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Remarks on discrete Dirac operators
and their continuum limits

Shu Nakamura

Abstract. We discuss possible definitions of discrete Dirac operators, and discuss their con-
tinuum limits. It is well known in the lattice field theory that the straightforward discretization
of the Dirac operator introduces unwanted spectral subspaces, and it is known as the fermion
doubling. In oder to overcome this difficulty, two methods were proposed. The first one is to
introduce a new term, called the Wilson term, and the second one is the KS-fermion model or
the staggered fermion model. We discuss mathematical formulations of these, and study their
continuum limits.

1. Introduction

In a recent paper by Cornean, Garde, and Jensen [3], they studied the continuum limit
of discretized Dirac operators in the sense of norm resolvent convergence, and they
found that they do not converges to the (usual) Dirac operators. They found that if
one adds another term, then these operators converge to the Dirac operators. This
corresponds to the Wilson term in the lattice field theory. We discuss this method
briefly, and then discuss another method, the KS-fermion (or the staggered fermion)
model, which is mathematically ingenious and interesting in itself. Thus, this note is
partly a survey of these methods, but they are rigorously reformulated in relatively
general settings, and we prove some new results on their continuum limits.

The continuum limit of a quantum Hamiltonian on the square lattice in the sense of
(generalized) norm resolvent convergence was studied by Nakamura and Tadano [8],
and several papers have been published based on the idea of the norm resolvent con-
vergence (see also [9] for the concept of generalized resolvent convergence). Cornean,
Garde and Jensen [2] studied the convergence for more general Fourier multipliers,
and Exner, Nakamura, and Tadano [4] considered continuum limit for quantum graph
Hamiltonians. As mentioned above, Cornean, Garde, and Jensen [3] considered the
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continuum limit of discretized Dirac operators, and identified the main difficulty in
showing the convergence to the continuous Dirac operators. See also Schmidt and
Umeda [11] and Isozaki and Jensen [5] for closely related results.

It turned out that such difficulty was widely known in the lattice field (gauge)
theory (see, e.g., [, 10]), and it is generally called the fermion doubling. There are
two standard methods to avoid the problem. The first one is adding an additional term
to the Hamiltonian (or the Lagrangian), and it is called the Wilson term. The other
method is called the KS-fermion model after Kogut and Susskind [6, 12]. We try to
reformulate these methods, especially the KS-fermion method so that it is appropriate
to study the continuum limit in the norm resolvent sense, and prove the convergence
of the continuum limit.

The paper is constructed as follows. In Section 2, we prepare several basic tools.
At first we explain the notations concerning the square lattices, function spaces,
Fourier transforms, and several kinds of difference operators. Then in Section 2.2,
we introduce an embedding operator from the function space on the lattice to the
Lebesgue space on the Euclidean space, which is necessary to study the continuum
limit following [8]. In Section 2.3, we recall the definition of the Dirac operators on
the Euclidean spaces. In Section 3, we consider the discretization of the Dirac opera-
tor using the symmetric difference operators, and explain why it is not appropriate to
consider the continuum limit. In Section 4, we introduce the Wilson term, and show
the convergence of the continuum limit in the norm resolvent sense for Hamiltonians
with the Wilson term under suitable conditions. Section 5 is devoted to the discus-
sion of the KS-fermion model. We introduce the one-component KS-Hamiltonian on
d-dimensional lattice (with fermion doubling problem), and then transform it to a 2¢
components operator without the fermion doubling problem in Section 5.1. We briefly
examine the spectral properties of this operator in Section 5.2, and prove the conver-
gence to a continuum limit in Section 5.3. Here the number of components, 24 can
be higher than those of the standard Dirac operator on R¢. We discuss the model for
the dimensions 1, 2, and 3 in Section 6, and show that for d = 1 the model is appro-
priate (and in fact studied in [3] already), and for d = 2 and 3, the continuum limit is
decomposed to a direct sum of two standard Dirac operators.

2. Preliminaries

2.1. Notations

We denote the square lattice in R? with the lattice spacing & > 0 by hZ? = {hn ‘ ne
Zd}. Let {e; };-i=1 be the standard basis of R? , i.e., ej = (5j,k)z=1 ez4, j=1,....d,
where §; ;. denotes the Kronecker delta symbol. The basis (or the generators) of hz4
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is given by {hey, ..., hez}. We recall the dual space (or the dual module) of hz4
is given by h~'T¢ = R4 /(h~'Z%). We note the dual lattice of hZ? is h~'Z<, and
hence the inner product z - £ is well-defined modulo Z for z € hZ%, & € h~'T4.

