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Abstract. The goal of this paper is to establish Green function estimates for a class of purely dis-
continuous symmetric Markov processes with jump kernels degenerate at the boundary and critical
killing potentials. The jump kernel and the killing potential depend on several parameters. We estab-
lish sharp two-sided estimates on the Green functions of these processes for all admissible values of
the parameters involved. Depending on the regions where the parameters belong, the estimates on
the Green functions are different. In fact, the estimates have three different forms. As applications,
we prove that the boundary Harnack principle holds in certain region of the parameters and fails in
some other region of the parameters. Together with the main results of our previous paper [Poten-
tial Anal., online, 2021], we completely determine the region of the parameters where the boundary
Harnack principle holds.
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1. Introduction and main results

In the last few decades, many important results have been obtained in the study of
potential-theoretic properties for various types of jump processes in open subsets of R?.
These include isotropic «-stable processes, more general symmetric Lévy and Lévy-type
processes and their censored versions. The main results include the boundary Harnack
principle [4,5,10, 14,34,38,45], sharp two-sided Green function estimates [16,19,22,23,
37,42] and sharp two-sided Dirichlet heat kernel estimates [8,9,17—-19,33,36]. In all these
results, the jump kernel J P (x, y) of the process in the open set D is either the restriction
of the jump kernel of the original process in R? or comparable to such a kernel and it
does not tend to zero as x or y tends to the boundary of D. In this sense, one can say that
the corresponding integro-differential operator is uniformly elliptic.

Panki Kim: Department of Mathematical Sciences and Research Institute of Mathematics,
Seoul National University, Seoul 08826, Republic of Korea; pkim @snu.ac.kr

Renming Song: Department of Mathematics, University of Illinois,
Urbana, IL 61801, USA; rsong @illinois.edu

Zoran Vondracek: Department of Mathematics, Faculty of Science, University of Zagreb,
Zagreb, Croatia; vondra@math.hr

Mathematics Subject Classification (2020): Primary 60J45; Secondary 60J50, 60J76


https://creativecommons.org/licenses/by/4.0/
mailto:pkim@snu.ac.kr
mailto:rsong@illinois.edu
mailto:vondra@math.hr

P. Kim, R. Song, Z. Vondracek 2250

Subordinate killed Brownian motions, and more generally, subordinate killed Lévy
processes, form another important class of Markov processes. In the case of a stable subor-
dinator, the generator of the subordinate killed Brownian motion is the spectral fractional
Laplacian. The spectral fractional Laplacian and, more generally, fractional powers of
elliptic differential operators in domains have been studied by many people in the PDE
community [11-13,15,32,46]. In contrast with killed Lévy processes and censored pro-
cesses, the jump kernel of a subordinate killed Lévy process in an open subset D C R
tends to zero near the boundary of D [39, 40, 44]. In this sense, the Dirichlet forms of
subordinate killed Lévy processes are degenerate near the boundary. Partial differential
equations degenerate at the boundary have been studied intensively in the PDE literature;
see, for instance, [27,29, 30, 35,47] and the references therein.

In our recent paper [41], we introduced a class of symmetric Markov processes in
open subsets D C R? whose Dirichlet forms are degenerate at the boundary of D. This
class of processes includes subordinate killed Lévy processes as special cases.

This paper is the second part of our investigation of the potential theory of Markov
processes with jump kernels degenerate at the boundary. In [41] we studied Markov pro-
cesses in open sets D C R¥ defined via Dirichlet forms with jump kernels J 2 (x, y) =
j(x — y])B(x, y) (where j(|x|) is the density of a pure jump isotropic Lévy process)
and critical killing potentials . The function B (x, y) is assumed to satisfy certain condi-
tions, and is allowed to decay at the boundary of the state space D. This is in contrast with
all the works mentioned in the first paragraph where 8B(x, y) is assumed to be bounded
between two positive constants, which can be viewed as a uniform ellipticity condition for
non-local operators. In this sense, our paper [41] is the first systematic attempt to study
the potential theory of general degenerate non-local operators defined in terms of Dirich-
let forms. We proved in [41] that the Harnack inequality and Carleson’s estimate are valid
for non-negative harmonic functions with respect to these Markov processes.

When D = ]Rii ={x=®x7): xg >0 j(x—y)=|x—y* 4 0<a<2,
and k(x) := cx; %, we showed in [41] that for certain values of the parameters involved in
B(x,y) the boundary Harnack principle holds, while for some other values of the parame-
ters the boundary Harnack principle fails (despite the fact that Carleson’s estimate holds).
The main goal of this paper is to establish sharp two-sided estimates on the Green func-
tions of the corresponding processes for all admissible values of the parameters involved
in B(x, y). These estimates imply anomalous boundary behavior for certain Green poten-
tials (see Proposition 6.10), a feature recently studied both in the probabilistic and in the
PDE literature [1, 11,40]. As an application of these Green function estimates, we give a
complete answer to the question for which values of the parameters the boundary Harnack
principle holds true.

We first repeat the assumptions on B that were introduced in [41]. Here and below,
a Ab:=min{a,b}and a Vv b := max{a, b}.

(A1) B(x,y) =B(y,x)forallx,y € Rf{_.
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(A2) If«a > 1, then there exist & > o — 1 and C; > 0 such that

0
x—
B(x.x) — B(x.y)| scl(' y') .
Xd N\ Yd

(A3) There exist C, > 1 and parameters f1, B2, B3, B4 > 0, with 8; > 0 if §3 > 0, and
B2 > 0if B4 > 0, such that

Cy'B(x,y) < B(x,y) < C:B(x,y), x,y€R%, (1.1)

where

B1 B2 B3
~ A Vv VY Alx—
B(x,y) = (xd Yd /\1) (xd d /\1) [log(l+ (Xa Vya) A x y')}

|x—y| |x —y| Xg ANyd N|x =yl

Ix—y| )T
1 1 . 1.2
X["g( T vy A=)l (12

(A4) Forallx,y € ]Ri anda >0, B(ax,ay) = B(x,y). Incased > 2,forall x,y € Ri
and Z € R971, B(x +(2,0), y +(2.0)) = B(x, y).

Other than the requirements that 81 > 0if 3 > 0 and B, > 0 if 84 > 0, the parameters
B1, B2, B3 and B4 are arbitrary. They control the rate at which B goes to 0 at the boundary.
Note that the term

B B3
A \Y Alx — :
(xd ya 1) [log(l n (xa vV ya) A |x )4)}
|x =yl Xa Aya N|x =yl
goes to 0 when one of x and y goes to the boundary, while the term
B2 Ba
V —
(500 ol )]
|x — | (xa vV ya) Nlx =yl

goes to 0 when both x and y go to the boundary. Note that if B(x,y) = cB(x, y) for
some positive constant c, then (A1)—(A4) trivially hold.

In the remainder of this paper, we always assume that

d>(@+p1+B2)A2, pe((@a—Di,a+pr),
J(x,y) =[x — y[797*B(x, y) on RE x RY with B satisfying (A1)~(Ad).

To every parameter p € ((¢ — 1)+, + B1), we associate a constant C(«, p, B) €
(0, 0o0) depending on &, p and B defined as

Ca.p.®) = [ 1 U(sP = (1 — 5=t

Rd—1 (|,7|2 + 1)(d+a)/2 0 (1 _ S)1+a
x B((1 —s)u,1),seg)dsdu, (1.3)
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where e; = (6, 1).Incased = 1, C(«, p, B) is defined as

1 -p—1
_ (s? = D1 —s*=P7%)
Clap.®) = [ 8 (1) ds.
Note that limy y@—1), C(e, p, B) =0, limypq4p, C(e, p, B) = 0o and the function p
C(a, p, B) is strictly increasing (see [41, Lemma 5.4 and Remark 5.5]). Thus, the interval
((@ — 1)1, @ + By) is the full admissible range for the parameter p.
Let

k(x) = Cla. p, B)xz% xeRYL, (1.4)

be the killing potential. Note that ¥ depends on p, but we omit this dependence from the
notation for simplicity. We denote by Y the Hunt process with jump kernel J and killing
potential «.

To be more precise, let us define

d 1
6%ty i=3 [ [ 00 =) @) = o)) dy dx
+ /R

which is a symmetric form degenerate at the boundary due to (A1) and (A3). By Fatou’s
lemma, (SRi, cx (Rff)) is closable in L2(R% , dx). Let ?Ri be the closure of C° (Ri)

Rd
under &, ¥ := BRi + (-, ')L2(Ri,dx)' Then (SRi, ?Ri) is a regular Dirichlet form on

L2(R4, dx). Set

E(u,v) 1= gRi(u,v)Jr/ u(x)v(x)k (x) dx.
i

Since « is locally bounded, the measure «(x)dx is a positive Radon measure charging
d d
no set of zero capacity. Let ¥ := FR: N L2(R4, k(x) dx), where FRY is the family

of all quasi-continuous functions in ¥ Ri. By [31, Theorems 6.1.1 and 6.1.2], (&, ¥ ) is
a regular Dirichlet form on L2(R%, dx) with cx (R‘i) as a special standard core. Let
((Ye) =0, (Px), R4\ ) be the associated Hunt process with lifetime {. By [41, Proposi-
tion 3.2], the exceptional set N can be taken as the empty set. We add a cemetery point 9
to the state space ]Ri and define Y, = d fort > ¢.

The process Y enjoys the following important scaling property shown in [41,
Lemma 5.1]: For any r > 0 define the process Y™ by Yt(r) := rY,—«;. Then under (A1),
the boundedness of B and (A4), (Y(’), P,/r) has the same law as (Y, IPx). The homo-
geneity property of B from (A4) is crucial to establish this fact.

Recall that a Borel function f : ]Rf_ — [0, 00) is said to be harmonic in an open set
V C ]Ri with respect to Y if for every bounded openset U c U C V,

f(x) =Ex[f(Yy,)] forallx €U, (1.5)

where 7y ;= inf{t > 0: Y, ¢ U} is the first exit time of ¥ from U. We say f is regular
harmonic in V if (1.5) holds for V.
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Let G(x, y) denote the Green function of the process Y. The following theorem is our
main result on Green function estimates. For two functions f and g, we use the notation
f < g to denote that the quotient f/g stays bounded between two positive constants.

Theorem 1.1. Assume that (A1)—(A4) and (1.4) hold true. Suppose that d > (a+B1+82)
A2and p € (¢ — 1)1, + B1). Then the process Y admits a Green function G :Rf{_ X R’j_
— [0, 00] such that G(x, -) is continuous in Ri \ {x} and regular harmonic with respect
toY in Ri \ B(x, ¢) for any ¢ > 0. Moreover, G(x, y) has the following estimates:

(1) If p € (@—D)s.+ 3[B1 + (Br A B2))), then on RY x RY,

1 p D
G(x,y) = dﬂ( d A?)( Yd Al). (1.6)
lx — | lx — ¥l |x — y|
Q) Ifp=a+ 2522 thenon R x RY,

1 14 p
G(x,y) < AL Yd__ g
|x — 4=\ |x — y| |x —y

« (10814 Ix — y| Ba+1
(xa vV ya) Alx =yl '

3) Ifp € (@ + 2222 o + By), then on RE x RY,

G(x,y)

g 1 (Xd A Vd l)p(xd v Vd I)Za—p+ﬂ1+ﬂ2
= d—a A A\
lx =yl |x =yl Ix =yl

x — y| ))m
X log(l +
( (xg vV ya) Alx =yl
| P p v —2(p—a—(B1+B2)/2)
|x — yl9=* \ |x — y| [x — v |x —y

lx — | Pa
log( 1 .
X(Og( * (xg Vya) ANx =yl

Note that when 8; < f,, case (1) covers all possible values of the parameter p, while
when S, < B the regimes of p in cases (1)—(3) are disjoint and exhaustive.
In fact, for lower bounds of Green functions, we have more general results (see

Theorems 5.1 and 6.6). In these theorems, we establish lower bounds on the Green func-
tion GBw.RNRY (x, y) for Y killed upon exiting B(w, R) N Rf{_ (where w € BRi) in
Bw,(1—¢)R)N Ri. The lower bounds on G(x, y) in the theorem above are corollaries
of these more general results.

Note that

p20—p+pr+Ba=(+p2)+(@+B1—p)

is decreasing on o + ﬂ“;—ﬂz < p < o + B1, which has a somewhat strange and inter-

esting consequence. Namely, the power of xlj’c ﬁi (

A 1 is always p and we can increase
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the exponent p of % A 1 all the way up to (just below) o 4+ B;. But the exponent
of % A 1lis p only up to @ + w and one can increase the exponent only

up to o + w In the case B, < B, once p reaches o + # the exponent of
XdaVyd
lx—yl )
Estimates (1.6) can be equivalently stated as

A 1 starts decreasing.

p
- XdYd 1 d d
G(x,y)A (m/\l) m OHR+XR+. (17)

Note that, whend >3 and p = (d —«)/(d —2) € (1,d/(d — 2)), the estimates in (1.7)
are those of a power of the Green function of killed Brownian motion in Ri (see [28]).

Moreover, we can rewrite the estimates in Theorem 1.1 in a unified way: Let a, :=
2(p—a — W) Then on Rfi X Rf{_,

Glx.y) = — (xd AR 1)p(xd MELIN 1)1)_%+
lx =y \ |x =yl lx =yl
lx — y| Ba+1ap=0
(deYd)/\|x_J’|) '

In [41, Theorem 1.3] we have proved that the boundary Harnack principle holds when
either (a) B; = B and B3 = B4 = 0,0r (b) p < «. In [41, Theorem 1.4] we have showed
that when o + B2 < p < o + B the boundary Harnack principle fails. However, we were
unable to determine what happens with the boundary Harnack principle in the remaining
regions of the admissible parameters. As applications of our Green function estimates, we
can completely resolve this issue and prove the following two results. In the remainder
of this paper, we will only give the statements and proofs of the results for d > 2. The
counterparts in the d = 1 case are similar and simpler.

Forany a,b > 0and w € ]Rd_l, we define a box

X 10g(2 +14,<0

Dg(a,b) :={x = (% xq5) eRY: |T—W| <a, 0<xq <b).

