and residual operator R by

INF)) = Y B, Ry F) ) = 3 B,
keTy T KeRy T
The following are some basic properties of the space By, , [*].
Proposition 3.1. Forany 0 <r <r’ <1, h > 0, we have the following:
(1) (Bur*]. |l - |») is a Banach space with Bp, ,» C Bp r;
@) IF,Gllln <2 FnllGlln where [-,] is the Lie bracket defined by [F, G] =
FG — GF, and thus (8., [-,*]) is a Lie algebra.

Proof. Proposition 3.1 (1) follows directly from the definition, so we only need to
check the second one. Let F, G € By, with expansions

F(x) = Z Fee®? Gx) = Z Gne' ™),

kel nel’,
where Fy, Gy € sl(2, C) for any n, k € I',. By direct calculation,

[F.G](x) = [Fx.Gnle'® ™). 3.1)
k,nel’,
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Since [k] > r|k|,, [n] > r|n|,, we have [k + n] > r(|k|, + |n|;) = r|k + n|,,
which means that K + n € I',. On the other hand, rewrite (3.1) as

F.6)@) =Y (D [FGal)e™.

mel', n+k=m

Then Proposition 3.1 (2) follows from [ﬁk, @n] €sl(2,0),

1FGIn =Y (3 1FGaoil)e"inb
n ok
< 3 (32 1Al G it
m ok
< (D2 IBle™n) (3 Fleh™in) = | F 1G]
k m

and the same estimate on |G F ||5. [

h>

3.2. Non-resonance cancellation lemma

We give a non-resonance cancellation lemma, which serves as the starting point of
our proof. Let A € SL(2,C). For any Y € 8y, ,, we define the linear operator L4 by

(LaY)(x):= A"'Y(x + a)4 — Y (x).

nre

Suppose that B, = 8)7.(0) & B}’ (0), where B;" (o) is the closed invariant sub-
space in By, such that L4 restricted on 8" (o) is invertible and

_ 1
IL7' < = on B}%(0).
o
In the following lemma, we prove that all non-resonant terms in the perturbation
can be eliminated.

Lemma 3.1 ([19,35]). Letd e NT U{oo}, h>0,r €(0,1],x € T4 o > 0. Suppose
that A € SL(2,C), and F € By, , with

| Flln <& < min{107%, 52}.

Then there exist Y € ii’;“lri (0) and F™ € 58;:’ ,(0) such that e conjugates the cocycle
(o, AeF) 1o (a, AeFm), ie.,

e V() goF(X) Y () _ goFo(x).

4
3

with |V ||p < &2, | F*|lp < 2¢ and | F* — P F |5 < 2¢3.
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3.3. One step of KAM iteration

In this section, we give one step of KAM iteration for (o, AeF ™) with 4 € M C
SL(2,C) and F(x) € 8Bj,, where

wnl(§ )ssec]ofl§ 2)-eeec)

To eliminate the perturbation F(x) in the cocycle, we need to deal with non-
resonant case and resonant case separately. Here we say A is non-resonant up to N,
denoted by A € N R(N, ), if for any k € Ty T,

|ei((k,a):|:2’g') _ 1| > 6.

Otherwise, we say A is resonant and denoted by A € RS (N, §), which means there
isak* € Ty I, such that

(k" +28) _q) <5 or (K020 _ ) <.

In this subsection, we always fix N = %ﬁ where i1 € (0, h). Once we have these,
we introduce the following key quantitative almost reducibility result, which gives the

one step of KAM iteration.

Proposition 3.2. Letrd € NT U{oo}, n>0,h>0,r € (0,1], y €(0,1), T > 1,
o e DC‘;’I. Suppose that A € M with |[Im&| < % F € By, then for any hy € (0, h),
ry € (0,71), there existe = e(n,h,hq,r, 14, y, 7, |C|), ¢ = c(n, y, T) such that if

35

10
|Fln<e< min{e_("‘lh+) ,e_(i) ' 3 (3.2)

c

(1+[Epte

then there exist B € C®(2T¢4,SL(2, C)), Ay € M, and Fy € By r, suchthat
B(x + o) 'AeF® B(x) = A ef+ ™,

Moreover, we have the following estimates.

Non-resonant case. If A € N R(N, s%), then B(-) = e¥©) with

1
IYlh <2 [Filny <26° Ay = A

Resonant case. If A € RS (N, 8%0), then there exists K* € Ty T, such that
(1) Ay takes the form

e+ oy e+ 0
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where {4 € C, &4 = & — @ with estimates

1 9
|E+] <eT0, 04| < eT0;

(2) it holds that
2
P
1Bllo < ™= Fy i, <.
Proof. We distinguish the proof into two cases.

1
Case 1. Non-resonant case. Leto = &3 and decompose By, , as B, (o) & B}’ (0),
where

B (0) = {F € By, : F(x) = Ty F(x)},
By, (0) = {F € By, : F(x) = Ry F(x)}. (3.3)

It is easy to see that B;™ (o) is a closed invariant subspace of B), ,. Moreover, we
have the following simple observation.

Q=

Lemma 3.2. The operator L;*": B (0) — B} (0) is bounded with ||LZ1 | <

Proof. We only consider the case A = (ef efig ) the proof for the case A = (ei; e_oig )

is similar. For any F' € B;" (o), we only need to solve
ATYY(x + a)A —Y(x) = F(x).