We denote the standard L2 space on the d-dimensional Euclidean space by
L2(R%). We use the square summable function space on hZ¢, namely ¢2(hZ%), and
we use the norm defined by

||u||§2(hzd) = hd Z |U(Z)|2, (7S ﬁz(th)
zehz?

We denote the Fourier transform on R? by
FuE) = /e_z’”x’éu(x)dx foru € L'(R?), £ e R?,
R4

and the inverse Fourier transform by % *. On the lattice hZ¢, the Fourier transform
Fp: 2(hZ%) — L?>(h='T¥) is defined by

Fpu(®) = h? ) e ty(z), gen'TY
zehz4

for u € £2(hZ?). Fy, is unitary, and the inverse is given by
Fiv(z) = /ezm'fv(g)dg, zehz?
r=lTd

forv e L2(h~'T4).
The partial differential operator on R¢, or the momentum operator is denoted by

19

Dj = j=1.....d.

i 0x j ’
On the lattice hZ¢, we set the symmetric difference operators

1
D ju(z) = 5 (u(z +hep) —uz —hep). j=1.....d.z €z,

as an approximation of D; on hZ?, where u € £>(hZ%). We also write the forward
and backward difference operators by

1
D u(z) = ii—h(u(z + hej) —u(z)), zehZ?

for u € £2(hZ%).



S. Nakamura 258

2.2. Embedding of £2(hZ%) into L2(R%)

We need an embedding operator J;: £2(hZ¢) — L?(R?) when we consider the con-
tinuum limit. We employ the following operators ([8], see also [2]).

We need a function ¢ € §(R?) such that {¢(- — n) | n € Z4} is an orthonormal
system in L2(R9). It is well-known that this condition is equivalent to

Y 1eE +mP =1 for§eR?, @.1)

nezd

where ¢ = F ¢. We then set, for z € hZ¢,
onz(x) = p(h ' (x = 2)), xeRY,

and we define
Jpu(x) = ) u(@enz(x). x e R
zehz4

It is easy to see Jj, is an isometry from £2(hZ4) to L2(R?) provided ¢ satisfies (2.1),
and the adjoint operator is given by

Jrvz)=h / on(v(x)dx, zehZ?,
R4

where v € L2(R?). (We remark that our notations are slightly different from [8]. In
particular, J, = P, in [8]). In this paper, we make the following assumption.

Assumption A. ¢ satisfies the condition (2.1), and supp[@] C (—1, 1)<.

We note there exists various such ¢’s, and we simply choose one and fix it here.
See [8] for the detail.

2.3. Free Dirac operators

We recall the definition of the Dirac operators on R4. See, e.g., Thaller [13] for the
survey on Dirac operators. For simplicity, we mainly discuss the free operators with-
out perturbations here. Let o1, ...,y and B be a set of N x N Hermitian matrices
such that

ooy +aja; = 0, aif+Ba;=0, i#]j,

and oc]z = B2 = 1y, where N € 2N and 1y denotes the N x N identity matrix.
Typical choices for d = 1,2, 3 are as follows. We denote a set of Pauli matrices by

S (U S (e A W & B
'\t 0o) 2\ o) " \o —1)
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Ford =1, weset N =2and o; = 07 and B = 03. Ford =2, we set N = 2 and
a; =01,03 =0and B = 03. Ford = 3, weset N = 4 and

0 O'j . 12 0
;= forj =1,2,3; B= :
o= (o 3)eri=ran =54

We then define the (free) Dirac operator by

d
Ho =) Djaj +mp on[L>RY)]®V,
j=1

where D; = —id/dx;, j =1,...,d,andm > 0.
It is easy to see by the anti-commuting properties,

HO_ZDa +m?p* = (=A + m*)1y,

and hence Hj is elliptic. It is also straightforward to show Hj is self-adjoint with
D(Hy) = [H'(RY)]®N . We note

d
F HoF *u(€) = Ho(§)u(€). where Ho(€) = Y 2mkje; + mp.
ji=1

Since Ho(§)? = |2&|2 + m2, it can be easily shown that the eigenvalues of Ho(§)

are £+/|27&|? + m? with multiplicities N/2 each.