Theorem 1.2. Assume that (A1)—(A4) and (1.4) hold true. Suppose that d > (a+ 1+ B2)
A2and p € (o — )4, + (B1 A B2)). Then there exists C3 > 1 such that for all r > 0,
o € R4~ and any non-negative function f in ]Ri which is harmonic in Dg (2r,2r) with
respect to Y and vanishes continuously on B((0,0),2r) N dR%, we have

f(x) S

L < C3 >
Xd Ya

7= . X,y €Dg(r/2,r/2). (1.8)

Theorem 1.2 implies that if two functions f, g in R‘i both satisfy the assumptions in
Theorem 1.2, then

fO) _ 2 8@
f» 7 e’

We say that the non-scale-invariant boundary Harnack principle holds near the bound-
ary of ]Ri if there is a constant R € (0, 1) such that for any r € (0, R ], there exists a
constant ¢ = ¢(r) > 1 such that for all % € R?~! and non-negative functions f, g in Ri

x,y € Dg(r/2,r/2).
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which are harmonic in R‘j_ N B((w, 0), r) with respect to Y and vanish continuously on
BRi N B((w, 0), r), we have

JO) _ 80 vy € B(@.0).7/2) N RY .

VAR {0}
Theorem 1.3. Suppose d > o + 1 + B2 and d > 2. Assume that (A1)—(A4) and (1.4)
hold true. If @ + B2 < p < @ + B4, then the non-scale-invariant boundary Harnack prin-
ciple is not valid for Y .

Thus, when o + B, < p < o + (B1 + B2)/2, the boundary Harnack principle is not
valid for ¥ even though we have the standard form of the Green function estimates (1.7).
This phenomenon has already been observed by the authors in [40] for subordinate killed
Lévy processes.

The following two results proved in [41] will be fundamental for this paper. Note
that, by the scaling property of ¥ (see [41, Lemma 5.1]), we can allow r > 0 instead of
r e (0,1].

Theorem 1.4 (Harnack inequality, [41, Theorem 1.1]). Assume that (A1)—(A4) and (1.4)

hold true and p € (¢ — 1)1, o + B1).

(a) There exists a constant C4 > 0 such that for any r > 0, any B(xo,r) C R‘_{_ and any
non-negative function f in Rff_ which is harmonic in B(xq, r) with respect to Y, we
have

J(x) = Caf(y) forallx,y € B(xo.r/2).

(b) There exists a constant Cs > 0 such that for any L > 0, any r > 0, any x1,x3 € R‘i
with |x; — x2| < Lr and B(x1,7) U B(x2,r) C R‘j_ and any non-negative function
fin R‘i which is harmonic in B(x1,r) U B(xa,r) with respect to Y, we have

f(x2) < Cs(L + DPrfatdre py

Since the half-space ]Ri is k-fat with characteristics (R, 1/2) for any R > 0, we also
have

Theorem 1.5 (Carleson’s estimate, [41, Theorem 1.2]). Assume that (A1)—(A4) and (1.4)
hold true and p € (¢ — 1), @ + By1). Then there exists a constant Cg¢ > 0 such that
for any w € dRZ, r > 0, and any non-negative function f in Ri that is harmonic in
Ri N B(w, r) with respect to Y and vanishes continuously on SRi N B(w, r), we have

f(x) < Cef(®) forallx e RE N B(w,r/2), (1.9)
where X € Ri N B(w, r) withXq > r/4.

Assumptions (A1), (A2), (A3) and (A4) in this paper are assumptions (B1), (B4), (B7)
and (B8) in [41], respectively. As a consequence of (A1)-(A4), B(x, y) also satisfies
assumptions (B2), (B3), (B5) and (B6) in [41].

Now we explain the content of this paper and our strategy for proving the main results.
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In Section 2 we first show that the process Y is transient and admits a symmetric
Green function G(x, y) (see Proposition 2.2). This is quite standard once we establish
that the occupation measure G(x,-) of Y is absolutely continuous. We also show that
x = G(x, y) is harmonic away from y. As a consequence of the scaling property of ¥
and the invariance property of the half-space under scaling, one gets the following scaling
property of the Green function: For all x, y € R4,

Glx.y) = x — y|°‘—dG( X L)
lx —y| |x—y]

In this paper, we use this property several times so that, to prove Theorem 1.1, we mainly
deal with the case of x, y € ]R‘_’f_ satisfying |[x — y| < 1.

In Section 3, we show that the Green function G(x, y) tends to O when x or y tends to
the boundary. The proof of this result depends in a fundamental way on several lemmas
from [41]. The decay of the Green function at the boundary allows us to apply Theo-
rem 1.5 in later sections.

Section 4 is devoted to proving interior estimates on the Green function G(x, y).
Roughly, we show that if the points x, y € Ri are closer to each other than to the bound-
ary, then G(x, y) =< |x — y|~¢+%. For the lower bound given in Proposition 4.1, we use a
capacity argument. The upper bound is more difficult and relies on the Hardy inequality
in [6, Corollary 3] and the heat kernel estimates of symmetric jump processes with large
jumps of lower intensity in [2]. This is where the assumption d > (¢ 4+ B1 + B2) A2 is
needed. The key to obtaining the interior upper estimate is to get a uniform estimate on
the L? norm of /| B(z.4) G(x,y)dy on B(z,4) for all z sufficiently away from the boundary
(see Proposition 4.5).

In Section 5, we give a lower bound for the Green function of the process Y
killed upon exiting a half-ball centered at the boundary of Ri and a preliminary
upper bound for the Green function. The lower bound given in Theorem 5.1 is
proved for GBw.RNRY (x, »), the Green function of the process Y killed upon exiting
B(w,R)NR%, w e BRi, forx,y € B(w,(1—¢)R) N Rf{_. This gives the sharp lower
bound of the Green function for p € (¢ — 1)+, + %[,31 + (B1 A B2)])- A preliminary
estimate of the upper bound is given in Lemma 5.5. Proofs of these estimates use the
already mentioned fundamental lemmas from [41] and Theorem 1.5.

Section 6 is central to the paper. We first prove a technical Lemma 6.1 modeled after
[1, Lemma 3.3] and its Corollary 6.3. They are both used throughout this section. In
proving Theorem 1.1, one is led to double integrals involving the Green function (or the
Green function of the killed process) twice and the jump kernel. The sharp bounds of these
double integrals are essential in the proof of Theorem 1.1. To obtain the correct bound, we
have to divide the region of integration into several parts and deal with them separately.
These estimates are quite difficult and delicate; see Remark 6.8 below. By using the pre-
liminary estimates of the Green function obtained in Section 5 and the explicit form of B,
those integrals are successfully estimated by means of Lemma 6.1 and Corollary 6.3. As
an application of the Green function estimates, we end the section with sharp two-sided
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estimates on some killed potentials of the process Y, or in analytical language, with esti-
mates of [}, GP(x, y)yd dy where D is a box of arbitrary s1ze and B > —p — 1 (see
Proposition 6.10 below), as well as estimates of fRd G(x, y) y; dy. The latter estimates
give precise information on the expected lifetime of the process Y.

In Section 7 we prove Theorems 1.2 and 1.3. Our Proposition 6.10 is powerful enough
for us to cover the full range of the parameters.

We end this introduction by discussing some examples of explicit processes satisfying
our assumptions, as well as a process which does not fall in the class considered here.

The first (motivating) example is a subordinate killed stable process ¥ whose infinites-
imal generator is —((— A)g/ 2 )Y/, where § € (0,2] and y € (0, 2). Its jump kernel is
J(x,y) =|x —y|™4~ "‘!B(x y) with @ = y§/2 and B(x, y) satisfying (A3) with param-
eters as follows: If § =2 , then 1 = B> =1, B3 = B4 = 0. For § € (0, 2), (i) if
y €(1,2),then B1 =8(1 —y/2), B2 = B3 = B2 =0; (i) if y = L, then f1 = /2, B3 =1,
B2 = P4 =0,(ii)if y € (0,1),then 1 =38/2, B2 = (1 —y)§/2, B3 = B4 = 0. For more
details see [41, (1.1), (1.2) and Section 2]. In all cases we have p = §/2, which can be
deduced by comparing Green function estimates in Theorem 1.1 and [40, Theorem 6.4].

An example of a process with 84 > 0 has been recently discovered in [25]. Let § €
(0,2), and let X be the reflected symmetric §-stable process in ]R‘j_ ={x =X, xq):
xgq > 0} killed upon leaving Rf{_, whose infinitesimal generator is the regional fractional
Laplacian

Lf(x) =c(d.9) lim / (f() = f)Ix =y~ dy;
Jy—x|>¢

see [25, pp. 232-234] for details. Let ¢ € [§ — 1,8) N (0, 6) and Z be the process corre-

sponding to the the Feynman—Kac semigroup via the multiplicative functional

t
exp(—cu,s,q) / (xd)™ ds),
0

where C(d, 6, q) is the positive constant (involving parameter ¢) defined in [24, p. 233];
see also [24, (3.5)]. Let S be an independent y/2-stable subordinator with y € (0,2) and
set« = 8y /2. Define a process Y by Y; = Zg, whose infinitesimal generator is —(—&£ +
C(d,8,9)(xg)~%)?/%. The jump kernel of Y is of the form J(x, y) = |x — y| "4~ *B(x, y)
with B(x, y) satisfying (A1)-(A4). Moreover, the parameter B4 in (A3) is equal to 1 for
a certain value of g. For details, see [25, Example 7.3] and the paragraph above [41,
Lemma 2.2].

The jump kernels of this paper are degenerate since B approaches 0 at the boundary.
There exist processes in Ri whose jump kernels are of the form |x — y|[~4~*B(x, y)
with B blowing up at the boundary. Here is an example. Let X be an isotopic a-stable
process, and let ¥ be the process obtained from X by deleting the parts of the path out-
side Ri. More precisely, let

t
A; = 1 d
t /0 {X;eRY} 45
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be the occupation time in Rff_ up to time ¢ and let y, = inf{s > 0: A; > ¢}. The process Y’
defined by Y; = X, is the trace of X in ]R‘i. It is called the path-censored «-stable process
in [43]. Using [7, Theorem 6.1], one can show that the jump kernel of Y is of the form
|x — |74~ B(x, y) with B blowing up at the boundary.

Notation. Throughout this paper, the positive constants 81, B2, 83, B4, 0 will remain the
same. We will use the following convention: Capital letters C,C;,i = 1,2,.. ., will denote
constants in the statements of results and assumptions. The labeling of these constants will
remain the same. Lower case letters ¢, ¢;,i = 1,2, ..., are used to denote constants in
the proofs and the labeling of these constants starts anew in each proof. The notation
¢i =c¢ila,b,c,...),i =0,1,2,..., indicates constants depending on a, b, c,.... We
will use “:=" to mean “is defined to be”. For any x € R4 and r > 0, we use B(x,r) to
denote the open ball of radius r centered at x. For a Borel subset V in R?, |V| denotes
the Lebesgue measure of V in R?, and 8y := dist(V, dD). We use superscripts instead of
subscripts for coordinates of processes, asin Y = (¥ Lo, Yd).

2. Existence of the Green function

Recall that ¢ is the lifetime of Y. Let f : ]Ri — [0, 00) be a Borel function and A > 0.
The A-potential of f is defined by

¢
Gy f(x):= ]Exfo eMf(Y)dt, xeR%.

When A = 0, we write Gf instead of Go f and call Gf the Green potential of f. If
g: Ri — [0, 00) is another Borel function, then by the symmetry of ¥ we have

|, Gumsar= [ 1wGigwax. @
RY RY

For A € i)’(Ri), we let G (x, A) := G 14(x) be the A-occupation measure of A. In this
section we show the existence of the Green function of the process Y, that is, the density
of the 0-occupation measure. We start by recalling some of the results of [41, Section 3.1].

Let U be a relatively compact C*! open subset of Ri. For y > 0 small enough,
define a kernel J, (x, y) on R¥ x R4 by Jy(x,y)=J(x,y)forx,yeU,and J, (x,y) =
¥|x — y|74~ otherwise. Then there exist ¢; > 0 and ¢, > 0 such that (see the first display
below [41, (3.3)])

alx =y < (. y) S colx —y T, x,y e RY.

Foru € Lz(Rd, dx), define

1
Cuu) : E/Rd Ad(u(x)—u<y))21y<x,y>dx dy,

D(€) :={u € LARY) : €(u,u) < oo}.
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Then there exists a conservative Feller and strongly Feller process Z associated with
(€, D(€)) which has a continuous transition density (with respect to the Lebesgue
measure) (see [21]). Let ZY be the process Z killed upon exiting U and let A, :=
f(; K(ZY) ds where & is a certain non-negative function defined in [41, Section 3.1] (¥ is
non-negative when y > 0 is small enough). Let YU be the process Y killed upon exit-
ing U, and let (QY);¢ denote its semigroup: For f : U — [0, c0),

Y f(x) == Ex[f (Y] = Ex[f(Y1).t < wu].

where 1y ;= inf{t > 0:Y; ¢ U} is the first exit time from U. It is shown in [41, Sec-
tion 3.1] that
07 f(x) = Exlexp(—=4) f(Z{)], >0, x € U.

Moreover, QU has a transition density ¢Y (¢, x, y) (with respect to the Lebesgue measure)
which is symmetric in x and y, and such that for all y € U, (¢, x) — qU(t, x,y) is
continuous.

Let GY f(x) := [;T e QY f(x)dt = Ex [;V e f(Y;)dt denote the A-potential
of YV and Gij(x, y) = fooo e MqU(r, x, y)dt the A-potential density of YU. We
will write GU for Géj for simplicity. Then Gij (x,-) is the density of the A-occupation
measure. In particular this shows that Gij (x, ) is absolutely continuous with respect
to the Lebesgue measure. Moreover, since x +— qU(Z, X, y) is continuous, we see that
X > Gij (x, y) is lower semicontinuous. By Fatou’s lemma this implies that Gijf is also
lower semicontinuous.

Let (Uy)n>1 be a sequence of bounded C ! open sets such that U, C U, C Up41
and Uy>1U, = ]Ri. For any Borel f : ]Ri — [0, 00),

¢ Uy,
G f(x) =]Ex/ e f(Y;)dt =1 lim Ex[ ! e f(Y)dt =t lim GY" f(x),
0 n—>oo 0 n—>00
(2.2)

where 11im denotes an increasing limit. In particular, if 4 € B(Ri) is of Lebesgue mea-
sure zero, then for every x € R4 s

Ga(x. A) = lim G (x, A) = lim G/"(x,ANU,) = 0.

Thus, G, (x, ) is absolutely continuous with respect to the Lebesgue measure for each
A>0andx € ]R‘j_. Together with (2.1) this shows that the conditions of [3, VI, Theorem
(1.4)] are satisfied, which implies that the resolvent (G ) ;¢ is self-dual. In particular (see
[3, pp. 256-257]), there exists a symmetric function G(x, y) excessive in both variables
such that
Gfe) = [ Gl ferdy. xerd.
+

We recall (see [3, II, Definition (2.1)]) that a measurable function f : ]Ri — [0, 00) is
A-excessive, A > 0, with respect to the process Y if for every 1 > 0 we have E, [e_’” Y] <
f(x)and lim, o Ex[e™'Y,] = f(x), forevery x € Ri; 0-excessive functions are simply
called excessive.
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We now show that Y is transient.

