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On subspace designs
Paolo Santonastaso and Ferdinando Zullo

Abstract. Guruswami and Xing introduced subspace designs in 2013 to give the first construc-
tion of positive rate rank metric codes list-decodable beyond half the distance. In this paper we
provide bounds involving the parameters of a subspace design, showing they are tight via explicit
constructions. We point out a connection with sum-rank metric codes, dealing with optimal codes
and minimal codes with respect to this metric. Applications to two-intersection sets with respect
to hyperplanes, two-weight codes, cutting blocking sets and lossless dimension expanders are also
provided.

1. Introduction

Guruswami and Xing in [49] introduced a linear-algebraic list decoder which starts by set-
ting the coefficients of the message into a periodic subspace, with some more restrictions
on such coefficients needed in order to get a small list of solutions. This last restriction
was rephrased in finding a sufficiently large set of subspaces with small intersections with
all subspaces of fixed dimension. This led to the definition of a (strong) subspace design.

Definition 1.1 ([49, Definition 7]). An ordered set (V1, V>, ..., V;), where V; is an Fy-
subspace of V = V(k, q), for any i € [t], is called a strong (s, A)-subspace design in V if
for every IF,-subspace W C V of dimension s,

t
Zdim]pq(l/,- NwW) < A.
i=1

Using the probabilistic method, one can show the existence of strong subspace designs
with large size and dimension, see, e.g., [49]. These subspace designs were used to give
a randomized construction of optimal rate list-decodable codes over constant-sized large
alphabets and sub-logarithmic (and even smaller) list size. Moreover, in [45], Guruswami
and Kopparty were able to construct a large explicit strong subspace design, where a strong
(s, A)-subspace design (Vi,...,V;)inF ;‘ is said to be explicit if there exists an algorithm
which gives a basis for (V1, ..., V}) in time poly(q, k, t).
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Using such a subspace design, Guruswami and Kopparty gave an explicit construction
of a subcode of a Gabidulin code, which has small intersection with the output of the
linear-algebraic list decoder they introduced. Hence, the code obtained in this way turns
out to be efficiently list-decodable. This was the first explicit example of an efficiently
list-decodable rank metric code.

These techniques have been further investigated to obtain more rank metric codes and
subspace codes which are efficiently list-decodable (see, e.g., [47,48]) to obtain efficiently
list-decodable algebraic-geometric codes [50] and to construct explicit constant degree
dimension expanders over large fields [46].

In all of these constructions, the obtained subspace designs are large and with a small
intersection with the family of subspaces considered. However, explicitly constructing
subspace designs satisfying these properties seems challenging. In [45] explicit construc-
tions of strong subspace designs with parameters close to the probabilistic construction
of [49] were found, by requiring large field size, whereas in [51], using algebraic function
fields, Guruswami, Xing and Yuan constructed strong subspace designs over any field, up
to some restrictions on the total intersection dimension.

More recently, in [58], Liu et al. introduced the notion of almost affinely disjoint sub-
spaces, which is strongly related to the subspace designs we are going to introduce, and
they have been also used to construct primitive batch codes, see [55].

Our aim is to investigate subspace designs.

Definition 1.2. An ordered set U = (U;, Uz, ..., U;), where U; is an F;-subspace of
V =V(k,q™), forany i € [t], is called an (s, A)4-subspace design in V' if

dim]qu ((Ul, . Ut)]qu) >s

and for every Fym-subspace W C V of dimension s,

t
> " dimg, (U; N W) < A.

i=1

Moreover, if (Ui, ..., U)r,» =V, we say that U is a non-degenerate (s, A)q-subspace
design.

In the above-mentioned applications, the authors did not use the strong subspace
design they constructed directly, but they used the intersection of such strong subspace
designs with a fixed IF,-subspace, obtaining in this way a subspace design as in Defin-
ition 1.2. Moreover, when ¢t = 1, (s, A)4-subspace designs coincide with the notion of
(s, A)4-evasive subspaces, originally introduced in [82] by Pudldk and Rodl.

It is easy to see that for a given subspace design, the following property holds (see
Proposition 3.1). For an (s, A)4-subspace design (U1, Us, ..., U;) in V = V(k,q™), s < A.

This paper focuses on the following two problems.

Problem 1.3. Investigate subspace designs attaining equality in Proposition 3.1.
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Problem 1.4. Given an (s, A)4-subspace design U, what is the smallest A’ such that U
is an (s, A”)4-subspace design?

In order to study Problem 1.3, we give the following definition.

Definition 1.5. An ordered set (Uy, Ua, ..., Uy), where U; is an F,-subspace of V' =
V(k,q™),forany i € [t], is an s-design in V if it is an (s, 5)4-subspace design in V.

We start by providing some properties of subspace designs and showing some proced-
ures to construct subspace designs from other subspace designs, such as by using direct
sum of subspaces. As a consequence of the bounds proved in [13,19,32], we obtain a first
bound regarding the dimension of the subspaces of a subspace design.

The s-designs are important examples of subspace designs. Indeed, when the dimen-
sion of all the subspaces is at most m, then any (k — 1)-design in V = V(k, ¢) (with
m > k) is an optimal subspace design, that is connected to optimal sum-rank metric codes.
Then we prove that this is also true when considering maximum 1-designs, i.e., 1-designs
for which the dimension of the subspaces is km /2 (when km is even). We investigate the
problem of determining the intersection pattern of the pointsets defined by the subspaces
of an s-design with hyperplanes. For s = 1, we show that if such pointsets do not cover the
entire space, we obtain a two-intersection set with respect to the hyperplanes. We conclude
the section by showing constructions of maximum 1-designs. As we will see, s-designs
give explicit construction of lossless dimension expanders, without any restriction on the
size of the field.

Subsequently, we point out a connection between sum-rank metric codes and subspace
designs, already developed in [77]. The sum-rank metric has been recently investigated
especially because of the performance of multishot network coding based on sum-rank
metric codes, see [78]. This metric extends the Hamming and rank metric and it is still
gaining attention. Indeed, important and fundamental results were achieved not long ago,
see, e.g., [25,64,65,67,76].

In this paper, we characterize those subspaces defining optimal sum-rank metric codes
(that is the ones satisfying equality in the Singleton bound, known as maximum sum-
rank metric codes) in terms of subspace designs. Since the sum-rank metric generalizes
the Hamming and rank metric, this connection extends the well-known correspondence
between linear maximum distance separable codes and arcs in projective spaces for the
Hamming metric (see [8] for a survey on this topic) and linear maximum rank distance
codes and scattered subspaces/linear sets for the rank metric (see [81]). Those subspace
designs will be called optimal subspace designs (see Section 5.3). By surveying the known
examples of linear MSRD codes, we will show the associated subspace designs. Another
important way of constructing subspace designs from a fixed one is by using two types of
dualities known as ordinary duality and Delsarte duality, the latter one is defined through
the connection with sum-rank metric codes. We will then explore how to obtain subspace
designs from strong subspace designs via subspace evasive subspaces, intermediate fields,
high-degree places and Cameron—Liebler sets. Finally, we will study subspace designs
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with the property of capturing the structure of hyperplanes, that is, their elements contain
a basis of every hyperplane. We call them cutting design, since they represent an extension
of the notion of cutting blocking sets recently introduced by Bonini and Borello in [22].
We then show how to construct cutting designs from known (linear) cutting blocking sets.
Similar to the case of cutting blocking sets, cutting designs are in correspondence with
minimal sum-rank metric codes. Minimal codes attracted attention for their use in secret
sharing schemes (see [70]) and very recently in [2] this notion was extended to the rank
metric. In this paper we introduce minimal sum-rank metric codes, that naturally extend
those in the Hamming and rank metric.

1.1. Organization of the paper

The paper is organized as follows. In Section 2 we briefly describe some preliminaries on
linearized polynomials, linear sets, subspace evasive subspaces and scattered subspaces.
In Section 3 we start by analyzing the first properties, constructions and bounds of sub-
space designs. In Section 4 we present constructions of maximum s-designs, we describe
the intersection pattern between a maximum 1-design and the hyperplanes, and then we
provide some examples. Surprisingly, maximum 1-designs give examples of two-weight
codes and strongly regular graphs. In Section 5 we recall the connection between systems
and linear sum-rank metric codes, which allows us to provide a bound on the parameters
of a subspace design and to define the optimal subspace designs. In Section 6 we describe
two duality operations on a subspace design and in Section 7 we provide more bounds
and constructions. In Section 8 we show some methods to obtain a subspace design from
a strong subspace design. Section 9 is devoted to the study of cutting designs and their
connection with minimal sum-rank metric codes. In Section 10 we apply the developed
theory of maximum s-designs to dimension expanders. We conclude the paper with Sec-
tion 11, in which we list some open problems/questions.

2. Preliminaries

We start by fixing the following notation. Let p be a prime and let & be a positive integer.
We fix ¢ = p” and denote by F, the finite field with g elements. Moreover, if m is a
positive integer, then we may consider the extension field IF,» of degree m over IF;. Recall
that for the extension Fym /F,, the norm of an element @ € Fym is defined as

m—1 )
Ngm/q(0r) 1= 1_[ at,
i=0

and the frace of an element o € Fym is defined as

m—1

Trgm/q(ar) 1= Z al',

i=0
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We list some more notation which will be repeatedly used in this paper.
o [i]={1,...,i}

* S, denotes the symmetric group of order n;

* V(k,q) denotes a k-dimensional IF,-vector space;

* (U)g, denotes the IFy-span of U, with U a subset of a vector space V;

. a _ (qa_l),,,(qa—b+1_l) 3 . _ .
(b)q = ) denotes the number of b-dimensional F,-subspaces of F5;

s x-y:= Zlexiyi,ifx=(x1,...,xk),y =(y1,...,yk)€IFk;

* Homp, (V1, V2) denotes the set of [F;-linear maps between two [F,-vector spaces V1
and V5,

* Endg, (V) = Homg, (V, V'), where V' is an [F,-vector space;

* GL(k, g) denotes the general linear group;

» T'L(k, q) denotes the general semilinear group;

» [, [x] denotes the set of polynomials in the indeterminate x with coefficients over [F;

* F,[x]<p denotes the set of polynomials in the indeterminate x with coefficients over
F, and degree less than /;

* PG(k — 1, g) denotes the projective Desarguesian space of dimension k and order ¢;

* PG(V,F,), with V an F,-vector space, denotes the projective space obtained by V;

* (S) denotes the span of the points in S, with S a subset of PG(k — 1, g).

2.1. Linearized polynomials

Let Gal(F,» /F,) be the Galois group of F,= over F; and o a generator of Gal(Fym /).
A o-polynomial (or o-linearized polynomial) is a polynomial of the form

F(X) = fox + fix® + fox% 4+ f4x°" € Fyn[x].

The o-degree of a nonzero o-polynomial is defined naturally as max{i : f; # 0} and it
is denoted by deg,, (F(x)). We denote by &£, » the set of o-linearized polynomials and we
equip it with the usual addition ‘4’ between polynomials of [F;=[x] and the composition

‘o’ defined as
i j ; i+j
ax® obx® =ac(b)x°",
and then extended to o-polynomials by associativity and distributivity. With these two
operations and with the multiplication by elements in Fym, &,, s is an F4-algebra and

an Fym-vector space. For any element F(x) = Z?:o fix® € £m.5. One can consider
the map

d
¢r :Fgn —Fgm, B> F(B):=)_ fio'(B).

i=0
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Then the map F(x)+ ¢F is an [F;-algebra epimorphishm between &£, » and Endp, (F;m).
So we can identify F(x) with the map ¢, and we will write rk, (£ (x)) and ker(F(x)) to
indicate the rank over IF,; of ¢ and its kernel, respectively.

For o-polynomials, we have the following bound on the number of roots.

Theorem 2.1 (See [43, Lemma 3.2] and [42, Theorem 5]). Consider F(x) € &, with
F(x) # 0. Then
dimp, (ker(F(x))) < deg, (F(x)).

The ring £,,, + is a right-Euclidean domain with respect to o-degree. This implies that
if F1(x), F>(x) are nonzero o-polynomials, then the notions of greatest common right
divisor, which we denote by gerd(F;(x), F2(x)), and least common left multiple, denoted
by lelm(Fy(x), F>(x)) are well defined.

Let F(x) = fox + fix® + .-+ fdx"d € &m0 and @ € F . Denote by Fy(x) the
o-polynomial

d
Fo(x) =) fiNg(@x?,
i=0
where NI (o) = ]_[;-_:10 o/ ().
For a nonzero o-polynomial F(x) € £,c, and A € F, the A-value for F(x) is the
integer
dy (F(x)) = deg(gerd(F (x), x7" — Ax)),

see [72, Proposition 3] and [76, Definition 2.8]. The A-value of a o-polynomial F(x)
gives information on the number of roots of Fy(x) with Nym/4(a) = A as stated in the
following result.

Theorem 2.2 (See [76, Theorem 3.10, Proposition 6.1]). Lef oq,...,0; € ]Fq*m anddlet
Ngmq(@;) = A;. Suppose that A; # A if i # j. Let F(x) = fox + fix° +---+ fqx% €
&£m, o be a nonzero o-polynomial with deg, (F(x)) = d. We have the following:

(1) dimg, (ker(Fy,; (x))) = dy, (F(x)) foranyi € [t],

(2) Yoi dimp, (ker(Fy, (x))) < deg, (F(x)),

(3) if Y i—; dimp, (ker(Fy, (x))) = d, then

Nyn/q(fol fa) = (=14 Hklflxi (FG).

i=1
2.2. Subspace evasive subspaces and scattered subspaces

Let V' be any non-empty set. In [82], Pudldk and Rodl introduced the notion of being
evasive for a subset of V' with respect to a family & of subsets of V, in order to construct
explicit Ramsey graphs. Later, this notion was adapted to the case in which V' is a vector
space and ¥ the family of all subspaces of V' with a fixed dimension, since they turn out
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to be very useful in constructing explicit list decodable codes with optimal rate, see, e.g.,
[36, 44, 48]. In this paper we will mainly use the following notion of subspace evasive
subspace, which corresponds to [13, Definition 1.1].

Definition 2.3. An F,-subspace S C V = V(k,¢q™) is said to be (s, r),-evasive if
dimg,, ((S)F,») = s and dimg, (SOW) <r,

for every [Fym-subspace W C V of dimension s,

Subspace evasive subspaces have been recently investigated in [13], where several
properties and constructions have been presented. We list some of them, which will be
useful for our purposes.