Expand Y(x) = > Yieitkx) and F(x) =)\ Fyeitkx) respectively. Comparing the
Fourier coefficients, one obtains that for k € I,

A S (3.4a)
kT Gie)+25) _ |7 '
L1 _ 22 I k
Yoo =Y = T , (3.4b)
51,2 ; 521 ; _5ol,1
?1’2 _ Fk + ;261(k,a)Yk _ 2;61((1{"1) £) Yk (3 4C)
k eillk,a)—28) _ | : ’

Recall the following estimate for o € DC;{t:

Lemma 3.3 (Small denominators [50]). Letd € Nt U {oo}, T > 1, n > 0, then for
any k € Z‘,f we have the following estimate:

_1
sup  []A+ ()1 D) < (14 NSOV
keZ4,[klp<N jeN
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where C; = C1(n, ). Moreover,
[T+ Gk < (1 + [Kkl)Cikhn T
jeN

Combining Lemma 3.3 with (3.2), for any k € Ty ', we have

1
Ik, @)t = y(1+ N)"CON™T 5 ofo,

Besides, it follows from A € N R(N, £10) that |el(®&)£28) _ 1| > ¢10 for any k €
JnT. Thus, the denominators in (3.4) are well controlled and Lemma 3.2 follows. =

By Lemma 3.1, there exist Y € 8, (o) and F™ € B;° (o) such that

e—Y(x+a)AeF(x)eY(x) — AeFre(x)’

with the following estimates:
1
IYln <&z [F%|n < 2e.

Let B =e¥, Ay = A, and F, (x) = F™(x). By the construction in (3.3), F; can be
expressed as

Fy(x) =) Frel®n),
keRNT,

Therefore, for any 44 € (0, 1), we have the estimate
1Fillny = D IEE e+l < e=B=hoN 3™ ) fre)|ehlkly
keRN T, keRN T,
<2e” ROV P < 267,

where the last inequality follows from our choice that N = il%;‘fjl.

Case 2. Resonant case. In view of o € DC‘;’T and A € RS(N, 8%), Lemma 3.3

and (3.2) imply

_1_
[2Regllr > (k") 7 + 2/ Img| —eto = 21+ M) N @35
as a consequence,
(428 1] — g10) . ([ B7726) — 1] — o) <0, (3.6)

which shows that the concept of resonance is well defined. In fact, if

|ei((k*,a)—25) —1 < 8%’
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then (3.6) directly follows from (3.5) that

T2 ) = | (k" @) — 2% |7 = [4E] —eTo > oo,
Note that (3.5) also implies that in the resonant case ||2 Re &|T always has a
lower bound, which allows us to diagonalize the constant matrix A. Just assume

i . &
A= (eoé e_;ié ) then there exists P = (; c—iél—cié ) such that
i€
-1 . e' 0 T
P AP—(O e_if)_A'
Moreover, just note

|e_i$ - ei$| = |cosRe& - (eIms — e_ImE) —isinReé& - (elms + e_ImE)|
1
> —||2Re ,
JI2ReE I

then we have estimate

2
A . 8|§|(1 +N)C,N < le|1ogg\2+n_

[Pl <1+ o0 <
I2Re &[| Y 2

Moreover, P~ AeF®) p = JeF @) where F = P-1FP ¢ By, satisfies

%7 ~
1 < IF [l P? < 2™ e = &, (3.7)

By the choice of & in (3.2) we have & < £10.

After the diagonalization, we are ready to solve the non-resonant terms of the
perturbation. For this purpose, we need to analyze the fine structure of the small
denominators. We just consider the case

(k") =26) _ ) oo (3.8)

since the other case can be dealt with similarly. The following lemma shows that the
integer cone I, implies that the resonant site in Ty-I', is unique under the proper

truncation N’ > N.
2

Lemma 3.4 (Uniqueness). Let N/ = C,| 10g8|1+g —NandC3 = iOC >t ywhere
C, = Cy(n, y, 1) is the constant such that

1 1
_(i) 1+7 > _1Og(Z) + Clxﬁ log(1 + x) forallx > 0. (3.9
C> 2

Then for any k € Tn/T', we have
leik@) _ 1| > ¢T0, (3.10)
el (R)£28) _ 11> 010, ywhenk #£ k*. (3.11)
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: d
Proof. 1f (3.10) does not hold, then by using o € DCy,r, Lemma 3.3 and (3.9),

1 2
1 +1 2F
e10 > |[(k,a) | = y(1 + [k|,)"CTKIIT = em kT

Thus, combining the above inequality with the choice of N’, we have
k|, > Cy|loge|'t3 > N, (3.12)

which shows a contradiction to k € Tn/T',.
If (3.11) does not hold, then there exists k’  k* such that |e!(K-®)+28) _ 1| < ¢10
or |ei((K:@)=28) _ || < ¢10. This implies that

2610 > max{]| (k' @) + 26 + (K*. @) = 28) 1. || (K'.er) — 26 — (K*. ) — 26) 7).
Since k’ € T, it follows from the structure of the integer cone I, that

[k +k*] = (K, + [k*[;) > O,
which implies that k’ + k* # 0. Moreover, by « € DC;,Z’t and Lemma 3.3,

1

1
rmpex 1T
2610 > | (K' F K*,a) T = y(1 + K F k*|,) KT
Same as (3.12), the inequality (3.9) would imply that
k' F k*|, > Cy|loge|' T3,
and consequently
K[, > Co|loge|'t? — N = N'.
This contradicts to k’ € Tx/T',, and thus we finish the proof. ]

Let o = &3 and rewrite the k-th Fourier coefficient of F by Fy = (4% bx ) for

any Fe Bhn,r- By (3.8) and Lemma 3.4, the space decomposition with respect to 4, o
takes the form as

By (0) = {ﬁ(x) = Ty F(x) - (g bok)e“k*’x)},

87, (0) = {ﬁ(x) — R P + (g bolt)ei<k*,x>}_

It follows directly that B;" (o) is a closed invariant subspace of 8y ,. Moreover, we
have the following.

