Groups Geom. Dyn. (Online first) © 2024 European Mathematical Society
DOI 10.4171/GGD/791 Published by EMS Press

Infinite metacyclic subgroups of the mapping class group
Pankaj Kapari, Kashyap Rajeevsarathy, and Apeksha Sanghi

Abstract. For g > 2, let Mod(Sg) be the mapping class group of the closed orientable surface
Sg of genus g. In this paper, we provide necessary and sufficient conditions for a pair of elements
in Mod(Sg) to generate an infinite metacyclic subgroup. In particular, we provide necessary and
sufficient conditions under which a pseudo-Anosov mapping class generates an infinite metacyclic
subgroup of Mod(Sg) with a nontrivial periodic mapping class. As applications of our main results,
we establish the existence of infinite metacyclic subgroups of Mod(Sg) isomorphic to Z x Zp,,
Zn X Z,and Z x Z. Furthermore, we derive bounds on the order of a nontrivial periodic generator of
an infinite metacyclic subgroup of Mod(Sg) that are realized. Finally, we show that the centralizer
of an irreducible periodic mapping class F is either (F) or (F) x (i), where i is a hyperelliptic
involution.

1. Introduction

Let Mod(Sg) be the mapping class group of the closed orientable surface S, of genus
g > 2. A metacyclic group is an extension of a cyclic group by a cyclic group. Given
F,G € Mod(Sy), it is natural to ask the following question: Can one derive necessary and
sufficient conditions under which F' and G generate a metacyclic subgroup of Mod(Sg)?
Ivanov (see [14, Theorem 7.5A]) derived necessary and sufficient conditions under which
two pure mapping classes commute in Mod(Sy). Subsequently, the finite abelian sub-
groups of Mod(S,) have been extensively studied [4, 11,21]. Furthermore, in [5, 6, 30],
the question (posed earlier) has been answered in the affirmative for finite metacyclic sub-
groups of Mod(S,) up to conjugacy of their generators. Moreover, it was shown in [6]
that for g > 5, Mod(Sy ) has an infinite metacyclic subgroup generated by a bounding pair
map and an involution. Taking inspiration from these works, in this paper, we settle this
question for infinite metacyclic subgroups of Mod(Sy).

A multicurve in S, is a nonempty collection of isotopy classes of pairwise disjoint
essential simple closed curves. A left-handed (or positive) Dehn twist about a simple
closed curve ¢ will be denoted by 7. Given a multicurve C = {cy,cz,...,c¢} in Sg
and nonzero integers ¢;, for 1 <i < £, a mapping class of the form TA' T2 ... Tcze is
said to be a multitwist about C. The Nielsen—Thurston classification [33] asserts that each
mapping class in Mod(Sg) is either periodic, reducible, or pseudo-Anosov. Furthermore,
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a pseudo-Anosov mapping class is neither periodic nor reducible. The intersection of all
maximal reduction systems of a reducible mapping class F' is called its canonical reduc-
tion system, which we denote by €(F).

Let F € Mod(S,) be an infinite order reducible mapping class. Let €(F) = {cy, c2,
..., ¢y} be the canonical reduction system for F' and N an F-invariant closed regular neigh-
borhood of €(F). Let n be the least positive integer such that F” fixes each path compo-
nent of S; \ N U N. Then, as a consequence of the Nielsen—Thurston classification [33],
there exist s € N U {0} and ¢; € Z \ {0} such that

F'=TATE - T m (Fna(F) - - ns (Fy) M

with F; € Mod(R;) is either periodic or pseudo-Anosov, where R; is a path component of
S¢ \ N and ; : Mod(R;) — Mod(Sy) is the natural inclusion map. For 1 < j <, F;’s
(or 0 (F;)’s) will be called the canonical components of F. The product T2 T2 - - T/
appearing in (1) will be called the multitwist component of F. The decomposition of the
form (1) will be called the canonical decomposition (or the Nielsen decomposition) of F .
Without loss of generality, we assume that Fy, F», ..., Fy are periodic canonical com-
ponents, where s’ < s. The integer n - lem(| Fy|, | F2|, ..., | Fy|) will be called the degree
of F. For a multicurve C, the cut surface obtained by capping the boundary components
of Sg \ N by marked disks will be denoted by S, (C), where N is a closed regular neigh-
borhood of C.

Suppose that F, G € Mod(S,) generate an infinite metacyclic subgroup of Mod(Sy)
such that (F) <1 (F, G). Then it follows that F and G satisfy the relation G~ FG = F*,
for some nonzero integer k. Hence, the group (F, G) is a semidirect product of (F') and
(G) and will be denoted by (F) x (G). In Section 3, we derive the main results of this
paper. To begin with, in Section 3.1, we derive necessary and sufficient conditions for
the existence of infinite metacyclic subgroups of Mod(S,) with a pseudo-Anosov gener-
ator depending upon the Nielsen—Thurston type of the other generator (see Theorem 3.1).
We achieve this by analyzing its invariant foliations and the dilatation homomorphism
(see [23]). In particular, we have given necessary and sufficient conditions under which
a pseudo-Anosov mapping class F' forms an infinite metacyclic subgroup (F, G) with a
nontrivial periodic mapping class G such that (F) <1 (F, G). Furthermore, for other types
of G, we have the following main result.

Theorem 1. For g > 2, consider nontrivial mapping classes F,G € Mod(Sy). Let (F,G)
be metacyclic with (F) < (F, G). Then the following statements hold.

(i) If F is a pseudo-Anosov, then G cannot be an infinite order reducible mapping
class.

(i) If F and G are pseudo-Anosov, then (F, G) is abelian. Furthermore, either
(F,G) 2 Zor(F,G) = Zy x Z for some n € N.

(iii) Let G be pseudo-Anosov and (F, G) is non-abelian. Then F is a reducible map-
ping class of finite order.
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In Section 3.2, by decomposing each reducible generator into its canonical compo-
nents, we obtain necessary and sufficient conditions under which two reducible elements
of Mod(S,) form an infinite metacyclic subgroup. In this direction, we have our second
main result (see Theorem 3.12) which generalizes a result of Ivanov (see [14, Theo-
rem 7.5A)).

Theorem 2. For g > 2, let F, G € Mod(Sg) be two nontrivial mapping classes such that
at least one of F or G is of infinite order and neither F nor G is pseudo-Anosov. Assume
that F, G have degrees n, m, with multitwist components

q%/

A}
o

4\ 45
TRTE .. T and Tc/l1 TC; T
respectively, where q;,q; € Z\ {0}, €(F) ={c1,c2,...,c¢}, and €(G) = {c}.c5,....cp}.
Then (F, G) is an infinite metacyclic subgroup with (F) <1 (F, G) if and only if the fol-
lowing conditions hold.
(i) €(F)U¥€(G) is a multicurve.
(i) If F is periodic with G"'FG = F¥, then k™ =1 (mod n).
(iii) Define A; :={c; € €(F)|q; =q:}, Bi :={c; € €(F) | q; = kq;}, and C; :=
{CJ/- S €(G) | q]/- = ql/} Then G(A,‘) = Bj, G(B,‘) = A, and F(C,‘) = C; for
everyi.
(iv) For every path component R of Sg(€(F) U €(G)), then G F,G, = Frkpr,

where G, F, € Mod(R) are induced by G, F, respectively, and p, is the size of
orbit of R under G.

(v)  Fortwo path components R, S of Sg (€(F) U €(G)) such that G(R) = S, then
F,k is conjugate to Fs, where F, € Mod(R), Fy € Mod(S) are induced by F.

The following result is a direct consequence of Theorem 2.

Corollary 1. For g > 2, let F, G € Mod(S,) be two nontrivial mapping classes such
that at least one of F or G is of infinite order and neither F nor G is pseudo-Anosov.
Let (F, G) be an infinite metacyclic subgroup of Mod(Sg) with (F) < (F, G). Then the
following statements hold.

(i)  F and G are reducible mapping classes.
(i) If F, G are of infinite order such that G is of odd degree, then (F, G) is abelian.
(iii) If G is of infinite order of degree 1, then (F, G) is abelian.

By applying our main theorems, we have shown that infinite metacyclic subgroups of
Mod(S,) are abundant. In general, we have established that Mod(S, ) has infinite meta-
cyclic subgroups isomorphic to Z, Xy Z, Z Xy Z,, and Z x; Z. We have constructed
several explicit examples (see Sections 3—4) of such subgroups.

In Section 4, we derive several other applications of our main results. In Section 4.1,
we obtain the following characterization of the infinite metacyclic subgroups of level m
subgroups Mod(S)[m] of Mod(S,) for m > 3.
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Proposition 1. For g > 2andm > 3, let F, G € Mod(Sg)[m] be two nontrivial mapping
classes. Then (F, G) is metacyclic with (F) < (F, G) if and only if the following hold.
(i)  F and G are infinite order reducible mapping classes that commute.
(i) €(F)U€(G) is a multicurve.
(iii) The nontrivial canonical components of F and G are pseudo-Anosov mapping

classes.

(iv)  The nontrivial canonical components of F and G with the same support gener-
ate a cyclic group.

Moreover, when g > 3, we show the existence of non-abelian infinite metacyclic sub-
groups in Mod (S, )[2]. The following construction is motivated by a family of Penner-type
pseudo-Anosov mapping classes described in [2].

