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The limit-point/limit-circle classification for ordinary
differential equations with distributional coefficients

Varun Bhardwaj and Rudi Weikard

Abstract. We investigate the limit-point/limit-circle classification for the differential equation
Ju' + qu = dwu

where J = (9 7!) and ¢ and w are matrices whose entries are distributions of order zero with
q Hermitian and w non-negative. We identify the situations when the classical alternative of Weyl
works and when it fails.

1. Introduction

In his ingenious work [9] of 1910 Weyl showed how to determine whether a Sturm—
Liouville equation with one singular and one regular endpoint had one or two linearly
independent square integrable solutions by approximating it with regular problems. An
answer to that question is important in the context of the extension theory for the asso-
ciated symmetric operator. Specifically, posing the equation —(py’)’ 4+ vy = Ary on the
interval (0, co) with 0 a regular endpoint and A a parameter in C \ R, Weyl introduced an
auxiliary boundary condition at a finite point ¢, namely cos(8)y(c) + sin(8)(py’)(c) = 0.
Among the solutions of this boundary value problem there is one of the form ¢ + m(8)y
where ¢ and i are solutions satisfying appropriate initial condition at 0. As § varies in
[0, ) the coefficient m(f) describes a circle in the complex plane. Now, as ¢ approaches
infinity the disks bounded by these circles are nested and shrink either to a point (the
limit-point case) or to a disk (the limit-circle case). In the former case only one linearly
independent solution of the original problem is in the weighted Hilbert space L2(r). In
the latter case all solutions are in L2(r). Accordingly one can pose either one bound-
ary condition (at 0) or two boundary conditions (separated or coupled) in order to arrive at
self-adjoint realizations of the differential expression (—(py’)’ 4+ ¢qy)/r. This relationship
is known as Weyl’s alternative.

In a series of papers from around 1940 (later collected in [8]) Titchmarsh investigated
this problem using extensively the tools of complex analysis. He showed that the coef-
ficient m, now called the Weyl-Titchmarsh coefficient, must satisfy Im(m)/ Im(A) > 0.
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Since, as a function of A, it is also analytic away from the real axis, it is a Nevanlinna func-
tion and as such has an integral representation with respect to a positive measure called
the spectral measure, an indispensable tool for the study of the equation. For further infor-
mation on the history of Sturm-Liouville theory we refer to Liitzen [6]. Everitt [3] has a
shorter account focusing on the contributions of Weyl and Titchmarsh.

The goal of this paper is to show that Weyl’s ideas largely work for the case of the
differential equation

Ju' + qu = Awu,

posed on the interval (0, b) (with 0 < b < c0), where J = ((1’ ) while g and w are 2 x 2-
matrices whose entries are distributions of order 0 on (0, »). While we shall not require
that ¢ and w are real we do require that g is hermitian and that w is non-negative (but not
identically 0) allowing for complex distributions in the off-diagonal entries of ¢ and w.
We still require that 0 is a regular point since one can deal with two singular endpoints in
exactly the same way as in the classical case.

The Sturm-Liouville equation is subsumed under our approach. In fact the more gen-
eral equation —(p(y’ + sy))’ + sp(y’ + sy) + vy = Ary, treated by Eckhardt et al. in [2]
corresponds to the system Ju’ + qu = Awwu upon setting u = ( ,, /1,0 )- 4 = (5 ~i/p)-
and w = (6 8) where r, ¢, s, and 1/ p are real, locally integrable, and integrable near 0.
Another important example covered here is the one-dimensional Dirac equation which
may be written as Ju’ + (v + (‘6” r%))u = Awu where w = 1, the 2 x 2-identity matrix,
m is the mass of the particle under consideration and v is a hermitian matrix of scalar
measures representing an external potential.

There is an excellent account of Weyl'’s circle of ideas in Coddington and Levinson [1].
Our approach to the problem emulates theirs. However, before we get started we will pre-
sent some background information.

Antiderivatives of distributions of order 0 on (0, ») may be represented by functions
of locally bounded variation. Thus, if s is a distribution of order 0 with antiderivative S
we have, for all test functions ¢, that

= ds
5(9) /( s,

where dSS is the local' Lebesgue—Stieltjes measure generated by S. Thus, in the classical
case, the local (matrix-valued) measures ¢ and w are locally absolutely continuous with
respect to Lebesgue measure. By saying that O is a regular point we mean that ¢ and w are
(finite) measures near 0.

Solutions u of the equation are to be thought of as functions of locally bounded varia-
tion so that u’ is also a distribution of order 0. We refer to [4] for some background about
ordinary differential equations with distributional coefficients and further information on
the relationship between distributions of order 0 and local measures.