Lemma 2.1. The process Y is transient in the sense that there exists | : ]Ri — (0, 00)
such that G f < 0o. More precisely, Gk < 1.

Proof. Let (Q;):>o denote the semigroup of Y. For any 4 € B(Ri), we use [31, (4.5.6)]
withh = 14, f = 1, and let t — oo to obtain

Epax(§ < 00) > Eqax(Yr— € RL, £ < 00) = / / () 014 (x) dx .
0 ]Rf‘;_

This can be rewritten as

/AIP’,C({ <o0)dx > /d k(x)Gly(x)dx = [ Gk(x)dx.

RY A

Since this inequality holds for every 4 € i)’(]R{i), we conclude that P, (¢ < 00) > Gk(x)
forae. x € Ri. Both functions x + P, ({ < c0) and Gk are excessive. Since G(x, -) is
absolutely continuous with respect to the Lebesgue measure (i.e., Hypothesis (L) holds,
see [26, p. 112]), by [26, Proposition 9, p. 113] we conclude that Gk (x) <P, (¢ <o0) <1
forall x € ]R‘j_. L]

As a consequence of Lemma 2.1, we have G(x,y) < oo fora.e. y € R‘i. Another con-
sequence is that, for every compact K C R%, G1g is bounded. Indeed, by the definition
of k, we see that infx k(x) =: cx > 0. Thus

Glg < cx'Gi < cgl. (2.3)

Note that it follows from (2.2) that, for every non-negative Borel f, G, f is lower
semicontinuous, as an increasing limit of lower semicontinuous functions. Since every
A-excessive function is an increasing limit of A-potentials (see [3, II, Proposition (2.6)]),
we conclude that all A-excessive functions of Y are lower semicontinuous. In particular,
forevery y € Ri, G (-, y) is lower semicontinuous. Since G (-, y) is the increasing limit
of G, (-, y) as A — 0, we see that G(-, y) is also lower semicontinuous.

Fix an open set B in R’j_ and x € ]Ri and let f be a non-negative Borel function

on ]Ri. By Hunt’s switching identity [3, VI, Theorem (1.16)],

Ex(G/ (Vo)) = [ BalO0 L)y = [ ByG(. Yoy S0 dy.

+ +

Suppose further that f = 0 on B. Then by the strong Markov property [3, I, Defini-
tion (8.1)],

[, 6eensody =B [ v dt = 116/ ¥,y
R4 B

- / Ey[G(x. Yo )1/ (7) dy,
RY\B

+
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and hence G(x,y) = E, [G(x, Y;,)] forae. y € Rff_ \ B. Since both sides are excessive

d
(and thus excessive for the killed process yRH\B ), equality holds for every y € Ri \ B.
By using Hunt’s switching identity one more time, we arrive at

G(x,y) = Ex[G(Yey,y)] forallx e RY, y e RY\ B.

In particular, if y € ]R‘j_ \ B is fixed, then the above equality says that x — G(x, y) is
regular harmonic in B with respect to Y. By symmetry, y — G(x, y) is regular harmonic
in B as well. By the Harnack inequality (Theorem 1.4), we conclude that G(x, y) < oo
for all y € R \ {x}. This proves the following proposition on the existence of the Green
function.

Proposition 2.2. There exists a symmetric function G : R‘j_ X ]Ri — [0, oo] which is
lower semicontinuous in each variable and finite outside the diagonal such that for every
non-negative Borel f,

Gf) = [ Gl () dy.

+
Moreover, G(x,+) is harmonic with respect to Y in ]R‘j_ \ {x} and regular harmonic with

respectto Y in Ri \ B(x,¢) for any ¢ > 0.

Remark 2.3. We note in passing that all the results established above are valid, with the
same proofs, for the process in any open set D (not necessarily ]Ri), under conditions
(1.3)-(1.6) and (B1)-(B3) from [41]. In particular, in the setup of [41], the process in any
open set D studied there has a symmetric Green function.

For further use, we recall now the formula for the Green function of the process Y
killed upon exiting an open set B C ]Ri. Let f : R? — [0, oo] be a measurable function
vanishing on ]Ri \ B. By the strong Markov property, for x € B,

|, 6wnsoay =Ex [ rs
R4 0
~ E, /0 " F(V)ds + Ee (EYrB /0 £(¥y) ds)
-k (B ds + ElGf (Yey)
0

=B [0 ds+ [ G, 010 dy.

+

By rearranging, we see that
GP(x,y) 1= G(x,y) — Ex[G(Yey, y)] (2.4)

is the Green function of Y 5.
We end this section with the scaling property of the Green function, which will be
used several times in this paper.
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Proposition 2.4. Forall x,y € RY, x # y,

X _
G(x,y) = G(—, L)IX —yle. (2.5)
lx —y| |x =yl

Proof. Letr >0and Y,(r) =rY,—a;. Let (6§, D(€()) be the Dirichlet form of ¥ ) 1t
was shown in the proof of [41, Lemma 5.1] that §) (£, g) = &(f. g) for f. g € Cc"o(Ri).
Since §(Gf, g) = fRi f(x)g(x) dx, we see that Gf is the 0-potential operator of ¥ ¢,
In particular, G™ (x, y) := G(x, y) is the Green function of ¥ ("),

Let (Q;) be the semigroup of ¥ and (Q;r)) the semigroup of ¥ ™). For f : Rff_ —
[0, 00) define ) (x) := f(rx). Then Qﬁr)f(x) = Q,-a; £ (x/r), implying that

Dy = [ 0@ reydi = [ Oy FOG Y dE =1 [ 0L FO (/) d
GO £(x) /0 0% f(x) dt [0 QOrar fOx/r) dt /0 0,17 (x/r)ds
=r*GfIx/r).

Then

L, 66 f0rdy =60 =161 O/ = [ Gs/rn)f O dy

+ +
et [ G/nzngOGndz = [ Gy in f0)dy.
R R4
+ +
This implies that for every x € Ri, G(x,y) =r*4G(x/r,y/r) forae. y.

Note that since (Y;, Py) 4 (Y™, Py,r), the processes ¥ and Y™ have the same
excessive functions. Thus, if f is excessive for Y, it is also excessive for Y ™ and there-

fore Q,—a; £ f(x/r) = Q,r)f(x) 1 f(x)ast — 0. Thus we also have Q, £ f(y) 1
fry) = fO(y) ast — 0, proving that £ is also excessive for Y. In particular, for
every x € R?, y > r®"4G(x/r, y/r) is excessive for Y . Since this function is for a.e. y
equal to the excessive function y +— G(x, y), it follows that they are equal everywhere.
Thus for all x, y € R4 s

G(x,y) =r*"G(x/r.y/r).
By taking » = |x — y| we obtain (2.5). L]

3. Decay of the Green function

The goal of this section is to show that the Green function G (x, y) vanishes at the bound-
ary of Ri. Recall that for a, b > 0 and @ € R91,

Dg(a,b) ={x = (X, xg) eR? : |T— | <a,0<xy4 <b}.

Due to (A4), without loss of generality, we mainly deal with the case 0 = 0. We will write
D(a,b) for Dg(a,b) and, for r > 0, U(r) = Dg(r/2,r/2). Further we write U for U(1).
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In several places below we will need the following upper bound for B (x, y) proved in
[41, Lemma 5.2 (a)]: There exists a constant C > 0 such that for all x, y € ]R‘i satisfying
|x =yl = xa,

B(x.y) < Cxh (logxa P> v 1)(1 + Lyz1 (og |y ) x — y[1. @)
We now recall three key lemmas from [41]. Recall that Y, = (Y1, ..., Y,d).

Lemma 3.1 ([41, Lemma 5.7]). Forallx € U,
w
Ex / (Ytd)ﬁ‘ [log Ytd|’33 dt < xg.
0

In the next two lemmas, we have used the scaling property of Y.

Lemma 3.2 ([41, Lemma 5.10]). There exists C7 € (0, 1) such that for all r > 0 and all
x = (0,x4) € D(r/8,r/8),
IPx(Y

TD(r/4.r/4)

€ D(r/4,r)\ D(r/4,3r/4)) > Cy(xq/1r)?.

Lemma 3.3 ([41, Lemma 6.2]). There exists Cg > 0 such that for all r > 0 and all x in
D(275r,27°r),
IP)JC(Y‘L’U(r) € D(I’, 7‘)) = CS(xd/r)p~
The Lévy system formula (see [31, Theorem 5.3.1] and the arguments in [20, p. 40])

states that for any non-negative Borel function F' on R‘i X Ri vanishing on the diagonal
and any stopping time T,

T
E: Y F(Ys_.Y,) =E, (/ /d F(Ys, y)J(Ys, y) dy ds), xeRL (32
0 ]R+

s<T

Here Y;— = lim;4, Y, denotes the left limit of the process Y at time s > 0. We will use
(3.2) in the following form: Let f : R‘i — [0, 00) be a Borel function, and let V, W be two
Borel subsets of R‘j_ with disjoint closures. If F(x,y) :=1y(x)1lw(y) f(y) and T = ty,
then (3.2) reads

Ex[f(Ye,). Yo, € W =Ex > 1y (Y )lw (Ys) f(Ys)

_E. /0 /R WD) [0)I Vo) dy ds = B, /0 /W FO)I(Ys. y)dy ds
3.3)

:/ GV(x,Z)/ FONJ(z,y)dy dz. (3.4)
14 w

The last line follows from the formula for the Green potential already described in Sec-
tion 2.

The following lemma is an improvement of Lemma 3.3, since Ri is a larger set than
any D(r,r).
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Lemma 3.4. There exists Co > 0 such that for all r > 0 and x € D(27>r,273r) we have
Px(Yry,, € RY) < Coxa/r)". (3.5)

Proof. By scaling, it suffices to prove (3.5) forr = 1. Let U = U(1) and D = D(1,1).
By Lemma 3.3 we only need to show that P, (Y7, € ]Ri \ D) < clelJ for some ¢; > 0.
By using (3.3) (with f = 1) in the second line and (3.1) in the third,

Py(Yy, € R1\ D)

w
=]Ex/ [ J(w,Y,)dwdt
0 RY\D

i 1+1 log |w|)?3
< CzEx/ (r2)Prilog Y2 |3 dt/ jwi>1(log [w]) dw
0 R

d+a+p
G [Tt
Since
1+ 1\w|>l(]0g |w|)ﬂ3
d+a+p; < %0,
RY\D lw]
it follows from Lemma 3.1 that P, (Y, € Ri \D) < C3x5. |

The next result allows us to apply Theorem 1.5 to get Proposition 4.7, which is a key
for us to get sharp two-sided Green function estimates.

Theorem 3.5. For each y € R%, limy, o G(x,y) = 0.

Proof. By translation invariance it suffices to show that lim|x|—o G(x, y) = 0. We fix
y € RY and consider x € RY with |x| < 271%,. Let By = B(y, y4/2) and B, =
B(y, yq/4). For z € By we have z; > y;/2 so that |z — y| < y;/2 < zz. Moreover,
|z—x|>y4/2— x4 > (7/16)y4. Thus, by the regular harmonicity of G(-, y) (see Propo-
sition 2.2),

G(x.y) = Ex[G(Yry,.y): Y1, € Bi \ Bo] + Ex[G(Yr,, . y): Y1, € Bo]
=: 11 + I, (3.6)
where, for any V € R4, Ty :=inf{t > 0: ¥, € V}. By the Harnack inequality and

Lemma 2.1,

o
sup G(z,y) < ! G(z,y)dz < czy—z G(y,z)k(z)dz
2€B)\B, |B1\ B2| JB,\B, yg JB\B,

<0294 Gr(y) < cay979.

In the second inequality we have used the definition of « in (1.4), the fact that z; < y; in
B1\ By, and that | By \ Bz| < y;{. Now we have

C
Iy < sup G(z.y)Pe(Y7, € Bi\ By) < ——Pu(Y7, € By \ By).
z€B1\B> Yy
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Further, it is easy to check that J(w, z) < J(w, y) for all w € ]Rf_ \ B; and z € B,.
Moreover, by Lemma 2.1,

[ G(y.2)dz = cars /B Gy, 2)K(2) dz < e3y2GR(y) < cay%.
2 2

Therefore, by (3.3) (with f = G(:, y)) in the first line,
Tp,
12=1Ex/ / J(Y:,2)G(z,y)dz dt
0 B,

Tp Tp 1
< C4Ex/ ] J(Y:,y)ygdt < C5y§‘]Ex/ ](—[ J(Yt,z)dz) dt
0 0 |B2| /B,

Ce
= WPX(YTBI S Bz)
d

Inserting the estimates for /; and /I, into (3.6) and using Lemma 3.4 we get

c7 c7 cs8
G(x,y) = = Px(Yry, € Ri) < = Px ey, € Ri) = mx;
Ya Ya Ya
which implies the claim. ]

4. Interior estimate of Green functions

4.1. Lower bound

We first use a capacity argument to show that there exists ¢ > 0 such that G(x, y) > ¢ for
allx,y e Ri satisfying |[x — y| = 1 and x4 A y4 > 10. For such x and y, let U = B(x,5),
V = B(x,3) and W, = B(y, 1/2). Recall that, for any W C RY, Ty = inf{t > 0:
Y; € W}. By the Krylov—Safonov type estimate [41, Lemma 3.12], there exists a constant
¢1 > 0 such that

Px(Tw, < tv) = c1—5 =c2 > 0. 4.1

Recall that Y'Y is the process Y killed upon exiting U and GY (-, ) is the Green function
of Y. The Dirichlet form of YV is (&, Fu), where

Wyl
|U

Ew,v):

3 | [ —uonee —vonsedyds + [ uwiear,

ky(x) := /]Rd w J(x,y)dy +k(x), xeU, (4.2)
+

and Fy :={u € ¥ :u=0q.e.on Ri \ U}. Here q.e. means quasi-everywhere, that is,
except on a set of capacity zero with respect to Y. Let u be the capacitary measure of W),
with respect to YU (i.e., with respect to the corresponding Dirichlet form). Then s is
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concentrated on Wy, u(U) = CapYU (Wy) and Py (Tw, < tv) = GY u(x). By (4.1) and
applying Theorem 1.4 (Harnack inequality) to the function G(x, -), we get

2 < Pr(Tw, <) = GYu(x) = / GY(x,z)pu(dz) < / G(x,z)u(dz)
U U
< 3G (x, )(U) = e3G(x, ) Cap”* (W)). (43)

Let X be the isotropic a-stable process in R¢ with the jump kernel j(x, y) :=
|x — y|74%. Foru,v : R¢ — R, let

@)= [ [ e —u)ee) — v = sl dy dx
D(Q) :={u e L*(R?,dx) : Q(u,u) < oo}.