3. Straightforward discretization of Dirac operators and the fermion
doubling

We now discretize the Dirac operators on hze. Using D3 j» We may define the dis-
cretized Dirac operator by

Hyy, = ZDhjoe] +mp  on[(2(hZ%))®N
which is a bounded symmetric operator. The symbol of H2 o H S ol (&), is defined by

d
AS4©v(E) = FuHg, Frv©) = (Y h™" sin@whg)a; +mp)v(E)

j=1
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for v e [L2(h~'T%)]®N . The eigenvalues of I-Al(f_h (&) are given by

d
Eypn(§) = :i:(h_2 > sin*(2rhg;) + m2>1/2, £eh 1T,

Jj=1

We note the eigenvalues of Hj are given by Ey(§) = ++/|27&]? + m? and
| E+(£)| have only one critical point (local minimal point) at £ = 0 in R? with the
minimal value m if m > 0. If m = 0, EL (&) = 0 only at £ = 0. On the other hand,
|E+ n(§)| has 24 Jocal minimal points in A~ T4

0.chy™ ={geh T g =00r ) j =1,....d}

(with the minimal value m) if m > 0, and the 2¢ zero points {0, (2k)~'}¢ if m = 0.
Hence, when h — 0, the resolvent of H 69; ;, converges to the direct sum of 2¢ copies of
the resolvent of Hy with suitable identification. In particular, H(;S; j cannot converges
to the resolvent of Hy in the norm resolvent sense (see [3, Theorems 4.7 and 5.7]). In
physics terminology, this implies H(;g; ;, describes 24 different fermion particles, and
thus this phenomenon is called the fermion doubling ([1,10]). For this reason, H(i p s
not considered a reasonable discretization of the Dirac operator.

4. The Wilson term

One standard procedure to avoid the fermion doubling is adding a term of the form
Sw = p(=Ln)B.

to the Hamiltonian, where Ay, is the standard difference Laplacian defined by

d
—Apu(z) = h™?2 Z(Zu(z) —u(z + hej) —u(z — hej)), ze€ hz?,

Jj=1

and p > 0 is a small coupling constant. Sy is called the Wilson term (see [1] and
[10, Section 4.3]). We set
Hop = Hyy, + Sw.

If p — 0 and ph™2 — oo as h — 0, one can show that ITIO;;, converges to Hy in the
norm resolvent sense as 7 — 0 (Theorem 4.1. See also [3, Sections 5.1], where the
coupling constant is chosen as p = h).
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The Wilson term destroys the fermion doubling for the following simple reason.
The symbol of Hy., is given by

d d
Aon(®) = 3 h" sin(rhg)ey + (m+ p Y 2572(1 = cos@h§))) ) B

Jj=1 Jj=1
and its eigenvalues are given by
~ d . d ) 2\ 1/2
Fo(§) = i(Zh_ sin2(2hE;) + <m +pY 207(1 - cos(znhg,-))) ) .
j=1 j=1

These eigenvalues |Eo;i| still have 2¢ local minimal points in the case m > 0, but
|Eogi| > m + ph™? at these local minima, except for £ = 0, and they diverge to
+00 as h — 0. In the case m = 0, these eigenvalues are at least of order O(ph~2)
away from any neighborhood of £ = 0, and hence the absolute values of eigenvalues
diverges to +00 as i — 0. On the other hand, if p — 0, the Wilson term is negligible
in a neighborhood of § = 0 as & — 0. Specifically, we have

Theorem 4.1. Suppose p — 0 and ph™2 — oo as h — 0. Then for z € C \ R,
I(Ho —2)™" = Ju(Hoyp — 2) " ISl gr2ay — 0. ash — 0.
Since Jy is an isometry, this also implies
| J; (Ho — ) 'y - (I‘NIO;h —z)7! | g2nzay = 0. ash—0.