'In general dS is a measure only on compact subsets of (0, b), hence the modifier “local”.
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The measure w, due to it being non-negative, is, in fact, a matrix-valued measure.
It follows that f(o,b) f*wg is a semi-scalar product on the space £2(w) of functions f
satisfying f(o, b) f*wf < oo. The space L?(w), defined as the quotient of £2(w) and the
space of the functions of norm 0, is a Hilbert space.

When the local measures g or w have atomic parts there is an issue with existence
and uniqueness of solutions of initial value problems. We define the matrices” A4(x) =
0% (x) = 07 (x) = g({x}) and Ay (x) = W*(x) = W (x) = w({x}) where Q and W
are, respectively, antiderivatives of ¢ and w and therefore functions of locally bounded
variation. We also set

Bi(x. ) =J % %(Aq(x) — Ay (x)).

According to Theorem 2.2 of [4] a unique balanced® solution of Ju’ + qu = Awu satisfy-
ing the initial condition u(x¢) = u¢ € C? exists in the interval (c,d) C (0,b), if xo € (¢, d)
and By (x, A) are invertible for all x € (¢, d). If ¢ = 0, the initial condition can also be
posed at 0 due to it being a regular endpoint. Since B (x, M)ut(x) = B_(x, A)u~(x) is
equivalent to Ju'({x}) + (g({x}) — Aw({x}))u(x) = 0, it is clear that the lack of invert-
ibility of either B4 (x, A) or B_(x, A) causes problems. We introduce the set

A= {/\ € C:3x €(0,b) : det (B+(x,)t)) det (B_(x,k)) = 0}

of those A where invertibility lacks for one of the matrices B4 (x, A) for at least one
x € (0, b) and require throughout the paper that A # C. We call a point x a bad point for
A if one of B (x, 1) is not invertible. Note that B+ (x, 1) = —B=(x, 1)*. Therefore the
set A is symmetric with respect to the real axis. Since Q and W are of locally bounded
variation, they have only countably many jumps. However, these jumps may form a dense
subset of (0, b). A point x at which each entry of Q and W is continuous will be called a
point of continuity below.

It may happen* that the space of solutions of the differential equation Ju’ + qu = 0
which have norm 0, a space we denote by £y, is not trivial. We emphasize that the choice
of 0 for the spectral parameter A is not significant since ||u| = 0 if and only if wu = 0 as
a distribution (or measure) so that Ju’ + qu = Awu forany A € C whenu € £,. We say
that the definiteness condition holds if £¢ = {0}. Since we exclude the trivial case w = 0
and since A # C we know that £ is either trivial or one-dimensional.

It follows from the theory of symmetric relations that the number of linearly indepen-
dent solutions of Ju’ + qu = Awu of positive finite norm does not change as A varies
in either the upper or the lower half of the complex plane. These numbers are called defi-
ciency indices and are denoted by n 4 (upper half-plane) and n_ (lower half-plane). It was

%In the following we use the notation u™ (x) = lim,yx u(r) and u™(x) = limqx u(7).
3We use the notation u*(x) = (u~(x) + uT(x))/2 and call a function u of locally bounded variation
balanced, if u = u®.

“This is so even for constant coefficients. It is not a consequence of distributional coefficients.



V. Bhardwaj and R. Weikard 750

shown in [7] that, in our situation, the deficiency indices are at most 2 even if Ju’' 4+ qu =
Awu admits infinitely many linearly independent solutions. The significance of the defi-
ciency indices lies in the fact that they describe the nature of symmetric extensions of
a symmetric relation S. If one of the deficiency indices of S is 0, then S is maximally
symmetric, i.e., it does not have proper symmetric extensions. If both deficiency indices
are 0, then S is self-adjoint. The deficiency indices of a symmetric extension of S are
both reduced by the same number k when compared with the original indices. Therefore
it follows that S has self-adjoint extensions if and only if its deficiency indices are equal.

Since a solution of norm 0 for some A is also a solution for any other A, the number of
linearly independent solutions of Ju’ + qu = Awu of finite norm also depends only on
whether A is in the upper or the lower half plane.

To finish the introduction we will summarize the most important results obtained
below. There is a function t such that

u=(x)
v (x)

whenever Ju' + qu = Awu, Jv' + qv = Awv and v(0) = u(0). This function satisfies

T(x,A) =

t(x, M)r(x, 1) = 1.