Lemma 3.5. The operator L}l: i)’;l”i (o) > JBZ“; (0) is bounded with ||L}1 | < %
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Proof. For any F € B;" (o), in order to solve F(x)=L 7Y (x), we only need to
expand Y (x) = ) Yiel®*) and F x) =k Fyei(kx) respectively. Direct calcula-
tion shows
Pow — arx /(e &) — 1) 0
= Ck*/(el( (k*,a)+28) 1) _ak*/(ei(k*,a) _ 1) s
o /@ =) 029
7 /(@420 1) gy /(@) — 1)

A~

) for all k # k*.

Then the result follows from Lemma 3.4. [

Once we have Lemma 3.5, we then apply Lemma 3.1 to obtain ¥ € 8, (o) and
F™ € B;’.(0) such that

YOt Lo F () Y(x) — AeF @

with the following estimates

9 re 9
<20, |[F™|p <28 <2670,

(Sl

1Ylln <&

Next, the resonant term (g bé: )ei“‘*’x) in F"(x) can be eliminated by the rotation

conjugation Qkx(x), where

3 (k.x)
ez 0
Q) = Ran = ( 0 e—;<k,x>)v

which is defined on 2T 4. Indeed, direct calculation shows that

-17 ei@_(k2a>) 0 ]
Ok (x + )™ Qi (x) = et ) =1 A
0 e’ 2

and
—1 pre — 0 blt re
007 )0 ) = () + 0ok (R P00 Q1 )

=: L+ G(x) =: F(x).
Let B=P-e¥ . Qi+ € C2(2T¢,SL(2,C)), then
B(x +a) ' Aef @ B(x) = eAeF(x)

with estimate

1B o < IIP]l - I1e¥™® o <e|10gs|2+n.
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Rewrite the cocycle as

fTef(x) = fTeLe_LeF(x) = (elf;r E:EJF)GF*(X) = A+eF+(x),
e

where £y = & — (k*T“) Ly = b;ei5+. By the decay of Fourier coefficient |by| <

| Fr¢||,e="%"In and (3.7), it follows that

1
T0 9
4| < | F)pe K Ines ™0 < g0,

Furthermore, by the Baker—Campbell-Hausdorff formula, we have
1 1
Fr(x) =G) + S[-L. G+ SI-L. LGl + -+ (3.13)

The following result is important for us, which says that the rotation Qx=*(x) pre-
serves the cone structure, at the cost of shrinking r a little, as shown in Figure 2.
Consequently, F; also has the cone structure. This is the key step why this modified
KAM iteration can be iterated.

Figure 2. Integer cones in the KAM iteration.

Lemma 3.6. For any F™ € i)’;l: .(0) and k* € Ty T, we have
G(x) = Q—k*(x) - (RN F¥(x)) - Qu*(x) € By r, -
Consequently, we have Fy € Bp ;. .

Proof. Since Ry F™ € !B;:; »» then the k-th term in its Fourier series is

ﬁkei(k’x) = (ak bx )ei(k’x) forallk € Ry/T;.
ck  —ak
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Let Dx(x) = Q k= (x)ﬁkei(k’x) Oy (x). By direct calculation we have

0\ ; 0 bk\ jk_k* 0 0\ *
Di(x) = (Cl(;( _ak)el(k,x) + (0 (;()el(k k*,x) + (Ck 0)el(k+k X)

On the one hand, since k* € Ty I, and k € Ry/T',, we conclude that
[k —&*] > rlk|y — [k*]

zrlkl, — N

=rlkly + r —rp)kl =N

> rilkly + (r = r)(Calloge|'tE = N) = N
ri|kly + Ca|loge|~ 10| loge|'*% —2N
r+lkl, + N
r|Kly 4+ 4 (k™[
relk —K*[y,

A\ "\ AA\Y

_1w0
where we use the fact N < |log 8|1+% and |loge| = (r — ry)” 7. This just means

k —k* € T, . On the other hand, [k + k*]| = r(|k|, + [k*|;) > r4|k + k*|; means
k +k* €I',, . We conclude thatk,k — k*,k + k* € I’ and thus Dk (x) € B r, .
By Proposition 3.1, we have G(x) = ZkeRN/Fr+ Dk(x) € By r, - Rewrite G =

G111 Gi2
(GZI Gy ),then

0 —bf —b¥Gy1 2b5G1y
[_L,G(X)] = [(0 Ok)9G} = ( IB bEszl ) € ‘Bh-‘r;r-‘rv

which implies that the right-hand side in (3.13) belongs to By, . Therefore, we
finish the proof again by Proposition 3.1. ]

By (3.13) and Lemma 3.6, we have

2
I F4llny < 201G lny < 20RN FE) | ay | Qe Ml
< 43¢~ N/ (h=hy) hi [K*[y

Since N’ = Cy|loge|'*3 — N > |loge| 10 N and k* € Ty T, one can get that
9 “hy
IFylln, <eToe ! OONBhDimiy < g100,

This finishes the proof. ]
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4. Reducibility of almost-periodic cocycles

By the KAM iteration developed in the last section, we now prove the reducibil-
ity results of the almost-periodic cocycle (e, Aef") with perturbation F e Bh,r. We
always choose

A()=A, F0=F, o = €&, h()=h, o =1r.

For n = 0, we define the sequences

h—Hn
hn+1 = hn - m,
r—r’ (%)
T'n+1 = Fn — m,
N, = 2| log &,| .
hn _hn-i-l

Two situations need to be treated separately for A € M, i.e., the eigenvalues of A
are e* with p € R (elliptic case and parabolic case) or e* with & ¢ R (hyperbolic
case).

4.1. Elliptic case and parabolic case
Suppose that A = (e;" . _;ip) with p € R, the following Proposition 4.1 shows that

(a, AeF") is almost reducible.