Corollary 2. For g > 3, there is an infinite metacyclic subgroup of (F,G) < Mod(Sg)[2]
isomorphic to Z X_y Z,, where F is a Penner-type pseudo-Anosov and G is a hyperellip-
tic involution.

In Section 4.2, we have derived bounds on the order of a nontrivial periodic generator
of an infinite metacyclic subgroup of Mod(Sg) that are realized (see Propsosition 4.5). In
particular, we have the following result.

Proposition 2. For g > 2, let F, G € Mod(Sg) be two nontrivial mapping classes such
that (F, G) is an infinite metacyclic subgroup with (F) < (F, G).

(i) Let F be a pseudo-Anosov mapping class and G a periodic mapping class.
(@) If (F,G) is abelian, then 2 < |G| < 2g.
(b) If(F,G) is non-abelian, then 2 < |G| < 4g.

(i) Let F be a reducible mapping class of infinite order and G a periodic mapping
class.

(@) If(F,G) is abelian, then 2 < |G| < 2g + 2.
(b) If (F,G) is non-abelian, then 2 < |G| < 2g.
(iii) If F is periodic and (F, G) is non-abelian, then 3 < |F| <2g + 2.

Moreover, all of the above bounds are realized.

In Section 4.3, we describe pseudo-Anosovs in Mod(S,) which can be written as a
product of two nontrivial periodic mapping classes of the same order.

Corollary 3. Let (F,G) < Mod(Sg) be a non-abelian infinite metacyclic subgroup with
(F) < (F, G), where F is a pseudo-Anosov and G is nontrivial periodic. Then, for inte-
gersi, j such thati is odd and j is even, G' F/ is conjugate to G'. In particular, GF? is
conjugate to G, and therefore, F? can be written as a product of two nontrivial periodic
mapping classes of the same order.
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As a final application to our theory, in Section 4.4, we analyze the centralizers of
irreducible periodic mapping classes in Mod(Sg) (see Proposition 4.13). In particular, we
have the following result.

Corollary 4. Let F' € Mod(Sg) be an irreducible periodic mapping class. Then the cen-
tralizer of F in Mod(Sy) is either (F) or (F) x (i), where i is a hyperelliptic involution.

2. Preliminaries

For g > 2, let S, be the connected closed orientable surface of genus g. The mapping class
group of Sy is the group of path components of Homeo™ (Sg), and it will be denoted by
Mod(Sg). The elements of Mod(Sy) are called mapping classes. The Nielsen—Thurston
classification [33] asserts that each mapping class in Mod(S, ) is either periodic, reducible,
or pseudo-Anosov.

2.1. Periodic mapping classes

In view of the Nielsen—Kerckhoff theorem [18], a periodic mapping class F' € Mod(Sg)
of order n has a representative ¥ of the same order (known as a Nielsen representative)
which induces a Z,-action on S, via isometries. The corresponding orbifold of F is
the quotient orbifold O := Sg/(¥) (see [32, Chapter 13]), which is homeomorphic
to Sg,, where gg is the orbifold genus of O . The Z,-action induces a branched covering
p : Sg — OF with k branch points (or cone points) x1,...,xx in O of ordersny, ..., ng,
respectively. The order of a cone point x; is the order of the stabilizer subgroup of any
point in the preimage of x;. From orbifold covering space theory, the branch covering
p : Sg = OF corresponds to an exact sequence

1 — 71(Sg) L ™ (OF) i) Zn — 1.

Moreover, nfrb((9 F) is a Fuchsian group [17,20] that has the following presentation:

k £0
<0l1»,31’-~~’05g0»,3go’y1»~~-vyk Iyt ==y =] v [ [le B = 1>‘

i=1 i=1

The epimomorphism ¢ : 7{™(OF) — Z, (classically known as a surface kernel map) is
order-preserving on torsion elements and is given by ¢ (y;) = F /)4 where ged(d;,n;)
=1, for 1 <i < k. The tuple (go; n1, ..., ng) is called the signature of the quotient
orbifold @ which we denote by I' (O r). Each cone point x; of order n; in O f lifts under
p to an orbit of size n/n; on S, and the local rotation induced by Z,-action in this orbit
is given by 27rd;"! /n;, where gcd(d; . n;) = 1. Thus, the orbit data of a cyclic action along
with the structure of its corresponding orbifold can be compactly encoded as a tuple of
integers.
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Definition 2.1. Forn >2, g9 >0,and 0 <r <n — 1, acyclic data set of degree n, denoted
by n(D), is a tuple of the form

D = (’%go»";(dl,”l)»~-~a(dkank))

with the following conditions.
(i) r > 0ifandonlyif kK = 0, and when r > 0, then gcd(r,n) = 1.
(i) n; >2,n; | n,ged(d;,n;) =1,foralli.
(iii) lem(ny,...,A;,...,0n) = lem(ny,...,ng), foralli.
@iv) If go =0, thenlecm(ny,...,n;) = n.
) Zk % d; =0 (mod n).

i=1n;
(vi) % =2g0—2+ Zle(l — nii) (Riemann-Hurwitz equation).

The number g determined by the Riemann—Hurwitz equation is the genus of the data set
and will be denoted by g(D).

The quantity r (in Definition 2.1) will be nonzero if and only if D represents a free
rotation of S, by 27 r/n. We will not include r in the notation of a data set, whenever
r = 0. The significance of the cyclic data set is given in the following proposition due to
Nielsen [25] (see also [31, Theorem 3.9]).

Proposition 2.2. Cyclic data sets of degree n and genus g are in one-to-one correspon-
dence with conjugacy classes of periodic mapping classes of order n in Mod(Sy).

From here on, a periodic mapping class F and its associated cyclic action ¥ up to
conjugacy will be represented by its corresponding data set, which we denote by D r and
D g, respectively. The corresponding orbifold of F will also be denoted by O« .

We now state some results concerning nontrivial periodic mapping classes which will
be used later. The following result due to Gilman [10] characterizes irreducible periodic
mapping classes F' € Mod(S,) based on the corresponding orbifold O .

Theorem 2.3. For g > 2, let F € Mod(Sg) be a nontrivial periodic mapping class. Then
F is irreducible if and only if OF is a sphere with 3 cone points.

We will now state a useful lemma [16, Theorem 4.1] due to Kasahara.

Lemma 2.4. For g > 2, let F € Mod(Sg) be a nontrivial reducible periodic mapping
class. Then |F| < 2g + 2. The upper bound is realized if and only if g is even and
I'Ofr) =(0;2,2,¢g + 1, g + 1). Furthermore, when |F| < 2g + 2, we have |F| < 2g.
Equivalently, if either |F| = 2g + 1 or |F| > 2g + 2, then F is irreducible.

Finally, we state the following assertion which follows from a result of Kulkarni [19].

Lemma 2.5. There are no periodic mapping classes of order 4g + 1 in Mod(Sy ).
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(a) The sum of local rotation angles about the two fixed points of cyclic action D = (5, 0; (4, 5),
(3,5), (3,5)) associated with the pair (3, 5) is —27/5 modulo 27. Hence, the action of D can be extended
to a pseudo-periodic mapping class F € Mod(S3) such that F° = TC_1 , where c¢ is a non-separating curve.

(b) The sum of local rotation angles about the fixed points of cyclic actions D; = (8,0; (1,2), (5,8),(7,8))
and D, = (10,0;(1,2), (2,5), (1, 10)) associated with the pairs (7, 8) and (1, 10), respectively, is —27 /40
modulo 27 . Since lem(8, 10) = 40, a pseudo-periodic F € Mod(S4) can be constructed from D; and D,
such that F4® = T~ where c is a separating curve.

Figure 1. Construction of pseudo-periodic mapping classes.

2.2. Pseudo-periodic mapping classes

Let F € Mod(S,) be an infinite order reducible mapping class. From here on, we will use
the notions of canonical decomposition and the degree of F as defined in Section 1. A
mapping class is said to be pseudo-periodic if it is either a nontrivial periodic or of infi-
nite order reducible with only periodic canonical components. Thus, a nontrivial periodic
mapping class F' will be considered as pseudo-periodic with €(F) = 0, degree |F|, and
multitwist component equal to identity. We observe that multitwists are pseudo-periodic
mapping classes having trivial periodic canonical components.

In the following example, we construct some infinite order pseudo-periodic mapping
classes whose power is a Dehn twist about a simple closed curve.

Example 2.6. Let F € Mod(S,) be a pseudo-periodic mapping class such that F* = T.
Then F is represented by an # € Homeo™ (Sg) such that #(N) = N, where N is a
closed annular neighborhood of c¢. Thus, ¥ induces a Z,-action on S, (c) with two fixed
points. Moreover, the sum of induced rotation angles about these fixed points is 27 /n
modulo 2. Conversely, given nontrivial periodic mapping classes having a (two, in case
¢ is nonseparating) distinguished fixed point such that the sum of induced rotation angles
about these fixed points is 277/n modulo 27, one can reverse this process to recover F.
(We refer the reader to [24, 28,29, 31] for details.) We illustrate this construction of roots
of Dehn twists in Figure 1.