Proof. The proof is essentially the same as the argument in [8, Section 2], and [3,
Sections 4.1 and 5.2]. We only sketch the argument. We follow the notations of [8],
and we write Oy, = FJ, ¥ * and Hy = ¥ HoF * = Ho(£)-. Then we have

11 = Jn ) (Ho—2)7 M = (1= Q5 Q) (Ho—2) 7| < Ch  (41)
by the same proof as in [§, Lemma 2.2]. Now, we note
|Hosn(8) — Ho(£)| < CR2|E® + C|p] |£]?

for £ € R?, where | - | in the left-hand side denotes the operator norm in C . We also
note

[(Ho(8) —2)7'| < |57

and ~ B
|(Ho;n(§) —2)7'| < max |Eox(§) — 27" < CEI™" + |pl ™' h?)
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on the support of ¢(h§). Combining these, we have

|(Ho(8) — 2)™" — (Hon(§) — 2)7'| < CH2|E| + Clp| + Clp| 7 h*|E|?
<Ch+Clp|+Clp|"'h*

on the support of ¢(h€). This implies
I(Hon —2)7" Iy = I (Ho — 2)™' | < C(h + |pl + |ph™2|7")

as well as [8, Lemma 2.3]. Combining this with (4.1), we arrive at the conclusion. =

5. The KS-fermion model

5.1. The construction of the KS-Hamiltonian

Here we describe an interpretation of an idea by Susskind [12] (see also Kogut and
Susskind [6] and Rothe [10, Section 4.4]), which is called the KS-fermion (or the
staggered fermion) model. We write

sj(n) = X]:nk, forn € Zd,j =1,...,d,
k=1
and we also set so(n) = 0. We define operators Xj.; and Y}, on 2(hZ%) by
Xpju(z) = ()Y =1C/MDJ u(z). z ez,
Yau(z) = (=15 My (z), zehz?,
where u € £2(hZ%) and j = 1,...,d. By direct computations, we can easily show
Xnyj Xnk + Xk Xn,j =0 if j # ki XpjVp + YpXpj =0 forj=1,....d,
and X i%;j = (D;?;j)z, Y2 = 1. These properties suggest that
d
Hysp =Y X; +mY
j=1

may be considered as a discrete Dirac operator on £2(hZ?). In particular, we have

d
(Hys:p)*u(z) = Y _(Dj.)*u(z) + m*u(z)
=1

d
= Z(zh)_2(2u(z) —u(z 4+ 2hej) —u(z — 2he_,-)) + m?u(z)
j=1

= (—Lan +m*)u(z)
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for u € £2(hZ%). Whereas I:IKS;h is a scalar operator, i.e., an operator acting on the
one-component function space, it still has the fermion doubling problem. In order
to solve this problem, we transform the operator HKS;h to an operator Hg.; on
[€2((2h)Z4)]®2" . By doubling the lattice spacing, we reduce the period of the dual
space by half, i.e., ((2h)Z%) = (2h)"'T<, and remove the problematic periodic
critical points. In order to double the lattice spacing, we increase the number of com-
ponents to 24 in the following way. We define the set of indices A by

A=1{0,1%czé |Al=29,

and we write a = (a1, ....aq) € A, where aj € {0, 1}, j = 1,...,d. We consider
24 % 24 _matrices of the form L = (La,b)a,pen- We denote

[(@ZD)]PN = {(ua(2))aen | 1a € C(2N)ZY),a € A}.
We define a unitary operator Uy: £2(hZ%) — [€%((2h)Z4)]®A as follows:
(Upu)a(z) = 27%u(z + ha), z € 2h)Z%,a € A,
for u € £2(hZ?). The adjoint operator is given by
(Uw)(z + ha) = 29%w,(z), ze€ (@h)Z9 ac A,
where w = (Wg)aea € £2((21)Z%)]®A . Now, we define the KS-Hamiltonian by
Hgs.p = UhﬁKs;hUh*-
By direct computations, we learn the (a, b)-component of the matrix operator
Un Xy iUy,
is given by

(_1)Sj—1(a)D;‘h;jub(z) itb=a—e;,
(UnXn;jUpapup(z) = | (=119 D3, up(z) ifb=a+e,

0 otherwise,
for up € £2((2h)Z%),a,b € A, j = 1,...,d. Thus, we have

(—l)s-ffl(a)D;”h;jub(z) iftb=a—e;j,
(-1)@1‘—1(“)1)2—,1;].14,,(2) iftb=a+ej,
m(—1)% @y, (z2) ifa =b,

0 otherwise,

(Hxs:h)a,pup(z) =

for up € £2((2h)Z%), a,b € A.
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5.2. KS-Hamiltonian in the Fourier space and its eigenvalues

At first we note
(Hys:n)* = Up(Hys:)? Uy = Up(=Dop + mHUSF = (=D +m>)1

since —A,j, acts on each (2h)Z¢ + ha,a € A.
For simplicity, we denote F; 15| on [€2(hZ%)]®A by the same symbol Fj,. We set

Hys;h = FopHys:n Fay,
then it is a matrix with multiplication operators as the entries. Namely, if we denote
the symbols of the forward/backward difference operators by
+27ih; _ 1

e

d}?;:j(g) = :*:T,

then we have

(_I)Sj_l(a)d;;uj(s) lfb = qa — E‘j,
(_I)Sj—l(a)dz_h;j(g) lfb =a + ejv
m(—1)%a@ ifa = b,

0 otherwise.