Proposition4.1. Letd € NT U {oo}, n>0,h>0,h" € (0,h), r € (0,1], ¥ € (0,r),
ye0,1),7>1ac€ DCir. Suppose that F € By, ;. There exists

8=8(7Iah,h/,r,r/, Y7T’|Z|)’ ¢ =C(T], V’T)

such that if

S35
S5

¢ (1
|F|ln <& < ————— min{e (h—h’)

-(=7)
1+ )10 e b

2
then there exist ®,, € C‘”(2Tfn, SL(2,C)) with || ®, ¢ < eCnllogenl®Fn

2

Cp:= (77 — 17,
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and F, € By, r, With | Fy||ln, < €n such that

Py (x + ) 14D, (x) = A,

0 e ifn

Moreover, if we denote ©, = UkGTNn r,, On(K), where

where Ay = (0" f1, ) or g = (% 5 ) with pa € R and |G| < [,

1

. 1 .
On(k) = {p e R : [e&@F20m) _ 1| < gI0V U {p e R : [elka)=20m) _ 1] < g10)

then we have the following.

(1) If p ¢ O, then O, = ®, -e¥ with

—_

1Yallh < €r. Pnt1=pPn. Cns1 =n.
) Ifp € On(K"), then Byit = Dy - By with

2 *
¥ (ky, o)
”Bn“O < e|10g8n| ! ) Pn+1 = Pn — nz 5

1 9
lont1 < €n” |Cn1l < &n”.

3) If p € O, (ki) N O, (K5, ), then

nj+1
.
|k;klj+l|77 = |k;klj n "

Proof. We are going to prove Proposition 4.1 inductively. Suppose that we are at n-th
step, i.e., we already constructed ®,, such that

®p(x 4+ ) 1 4eF PP, (x) = A,efr®),
with following estimates:
2
2+
1®nllo < eEMEn = Y Fyllp, < en pn €R. al < 18-

By the selection of () and |{,| < |¢], for any n = 0 we have

s
S

c

fn < ———— ,e_(m)ﬁ}.
(14 18a D™

min{e_(m)

By Proposition 3.2, there exist B, € C“’(2T;fn+l, SL(2,C)), Fy4+1 € £hn+l:
Apy1 € M such that

rn+19

By(x + o) ' A,ef @ B, (x) = Ayqgeln i1 (),
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Let ®,11 = &, - B,. Then
®n+1(-x + Ol)_lAeF(x)CI)n+1(x) = An+1an+l(X)‘

To obtain the estimates of ®,1, Fj,+1, An+1, we need to distinguish between two
cases according to the nature of p.

1

Non-resonant case. If p ¢ ®,,, which means 4, € N R(Ny, &1°). Then by Proposi-
tion 3.2, we have B, = e¥” with estimates

1
1Yalln, <ens WFntilln,g, < 28] = ent1, Ant1 = An.
Hence, pp,+1 = pn € R and |{,41| = |&n] < |C]. It is obvious that
2
2%
1®arillo = [[®n - Ballo < eCnlloeen 1=,
This proves Proposition 4.1 (1).

1
Resonant case. If p € ©,(k}), which means A, € RS (N, £,°). Then by Proposi-
tion 3.2, we have following estimates:

2
2+
IBallo < ™2™ | Fysilln,,, < eh% < ensr.

Moreover, A, +1 takes the form
n+1 — 0 e_i""+1 n+1 — Cn—{-l e_ip"+1 ’

L
10
n

{ke) and |, 41| < &4 . This proves Propo-

where py i1 = pn — 52 € R with [y 1] < &

sition 4.1 (2). It is easy to see that
[@ns1llo = 1@ - Byllo < cCrliozen 7 eliozen 7 < (Coltozenial 7

When p € O, (k;j) N Oy, (ky . ),onthe one hand, it follows from

nj41

1
||2Pnj+1 - (k;/-+l ,C()”T < 87%;)_’_1

and Lemma 3.3 that

1 2
I 1 2+n

—-Cilky. 1] 10 —Cslkn; 4 In
S P e L

2|Pn_,~+1| Z V(l + |k:j+1 |7I)

On the other hand, there is no resonance between 7;-th step and 7;41-th step, and
according to Proposition 3.2, we have

1
— 10
Pl4n; = Pn;yy  and  [p14n;| < &) -
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To sum up, we obtain that

1 2 1 1 8
Sexp(=Calkg, , 177) < e)? < exp(—5 ki, 157,

where the second inequality uses [k} | < Ny, < |logen, |1+%, which shows that

1+ 4345
|k;;j+1|" = |k;j n

Hence, we finish the whole proof. ]

4.1.1. Reducibility of almost-periodic cocycle. The following Corollary 4.1 shows
that (a, Aef’) is reducible provided that p belongs to at most finitely many sets ©,,.
Let ® = limsup,,_, ., ©,.

Corollary 4.1. If p ¢ O, then there exists W' € C®(2T%,SL(2, C)) such that
W (x 4+ a) ' AeF D (x) = A/,
Indeed, let 7i such that p ¢ ©y, for any n = ii. Then A’ takes the precise form:
(1) if pn # 0. then A' = (€77 5, );
() if pii =0, then A’ = (} o).
Proof. By Proposition 4.1, there exist @5, Fj;, Aj; such that
;i (x + o) 1 4eF D @y (x) = Azef7 ™),

Since no resonance occurs for any n = n by the definition of p, we use Proposi-
tion 4.1(1) iteratively to obtain Y, and F}, for n = 7 such that

e_Yn(x‘Hx)Aﬁan(x)eYn(x) — Aﬁan+l(x)’

1
with [Yu I, < ex and || Fulln, < én.
If p # 0, then there exists P € M such that

“14.p _ elPn 0 Y
P A,,P—(O e_ipfl) =: A"

We let W' = @; - [0 eln - P.
If p; = 0, then we let ¥’ = ®; - [[°2 e¥” for the case A; = (s %’1 ). Otherwise
we choose H = (9 1) so that

(G ey )

which finishes the proof by letting ¥’ = ®; - [[o2 - e¥" - H. [
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4.1.2. Growth of the cocycles. Corollary 4.1 shows that the cocycle is reducible if
o ¢ ©. In the following, we will show the cocycle has sublinear growth if p € ®.