The angle sum condition in Example 2.6 (in the construction of pseudo-periodic) gen-
eralizes to a formal “compatibility condition” between pairs of orbits of one or more cyclic
actions (see [15] for more details).
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Definition 2.7. Fori = 1,2, let O; be an orbit of cyclic action D; such that |O;| = | O,|.
Let k be an integer such that 0 < |k| < n/2, where n = lcm(n(D1),n(D>)).
(i)  We say that O and O, are trivially n-compatible if |O1| = |O,| = n (in this
case n(D1) = n(Dy)).
(i)  Let the pair (d;, n;) correspond to the orbit O; in the data set D;, where we
assume that (d;,n;) = (0, 1) if |O;| = n(D;). We say that the orbits O; and O,
are | O;|-compatible with twist factor k if

2d' 2mds' 2
rd | 2y 2K od o), )
n

ni na

When the twist factor associated with the compatibility of the D; is 0, we simply say that
the D; are | O;|-compatible.

2.3. Metacyclic groups

A group H is said to be a metacyclic group if there is a short exact sequence
1 N—->H-—>L-—1, 3)

where N and L are cyclic groups. If a metacyclic group H fits into an exact sequence as
in (3) that splits, then we say that H is a split metacyclic group. Thus, the split metacyclic
group H is isomorphic to the semidirect product N x L. Given integers u, n € N, a finite
metacyclic group H of order u - n admits the following presentation:

H=(F.¢|F"=1, 5 =¢* §'5g=5%), )

where r € N, k € Z) such thatr | n, k* = 1 (mod n), and r(k — 1) = 0 (mod n). For
integers m,n € N and k € Z,;, a split metacyclic group admits the following presentation:

H=(F.6|5"=1,86"=1, '8 =5 =7, Ln.

Metacyclic groups have been completely classified by Hempel in [12].

An infinite metacyclic group is a metacyclic group of infinite order. It is known [12,
Chapter 7] that an infinite metacyclic group admits exactly one of the following presenta-
tions:

§=F">Zx 7,  fork==£l,
(F. 616 =1,8'F9 =FK 22 Zoym, fork=—-1,meN, (5
(F.E€|F"=1,8'F¢=F">Z,xZ, forkeZX neN,

no

Throughout this paper, we will only consider non-cyclic (i.e., two-generator) infinite meta-
cyclic groups. As a consequence of the relation € '%§ = F* in a metacyclic group
H = (¥,§), we have the following elementary lemma.
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Lemma 2.8. Let H = (7, 8) be a metacyclic group, where § ' F§ = F*. For integers
i, j, we have

i) 59 =977 and

() (§1F))E = gt g JA+k HIZ 4kl D21,

2.4. Induced orbifold automorphisms

Let (¥, 9) be a metacyclic subgroup of Homeo™ (Sg), where ¥ has finite order. Each
cone point [x] € O¢ corresponds to a unique pair of the form (¢, 7, ) in the data set D¢
corresponding to ¥ . If [x] € O« is not a cone point, then we take (cx,ny) = (0,1). As
(F) <1 H,itis known [34] that  would induce a € € Homeo™ (@) that preserves the set
of cone points in @ along with their orders. We will call &, the induced automorphism
on O by §, and we formalize this notion in the following definition.

Definition 2.9. Let F € Homeo™ (Sg) be a finite order map such that |F| = n. We say a
§ € Homeo™ (O« ) is an automorphism of O if for [x],[y] € Oz, k € Z, and §([x]) =
[y], we have

1) nx =mny,

(ii) cx = kcy.

We denote the group of automorphisms of @ by Auty(O%). When k = 1, we sim-

ply write Aut(Og) instead of Aut;(@#). In the following lemma, we state some basic
properties of induced automorphisms.

Lemma 2.10 ([6, Lemma 2.9]). Ler ¥ € Homeo™ (Sg) be a map of order n and g e
Homeo™ (Sg) a map such that §7'%§ = Fk. Then € induces a § € Auty(Og) such
that 3
O /(9) = Sg/(¥.9).
Furthermore, § has infinite order if and only lfg has infinite order. If |§| = m, then
() |€] divides |€|, and

(i) 8| <mifandonlyif F" = €%, for some 0 <r <nand0 < u < m.

We refer the reader to [5, 6] for further details on induced orbifold automorphisms.

2.5. Pseudo-Anosov mapping classes

For g > 2, let F € Mod(S,) be pseudo-Anosov mapping class. We will now describe a
well-known construction of pseudo-Anosov mapping classes due to Penner [27, Theo-
rem 3.1].

Theorem 2.11. Let A = {ay,az,...,am} and B = {b1,b,, ..., by} be multicurves in Sq
such that A U B fills Sg. Any product of positive powers of Ta; and negative powers of Tp,,
where each a; and each bj appear at least once, is a pseudo-Anosov mapping class.



P. Kapari, K. Rajeevsarathy, and A. Sanghi 10

Note that a collection of simple closed curves C in Sg is said to fill Sg if Sg \ C is
a union of closed disks. Let I/, G € Mod(Sg) be nontrivial mapping classes, where F
is pseudo-Anosov with stretch factor A > 1 satisfying the relation G™'FG = F¥. Let
(&s, ms) and (K, Ly) be the stable and unstable singular measured foliations of F'. We
will require the following result due to McCarthy [23, Lemma 1] in proving our results.

Lemma 2.12. Let F, G € Mod(Sg) such that F is a pseudo-Anosov mapping class sat-
isfying G"'FG = F¥*. Then k = %1 and there exists a positive real number p such that
the following conditions hold:

(i) ifk =1, then G(Fs, pus) = (%Ssp_lﬂs) and G(Fu, pu) = (Fu» Piu),
(i) ifk = =1, then G(Fs. jts) = (Fu- p~ " 1tu) and G(F, p) = (Fs. pits)-

Remark 2.13. Let # = {G € Mod(Sg) : G(Fs) = &s and G(Fyu) = Fu) and let R4
be the group of positive real numbers under multiplication. There is a homomorphism
A H — Ry such that A(G) = Ag with G(Fy, ty) = (Fu, Acity) and G(Fs, 1s) =
(s> Agl,us) (see [23]). This homomorphism is known as the dilatation homomorphism.

For a singular point p of &, let J, be the subgroup of J consisting of mapping
classes that fix p. Let £, be the set of all singular leaves of 3§, originating at the singular
point p. The action of #, on &£, induces a homomorphism ¢, : J, — Xg,|, where
¥|¢,| is the permutation group on |&£| letters.

The image and kernel of the dilatation homomorphism A have also been described in
[23, Lemmas 2-3].

Lemma 2.14. For the dilatation homomorphism A : H — R4, we have that A(JH) is
infinite cyclic and ker A is a finite group.

3. Infinite metacyclic subgroups of mapping class group

For g > 2 and two nontrivial periodic mapping classes F, G € Mod(S,), the necessary
and sufficient number-theoretic conditions under which conjugates F’, G’ (of F, G resp.)
generate a finite metacyclic group have been derived in [5, 6, 30]. In this section, we ana-
lyze the infinite metacyclic subgroups of Mod(S,). From here on, for F, G € Mod(Sy),
we will assume that if (F, G) is a metacyclic group, then (F) <1 (F, G), which implies
that G~' FG = F¥ for some nonzero integer k.

3.1. Metacyclic subgroups with pseudo-Anosov generators

Let F € Mod(Sg) be a pseudo-Anosov mapping class with stretch factor A > 1. Let
(Fs, ns) and (Fy, ) be the stable and unstable singular measured foliations for F,
respectively. We will now prove our first main result concerning infinite metacyclic sub-
groups of Mod(Sg) with at least one pseudo-Anosov generator. The homomorphism ¢,
in the statement of the following theorem has been defined in Remark 2.13.
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Theorem 3.1 (Main Theorem 1). For g > 2, consider nontrivial mapping classes F,G €
Mod(Sg).

(i)  Let (F,G) be metacyclic with (F) <t(F, G). Then the following statements hold.

(a) If F is a pseudo-Anosov, then G cannot be an infinite order reducible map-
ping class.

(b) If F and G are pseudo-Anosov, then (F, G) is abelian. Furthermore, either
(F,G) = Z or(F,G) = Zy, x Z for some n € N.

(c) Let G be pseudo-Anosov and (F, G) is non-abelian. Then F is a reducible
mapping class of finite order.

ii et e pseudo-Anosov an is either periodic or pseudo-Anosov. Then
(ii)) Let F b do-A d G is eith jodi do-A Th
(F, G) is an abelian metacyclic subgroup if and only if

@ G(Eu: pu) = (Fu. AcHu), G(Fs, ps) = (%S»AG_IMS)’ and
(b) there exists a singular point p of Fy such that G"'FGF~1 € ker ¢p.

(iii) Let F be pseudo-Anosov and let G be periodic. Then (F, G) is a non-abelian
metacyclic subgroup with (F) < (F, G) if and only if

@ G(Fus tu) = (&s, ts), G(&s, its) = (Fu» ku), and
(b) there exists a singular point p of &y such that G"' FGF € ker ¢p.

Proof. Let F be a pseudo-Anosov mapping class with (F,,, i) and (Fs, (Ls) as its unsta-
ble and stable invariant singular measured foliations, respectively.