(Hgs;n(§))ap =

By the above observation, we also have
d
(Axsn(€)? = (3 @h)7(1 = cos(dhgy)) +m?)1ja.
j=1

In particular, this implies the eigenvalues of ﬁKS;h (&) are given by
7= < 2\-1 2\ /2
+ Exsin(§) = j:(Z(Zh )~ (1 = cos(4hé;)) + m ) .
j=1

We recall that EKS;h (€) is defined on (27)~'T¢, and hence it has a unique minimal
point § = 0. In other words, Hs.; has no fermion doubling problem in the Fourier
space, though it has many components.

5.3. Continuum limit of the KS-Hamiltonian

Now, if we take the limit # — 0, at least formally, Dzih-j (§) = D;, and hence Hkg., —
Hys.o with a certain differential operator with constant matrix coefficients Hks.o on
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[L2(R9)]®A . For j = 1,...,d anda,b € A, we set

(_1)Sj—1(“) ifb=a+ ej orb=a —ej,
(Aj)ap = {

otherwise,

and
Byp = (—1)4@5, .

Then we have

d
Hgso = » A;jD; +mB on[L*(RY)]®".
ji=1

We can actually show Hks., converges to Hgs;o in the generalized norm resolvent
sense.

Theorem 5.1. Forz € C \ R,
I(Hys:o — 2)™" = Jan(Hys;n — 2) " Il gewayy — 0. ash — 0.
Since Jop, is an isometry, this also implies
1135 (Hks;0 — 2) ™ o — (Hsn — 2) 'l ge2nzay — 0. ash — 0.
Proof. We first note
(47h;)?
-2h

|3 (§) = 2mEj| < =2 < 4nhlE P,

and
|(Hys:o(8) —2)7'] < max [(£(27E* +m*) —2)7'| < Clg| ™",

uniformly in § € R?, h > 0, where I—AIKS;O(E) = Z;lzl 2n&jA; + mB. We also have
(A (®) = 27| = max | (£ Ex(§) — )7 = Clg|™
on the support of ¢(h&). Combining these, we have
|(Hsin(§) = 2)™" = (Hiso(€) —2) 7' < Ch

on the support of ¢(h&), and then it is straightforward to show the claim as in the

proof of Theorem 4.1, or [8]. See also [3, Section 3.1]. [ ]
We note Ay, ..., Ag and B satisfy the following properties as well as «q, ..., aq
and B, i.e.,

A]'Ak-i-AkAj:Oifj ;ék, AjB+BAj:0,
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and AJ2. = B? = 11, j =1,...,d. Thus, we may consider Hs:;o as a Dirac operator,
but the number of components are not necessarily the same as the standard Dirac
operators. Namely, if d = 1, then 2! = 2 and the number of components is the same
as the standard one, but if d = 2, then 22 = 4 > 2, and if d = 3 then 23 = 8 > 4,
and the number of components are twice as that of the standard Dirac operators. We
expect Hgs;o is decomposed to a direct sum of the standard Dirac operators, and we
confirm it for d < 3 in Section 6.

6. Examples

Here we consider KS-Hamiltonians and their continuum limit for d = 1, 2, and 3.

6.1. 1-dimensional case

For d = 1, the model is transparent and easy to understand. It is also essentially
the same model discussed in [2, Section 3.1] as the 1D forward-backward difference
model.

At first, we have

Hysipu(x) = ﬁ(u(x + ) —u(e =) + (<) mu(x). x € hZ,

for u € £2(hZ), and hence

+
H _( m Dzh,l)
KS;h — — .
Dy —m

Its eigenvalues are ++/(2h2)~1(1 — cos(4h£)) + m2, and the continuum limit is

D
HKS;O = (g _m) = DO’] + maos, on Lz(R),

where D = —i %, and thus we recover the standard 1D Dirac operator.