Then (@, D(Q)) is the regular Dirichlet form corresponding to X. Let XU denote the
part of the process X in U. The Dirichlet form of X is (@, Dy (Q)), where

1
V()= 5 fU [U (@) — u() ) — v j(x — ) dy dx

+ / u(x)?kf (x) dx,
U
o= [, le-yhay xev.

and Dy (Q) :={u € D(Q) : u = 0 q.e. on R¢ \ U}. Using calculations similar to those
in [41, p. 13], one can show that ky (x) =< /c[)]( (x) for x € U. Thus, there exists ¢4 > 0
such that & (u,u) < ¢4QY (u, u) for allu € C2°(U) which is a core for both (@, Dy (Q))
and (&, Fy7). This implies that

CapYU (Wy) <ca CapXU (W) <ca CapXU V).

The last term, CapX v (V), the capacity of V with respect to XY, is just a number, say
U

¢s, depending only on the radii of V' and U. Hence, CapY (W)) < c4cs. Inserting this in

(4.3), we get

1

G(x,y) > cacyteites?.

Combining this with the Harnack inequality (Theorem 1.4) and (2.5), we immediately get

Proposition 4.1. For any Cyg > 0, there exists a constant C11 > 0 such that for all
X,y € Rff_ satisfying |x — y| < Cro(xq A ya),

G(x,y) = Cry|x — y|4+.

Proof. We have shown above that there is ¢; > 0 such that G(z,w) > ¢ forallz,w € Rf{_
with |z —w| =1 and z; A wg > 10. By the Harnack inequality (Theorem 1.4), there exists
¢y > 0 such that G(z,w) > ¢, forall z, w € Rfi with |z —w| = 1and zg A wg > Cl_ol.
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Now let x, y € Rff_ satisfy |x — y| < Cio(xg A y4) and set

X(O) = —)C s y(O) = —y .
lx =yl lx =yl

Then |x©@ — y©@] = 1 and xg)) A y[(IO) > Cp! so that G(x©@, y(©) > ¢,. By scaling
(Proposition 2.4),

_ C2
Gx. ) = GOy O =y 2 .

As a corollary of the lower bound above we see that for every x € R,

lim G(x,y) = 4o00.
y—>x

4.2. Upper bound

The purpose of this subsection is to establish the interior upper bound on the Green func-
tion G (Proposition 4.6). By (2.5) and the Harnack inequality (Theorem 1.4), it suffices
to deal with x, y € Rff_ with |[x — y| = 1 and xgy = yg > 10.

We fix now two points x(© and y©@ in RZ such that |x©@ — y©@] =1, xl(io) = yilo)

> 10 and x©@ = 0. Let E = B(x©@,1/4), F = B(y®,1/4) and D = B(x© 4). Let
f =Glg andu = Glp. Since z — G(y©®, z) is harmonic in B(x(?, 1/2) with respect
to Y and f is harmonic in B(y©®, 1/2) with respect to Y, by applying the Harnack
inequality (Theorem 1.4) to f and z — G(y©, z), we get

700 = [ 6692 dz 2 EIGOOx0) and [ 10 dy = clFIF GO
E F
Thus, using the symmetry of G, we obtain

© 0 ¢ ) S 2\ P
Gy0) < 2700 < (i [ 02 ) = S ey, @)
] [EINIF] Jr [Ep2 T E®)
for some constant ¢ > 0. The key is to get uniform estimate on the L2 norm of u = G1p
(see Proposition 4.5). To get the desired uniform estimate, we will use the Hardy inequal-
ity in [6, Corollary 3] and the heat kernel estimates of symmetric jump processes with
large jumps of lower intensity in [2].
By (A3), we have

lx —y|7P17P2 if [x —y| = Tand xg A yg = 1,

>
J)’(x,y)_cl{l if[x—y|<landxg A yg > 1.

(4.5)

Define

r2

G(r) i=r"lcy +r*PHP21 1 and  @(r) 1= ——.
Jo 36y ds
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Let B := (& + B1 + B2) A 2. Then
r¢ lfrfl,
d(r) < { rP ifr >1landa + B1 + B2 # 2,
r?/log(14+r) ifr>1landa+ i+ B2 =2,

which implies that

R\ _®(R) _ (R b
62(7) o0 = 3(r)’ O0<r <R<o0. 4.6)

For a >O,letR¢‘fJr = {x €R+:xd > a}. Define

K(r) rd—« ifr <1, @7)
r) = :
rrd-e=bi=hifr > 1,

Ju) = - 2K(lx — yD dx dy. 4.8
0. ) /M/Rau(u(x) u(»)?K(|x — y|) dx dy 48)

Note that, by (4.5),

K(x —y]) <ead(x.y) <esjx —y), (x,y) e RY, xRY,, (4.9)

for some positive constants ¢4 and c5. Consider the Dirichlet form (Q, D(Q)) on ]Rl 4
where

D(Q) = {u e LARY,) : O(u,u) < oo} (4.10)
Let
(u(x) —u(y))*
O (u,u) —/ / EEFT e dx dy

D(0) = {u € Lz(R 1)1 O, u) < oo},

It follows from [5, Remark 2.1 (1)] (more precisely the first sentence on [5, p. 98]) that
(Q, D(Q)) is a regular Dirichlet form. Moreover, we have

=~ _ (u(x) —u(y))?
Q(u,u) B /]I&‘li+fo+ de dy

w(x) —u()?
Z/Rd e Llst x|+ dx dy

2
u(x) —u

+/ l\x_y|>1—( x) d(i/z) dxdy

RY, xRY |x — yl

< Q(u.u) + 4|lul7

—d—
LZ(R‘II+) sup /d 1|x—y\>1|x_y| Oldx

yeR{, JRIL
< Q0n) + 4 sy [ Bt 0z = Q)+ ol gy

This implies that the Dirichlet form (Q, D (Q)) is also regular on LZ(]R{H, X).
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Let X = (X,(I)),Zo be the symmetric Hunt process associated with (Q, D(Q))
and denote by pW(z, x, y) the transition density of X () Then [2, Theorem 4.6] says that
there exists ¢7 > 0 such that

1 t

“1nd d
1) |x = y|*@(lx — y[)
and [2, Theorem 2.19 (i)] says that there exists cg > 0 such that

p(l)(t,x,y)fﬁ( ), t >0, x,yeRer, 4.11)

PV, x,y) > t>0, x,y eRf+ with |x — y| < @ 1(r). (4.12)

Cg
@—I(I)d ’
Recall that we have assumed d > ,3_ . By u_sing (4.6), (4.11) and (4.12), we can compute
(see [6, p. 241]) that for every y € (0,(d/B — 1) A 2),

O(x — yr*!

o0

h(x,y):= / " pW(t, x,y)dt < T X.VE ]R‘li+,
0 lx =yl

_ 0o ®(x — v

h(x,y) :=/ ﬂ—lp‘”(t,x,y)dtx—f'x y|t'i) . x,yeR{,.
0 X—y

This is the only place where the assumption d > B is used. Set x* = (6, 1) and let
h(x,x*) _ 1

h(x,x*) ~ @(lx —x*|)’

It follows from the Hardy inequality in [6, Theorem 2 and Corollary 3] that there exists
c9 > 0 such that

0, u) > co /

q(x) =

dx
2 2 md

u(x)* ——— forallu € L=(RY,). 4.13
R Ty ®{y. @13
This estimate can be improved to obtain the following result.

Proposition 4.2. There exists a constant C15 > 0 such that for all u € D(Q) and all
zq = (0,a) witha > 0,

d
O@u,u) > Ci2 /1;4 u(x + z4)> <I>(|x—fx*|)
i+

Proof. Letz, = (6 a),a > 0. Then
/ / (Cx + 2a) —u(y + za)*K(1x — y]) dx dy
R{, JR{,

- /d /d (u(x) —u(y)’K(lx — y)dxdy < Q(u,u) < .
R R

(+a)+ (I+a)+
Thus, u(- + z,) € D(Q) by (4.10) and
4zt 4z = [ [ etz - a0 + )K= s dxdy
Ri; /Rt

< 0O(u,u).

Since clearly u(- + z4) € L2(R%,), the claim follows from (4.13). n
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We have shown in Lemma 2.1 that (&, ¥) is transient. Let (&, %) be its extended
Dirichlet space.

Lemma 4.3. There exists Cy3 > 0 such that for any h € ¥, and any z, = (6, a) with

a >0,

/ |h(x + Za)|2
R

d Ci138(h, h).
o(x —x*|) x < Ci3€(h, h)

d
1+
Proof. Let h € ¥,. There exists an approximating sequence (g)n>1 in ¥ such that

€(h,h) = limp_00 €(gn. gn) and h = lim, oo g» a.e. Since g, € L?>(R%, dx), we have
gnlgy, € L2(RY, dx). Further, by (4.9),

Q(gancll+vgn1]Rcli+) < c16(gn, 8gn) < 00,

so that gnl]RtlzJr € D(Q) by (4.10).
Now, using Proposition 4.2 and the above inequality, we have

dx
-1 2
€(gn. gn) = ¢; Q(ganr]iJr,ganﬁ) > /R‘lﬁr gn(x + z4) S(x—x*])

for some constant ¢, > 0. By Fatou’s lemma,

d
E(h,h) = lim &(gn,gn) =2 liminf g, (x + z4)? @
n—>00 R(II“F n—00 O(|x —x*|)

dx
=c h(x + z4)? ———.
Z/R@( B )

By [31, Theorem 1.5.4], for any non-negative Borel function f satisfying the condi-
tion fRi f(x)Gf(x)dx <oo,wehave Gf € ¥, and 6(Gf,Gf) = fRi f(x)Gf(x)dx.
Thus Lemma 4.3 yields

Corollary 4.4. There exists C14 > 0 such that for every non-negative Borel function f
satisfying fRi f(x)Gf(x)dx < oo andevery z;, = (0,a) witha > 0,

/ Gf(x + za)?
R

q)(|x — X*l) dx < C14 Ai f(x)Gf(x) dx.

d
1+

Proposition 4.5. There exists C15 > 0 such that for every x© ¢ Ri with xz(io) > 6,

f (GIB(x(O)A)()C))z dx < Cis.
B(x<0),4)

Proof. Without loss of generality we assume that x© = (6 xg))). Set B = B(x© 4)
and let u = G1p. We first note that, by (2.3), G1p < cgl, and therefore |ul| 2(p) < oo.



Sharp two-sided Green function estimates for Dirichlet forms degenerate at the boundary 2271

Letz = (6, xfio) — 6) and B = B((6, 6).4) C R§+. By using the change of variables
w = x — z and the fact that ®(Jw — x*|) =< 1 for w € B in the first line, and then Corol-
lary 4.4 and the Cauchy inequality in the third line below, we have

dw
lulZ> 5 =/§|u(w+z)|2dw Sﬁ/ﬁlu(w‘i‘zﬂzm
<c/ |u(w+z)|2d—w—c/ |G1 (w+z)|2d—w
=" Jre, o(w—x*)  Jrg, " @ (|w — x*|)

< [ 180G 1) dx < cal BVl
R
+

Since [|u|l12¢p) < 00, it follows that [u||;2(p) < 2| B|"/2. This completes the proof. m

Coming back to (4.4), by Proposition 4.5, we see that the right-hand side is bounded
above by a constant, and therefore G (x ) y(o)) <ec.

Proposition 4.6. There exists a constant Ci¢ > 0 such that for all x, y € Ri satisfying

|x — y| < 8(xa A ya),
G(x,y) < Ciglx — y|70T@.

Proof. This is analogous to the proof of Proposition 4.1. We omit the details. ]

Using Theorem 3.5, we can combine Proposition 4.6 with Theorem 1.5 to get the
following result, which is key for us to get sharp two-sided Green functions estimates.

Proposition 4.7. There exists a constant C17 > 0 such that for all x, y € RY,
G(x,y) < Cizlx — y|74*. (4.14)

Proof. By Proposition 4.6, there exists ¢; > 0 such that G(x,y) <c¢; forall x,y € R‘j_
with |[x —y| =1land xg A yg > 1/8.

Suppose that x, y € ]Ri with [x — y| =1 and x4 < y; and x; < 1/8 < yg4. Since
z+> G(z,y) is harmonic in B((X,0), 1/4) with respect to Y and vanishes on the boundary
of ]Ri by Theorem 3.5, we can use Theorem 1.5 to find that there exists ¢, > 0 such that

G(x,y) < c2G(x + (0,1/8), y) < cacy. (4.15)

Suppose that x, y € Ri with |[x — y| = 1 and x4 < y4 and y; < 1/8. Then, since z >
G(z, y) is harmonic in B((X,0), 1/4) with respect to Y and vanishes on the boundary
of Ri, by (4.15) and Theorem 1.5 we see that G(x, y) < c2G(x + (0,1/8),y) < c3cy.
Thus for all x, y € Ri with |x — y| = 1, we have G(x, y) < C. Therefore, by (2.5),

G(x.y) < Clx—y[™*®, xyeRL. .

5. Preliminary Green function estimates

The results of this section are valid for all p € (¢ — 1)+, o + B1).
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5.1. Lower bound

The goal of this subsection is to prove the following result, which is used later to prove
the sharp lower bound of the Green function for p € ((¢ — 1)+, + %[,81 + (B1 A B2)))-

Theorem 5.1. Suppose p € (¢ — 1)1, + B1). Forany ¢ € (0, 1/4), there exists a con-
stant C1g > 0 such that for allw € 9RZ, R > 0 and x, y € B(w, (1 —&)R) NR<,

)4 D
1
GB(w,R)ﬂ]Ri (x,y) > Clg(x—d A 1) ( Yd A l) e
ol = ) oy

The theorem will be proved through three lemmas. For any a > 0, let B;” := B(0, )
N Ri. Recall that Rfer ={x e Ri 1 Xg > aj.
Lemma 5.2. Forany e € (0,1) and M > 1, there exists a constant C19 > 0 such that for
all y,z € BlJr_e with |y —z| < M(yq A zq),

+
GP (y,2) = Croly — 2[4,

Proof. By using (2.4) in the first equality below, it follows from Propositions 4.7 and 4.1
that there exists ¢; > 1 such that forall y,z € Bf'_s with |y —z| < M(yg A zg),

GBlJr(y,Z) =G(y,2) _Ey[G(YrB+»Z)] > c;1|y — Z|*d+0t — 6187d+a.
1

Now, choose § = (20%)_ﬁ.Then forall y,z € Bl+_“3 with |y —z| < (8e) AM(yg A zg),

+ _ — _ —
GPl(y.2) = ey =27 — e (57 |y — 27 e
= (e —edy =27 = @ep Ty 27T 5D
Assume that y,z € BlJr_e with |y — z| < M(y4 A z4) are such that also |y — z| < {e.
Then clearly |y — z| < (§e) A M(yq A zgq), and (5.1) proves the lemma.