To begin with, we consider the case when (F, G) is metacyclic with (F) < (F, G).
Let F be pseudo-Anosov and G an infinite order reducible mapping class. Consider the
dilatation homomorphism A : # — R (see Remark 2.13). Since G™' FG = F¥, where
k = £1, G? commutes with F. By Lemma 2.12, G2 e J#, and since G is not pseudo-
Anosov, G2 € ker A. This is impossible since ker A is finite and G? has infinite order.

Next, we consider the case when F, G are pseudo-Anosov and (F, G) is a non-abelian
metacyclic subgroup. If G™' FG = F~!, then G? commutes with F. By Lemma 2.12,
it follows that G2 preserves (Fy, ity) and (Fy, is). Thus, F and G keep (Fy. fbu) and
(&5, 1s) invariant, which contradicts Lemma 2.12. Therefore, (F, G) is abelian, and from
Lemma 2.12, we have (F, G) C J. Since ker A is a finite group, if kerk|<F’G> # 1, then
(F,G) = Zy x Z for some n € N. Furthermore, ifker/\|(F,G) =1, then (F,G) = Z.

Next, we assume that G is a pseudo-Anosov mapping class and (F, G) is non-abelian
metacyclic subgroup. As discussed above, F' can not be pseudo-Anosov. Let F' be an infi-
nite order reducible mapping class. Since €(G~'FG) = G~1(€(F)), €(F~') = €(F)
and GT'FG = F7!, it follows that G(€(F)) = €(F). But as €(F) # @ and G is
irreducible, this contradicts our assumption. Now, assume that F' is periodic. If F is irre-
ducible, then, by Theorem 2.3, O =~ Sp,3. Since GFG™! = F¥, G induces an infinite
order mapping class in Mod(Sp 3) which is not possible. Hence, F' must be reducible
periodic.
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Finally, we consider the case when F is pseudo-Anosov and G is either periodic or
pseudo-Anosov. Consider the homomorphism ¢, defined in Remark 2.13. From Lemma

2.12,if GVFG = F, then G(Fu- ptu) = (Fus A ttu) and G(Fs. phs) = (B Ao~ o).
Furthermore, it is apparent that

G 'FGF™! e ker¢p,.

Conversely, we assume that G (Fu. i) = (Fu, A6 1a)s G(Fs its) = (Fs. Ac ' 1ug), and
G 'FGF™! € ker ¢, for some singular point p of &,. Let ¥ and § be representatives
of F and G, respectively. Since G"!FGF~! € ker ¢, we have § 1 ¥ ¢F (L) = L,
where L is a leaf of &, originating at the singular point p. Since A(§ ' FEF 1) = 1,
$176%F 1 fixes L pointwise. Since L is dense in Sg [8, Theorem 9.6], we must have
§1F6F 1 = 1,and hence G™' FG = F. By a similar argument, (iii) follows. |

We address the case when G is a pseudo-Anosov mapping class and F is a nontrivial
periodic mapping class in the following remark.

Remark 3.2. For g > 2,let F, G € Mod(Sy) be such that G is a pseudo-Anosov mapping
class and F is a nontrivial periodic mapping class. By Birman—Hilden theory [3, 22], it
follows that (F, G) is metacyclic with (F) <1 (F, G) if and only if there exists a pseudo-
Anosov mapping class G € Mod(OF) such that G lifts to G under the branched cover
p : Sg¢ — OF. By removing branch points and their preimages, p can be considered an
unbranched cover between punctured surfaces. Since p is an abelian cover, a G lifts under
p if and only if the induced isomorphism G4 € Aut(H,(OF, Z)) leaves the subgroup of
H,(OF, Z) corresponding to the cover p invariant. This homological criterion is often
straightforward to compute (see [1,9]).

Now, we construct several infinite metacyclic subgroups of Mod(S,) with a pseudo-
Anosov generator. In the following example, we describe a non-abelian infinite metacyclic
subgroup having a nontrivial periodic and a pseudo-Anosov generator.

Example 3.3. For g > 1, let G be a rotation of S4¢ by 27/4 as shown in Figure 2. By
considering the multicurves A = {a;,az, ..., asg4+1} and B = {b1, by, ..., bsgy1}, We
see that the curves in A U B fill S4,. From Theorem 2.11, it follows that

4g+1  4g+1

F=1]7: [] 1
j=1

i=1
is a pseudo-Anosov mapping class. For 1 <i <3gand 1 <i’ < g, we have G(a;) = bg4i,
G(bi) = ag+i, Glaszg+ir) = bir, G(b3g+i’) = air, and G exchanges the curves a4g 41 and
bag+1. Therefore, G™'FG = F~!, and so we have (F, G) = Z x_; Z4. We observe that
(F,G?) =7 x L.

Note that the construction described in Example 3.3 generalizes to any even integer
n > 4, where n is the order of the periodic generator. For even genera, we will now provide
an example of a metacyclic subgroup of Mod(S, ) isomorphic to Z x_; Z.
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b3g+1
o
+
a3g+1
b3g42 d
g
bag 4
Y
asg 2z
4g+1
ap ag I3g
ay =15 X eee
dagt1 - —F2e+l
azg 42
% 73 g+
by brg+1
@ -
b2g
'
bg+2
g+
:
\
bg+1

Figure 2. Realization of an infinite metacyclic subgroup (F, G) < Mod(S4g) isomorphic to Z x—1
Z4 generated by a periodic mapping class G of order 4 and a pseudo-Anosov mapping class F.

Figure 3. An infinite metacyclic subgroup (F, G) < Mod(S5;) isomorphic to Z x—_1 Z,, generated
by an involution G and a pseudo-Anosov F'.

Example 3.4. Foraninteger h>1,let A={ay,as,...,as,,d}and B={b1,b,,...,byy,c}
be two multicurves in Sy, and let G € Mod(S,4) be an involution, as shown in Figure 3.
Since A U B fills Sy, by Theorem 2.11, the mapping class

2h 2h
F = ]_[ Ty Ta ]_[ T,;lT;‘
1

i=1 j=

is pseudo-Anosov. For 1 <i < 2k, G maps a; to bopy1—;, bj t0 azp4+1—i, and ¢ to d.
Therefore, we have G™! FG = F~!, and so it follows that (F, G) < Mod(S»},) is isomor-
phicto Z x_; Z5.

Examples 3.3-3.4 together generalize to the following corollary.
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b3g41

bg+1

Figure 4. Realization of an infinite metacyclic subgroup (F, G) < Mod(S4g+1) isomorphic to
Z x Z4 generated by a periodic mapping class G of order 4 and a pseudo-Anosov mapping class F.

Corollary 3.5. For an even positive integer n | g, there is an infinite metacyclic subgroup
of (F,G) < Mod(Sy) isomorphic to Z x_y Ly, where F is a Penner-type pseudo-Anosov
and G is periodic with Dg = (n, g/n;(1,n), (n — 1,n)).

For positive integer m, let (F,G | G*™ = 1,G"' FG = F~!) be an infinite metacyclic
subgroup of Mod(Sg), where F is a pseudo-Anosov mapping class and G is a periodic
mapping class. Then it is easily seen that (F, G2) is abelian (as in Example 3.3). However,
a natural question is whether every infinite abelian metacyclic subgroup of Mod(S, ) arises
this way. The following example shows that this is not true in general.

Example 3.6. For g > 1, let G be a free rotation of S4¢ 41 by 27/4 as shown in Figure 4.
We observe that the multicurves A = {a1,az,...,a4g41}and B = {b1,bs, ..., bagia}
fill S4g41. From Theorem 2.11, the mapping class

4g+1 4g+4
F = ]‘[ T, ]_[ Tl;l
i=1 j=1
is pseudo-Anosov. For 1 <i <3g,1<i’ <g,and 1 < j < 3, we have that G(a;) =
ait+g,G(bi) =bitg, G(asg+ir) = air, G(bag+ir) = bir, G(asg+1) = aagt1, G(bagt;) =
bagyj+1,and G(bagy4) = bagi1. By construction, we have GF = F G, and so it follows
that (F,G) = Z X Z4.
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b3gy1

bg+1

Figure 5. Realization of an infinite metacyclic subgroup (F, G) < Mod(S4g) isomorphic to Z x Z4
generated by a periodic mapping class G of order 4 and a pseudo-Anosov mapping class F.

For g = 1, assume that (F, G) is a subgroup of a non-abelian infinite metacyclic
subgroup (F, G'), where (G’)? = G. It follows from [5, Corollary 5.7] that G is primitive.
Therefore, such a G’ cannot exist.

In Example 3.6, the periodic generator was represented by a nontrivial free rotation,
but in the following example, the periodic generator is represented by a nontrivial non-free
rotation.

Example 3.7. For g > 1, let G be a rotation of S4z by 27/4 as shown in Figure 5. We
observe that the multicurves A = {a1,az,...,a4g+1} and B = {by,bs, ..., bag} fill S4g.
From Theorem 2.11, the mapping class

4g+1 4g

F=]]7]l%

i=1 j=1

is pseudo-Anosov. For 1 <i <3g,1 <i' <g,and 1 < j <3, we have that G(q;) =
aitg, G(bi) = bitg, Glazg+ir) = air, G(bsg+ir) = by, and G(aag+1) = asg+1. By
construction, we have GF = F G, and so it follows that (F, G) = Z x Z4.