6.2. 2-dimensional case
If d = 2, the one component operator is given by

Hyspu(x.y) = D u(x.y) + (=)™ "D ue, y) + (=D mu(x, )
for (x,y) € hZ?, where u € £*>(hZ?). We set

ur(x,y) = u(x,y), uz(x,y) = u(x +h,y +h),
us(x,y) =u(x,y +h), ualx,y) =ulx+hy)
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for (x, y) € 2hZ?* and u € £*(hZ?), and then we set Upu = (u;)7_,. Applying the

formula in Section 5.1 we have

m
0
+
Dzh;l

+
D2h;2

HKS;h =

and in the continuum limit, we obtain

m
0
D,
D,

Hs:o =

—D
D=

0 Dowa Dona
m _D;h;z D;_h;I
2h2 M 0 |
2h;1 0 —-m
0 D, Ds
m —D2 Dl
—Dz —m 0
D1 0 —m

This does not look like the standard 2D Dirac operator, but if we set

1 0 1 0
i 0 —i O
M =
01 O 1|
0O i 0 —i
then
m Dy +iD> 0 0
-1 _ | D1—iD2 —m 0 0
M HysoM = 0 0 m Dy —iD,
K 0 0 Dy +iD, —m
_ Dio; + Dyoy + mos 0
o 0 Doy + Dyoy +mos |

Thus, we arrive at a direct sum of two standard 2D Dirac operators, one of which is

simply the complex conjugate.

6.3. 3-dimensional case

For d = 3, the computations look somewhat complicated. We omit to write down the

definition of FIKS;h. We set

ur(x, y,z) = u(x, y,z),
uz(x,y,z) =u(x,y +h,z + h),
us(x,y,z) = u(x,y.z +h),
u7(x,y,z) =u(x,y + h,z),

Ur(x,y,z) =u(x+h,y+h,z),
ug(x,y,z) =ulx+h,y,z+h)
ug(x,y,z) =ulx+h,y+h,z+h),
ug(x,y,z) =u(x +h,y,z),



for (x,y,z) € 2hZ3, u € £2(hZ?), and we set Upu = (u;)

m 0 0 o Dy 0O Dy Dy
0 m 0 0 o Dy Df -Df
0 0 m o Df Dy -Df o0
Heeo = | @0 0 m Dy -Dy -Dy
Kh=1p¥r o Dby Df -m 0 o |’
o Dy DY -DFf 0o -m 0
pf by -Dy 0 0 0 -m 0
pt -p; 0o -D7 0O 0 —m
and the continuum limit is
m 0 0 0 D3 0 D2 D1
0 m 0 0 0 D3 D1 —D2
0 0 m 0 D2 D1 —D3 0
0 0 0 m D1 —D2 0 _D3
Hs:o =
D3 0 D2 D1 —m 0 0 0
0 D3 D1 —D2 0 —m 0 0
Dz D1 —D3 0 0 0 —m 0
D1 —Dz 0 —D3 0 0 0 —m
By setting
1 0 0 O 1 0 0 O
i o 0 0 — 0 0 o0
0O 1 0 O 0O 1 0 O
0O —i 0 O 0 ¢ 0 O
M = oo 1 0 o o 1 o}
0O 0 i O 0 0 —i O
0O 0 0 1 0 0 0 1
o 0 0 — 0 0 0 i
we have
M~ HygsoM
m 0 D3 —iD{+D> 0 0 0 0
0 m iDi+D> —D3 0 0 0 0
D3 —iD{+D; -m 0 0 0 0 0
_ | iD1+D> —D3 0 —m 0 0 0 0
= 0 0 0 0 m 0 D3 iD{+D>
0 0 0 0 0 m  —iDj+D> —Ds3
0 0 0 0 D3y iD|+D; —m 0
0 0 0 0 —iD1+D, —D3 0 —m
mly Diox+Ds0o1+D3o3 0 0
_ Diox+Dro1+ D303 —mly 0 0
- 0 0 mly Dio2+Ds01+D3os
0 0 Dio2+D>01+D3o3 —mly
_ Diay + Dray + D3z + mp 0
0 Dias + Dyay + Dyaz +mp. |~

8
j=1-

S. Nakamura

Then we have

268

)
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This gives a direct sum of a representation of 3D Dirac operator and its complex
conjugate (another representation). Of course, the final form depends on the choice of
the diagonalization matrix M. These matrix computations were aided by a symbolic

computation tool SymPy on Python.
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