Now, we assume that y, z € B1+_8 with |y —z| < M(yg A zgq), but |y — z| > §e; see
Figure 1. Since yg A zg > 8¢/ M, we have

y.2 € B NRE, 4 (5.2)

Fig. 1
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Therefore we can choose a point w € B(y, 8¢/ M) such that |y — w| = §¢/(2M) and
w € B+ N R?BB/M)+ Since M(yg A wg) > §e > |y — w|, we can use (5.1) for the
points y and w to conclude that

GB (y.w) = 2er) My — w| ™4 = (2e1) 7' (8e/ M) =i 5.

Since GBI (y, ) is harmonic in B(w, §¢/(4M)) U B(z, 5¢/(4M)) by (5.2), we can use
Theorem 1.4 (b) and the fact that |y — z| < & to get

h +
P (5.2) 2 567 (v, w) = 4 = esly — 24 .

Lemma 5.3. Suppose p € (¢ — 1)y, + By). For every ¢ € (0,1/4) and M, N > 1,
there exists a constant Cog > 0 such that for all x, z € B1 _p With xq < zg satisfying
xq/N <|x—z| =< Mzg,

+ _ _
GBI (x,z2) > Caoxl|x —z| d+a—p,

Proof. Without loss of generality, we assume M > 4 /e If [x —z| < Mzg and |x — z| >

20M x4, letr = Ifojé‘ < 511” 55+ Since X > GBI (x, z) is regular harmonic in Dz (r,r),

and Dx(r,4r) \ Dx(r,3r) C B by Lemmas 5.2 and 3.2 we have

1—¢/4°

+
GBT (x.2) 2 E4[GBV (Yep_,.)2)  Yep_,,, € Dx(r.4r) \ Dx(r.3r)]
> cplx — Zl_d+an(Y-[

petrr) € D5(r,4r) \ Dz(r,3r)) > 62x5|x — z|_d+°‘_p,

since, for y € Dz(r,4r) \ Dz(r,3r), |y —z| < |x —z] + |x — y| < 5CM + D)r <
22M 4+ D) (yg A zq).

If|lx—z| <Mzgand x4 /N < |x —z| < 20M x4, we simply use Lemma 5.2 (since
|x —z| < 12M(xg A zg)) to get

+
GBU (x.2) = calx — 2|7 = eaN TP |x — |74 HeP, .

Lemma 5.4. Suppose p € (¢ — 1)y, + B1). For every ¢ € (0,1/4) and M > 40/¢,
there exists a constant Co > 0 such that for all x,z € B} _ with xq < z4 satisfying
|x —z| = Mz,

1—¢
+ _ _
GE (x,z) > C21x525|x—z| d+ta—2p

Proof. Letr = M < % < 1p- Since x > GBI (x, z) is regular harmonic in Dz(r, r),
and Dx(r,4r) \ D 7(r,3r) C 1+ e by Lemmas 5.3 and 3.2 we have
GBl—’_(x,Z) ZEx[GB#_(YrD (rr)vz)

> c1 28 |x — z| TP (Y,

ey € Dx(r,4r) \ Dx(r,3r)]

D (r.r) GD (}’ 4r)\D (r 3r))>c2xdzd|x_zl—d+ot—2p

since, for y € Dx(r,4r) \ Dx(r.3r), |y —z| = |x —z| + |x = y| = (M/2 + 5)r =
(M/2+5)ygand |y —z| > |x —z| — |x — y| = 75r = 150z,4. [

Combining the above result with scaling, we get the result of Theorem 5.1.
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5.2. Upper bound

The goal of this subsection is to get the following preliminary upper bound on the Green
function.

Lemma 5.5. Suppose p € (¢ — 1), + B1). There exists Cap > 0 such that

A ’ 1

G(x,y) = sz(Xd Yd 1) ——., X,y € RZ. (5.3)
|x =yl lx —yle—

Proof. Suppose x,y € R4 satisfy X = 0,x; <2 %and |x — y| = 1. Let r = 278, For

zeU(r)andw € ]Ri \ D(r,r), we have |w — z| < |w|. Thus, by using (3.1) and Propo-

sition 4.7,

/Rd D G(w, y)B(z, w)|z —w| 4 dw
+ r,r

G(w,y)

RI\D(r,r) [w]dTeth

1+1 log |w|)B3
< szﬁ' |logzd|’33 lwiz1(log |w]) .
4 RE\D(r,r) |lw — y|d—|w|d+eth

< 1z (logza P v 1) (1 + Ljyj=1 (log[w])??) dw

(5.4)

Hence, by using (3.4) and (3.1) in the second line, and Lemma 3.1 in the third,

EX [G(Y‘L'U(r) ’ y)9 Y‘L'U(r) ¢ D(V, r)]

oo 1+ 1121 (1 B
=< C3Ex/ (Ytd)ﬂl |1Og(Ytd)|ﬂ3 dt/ + \wa|721( Ogd|H)|) dw
0 RI\D(r) [w — y|d=|w|dteth

<c xp/ 1+ 1|w|31(10g|w|)ﬂ3
=cy .
¢ JRe\D@r) (W — y|d=e w|dFeth

Let

/ 1+ Y|z 1 (logw])Ps =/ +/
RL\D(rr) | — |47 w|dHeth RENBG.r)  JRINDENUBG.)

T+ 11 (5.5)

It is easy to see

1 + 1|51 (log |w|)P3

1< r_d+°‘/ dw < oo, (5.6)
RI\DrrUBGry  |wldteth
1
I <cs —————— dw < oo (5.7)
RLNB(y.r) |w— y[47

Thus,
Ex[G(Yeyqys ¥): Yoy & D(r.r)] < cox?. (5.8)
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Let xp := (6, r). By Theorem 1.5, Proposition 4.7 and Lemma 3.3, we have

IEX[G(YIU(”, ¥); Yiyo € D(r,r)] < c7G(x0, y)Px (Y7 e D(r,r)) < ngg. 5.9

Ur)
Combining (5.8) and (5.9), we see that for x, y € Rf{_ satisfying xg < 279 and [x —y| =1,
G(x,y)=Ex[G(Yry()» ¥)s Yoy & D0+ Ex[G(Yey(,) ¥): Yoy, € D(r,1)] < 69x5.

Combining this with Proposition 4.7, (2.5) and symmetry, we immediately get the desired
conclusion. ]

6. Proof of Theorem 1.1

We begin this section by introducing an auxiliary function that will be needed later. For
y € R and B8 > 0, we define a function on (0, 1] by

B
F(x;y,B8) := /lhy(log%) dh.

Note that F(-; y, B) is a decreasing function on (0, 1] and that, when y > —1, F(0+;y, )
is finite. It is obvious that

_1 1 — x¥t1 , -1,
F(x:y,0) = {y+1( X ) y?’é

—log x, y =—1
and
! 2\ 148
F(x;—-1, = —||log — — (log2 . 6.1
(x B) 1+ﬂ((0gx) (log2) ) (6.1)
Note also that for any b € (0, 1), on (0, ], when y > —1,
2 B
F(O:%ﬂ)—F(x;y,ﬂ)xxy“(log—) , (6.2)
X
and when y < —1,
2 B
F(x;y,ﬂ)xxy“(log—) : (6.3)
X

with comparison constants depending on f > 0 and y < —1.

We first present a technical lemma inspired by [1, Lemma 3.3]. This lemma will be
used several times in this section. For x = (0, x4) € Rff_ and y,¢, 6 e R, R>0,>0
and y € Ri with y; € (0, R), we define

S:v.B.9.8.x)

2R\\* Jx — y| ’
=y x — y| 4t o[ 1 + == log( 1
Yalx =7l (Og( * yd)) (og( - (xg Vya) Alx =yl
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and

g(y;B.9,8,x)

¢ 2R\\? - 5
::( d /\1) |x—y|_d+°‘(log(1+—)) (log(l+ =] )) .
lx =yl Yd (xa vV ya) Nx =yl

Note that for 0 < y; < R we have log(1 + 2R/y;) < 1og(2R/yg4). In almost all our
applications of Lemma 6.1 and Corollary 6.3 below, the parameter § will be 0. The only
exception is Proposition 6.10 where we will have § equal to 0, 84 or B4 + 1.

Lemma 6.1. Let R € (0,00) and x = (6, xg)withxg <2R/3. Fix0 <a; <x4/2and
3x4/2 < az < ay < R. We have the following comparison relations, with comparison
constants independent of R, a1, a»,as and x4 € (0,2R/3):

@) If y >—landq > o — 1, then

a—q—1_y+1 2R P
I .= Siv.B.q.8,x)dy < x, ay log— ] .
D(R,a,
(i) If ¢ > a — 1, then

I = / Sy, B.4.8, %) dy
D(R,az)\D(R,a3)

= Ry+°‘_q(F(%3;y+oe—q—l,,3)—F(%;Vﬁ-a—q—l,ﬁ))-

(i) If ¢ > o — 1, then

of . 2R\?
I; = g(y;B.q,8,x)dy < xj|log— ] .
D(R,3x4/2)\D(R.x;/2) Xd

Proof. (i) In D(R,ay), yq < xg4. Without loss of generality, we replace log(1 +2R/yg4)
with log(2R/y4). Thus, using the change of variables y; = xgh and r = x4 in the third
line below, we get

I v/er‘Z/al Vi (long)ﬂ
1 ~ -
0 o ((xg—yaq)+r)yd-eta Yd

_ )
X (log(l + M)) dyg dr

Xd
R
_ aaty / /xa (a2 /al/xd hY
¢ 0 0 [(1 —h) + s]4-e+d

2R B
x (log }{xd) (log(2 — h + 5))* dh ds.

which, using 1 — /& < 1 (because 0 < a; < x4/2), is comparable to

R/xg d—2 1 ) $ ay/xq 2R B
xs_qﬂ'/ s (g2 +5)) ds / hY | log /Xa dh).
0 (1 4 s)d—ata 0 h
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Note that, since ¢ > o — 1,

/3/2 M ds < /R/x" (log(2 + 5))° ds < /°° (log(2 + 5))?
1 -/ =) Tera

ds < o0.
§2—a+q s2—a+q s2—a+q

Therefore, using this inequality and (6.2), after a change of variables we get

B 1 d—2 1 2 § R/xy4 1 ) 8
= Ly g R
0 1

(1 + S)d—oz+q §2—a+q

X (%)erl (F(O; v:B) — F(%; y,ﬁ))

B
—g— 2R
xxs 4 1ai’“(log —) .
ai

(i) In D(R,a3) \ D(R,as), y4 > xg4. Thus, using the change of variables y; = xzh
and r = x4s in the third line below, we get

/R Fd—2 /(12 yclil (log %)ﬂ
0 a3 ((ya —xq) +r)d—ota Vd

8
X (log(l + M)) dyg dr
Yd

= x¥ 9ty /aZ/xd /R/x“' s4-2py (log 2R/xd)ﬁ
a az/xq JO [((h=1)+ s]d—a‘f‘q h
h—1 5
x (log(l + Tﬂ)) ds dh,
which, by the change of variables s = (h — 1)t, is equal to
xeaty /“2/"" /m%d hY 142 (log 2R/xd)6
I az/xq JO (h— 1)1—a+q(1 + t)d—ot+q h

§
x (log(l + (h_l)h&)) didh.  (64)

I

X

Note that since 3x4/2 < a3z < hxg < a; < R we have

> > 1 / <h< /
. as/ X a XJ.
(h—1Dxqg ~ ar —xq — 3/d 2/d

Thus, using ¢ > « — 1, we find that for az/xg < h < az/xy4,

/1 (log(2 +_z))3 gt < /m-’f)d (log(2 +_z))5
12 (1 4+1)272ta 1/2 (1 +1)2-ota
5 /°° (log(2 + 1))®

— — ~_dt < 0.
12 (1 +1)2ota
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Therefore, using (A — 1)/ h < 1 and the display above, (6.4) is comparable to

az/xq 2R/x B ﬁ (-2
x(x—lﬁ-)f / hy+oc—q—1 lo d) / " oe( 4t Sdt b
d a3/xd g h 0 (1 + t)d—a_;,_q ( g( ))

B
_ x;‘—q“‘y /-az/Xd py+a—g-1 (log 2R/xd)
a h

3/xa

R

1/2 R 8
x(/ td_zdt—i—/(h l)dwdt)dh
0 1

/2 (1 + t)2—a+q
/ B
- ngqﬂ/ /az xd pyte—q-1 (log 2R/xd) dh
a h

3/%q

= RV+°‘_‘1(F(%3;)/~|—a—q—l,,3)—F(%;V-I-Ol—q—l,ﬂ))-

(iii) Let B(x) = {(¥,ya) : |¥] < xa/2,|ya — xa| < xa/2}. Note that

I3 =f g(y;B.q.8,x)dy
B(x)

+/ g(y:B.q.8,x)dy
(D(R,3x4/2)\D(R,x4/2))\B(x)
=:I31 + I3.

Note that in both /37 and I3, we have log(2R/y4) =< 1og(2R/x4) (since yg < xg4), and
therefore this term comes out of the integral. When y € B(x), x4 < yg > |x — y| so that

(log(1 + %))8 = 1. Therefore

2R\* _ 2R\*
I3 < (log —) / |x — y|74 %y < xg (log —) .
Xd B(x) Xd

In (D(R,3x4/2)\ D(R,x4/2))\ B(x), we have y; < x4 and x4y <2|x — y|. Thus,
using the change of variables y; = rt + X4 in the last line below, we get

o 2R\*
132 = Xd log —
Xd
d =1\’
x/ lx—y|~ +“‘_q(log(l+—)) dy
(D(R,3x4/2)\D(R,xq/2))\B(x) Xd
= x7| 1o 2R\
= x| log >
R 3x4/2 _ 8
x[ rd_Z/ (|xd—yd|+r)_d+°‘_q (log(l+w)) dyg dr
xq/2 Xq/2 X4

2R\P (R £ ESIANN
=xg(log—) [ r“_q_l/ (|t|+1)_d+"‘_q(log(1+w)) dtdr,
Xd xq/2 —d Xd

2r
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which, by the change of variables r = x5, is comparable to

2R B R/xg4 1/s 1 1 ¢ 1 §
x5 | log — §47471 (log( —|—s(_+ ) dt ds. (6.5)
X4 12 0 (t + 1)d—ata

Note that, since ¢ > o — 1,

/l/s (log (1 + s(t + 1)))?
0 (t + 1)d—o+a

1/s d
dt = (log(1 + 5))° / !

o (14 1)deta
_ (log(1 + s))°
s b

>1/2,

and

/3/2 (log(1 +5))° /R/Xd (log(1 +5))° /°° (log(1 +5))°
1 N N

/2 §d+2—a /2 sqt+2—a /2 gqdt+2—a
Therefore, by the above inequalities, (6.5) is comparable to
2R\P [ RI%a (log(1 + 5))® 2R\*
Xy (log —) / wa’s = Xy (log —) . (]
Xgq 1/2 sat2-a Xgq

Remark 6.2. Note that it follows from the proof of Lemma 6.1 (i) that /; = oo for
y <-—L

ds < oo.