Examples 3.6-3.7 can be generalized to the following.

Corollary 3.8. For any positive integer n > 2 such that n | g (resp. n | g — 1), there is
an infinite metacyclic subgroup of (F, G) < Mod(Sy) isomorphic to Z x Z,, where F is
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a Penner-type pseudo-Anosov and G is periodic with Dg = (n, g/n; (1,n), (n — 1, n))
(resp. Dg = (n,(g +n—1)/n,1;,-)).

Remark 3.9. An infinite metacyclic subgroup of (F, G) < Mod(S,) generated by a
Penner-type pseudo-Anosov mapping class F can also have pseudo-Anosovs of non-
Penner-type. In Examples 3.3 and 3.6, it can be seen that every pseudo-Anosov mapping
class in (F, G) which is not a power of F is a non-Penner-type pseudo-Anosov. In fact, F
can also be replaced with a non-Penner-type pseudo-Anosov generator. In Example 3.6,
fori £ 0 (mod |G|) and j # 0, the mapping class G’ F/ is a non-Penner-type pseudo-
Anosov, while in Example 3.3, G' F/, where i is an even positive integer such that i # 0
(mod |G]) and j # 0, is a non-Penner-type pseudo-Anosov. Furthermore, in each case,
taking j = +1 would yield elements that are possible generators of (F, G) in place of F.

Remark 3.10. Let F be a pseudo-Anosov generator of a metacyclic subgroup of Mod(S,).
Then there is no upper bound on the stretch factor A(F') of F. This follows from the simple
fact that if (F, G) is a metacyclic subgroup of Mod(Sy ), then (F", G) is also a metacyclic
subgroup for all n > 1, where A(F") = A(F)".

3.2. Metacyclic subgroups with reducible generators of infinite order

We begin this subsection with the following lemma which provides necessary and suffi-
cient conditions under which two multitwists are equal.

Lemma 3.11 ([7, Lemma 3.17]). Let A = {ay,...,a,} and B = {by, ..., by} be two
multicurves in Sg. Let p; and q; be nonzero integers. If

Talil "'Tali," = qull "'Tl;]r:,n
in Mod(Sg), then m = n and the sets {TL'}, {Tfii} are equal.

We will now establish our second main result that gives necessary and sufficient con-
ditions under which two mapping classes which are not pseudo-Anosov form an infinite
metacyclic subgroup of Mod(Sy ).

Theorem 3.12 (Main Theorem 2). For g > 2, let F, G € Mod(Sg) be two nontrivial
mapping classes such that at least one of F or G is of infinite order and neither F nor G
is pseudo-Anosov. Assume that F, G have degrees n, m, with multitwist components

i a5 ap
TETE T8 and T,T2 - ch ,
respectively, where q;,q; € Z\ {0}, €(F) ={c1,c2,...,c¢}, and €(G) = {c},c5,. .., cé,}.
Then (F, G) is an infinite metacyclic subgroup with (F) <1 (F, G) if and only if the fol-
lowing conditions hold.
(i) €(F)U€(G) is amulticurve.
(i) If F is periodic with G"'FG = F¥, then k™ =1 (mod n).



Infinite metacyclic subgroups of the mapping class group 17

(i) Deﬁne A; = {Cj S E(F) | q;j = qi}, B; := {Cj [S \G(F) | qgj = kqi}, and Ci =
{C} S \G(G) | q]/ = qll} Then G(AZ) = Bi, G(B,) = Ai, and F(C,) = Ci fOl‘
everyi.

(iv)  For every path component R of Sg(€(F) U €(G)), G, 'F,G, = Frkp', where
G,, F, € Mod(R) are induced by G, F, respectively, and p, is the size of orbit
of R under G.

(v)  For two path components R, S of Sg (€(F) U €(G)) such that G(R) = S, F,k
is conjugate to Fs, where F, € Mod(R), Fy € Mod(S) are induced by F.

Proof. Let (F, G) be an infinite metacyclic subgroup of Mod(Sy ). First, we assume that
F has infinite order. Since G"'FG = F¥, where k = +1, we have G"1F"G = F*n,
and so their multitwist components are equal; that is,

q1 a2 I oLl — TkarTkar  Tkq
TGfl(Cl)TGfl(cz) TGfl(cl) - Tcl 1TC‘Z 2 Tcl ‘.

By Lemma 3.11, it follows that
; . kq; .
g, 1 1=i=0 ={T" |1=j =0}

and so G(A;) = B; and G(B;) = A; forevery i. Hence, G(€(F)) = €(F). Since k = +1,
G? commutes with F. By comparing the multitwist components in FG2F~! = G2, we
have F(C;) = C; forevery i. As €(G) is the intersection of all maximal reduction system
of G, €(G) is contained in the maximal reduction system of G containing € (F'). There-
fore, it follows that €(F) U €(G) is a multicurve. The same conclusion holds trivially for
the case when F is periodic.

Suppose that G has infinite order and F is periodic. Since G™'FG = F¥*, we have
G FG™ = FK™ = F where a = |k|. By comparing the multitwist components in
FG™ F~1 = G™@ it follows that
aqé/

! /
91 449>
T, T,
2 o

aq) aq, aq), a

TeepTrey ™ Trey) = T

By Lemma 3.11, we have F(C;) = C; for each i, and so F(€(G)) = €(G). Since

F(€(G)) = €(G) and G™(FG™F~') = F¥"~1 it follows that F¥"~! = 1. There-
fore, k™ =1 (mod n), and we have established (i)—(iii).

Restricting the relation G~ FG = F* to a path component R of S (€(F)UE(G))
gives (G™P FGPr)|g = FK”"|g, where p, is the size of the orbit of R under G. There-
fore, Gr_lFr G, = Frkpr , where G, F, € Mod(R) are induced by G, F, respectively. For
two distinct path components R, S of Sg(€(F) U €(G)) such that G(R) = S, restrict-
ing the relation G~ FG = F¥ to R, it follows that F is conjugate to Frk , where F, €
Mod(R), Fs € Mod(S) are induced by F. This completes the argument for (iv)—(v).

Conversely, we assume that I and G satisfies (i)—(v). Since the relation G, lE.G, =
F ,k " holds in Mod(R) for every path component R of S¢ (€(F)UE(G)), it follows from
conditions (i)~(iii), (v) that the relation G~ FG = F¥ holds in Mod(S,). Hence, (F, G)
is an infinite metacyclic subgroup. ]
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Figure 6. Realization of an infinite metacyclic subgroup (F, G) < Mod(S3) isomorphic to Z x Z»
generated by F such that F3 = T, and a free involution G.

We have the following direct consequence of Theorem 3.12.

Corollary 3.13. For g > 2, let F', G € Mod(Sg) be two nontrivial mapping classes such
that at least one of F or G is of infinite order and neither F nor G is pseudo-Anosov.
Let (F, G) be an infinite metacyclic subgroup of Mod(Sg) with (F) < (F, G). Then the
following statements hold.

(i)  F and G are reducible mapping classes.
(i) If F, G are of infinite order such that G is of odd degree, then (F, G) is abelian.
(iii) If G is of infinite order of degree 1, then (F, G) is abelian.

Proof. By Theorem 3.12 (i), (iii), ' and G preserve the multicurve € (F) U €(G). There-
fore, F and G are reducible mapping classes. Let n, m denote the degrees of F, G,
respectively, where m is odd, and assume that F, G are of infinite order. Since €(F) U
©(G) is a multicurve, comparing the multitwist components in G ™™ F*G™ = F"*" it
follows that k™ = 1. As m is odd, k = 1, which implies that (F, G) is abelian. Finally,
when F is periodic and G is an infinite order reducible mapping class of degree 1, by
Theorem 3.12 (ii), we have that (F, G) is abelian. [

Now, we give several examples of infinite metacyclic subgroups of Mod(Sy) involv-
ing reducible generators. In the following example, we use the n-compatibility of cyclic
actions to construct an infinite metacyclic subgroup of Mod(S,) generated by a nontrivial
periodic and a pseudo-periodic mapping class of infinite order.

Example 3.14. Let F, G € Mod(S>) be periodic mapping classes with
Dg = (3,0;(1,3),(1,3),(2,3)1.(2.3)1) and Dg = (2.1:(1,2)2,(1,2)).

respectively, as in Figure 6. From the theory developed in [5], there exist conjugates F’
and G’ of F and 6, respectively, that commute in Mod(Sg). We observe that the orbits
corresponding to the cone points of D j (resp. D g) with the same suffix are 1-compatible
with twist factor 1 (resp. 1-compatible). Hence, F’ and G’ extend to a pseudo-periodic
F and a periodic G (represented by §), respectively, in Mod(S3) such that F3 = T,
and Dg = (2,2, 1;—). Since {(F’, G’) is abelian, from Theorem 3.12, it follows that
(F.G) = Z X Z>.
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@28+ o 124D

(1,2¢ +1)
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(g:28+1 .} s+ 12+
a

Figure 7. Realization of an infinite metacylic subgroup (F, G) < Mod(S2¢+1) isomorphic to
Zg+1 X—1 Z generated by a periodic mapping class F of order 2¢g + 1 and G such that
G*=T2T; 2

The following corollary is a direct generalization of Example 3.14.