Proposition 2.4 (See [13, Proposition 2.6]). If U is a (s, r)q-evasive subspace in V =
V(k,q™), then it is also (s — h,r — h)g-evasive for any h € {0, ... ,s — 1}.

Bounds on the dimension of a subspace evasive subspace have been provided.
Theorem 2.5. Let U be an Fy-subspace of V- = V(k, q™) of dimension d. Then the
following hold:

(1) If U isan (s,s)q-evasive subspace andm > s + 1, then d <mk /(s + 1) (see [19,
Theorem 4.3], [32, Theorem 2.3], [13, Corollary 4.9]).

(2) If U is an (s, s)q-evasive subspace, (U)g,,» =V and m <s + 1, thend < k
(see [32, Theorem 2.3]).

3) If U is an (k — 1, r)4-evasive subspace and r < (k — 1)m, thend <m +r — 1
(see [13, Theorem 4.2]).

4) If U is an (k — 1, r)4-evasive subspace and r <k —2 + m/(k — 1), then d <
m—+r —1—k (see [13, Theorems 4.2]).

(5) If U is an (s, r)g-evasive subspace and r < m, then d < mk —mks/(r + 1)
(see [13, Corollary 4.9]).

(6) If U is an (s, r)q-evasive subspace, then |U| < (¢" — D(g*™ - 1)/(@*" - 1)+ 1
(see [13, Theorem 4.3]).

Moreover, we recall the following results from [13].

Proposition 2.6 (See [13, Propositions 4.6 and 4.7]). Let V = V(k,q™).
(i) Ifr = (k —2)(m — 1) + 1, then there exists a (k — 1, r)q4-evasive subspace in V
of dimensionm +r — 1.
(ii) If km is even and r > km/2 —m + 1, then there exists a (k — 1, r)4-evasive
subspace in V of dimension m + r — 1.

For a (s, r)4-evasive subspace U, since dim]qu ((S)qu ) > s, itis easy to see that r > s.
A particular class of subspace evasive subspaces is given by the s-scattered subspaces.
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Definition 2.7. An F,-subspace U of V = V(k,q™) is called s-scattered 1 <s <k — 1,
if (U)r,» = V and itis also an (s, s)4-evasive subspace.

Scattered subspaces were first introduced by Blokhuis and Lavrauw in [19] for 2 = 1,
then generalized independently by Lunardon in [61] and Sheekey and Van de Voorde
in [87] for h = k — 1, and then in [32] for general h. Special attention has been paid
for these subspaces because of their connection with maximum rank distance codes, see,
e.g., [81,86,92].

There are known constructions of s-scattered subspaces in V = V(k, ¢") of dimension
mk /(s 4+ 1) in the following cases:

(a) mk iseven, see [7,14,19,31],

(b) s+ 1|kandm > s + 1, see [32,74],

(¢) mk’iseven,s =m—3andk = k'(m —2)/2, see [32].

More recently, in [13], a construction of a 1-scattered subspace of dimension 7 in
V(3,4%), where ¢ = p” and p € {2, 3, 5}, was exhibited.

Moreover, in [92, Corollary 5.2], s-scattered subspaces were characterized as follows.
If s + 1| km and m > s 4 3, then an [F;-subspace U of dimension km /(s 4+ 1) in V(k,g™)
is s-scattered if and only if itis an (k — 1, km/(s + 1) —m + 5)4-evasive subspace.

2.3. Linear sets

Let V be a k-dimensional Fm-vector space and let A = PG(V,Fym) = PG(k — 1,¢™).
Let U # {0} be an I;-subspace of V' of dimension 7, then the set of points

Ly = {(M)]qu ‘u € U\{O}} CA

is said to be an Fy-linear set of rank n.
The weight of a subspace § = PG(W,F;m) € A in Ly is defined as

wry ($) = dimg, (U N W).

Denote by N; the number of points of weight i in L.
The following relations hold:

n

q" —1

L <
Lyl =< -

2.1

and
Ni+No(g+ D+ 4+ No(@" 4 +g+ D) =¢""++g+1. (22

When |Ly| satisfies equality in (2.1), Ly is called scattered, or equivalently, if all the
points of Ly have weight one. It is easy to see that Ly is scattered if and only if U
is (1, 1)4-evasive subspace, that is, a 1-scattered subspace without the assumption that it
spans the entire space.
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Remark 2.8. Let Ly,,..., Ly, bet F,-linear sets in PG(k —1,¢™) of rank m, with ¢t < q.
Then there exists a point P € PG(k —1,¢™) \ (Ly, U --- U Ly,). This immediately fol-
lows from (2.1). Indeed,

" -1 _
|LU1U~-~ULUI|§I‘ <q" -1,
q—1
and ¢ — 1 is less than the number of the points in PG(k — 1, ¢™). As a consequence, if
Ui,...,Us are t F -subspaces in V = V(k, g™) of dimension m, with ¢ < ¢, then there

exists v € V' \ {0} such that U; N (v)r,» = {0} foreveryi € {1,...,7}.

We refer to [57,80] for comprehensive references on linear sets and their applications.

3. First properties of subspace designs

In this section we will provide some general properties and examples of subspace designs.

Proposition 3.1. If (U, Us, ..., U;) is an (s, A)g-subspace design in V = V(k,q™),
then s < A.

Proof. LetW = (Uy,..., Ut)]Fq,,,. Since dimp,, (W) = s, there exist

{uijrie{l,...;t}andj €{l,....ji})} S W

such that u; ; € U;, for i € {1,...,t}, where the u; ;’s are F m-linearly independent
and j; + --- + j; > s. This implies that dimg, (U; N W) > j; for any i, and so 4 >
i dimp, (U N W) > Y0, ji =s. u

An (s, A)4-subspace design of V' = V(k,q™) is also an (i, A")4-subspace design for
any i < s and some integer A’ < A.

Proposition 3.2. If (U, ..., U;) is an (s, A)g-subspace design in V = V(k,q™), then it
isalsoan (s — s', A — ') g-subspace design in V, for any s’ € {0, ..., s — 1}. In particular,
fors > 1, an s-design is also an i-design for any i < s.

Proof. Let choose s’ = 1. By contradiction, suppose that there exists an Fym-subspace H
having dimension s — 1 of V' such that Z§=1 dimg, (U; N H) > A. Since

dlm]qu ((Ula ) Ut)]qu) 2 S,

the union Uy U - - - U Uy is not contained in H . Hence, there existsu € (U; U---U Uy) \ H
so that

t t
Y dimg, (Ui N (u, H)gpn) = Y (dimg, (Ui 0 H) + dimp, (U; O (@)g,n) = 4+ 1,

i=1 i=1

a contradiction. The assertion for a general s’ follows by repeating the previous argu-
ment s’ times. [
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As a direct consequence, the elements of an (s, A)4-subspace design are related to
(s — s, A")4-evasive subspaces for any s’ as follows.

Corollary 3.3. If (Ui,...,U;) is an (s, A)g-subspace design in V = V(k,q™), then for
every Fym-subspace H having dimension s — s’ and for any i € [t],

dimp, (H NU;) < A—+'.

In particular, if dimg,,, ((U,-)]qu) > s — ', then we have that U; is an (s —s', A — §")4-
evasive subspace.

In the next proposition, we show how to extend the subspaces of an (s, 4),-subspace
design and how this reflects on the parameter A.

Proposition 3.4. Suppose that there exists an (s, A)q-subspace design (U1, . . ., U;) where
dimg, (U;) = n; for everyi € {1,...,t}inV = V(k,q™). Let ji,..., j; € N be such
that 0 < j; < mk — n; foreveryi € {1,...,t}, and Z§=1 Ji = §'. Then there exists an
(s, A+ s")g-subspace design (U{, ..., U]) in V such that dimg, (U}) = n; + ji, for every
i €t]

Proof. Without loss of generality, suppose that mk —nq > 0. Then there exists w € V' \ Uy.
Replacing U; by U| = (U1, w)F,, we obtain that (U[, Us, ..., U;) is an (s, A + 1)4-
subspace design in V. Indeed, suppose for the contrary that there exist u; 1,...u; ¢ € U;
such that £1 + --- + £; = A + 2 and the sets

D1 I{w+M1,1,...,w+u1,[1}§U{

and

Di ={uj1,....,u;0} CU;, 2=<i=<t
are sets of [F;-linearly independent elements contained in the same s-dimensional Fgm-
subspace H of V, for every i. Note that £; > 0, otherwise

t t
> dimg, (Ui N H) =) _dimg, (Ui N H) > A+2> A,
i=1 i=2
that is a contradiction to (Ua, ..., U;) being an (s, A)4-subspace design. Then D] =
{ur,1 — vy, ... U1 g,—1 — U1} S Uy is asetof £; — 1 Fy-linearly independent ele-
ments of Uy in H and Z§=1 dimp, (Ui N H) > A + 1, acontradiction. The result follows
by repeating the previous argument s’ times. ]

We can construct a subspace design by extending a subspace design lying in a hyper-
plane of the entire space.

Proposition 3.5. Let (Uy,...,Us) bea (k —1, A)4-subspace designin V =V (k,q™) with
dimg, (U;) = n;. Let £ be a positive integer such that Z§=1 n; — A < £ < m. Then there
exists a (k, A 4 £)4-subspace design in V' = V(k + 1,¢™) with dimg, (U;) = n; + e;,
for every i, such that 3" i_, e; = L.
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Another way to construct subspace designs is via the direct sum of subspace designs.

Theorem 3.6. Let V =V, @V, where V; =V (k;.q™) and V =V (k,q™). If (U],...,U])
is an (s, A1)q-subspace design in Vi and (U{, ..., U]') is an (s, A2)q4-subspace design
in Va, then (Uy, ..., U;), where Uy = U] @ U/, for everyi € [t], isan (s, Ay + Az — §)4-
subspace design in V with dimg, (U;) = dimg, (U;) + dimg, (U}") for every i.

Proof. Tt is easy to see that
diqum (U, .., Ul)]qu) > S.

Now, suppose that there exists an s-dimensional [F,»-subspace W of V such that

t
> dimg, (W N U;) > Ay + Ay —s + 1. (3.1)
i=1

Note that by Proposition 3.1, A} + A, —s+ 1> Ay and A; + A, —s + 1 > A,. Clearly,

W cannot be contained in V7, since (U7, ..., U]) is an (s, Ay)q-subspace design in V7. Let

Wy := W NV and h := dimg,_» (W1). Then h < s and, by Proposition 3.2, the ordered

set of Fy-subspaces (U;,...,U/)isa (h, Ay —s + h)4-subspace design in V7. We denote

(U{,W N Ui)r, by U;. Then Grassmann’s formula and (3.1) imply

t t
Y dimg, (U;) = ) dimg, (U)) = Ay + A2 =5 + 1 = (41 =5 + h)
i=1 i=1

=Ay+1—h. (3.2)

Consider the quotient space V/ V7 (which is isomorphic to V5) and consider the subspace
T :=W +Viof V/Vi. Then dimg,, (T) = s —h and T contains the F4-subspaces

M; = U; + V1.

for every i € [t]. Since M; is also contained in the F,-subspace U; + Vi = U/” + V; for
any i, the ordered set (M1, ..., M) is an (s, A2)4-subspace design in V/V;, and hence,
by Proposition 3.2, (My, ..., M;) is also an (s — h, Ay — h)4-subspace design in V/ V.
On the other hand,

t t t t
Zdiqu(M,- nNT) = Zdiqu (M;) = Zdiqu ;) — Zdiqu(U,- N ")

i=1 i=1 i=1 i=1

i=1

t t
> Zdimm‘q ) — Zdimqu Uinh)
i=1

t t
=Y " dimg, (T;) — ) _ dimg, (U)),

i=1 i=1
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and hence, (3.2) implies

t
> dimp,(M; NT) > Ay —h + 1,

i=1
a contradiction to the fact that (M, ..., M;) is also an (s — h, A — h)4-subspace design
inV/Vy. L]
The above result can be generalized as follows.

Corollary 3.7. Let V =V, & --- ® Vg, where V; = V(k;i, q™) and V = V(k,q™). If
Ui, ..., Uiyp)isan (s, A;)-subspace design in V;, for every i € [£], then (Ui, ..., U,),
where Uy = Uy, @--- @ Uy isan (s, Zf=1 A; — (L — 1)s)g4-subspace design in V with
dimg, (U;) = Zf:l dimg, (Uj ;).

As a consequence of Theorem 2.5, we obtain the following bounds on the dimensions
of the subspaces of a subspace design.

Corollary 3.8. Suppose that (Uy,...,U;) isan (s, A)4-subspace designin V. =V (k,q™).
Let n; = dimg, (U;) for every i € [t] and suppose that dimg,,, ((U;)F,n) > s for every i.

M Ifs=k—1land A < (k —1)m, thenn; <m + A — 1 for any i, and hence
ny+--+n, <t(m+ A-1).
Q) Ifs=k—1and A<k —-2+4+m/(k —1), thenn; <m+ A—1—k, and hence
n+--+n <tm+A-1-k).

3) If A <m, thenn; <mk —mks/(A+ 1), and hence

mks )

< t{mk -
niy + +n; < (m A1

(4) More generally, n; < (g4 — 1)(¢*™ — 1)/(¢*™ — 1) + 1, and hence

A _ km _
(¢ —D(g 1) n 1).

n1+---+nz§l< e

However, some of the bounds provided in the above corollary still hold when consid-
ering a subspace design with no assumptions on the IFg=-span of its elements. The proof
follows the same arguments of [32, Theorem 2.3] (see also [13, Corollary 4.9]) with the
aid of Corollary 3.3.

Theorem 3.9. Suppose that (U, ...,U;) is an s-designin V.=V (k,q™). Then, for every
i €t],
k ifm<s+1,

dimp (U;) <
(1) {s’i—kl ifm>s+1.
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Proof. Let U be in {Uy, ..., U;} and denote by n its dimension. Since (U, ..., U;) is an
s-design,
dimg, (U; N W) <,

for every s-dimensional [F,=-subspace W of V. If (U )qu = V, then U is an s-scattered
[F4-subspace and the result follows from Theorem 2.5 (1)~(2). Suppose that (U)r,» # V.
Then we can consider U as an s-scattered subspace in (U )]qu and apply again The-
orem 2.5 to get the assertion. ]

Remark 3.10. The above theorem extends [32, Theorem 2.3] to any subspace which is
part of an s-design. This condition is weaker than the one of being s-scattered, since we
do not require that the subspace spans over FF = the entire space or an IF,m-subspace of
dimension s as done in [13].

Subspaces attaining the bound of the previous theorem have the property that their
span over [Fym coincides with the ambient space.