Corollary 6.3. Let R >0, g >a—1,6 e R, y>—1,8>0,and x = (0, Xq).

(i) We have the following comparison result, with the comparison constant independent

of Rand xg € (0, R/2):

Xq 1
/ A1) F(y:iy.B.0.8.x)dy
D(R,R) \|Xx — )]

R“+V—qxg,ﬁ fa—1l<qg<a+y,
1,
= 1 x4 (log 28) ifg=a+y,

B .
loga) ifqg>a+y.
(ii) Leta € (0, Rl and @ — 1 < g < a + y. Then there is a constant Cp3 independent of
R, a and x4 € (0, R/2) such that

B

q 2R
/ ( d /\1) f(y:y.B.0.8,x)dy ECzsxga"‘*”_q(log—) . (6.6)
D(Ra) \ X — V| a

Proof. (i) Setay = x4/2,a, = R and a3 = 3x4/2 in Lemma 6.1. In D(R, x4/2) and
D(R,R)\ D(R,3x4/2), we have xg < c|x — y|. Therefore,

Xd 4
AL f(yiy. B.0,8,x)dy
D(R,xy/2) \IX — |

q iy (. 2R\F
xxd f(y,%ﬂ,q,&x)dyxxd ]Og— .
D(R.x4/2) Xd
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Using 3x4/2 < 3R /4 (so that 3x4 /2R < 3/4), (6.1) and (6.3), we get

Xd 4
AL f(yiy.B,0,8,x)dy
D(R,R\D(R,3x5/2) \|X — Y|

o +4
= X,

/ f(iv.B.q.8,x)dy
D(R,R\D(R,3x,4/2)

3xg4
= xIRyte—a : —qg—1,
Xy, (ZR y+oa—gq /3)

x§RY*Y—a ifa—1l<qg<a-+y,
= xd(log ) ifg=a+y,
log )ﬂ ifg>a+y.

In D(R,3x4/2)\ D(R,x4/2) we have yg < xg4, s0o

/ (=
D(R3xq/2\D(R,xz/2) \|X — Y|

2R\? 2R\?
< Xy (log —) / g(y:q,8,x)dy =< xzﬂ’(log —) .
*d D(R.3xq/2)\D(R.xq/2) Xd

By adding up these three displays we get the claim.

(i) If a < x4/2, then by Lemma 6.1 (i) (with @a; = a) and the assumption ¢ — g — 1
< 0, we find that the integral in (6.6) is less than cxJ (xg_q_lay+1(log(2R/a))ﬂ) <
xga"‘“’_q (log(2R/a))B. If x4/2 < a < 3x4/2, we split the integral into two parts —
over D(R, x4/2) and D(R,a) \ D(R, xgz/2). The first one is by Lemma 6.1 (i) compa-
rable with x9x577" (log(4R /x4))P = x%a%T7~4(log(2R /a))?, while the second one
is by Lemma 6.1 (iii) smaller than xl};xg (log(2R/x4))? = x3x3+y_q (log(2R/x4))? =
xga‘”'y—q (log(2R /a))® . Finally, if a € (3x4/2, R], then by using Lemma 6.1 (ii) (with
a, = a, az = 3x4/2) and the assumption ¢ < o + y we deduce that the integral over
D(R,a)\ D(R,3x,4/2) is bounded by above by cxga"”ry_q (log(2R /a))®. L]

q
A 1) F(y:7.8.0.6.x) dy

6.1. Green function upper bound for p € (¢ — )4, + 5 [ﬁl + (B1 A B2)])

In this subsection we deal with the case
pe((@—Dy.a+27"[B1+ (B1 AB2))). 6.7
If B, > 0, then there exists 0 < 52 < B2 such that

pe((@— i a+27B1 + (B1 A B2))). (6.8)

Further, if 84 > 0, there is ¢ > 0 such that for all s € (0, 1),

sP2(log(1 + 8/5))P* < csP2. 6.9)
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Let
0 if B3 =0,
o = .
27 Ya+ p1—p) ifB3>0.
Note that
[log(1 + s)]ﬁ3 <cs%, s> 1. (6.10)

Recall Dg(a,b) = {x = (X, xq) e R¢ : | — W] <a,0 < xg < b}.

Lemma 6.4. Suppose that (6.7) holds. There exists Co4 > 0 such that for all x,y € R‘j_
with X —y| >3and 0 < x4, yq < 1/4,

[ [ ( X4 /\l)p( Ya /\l)p(war/\Zd)ﬂl(wd\/Zar)‘g2
Dx(1,1) Iy, \ |w — x| |z =yl |x —wl|d=¢|y — z]d-«

B3 B4
\Y, 8
x (log(l n M)) (log(l n —)) dzdw < CogxPy?.  (6.11)

Wg N Zg

Proof. Define El = B1 — &0, 32 = Ez + &¢. Note that by the definition of g9, p < o + ,31.
Note also that by (6.9) we can estimate (wg V z4)P2(log(1 + 8/(wq V z4)))P+ by a con-
stant times (wg V Zd)ﬁz. By (6.10) and Tonelli’s theorem, the left-hand side of (6.11) is
less than or equal to

p p A ﬁAl V4 EZ
c1 [ [ ( d A 1) ( Yd A l) (wa Zd;_ (wa de_) dzdw
px(1,1) Dy, \ |w — x| 1z =yl |x —wl4=*|y —z|*~

“ / / )
( {z,w)eDx(1,1)xD5(1,1): zg<wg} {(z,w)eDx(1,1)xDy(1,1): zg>wg}
p p Bi B2
X wg N Z wg VzZ
( d A 1) ( Yd A 1) ( d d) ( d d)

lw — x| |z =yl v —w|d=e|y —z|d~e

p u)g2 P zﬁldz
=01/ ( Xd /\l) d__ (/ ( iz /\1) d d_)dw
Dz, \ |w—x| |x —w[?=* \Jps,wa) \ 12 — ¥l ly —z]¢7

D Zﬁz X p wﬂldw
o (Y ()
pya,n\1z—Y| ly—z147* \Upz1,z9) \ [w — x| |x —w|4e

By symmetry, we only need to bound the last term above.
Since B1 + @ > p > o — 1, we can apply Corollary 6.3 (ii) (with R = 1, a = zg,
q=p,y=PBrand B =8 =0) to get

dz dw

B2

oz » wEldw
/ ( ya Al) < (/ ( Xd /\1) a )dz
pya,n\lz =yl ly —z|%7* \Upz(1,z0) \ W — x| lx —w|¢¢

Ba+a+Bi—p
< C4x5/ ( Yd__ 1)pzd —dz.
py,n\ 1z =yl ly —z]4=
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By (6.7) we have
(Bo+a+p1—p)+a>p.

Thus, we can apply Corollary 6.3 (ii) again (with R =1,a =1,qg = p,y = ,52 + o+
B1 — p and B = § = 0) and conclude that

P P p wEldw
[ ( ya Al) _ (/ ( Xd Al) a )dz
pya,n\lz =yl ly =217 \Upz(1.z) \ |w — x| |x — w4~

p.D
<csxyyy. ®

Lemma 6.5. Suppose (6.7) holds. There exists Ca5 > 0 such that for all x,y € ]Ri with
X =¥ >4and0 < x4,yq < 1/4,

G(x,y) < C25X5J’5~

Proof. Assume x = (6, xq) with0 <xg <1/4,andlet D = D(1,1)and V = D35(1,1).
By Lemma 5.5,

p
G(w,y)fcl( /\1) <oyl weR\ V.

Yd
lw —yl
Thus by Lemma 3.4,

Ex[G(Yep,¥); Yop € V] < c3y5]PX(Y‘L’D € Ri) = C4Y5x5‘
On the other hand, since 2 < |z — w| < 8 for (w, z) € D x V, it follows that
log(1 + (wdv‘z;wl) <log(l + —%—), and thus

Zg)A|z—w]| wgVzg

B3 Ba

\ 8

J(w, z) < cs5(wy /\zd)ﬂl(wd VZd)ﬂz (log(l—kw)) (log(l+ ))
Wg NZg WgVZg

for (w, z) € D x V. By using the Lévy system formula (3.4) (with f = G(-, y)) in the
first equality, and (5.3) in the third line, we conclude that

Ex[G(Yz,,y): Ye, € V]

=/ GD(x,w)/ J(w,z)G(z,y)dzdwf/ G(x,w)/ J(w,z)G(z,y)dz dw
D v D v

Xd » 1
SCg — Al —d
p\|w—x| X —w]e=®

B3
X / (wg A zd)ﬁl(wd \Y zd)/32 (log(l + wd—vzd))
14

Wg NZq

8 Ba 14 d
x(log oy — Y4 g ‘ dw,
Wy V zg |z — I ly —z|9—

which is less than or equal to ¢ex” y# by Lemma 6.4. Therefore

G(x,y) =Ex[G(Yep.y): Yop € VI+Ex[G(Yep.,y): Yo, € VI<coxfyl. m
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6.2. Green function estimates for p € [« + w,a + B1)

In this subsection we deal with the case

a+m;ﬂ25p<a+m. (6.12)
Note that (6.12) implies 8, < B; and

a+ B2 <p, (6.13)

20 —2p+ 1+ p2 <0. (6.14)

Recall that B ; := B(0,a) N R4 , a > 0. The lower bound in the following theorem
sharpens the lower bound in Lemma 5.4 under the assumption (6.12).

Theorem 6.6. Suppose (6.12) holds. For every ¢ € (0,1/4), there exists a constant C26>0
such that for allw € 9RZ, R > 0and x, y € B(w, (1 —&)R) NRY,

P
GB(w,R)ﬂR‘_{_(x’y) . C26d— (xd A Yd 1)
lx —y[47 \ [x — y|
2a—p+B1+B — B .
(e A1 0g(1 4 Bl ) s BB < cui
D — Ba+1 . +
= R T

Proof. By scaling, translation and symmetry, without loss of generality, we assume that
w =0, R=1and x; < y;. Moreover, by Theorem 5.1, we only need to show that
there exists a constant ¢; > 0 such that for all x, y € B with Xq < yq satisfying

1—¢
|x —y| > (40/8)ya,

YT (log(1x — y1/ya))Pe
GBl+(x 0> clx5 if20 —2p+ B1 + B2 <O,
T x — yldtetBitb | yPog(|x — y|/ya))Ptt
if2a —2p 4 B1 + B> = 0.

(6.15)

We assume that x, y € Bl+_8 with x; < yg4 satisfying |x — y| > (40/¢)y4. By the Harnack
inequality (Theorem 1.4), we can further assume that 4x; < y;. Let M = 40/¢ and
r=4|x —y|/M.

By the Lévy system formula (3.4) (with f = G& i’ (-, )) and regular harmonicity of
w > GB (w, y) on Dz(2r,2r),

+ +
GPl (x,y) 2 Ex[GP (Yep_py,): ¥): Yo € Dy(r,1)]

Dx(2.2)

+
=/ GPxCr2r) (x y) Jw,z2)GB" (z,y)dzdw
Dx(2r,2r) D5 (r,r)

v

_/ GD¥Cran () J(w,z)GBFL(Z, y)ydzdw
Dx(r.r) Dbytr.

A%

/ GB((E’O)’”)nRi(x,w) J(w,z)GBlJr(z,y) dzdw. (6.16)
Dx(r,r) Dy (r,r)
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Since Dx(r,r) C B((X,0),v/2r) N Ri and D5 (r,r) C B1+_6/4, by Theorem 5.1 we
have

= d
GB((x,O),zr)ﬁR+ (x’ w)

Xd p wq p 1
>y Al Al , we Dz(rr), (6.17)
lw — x| lw— x| |x —wld-e

and

y4 p 1
GBl+(z,y)ZC3( Jd /\1) ( Zd /\1) I — z € Dy(r,r).  (6.18)
|z =yl |z =yl ly —z|e™

Moreover, since (wg V zg) < |z — w| =< r for (w, z) € Dz(r,r) x D5(r,r), we have

B B2
A v
J(w,z)EC4|w—z|_d_"‘(u/\l) (u/\l)

|lw — z| |lw — z|

x |1 1+ w—~| a
(0]
¢ (wa Vv zg) A |lw — z|

(wa A zg)P (wg v zg)P> i 2r
rd+a+pi+p2 0

Ba
> s ) . (w,z) € Dz(r,r) X D5(r,r).

(6.19)

Wq V Zg
Using (6.17)—(6.19), we obtain

% +
/ GB((X’O)’ZrmRi(x,w) J(w,2)GBV (z,y)dz dw
Dx(r,r) Dy(r,r)

> < / d Al ’ Wd Al ’ !
= pd¥atBid Jp o \Jw — x| w— x| x — w4
p p
x/ ( yd /\1) ( Zd /\1)
Dy (r,r) IZ - y| |Z - y|

B1 B2 Ba

A \ 2

« (wd |Zd) (era Zd) (1 r ) - dw
y—z

Wq V Zg

> __“9 d Al ’ _fd Al P—252

— pd+at+pi+B2 D _ |z — y] |z —y| ly — |d—a
5(r;rN\D5(r,3y4/2) y Y y—z
27\ B4 b4 P wﬂl dw

) Uy 2 ) 20
Zq Dx(r,zq) \ |W — x| |lw — x| |x —w[é—e
ch5y5 / 25+ﬂ2 (10g 2_,,)54
T ordretBith o o\Dy(r3yas2) |y — 2|4 T2P7 Zd

w5+ﬂ1 dw
x / —— avapa ) 4%
D3 (rza)\Dx(r,3xq/2) |X — w4127
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Now by applying Lemma 6.1 (ii) with R =r,a, = z4,a3 =3x4/2,y = p+ B1,9 =2p
and B = § = 0 in the inner integral, we find that for z; > 3y,4/2,

w5+ﬂl dw 8 » y
— > o(zYTPTPN — (Bxg/2)* PPy > 25 PP,
/Dx(r,z(z)\D;(r,axd/z) |x — w|d+2p—a d p

In the last inequality above, we have used the the assumption 4x4; < y; so that for all
zg > 3y4/2 we have z; /4 > 3x,4/2. Thus,

/ GB(()?,O),Zr)ﬂRi (x, w) J(w,z)GBr (z,y)dzdw
Dx(r,r) Dy (r,r)

Bi1+B2+a
Zd

2 Ba
—& —— |log— dz. (6.20)
_ Z|d+2p—a Z4

cuxlyd /
Dy (r\D5(r,3va/2) |V

— pd+tat+pi+h2

Finally, applying Lemma 6.1 (ii) with R = r, a, = r, a3 = 3y4/2, y = o + B1 + B2,
q =2p, B = B4 and § = 0 and using the fact that y; < r/4, we conclude that the above
is greater than or equal to

craxhy? {yj"“zl’“" P2 (log ﬁ)ﬂ“ if 20 —2p + B1 + B2 <0, 621)

rd+atBi+62 | (log ﬁ)ﬁ”l if 20 —2p + B1 + f2 = 0.