If ¢ and w are real, then t(x, A) = 1. The deficiency indices n and n_ are identical if
neither 7 (x, A) nor 7(x, 1) tends to 0 as x tends to . We emphasize that this condition is
sufficient but not necessary as we show by an example.

If A is not in A and if the definiteness condition holds we have (eventually) nesting
Weyl disks. The disks associated with A are reflections across the real line of those associ-
ated with A. If n4 = n_ we have, in resemblance of the classical Weyl alternative, n4 = 1
or n4+ = 2 precisely when the disks shrink to a point or to a disk, respectively. If the defi-
niteness condition does not hold, we may have nested half-planes instead of disks. Again,
ifny =n_, wehavethatny = 0orng = 1 precisely when the half planes or disks shrink
to a point, possibly oo, or to a half-plane or disk, respectively.

Finally we show that it is important to choose A outside A, since we always have the
limit-point case at b otherwise, even if b is a regular endpoint.

2. A sufficient condition for equal deficiency indices

Lemma 2.1. Suppose A € A and n — x, is an enumeration of all points x in (0, b) where
Ay (x) or Ay (x) is different from 0. Then

det B_(x,, A)

red= 1l Gmen

xn€(0,x)

exists for every x € [0,b), is independent of the order of the factors, and is different from 0.
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Proof. Fix x € [0, b). The cases when x = 0 or when the set {x, : x, € (0, x)} is empty,
are trivial if we define the empty product to be 1. Note that

det B_(x,, A) — det By (xn, A) = 2i(Im Ag(xn)12 — AIm Ay (xn)12). 2.1

Since g and w are finite measures on (0, x) we have that the entries of A4 (x,) and Ay, (x,)
are absolutely summable, if we consider only x, € (0, x). It follows that det B_(x,, ) —
det B4+ (xp, A) is absolutely summable and that det By (x,, A) is bounded away from 0.

Therefore, ane(o,x) |% — 1| is convergent which, as is well known, implies our

claim. [

For A ¢ A we define the function

T(x,A) = P(x,A)exp (Zi /;0 | (Im(qc,lz) — AIm(wc,lz))),

where ¢.,12 and w12 denote the continuous parts of the (local) measures g1 and w2,
respectively. Note that 7(-, A) is left-continuous and that

tH(x, 1) = v(x, A1) det B_(x, 1)/ det By (x,1).
Also, 7(x, 1) = 1 when ¢ and w are real. Since B4 (x, 1) = —B=x(x, 1)* we have
det B+ (x, ) = det Bx(x, 7).

This implies immediately that

T(x, M)r(x, A) = 1. (2.2)

Lemma 2.2. Suppose A & A. Let u be a balanced solution of J u' + qu = Awu and define
v (x) = T(x, Mu=(x). Then v = v¥, the balanced version of v=, satisfies Jv' + quv =
Awv and v(0) = u(0).

Proof. To prove that v satisfies the differential equation, we will show that the measure
Jv' + qu — Awv is the zero measure. We will do this in two steps. First we will show that
it is a continuous measure, i.e. (Jv' + gv — Awv)({x}) = 0 for all x, and then complete
the proof by showing that (J v’ + qv — Awv)((0, x)) = 0. We know that

By (x, Mut(x) = B_(x, )u"(x) 2.3)
and we have to show that
B (x, )t (x, Hut(x) = B_(x, V)t (x, Du—(x). 2.4)

As mentioned above we have B (x, 1) = —Bx(x,A)* = —Bx(x, 1)T. We therefore
get from equation (2.3) that

JIB_(x, ) Tut(x) = J'Br(x, ) Tu(x).
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Next note that, for any invertible 2 x 2-matrix M we have (det M)M ' = J~1MTJ
which leads to

e M)Bo(x, )TN Tt (x) = (e, M) By ()T T (x).

Finally, for any 2 x 2-matrix M we have (J + M)J(J — M) =(J —M)J(J + M)
which implies that B_(x, A) B4 (x, 1)~ 'J 1 = J71'B, (x,A)"'B_(x, ). Applying this
to the previous identity we get equation (2.4) and hence that the measure Jv' + gv — Awv
is continuous.

Next, define the set A = {y € (0,x) : Ay(¥) = 0 = Ay (y)}. Since the complement
A¢ of A is countable we have [, (Jv' + (g — Aw)v) = [,(Jv' + (g — Aw)v). The
measures v’ and (v™)" are identical and, on A, we have tt =t " =caswellasut =u".
Therefore

/ (JV' + (g — Aw)) = / (7' )T+ T A) (T + (g — Aw)id)).
A A
Sinceg = g —2ilmgqi>J and w = w — 2iIlm w;,J we obtain

Ji' 4+ (g — Aw)it = —2i(Im gy — A Imwyp) Jit.