Proposition 3.11. Let s be a positive integer with s < k. Let U be an F4-subspace of
V = V(k,q™) such that
dim]Fq(U n W) <s,

for every s-dimensional Fym-subspace W of V. Suppose that

ifm<s+1,

. k
dlqu(U)Z{ mE | i > s 41,

s+1

Then (U)gm = V.

Proof. Assume that m < s + 1 and dimp, (U) = k. Since k > s, first we note that U is
not contained in any s-dimensional F,=-subspace of V. Now, suppose by contradiction
that (U)g,» = T, where T is an Fym-subspace of V' of dimension k' < k. Then, by
Theorem 2.5, since U is an (s, 5)4-evasive subspace contained in 7 and m < s + 1, we get

k = dimg, (U) < ¥/,

a contradiction as k" < k, so this implies that (U)r,,, = V. Assume now thatm > s + 1
and dimg, (U) = [mk/(s +1)]. Since m > s + 1, we get [mk/(s + 1)] > s and that
U is not contained in any s-dimensional [F,=-subspace of V. Suppose by contradiction
that (U)g,» = T, where T is an Fym-subspace of V' of dimension k" < k. Then, by
Theorem 2.5, since U is an (s, 5)4-evasive subspace contained in 7 and m > s + 1, we get

mk — s mk mk’
< = di U) < = s>mk—k')>m,
s+ 1 Ls+1J lqu( )_s—i—l sz m( )zm
a contradiction to the fact that s < m. [

Applying the bound of Theorem 3.9 to the elements of an s-design, we obtain the
following.
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Corollary 3.12. Suppose that (U, ..., U,;) is an s-design in V. = V(k,q™). Let n; =
dimg, (U;) for everyi € [t]. If m > s + 1, then

bt <t 2K
n o4 n —_—
! |

As we will see in the next sections, the bounds provided in Corollary 3.8 for subspace
designs are not sharp in general and we will see how to improve them (at least in some
cases). Whereas, for the bound of Corollary 3.12 we will provide some constructions when
m > s + 1 satisfies equality, i.e., we will construct examples of maximum s-design.

Definition 3.13. Let (Uy,...,U;) be an s-designin V = V(k,¢™) such thatm > s + 1.
If

d mk
E di U)=t——,
£ lm]Fq( i) s+ 1
then (Uy, ..., U;) will be called a maximum s-design.

Since each subspace of a maximum s-design has dimension mk /(s + 1), from Pro-
position 3.11, we get the following.

Proposition 3.14. Every maximum s-design is non-degenerate.

4. Maximum s-designs

This section is mainly devoted to the study of Problem 1.3 under certain assumptions.
Indeed, we investigate maximum s-designs, i.e., s-designs attaining equality in Corol-
lary 3.8. Their interest is also related to the fact they can be seen as an extension of
s-scattered subspaces in the framework of subspace designs.

4.1. Constructions

We start by constructing examples of (k — 1)-designs by partitioning an [F,=-basis of the
ambient space.

Proposition4.1. Letay, ... o be anFym-basis of V.=V (k,q™). Let P = {X1,..., X:}
be a partition of the set {1, . . ., ax }, witht > 2. Let U; be the F4-subspace of V generated
by the elements of X; over Fy, for any i € [t]. Then (Uy,...,U;) is a (k — 1)-design.

Proof. Let W C V be a (k — 1)-dimensional F,=-subspace and assume in addition that
Z;zl dimg, (U; N W) > k. Since

t t
k<> dimp, (Ui N W) < > dimg, (U;) = k,

i=1 i=1
it follows that dimg, (U; N W) = dimg, (U;) and therefore U; C W for every i, that is,
o1,...,0, € W, acontradiction. [
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A more involved construction is the following, which turns out to be also maximum.

Theorem 4.2. Let oy, ...,0; € ]F;m, t < q, and let Nym 4 (a;) = A;, for any i. Suppose
that A; # A;j for every i # j. Let ) € Fym be such that Ngm 4 () (=D*™ ¢ G, with G
the multiplicative subgroup of IF; generated by {A1,...,As}. Let S; be an n;-dimensional
Fy-subspace of Fym forany i € [t]. If k <Y, nj, then (U, ..., U;) is a (k — 1)-design
of ]Fé‘m, where

Ui = {(x + nNE ()0 (x), 0 ()N (i), 02 (x)N2 (1), . .., oF L ()NE 1 (@) x € Sy}

and dimy,, (U;) = n; for everyi € [t]. If n; = m for any i and k < m, then it is a maximum
(k — 1)-design.

Proof. We divide the proof into two steps.

Step 1. We prove that Y ;_, dimg, (H NU;) <k — 1, for each Fym-hyperplane H of IF;‘,,,.

Let H be such a hyperplane and suppose that H is defined by the equation hgxg + - -+ +

hg_1xk—1 = 0.Let FH(x) = hox + hyo(x) + -+ hx_1 0571 (x) + hono* (x) € Lo

Observe that for any i, we have

H 0 Ui = {(x + 1Ng(@)0* (). 0 (0)Ng (@), 02 (NG (). ... 0" NG () -
ho(x + NE ()o® (x)) + -+ + 1 0* T ()NET (o) = 0.x € S,

In particular, dimg, (H N U;) = dimg, (ker(Fof (x)) N S;). Hence,

t t
> " dimg, (H N U;) =Y dimg, (ker(FF (x)) N S;) < deg, (F7 (x)).

i=1 i=1

where the last inequality follows by Theorem 2.2 (2). If ho =0, then deg,, (FaI;I (x)<k-1
and we have the desired inequality. Now, suppose that /1o # 0 and so deg,, (Fall_{ (x)) =k.
If Z§=1 dimg, (ker(FoiI (x))) = k, then by Theorem 2.2 (3), we have

t
dy, (FH (x)
Ngn/q(m) = (=DF" T4 :

i=1
a contradiction on the assumptions on 7.
Step 2. We show that (Uy, ..., U,)ngm = Fé‘m. Let {Bi1,....Bin} be an Fy-basis of S;
for every i € [t]. Then

Zi = {(Bi,j + 1N () 0% (Bi ;). 0 (Bi,j )N (i) . ... a¥ T (Bi ) )NE () : j € [mil)

is an [F;-basis of U;, forevery i € [t], and so (Uy, ..., U,)]qu =(Zy,..., Z,)]qu . Then we
have the assertion if the row span (over [Fy= ) or, equivalently, the column span (over Fym )
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of the following matrix has dimension over Fg= equal to k:

Bii+ nNE(@)ok(B11)  o(BL,ONL(@) -+ oF TN (B )NET (o)

Biz+ MNE(a1)o*(B12)  o(B12NL(e1) -+ o* N (B1a)NE~(ay)

B + INE@)0*(Biny) 0 (Bra)NG(@1) - o* (B )NET (@)

7 =

Bra + nNE(a)ok(Br1)  o(Bei)NE(er) -+ o* (B 1)NET (o)

Beo + ﬁNlé(Olt)Uk(ﬂt,z) o(Br2)NE(cr) -+ Uk_l(ﬁt,z)Nlé_l(Olt)

Bin, + UNlé(at)(’k (Bem:)  0(Ben )Ni(or) - Uk_l(ﬁz,n,)N]é_l(Olt)
Suppose there exists an [F;m-linear combination of the columns of the matrix Z which
equals the zero vector, with coefficients hg, h1, ..., hx—1 € Fgm and not all of them are

zero. Let F/(x) = hox + hyx% +--- + hk_lx"k_1 + honx"k. This means F, (Bi,;) =0
for every i € [t] and j € [n;]. This implies that S; C ker(F,, (x)) for every i and so
n; < dimg, (ker(Fy, (x))). Since h;’s are not all zero, F'(x) is not the zero polynomial
and, by Theorem 2.2 (2), we have

t
Zni < deg, (F'(x)).
i=1
If deg, (F'(x)) < k — 1, we have a contradiction on the assumptions on k. On the other
hand, if deg, (F’(x)) = k, then Z§=1 n; = k and, by Theorem 2.2 (3), we have

t
dy,; (F'(x))
Ngn/g(m) = (=DF" T 4; :
i=1
a contradiction on the assumptions on 7. This means that g = h; = --+- = hx_; = 0 and
so the columns of Z are = -linearly independent. ]

Remark 4.3. The matrix Z which appears in step 2 of the above proof when 1 = 0,
t = 1 and «; = 1 coincides with a Moore matrix, which is strongly related to MRD codes,
see [15,30]. When n # 0,¢ = 1 and @y = 1, the matrix Z still has similar properties of
the Moore matrix, see [16, Section 3].

Remark 4.4. The condition (—l)k’”qu 14(n) ¢ G in Theorem 4.2 produces a restriction
on ¢. Indeed, since the multiplicative group I is a cyclic group, there exists a subgroup
of order (¢ — 1)/ r, for every positive divisor r of ¢ — 1. For this reason, we can construct
subspace designs with n # 0 if ¢ is not larger than the size of the biggest proper subgroup
of]F;, thatis, (¢ — 1)/r’, where r’ is the smallest prime diving ¢ — 1. If G = F, the only
possibly choice for 7 is zero.
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Remark 4.5. As seen in the above remark the maximum number of subspaces in the
construction of Theorem 4.2 is obtained when 1 = 0. For this reason we explicitly describe
them. Let7 < g be an integer. Let a1, ..., a; € Fn, let Nym /4 (i) = A;, and suppose that
A; # Aj fori # j.Let S; be an n;-dimensional F,-subspace of F = for any i € [t]. By
Theorem 4.2, if k < ), n;, then (Uy, ..., U;), where

Ui = {(x.0(x)N} (). 6> (XNZ (7). ... .o* T ()NE" (o)) @ x € Si)

is a (k — 1)-design of Fé‘m and dimg, (U;) = n; forevery i € [t]. If n; = m for any i and
k < m, then it is a maximum (k — 1)-design.

Remark 4.6. The above example is the geometric description of the MSRD codes found
by Neri in [76], known as linearized twisted Reed—Solomon codes, which extends the
family of linearized Reed—Solomon codes found by Martinez-Pefias in [64].

As a consequence of Theorem 3.6 and Corollary 3.7, we obtain a way to construct
s-designs via the direct sum of subspaces.

Theorem 4.7. Let V =V, @ --- @ Vy, where V; = V(k;i,q™) and V = V(k,q™). If
Ui, ..., Uyy) is an s-design in V;, for every i € [€], then (Uy, ..., U;), where U; =
U ®---® Uy, for j € [t], is an s-design in V. Moreover, if (Uj1,...,Ui;) is a
maximum s-design in V; for every i, then (Uy, ..., U;) is a maximum s-design in V.

As a consequence of Theorems 4.2 and 4.7, we prove the existence of a maximum
s-subspace design in V(k,¢™) whens + 1| kandt <¢q — 1.

Theorem 4.8. If s + 1 dividesk, m > s + 1 and t < q — 1, then there exists a maximum
s-designin V.= V(k,q™).

Proof. Suppose k = £(s + 1) andlet V =V} & --- @ Vj in such a way that dimg,,, (V;) =
s + 1 for every i € [{]. In each of this V; consider a maximum s-design U; 1, ..., Ui,
whose existence is guaranteed by Theorem 4.2 (all the subspaces involved have dimen-
sion m). Theorem 4.7 implies that (U, ...,U;), where U; = Uy, ; @ --- ® Uy j, for j € [t],
is an s-design in V. Moreover,

. km
dlqu(U,') =Ilm= s+—17
for every i, and so (U, ..., U;) is a maximum s-design in V. ]

In the next section we will construct examples in which s 4+ 1 does not divide k.

4.2. Intersection with hyperplanes

We give some lower and upper bounds on the sum of the dimensions of intersection
with hyperplanes for a maximum s-design. Let (Uy, ..., U;) be a maximum s-design
in V(k,q™), thatis,m > s + 1 and dimg, (U;) = km/(s + 1).
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Let H be a hyperplane of V. Then, by Grassmann’s formula, we have

. mk
dlm]Fq(Ui N H) > m —m,

so that

t
3" dimg, (U; N H) = z(% —m).

i=1
Recall now the following result from [19] and [32].
Theorem 4.9 (See [19, Theorem 4.2] and [32, Theorem 2.7]). If U is an s-scattered IF -

subspace of V. = V(k,q™) of dimension km/(s + 1), then for any (k — 1)-dimensional
Fym-subspace W of V, we have

mk
s+ 1

. mk
—m < dlm]Fq(U NnNw)< m —m + 5.
Remark 4.10. In [75,92], the distribution of the intersections between an s-scattered IFy -
subspace of dimension km /(s + 1) and the hyperplanes of V' have been determined.

Since each element of a maximum s-design in V' (k, g™) satisfies the assumptions of
Proposition 3.11, by applying Theorem 4.9, we can provide the following bounds on the
dimension of intersection of an s-design with the hyperplanes.

Corollary 4.11. Let (Uy, ..., U;) be a maximum s-design in V.= V(k,q™). Then for
every hyperplane W of V,

z(snjrkl _m) < gdimyq(U,- nw) < t(sn:_—kl —m +s).

However, the above upper bound is too large in general. We can improve it for the case
s = 1 by following the techniques developed in [19].

Theorem 4.12. Let (Uy, ..., U;) be a maximum 1-designin V = V(k,q™). Then

)

tmik ~2) mk-2) |
2 2

t
< Zdiqu(Ui NH) =<
i=1

for every hyperplane H of V.