Corollary 4.2. If p € ©, then
[Ajllo < o1+ ),
where (jo, Aj(x)) := («, AeF )7,
Proof. To control the growth of the cocycles, we need the following.
Lemma 4.1 ([4,59]). We have that
My (id +y) - Mo(id +yo) = MD(id +y D),
where M® = Mj--- My and

Iy @ < eZk=o IM©PIyell _ .

By Proposition 4.1, (a, AeF ™)) is almost reducible. Thus, we have
0
Aj(x) = Pp(x + ]O‘)( l_[Anan(x—Ha))q)n(x)_l-
s=j—1
Then by Lemma 4.1 and ||A;{ I <1+ j|¢nl, it follows that
470 < 193 - [ A4xl] - 457" - el FrlolAn =iy Ol =1
< (L 20D) - (1 4 1gal) - [ @G - !0 01D,

For any j € N, one can construct an interval I[,, such that

1
sen 2)‘

oo~

Jeln:=(en
Since I,, N I,4+1 # @, we conclude that {I,},en cover all the j tending to oo, and
A7 llo < 2j(1 + 218]) - [ @all51Snl-
Note that if p € ©,,, by Proposition 4.1(2) we have

1
1Pn4115 - 16n+1] < €441

then the result follows from the assumption. ]



Isospectrum of non-self-adjoint almost-periodic Schrodinger operators 381

4.2. Hyperbolic case

Recall that

(2 )esec]of(§ 2)eeeec)

To obtain the reducibility result for hyperbolic A € M, first we need the following
simple observation.

Lemmad.2. Letd € Nt U{oo},n>0,1>0,r€ (0,1, y>0,7>1,a €DC?,
Suppose that A € M withIm§ # 0and ¢ =0, F € By, with

| Flln <& < min{1078,

.1

then (o, Aef") is reducible to (a, A).
Proof. Leto = g3 and
Ay ={kel, % 1] >0},
Ay =k e T, : [efa)E20) _q| > 51,

Then we define the decomposition B , = B“re (0) ® B); (o) with respect to 4, o,
where 8, (o) is defined to be the space of all F € Bn,r of the form

F(x) = Z (a(;( _(()lk)ei(k,x) + Z (0 b(;‘) i{k,x) 4.2)

c
keAq keA, k

and fB;f ,(0) is defined to be the space of all F' € B}, , of the form
F(x) = Z ak eilkox) 4 2 : 0 bk el(kx) 4.3)
0 —ax
kel \A; keT, \Az
Forany Y € B“re ~(0), we have

i(k,a) _ )
(LAY)(x)=Z(“"(e . _ak(eug,m_l))e“"”"

keAq

bi(e®&@=28 — 1)\ {4
+ Z (ck(e @)+28 _ ) 0 ©

keA,

Thus, L4 is invertible on 8; (o) and LM < % which means the decomposition
for (4.2) and (4.3) is well defined.
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Just note by assumption (4.1), we have
el £28) _ 1| > 2|Imé| = 0 forallk € Z¢,

which implies I';\ A, = @. Thus, by Lemma 3.1, there exist Y € B, (0) and F'™ €
B;’ (o) such that

o f(x)
—Y(x+a) 4 F(x).Y(x) _ (. Fex) _. [€°¢ 0
(& Ae € = Ae =. ( 0 e_i:g-e_f(x) .

: d
Since & € DC|, .,

px +a) —px) = f(x). [ € BurCl.

and fo = 0by f € 8;,,[C], then

always has a solution ¢ € C“’(T;f,, C) with h’ € (0,h). Let W =e¥ . (ew(()X) e—rg(x) ) €
C(Tg,SL(2,C)). It follows that

U(x 4+ o) '4efPw(x) = A.
The proof is finished. |

As a consequence, we have the following.

Proposition 4.2. Letd € Nt U{oo}, n>0,h>0,h" € (0,h), r € (0,1], ¥’ € (0,7),
y>01t>1ac¢ DC;ZJ. Suppose that A = (ef efié) withIm§& # 0and F € By,
There exists = e(n, h,h',r,v",y,7,|C|) and ¢ = c(n, y, T) such that if

35
35

[Fllpn<e< min{e_(ﬁ) ,e_(ﬁ) v

¢

(I +1Zpte

then (o, Ae") is reducible to (a, A"), where A’ = (eis/ _(fg,> withIm§& = Imé.
€

Proof. We distinguish the proof into two cases.

Case 1. Strong hyperbolic case. If |[Im&| = %, then there exists P € M with | P —
id || < 2|¢| such that

P—lAeF(X)P — (eié O_E)ePlF(x)P — A/eF/(x)
0 e ’

where F' € By, , with || F'||; < 10. By Lemma 4.2, (a, A’eF") is reducible to (e, A')
with & = €.
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Case 2. Weak hyperbolic case. If |[Im&| < 1, by Proposition 3.2 there exist B, €
C°QT{ ,SL(2,C)), F, € By, r, and A, € M such that

By(x + o) Ape™ By (x) = Apgyelntt ),

where A, = cif)" eEinén) or A, = ei;" e—?$n> with Im &, = Im & and |{,| < ||

According to the selection of (), the iteration is ensured by

S5

10
n

min{e_(m) ,e_(m) b

c
& < ———————
SNCEATHE

Let &9 = idand ®,, = ®,,_; - B,—1. Then forn = 0,
O, (x +a) 1 4eF D, (x) = A,ef™),

2
with || F, ||, < &n. Furthermore, there exists P, € M with || P,| < ellogen! *F7 gych

that "
Pl ApeFrt) p, = (60" e—?sn) ePi Fn ()P _. g1 A0,
with || ) ||n, < 8,}%. Since Im &, = Im &, let us choose the smallest 7z such that
g,;% < min{1078, | Im &;]°}.