Corollary 3.15. For g > 2, let ' € Mod(S) be a nontrivial periodic mapping class with

Dp = (n,go; (a,n), (b,n),(c1,ny1),..., (ce,ng)).

For 1 <m < n and m | n such that gcd(m,n/m) = 1, there is an infinite metacyclic
subgroup of Mod(Sg +1) isomorphic to 7. X Ly, if the following conditions hold.

i) a+b=0 (modm).
() al'+b7' =k (modn/m), wherek € Zym \ {0}.

In the following example, we construct a non-abelian infinite metacyclic subgroup
(F,G), where F is a nontrivial reducible periodic mapping class.

Example 3.16. For g > 1, let F}, F, € Mod(S,) be two periodic mapping classes (see
Figure 7) with

Dr = (2g + 1,0: (1.2g + 1), (g.2g + 1)1.(g.2¢ + 1)2).
Dp, = (2g + 1,0 (2g.2¢ + 1), (g + 1.2g + 1. (g + 1.2g + 1)2).

Since the orbits corresponding to the cone points with the same suffix are 1-compatible, a
periodic mapping class F' € Mod(S2¢+1) can be constructed from Fy, F, with

Dr =(2g+1.1:(1.2¢ + 1).(28.2¢ + 1)).

Let G’ € Mod(S2¢+1) be an involution represented by §’ as shown in the figure with
Dg = (2,g + 1,1; —). From the theory developed in [6], we have G'"' FG' = F~1.
Now, consider G € Mod(S24+1) suchthat G = G'T, Tb_l. Since F(a) =a and F(b) =b,
it follows that G™'FG = F~'. Hence, (F,G) = Zyg+1 X—1 Z.

In [6, Example 4.19], an infinite metacyclic subgroup (F, G) < Mod(S,) was con-
structed, where F' was an infinite-order pseudo-periodic and G was a nontrivial periodic
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Figure 8. Realization of an infinite metacyclic subgroup (F, G) < Mod(S2¢+1) isomorphic to
Z x_1 Zy generated by an F such that F 28+1 — Ta3 Tb_ 3 and an involution G.

mapping class such that (§) acted non-transitively on the path components of Sg (€ (F)).
We now provide an example in which the action of (§) on S, (€(F)) is transitive.

Example 3.17. For g > 2, let F;, F, € Mod(S,) be periodic mapping classes (see Fig-
ure 8) with

Dp, = (2 +1,0;(g,2¢ + D1, (1,2¢ + 1)2,(¢,2¢ + 1)),
Dp, = (2¢ +1,0;(2g,2¢ + D1, (g + 1,2¢ + 12, (g + 1,2g + 1)).
Here, the orbits corresponding to cone points with the same suffix are 1-compatible with
twist factor £3. Thus, there exists a pseudo-periodic F' € Mod(S,¢+1) with Fy, F; as its
canonical components such that
2g+1 3—3
F28H = 737,73,

where €(F) = {a, b} is a bounding pair. Let G € Mod(S,¢+1) be represented by a free
involution § as shown in the figure with Dg = (2, g + 1, 1; —). From Theorem 3.12, it
follows that GFG™' = F~!, and hence, (F,G) = Z x_1 Z».

The constructions in Examples 3.16 and 3.17 easily generalize to the following.
Corollary 3.18. For g > 2, let F' € Mod(Sg) be a periodic mapping class with
Dp = (n,go0:(a.n), (b,n),(c1.n1).....(ce.ng)), where3 <n < 4g.

Then the following statements hold.
(i)  Ifa = b, then there is an infinite metacyclic subgroup of Mod(S2¢+1) isomor-
phic to L, X_1 Z.
(ii) Ifa # b, then there is an infinite metacyclic subgroup of Mod(S2¢+1) isomor-
phic to 7. x_1 Z,.

So far, we have only constructed infinite metacyclic subgroups with nontrivial periodic
elements. In the next couple of examples, we construct infinite metacyclic subgroups that
do not have any nontrivial periodic element.
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Figure 9. Realization of an infinite metacyclic subgroup (F, G) < Mod(Sg) isomorphic to Z x Z
and Z x_1 Z generated by two pseudo-periodic mapping classes F and G.

(=@

Figure 10. Realization of an infinite metacyclic subgroup (F, G) < Mod(Sg) isomorphic to Z x Z
and Z x_1 Z generated by two pseudo-periodic mapping classes F and G.

Example 3.19. For an odd integer g > 1, let G, G2 € Mod(Sg) be represented by a free
involution §; and a hyperelliptic involution &, as in Figure 9. We observe that §; and §,
commute. Consider Fy, F>, G € Mod(Sg) such that

Fi = GI, Ty, F, =G T,T,'T.T; ', and G =GiT..

Since G? = Tcz, F12 =T, TpT, Ty, and F22 = Tasz_zTesz_z, Fy, F>, and G are pseudo-
periodic mapping classes. Now, it can be verified that G™'F{G = F; and G™'F,G =

F; 1. Thus, we have (F1,G) =~ Z x Z and (F»,G) = Z x_; Z.

Example 3.20. For an even integer g > 2, let G, G» € Mod(Sg) be represented by an
involution §; and a hyperelliptic involution %, as in Figure 10. We observe that G; and G,
commute. Consider F, G € Mod(S,) such that F = G,T, Td_l and G = G T,T,. Since
F?2=T2? Td_2 and G? = T,TT, Tr, F and G are pseudo-periodic mapping classes. It
can be verified that G™' FG = F~!, and hence we have (F, G) = Z x_; Z. Considering
F’ € Mod(Sg) such that F' = G, T, Ty, it can be seen that (F',G) = Z X Z.

Taking inspiration from [6, Example 4.20], where a non-abelian infinite metacyclic
subgroup was constructed with a nontrivial periodic generator, we will now describe an
example where both generators are pseudo-periodics of infinite order.

Example 3.21. Let F,G’ € Mod(S13) such that F3 = T, T_ ' T, T;,' and G’ represented

by ¥’ with Dg: = (4,4, 1; —) (see Figure 11). In [6, Example 4.20], it was shown that
G'FG'™!' = F~!, and therefore (F, G') = 7Z x_ Z4 < Mod(S13). Now, we consider
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Figure 11. Realization of an infinite metacyclic subgroup of Mod(S13) isomorphic to Z x_1 Z.

G € Mod(Sy3) such that G = G'T, . Since G* = Te, Te, Tey Te,, the G is pseudo-periodic
of degree 4. As F(c1) = ¢; and

G'FG =T 'G'FG'T,, =T 'F'T,, = F",
we have (F,G) = Z x_; Z.

In the preceding examples, we saw infinite metacyclic subgroups with pseudo-periodic
generators. In the following examples, we construct infinite metacyclic subgroups with an
infinite order reducible generator with canonical components that are nontrivial periodic
and pseudo-Anosov.

Example 3.22. For g > 3, consider the collection of curves as shown in Figure 12 and
the mapping class

g
F =Ty, Ty, T, T, Ty, [ | Tai T
i=3
Since F'(b3) = b3, F is a reducible mapping class of infinite order with pseudo-Anosov
canonical component Ty, T5,T, ' T,;" and periodic canonical component [[5_; Ty, Tp,, -

Let G be the hyperelliptic involution as shown in the figure. Since G FG = F, we have
(F.G) = Z X Z>.
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Figure 12. Realization of an infinite metacyclic subgroup (F, G) < Mod(Sy ) isomorphic to Z x Z»
generated by a hyperelliptic involution G and a reducible mapping class F' of infinite order.

Figure 13. Realization of an infinite metacyclic subgroup (F, G) < Mod(Se) isomorphic to Z x—_1
Z- generated by an involution G and a reducible mapping class F of infinite order.

The construction in Example 3.22 generalizes to the following assertion.

Corollary 3.23. For g > 2, there is an infinite metacyclic subgroup (F,G) < Mod(Sg)
isomorphic to 7, X Z, generated by a hyperelliptic involution G and a reducible mapping
class of infinite order containing at least one pseudo-Anosov and one nontrivial periodic
canonical component.

Example 3.24. Consider the collection of curves in Sg as shown in Figure 13 and the
mapping class

F = (Tp, T, To,))(Te, T, V(T T, Ty T T Ty Y (Tes To (T T Ty ).

C1 ¢y as*as 3% cy a

Since F({c1,c2,c3,c4}) ={c1,C2,C3,C4}, F is areducible mapping class of infinite order
with two nontrivial periodic canonical components and one pseudo-Anosov canonical
component. Let G € Mod(Sg) be an involution as shown in the figure. Since G FG =
F7U(F,G) =7 x_ Zs.

A direct generalization of Example 3.24 is the following result.

Corollary 3.25. For an even integer g > 4, there is an infinite metacyclic subgroup
(F,G) < Mod(Sg) isomorphic to 7 x_y Z, generated by an involution G with Dg =
(2,g/2;(1,2),(1,2)) and a reducible mapping class of infinite order containing at least
one pseudo-Anosov and one nontrivial periodic canonical component.