Proof. By Corollary 4.11, we have that

)

tmk —2) mk—2) |
2 2

t
<Y dimg, (U N H) <

i=1

for every hyperplane H of V.
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Let Ly, € PG(k —1,9™) = PG(V, Fym) be the F,-linear set associated with U;, for
i € [t]. Since (Uy, ..., U,) is a 1-design, it follows that

Zdlm]p Ui N (V)F,m) = ZwLU (P) <1,

i=1

forevery P = (v)F,» € PG(k —1,4™). In particular, the Ly, s are pairwise disjoint. Now
let j € [t] and denote by 4 the number of hyperplanes # = PG(H,F ) of PG(k —1,4™)
such that

t
) tm(k 2)

> dimg, (U; N H) = Z wy, (H) = + 7,

i=1
and note that this exactly corresponds to g™ — 1 multiplied by the number of hyperplanes
of V' whose sum of the dimensions of the intersections with the U;’s is tm(k —2)/2 + .
Our aim is to prove that &; = 0 if j > 1. For this purpose, let us give some relations
involving the /;’s. Clearly,

_1~
E hj = 1 4.1
Now, we double count the following sets:

Sy = {(J, P) : ¥ is a hyperplane of PG(k —1,¢™), P € # N (Ly, U---U Ly,)},
Sy = {(Jf’ (P1, P»)) : H# is a hyperplane of PG(k — 1,¢™),
Pie XN (Ly, U---ULy,), Py # P}

First observe that if a hyperplane J is such that

i=1

then there exist £1, ..., ¢;—; € N such that
tm(k —2
wey, (96) = % forh € {fy.,... i}
and *—2)
tm(k —
WLy, (H#) = — +1 forhet]\{l1,....Li—i}.
Then, by double counting S;, we have
¢ m(k=2)/2 _ m(k=2)/2+1 _
. q .q
Dok ((l —-J) +J )
izo qg—1 qg—1

mk/2 m(k—1)

!
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and by double counting S5, we obtain

! m(k=2)/2 _ m(k=2)/2+1 _
N .q
h-( t— + )
; (=) I J -
(k—2)/2 _ m(k—2)/2+1 _
L q" 1 .q 1
x (= j) R -1)
mk/2 _ 1 mk/2 _ 1 m(k—2) _ 1
= () ) ) @3)
qg—1 qg—1 qm —1
Let
© qm(k—Z)/2 —1 qm(k—z)/2+1 1
yi=0—1J) +Jj
—1 q—1

forany j € [f]. Note that yg < y; < y2 <---. Then (4.1), (4.2) and (4.3) give the following
system whose unknowns are the /;’s:

t mk—1
Zj:l hj = qqm——l’
t mk/2_q m(k—1) _q
Z]:O hjy; = (tq -1 )(q 1 )’ 4.4
¢ mk/2_ 1 mk/2_q m(k—2) _q
Zj=0hjyj(yj_1): (tqq—l )(tqq—l _1)(‘1 qm—1 )
Let
t
A= "hily; = vo)(vj — ) .5)
Jj=0
Since yg < y1 < y2 < ---, to get the assertion, it is enough to prove that A = 0.

The coefficient of /; in (4.5) can be written as

ity — 1) — (Yo +y1 — Dyj + yov1,

so that
t t t
A=y —Dhj— o +vi—=1 D vihj +vor1 Y_h;.
j=0 j=0 j=0
Then, using (4.4), (4.5) can be rewritten as follows:

mk/2 _ 1 mk/2 _ 1 m(k—2) _ 1 m(k—2)/2 _ 1
A= () o ) () - (o
q—1 q—1 qm™ —1 q—1
N (t B 1)qm(k—2)/2 —1 N qm(k—2)/2+1 _ q)<t qu/2 _ 1><qm(k—1) _ 1)
qg-—1 q-—1 q-—1 qm —1
N <t qm(k—Z)/Z _ 1)((t B l)qmuc—2)/2 -1 N QM(k—2)/2+1 _ 1)(qu _ 1>
qg—1 g—1 g—1 gr—17/

Straightforward computations yield A = 0. Since

t
A= "hi(y; =)y — 1)

Jj=2

and y; > yo forany j > 1, it follows that #; = O for every j > 1. ]
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We can determine exactly the weight distributions of the hyperplanes with respect to
a maximum 1-design.

Theorem 4.13. Let (Uy, ..., U;) be a maximum 1-design in V = V(k, q™). For any
hyperplane H of V, there exists a positive integer j such that

t
im(k —2
3" dimp, (U N H) = % 4 (4.6)
i=1

For every positive integer j, denote by h; the number of hyperplanes H of V such
that (4.6) holds. Then

* hj=0foranyj >2,

* ho and hy are uniquely determined and

mk/2__
_ +4 1
hy =t R
e @.7)
ho = "= — h.

* hy is nonzero,
« ho=0ifandonlyift = (¢ — 1)(@" /2 + 1)/(g™ — 1).

Proof. The fact that the sum of the dimensions of the intersections between the U;’s and
any hyperplane has form (4.6) and the fact that #; = 0 for any j > 2 are consequences
of Theorem 4.12. As pointed out in the proof of Theorem 4.12, iy and &; must satisfy
system (4.4) and, in particular, the first two equations

mk—l
ho +hi = G, 48
ho + yihy = (199 2L) (L2001 |
Yoho T Y11 = | =1 )
where
m(k—2)/2 _ | m(k—2)/2 _ | m(k=2)/2+1 _ 4
yo=tT——— " and y=@-1 + 2
q-1 q-1 q-1

Since y; > Yo, the system (4.8) is determined, and hence /¢ and /; are uniquely determ-
ined as in (4.7). If h; were zero, then system (4.8) implies that

ho = Lot
k/2_ k—1)_
yoho = (195 270) (L),

that is,
qm(k—z)/Z + qu — qu/z + qm(k—l)’

which cannot happen. Now, suppose that iy = 0. Then (4.7) implies that

k
_ q" =1
hl - qm_l ’

yihy = (10270 (L0,
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that is,

(t = D(@™* D2 _ 1) (g™ = 1) + (¢"F = 1)(g"*D/12H )
=1(q" " = 1) (g™ D — 1),

which can be rewritten as follows:
g D@ —Dlg = DG — 1" + g+ 1 1] =0,
and this happens if and only if

k/2

g™+ 1

= -1)—
(¢—1) o

This concludes the proof. ]

As a corollary we obtain examples of two-intersection sets with respect to hyperplanes.

Corollary 4.14. Let (Uy,...,U;) be a maximum 1-designin V- = V(k,q™). Consider the
associated F4-linear sets Ly, , . .., Ly,. Then, for any hyperplane ¥ of PG(k — 1,q™) =
PG(V,Fym), we have

m(k—2)/2 _ 1 qM(k—Z)/Z -1 qIn(k—Z)/Z-i-l -1

|Jm(LU1u---ULU,)|e{t"—,(z—1) + }
q—1 q—1 q—1

In particular,

* Ly, U---U Ly, is a two-intersection set with respect to hyperplanes if and only if
t# (@ —D@™ " +1/@™ - 1),

« ift=(q— D™ +1)/(¢™ =), then Ly, U---U Ly, = PG(k — 1.¢4™),

© 1=(@=D@E@"?+ D/ =D,

Proof. Since (Uy, ..., U;) is a maximum 1-design, the Ly,’s are scattered and pairwise
disjoint. This means that

|J€ﬂ(LU1 U---ULUt)| = |J€HLU1| +"'+|J€ﬂLUt|.

Theorem 4.13 implies that for any hyperplane # of PG(k — 1,¢™), we have the following
two possibilities:

o Ly NHKH|=(q"* D2 _1)/(qg—1)foranyi € {1,...,1},

o |Ly, NH|=(q"*D/2_1)/(qg—1)foranyi € {l,...,t},exceptforaje{l,... 1}
for which [Ly, N #| = (g™*=2/2T1 —1)/(q — 1).

So, the first part of the assertion is proved. Moreover, if t = (¢ — 1)(¢™*/2 + 1) /(g™ — 1),

then
qu/2 1

Loy U ULl = Lol + -+ Lo = 1 ——
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which is equal to (¢"* — 1)/(¢™ — 1) and Ly, U ---U Ly, = PG(k — 1,¢™). Hence, if
t > (q — 1)(@¢"*/? +1)/(¢™ — 1), then at least two distinct Ly,’s meets in at least one
point, a contradiction. n

We are going to characterize the maximum 1-designs reaching the bound on ¢ provided
in the last item of the above corollary. First we show that (g — 1)(¢"*/2 4+ 1)/(¢™ — 1)
is an integer if and only if k is odd and m = 2.

Proposition 4.15. Let m and k be two positive integers such that mk is even and let q be
a prime power. Then (q — 1)(g™*/% + 1)/(¢™ — 1) is an integer if and only if k is odd
andm = 2.

Proof. Let r be the greatest common divisor of ¢”*/2 + 1 and (¢ — 1)/(q — 1) =
g™ ' 4 .-+ q + 1. Clearly, (g — 1)(¢"*/? + 1)/(¢™ — 1) is an integer if and only if
r=(qm™—-1)/(qg—1). Since (g™ —1)/(g — 1) > 2, if r € {1, 2}, then it follows that
(q—1)(g™ /2 +1)/ (g™ —1) is not an integer. So, suppose that r>2 and r =r¢'- 75> - - . rg*
is the decomposition in prime factor of r, with ry, ..., ry distinct prime numbers and
e1,...,eg positive integers. Let us start by observing that, since r divides q’”k/ 2 41, the
ri’s are different from p, otherwise r divides 1. This means that 7 and g/ are coprime for
every positive integer j. Since r divides ¢”%/2 + 1 and ¢! + --- 4+ g + 1, r divides
their difference, i.e., ¢"*/2 — g1 — ... — g = q(¢"™*/>1 —¢g™2 —...—1),and s0 r
divides g™*/2=1 — gm=2 _ ... _ 1. Again, since r divides ¢" ' +--- 4 ¢ + 1, we get that
r divides their sum, i.e., qu/z_l —gm1 m(k=2)/2

" =4q""q
also divides g™ (*~2)/2 _ 1, Repeating i times this argument, we get that r also divides

— 1), which implies that r

qm(k—zi)/Z _ 1 (49)

when i < |k/2].If k is even, then for i = k/2, we have that r divides 2, a contradiction.
Therefore, k is odd and as a consequence m is even. In this case, when i = (k — 1)/2
in (4.9), we get that r divides ¢”/? + 1. In this way, r < ¢™/2 4+ 1< (¢" —1)/(q — 1),
and therefore (¢ — 1)(¢*/% + 1)/(¢"™ — 1) is an integer if and only if r = ¢"/2 + 1 =
(g™ —1)/(g — 1), which is possible if and only if m = 2. |

In particular, this means that all the elements of a maximum 1-design which have
(¢* + 1)/(q + 1) subspaces define canonical subgeometries. As we will see in the next
section, such subspace designs always exist under the assumptions that m = 2 and k is
odd.

4.3. Examples of 1-design

We now show some examples of maximum 1-design. From a geometric point of view,
to construct 1-subspace design is equivalent to construct a certain number of pairwise
disjoint scattered F,-linear sets. The first example can be also seen as a consequence of
Theorems 4.2 and 4.7.
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Proposition 4.16. Let s and m be two positive integers such that ged(s, m) = 1. Let
K1y g—1 € Fgn be such that Ngm;q(jui) # Ngmyq (i), for i # j. Let also U; =
{(xl,uixfs,. . .,xr,,u,-x;f) X1, X €EFgm} gIF;,Z,fori €lg—1]. Then (Uy,...,Ug—1)
is a maximum 1-design in IF;,{,.

Proof. Clearly, dimg, (U; N (v)F,.) < 1 forevery v € F ;,f, \ {0}. Suppose by contradic-
tion that there exist i, j € [¢ — 1] and v € IF;,Z \ {0} such that dimg, (U; N (v)F,n) =
dimg, (Uj N (v)F,») = 1. Hence, there exists p € Fgm such that

pOxr, wixd o xe ix®) = iyt e iy ),

for some X1,...,Xr, y1,...,yr € Fgm suchthat (x1,...,x;), (¥1,...,y,) are not the zero
vector. Suppose that x; # 0. Then y; # 0 and

pPXe = Ve,
prixg = piyyi

Putting together the equations of the above system, we obtain

1 S—1

q*—1 _ q
Hix, =KjYy >

that is, Ngm /4 (14;) = Ngm;4(p;), a contradiction. So,

q—1
> " dimg, (U; N (v)g,n) < 1

i=1

for every v € IF;,{, \ {0} and dimg, (U;) = rm, i.e., (Ui, ..., U;—1) is a maximum 1-
subspace design. [ ]

As a consequence of Corollary 4.14, we obtain examples of two-intersection sets with
respect to hyperplanes.

Corollary 4.17. Let s and m be two positive integers such that gcd(s, m) = 1. Let also
B, Hg—1 € Fgm be such that Ngmq (i) 7 Ngm/q(pj), for i # j. Finally, let U; =
{(x1, /J,ixtlf, e Xp, /Lixgs): Xt,ooo,Xp €Fgm} C IF;,Z, fori e lq—1]. The Ly,’s are
pairwise disjoint scattered F4-linear sets of rank rm in PGQ2r — 1, ¢™). Moreover, their
union forms a two-intersection set with respect to hyperplanes and

JN(Ly, U---ULy, )| €{gm0™D —1,2¢mCD _1},
1 q—1 q q

for every hyperplane ¥ of PG(Q2r — 1,q™).

Remark 4.18. The pointset described in Corollary 4.17 is the union of special type of
linear sets known as linear sets of pseudoregulus type, which were introduced in [63] and
studied in [56, 62].
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We will now use subgeometries to construct 1-designs which turn out to be maximum
(and also optimal, see Section 5.3) in some cases.

A canonical subgeometry of PG(k — 1, ¢™) is any PG(k — 1, ¢) which is embedded
inPG(k —1,¢™). If m = 2, we call it a Baer subgeometry. Under some assumptions on k
and m, we can partition PG(k — 1, ¢™) into canonical subgeometries.

Theorem 4.19 (See [54, Theorem 4.29]). There exists a partition of PG(k — 1,q™) into
canonical subgeometries if and only if ged(k,m) = 1.

We also refer to the paper of Eisfeld [38] for more constructions of large sets of large
mutually disjoint canonical subgeometries. In particular, we recall the following.

Theorem 4.20 (See [38, Theorem 2.2.6]). If gcd(k,m) = 2, there exist mutually disjoint
canonical subgeometries of PG(k — 1,q™) covering the points of PG(k — 1, q™) except
for the points of two disjoint ((k — 2)/2)-dimensional subspaces of PG(k — 1, ¢™).

In [37] (see also [6]), a different way to construct a partition of PG(k — 1, ¢?) by
Baer subgeometries when k is odd (i.e., not by taking orbits under a certain subgroup of a
Singer cycle) has been described.

Canonical subgeometries can be characterized as those [Fy-linear sets Ly belonging
to PG(k — 1,¢™) = PG(V, Fgm) such that U is an F;-subspace of V' with dimp, (U) = k
and (U)F,» = V. In particular, canonical subgeometries are scattered linear sets of rank k.

Theorem 4.21. If gcd(k, m) = 1, there exists a 1-design of V. = V(k,q™) consisting of
(g™ — 1) (g — 1)/[(¢* — 1)(¢g™ — 1)] subspaces. If m = 2 and k is odd, then there exists
a maximum 1-design of V.= V(k, q?) consisting of (¢* + 1)/(q + 1) subspaces.