Fr(x0)y ; — — £
By Lemma 4.2, (a, AZe"'™) is reducible to (a, A%). Denote A" = A} and §' = &;.
This finishes the proof. ]

5. Applications in Schrodinger operators

In this section, we give the applications for Schrodinger operators. Let us rewrite the
Schridinger cocycle Sg 1 (x) = (E_);”(x) o) = Agef* ™) where

AEz(l{7 _01) and Fv(x):(/\v(zx) g)

Since Ag € SL(2, C) one knows that the eigenvalues of Ag are % 4 YE2-4

> .

5.1. Proof of Theorem 1.2 and Theorem 1.4.

Note that one can always conjugate A g to the upper triangular matrix A whose upper-
right term is ¢. To apply Proposition 4.1 and Proposition 4.2 for all £ € C, and to
obtain uniform smallness condition of |A|, the key observation is that || is uniformly
bounded with respect to E.
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Case 1. E € [-2,2]. The eigenvalues of Ax are e*” with p € R. Let

1 (e —1
’ vi(l 6”)

e’ ¢
0 e’

then we have

UO—IAEU(,:( )=:AGM,

where { = —1 —e 2" and thus [{| < 2. Let F = Uy ' - F, - Uy € B Then || F ||, =
Allv|lg. If we choose Ag such that

Aollvlln < ;Wmin{e_(%) T (B 5.1)

then one can apply Proposition 4.1 to show («, Sg 1y) is almost reducible; conse-
quently one can use Corollary 4.1 and Corollary 4.2 to obtain that

E E2—4
L(E) = L(«, AeF) = 0 = log >t ——|
Therefore, (o, Sg 1v) € UH, and by Proposition 2.1 we have E € Xy 4.

Case 2. E € C\[-2,2]. The eigenvalues of Ag are e* with Im& < 0. We can

choose Uy = \/ﬁ(ef ;El) and ¢ = —1 — e~ 2 50 that
it
Uy AgUs = (eo efis) = AeM.

Let F = Uy ' - Fy - Up. By [¢| < 2, one can also choose Aq satisfying (5.1). It fol-
lows from Proposition 4.2 that the cocycle («, Sk 1,) is reducible to some hyperbolic
matrix A’ € SL(2, C), with

E E2—4
L(E) = L(a, Age™) = |Im | = log Tt —F—

Therefore, («, Sg 1y) € UH, and by Proposition 2.1 we have E ¢ X, 4.

5.2. Proof of Theorem 1.5

If (5.1) holds, then by Proposition 4.1 and Corollary 4.1, it is enough to show that
p ¢ ®if2p = (k,a) mod 2x or p € DCy .(cx). We show p ¢ © by contradiction. In
fact, if p € ©, then we label the resonant steps {n;} C N such that

1
1200, — (K}, @) r <&l ki €Ty, T

(5.2)

P
nj
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Letd; = Zi:l kj foreach j € N. By Proposition 4.1(2) and Lemma 3.3, for suf-
ficiently large n;,

120n,; — (k. e)llT = [120 — (d;. o} | .
> min{k, y}(1 + |2d;],) €124l (5.3)

By Proposition 4.1 (3),
__n_
ds1y < (1 +2[logen, [ 7H0) K3, |, < 2[K], .

Combining the above inequality with (5.3), one has

_ Y=
1200, — (ky @)l = Can, i, v, b, e (@llogen; )2

which contradicts to (5.2). Let us choose 7 such that p ¢ ®; for any n = 7.
If p € DC(r), we have p; # 0 and by Corollary 4.1 (1),

ipji
W (x + o) 1 AeF@w (x) = (€ _(.)_ .
0 e 1073

Let {ns}st*1 be the all resonant steps with J* < oco. Denote m = Zsj; k:s and let
Ox) = R%. Then

0(x +a>—1("'gﬁ _1,,,1)Q( ) = ( e’ eﬂp).

Let W := W'. Q. This finishes the proof.
If 2p = (k, @) mod 2m, the proof follows from Corollary 4.1 (2) if pz = 0. If
pi # 0, by using Corollary 4.1 (1),

ipji
W (x 4+ a) ' AeF@w (x) = (€ _Q_ .
0 e 1073

Choose m € Z¢ such that 2p; = (m, ) mod 27 and let Q(x) = R (m.x). Then
2

o+ (%) U )ew=(g 1)

Let W := W’ . Q. This finishes the proof.
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5.3. Proof of Theorem 1.6

Let £ = 2cos2p with —2p = (m, «) mod 2x. Choose |A| sufficiently small such
that
|A| < min{Ao, e 2AmIny. (5.4)

To prove Theorem 1.6, we only need to show resonant case only appears once in the
setting of Proposition 4.1. For simplicity, we denote ¢ := ||Av||;, and thus by (5.4),

g < e himin, (5.5)
We sketch the proof into the following five steps.