This implies that
/ (JV' + (g — Aw)) = / (t'¢,A) = 2i(Im g1z — Almwy2)T (-, A)) Ji.
A A

Our definition of T shows now that S,V + (g — Aw)v) = 0 and thus that Jv' 4+ qv =
Awv.
The claim about the initial condition of u and v follows since 7(0, 1) = 1. ]

In the following, we will have frequent need for Green’s formula or Lagrange’s iden-
tity, a major tool of spectral theory. It still works under our present hypotheses (see [4,
equation (3.3)]) and states that

W* Ju)~(d) — (v* Ju)t(c) = f

(c,

W'wf — g*wu) (2.35)
d)

provided that v, g, u, f € £2(w), Jv' +qv=wg,and Ju' +qu =wf on(c,d) C (0,b).

Lemma 2.3. Suppose A &€ A, u and v satisfy Ju' + qu = Awu and Jv' + qu = Awv,
respectively, and v(0) = u(0). If t(:, A) is bounded and bounded away from 0, then u €
*2(w) if and only if v € £2(w).

Proof. There is nothing to prove when A € R. Therefore we may assume that Im(1) # 0.
For a C2-valued function y of locally bounded variation define |y|? = f(O,x) y*wy.
Choosing (u, f) = (v, g) = (u, Au) in Lagrange’s identity (2.5) gives

1
lullf = 57— (") (x) = (™ Ju)(0))
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whenever x is a point of continuity. Similarly,

-1

113 = 57 (@ T0)(x) = (0" T0)(0)).

Since the existence and uniqueness theorem for initial value problems is in force when
A & A and since x is a point of continuity, Lemma 2.2 shows that v(x) = 7(x, A)u(x).
This gives

w2 = |0, D) u)2 - (le(e, P = 1)@ Tu)(0)

1
2iIm A
where we used equation (2.2).

Equation (2.2) shows also that |t (x,A)| =1/|z(x, A)| which is bounded by our hypoth-
esis. Thus, if x +> [|u||2 is bounded then so is x +> [v||2. The other direction is, of course,
proved in the same way. ]

When (-, 1) is bounded and bounded away from zero we have therefore that all solu-
tions of Ju’' + qu = Awu are in £2(w) if and only if the same is true for all solutions of
Ju' + qu = Awu.

Theorem 2.4. Suppose Ao and Ay are in C \ A and A € C. If all solutions of Ju' +
qu = Aowu and all solutions of Ju' + qu = Aowu are in £*(w), then any solution of
Ju' + qu = Awu is also in £*(w). In particular, ny = n_ = 2 — dim &£,.

Proof. We define the norm ||u||. 4 by setting

lulle = / wrwu
(c,d)

whenever ¢ and d are points of continuity.

For it = Ag and . = Ag let U(-, ;1) be the fundamental matrix for Ju' 4+ qu = pwu
satisfying U(0, u) = 1 and denote the first and second column of U(-, i) by ¢(-, u) and
¥ (-, ju), respectively. These are elements of £2(w) and therefore we may choose ¢ so
large that [lp(- 20)llc.q and [[¥ (- Ao)lle.q as well as (- Zo)le.q and [ (- o) are
smaller than M = 1/(24/|A — A¢|) forall d € (c, b).

Now suppose that Ju’ + qu = Awu or, equivalently,
Ju' + (g — how)u = (A — Lo)wu.

Then, according to the variation of constants formula (cf. [4, Lemma 3.3]), there is a vector
(o, B)T € C2 such that

u(x) = U(x,AO)((z) + A —=2Ao)J ! /(

c,Xx)

U(-,A_o)*wu)

whenever x > ¢ is a point of continuity.
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Set y(x) = f(c,x) @(-, Ao)*wu and §(x) = f(c’x) ¥ (-, Ao)*wu. Then we have, by
Cauchy-Schwarz, |y (x)| < M|ullc,q and |6(x)| < M ||ul|.,4 as long as x € (c,d). From
Minkowski’s inequality we get

lullc.a < (leel + 1A = Aol M flulle,a) M + (1B + [A — Aol M [[ullc.a) M.
With our definition of M this yields
lullc.a < 2(leel + [BI) M.

Here the right hand side is independent of d and this implies that u € £2(w). |

3. The limit-point/limit-circle classification

We consider the first-order system
Ju' + qu = Awu

when A is a fixed number in C \ R.