Proof. By Theorem 4.19, there exist

_ @™ -1D@-1
(@* = D™ =1
distinct canonical subgeometries X1 = Ly, ,..., 2y = Ly, of PG(k — 1, ¢™) partitioning
PG(k — 1, 4™). Therefore, for every point P € PG(k — 1, ¢™), we have

L
3wy, (P) = 1,
i=1

and hence for every (v)F,» withv € V' \ {0},

14
> " dimg, (U; N (v)g,n) = 1.

i=1
When m = 2, since the subspaces U; associated with ¥; have dimension k, we have that
Uy, ...,U;) is a maximum 1-design. [

The 1-design in Theorem 4.21 is the only possible construction that maximizes the
value ¢ of Corollary 4.14.
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Corollary 4.22. Let (Uy,...,U;) be a maximum 1-designin V. = V(k,q™). Consider the
associated Fy-linear sets Ly, , ..., Ly,. Then

© 1<(@-DE@"™P+ /@ -,

s t=1(q— 1)(q’”'"/2 + 1)/(g™ — 1) ifand only if m = 2, k is odd, Ly, is a Baer sub-
geometry of PG(k — 1,¢?) foranyi and Ly, , ..., Ly, is a partition of PG(k — 1,43),

* there exists a maximum 1-design (Uy, ..., U;) in ]F;‘2 witht = (g% +1)/(q + 1), for
any k odd.

Similarly, one can prove the following by making use of Theorem 4.20.

Theorem 4.23. If gcd(k, m) = 2, there exists a 1-design of V. = V(k,q™) consisting of
(@™ =2q% 72" 1) (g — 1)/1(g™ = D(g* = D] subspaces.

4.4. Linear codes with two weights

We refer to [90] for properties of Hamming metric codes and the well-known connection
between projective systems and linear codes. We just recall that an [n, k, d],-linear code
(or [n, k]4-linear code) is an F,-linear code € of length n, dimension k and minimum
distance d, and a multiset of points in PG(k — 1, g) is denoted by a pair (, m), where &
is a subset of PG(k — 1, ¢) and m is a multiplicity function.

4.4.1. Linear codes and strongly regular graphs from maximum 1-design. We can
now consider the linear codes associated with the linear sets defined by a maximum 1-
design. These codes turn out to very interesting. Indeed, we can completely determine
their weight enumerator and they are two-weight codes (except for a special case). So, by
Theorem 4.13, Corollary 4.14 and the well-known correspondence between linear codes
and projective systems (see [90]), the following holds.

Corollary 4.24. Let (Uy,...,U;) be a maximum 1-design in V = V(k,q™). Consider
the associated Fy-linear sets Ly,, ..., Ly,. Consider (#,m) to be the multiset where
P = Ly, U---U Ly,, and with multiplicity function m as

m(P) =1 forevery P € P.
Then (P, m) defines an [N, k, d)y4-linear code € in IF;V and it has weight enumerator

1+ (@™ — Dhy 2V 4 (g™ — DhozV %0,

where

. wo=t—q’n(k;j)1/2_l,
L
« N =tqk;"fl_l,

h —¢ (qu/2_1)(qm(k71)_1)_(qm(k72)/2_1)(qu_1)
! @"=1)(g—1)gm &2 ’
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mk __
* h() = qqm_ll _hl;
e d=N-— wi.
In particular, € is a two-weight code if and only if t # (q — 1)(¢"*/? +1)/(q™ — 1).
Moreover, if t = (q — 1)(¢™*/% + 1)/(g™ — 1), then € is a one-weight code.

Remark 4.25. One-weight codes correspond to the simplex codes in the Hamming met-
ric, as proved by Bonisoli in [23].

The connection between two-intersection sets with respect to hyperplanes and strongly
regular graphs is also well known, see, e.g., [26].

A regular graph § (that is, a graph in which every vertex has the same number of
neighbors) with v vertices and degree K is said to be strongly regular if there exist two
integers A and p such that every two adjacent vertices have A common neighbors and every
two non-adjacent vertices have ;. common neighbors. In this case we say that (v, K, A, i)
are its parameters. Now, we describe the connection between a two-intersection set with
respect to hyperplanes and a strongly regular graph.

Let & be a set of points in PG(k — 1, ¢) such that () = PG(k — 1, g). Embed the
space PG(k — 1, g) as a hyperplane K of PG(k, g). Define I'(#) as the graph whose
vertices are the points in PG(k, g¢) \ #, and two vertices P and Q are adjacent if the
line PQ meets # in a point of J. When & is a two-intersection set with respect to
hyperplanes, I'(J) is a strongly regular graph and its parameters are described in the
following result.

Theorem 4.26 (See [26]). Let & be a set of points in PG(k — 1, q) of size N such that
every hyperplane meets P in either wy or wy points, and there exist at least two hyper-
planes Ho and H#1 of PG(k — 1, q) with the property that
|J€OOJ’| = Wo and |J€1 ﬂfp| = Wiq.

If () = PGk — 1, q), then T'(P) is a strongly regular graph whose parameters are
(v, K, A, i), where
° vV = qk,
e K=N(@-1),
e A=K?43K—gQ2N —wo—w;) — Kg2N —wo —wy) + g>(N —wo)(N — wy),
© w=q"(N—wo)(N —w1)/q" = K>+ K—Kq@N —wo—w1) +¢*(N —wo)(N —wy).

When applying the above result to a maximum 1-design we obtain the following.

Corollary 4.27. Let g be a prime power, let m, k,t be positive integers such that mk is
evenandt # (g —1)(q"*/2 + 1)/ (g™ — 1), and let (Uy, . . ., Uy;) be a maximum 1-design
inV = V(k,q™). Let also N = t(g¥"? —1)/(q — 1), wo = t(g™*2/2 - 1)/(g — 1)
and wy = (t = )(@"* P2 —1)/(q = 1) + (¢"* 2> —1)/(q = 1). Then T (Ly, U
---U Ly,) is a strongly regular graph with parameters (v, K, A, 1), where

o v = qu’
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- K=N@g"-1),
e A=K?43K—q"(2N —w;—wo)—Kqg™(2N —w; —wp) +¢>™ (N —w;)(N —wy),
© = q*"(N —wi)(N —wo)/q"™*.

Remark 4.28. By the constructions in Section 4.3, we always have examples of max-

imum 1-design when k is even, and hence a strongly regular graph with parameters as in
Corollary 4.27 always exist for every even k.

5. Singleton bound for sum-rank metric codes and optimal
subspace designs

In this section we will first recall some definitions and results on sum-rank metric codes
and then we will identify the geometric counterparts of those which are optimal. We will
call them optimal subspace designs.

5.1. Sum-rank metric codes

The sum-rank metric has been recently investigated especially because of the performance
of multishot network coding based on sum-rank metric codes, see [78]. In the following
we will recall some results from [4, 25, 28, 64,65,67,77].

Let ¢ be a positive integer. Let my,...,m;,ny,...,n, be positive integers. We consider
the product of ¢ matrix spaces

t
P m;Xn;
ni= @y
i=1

The sum-rank distance is the function
t
d:TIxT—N, dX.Y)=>) rk(X; - Y.
i=1
where X = (X1|--|X;), Y = (Ya|---|Y;), with X;, Y; € F"7"
We define the sum-rank weight of an element X = (X;|---|X;) € Il as

w(X) =Y rk(X;).

i=1

Clearly, d(X,Y) = w(X —Y), forevery X, Y € II. A (linear) sum-rank metric code C is
an [F;-linear subspace of IT endowed with the sum-rank distance. The minimum sum-rank
distance of a sum-rank metric code C is defined as usual via

d(C) = min{w(X): X € C, X #0}.

However, for our purposes we will need the description of sum-rank metric codes in
terms of vectors.
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5.2. Vector sum-rank metric codes and the associated subspace designs

In this section we setm = (n1,...,n,;) € N’, an ordered tuples with ny; > ny > --- > ny,
and N :=n; + -+ + n;. We use the following compact notations for the direct sum of

vector spaces:
t

. n;

i=1

Furthermore, we follow the notation used in [4, Section 3.3].

Let start by recalling that the rank of a vector v = (vy,...,v,) € IF;’,,, is the dimension
of the vector space generated over IF, by its entries, i.e., rky (v) = dimg, ({v1, ..., vn)F,)-
The sum-rank weight of an element x = (x1,...,x;) € ]F;m is

t

w(x) =Y rky(x;).

i=1

A (linear vector) sum-rank metric code C is an [F,m-subspace of ]F;m endowed with
the sum-rank distance defined as

d(x.y) = wlx —y) = > _rkg(xi — yi).
i=1

where x = (X1,...,Xx¢), ¥y = V1., yr) € Fgm. Let C C F i, be a sum-rank metric code.
We will write that C is an [n, k, d]gm 4 code (or [n, k]gm 4 code) if k is the Fym -dimension
of C and d is its minimum distance, that is,

d = d(C) = min{d(x,y) : x,y € C,x # y}.

The matrix and vector settings for the sum-rank metric described above are related
in the following way. For every r € [t], let [, = (yl(r), cee, y,(,,r ) ) be an ordered IF;-basis
of Fgm,and let I' = (I'y, ..., Ty). Given x = (x1,...,x;) € F™,, with x; € F/'1, define

qm’ qm?
the element I'(x) = (I'y1(x1),..., ¢ (x¢)) € I, where

m
Xpi = ZF,(Xr)ij ){,-(r) foralli € [n,].
j=1

In other words, the r-th block of I"(x) is the matrix expansion of the vector x, with respect
to the IF,-basis I'; of Fym. As already noted in [77, Theorem 2.7], the map

F:F;‘m—ﬂ'l

is an [Fy-linear isometry between the metric spaces (g, d) and (I1, d). For more details
on this two settings, see [25] and [76].

It is possible to define a Singleton-like bound for a sum-rank metric code. It has been
stated and proved in the matrix setting (see [25, Theorem 3.2]), but in what follows we
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adapt it for the vector setting. Let n = (n1,...,n,) € N? withn; > ny > --- > ny, and
let d be a positive integer such that d < Zﬁ:l min{m,n;}. Let j be the minimum positive
integer such that d < le —1 min{m, n;}. Then there exists a unique non-negative integer §
such that d = l]=—11 min{m, n;} + § + 1 with 0 < § < min{m, n;} — 1. This way of
writing d allows us to find the maximum possible size for an [n, k, d]4m /4 code.

Theorem 5.1. Let C C Fp be an [n,k, d]gm/q code. Let j and § be the unique integers

satisfying

j—1

d—1= Zmin{m,ni} +8 and 0<§ <min{m,n;}—1.

i=1

Then
|C| S qmzlt-:jni—max{m,nj}tg' (51)
In particular,
(1) ifm=>ny, thend —1=Y1"1n; +8 with0 <8 <n; — 1, and
|C| < qm(N—d-l-l)’

Q) ifn=n=---=n,>m, thend —1=m(j —1)+ 6 with0 <5 <m—1, and
|C|§qn(tm_d+l).

A [n, k,d]gm;q code is called maximum sum-rank distance code (or shortly MSRD
code) if its size attains the bound of Theorem 5.1.
The map

t
(x,y) € Fgm X Fgm = Zx,- - y;i € Fym
i=1
is a symmetric and non-degenerate bilinear form on Fg,,. The dual of an [n, k, d]gm/4
code C is defined as

t
Cct = {y = (V155 Ve) € Fgn in -yi =0forall x = (xq|---|x;) € C}. (5.2)
i=1
The dual of a sum-rank code C is also a sum-rank code and
dimg,,, (C*) = N — dimg,, (C).
Also, the MSRD property is invariant under duality.
Theorem 5.2 (See [25, Theorem 6.1], [65, Theorem 51). Let C be an [n, k, d]gm;q code.

Then
N—d+2 l’f‘n]fm5

tm—d +2 ifmfnlandm:--.:nt’

and equality holds when C is an MSRD code. In particular, if C is an MSRD code, then
C* is an MSRD code as well.

d(ch) < {

The second part of the above result follows by Theorem 5.1.



On subspace designs 31

Now, we recall the definition of equivalence between sum-rank metric codes. An [Fym-
linear isometry ¢ of Fz, is an Fgm-linear map of g, that preserves the distance, i.e.,
w(x) = w(g(x)), for every x € F g, or equivalently d(x, y) = d(¢(x), ¢(y)), for every
x,y € Fgn. The Fgm-linear isometries of Fj» equipped with sum-rank metric have been
classified in [66, Theorem 2], see also [4, Theorem 3.7].

In order to present such a classification, we introduce the following notation. Let
Nm) := {n1,...,ns}, and let £ := | N (n)|. Let n;,, ..., n; be the distinct elements
of N (n). By A(n) € N* we will denote the vector whose entries are

Aji=[{k :nx =n;;}| foreach j =1,... ¢

So, A; denotes the number of blocks that have the same length nj;. For a vector v =
(v1,...,v¢) € N¥, we define

Sy = Sy, X X Sy,

where S; is the symmetric group of order i. Similarly, we denote by GL(v, IF;) the direct
product of the general linear groups of degree v; over Fy, i.e.,

GL(n,F,;) = GL(n1,F,) x --- x GL(n, Fy).

Theorem 5.3 (See [66, Theorem 2]). The group of Fym-linear isometries of the space ¥ g,
endowed with the sum-rank metric is

((Fjn)" % GL(, Fy)) % Sy m).
which acts as
@M. ... My.7)- (D 1cD) > (@ O My |- Ja; e Oy,

This means that the Fgm -linear isometries of IFj, are the Fgm-linear maps that multiply
each block for a nonzero scalar in F ;,,, and for invertible matrices with coefficients in I,
and permute blocks of the same length.

We will say that two sum-rank metric codes C; and C, are equivalent if there exists
an isometry ¢ as in Theorem 5.3 such that ¢(C;) = C,. We denote the set of equivalence
classes of [n, k, d]4m /4 sum-rank metric codes by C[n, k, d]gm /4.

Remark 5.4. It is easy to see that two sum-rank metric codes C; and C, are equival-
ent if and only if their dual codes ClL and C%‘ are equivalent Indeed, if C; and C, are
equivalent, then there exists (a, My, ..., My, ) € (F;m)’ x GL(n, Fy) x S) @) such that
(a,My,...,M;,7)C; =C,. The codes ClL and C%‘ are equivalent via the isometry defined
by (a’, (MIT)_I, oo (M) ), wherea’ = (a7!,....a;'). The converse clearly holds.