Recalling that r = 4|x — y|/M and combining (6.16), (6.20) and (6.21), we have proved
that (6.15) holds. [

We now consider the upper bound of G(x, y).

Lemma 6.7. Suppose (6.12) holds. There exists Cp7 > 0 such that forall x,y € Rff_ with
IX— 5 >3, and0 < 4xy < yqg < or0 <4y <x4 <1,

A p A B v B>
/ dw /' - (xd Wa 1) (wq ng (wq de)
Dx(1,1) Dy(1,1) lw — x| |x —wld-e|y —z]9-«

B3 Ba D
\% 2 A
(e 2 2)) (ee(1+ 055)) ()
Wg A Zg wg V zq |z =yl
(xa V ya)?* PHBTB2(log(1/(xa V ya)))P
if 20 —2p 4+ B1 + B2 <0,

(xa V ya)?(log(1/(xa V yq)))P+H!
if 200 —2p + B1 + B2 = 0.

< Cy7(xa A ya)* (6.22)
Proof. By symmetry, we only need to consider the case 0 < 4x; < y; < 1/4. Define

g0 :=2""g, ol + 1 — p) A(p—a — )], Bri=B1—¢0, PBa:i=P2+ 0.

Note that p < o + El and p > o + 32 by (6.13).
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By (6.10),
A p A ﬂl \V ﬂz

/ dw/ - (xd Wa 1) (wg de) (wg Zd)

D+(1,1) Dy(1,1) |lw — x| |x —w[e~¥]y —z[¢7@

B3 Ba D
\% 2 A
X (log(l + Ya Vzd Zd)) (log ) (yd Zd A 1)
Wa A Zd Wa V Zg |z =yl
o/ o )
{z,w)eDx(1,1)xD5(1,1): zg <wg} {zw)eDx(1,1)xD5(1,1): zg >wg }

A 4 A Bi v B> 2 Ba A P
o (Farwa (wg Azg)P (g Vzg) o Yarza  \" s dw
|w—x| |x—wl|4=¢|y—z|¢— Wq Vg |z—y]

<C1/ (yd/\zd /\1)1’—251
~ Jpyan\ 2= ly —z|d==

P (log(2/w ﬁ“w'§2 dw
X/ ( Xq Al)(g(/d))d d s
Dx(L,D\Dx(1,z9) \ W — X| |x — w]d—«

? (log(2/z ﬁ“z'§2 p wﬁ1 dw
ve [ (o) CRCECEN ([ () A
Dy(1,1) |z—y| |ly—z[¢—« Dx(1,z4) |w—x| |x—w[4~«

=11+ I».

=

Since ,g 1> p—oa> Py >0, we can apply Corollary 6.3 (ii) to estimate the inner integral

in [ to get Va p PotatBi—p 2\ A
I < coxh / ( A 1) d—d_(log —) dz. (6.23)
pya,n\1z =l ly —z[|¢— zq

By (6.14),
O0<Br+a+B1—p<p-—a.

Thus we can apply Corollary 6.3 (i) to find that (and by using y; < 1/4 we may replace
2 with 1)

(6.24)

<o { IR og(1/ya))P i 2a—2p + Bi+ Ba <0,
2 = C3xd

v (log(1/ya))P++! if 20 —2p + f1 + f2=0.

‘We now consider

z p ZE]
Iy = Cl/ ( A 1) . a-
Di;(l,Zxd) |Z_y| |y _Z| o

? (log(2 /wg )P w? dw
X/ (Xd Al)(g(/d))dd s
Dx(1L,O\Dx(1,z) \ (W — X] |x —w|d—
p Zﬂl
+Cl/ ( - “) —
Dy(1,D\Dy(1,2x0) \|Z = V| ly —z|

? (log(2/w '3411)’§2 dw
X[ ( Xq /\1) (log(2/ d))d d s
Dx(1LD\Dx(1,2) \ [w — X]| |x —w|d—
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_. / o+ dz/ ( Xa Al)ﬁmg@hw»mw?dw
=~ (1 T a1
Dy(12xy) [y = 2|47F2 " Jp . \|w — x| |x — w4~

-I-clxp/ ( Yd /\l)p Zdﬂ] / (10g(2/wd))’34w52dw i
d Dj;‘(l,l) |Z_y| |y—Z|d_°‘ Dx(1,D\Dx(1,z4) |x_w|d—ol+p

=: I+ X5112.

Since p > o and 4x4 < y4, we can apply Lemma 6.1 (i) (witha; = 2x4,y = p + 31,
g=p.p=8=0)rtoget

/31+17

/ _fa T dz < C4yg_p_1x5+ﬂl+l.
D5(1,2x4) ly —z r

Since a + ,gz < p, by Corollary 6.3 (i) it follows that

? (log(2/w ﬂ“wgzdw 2 \Pa
[ () et i, 2)
Dy, \|w— x| [x —w[e—e Xd

Thus, we have

Iy < cey2 P BB B2 1002 /g P
—c x(l;xg‘f'ﬁl+ﬂ2+1(10g(2/xd))ﬁ4 a—p-1
< cexBy STt 1092/ y )Py e P!
< GexPy2 PRI (105 (1) y4))Pe. (6.25)

Here we have used the fact that 1 — r*TF1+B2+1(1og(2/1))B4 is almost increasing on

(0,1/4].
Finally, we take care of / I12. Note that for every z € D5(1,1) \ D5(1,2x4), we have
zg > 2x4 and so, since o + ;‘32 < p,byLemma6.1(ii))withR=a, =1l,a3 =24,y = ,32,

q_p’ﬁ_ﬂ4’8_0s

Dz(1,D\Dx(1,z4) |x —w|d-atp = "“a ey

p Brta+Bi—p 9 Ba
1o < Cg/ ( Jd AN 1) d—d_(log —) dz.
pya,n\1z =yl ly —z]¢=« Zd

By the same argument as that in in (6.23) and (6.24), we now have

L y;a—p+ﬂ1+l32 (log(1/y4))P+ if2a —2p + B1 + B2 <O,
12 9 i
vg (log(1/ya)yP++! if 20 =2p + f1 + 2 = 0.

By combining (6.24)—(6.26) and symmetry, we have proved the lemma. ]

Thus,

(6.26)
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Remark 6.8. In the proof of Lemma 6.7, if we used Tonelli’s theorem on /; and estimated
it as I, (instead of using the argument to bound /;; and 7, separately), we would not
obtain the sharp upper bound.

Proposition 6.9. Suppose (6.12) holds. There exists Cag > 0 such that forall x, y € Rf{_
with0 < xg,yq < 1/4with |X — y| > 4,

(xq vV ya)2* PP (log(1/(xq Vv ya)))P4

if 20 —=2p + B1 + B2 <0,
(xa V ya)P(log(1/(xa V ya)))P+*!

if 20 —2p + 1 + B2 = 0.

G(x,y) < Cos(xq A ya)?

Proof. Without loss of generality, we assume X = 0. By symmetry, we consider the case
0 < x4 < ygq < 1/4 only. By the Harnack inequality (Theorem 1.4), it suffices to deal with
the case 0 < 4xg < yq < 1/4.Let D = D(1,1) and V = D3(1, 1). By the Lévy system
formula (3.4) (with f = G(-, y)), (5.3), Lemma 6.7, and the fact that 2 < |z — w| < 8
below (so that |z — w| < 2)

Ex[G(Yzp.y); Yp € V]

=/ GD(x,w)/ J(w,z)G(z,y)dzdw 5/ G(x,w)/ J(w,z)G(z,y)dz dw
D v D v
p B1 B2
< / dw[ dz (xd AL 1) (wa A Zd; (wa v zd)
Dz(1,1) Dy(1,1) lw — x| |x —w[¢~¥]y —z[¢7«

B3 Ba D
\% 2 A
(e 2 2)) (o4 055)) ()
Wq A Zg Wg V zq |z =yl
(xa V ya)2 PHRIHB2 (log(1/ (x4 V ya)))P*

< ca(xg Aya)? if 20 —2p + By + B2 <0,
(Xa V ya)Plog(1/(xg vV ya))P+*1 if 20 —2p + By + B2 = 0.

Moreover, by the same argument as in the proof of Lemma 6.5, we also have
Ex[G(Yep. y): Yep # V] < c3yPx(Yep € RY) < cayfx].

Therefore

G(x,y) = Ex[G(Yzp. )i Yop V] + Ex[G(Yzp. )i Yopp € V]

(xq v ya)?* PP (log(1/(xq v ya)))Ps
if 200 — 2p + B1 + B2 <O,

(xa V ya)?(log(1/(xa V ya))P++!
if20=2p+f1+f2=0. m

< cs(xg Aya)?
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6.3. Proof of Theorem 1.1 and estimates of potentials

With the preparations in the previous two subsections, we are now ready to prove The-
orem 1.1. We recall [41, Theorem 3.14] on the Holder continuity of bounded harmonic
functions: There exist constants ¢ > 0 and y € (0, 1) such that for every x¢ € Ri, re(0,1]
such that B(xg,2r) C Rf{_ and every bounded f : Rf{_ — [0, co) which is harmonic in
B(x¢,2r), we have

|f(x) = fODI = cll flloo(Ix — yl/r)” forallx,y € B(xo,r). (6.27)

Proof of Theorem 1.1. The existence and regular harmonicity of the Green function D
were shown in Proposition 2.2. We now prove the continuity of G. We fix x¢, yo € Ri
and choose a positive a small enough so that B(xg,4a) N B(yg,4a) = @ and B(x¢,4a) U
B(yo.4a) C RY.

We recall that by [41, Proposition 3.11(b)], E, tp(xy,24) < c1a* forall y € B(xg,a).
Let N > 1/a. By using (3.4) in the second line and Proposition 4.7 in the fourth, we have,
for every y € B(xg,a),

Ey[G(Yepigra Y0): Yegieg 20y € B(o, 1/N)]

TB(xp.2a)
ZEy(/ ’ / G(U),yo)J(Ys,w)dwds)
0 B(y0,1/N)

5( sup EyTB(xo,za))( sup / J(Z,w)G(w,yO)dw)
yeB(xq,a) z€B(xg,2a) Y B(y0,1/N)

< c1a%8a)™4 /;;( ) lw — yo| 41 dw = a4 (1/N)*.
Y0,1

Now choose N large enough so that c,a =4 (1/N)® < ¢/4. Then

sup ]Ey [G(YTB(xo.Za)’ yo), YTB(XO.Za) € B(J’O» I/N)] < 8/4
Y€B(xp,a)

Since by Proposition 4.7,

X = h(x) 1= Ex[G(Yepiy 20y Y03 Yepeg o € RS\ B(yo, 1/N)]

is a bounded function which is harmonic on B(xg, @), it is continuous by (6.27) so we can
choose a 6 € (0, a) such that |h(x) — h(xo)| < &/2 for all x € B(xg, §). Therefore, for all
X € B(xyp,96),

|G(x, yo) — G(x0, yo)|

=< |h(x) - h(X0)| + 2 sup EY[G(Y‘EB(XO.QH)’ yO)a YTB(XO.Za) € B(J’O, l/N)] <e.
y€B(xo,a)

Now combining Theorem 5.1 and Lemma 6.5 with (2.5), we arrive at Theorem 1.1 (1); and
combining Theorem 6.6, Proposition 6.9 and (2.5), we arrive at Theorem 1.1 (2, 3). [
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As an application of Theorem 1.1, we get the following estimates on killed potentials
of Y.

Proposition 6.10. Suppose that p € ((« — 1)y, + B1). Then for any @ € R, any
Borel set D satisfying Dg(R/2, R/2) C D C Dg(R, R) and any x = (W, x4) with
0 < xg < R/10,

o ROFTY=P Xl y>p—a,
B, [ wiyan= [ 6Pwowldy = { o). v=p-a.
0 P x4t —p—l<y<p-ua

(6.28)
where the comparison constant is independent of © € R4, D, R and x.

Proof. Without loss of generality, we assume & = X = 0.

(i) Upper bound: Note that, by Lemma 5.5,

[ GP(x. )y, dy < / G(x. )y, dy
D D(R,R)

< co ( f VP |k yledr gy
D(R,x;/2)

y Xd P a—d
+ Vg AL) |x—=y|*“dy
D(R,R\D(R,x;/2) |x — |

=Co(/ Sy +p.0,p,0,x)dy
D(R,x4/2)

+x§/ g(»:0,p.,0,x)dy
D(R,3x4/2\D(R.x4/2)

+X5[ f(y;%O,p,O,X)dy)
D(R,R)\D(R,3x,4/2)
=:co(l1 + I + I3).

Suppose first —p — 1 <y < p —«. We apply Lemma 6.1 (i) to /; (which is allowed since
y + p > —1) and Lemma 6.1 (iii) to /5. Then

_ Lo—p—1 1 _ aty - _ Lat
Iy =< x5 " (xq/2)7 1Pt = Xy and I < x}x§ =x7"".

Finally,

3x 3xg\/Te?
I < x5Ry+°‘_pF(2—1§; y+o—p— 1,0) = x5Ry+“_P(2—I?) = xg'H/.

Here the first asymptotic equality follows from Lemma 6.1 (ii) (with a; = R and a3 =
3x4/2) and the second from the definition of F(: ;-,0).