Step 1. Upper triangularization. Let Uy = %(e;p eiilp ) Then

Uyt Agel" @y, = 4eF™,

where A = (< ¢ ) with Zg = —1 — e and F = Ug! F,Us. We have

e~

~ 00 AfeP  —1
m — ) 1 L - A 1 H )
0 ()t O) 07 (ez“" —el? )

and thus F2,1(x) — %e2ipei(m,x) with |(ﬁm)2,1

¢
P = 1 e~i0—el0 .
0 1

By (5.5), we have |m|, < Ny = 2)11_;,%;9' and thus p € ®¢(m). So, by Lemma 3.3, we

— £o—hlm|y
= 26 .

Step 2. Diagonalization. Let

2
have || P || < e!l°2¢*™" Direct calculation shows that
P71 Af ™ p = glef'™),

where 4" = (<7 9, ) and F'(x) = (450, £25)) with llgy - g2l < | Flls <

eT0 =: ¢,
Step 3. Eliminate non-resonant terms. Let N = C;| log e|1+% —Nando = &3,
One can check that the space decomposition with respect to A’, o is well defined:

By (0) = {F(x) = T/ F(x) - (CO g)ei('"’x)},

B;ze,r(a) = {F(X) = ﬁN/F(x) + (CO g)ei("%x)}'
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By Lemma 3.1, there exist Y € B; (o) and F™ € B;° (o) such that
e—Y(x+a)A/eF’(x)eY(x) — A/eF'e(x)

with || F™ — P F'|| < 26’3 < 2¢8.

Step 4. Eliminate resonant terms. Let Q(x) := R (m.x) . By Lemma 3.6, there exists
2
Fy € By, r, such that

Q(x +a) ' A" W 0(x) = ( 1 O)CF“’” —: A;eh®),
c

m 1
where cm = (F)>! and || Fy ||, < &'°°. Hence,

~ ~ ~ _ 6 _
lem — (Fn) 2t = [(FR2)2! — (P )| < | F™ — P F'[|pe™"ImIn < 2¢3e~imln

which shows that |cp| = |(ﬁm)2’1| _2eSehimly 5

Step 5. Reducibility. We claim that p ¢ ®,, for any n = 1. In fact, by o € DC;ZJ, one
can apply inductively Proposition 4.1(1) to show that forn > 1 and k € Ty, ',

2
pn = 0. and |20, — (k. @)t = || (k.a)x = eo=en 77
Then there exist Y, € 8y, , and F,, € By, , such that for any n > 1,

e_Yn(x‘f'Ol)Alan(x)eYn(x) — Alan+l(x)’

1 A
with || Yy s, < €7 and || Fy ||, < &,. Finally, we choose H = (? (‘)), then

H'AH = ((1) i) with ¢ = cp.

LetW=Uy-P-e¥.Q- | Gt e¥n . H. The proof is finished by cyy # 0.

6. One-frequency examples

In this section, by Avila’s global theory of one-frequency analytic SL(2, C) cocycles
[2], we determine the spectrum of two examples of one-frequency non-self-adjoint
Schrodinger operators.
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6.1. Proof of Theorem 1.3

To calculate the Lyapunov exponent of (e, §) with S(x) = (E=4<" 1), let us com-
plexify the phase

_ i(x+ie) _
Se(x) := S(x + ie) = (E re 01).

1

Denote by L(E,€) := L(«, S¢) the Lyapunov exponent of (o, S¢) and by w(E, €) :=
w(a, S¢) the acceleration of that. For sufficiently large € > 0,

E -1

Se(x) = (1 0

) +0(1),

then by the continuity of Lyapunov exponent [18,37],

VEZ—4
2

According to the quantization of acceleration in Theorem 2.1, for € > 0 large enough,

L(E,e) = log‘g + ) + o(1).

w(E, &) =0, L(E,e)= log‘g + %( 6.1)
A similar argument works for sufficiently small € < 0,
Se(x) = e"e™* (G §) + (D),
and furthermore,
w(E,e) =—1, L(E,e) =—e+loglA|. (6.2)

Abbreviate the spectrum X, oxp o by 2. Let us calculate L(E) for E € X firstly.
For |[A| < 1, by the convexity of L(E, ¢) with respect to € and (6.1)—(6.2), we always
have w(E,0) = 0, then by Proposition 2.1 and Proposition 2.2, we have

L(E) = 0.

For |A| > 1, by Proposition 2.1 and Proposition 2.2, L(E, €) cannot be affine, which
means w(E, €) # w(E, —e) for any small |¢|. By the convexity and (6.1)-(6.2), we
have w(E,0) = 0 and w(E, €) = —1 for any € < 0, which implies

L(E) = log|A|.

To show L(FE) forall E € C, we need to add the calculation for £ ¢ X. Note that,
by Proposition 2.1 and Proposition 2.2, w(E, €) is locally constant around € = 0. By
the convexity of L(E, €), it is easy to see that if w(E,0) = 0,

E?—4

E
L(E) = GETOOL(E’E) = log > + — (6.3)
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For |A| < 1, we have w(E, 0) = 0; then the result follows directly from (6.3). For
|A| > 1, for better understanding the case, denote

E JVE*—4
I:{EGC.log|A|>log‘5+T},

E JVE*—4
0={Ee©J%upd%bwu—3—{} (6.4)

As shown in Figure 3, if w(E,0) = —1, by (6.2) we have
L(E) = log|Al,

which corresponds to E € I, i.e., the interior of the ellipse; if w(E, 0) = 0, then the
result follows from (6.3) again, which corresponds to E € 0, i.e., the outside of the
ellipse.

Al <1 Al = IA| > 1
L(E,¢) L(E,¢) L(E,¢)
Sf------ Ee€0
......... §.¢Z - _--.E.iéz log ANz EecXx
EecX EecX Soo- Eel
log|A] O € log |A| € 0 log|A| €

Figure 3. Lyapunov exponent L(E, ¢) for E € C.

6.2. Proof of Theorem 1.1

We need to distinguish between two cases.