Let C € Fp, be a linear sum-rank metric code. Let G = (G| ---|G;) € ]Fé‘,i,‘N be a
generator matrix of C, with Gy,...,G; € F;‘,if " We say that € is non-degenerate if the
columns of G; are [F,-linearly independent for i € {1,...,¢}, see [77, Definition 2.11,

Proposition 2.13].
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We will recall now some results from [77] on the connections between sum-rank
metric codes and some sets of subspaces, which will be then rephrased in terms of sub-
space designs.

Theorem 5.5 (See [77, Theorem 3.1]). Let C be a non-degenerate [n, k, d]ym 4 code and
let G = (G1|---|Gy) be its generator matrix. Let U; C Fé‘m be the F-span of the columns
of Gi, fori €{l,...,t}. The sum-rank weight of an element xG € C, with x € Fé‘m, is

t
w(xG) =N — Zdim]Fq(Ui Nxt),

i=1

where xt = {y € Fé‘m: x -y = 0}. In particular,

t
d=N — max{ Zdim]Fq (Ui N H) : H is an Fym-hyperplane of IF;,,, }
i=1

The equivalence classes of Hamming-metric non-degenerate codes are in one-to-one
correspondence with equivalence classes of projective systems. Recently, in [83], it has
been shown that equivalence classes of non-degenerate rank metric codes are in one-to-one
correspondence with equivalence classes of g-systems, where the latter constitute the g-
analogue of projective systems. The following definition extends the notions of projective
systems and g-systems.

Definition 5.6. Letn = (n1,...,n;) € N*, withny; >--->n,. An [0, k, d]ym 4-system U
is an ordered set (U, ..., U;), where, for any i € [t], U; is an [F,-subspace of Fé‘m of
dimension n; such that (Uy, ..., Ut)qu = IF;‘,,, and

t
d=N— max{ Z dimg, (U; N H) : H is an F m-hyperplane of ]F;‘m}

i=1
Moreover, two [n, k, d]ymq4-systems (Uy, ..., U;) and (V1, ..., V;) are equivalent if there
exists an isomorphism ¢ € GL(k,Fy~) and a permutation o € §; such that for every i € [t],
eUi) = ai Vs iy.-
We denote the set of equivalence classes of [n, k, d]m /,-systems by U[n, k, d]gm /4.

Clearly, such systems naturally define subspace designs with respect to hyperplanes
as follows.

Proposition 5.7. Let (U, ..., U;) be an ordered set of F-subspaces in ]F[’;m. Then the set
(Ur,....Up)isan [k, d]gmq-system if and only if (U, ..., U;) forman (k—1, N —d)4-
subspace design of Fé‘m such that

¢ dimg, (U;) = n;,
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. Z§=1 dimg, (U; N H) = N —d for some Fym-hyperplane H of IF;‘,,,,
* (Ui U)gn = Fha.

In [77], it has been proved that there is a one-to-one correspondence between equi-
valence classes of sum-rank non-degenerate [n, k, d],m 4 code and equivalence classes of
[n, k, d]gm/q-systems. This correspondence can be formalized by the following two maps:

V:Cnk,dlgmg = Uk, dlgmg, ®: Uk, dlgmg — Ck, d]gmqg.

Let [C] € €[n, k, d]ym /4 and let C be a representative of [C]. Let G = (Gy|---|G;) be a
generator matrix for C. Then W([C]) is the equivalence class of [n, k, d lgm /q-systems [U],
where U = (Uy, ..., U;) and U; is the Fy-span of the columns of G; for every i € [t].
In this case, U is also called the system associated with C. Vice versa, [(Up,...,Up)] €
Un, k,d]4m 4, for every i € [t]. Define G; as the matrix whose columns are an IF,-basis
of U;. Then ®([(Uy, ..., U;)]) is the equivalence class of the sum-rank metric codes gen-
erated by G = (G1|---|G¢). The maps ¥ and ® are well posed and they are inverse of
each other.

Remark 5.8. Asobserved in [77, Remark 3.6], when ¢ = 1, the definition of [n, k, d]gm 4-
system coincides with the definition of [n, k, d];m /4-system introduced in [83], and the
correspondence (W, @) gives us a one-to-one correspondence between classes of non-
degenerate [n, k, d]4m /4 rank metric codes and classes of [n, k, d]4m /4-system; for more
details, see [83] and [2]. When n = - = n; = 1, the definition of [1, k, d]ym /4-system
does not immediately coincide with that of projective system (see [90]), but we can still
identify classes of projective systems and classes of [1, k, d]ym /4-systems.

5.3. Optimal subspace designs

We are now ready to give an answer to Problem 1.4 when considering subspace designs
with respect to hyperplanes. The strategy regards the use of Proposition 5.7, which points
out a connection between subspace designs with respect to hyperplanes and systems, and
the use of the connection shown in the previous section between systems and linear sum-
rank metric codes. This allows us to use the Singleton bound to get a lower bound on the
parameter A of a (k — 1, A)-subspace design which is non-degenerate.

Theorem 5.9. Let U = (U, ..., U;) be a non-degenerate (k — 1, A)4-subspace design

in ]F;‘m, with n; = dimg, (U;) for every i, and ny > --- > ny, and let

t
M = max{ Z dimg, (U; N H) : H is an Fgm-hyperplane of ]Fécm}
i=1
andd = N — M, where N = Z§=1 n;. Let j and § be the unique integers satisfying

i—1
d—l:Zmin{m,ni}-l-S and 0 <8 <min{m,n;}— 1.

i=1
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Then
t -1
m» :_.n;j —mk
A>N _( Zl—j i —{-Zmin{m,ni}—l— l). 5.3)
max{m,n;} = :

In particular,

A > k—1 ifnl <m,

N_Zm‘l‘%k—l l:fmfn:nlz"‘:nt-

Moreover, a sum-rank metric code C € ®([U]) is an MSRD code if and only if

¢ j—1
my_;ni —mk
————— + % min{m,n;}+1}.
max{m,n;} Z { i} )

i=1

MfN—(

In particular, C is an MSRD code if and only if

k—1 ifny <m,
M = (5.4)
N_tm‘i‘%k—l l:fmfn:nlz"':nt.

Proof. First, we observe that U = (Uy,...,U;)isan [, k,d] m 4-system. Let C € O([U]).
Then Cis an [n, k, d]4m /4 code and by (5.1) we have that

t t j—1
mk < mZni —max{m,n;j}é = mZni —max{m,nj}(d —1 —Zmin{m,ni}).

i=j i=j i=1

Since (Uy,...,U;)isa (k — 1, A)4-subspace design, M < Aandd > N — A. Then (5.3)
follows. The remaining part follows by the definition of the MSRD code. |

The subspace designs, as in Theorem 5.9, satisfying equality in (5.3) will be called
optimal subspace designs, i.e., when the associated sum-rank metric code is an MSRD
code.

Remark 5.10. Let (Uy, ..., U;) be a non-degenerate (k — 1, A)4-design in Fé‘m with
dimg, (U;) < m foreveryi € {1,...,t}. Then (Uy,..., U;) is an optimal subspace design
if and only if (Uy, ..., U;) is an (k — 1)-design.

We will see some examples of optimal subspace designs in the next section.

5.4. Examples of optimal subspace designs

In order to construct optimal subspace designs, we can consider a construction of MSRD
codes in [25], relying on MRD codes, that is rank metric codes whose parameters sat-
isfy equality in the Singleton bound for rank metric codes, and rephrased in the vector
framework.
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The study of MSRD codes started with Martinez-Pefias [64], and since then many
other papers analyzed their structure [68, 69, 79] from the vector point of view. In this
framework, the linearized Reed—Solomon codes represented the first family of MSRD
codes constructed. Neri in [76] extended the family of generalized twisted Gabidulin codes
to a new family of MSRD codes. In Theorem 4.2, we already constructed examples of
(k — 1)-designs in V' = V(k, ¢™) which turned out to be optimal subspace designs.

Other examples can be provided in [25, Construction 7.2 (a)]. Let m > n; > ny >
-+ > n, and let us embed ]F;,’}, in ]F;,l, and consider an Fym-linear MRD-code in IF;’,},. It
is possible to construct an MSRD code whose first block is obtained by considering the
elements of the fixed MRD code.

Theorem 5.11. Letm >ny >ny >--->n;andlet N =nq +--- + ny. Let C - IF;’,}, be
an MRD code with minimum distance 2, i.e., C is an [n1,n1 — 1, 2]4m 4 code. Consider
the map ¢;: IF;’,",L — IF;',}L defined by adding n1 — n; zero entries to the given vector. Define
the sum-rank metric code as

t
C= {(m —Z(/)i(vi),vz,...,vt) vy €C,v; eIFZ,’;,} QIF}’,,.

i=2
Then Cisan n, N — 1,2]ym;4-code, and hence an MSRD code.

Thanks to the previous construction we can define the following optimal design. This
can be obtained by plugging together an (n; — 1)-scattered subspace of IF;,}, and subgeo-
metries of .

Corollary 5.12. Letm,ny,...,n; be positive integers such thatm > ny > --- > ny, and
let N =n1+ -+ ns Let U be an [ny,ny — 1, 2]ymq-system, and let g1 = (g1,1, ...,
81ni=1)s--+»8ny = (&ny 1+ &nyn,—1) be a basis of U. Let
U = {(Otlgl,l +o U 8l X181 =1 F o Uy 8nyn g —1]
—ocl,...,—an2|---|—(x1,...,—ant) Loy E]Fq} - Fé\,’n_l

and t

— nj
U; = OF;I ! @Si,]’Fq},

j=2

foranyi e{2,... tyandwithé; j =1if i = j and §; ; = 0 otherwise. Then (Uy,...,U;)
isan [n, N —1,2]gmq4-system withn = (ny,...,n;). Hence, (Uy,...,U;) isan (N —2)-
design in IF;Y,,_I such that dimg, (U;) = n;.

Other examples arise from the maximum 1-design investigated in Section 4.

Corollary 5.13. Let (Uy,...,U;) be a maximum 1-designin V = V(k,q™). Then it is an
optimal subspace design.

Proof. By Theorem 4.12, the ordered set (Uy,...,U;)isalsoan (k—1,tm(k—2)/241)4-
subspace design. Since the dimensions of the U;’s is mk /2, direct computations show that
equality in (5.4) holds, and hence it is an optimal subspace design. ]
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Remark 5.14. In Theorem 4.21, the linear sets Ly, , ..., Ly, associated with the sub-
space exhibited for m = 2 cover the entire space, and hence, by Corollary 4.14, for every
hyperplane H, it follows that

¢ qm(k—z)/z 1 qm(k—2)/2+l _1
> dimg, (Ui N H) = (1 — 1) +
i=1 ! q—1 q—1
Moreover, the system (Uy, . .., U;) defines a one-weight MSRD code, see Theorem 5.5.

6. Dualities

6.1. Ordinary dual

Leto:V x V — Fym be a non-degenerate reflexive sesquilinear form on V = V(k, ¢™)
and define
o't (u,v) €V XV = Trgmg(o(u,v)) € Fy,.

It is known that ¢’ is a non-degenerate reflexive sesquilinear form on V, when V is
regarded as an mk-dimensional vector space over [F;. Let t and 7’ be the orthogonal
complement maps defined by o and ¢’ on the lattices of the Fym-subspaces and Fg-
subspaces of V, respectively. Recall that if W is an Fym-subspace of V' and U is an
F,-subspace of V, then W7 is an Fym-subspace of V, U? is an F,-subspace of V,
dimg,,, (WT) + dimg,, (W) = k and dimp, U7y + dimg, (U) = mk. It is easy to see
that v and t’ coincide when applied to F,»-subspaces, that is, W* = W for each Fym-
subspace W of V. Also, U  is called the dual of U (with respect to t’). The dual of
an IF;-subspace of V' does not depend on the choice of the non-degenerate reflexive ses-
quilinear forms o and ¢’ on V. More precisely, consider two non-degenerate reflexive
sesquilinear forms o7 and o and then consider 7] and 7 as above. Then U T and U™
are 'L(k, g™)-equivalent, for any F,-subspace U of V' (see [80, Section 2]). If W is an
s-dimensional F m-subspace of V and U is a h-dimensional F,-subspace of V, then

dimp, (U™ N W?) —dimp, (U N W) = km —h —ms. 6.1)

For more details, see [89, section 7].

Consider an ordered set (Uy, ..., U;) of Fy-subspaces in V' = V(k, ™). The ordered
set (UT, ..., Uf/) will be called the dual subspaces of (Uy, ..., U;). Furthermore, note
that the dual subspaces of (UT , ..., Uf/) coincide with the ordered set (Uy, ..., Uy).

From Equation (6.1), the next result immediately follows.

Proposition 6.1. Suppose that (Uy,...,U;) isan (s,A)4-subspace designin V=V (k,q™),
with dimg, (U;) = n; for any i, and suppose that

dimg,, (Uf ... . UF )Fm) = k —s.

Then the dual subspaces (UF ... ., Uf/) of (Uy,...,Us)isan (k—s, A+t(k—s)m—N)4-
subspace design, where N = Z§=1 n; and dimg, (Ui’/) = mk —n;.
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’

When the assumptions of the above proposition are satisfied, we say that (U f/, L UR)
is the dual subspace design of (Uy, ..., U;).
Now we show that the property of being maximum 1-design is preserved via duality.

Theorem 6.2. Let (Uy,...,U;) be a maximum 1-design in V- = V(k,q™). Then the dual
subspace design of (Uy, ..., U;) is a maximum 1-designin V- = V(k,q™).

Proof. By Theorem 4.12, it follows that

t
3" dimg, (U; N H) € {tm(k —2 mk=-2) 1},
i=1 2 2
for every hyperplane H of V =V (k,q™),i.e., (U1,...,U;)isalsoan (k—1,tm(k—2)/2+
1)4-subspace design. Since dimg,,, ((Uf,, cee Ut’,)]qu) > 1 (with the above notation),
by Proposition 6.1 the dual subspace design (UF , ..., Uf/) of (Uy,...,U;) (seen as a
(k—1,tm(k —2)/2 + 1)4-subspace design) is a (1, tm(k —2)/2 + 1 + tm —tmk /2),-
subspace design, i.e., the dual subspace design of (U, ..., U;) is a 1-design. Moreover,
since dimp, (Ui’/) =mk/2, (UF,..., Uf,) is a maximum 1-design. |

As a corollary, we get a characterization of maximum 1-design as a (k — 1, A)g4-
subspace design.

Corollary 6.3. Let (Uy, ..., U;) be an ordered set of Fy-subspaces in V = V(k,q™)
having dimension mk /2. Then (Uy, ..., U;) is a maximum 1-design in V if and only if it
isa(k—1,tm(k —2)/2 + 1)4-subspace designin V.