4. Applications

In this section, we derive some applications of the theory developed in this paper.
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4.1. Infinite metacyclic subgroups of the level i subgroup of Mod(S;)

The action of Mod(Sg) on H;(Sg, Z) affords a surjective representation [7, Chapter 6]
W : Mod(Sg) — Sp(2g, Z). The subgroup ker W is known as the Torelli group and is
denoted by I(Sg). Further, for an integer m > 2, the level m congruence subgroup is the
kernel of the composition

Mod(Sg) — Sp(2¢.Z) — Sp(28, Zm),

denoted by Mod(Sg )[m]. By definition I(Sg) C Mod(S)[m] for every m. Form > 3, itis
known [7, Chapter 6] that Mod(Sg)[m] is torsion-free and that an infinite order reducible
in Mod(S)[m] has degree 1 [13, Corollary 1.8]. The only torsion elements of Mod(Sg)[2]
are the hyperelliptic involutions. The following result follows immediately from Theorems
3.1, 3.12, and Corollary 3.13.

Proposition4.1. For g >2andm >3, let F, G € Mod(Sg)[m] be two nontrivial mapping
classes. Then (F, G) is metacyclic with (F) < (F, G) if and only if the following hold.

(i)  F and G are infinite order reducible mapping classes that commute.
(i) €(F)U€(G) is a multicurve.

(iii) The nontrivial canonical components of F and G are pseudo-Anosov mapping
classes.

(iv)  The nontrivial canonical components of F and G with the same support gener-
ate a cyclic group.

In the following examples, we construct infinite metacyclic subgroups of Mod(Sg)[2]
with a pseudo-Anosov generator. Since the hyperelliptic involution of Mod(S>) lies in the
center, we will assume g > 3.

Example 4.2. Consider the multicurves A = {a;,az,...,ag}and B ={b1,bs,...,bg41}
as shown in Figure 14. Since the curves of A U B fill Sg, by Theorem 2.11, the mapping

class
g+1

g
F=[17 117
i=1 i=i
is pseudo-Anosov. Let G be the hyperelliptic involution as shown in Figure 14. Since
G(c) = cforeveryc € AU B,wehave GT'FG = F. As F,G € Mod(S,)[2], (F,G) <
Mod(S,)[2] isomorphic to Z x Z.

The following example draws inspiration from a family of Penner-type pseudo-Anosov
mapping classes described in [2].

Example 4.3. For g > 3, we construct a non-abelian metacyclic subgroup of Mod(S,)[2]
generated by a pseudo-Anosov element in I(Sg). First we describe a filling collection
of curves C in S, which is a disjoint union of two multicurves A and B. Consider the
surfaces S, S/, and S” with curves and arcs as shown in Figure 15. We construct a closed
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Figure 14. Realization of an infinite metacyclic subgroup (F, G) < Mod(Sg)[2] isomorphic to
Z x Zo generated by a hyperelliptic involution G and a pseudo-Anosov F'.

Figure 15. The surface S” on the left, S in center, and S’ on the right used to construct a filling
system of curves in Sg.

Figure 16. A filling system of curves in S4 and S7 = S + S’ + S.

surface by combining multiple copies of S, S’, and S” as follows. For X; € {S, S’, S},
we write X1 + X, -+ + X, for the surface obtained by gluing X; end to end and capping
the remaining boundary components after gluing. For m > 1, we write mS for § + S +
---+ §. For m > 1, we can write S, = mS if g = 3m, Sg =S+ 8 +mSif g =
3m+4,8S,=8S+8"+mS+S" +Sifg=3m+8,55=35",and Sg = S” + §'. The
multicurves A and B are drawn with red and blue color, respectively.

Let F be a product of positive (left-handed) Dehn twists about the curves in A and
negative Dehn twists about the curves in B, where each Dehn twist is taken exactly once.
We observe that for each curve a € A, there exist a unique curve b € B such that {a, b}
bounds a subsurface of S, and vice-versa. Since A U B fills Sg, by Theorem 2.11, F is
a pseudo-Anosov. It can be seen that F' € I(Sg). Let G be the hyperelliptic involution
shown in Figure 16. Since G exchanges multicurves A and B, we have

G'FG=F".
Hence, (F, G) < Mod(Sg)[2] is isomorphic to Z X_; Z5.

4.2. Bounds on the order of a periodic generator of an infinite metacyclic group

In this subsection, we derive bounds on the order of a nontrivial periodic generator of an
infinite metacyclic subgroup of Mod(S, ) which are realized. We will require the following
remark.
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Remark 4.4. For an even integer g, let F' € Mod(Sg) be a nontrivial reducible periodic
mapping class of order 2g + 2. From the theory developed in [26], it follows that F arises
as a l-compatibility between fixed points of F’ and F'~!, where F’ € Mod(S,2) is a
periodic mapping class of order 4(g/2) + 2 = 2g + 2. Hence, F has a unique maximal
reduction system containing a single separating curve.

In the following proposition, we obtain bounds on the order of a nontrivial periodic
generator which are realized.

Proposition 4.5. For g > 2, let F, G € Mod(Sy) be two nontrivial mapping classes such
that (F, G) is an infinite metacyclic subgroup with (F) < (F, G).

(i)  Let F be a pseudo-Anosov mapping class and G a periodic mapping class.
(a) If (F,G) is non-abelian, then 2 < |G| < 4g.
(b) If (F,G) is abelian, then 2 < |G| < 2g.

(i) Let F be a reducible mapping class of infinite order and G a periodic mapping
class.

(a) If(F,G) is abelian, then2 < |G| < 2g + 2.
(b) If(F,G) is non-abelian, then 2 < |G| < 2g.
(iii) If F is periodic and (F, G) is non-abelian, then 3 < |F| <2g + 2.

Moreover, all of the above bounds are realized.

Proof. (i) Suppose that (F, G) is non-abelian. Example 4.6 shows that an order 4g peri-
odic mapping class can form a non-abelian metacyclic subgroup with F. Since it is
known that |G| < 4g 4+ 2 [11] and there is no periodic mapping class of order 4g + 1
(Lemma 2.5), it suffices to show that |G| # 4g + 2. If |G| = 4g + 2, then by Lemma 2.4,
G? is irreducible. Furthermore, from Theorem 2.3, it follows that OG> ~ S 3. Since G2
commutes with F', by Lemma 2.10, F induces an infinite order mapping class in the finite
group Mod(So,3), which is impossible. Thus, it follows that |G| < 4g.

Next, we consider the case when (F, G) is abelian. The preceding argument shows that
G is a reducible mapping class. By Lemma 2.4, it follows that |G| < 2g + 2. Moreover,
Example 4.6 shows that an order 2g periodic mapping class can form an infinite abelian
metacyclic subgroup with F. Since G is reducible, it suffices to show that |G| # 2g + 2.
Let G be a reducible periodic mapping class of order 2g + 2 that commutes with F. By
Remark 4.4, G has a unique maximal reduction system containing a single separating
curve, say, c. Since GF = FG, we have GF(c) = F(c), and so F(c) = ¢, which is not
possible as F is irreducible. Thus, it follows that |G| < 2g. Examples 4.2—4.3 show that
the lower bounds are realized.

(ii) Let (F, G) be abelian. From Corollary 3.13, it follows that G is reducible, and
from Lemma 2.4, we have |G| < 2g + 2. As before, a periodic mapping class of order
2g + 2 has a unique maximal reduction system {c}. Taking F = T, we have G commutes
with F. This shows that the upper bound 2g + 2 is realized when (F, G) is abelian.
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as

Figure 17. Realization of an infinite metacyclic subgroup (F, G) < Mod(S2) isomorphic to Z x—_1
Zg generated by an irreducible periodic mapping class G of order 8 and a pseudo-Anosov mapping
class F'.

Let (F, G) be non-abelian. If |G| = 2g + 2, then from Theorem 3.12, it follows that
G(€(F)) = €(F). Since G has a unique maximal reduction system {c}, it follows that
€(F) = {c} (as €(F) # ). Therefore, the multitwist component of F" is T, for some
n €N and g € Z \ {0}. By comparing multitwist components in G~ F*"G = F™", we
have G~'TZG = T, ?. This is impossible since G commutes with 7,. Hence, |G| < 2g
and Example 4.7 shows that this upper bound is realized. Examples 3.17 and 4.7 show
that the lower bounds are realized.

(iii) Since (F, G) is non-abelian and (F) <1 (F, G), we have k € Z \ {1}, where
n = |F|. Hence, n > 3, and by Theorem 3.1 and Corollary 3.13, F is reducible. From
Lemma 2.4, we have n < 2g + 2. Thus, the assertion follows, and by Corollaries 3.18 and
4.9, it follows that the bounds are realized. [

We will now provide examples demonstrating that the upper bound on the order of the
periodic generator G of the group (F, G) obtained in Proposition 4.5 is realized.