Case 1. |A| < 1. Note thatlog| £ + YE=%| = 0ifand only if E € [-2,2]. If E € %,

by Theorem 1.3 we have L(E) = 0 = log |% + —‘EZ2_4| which implies that E €

[—2,2]. On the contrary, if £ ¢ X, then L(E) > 0 according to (o, S) € UH, which

implies that log |% + X E22_4| = L(E) > 0 by Theorem 1.3 and thus £ ¢ [-2,2].

Case2. |A| > 1. Recallthat §; = {E : E = Ae' + 171e™%,0 € [0,27]} and E € &,
if and only if log |A| = log |% + @L If E € X, by Theorem 1.3 we deduce that
E € 8,.If E ¢ X, by Proposition 2.1 and Proposition 2.2, we have L(E) > 0 and
L(E, €) is affine with respect to € around € = 0. Hence, we have either £ € I or
E € 0O, see the definition in (6.4) and the explanation in Figure 3, and thus £ ¢ &.
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6.3. Proof of Proposition 1.1

The proof is essentially contained in [49], we include the proof here just for complete-
ness.

L(E,¢)
le| + log | A

log|A] O —log|Al€O €

Figure 4. Lyapunov exponent L(E, €) with |A| € (0, 1).

Denote by L(E, €) the Lyapunov exponent of H,_,. As shown in Figure 4,
Avila [2] proved that for any £ € C, any € € R,

L(E,e) = max{log |A| + |e|, L(E,0)}. 6.5)
In particular,
L(E,¢) = max{log|A| + |€|,0} forall E € X5} cosa- (6.6)

Suppose that E € X5 cos,e- Since [A| < 1 and |e| < —log|A|, it follows from (6.6)
that L(E,e) =0and L(E,e +t) =0 when [t| <log|A| — |€], thus E € X,_ 4 accord-
ing to Proposition 2.1 and Proposition 2.2.

Suppose that £ ¢ X5 cos,o- By Proposition 2.1, we have L(E,0) > 0 and («,
SEv) € UK. Then it follows from (6.5) that

L(E,e0) = L(E,0) for|eg| < L(E,0) —log]A|.

Since |e| < —log|A| by assumption, we have L(E,€¢) = L(E,0) > 0and L(E,e + 1)
is affine for |¢| < L(E,0), it follows from Proposition 2.1 and Proposition 2.2 again
that £ ¢ 3, . We thus finish the whole proof.

A. Proof of Lemma 3.1

We are going to use induction to show

e—YJ-_l(x+a)AeF]f‘f1(x)+F;e_l(x)eYj_1(x) — AeFJ‘?Te(x)+F}e(x)’ ] Z 1’
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with estimates

3 1
1Yj—1lln < &y 1F}° = Fiqlln < €351, | Fjlln < &5, (A.1)

where the sequences are defined as

3
2

nre re
& =&y, €0 =&, Fo=F, F)° =PuyF, Fy =P.F.

Suppose that for j = n, we obtain («, Aefn +4) and (A.1) holds. For any Y €
B;" (o), we define

-
J(Y) :=loge Yef 4y — F°,
K(Y) :=loge Yefw +logefre? — 2F,°.
Let J(Y) (resp. K(Y')) be the linear part of J(Y) (resp. K(Y)) with respect to Y,
J(). K(-): Bpr = Bh,r-
Define the sequences for j € N as

Qj+1 = (=1)7J(Q)), Rj+1 = (1) PucJ(R}), Qo = K(Y), Ry = F)"™.

Let us consider the linear operator I4: B, (o) — 8B,".(0) given by

2" —1 2" —1
LiY =LaY = Y QM) =A""Y(x+a)A-Y(x) = Y 0;(¥(x)).
Jj=0 j=0

Since ||F;f||n < 2e, we have |[I4Y | = %S%HYH},, and thus [|Z;'| is bounded by
%8_%. There exists Y, such that 14Y;, = Py ij"=—01 R;,ie.,

2"—1 2"—1
AT (x + ) A=Y (x) = Y Q;(Ya) = Pue ) R;.
j=0 j=0

1 _1
Moreover, ||[Ya|ln < %8_2(8,, + deey) < 267 2¢,. Thus,
eF;r_f_l(x)-‘rF,f_H(x) — e—A_lY,,(x+a)AeF,‘l“'°(x)—i—F,‘;"(x)eYn(x)

= e TP 710 R =570 Q) FA O FE ()oY ()
Let us recall the Baker—Campbell-Hausdorff formula,

1 1 1
logeXe"e?) =X+ W+ Z + E[X’ W]+ E[W, Z] + 5[X, Zl+ 03X, W, 2),
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where O3(X, W, Z) stands for the sum of terms whose Lie brackets involving three
elements of X, W, Z. By the construction of R;, Q; and B-C-H formula,

re re 1 nre re re
Ff(x) = Ff(x) + IP’re{—E[Fn CE®) + [F&, ¥, + }
Frxllfl(x) = ]P)nre{_Z[Yns [Fr:c+a Yn]] - E[RZ”—I, F,ll—e] - E[Q2n—1, F,:c] + .- }
Since | Qjlln < 2¢[|Qj-1lln and || R; |5 < 2&[|R;j—1ln, we get that

1Q2n—1lln < &) "1 Qolln < 28)*" | Yulln,

IRz —1[ln < &) I Fg™lln < (26)%".
Thus, we deduce that
1 3
[ Foier — Fpllla < €3en, 1FYS 0 < &n = ént1.

Now, we let ¥ = log([]2, efn) and F™ = lim, o F. Since B;.(0) and
B;" (o) are closed subspace in By, ., it follows from Proposition 3.1 that Y € By,

and F™® € 8;° (o). By direct calculation, we have ||Y || < e? and |F* =P Flp <

2e3.
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