Proof. The if part follows by Proposition 3.11 and Theorem 4.12. For the converse, sup-
pose that (Uy,...,U;) isa (k —1,tm(k —2)/2 + 1)4-subspace design. Then its dual
subspace design (U, ..., U]) of (Uy,...,U;) is a maximum 1-design because of Propos-
ition 6.1. Now, Theorem 6.2 implies the assertion. [

Corollary 6.3 gives a one-to-one correspondence between maximum 1-designs and
MSRD codes with certain parameters, i.e., maximum 1-designs are optimal subspace
designs.

Theorem 6.4. Let m, k be two integers such that mk is even with k > 2. Let U =
(U1, ..., Us) be an ordered set of Fy-subspaces in ]F;‘m of dimension mk /2 such that
(Ur,....Ut)Fm = ]F;‘m. Then every code in ®([U]) is an [n, k,d]4m;q; MSRD code with
n= (mk/2,...,mk/2) and
g=mk_ mk=2
2 2
if and only if (Uy,...,U;) is a maximum 1-design.

—1=mr—-1

Proof. Suppose that U defines an MSRD code. Then, by Theorem 5.9,

! . mk
> " dimg, (U; N H) < 1 —tmt 1,

i=1
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for every hyperplane H ofIFé‘m. It follows that (Uy,...,Uy)isa (k—1,tm(k—2)/241)4-
subspace design, and hence, by Corollary 6.3, it is also a maximum 1-subspace design.

Conversely, if (U, ..., U;) is a maximum 1-subspace design, then again, by applying
Corollary 6.3 and Theorem 5.9, we obtain that every code in ®([U]) is an [n, k, d]sm /4
MSRD code. ]

We recall an upper bound on the number of blocks of an MSRD code.

Theorem 6.5 (See [25, Theorem 6.12]). Let C be an [n, k, d]gm;q MSRD code with n =
ny=---=n;>mandd > 3. Then

< Ld _3J N {qm _qu(d—3)/mJ+m—d+3 +(q - 1" + I)J, 62

m qm —1

Theorem 6.4 gives a new bound on the number of blocks that an MSRD code associ-
ated with a maximum 1-design can have. Indeed, using the connection between maximum
1-design and MSRD code, the number of blocks corresponds to the number of subspaces
in a maximum 1-design. This latter number has been bounded in Corollary 4.14 and we
showed that it is sharp for some set of parameters (see Theorem 4.21).

Corollary 6.6. Let C be an [n, k, d]qm/q MSRD code withn = (mk/2,...,mk/2) and
d=tm—1.Thent < (g — 1)(¢g™*'% +1)/(g™ — 1)]. Moreover, if t > 3, this bound
improves (6.2) of Theorem 6.5.

Proof. Let (Uy,...,U;) be a system associated with C. By Theorem 6.4, (Uy,...,U;) is
a maximum 1-design and so, by Corollary 4.14, we gett < (g — 1)(¢"*/2 + 1)/(¢" — 1)
that proves the first part. Moreover, since ¢ > 3 we have |(tm —4)/m] > 1, and so it
follows that

L(q—l)(q’”"/zﬂ)J - Lfm—“J N Lq’”—q”’L"”rf‘H'”‘””*“ + (Q—l)(qu/2+1)J
qm—1 o m gm —1 ’

where the last quantity corresponds to the right-hand side of the bound (6.2). This proves
the last part. ]

As a consequence, this bound shows that the bound in Theorem 6.5 is not sharp for
these parameters.

6.2. Delsarte dual

In this section we provide another duality acting on subspace designs by using their con-
nection with sum-rank metric codes.

Let U = (Ui, ..., U;) be anon-degenerate (s, A),-subspace designin V' = V(k,g™).
Suppose that n; = dimg, (U;) forevery i € [t],letn= (n1,...,n;)and N =ny +---+ny,
and, without loss of generality, suppose thatn; > --- > n;. Up to coordinatize V', we may
assume that V = Fé‘m. Consider the class of sum-rank metric codes [C] = ®([U]), and
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let C € [C]. Let C be the dual of C defined as in (5.2) and suppose that C is non-
degenerate. We call [U’] = W([C}]) the Delsarte dual class of [U], and any ordered set
(U{.....,U/) such that (U{,...,U)) € W([Ct]) will be called a Delsarte dual design of
(Uy, ..., U;). This definition is well posed because of Remark 5.4.

In order to give a relation on the parameters of a subspace design and its dual, we need
the following property.

Proposition 6.7. Suppose that (Uy, ..., Uy) is a non-degenerate subspace designin V =
V(k,q™), with dimg, (U;) = n;, for any i. Let

!
M = max{ Zdiqu (Ui N H) : H is an Fym-hyperplane of V}.
i=1
Then the Delsarte dual subspace design (Uj, ..., U)) of (Ui, ..., U,) has the following
propetrties:
* there exists 0 € S; such that dimg, (U]) = ne) for any i,
e M = max{Zﬁzl dimg, (U/ N H) : H is an Fym-hyperplane of V'}, then

M/> N_M_2 l:fmzmax{nlv"-vnl}v
a 2N—lm—M—2 ifmfnlz...:nt’

where N = ny + --- + ny.

Proof. Without loss of generality, we may suppose that n; > --- > n;. The assertion fol-
lows by considering a sum-rank metric code C in ®([(Uy, ..., U;)]) and then applying
Theorem 5.5, so that (Uy, ..., U;) can be seen as an [n, k, d],m /4-system with d =
N — M. Clearly, Ct € ([(U],...,U})]) and then, by applying Theorem 5.5, (U{,...,U})
can be seen as an [n, k, d’];-system with d’ = N — M’. The assertion then follows by
Theorem 5.2. ]

As a consequence, taking into account Theorem 5.2, we obtain the following corollary.

Corollary 6.8. Suppose that (U, ..., U;) is a non-degenerate (k — 1, A)q-subspace
designin V.= V(k,q™), with dimg,(U;) = n; for any i, and suppose that

t
A= max{ Zdim]pq (Ui N H) : H is an Fym-hyperplane of V}.

i=1
Then the Delsarte dual subspace design (U{,...,U]) of (Ur,...,U;) isan (k —1, 4')-
subspace design with

A >

N-A4-2 if m=max{ny,...,n:},
IN —tm—A—2 ifm<n=-=n,

where N = ny + -+ - + ny. In particular, the Delsarte dual of an optimal subspace design
is an optimal subspace design.
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7. More bounds and constructions

In this section we will further explore bounds and constructions of subspace designs whose
parameters satisfy equality in the provided bounds.

As a consequence of the definition of subspace evasive subspaces, we obtain that the
ordered set of subspace evasive subspaces form a subspace design with the following
parameters.

Proposition 7.1. Let (Uy, ..., U;) be an ordered set of F4-subspaces of V = V(k,q™)
such that U; is an (s, r;)g-evasive subspace for everyi € {1,...,t}. Then (Uy, ..., U;) is
an (s, A)g-subspace design with A = Z§=1 ri.

Under certain assumptions, the bounds in Corollary 3.8 may be improved.

Theorem 7.2. Let (U;,...,U;) be a (k — 1, A)g-subspace design of V = V(k,q™). Let
n = dimg, (U;) for any i. For n > m, the following hold:

(1) if A<tmk —1), thenn <m+ A/t — 1,

Q) ifA<tm/(k—1)4+k—=2 thentn <tm+ A—k + 1.

Proof. By definition, dimg,,, ((U1, ..., Us)F,m) = k — 1. We begin by assuming that
dimg,,, Uy, ..., Ut)]qu) =k —1. Then H = (Uy,..., U,)]qu is an Fgm-hyperplane
of ]Fé‘m and so

t
tn = dimp, (Ui NH) <A< A+tm—t,
i=1
proving (1) of the assertion. Since A > k — 1, by the assumption in (2), we have that
tm>k—1landsotn <A< A+ tm—k + 1, proving also (2) of the assertion. Assume
now that (Uy, ..., U,)]qu = IF;‘,,,. Then U = (Uy,...,U;) isan [n, k, d]gm 4-system, with
n=(n,...,n)and

t
d=N — max{ Z dimg, (H N U;) : H is an F m-hyperplane of Fé‘m }
i=1
where N = tn.
Since (Uy, ..., U;y) isa (k — 1, A)4-subspace design, it follows that d > tn — A.
Let [C] = ®([U]). We can apply the Singleton bound (Theorem 5.1 (2)) on the para-

meters of [C]. Indeed, we have
mk <n(itm—d + 1),
and so
mk <n(tm—tn+ A+ 1). (7.1)

To prove the first part, suppose for the contrary n > m + A/t. Substituting in (7.1)
gives mk < n. This implies that U; = ]F;‘m, for every i, and then tm(k — 1) < A, contra-
dicting our assumption on 4.
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To prove the second part, first we observe that (7.1) can be rewritten as
mk +n*t < —n(—tm — A —1). (7.2)

To the contrary suppose that tn > tm + A — k + 2. Substituting in (7.2), we get

mk ~|—t(m + #)2 < (—m— w)(—tm—A— 1),

which yields
A—k+ 2)
t

mk + (m + (—k +1) <0,

and so
tm+ (k—=2)(k—1) <Ak —1),
from which we obtain
tm +k—-2<A4
k—1 -

contradicting our assumptions. ]

In the following we will see some constructions of subspace designs satisfying equality
in the bounds of Theorem 7.2.

We start by constructing examples of subspace designs satisfying equality in (1) of
Theorem 7.2 when A = ta, witha > (k —2)(m — 1) + 1.

Proposition 7.3. If A = ta, witha > (k —2)(m — 1) + 1, then in V(k, q™) there exists
a (k — 1, A)4-subspace design whose elements have dimension m + o — 1.

Proof. By Proposition 2.6 (i), if « > (k —2)(m — 1) + 1, in V(k, g™), there exists a
(k — 1, @) 4-evasive subspace of dimension m + « — 1. The subspace design whose sub-
spaces are ¢ copies of such subspace evasive subspace will give the subspace design with
the desired parameters. ]

When mk is even, we can prove the sharpness of the first bound of Theorem 7.2 also
for smaller values of A.

Proposition 7.4. If km is even and A = ta witha > km/2 —m + 1, then there exists a
(k — 1, A)g-design (U, ..., Uy) in V(k,q™) such that dimg, (U;) = m + a — L.

Proof. By Proposition 2.6 (ii), when o > km /2 —m + 1, there exists a (k — 1, a)4-evasive
subspace S with dimg, (S) = m + a — 1. The subspace design whose elements are ¢
copies of such subspace evasive subspace will give the subspace design with the desired
parameters. u

Remark 7.5. The existence of the above subspace evasive subspace relies on the existence
of scattered subspaces provided in [7, 14,19,31].

For the second bound in Theorem 7.2, we have the following construction.
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Theorem 7.6. Lett <q.If k —1 <A <tm/(k — 1)+ k —2 and k <m, then there exists
a (k — 1, A)g-subspace design (Uy, ..., Uy) in V. = V(k,q™) such that dimg, (U;) =
m+|[(A—k+1)/t].

Proof. From the assumptions on A, we get A <tm +k — 1. Let (U],...,U/) bea (k — 1)-
design such that dimg, (U/) = m > k, cf. Theorem 4.2. Since (A —k + 1)/t < m, we can
consider an IF,-subspace W’ of dimension [ (4 — k + 1)/t ] contained in a 1-dimensional
Fgm-subspace (v)F,» of V, with (v)F,» NU; ={0} for any i € {I,...,7}. Suchav
exists because of Remark 2.8, since the union of the related linear sets does not cover the
entire space. So, (U] @ W',..., U/ & W’) is a (k — 1, A)4-subspace design such that
dimp, (Uf @ W) =m + [(A—k +1)/t]. n

8. Constructions from strong subspace designs

In most of the applications, strong subspace designs have been used to construct subspace
designs. So, in this section we describe how to obtain a subspace design from a strong
subspace design using different tricks.

8.1. Using subspace evasive subspaces

The first, and probably the most used, subspace design employs subspace evasive sub-
spaces.

Theorem 8.1. Consider a strong (s, A)-subspace design (Vy,...,Vy) inV = V(k,q™).
Let k; = dimg,,, (V;), for everyi € {1,...,t}. Let S €V be an Fy-subspace of dimension
d with the property that S is a (h, ch)4-evasive subspace for every h < s, with ¢ a positive
number. Let U; = V; N S, for everyi. If dimg,,, (Uy,..., U,)]qu) > s, then (Uy,...,Uy)
is an (s, cA)q-subspace design and each U; has dimension at least mk; —km + d.

Proof. By applying Grassmann’s formula to the U;’s, we have that dimg, (U;) > mk; —
km + d.Now, let W be a F m-subspace of dimension s in V. By the assumptions we have

t
> dimg,,, (V; N W) < A. 8.1)
i=1
For each i, we have that diqum (W N V;) =s; <s. Then, by the assumptions on S, we
have that
dimg, (W N U;) = dimg, (W N V)N S) < cs;.

So,
t t
> dimg, (W N U;) < ¢y dimp,, (W N Vi) < cA,

i=1 i=1

and the assertion follows by (8.1). [

More generally and following the above proof one gets the following result.
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Theorem 8.2. Consider a strong (s, A)-subspace design (V1,...,Vy)inV = V(k,q™).
Let ki = dimg,,, (V;), for everyi € {1,...,t}. Let S € V be an (s, r)q-evasive subspace.
Let U; = V; NS, for everyi. If dimg,,, Uy, ..., U,)]qu) > s, then (Uy,...,U;) is an
(s,t(r —s) + A)g-subspace design and each U; has dimension at least mk; —km + d.

Remark 8.3. When ¢ = 1 in Theorem 8.1, S is an s-scattered subspace in V.

8.2. Intermediate fields

Another way to get subspace designs from strong subspace designs regards the use of
intermediate fields [46].
To see this, first observe that ]Fé,c is an s-scattered subspace in Fé‘m for any s.

Proposition 8.4. Let ¢ be an integer such that m | c. Let (V1, ..., V}) be a strong (s, A)-
subspace design in Fé‘m. Then (V1,...,V;) is an (s, mA)4-subspace design in IF;‘C.