3.1. No bad points exist for A

In this section we assume that B4 (x, A) are invertible for all x € (0, b), i.e., A &€ A.
Under this assumption we can uniquely solve any initial value problem with the initial
condition posed at 0. Accordingly we define the fundamental matrix U(:, A) to be that
solution of Ju’ + qu = Awu which satisfies the initial condition U(0, 1) = (5% —sine)
for some fixed o € [0, 7). We also denote the first and second columns of U(-, 1) by
(-, A) and ¥ (-, A), respectively. For a fixed ¢ € (0, b), a point of continuity, we now ask
for which numbers m the function y,,(-,A) = U(-, 1) ( ,}l) satisfies the boundary condition
(cos B,sin B) ym(c,A) = 0 for B € [0, 7).

Setting z = cot(B), A = Uy1(c,A), B=U,1(c,A),C =Ujz(c,A),and D = Usy(c,A),
this is equivalent to the requirement

(3 5)()-

which yields the Mébius transform’
_ Az+B
~ Cz+D

whose inverse is
Dm+ B

T Cm+ A

SU(c,A) = (4 §) is invertible for every ¢ € (a,b).
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The Mébius transform 72(z) maps the real line® either onto a circle or else a straight line.
For z € R it follows from z = Z that m must satisfy the equation

(CD —CD)|m|*+ (AD — BC)in + (BC — AD)m + AB — AB = 0. (3.1)
If CD — CD # 0 equation (3.1) implies that |m — 71|?> = r? where

. BC—-AD ‘AD—BC'
m = d r= .

CD-CD CD-CD
Thus m describes a circle centered at 1 with radius r. Of course, 7 and r depend on ¢

and A. We denote the disk {m € C : |m —m| < r} by D(c, 7).
If CD — CD = 0 we learn from (3.1) that

om —om + o = 2iIm(g) Re(m) — 2iRe(p) Im(m) + o = 0,

where 0 = AD — BC and 0 = AB — AB € iR. Thus m describes a straight line with
slope Im(p)/ Re(p). We will later see that ¢ = 1, so that the line is horizontal.
Next note that the expression on the left of (3.1) equals (¢, A)*J ym(c, A) while

CD—CD =vy(c.)*Jy(c,A). (3.2)

Let us introduce the norm ||u||. by setting ||u||? = f(o o u*wu and use Lagrange’s iden-
tity (2.5) to bring the norms of y,, (-, A) and ¥ (-, 1) into the game. Since

xm (0, 2)*J ym (0, 1) = —2iIm(m)
Lagrange’s identity gives
Am (€ 2)* T m (e, A) + 2iIm(m) = 20 Im(A) | om (-, 1) |2
upon choosing (u, ) = (v,g) = (Ym (s A), Axm (-, A)). Similarly,
Yle N IY(e, A) = 20 mA) |y (. V)2 (33)

using (u, f) = (v.g) = (Y (. A), Ay (. 1)) and ¥ (0,1)* J¥(0,4) = 0.
When ||y (-, A)||c # 0, i.e., when m(R) is a circle, equation (3.1) becomes

2 Im(m) _
¢ ImQA)

lm )| (Im =2 = r?) |y .02 =o0.

Note that the left equation here holds for all m € C. Therefore, m € D(c, A) if and only if

2 _ Im(m)

”Xm("k)”c — Im()&) .

SWe are a little imprecise here (and elsewhere), it is actually the one-point compactification of the real
line we have in mind.



V. Bhardwaj and R. Weikard 756

When || (-, A)|lc = 0 and m(R) is a line, we get instead
Im(2) | (> )| > = Im(m) = Im(o) Re(m) — Re(g) Im(m) + % —0.

Since || xm (-, A)|le = l¢(:, A)||c does not depend on m and since the first of these equations
holds for all m € C, we see that o = 1, i.e., the line m(R) is horizontal and is given by
Im(m) = o/(2i). Moreover, choosing m on this line shows that

_Im(m)  o(c,A)

2
le €. Mle = Im(A)  2ilm(A)’

(3.4)

We denote the half-plane {m € C : (¢, 1)/(2iIm(1)) < Im(m)/Im(X)} by H(c, A).
We shall now allow ¢ to vary. Suppose ¢’ < ¢, |¥(-,A)||c =0,and m € H(c,A). Then
we have

Im(
lot- DI = ot DI = -

This means the point m is also in H(c’, A). In other words, H(c, A) is contained in H(c’, 1)
for ¢/ < ¢ and Im(o (-, A)) is a monotone function. We define o (b, 1) = lim._,; o(c, L)
(which may be Zico), when ||y (-, 1)||c = O for all c.