This completes the proof of the upper bound in the case —p — 1 <y < p — . The
other two cases are similar, but simpler, since one can directly use Corollary 6.3 (i) with
Lemma 5.5. We omit the details.
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(i1) Lower bound: We first note that by Theorem 5.1,

™D + +
B [ Cwiyanzs [ yietiecydy= [ Yy (x. y) dy
0 BY s D(R/5.R/5)

> cxp/ —y‘?ﬂdy
= D(R/5,R/S\D(R/5,3x4/2) |X — y|dTet2p

:Cx5/ SOy +p,0,2p,0,x)dy.
D(R/5,R/5)\D(R/5,3x,4/2)

Since 3x4/2 <3R /20 (so that 3x4 /(2R /5) <3/4), using Lemma 6.1 (ii) (witha, = R/5
and a3 = 3x4/2) and applying (6.1) and (6.3), we immediately get the lower bound. =

Remark 6.11. (a) It follows from the proof of Proposition 6.10 and Remark 6.2 that
/ GP(x.y)yydy =oc0 ify <—p—1.
D

(b) By Proposition 6.10, for any f; > 0, and all r € (0, 1] and x € U(r),

2%

TU(r) (r)
rethimryh < E, / YHPrdr <E, / ¥ HProg Y|P dt
0 0

U
< ¢E, / U () et BO gy et ek BO/2p P B2, < P
0

Thus, Proposition 6.10 is a significant generalization of Lemma 3.1.

We end this section with the following corollary, which follows from Proposition 6.10
and Remark 6.11 by letting R — oco. Recall that Yz = lim,4¢ Y; denotes the left limit of
the process Y at its lifetime.

Corollary 6.12. Suppose that p € (( — 1), + B1). Then for all x € R<,

yzp—aory =—p—1,

¢ o0
]Ex/ (Ytd)V dt = f G(x,y)y‘)i/ dy < aty
0 R4 x; 7, —p—l<y<p-—a.

In particular, for all x € R%, we have Py (Y- € RZ, ¢ < 00) = Gk(x) < ¢ > 0and

Eﬂdx{“’pfm

xg, p > .

7. Boundary Harnack principle

In this section we give a proof of Theorem 1.2. We start with a lemma providing important
estimates of the jump kernel J needed in the proof. Recall that U = D(1/2,1/2).

Note the exponent 81 — ¢ in (7.3) below is not necessarily positive, but is always
strictly larger than —1.
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Lemma 7.1. Suppose p € ((a — 1)+, + (B1 A B2)) and let

k() =2 ”’|$|f,)f;$f+v,,;)ﬂz (1 + [log ya ¥ (log(l + yd'yv' 1))ﬁ4. (7.1)
(a) Letz® = (0,272). Then forany z € B(z®,273) and y € R \ D(1,1),
J(z,y) = ck(y). (7.2)
(b) Let
B2+oa—p

e=pf1+oa—p—

,  where M=1+(M\/l).

M Bi+a—p
Then forany z € U and y € Ri \ D(1,1),
J(E,y) < ez k(). (7.3)

Proof. (a)Forz € B(z(®,27%) and y e R\ D(1,1), z4 =< z[(lo) =22and |z — y| =
2@ — y| < |y| > ¢, which immediately implies (7.2).

(b)Lets = (1 —1/M)(B2 + « — p) > 0. We first note that by the definitions of M,
$ and &, we have

e> prra—p—2T0T g0 (Bira—p)a(Bata—p)z0 (14
Bi+a—p
and
prte=potprra—p-2P g (1o L)y ta-p)
2+¢e=p2 1 Te—p M =P M 2T—=p
=B +5>pr. (7.5)

Assume thatz € U and y € R‘fr \ D(1,1). Since |z — y| < |y| = c(zq V Ya),
(za Ay (za V ya)*? (1 ( Za V' ya ))ﬁ
og| 1+

TED =T e 2 N v

X (log(l + L))m. (7.6)
(ya vV za) A1yl

Clearly, if yg > 3/4 > 1/2 > z4, then

|y _ |y _ Iyl
aVvza)Alyl  aVvD ALYl yavi

and

Ya
Zd

Yd

1
log(l + ) <3log— < 3(|logyd| + log —)
Zd Zd

1 1 1
< 6|log y4|log Z + 3log ; < 6(log Z)(l + |log ya4|).
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Thus, forz € U and y € RZ \ D(1,1) with yg > 3/4,

Bi B> B3 Ba
__Fada (1,2 1]
J(z,y) = y[d+arhiTs lngd log 1+yd\/1

1\5
< czgl (log 5) k(). (7.7)

It is easy to see from (7.6) that for (z,y) € U x (]R{i \ D(1, 1)) with y; < 3/4 and

Zd > Yd»
yglzgz 1\%3 Iy Ba
Ty = armm \08 ) \lee )
(z y)—cly|d+a+ﬂl+ﬂ2(0g yd) (Og Zd)

Since § > 0, we have

v\ za\" (I
zﬁ(log— =IP(%) (g =
Zq |yl zq
— §
(2 vl ) 8
<clyl I log =) =clogyD)™. O0<zg=l/2<l<|yl. (78
Thus, using (7.5),

B1 B2 B3 Ba
Ya ? 1 Iy -5 -
J@Y) S T (logy—d) (10g5 < ez k(y) = ez k().
(7.9)

Since ¢ > 0 by (7.4), we have

z5 10iﬂ3< gloiﬁh 0<zg<yqg<3/2
d gZd =CVq gyd ) d=D)d )

so that by using the same argument as in (7.8),
1 B3 B4 1 B3 B4
75 (log —) (log Iy_I) < cyfi_s (log —) yf, (log m)
Zd Yd Yd Yd
1\5
<y (log y—d) (log2ly)*, 0<z4<ya<3/2<1<]|y|

Thus using (7.5) in the last inequality below, we find that, for (z, y) € U x (Rfi|r \ D(1,1))
with y; <3/4and z4 < yq4,

B1 B2 B3 Ba
Zq Va 1 Il
e = et (e ;) (e,
B2 B3 B4
e 1 bl
T yrerpirg (log Zd) (log Vd

Bi1—¢ y52+s—8 1 P B B1—¢
= CZdl W(bg y_d) (log2[y )™ = CZdl k(y). (7.10)
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Combining (7.7), (7.9) and (7.10), and using the inequality
Zdﬂ'_s Vv (zgl (log(1/24))P?) < czgl_a, zeU,
we get the upper bound (7.3) for J(z, y). |

Proof of Theorem 1.2. By scaling, we just need to consider the case r = 1. Moreover, by
Theorem 1.4 (b), it suffices to prove (1.8) for x,y € Dz (278,27%).

Since f is harmonic in Dg(2,2) and vanishes continuously on B((#,0),2) N IR, it
is regular harmonic in D (7/4,7/4) and vanishes continuously on B((w0,0),7/4) N 8]R{i.
Throughout the remainder of this proof, we assume that x € D@(2_8, 2_8). Without loss
of generality we take @ = 0.

Define z(® = (0,272). By Theorem 1.4 (b) and Lemma 3.2, we have

Fx) = Exlf (Ye)] = Exlf (Yo, )i Yo € D(1/2,1)\ D(1/2,3/4)]
> 1 fEOVPx(Yep_1ja/m € Dx(1/4,1)\ Dx(1/4,3/4)) = ¢2 f(z)x].
(7.11)

Let k be the function defined in (7.1). Using (7.2), the harmonicity of f, the Lévy
system formula and [41, Proposition 3.11 (a)],

D)2 E.o[f(Yey ) Yoy ¢ D(1,1)]

TB(z(0) 2—3)
> Eo / [ J(Ye,y) f(y) dy dr
0 RY\D(1,1)

Kooy zen [

> C10E2<O>TB(Z(0),273)/
R4 RY\D(1

N k(y)f(y)dy.

(7.12)

\D(1,

Now we assume that z € U and y € ]R{i \ D(1,1). Let ¢ be defined as in Lemma 7.1.
Since f; —e > B1 — (@ + B1 — p) = p — «, by Proposition 6.10 and (7.3) we have

Bl (Vo) Yoy ¢ DODN=Ex [ [ g fdya

4\D(1,1)
(194 d
< cE, / (vdyh= dr / k)G dy < ex” ] k() S () dy.
0 RY\D(1,1) RY\D(1,1)
(7.13)
Combining this with (7.12), we now have
Ex[f(Ye,): Yoy ¢ D(1. D] < cxb £(z). (7.14)

On the other hand, since f is a non-negative function in R‘j_ which is harmonic in
Dg(2,2) with respect to Y and vanishes continuously on B((i0, 0), 2) N R, by Theo-
rem 1.4 (b) and Carleson’s estimate (Theorem 1.5) we conclude that f(v) < c16f(z(®)
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for all v € D(1, 1). Therefore, by Lemma 3.3

Ex[f(Yr,): Yoy € DL D] < 16 f (2 O)Px(Yey € D(1,1) < 17 fO)x]. (7.15)

Combining (7.14), (7.15) and (7.11) we get f(x) < x4 f(z®) for all x € D(278,278),
which implies that for all x, y € D(278,27%),

b4
X
S = C7—‘Z,,
S) Ya
which is the conclusion of the theorem. [

Proof of Theorem 1.3. The case o + B < p < a + B has been dealt with in [41, The-
orem 1.4.], so we only need to deal with p = o + B». The proof is the same as that of
[41, Theorem 1.4.], except that we can now use Proposition 6.10 to get, for all » > 0 and
X = (a,xd) with 0 < x4 < r/10,

YO d\Bs g _ Bata _ P
E, (Y2 de =< x> log(r/xa) = x4 log(r/xq). (7.16)
0
Moreover, using (7.16), we also get, for every r > 0 and x € U(r),
TU(r) TD5(5r.5r)
E, / P dr <E, / (Y HP2 dt < cox? log(r/xa). (7.17)
0 0

The displays (7.16) and (7.17) will be used to replace [41, Lemmas 5.11 and 5.12]. We
provide the full proof for the convenience of the reader.

Suppose that the non-scale-invariant BHP holds near the boundary of Ri (see the
paragraph before Theorem 1.3).

Note that by taking g(x) = Px (Y, € D(1/2,1)\ D(1/2,3/4)), we see from Lemma
3.2 that there exists R € (0, 1) such that for any r € (0, ﬁ] there exists c; = ¢1(r) > 0
such that for any non-negative function f in ]Ri which is harmonic in Ri N B(0, r) with
respect to ¥ and vanishes continuously on BRi N B(0,r),

S _

<c1 =2 forallx,y € RZ N B(0,r/2). (7.18)
f&) vy *

Let ro = §/4 and choose a point zg € B]Ri with |zg| = 4. For n € N, B(zg, 1/n)
does not intersect B(0, 2rg). We define

K= | log yal® B4 dy,  £u(0) == Ky ' 57" g om0,
RiﬂB(zo,l/n) +

and
gn(x) = Ex[fa (YTU(rO))]

TU(rg)
=Ex/ / JY:,y) fn(y)dydt, x e U(ry).
0 R4 NB(z0,1/n)
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We claim that there exists ¢, > 0 such that

liminf g, (x) > czx52+“ log(ro/xa) = cax4 log(ro/x4) (7.19)
n—oo

forall x = x©® = (0,s) € Ri with s € (0, r¢/10).
Here is a proof of the claim above. Since

6>|z—y|>2>y5Anzqg for(y,z)e (]Ri N B(zp, 1/n)) x U(ro),

using (A3) we have for (y,z) € (Ri N B(zg, 1/n)) x U(ry),

B3 Ba
Zd vV Vd 1
1@ y) = (za A ya)P (za v ya)P? (1og(1 AR )) (log )

Zd N Yd Zg NV Yd

B1 B B3 Ba
z \% 1
(za V ya)Pr1=F2 Zd A Ya Zqa NV ya

Therefore, for x € U(ry),

— TU(rO) _ —
gn(x) = K;'E, / (Yd)h / (Y2 yg) BB
0 R4 NB(z0,1/n)

Y4 v B3 1 Ba
X (log(l + ’d—yd)) (log d—) dydt. (7.20)
Y Nya Y&V ya

Note that, using sup,; t~B1=B2) (log(1 4 1))#3 < o0, for z € U(ry),

B3 Ba
\ 1
Kn—l (zq Vv yd)—(ﬂl—ﬂz) (log(l + Zd—yd)) (log( )) dy
R4 NB(z0,1/n) Zd NYd Zg vV yd
K—l B3 1 Ba
< s [ alya) P (log(l + y—")) (log —) dy
ZaP1P2 JRE NB(z0.1/m)N{zg <ya} Zd Ya

K_l B3 1 Ba
4 R f (log(l + Z—d)) (10g —) dy
2aP17P2 JRd 0B Go./mntza>va) Yd “d

K1 B3+Ba i
< C3+ﬂ/ (log —) dy < C4Zd(ﬂl B2) (7.21)
zqP1=h2 RYNB(z0,1/n) Yd
and
B3 Ba
ZgV 1
lim K;l (za \/yd)*(ﬁ‘*ﬂZ) (log(1+ d yd)) (log ) dy
n—>00 R4 NB(z0,1/n) ZdNyd Zg VvV yd
_ —(B1—-B2)
— Zd 1 2 .

TU(rg)

Moreover, by (7.16), Ex [, (Ytd)/g2 dt < oo for all x € U(rg). Thus we can use the
dominated convergence theorem to deduce that for all x € U(ry),
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TU(rg)
lim Kn_lIEx/ (Ytd)lgl / (Ytd \/Zd)—(ﬂl—ﬂz)
n=oe 0 R4 NB(z0,1/n)

Yd V. B3 1 Ba
x(log(1+’d—yd)) (logd—) dy dt
Y Nya YV ya

TU(rp) TU(rp)
—E, /0 By BB 4 = E, /0 “adPar. (122)

Combining (7.22) with (7.16) we conclude that (7.19) holds true.
From (7.20), (7.21) and (7.17) we see that for all x € U(rp),

TU(rg)
gn(x) < esK, "By / (yhHh [ (¥ 4)~Bi=p2)
0 RY NB(z0,1/n)

yd v B3 1 Ba
X (log(l + td—yd)) (log d—) dy dt
Y& ANya Y& Viya
Voo ap P
< CG]Ex/ (Y2 dt < c7xy log(ro/xa). (7.23)
0
Thus the g, ’s are non-negative functions in Ri which are harmonic in Ri N B(0,272rg)

with respect to ¥ and vanish continuously on 8Ri N B(0,272rp). Therefore, by (7.18),

p
gn(y) <e y_i
gn(w) w,
where w = (0,273r¢) and ¢; = ¢1(272ro). Thus by (7.23), forall y € R4 N B(0,2%ry),

forall y € D N B(0,2 3r),

p
. . Y
limsup g,(y) < c; limsup g, (w)% < ngg.
n—00 n—o00 wd
This and (7.19) imply that for all x = x® = (6, s) € Rf{_ with s € (0, ro/10), we have
xf; log(ro/xq) < c9x5 , which gives a contradiction. |
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