Example 4.6. For g > 2, let G € Mod(Sg) be a periodic mapping class of order 4g
realized as 27 /4g-rotation of a 4g-gon with side-pairing aas - - - azgal_laz_l --~a2_g} as
shown in Figure 17 (for g = 2). For 1 <i <2g — 1, let ¢; = a;ai41, ¢2g = azgay’,
A={c1,c3,...,c20-1},and B = {c2,¢c4, ..., C2g}. We note that ¢; is homotopic to the
concatenation of a; and a;y1. We observe that A and B are multicurves such that the

curves in A U B fill S;. By Theorem 2.11, the mapping class

g
F= 1_[ TCZk—] 1_[ Tc;kl
k=1

k=1
is pseudo-Anosov. Since G(c;) = ¢;+1, where 1 <i <2g — 1 and G(czg) = c1, we have
G'FG = F~!. Hence, (F,G) = Z x_1 Za,. Furthermore, since G 2FG? = F, we
have (F, G?) = 7 x Zag.
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1,2) (1,2)

Figure 18. An infinite metacyclic subgroup (F, G) < Mod(S2) isomorphic to Ze x—1 Z generated
by an order 6 mapping class F and a pseudo-periodic mapping class G.

Example 4.7. For even integer g > 2, let G € Mod(S,) be a periodic of order 2g realized
as the square of 277 /4g-rotation of a 4g-gon with side-pairing a1az - -azeay'ay ' -+ a5,
as shown in Figure 17 (for g = 2). Consider the multicurve € = {c3;—1 1= az;—1d2; |
1 <i < g}, where c¢,;—; is homotopic to the concatenation of a;_; and a,;. Define the

multitwist
g/2

F=]]TesT5}
i=1
Forl <i <g—1,as G(c2i—1) = c2i+1 and G(cag—1) = c1, we have G 'FG=F"!and
G~ 8 FG# = F. Therefore, it follows that (F, G) = 7Z X_ Zg and (F, G8) = Z X Z.

The following example shows that the upper bound on the order of the periodic gener-
ator F of a non-abelian metacyclic subgroup (F, G) obtained in Proposition 4.5 is realized
when G is reducible of infinite order.

Example 4.8. Let Fy, F> € Mod(S) be periodic with
Dr, = (6,0;(1,2),(1,3),(1,6)1) and Dp, = (6,0;(1,2),(2,3),(5,6)1).

Since the orbits corresponding to cone points with the same suffix are 1-compatible, a
periodic mapping class F € Mod(S>) can be constructed from Fy, F, with

Dr = (6,0;(1,2),(1,2),(1,3), (2,3)).

Let G’ € Mod(S>) be an involution represented by €’ as shown in Figure 18 with Dg/ =
(2,1;(1,2), (1, 2)). From the theory developed in [6], it follows that G'"' FG' = F~!.
Now, consider G € Mod(S») such that G = G'T,. Since F(c) = ¢, we have G FG =
TC_IG’_lFG’TC = F~!, and hence, (F,G) = Z¢ x_1 Z.

Example 4.8 generalizes to the following corollary.

Corollary 4.9. For an even integer g > 2, there is an infinite metacyclic subgroup (F,G) <
Mod(Sg) isomorphic to Zyg 42 X—1 Z, where F is a nontrivial periodic mapping class
and G is a pseudo-periodic mapping class of infinite order.
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4.3. Types of elements in an infinite metacyclic group

Let (F, G) < Mod(S) be an infinite metacyclic subgroup with (F) < (F, G). In this
subsection, we determine the Nielsen—Thurston type of the elements in (F, G) depending
upon the Nielsen—Thurston type of F, G.

Lemma 4.10. For g > 2, consider a (non-cyclic) metacyclic subgroup (F,G) <Mod(Sg)
that admits the presentation (F,G | G™'FG = F*), where k = +1. Then every nontrivial
element of (F, G) is a reducible mapping class of infinite order.

Proof. From Lemma 2.8, F'G/ = G/ Fi¥ 5o every element of (F, G) is of the form
G' F7 for some integers i, j. For G' F/ € (F, G), from Lemma 2.8, we have

(GiFj)l — Gl piQ+k k2 et k1 (D i (D)

It follows that every nontrivial element G* F/ € (F, G) has infinite order. Furthermore, by
Theorem 3.1, neither G nor F can be pseudo-Anosov mapping classes. When G and F are
infinite order reducibles, from Theorem 3.12, it follows that every nontrivial element of
(F, G) preserves the multicurve € (F) U €(G) and hence is a reducible mapping class. =

Lemma 4.11. For g > 2, consider a metacyclic subgroup (F, G) < Mod(Sy) that admits
the presentation (F,G | F" = 1,G™'FG = Fk), wheren > 3 and k € 7\ {1}. Every
nontrivial element of (F, G), except the powers of F, is of the same Nielsen—Thurston
type as G.

Proof. We note that G can be either pseudo-Anosov or reducible of infinite order. When
G is reducible, from Theorem 3.12, we have F(€(G)) = €(G). Moreover, fori # 0, we
consider G' F/ € (F,G) and set £ = |F||k|. Then from Lemma 2.8, we have

i i i | f 20 e i (€=2) 4 pi(€—1)
(GlF])( — GlfFj(l+kl+k et k! +k! )

_ GiZFle\(1+ki+k2i+~~~+k"(|k‘*2)+ki(|k|*‘)) — Gt

Hence, every nontrivial element of (F, G), except the powers of F, has the same Nielsen—
Thurston type as G. L]

Lemma 4.12. For g,m > 2, consider a metacyclic subgroup (F,G) < Mod(Sg) that
admits the presentation (F,G | G™ = 1,G7'FG = F¥), k = +1 (fork = —1, m is
even).
(1)  If (F, G) is abelian, then every nontrivial element of (F, G), except the powers
of G, has the same Nielsen—Thurston type as F.
(i) If (F, G) is non-abelian, then for integers i, j, where j # 0, G'F/ has the
same Nielsen—Thurston type as F if i is even, and G' F/ is periodic of order

|G?| when i is odd. Furthermore, for i odd and j even, G' F7 is conjugate
to G'.
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Proof. When (F, G) is abelian, it follows that every nontrivial element of (F, G), except
the powers of G, is of infinite order of the same Nielsen—Thurston type as of F'. We now
consider the case when (F, G) is non-abelian. Since G2 commutes with F, G FJ has
the same Nielsen—Thurston type as F, where j # 0. By Lemma 2.8,

(G F])2 GZIF(1+( l)) _ G21

if and only if i is odd. Thus, it follows that, for j # 0, G' F/ is periodic of order |G|
if and only if i is odd. When j is even and i is odd, we have F//2(G'F/)F~//?2 =
FIi2GiFil? = Gi FUI+GDD/2 = Gi | Therefore, G F/ is conjugate to G*. |

4.4. Centralizers of irreducible periodic mapping classes

In this subsection, we describe the centralizers of irreducible periodic mapping classes in
Mod(Sg).

Proposition 4.13. For g > 2, let F € Mod(Sy) be an irreducible periodic mapping class
with Dr = (n,0; (c1,n1), (c2,12), (c3,n3)). Let H be the centralizer of F in Mod(Sg).

(i) Ifeithern >2g + 2, or the (c;,n;) are all distinct fori = 1,2,3, then H = (F).

(i) Ifn <2g+2and (c;,n;) = (cj,nj) for somei, j € {1,2,3} and i # j, then
H = (F) x (i), where i is a hyperelliptic involution.

Proof. Since F is irreducible, by Theorem 2.3, Of =~ So,3. By Definition 2.1 (vi), we
have n > 2g + 1.For G € H \ (F), by Lemma 2.10, there exists € € Aut(Qr) induced
by §. Since Mod(Sy,3) = X3 (where X3 is the permutation group on three letters), it
follows that |G| = 2 or 3.

First, we consider the case when |G| = 3. Since § € Aut(OF), § permutes the three
cone points of O g, which implies that (¢;,n;) = (c;,n;) forall i, j € {1,2,3}. By Defi-
nition 2.1 (iv), we have (c;, n;) = (c1, n) for every i. Moreover, by Definition 2.1 (v), we
have 3¢; = 0 (mod n), which is impossible (as n > 4).

We now consider the case when |G| = 2. Since § € Aut(Or), § permutes two cone
points of @ and fixes the third one. By Definition 2.1 (iv), we have (¢;,n;) = (¢j,n;) =
(ci,n), for some i, j € {1,2,3} and i # j. We note that such a G € X3 is uniquely
determined. Since G € H, we have (F, G) =~ Z, x Z,. By aresult of Maclachlan [21], it
follows that |(F, G)| < 4g + 4, and this implies that n < 2g + 2. Thus, (i) follows.

When n = 2g + 1, by Definition 2.1 (vi), we have n; = 2g + 1 for every i. Since
I'(Sg/(F.8)) =(0;2,2g + 1,4g + 2), it follows that (¥, §) is cyclic. From the theory
developed in [5], it follows that & is a hyperelliptic involution. When n = 2g + 2, by
Definition 2.1 (vi), we have ['(Of) = (0; g + 1,2g + 2,2g + 2). Since § € Aut(OF), it
follows that I'(Sg /(¥ ', §)) = (0;2,2g + 2,2g + 2). Again, from the theory developed
in [5], the possible data sets for G are

(@ Dg, =(2,0:(1,2),(1,2),....(1,2)),

(2g+2) times
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(b) Dg, = (2,g/2;(1,2),(1,2)) when g is even, and
(¢) Dg, =(2,(g+1)/2,1;—) when g is odd.

Furthermore, it can be shown that F&T1G is conjugate to G, (resp. G3) when g is even
(resp. odd). Further, we note that lifts of G are GF/ , where 1 < j < n. This concludes
our argument for (ii). [ ]
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