Similarly, if || (-, A)||c- > 0 and m € D(c, ) where ¢ > ¢’, we also have m € D(c’, 1),
i.e., D(c, A) is contained in D(c’, 1) for ¢’ < c¢. The radii r(c, A) are non-increasing as ¢
tends to b and we define r (b, A) = lim._; r(c, A).

Finally, if || (-, )|l = O but ||y (-, A)||c > O (implying that ¢’ < ¢) then D(c, L) C
H(c’, 1). In this case a half-plane shrinks to a disk as x increases from ¢’ to c. Perhaps
it is worthwhile mentioning that on the Riemann sphere the inverse images, under stereo-
graphic projection, of both half-planes and disks are disks’ on the sphere.

Now suppose that ||/ (-, A)||. = O for all ¢ implying that the definiteness condition is
violated. Then H(b,A) = (\g<.<p H(c,A) is either empty or equal to a half-plane. On the
other hand, if |y (-, 1)|| is eventually positive, the disks D(c, A) shrink down to a disk or
a singleton, which, in either case, we call D(b, A).

The first consequence of these considerations is stated in the following lemma.

Lemma 3.1. If A & A, the equation Ju' + qu = Awu has at least one non-trivial solution
in £2(w).

Proof. If | (-,A)|| = 0, then ¥ (-, A) is a non-trivial solution in £2(w). Otherwise ), (-, A)
is in £2(w) when m is chosen in D (b, A). n

We will now investigate the relationship between the Mdbius transform associated
with A and the one associated with A. First recall that A is not in A if A is notin A since,
as mentioned above, A is symmetric with respect to the real axis. Let A = Uyq;(c, X),
B = Ui (c, X), € = Uya(c, X), and D = Uy (c, I). Then, as c is a point of continuity,

7A disk on a sphere is the intersection of a ball with the sphere.
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Lemma 2.2 gives

CD—CD =y(c. ) Jy(c,A) = {r(c,I)flp(c,x)*w(c,x)
= |t(e, H[*(CD - CD). 3.5)
Similarly we have
AD — BE = |t(c,)[(AD — BC) and AB — AB = |t(c,))|"(AB — AB).

We also need to consider 4D — B€ = y(c, 1) Jo(c, A). Here we get

AD — BC = t(c, )Y (c, )T Jp(c,A) = t(c. 1)2(AD — BC).

These observations show that the disk D(c, 1) is the conjugate of the disk D(c, A) and
the half-plane H(c, 1) is the conjugate of H(c, A) (whichever the case may be). In par-
ticular, r(c, ) = r(c, A). For this radius we will now obtain another expression again
with the help of Lagrange’s identity (2.5). Let (v, g) = (¥ (-, A), AW (-, A)) and (u, f) =
(¢(-.4),A¢ (-, 1)). Then

Y(e, M)*Jp(c, A) — ¥ (0,1)*J$(0, 1)
- /[0 D ACD) - (YD) ).

Clearly, the integral on the right is zero and ¥ (0,1)*J¢ (0, 1) = 1. Hence, using Lemma 2.2
and equation (2.2),

_ - AD — BC
1=y, )*Jp(c.A) = t(c. V)Y (c, X)) Jp(c. L) = e

This implies
r(c,A) |T(C’A)| = |T(C’A)| =r(c, ). (3.6)

"2 m[[ven|E 2 m@ (e D]E

We are now in a position to harvest the fruits of our labor. Our next result resembles
Wey!’s classical limit-point/limit-circle alternative.

Theorem 3.2. Suppose that the definiteness condition holds, that n+ =n_ and that L € A.
Then we have the following dichotomy.
(1) D(b, A) has positive radius, if and only if || (-, A)|| < oco. In this case all solutions
of Ju' + qu = Awu are in £2(w), i.e., we have ny = 2.
(2) D(b, A) is a singleton, say {mg}, if and only if | (-, A)|| = oco. In this case we
have that Ym, (-, 1) € £*>(w) andny = 1.

Proof. First note that £y = {0} implies that ¥ (-, 1) cannot have 0 norm and therefore we
will eventually have disks rather than half-planes. Also the two statements are contrapos-
itives of each other, so we need to prove only the forward direction of each.
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If the set D(b, 1) is a proper disk, it contains two points 7 and my. Then ypm, (-, A) and
Xm, (+» A) are linearly independent elements of £2(w). Any other solution of Ju’ + qu =
Awu, in particular ¥ (-, 1), is a linear combination of these two and hence also in £2(w)
and we have n4 = 2.

If D(b,A) = {myg}, thenr(b, 1) = r(b, X) = (. Assume, by way of contradiction, that
¥ (-, A) has finite norm. Since x,, (-, A), which also has finite norm, and ¥ (-, 1) are linearly
independent, we have n+ = 2 and hence that (-, X) also has finite norm. But now (3.6)
implies that lim._, |7(c, A)| = 0 as well as lim._,5 |z(c, A)| = 0. This is impossible and
proves that || (-, A)|| = oo. |

In the case when the definiteness condition is violated but we still have ny = n_ the
situation is similar to what we just proved.

Theorem 3.3. Suppose that the definiteness condition does not hold, but that ny = n_
and that A & A. Then we have the following four cases.
(1) Assume ||y (-, )| = 0.
(a) H(b, ) is a half-plane if and only if ||¢(-, A)|| < oo. In this case we have
ny = 1.
(b) H(b, L) is empty if and only if ||¢(-, A)|| = oo. In this case we have ny = 0.
(2) Assume | ¥ (-, A)| > 0.
(a) D(b, L) has positive radius if and only if || (-, M) || < oo. In this case we have
ny = 1.
(b) D(b, A) is a singleton, say {mq}, if and only if | (-, L)|| = oo. In this case
we have ny = 0.

Proof. First assume that || (-, A)|| = 0 when we only deal with half-planes. Our claims
in (1) follow from (3.4).

If || ¥ (-, A)|| > O we have, eventually, disks to consider. If D(b, 1) is a proper disk, then
all solutions of Ju’ + qu = Awu are in £2(w), particularly ¥ (-, 1). Since dim £¢ = 1
we have ny = 1.

If D(b,A) = {mo}, we repeat the corresponding argument in the proof of Theorem 3.2
to show that ||1/ (-, 1)|| is indeed infinite. The norm of y,,,(-,A) isO and henceny =0. =

We asked in Theorems 3.2 and 3.3 that n; = n_. We now investigate under what
conditions this assumption fails.

Theorem 3.4. n # n_ if and only if exactly one of |y (-, A)|| and || (-, 1) || is infinite.

Proof. First we need to emphasize that || (-, 1)|| = 0 if and only if || (-, )| = 0. Indeed,

it follows from (3.2) and (3.5) that
- €D -€D -
%y A, 2 = —— = N A,
D12 = e = fe(e. D)

which proves the claim.

»CD—-CD

. V2. 2
e = e DP e
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Now suppose that 0 < || (-, 1) || < oo and || (-, 1)|| = oc. The latter assumption means
that the deficiency index for the half-plane containing A is 1 — dim £ and that D(b, 1) is
a singleton. Hence D (b, 1) = {my} is also a singleton. But since y, (-, A) and ¥ (-, 1) are
linearly independent the deficiency index for the half-plane containing A is 2 — dim £.
This proves one direction of our claim.

To prove the converse, we distinguish three cases. (1) |¥ (-, A)|| = ¥ (-, 1| = 0,
@0 <Y ML DI < oo, and B) [[Y (. D = [[¥ (. A)]| = oo. In case (1), we
have ny =n_=0if H(b,A) =@ and ny =n_ = 1if H(b, 1) # @. In case (2), we
obtain from (3.6) that |t(c, A)| and |z(c, A)| have finite, non-zero limits as ¢ tend to b.
Now Lemma 2.3 shows that n = n_. In case (3), each of the equations Ju’ + qu = Awu
and Jv' + qv = Awv has one solution of finite norm and one solution of infinite norm.
This implies thatny = 1 —dim £ = n_. |

Corollary 3.5. If ny # n_, then one of |t(c, A)| and |z(c, X)| tends to 0 and the other
to infinity as ¢ tends to b. In particular, if |t(c, A)| does not have a limit (in [0, 00]) as ¢
tends to b, thenny = n_.

Proof. By Theorem 3.4 we may assume, without loss of generality, that ||y (-, 1)|| < oo
and ||y (-, A)|| = oo. Using (3.3) and (3.5) gives that
2

[veMl. !
2

[WeDP Jee ]

tends to O as ¢ tends to b. [

= |t(c,k)|2

We close this section with two examples.

Example 3.6. This is essentially Example 5.30 of Lesch and Malamud [5]. It shows that

n4 may indeed be different from n_. Let b = oo, @ = 0,¢ = (§§) and

w2(1+sz+l)]l+iJ witha > 0.

We have
_ i [ cos(Ar(x))  sin(Ar(x))
Ux,A) =e (_ din (11(0) o5 (1)

where 7(x) = x + a arctan(x). £ is spanned by the constant function (1, —i)" when
a = 0 but for a > 0 the problem is definite, i.e., £ = {0}. We have 7(x, 1) = exp(2iix)
which tends to 0 when Im(1) > 0 and to infinity when Im(A) < 0. For A in the upper
half-plane ¥ (-, A) is in £2(w) and hence all solutions are. For A in the lower half-plane
only the multiples of y_;(-, A) are in £2(w).

Example 3.7. This example shows that we may still have ny = n_ even though 7(c, 1)
tends to O or co as ¢ tends to b. Let b = oo, = 0, ¢ = (8 8) and w = (‘1‘ _li). Then

cos(2Ax) 1 sin(2Ax))

_ JiAx
Ux,A) =e (_2Sin(zxx) cos(2Ax)
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and
HW("’\)”(% = (e2m) _ e—sclm(x))/(g Im(2)).

This tends to infinity as ¢ tends to infinity regardless of whether Im(A) > 0 or Im(4) < 0.
On the other hand y,, (-, A) has finite norm when m = 2iIm(4)/| Im(1)|. Hence ny =
n_=1.

3.2. Bad points are present for A

In this section, we show that one must avoid to take a A € A when trying to determine the
deficiency indices from the behavior of the Weyl disks since, regardless of the nature of
the endpoint b, the limit-point situation prevails.

This is most easily made clear by considering some simple examples. We choose
b=o0,a=0,¢9g=/(2%%)8 and w = (39)8; where §; is the Dirac measure con-
centrated at 1. Note that b = oo is a regular endpoint. Then B_(1, 2i) is not invertible
but B4(1,2i) is. Consequently, one may extend any solution on (0, 1) to (0, c0). How-
ever, since B_(1, 2i) has only rank 1 the same is true for U(c, 2i) = B4 (1,2i) ' B_(1,2i)
when ¢ > 1. Here the first column is ¢(c, 2i) and the second is ¥ (c, 2i). In fact

w(c,2i) = —(1 + )Y (c, 2i).
Therefore m = 1 + i gives y,(c,2i) = 0 for ¢ > 1 and this satisfies the boundary condition
(cos B, sin B) xm(c, 2i) = O for any S.

Next consider b = 0o, = 0, ¢ = (3 )81 and w = (2 §)8. In this case B4 (1,2i) is
not invertible but B_(1, 2i) is. Now neither B_(1, 2i)¢~ (1, 2i) nor B_(1,2i)y~ (1, 2i) are
in the range of B4 (1, 2i) and it is impossible to define these functions on all of (0, co). But
the linear combination ¢(-, A) + my (-, A) where m = 1 + i can be extended from (0, 1) to
(0, 00) in infinitely many ways since we may add a solution of Ju’ + qu = 2iwu which
is 0 on (0, 1) and satisfies u* (1) € ker B, (1, 2i). One of these will satisfy the boundary
condition at ¢ but the value of m is unaffected by this. Thus again m is simply a point,
indeedm =141

If B_(x, A) is always invertible we could also determine the Weyl-Titchmarsh coeffi-
cient m in the following way. Define (-, 1) as the solution of Ju’ 4+ qu = Awu satisfying
the initial condition n(c, ) = (—sin 8, cos ). We now ask for which factor p can we
satisfy the condition U(0, )L)(,}, ) = pn(0, A) instead of asking which linear combination
x of ¢ and ¥ satisfies the boundary condition (cos 8, sin 8) x(c, A) = 0. This is equivalent

to the requirement
1 coso  sino
= 0,1
(m) 4 (— sinae  cos a) n(0,4)

_ 12(0,A)cosa —n1(0, 1) sinex

~ 12(0, 1) sina 4+ 11 (0, ) cosa”
In the above example we get, as expected, m = 1 + i. In fact, if there are no bad points
for A, it is easy to see that the Weyl-Titchmarsh coefficient m obtained in Section 3.1 is
the same as the one given by (3.7).

and yields

3.7
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We conclude by remarking that it may also happen that B_(x, A1) and B4 (x, ) fail to
be invertible simultaneously. In this context the following observation is interesting.

Theorem 3.8. If the entries of Ay(x) and Ay, (x) are real and one of the matrices
By (x, ) is not invertible, then neither is the other one. Conversely, if both of the matrices
B4 (x, M) fail to be invertible for some non-real A, then the entries of Ay(x) and Ay, (x)
are real.

Proof. This follows immediately from equation (2.1) which states

det B_(x,A) —det B4 (x,A) = 2i(Im Ag(x)12 — AIm Ay (x)12). n
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