Proof. Let W be an s-dimensional I c-subspace of IF;‘C. Since V; C IF;‘,,,, we have that

wnvVi=Wn IF;‘,,,) NVi.Let W =Wn Fé‘m. Since Fé‘m is an s-scattered IF ;= -subspace

of F é‘c, it follows that dimp,, (W) < s andso

t t t
> dimg, (V; N\ W) =Y mdimg,, (V; "\ W) =Y mdimg,, (V; \W') <mA. =

i=1 i=1 i=1
8.3. High-degree places

To construct subspace designs we can also use high-degree places, as done in [46, Sec-
tion 4.2] for a fixed strong subspace design. Consider a real number § € (0, 1), and let
h =68km,withm <q —1.Let (V1,..., V}) be a strong (r, A(r))-subspace design (here,
we explicitly write the dependence of A on r by A(r)) in F#, with dimg, (Vi) = n;. We
will work in the following framework. There is an [F,-linear isomorphism from ]F;’ to
Fy[x]<#, so that we can see V1, ..., V; as Fg-subspaces of F,[x] <. Now,

 let ¢ be a primitive root of the finite field [F,

* let 7 be the [F;-automorphism of the function field I, (x) mapping x to {x,

« let p(x) be an irreducible polynomial of degree d such that p, tp, ..., 75 ' p are

pairwise coprime, where 7’ p := ' (p(x)) = p(¢ix).

Note that (z/ p) is a maximal ideal of F;[x] (places of the function field F,(x)). Then
Fy[x]/(z/ p) = Fym and Fy[x]/(p) X -+ x Fy[x]/(x*~ p) = Fk, (as Fy-vector spaces).
Consider the [F;-linear map

7 FglX]an = Fylx]/(p) x -+ x Fy[x]/(F p), f(x) = (f(p)s...., f(TF D)),

where f(t/ p) is the residue of f in the residue field F,[x]/(z/ p), i.e., f(z/ p) is the
lateral of f in F,[x]/(z/ p). Let f(x) € Fy[x]<; such that 7(f(x)) = 0. Then 7' p
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divides f(x), for any i € {0,...,k — 1}. Since the ideals (p), (zp). ..., (¥ ' p) are
pairwise coprime, and deg( f(x)) < h < km, we have that f(x) is the zero polynomial
and so 7 is injective. We define

Ui = (Vi) ={(f(P)..... fF(*'p)) : f € Vi} S Fpa, (8.2)

fori € [t]. Since 7 is an injective Fy-linear map, it follows that dimg, (U; ) = n;. Now, fol-
lowing the proof of [46, Proposition 4.6] and by replacing the considered strong subspace
design with any strong subspace design, we obtain the following result.

Theorem 8.5. Let § be a real number in (0, 1). Let (V1,...,V;) be a strong (r, A(r))-
subspace design of ]F;’. Suppose that there exists a positive integer s such that r =
ls/(1 —8)| + 1. Define (Uy, ..., U,) as in equation (8.2) and assume in addition that
dimg,, (U1, ..., U)gm) = s. Then (Un, ..., Uy) forms an (s, A(ls/(1 —8)] + 1))q-
subspace design in IF;’}{, with dimg, (U;) = n;. In particular, if (Vi,...,V:) is a strong
(r, A(r))-subspace design for anyr <r’, then (Uy,...,Uy)isan (s, A(ls/(1 = 8)| + 1))4-
subspace design for any s < (1 — 8)r'.

Remark 8.6. In the statement of [46, Proposition 4.6], r = |s/(1—38) |, but when s/(1—§)
is a positive integer, equation (6) in the proof of [46, Proposition 4.6] does not hold.
However, the asymptotics is the same and hence this does not affect their results.

8.4. Cameron-Liebler sets

We conclude this section by describing a way to obtain strong subspace design from
well-known objects in finite geometry known as Cameron—Liebler sets of n-dimensional
projective subspaces of PG(k,q) = PG(V,F,) introduced in [84], generalizing Cameron—
Liebler sets of lines in the projective space PG(3, ¢) originally introduced by Cameron
and Liebler in [27]. Indeed, they introduced specific line classes £ of size x(¢% + ¢ + 1)
in PG(3, g) with the property that every line spread in PG(3, ¢) has x lines in common
with &£; such an x is called the parameter of L.

In [18] several equivalent properties that defines Cameron—Liebler sets are proven. We
choose one that is useful for us.

Definition 8.7 (See [18, Theorem 2.9]). A set of n-dimensional projective subspaces &£
of PG(k, q) with k > 2n + 1 is a Cameron—Liebler set of PG(k, q) with parameter x =
| L] (ﬁ);l if and only if fora giveni € {1,...,n + 1} and any n-dimensional projective sub-
spaces  of PG(k, ¢), the numbers of elements of &£, meeting 7 in a (n — i )-dimensional
projective subspace is given by

wi = (= D2 + ¢ L) g D () (1), et
wp = x (517, (), 4 if 7 ¢ £.

Since there is a one-to-one correspondence between an i -dimensional projective sub-
space of PG(k, ¢) and the (i + 1)-dimensional F,-subspaces of V, forany i € {0,...,k},
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we can revise the definition of Cameron-Liebler sets from a (strong) subspace design
point of view.

Theorem 8.8. Let £ = {S1,...,8;} be a Cameron—Liebler set of n-dimensional project-
ive subspaces of PG(k,q) = PG(V,F,) with parameter x and k > 2n + 1. Let V1,...,V;
be the Fy-subspaces such that §; = PG(V;, ;). Then (V1,...,V;) is a strong (n + 1, A)-
subspace design of 'V with

n+1
A=n+1+)Y win—i+]1)

i=1
and dimg, (Vi) =n + 1 foranyi € {1,...,t}.

Proof. Let W be an (n 4 1)-dimensional subspace of V' and let W = PG(W,F,). Then
we have

t t
> dimg, (Vi N W) =Y (dim(S; N W) + 1).

In £ there are w; subspaces that intersect W in a (n — i )-dimensional projective subspace
in the case in which W € £, otherwise there are wlf subspaces that intersect ‘W in an
(n — i)-dimensional projective subspace. This means that

t
Zdiqu(Vi NW)=

i=1

Sitlwin+1—i)+n+1 ifWeg,
S win 4+ 1—i) itWé¢ g

Since wlf < wy, fori > 1, the assertion follows. [

Remark 8.9. Note that the (n + 1, A),-subspace design given by Theorem 8.8, is not an
(n + 1, A")4-subspace design if 4’ < A.

We recall some examples of Cameron-Liebler sets (see, e.g., [84]). For k = 2n + 1,
the following fold:

* The set of all n-dimensional projective subspaces of PG(k, ¢) containing a fixed point
of PG(k, ¢) is a Cameron-Liebler set with parameter 1.

» The set of all n-dimensional projective subspaces of PG(k, g) contained in a fixed
hyperplane of PG(k, g) is a Cameron—Liebler sets with parameter 1.

More examples can be found in, e.g., [41, 84], and also non-existence results are
known, see, e.g., [34,35,73].
9. Cutting designs and minimal sum-rank metric codes

In this section we study subspace designs with a special property that involves the hyper-
planes of the ambient space, which we will call cutting designs. The name arises from
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cutting blocking sets, recently introduced by Bonini and Borello in [22], with the aim of
constructing minimal codes. This structure has been also studied before the paper [22],
under other names such as strong blocking sets and generator sets, in connection with
saturating sets and covering codes by Davydov, Giulietti, Marcugini and Pambianco [33]
and higgledy-piggledy line arrangements by Fancsali and Sziklai [39] (see also [40, 53]).
In this section we propose a generalization of this notion to subspace designs which turns
out to be connected with minimal sum-rank metric codes, as we will see later.

Definition 9.1. Let (Uy, ..., U;) be an ordered set of F,-subspaces in V = V(k, ¢g™). If
for any [F,m-hyperplanes H, H' C [ 5,,, such that

UNHCU NH foreveryi €{l,...,t}

implies H = H’, then (Uy, ..., Uy) is called a cutting design.

‘We now provide an easier to handle characterization of cutting designs, which follows
the proof of [1, Proposition 3.3] (see also [22, Theorem 3.5]).

Proposition 9.2. Consider an ordered set (Uy, ..., U;) of Fy-subspacesinV =V (k,q™).
Then (Uy, ..., Uy;) is a cutting design if and only if for every Fym-hyperplane H of V, we
have (Ut N H,...,U; N H)]qu = H.

Proof. Suppose that (Uy, ..., U;) is a cutting design and, by contradiction, suppose that
there exists an Fgm-hyperplane H of V such that (Ui N H,....U: N H)r,» = X & H.
Let H' be an Fym-hyperplane of V' containing X different from H. So, we have that
U;NH CU; N H, foreveryi.Since H # H, this yields a contradiction.

Conversely, assume that for every Fgm-hyperplane H, (U1 N H, ... .U N H)F, . = H.
Let H and H' two hyperplanes such that

U NHCU NH foreveryi € [t].
This implies that
(tLiH,....,UNH)m C{ONH, ..., U NH ),
thatis, H = H'. n

Remark 9.3. By Proposition 9.2, it follows that a cutting design (Uy,. .., U;) of V(k,q™)
is also a non-degenerate (k — 1, A),-design, for a certain A > k — 1. Actually, it has a more
strong property: Z§=1 dimg, (U; N H) > k — 1 for every H hyperplane of V.

As the previous remark suggests, cutting designs are subspace designs with special
pattern of intersections with hyperplanes. In particular, examples of cutting designs can
be obtained from subspace designs with the property that the sum of the dimension of
intersections with hyperplanes is a nonzero constant; this will allow us to give construc-
tions of cutting designs (cf. Construction 9.14).
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Theorem 9.4. Let (Uy, ..., U;) be an order set of Fg4-subspaces of V = V(k,q™). Sup-
pose that there exists a positive integer ¢ such that Zf‘:l dimg, (U; N H) = c for every
hyperplane of V. Then ¢ > k — 1 and (Uy, ..., U;) is a non-degenerate cutting design.

Proof. Letn; = dimg, (U;). Let us start by proving that (Uy, ..., U;) is a non-degenerate
subspace design. Suppose by contradiction that (Uy,...,U t)]qu C H, forahyperplane H .
This means that U; € H for every i, and hence ¢ = Zi:l dimg, (U; N H) = Z§=1 n;.
Suppose, without loss of generality, that n; > 0 and let v € Uy \ {0}. Let H’ be a hyper-
plane of V such that v ¢ H'. Then Y ;_, dimg, (U; N H') < > ¢_,n; = c,acontradiction
to the fact that Y ;_, dimp, (U; N H') = c¢. Now we show that (Uy, ..., U;) is a cutting
design. Let H and H’ be two hyperplanes of V' such that

U NHCU NH foreveryi € [t].

So, we get that dimg, (U; N H) < dimg, (U; N H') for every i, and since

t t
c =Y dimg, (Ui N H) <) dimg, (U; N H') = c.

i=1 i=1

it follows that dimg, (U; N H) = dimg, (U; N H'), and therefore U; N H = U; N H' for
every i. In particular, Uy N H =U; N H' =U; N HN H' € H N H' for any i. Suppose
that H # H’, this means that H N H' is a (k — 2)-dimensional F = -subspace of V. Let
U/ =U; N H = U; N H' for every i. Then there exists an [F,-subspace U/ of V' such that
U; = U/ ® U/ forevery i, and note that U” N H = U/ N H' = {0}. Now, if all the U;” had
dimension O for every i, then U; C H for every i, a contradiction, since (Ui, ...,U;) isa
non-degenerate subspace design. Hence, without loss of generality, suppose that U;" # {0}
and let u € U{" \ {0}. Let H" be the hyperplane (H N H') @ (u)F,»- As a consequence,
dimg, (U;) = dimg, (U; N H N H') < dimg, (U; N H"). Hence, we have

t

t t
c =Y dimg, (Ui N H) =) dimg, (U}) < dimg, (U; N H") + ) dimg, (U;)

i=1 i=1 i=2

t
< Zdiqu(U,- NH" =c,
i=1

a contradiction, and so H = H'. [

By Remark 9.3, a cutting design also defines a system and, clearly, if in an equivalence
class of an [n, k],m/, system there is a cutting design (that is the set of the entries of the
t-ple is a cutting design), then all the elements of equivalence class are cutting design as
well. Therefore, an [n, k],m/, system with the property that the set of its entries forms a
cutting design will be called a cutting [n, k] m /4 system. This latter notion can be very
useful when we need to enlighten the dimensions of the subspaces of a cutting design.



P. Santonastaso and F. Zullo 48

9.1. Motivation

We will now show how the notion of cutting design extends previously known notions of
cutting blocking sets. For a survey on blocking sets we refer to [21].

Definition 9.5. Let g, r, k be positive integers with r < k. A g-fold r-blocking set in
PG(k, q) is a set M C PG(k, g) such that for every (k — r)-subspace S of PG(k, q),
we have

SN M| =g

When r = 1, we refer to M as g-fold blocking set. When g = 1, we will refer to it as an
r-blocking set. When r = g = 1, M is simply a blocking set.

A cutting r-blocking set is a blocking set that, roughly speaking, captures the structure
of all the (k — r)-subspaces, see [22, Definition 3.4].

Definition 9.6. Let r, k be positive integers with r < k. An r-blocking set M in PG(k, g)
is cutting if for every pair of (k — r)-subspaces §, 8’ of PG(k, ¢) we have

MNSCTMNS <— §=5§".

Proposition 9.7 (See [1, Proposition 3.3]). An r-blocking set M C PG(k, q) is cutting if
and only if for every (k — r)-space S of PG(k, q), we have (M N §) = §.

The g-analogue of the notion of a cutting blocking set is the linear cutting blocking
set, introduced by Alfarano, Borello, Neri and Ravagnani in [2, Definition 5.3].

Definition 9.8. An [n, k] m, system U is called a linear cutting blocking set if for any
F4m-hyperplanes H, H' C IF[];,,,, we have that U N H C U N H' implies H = H'.

If we need to underline the involved parameters of U, we will also say that U is a
linear cutting [n, k]ym /4 blocking set.

Remark 9.9. If U is a linear cutting [n, k]gm /4 blocking set, then Ly is a cutting 1-
blocking set of PG(k — 1, ¢™).

9.2. Constructions and bounds

We now list examples of cutting designs which can be obtained from the known examples
of cutting blocking sets. Some of them can be obtained easily, but for others more attention
needs to be paid. However, all of them are consequences of the following result, where we
show that the cutting design property can be required directly on the union of the linear
sets associated with the design.

Proposition 9.10. Consider an ordered set (Uy, ..., Uy) of Fg4-subspacesin V=V (k,q™).
Then (Uy, ..., U,) is a cutting design if and only if Ly, U ---U Ly, is a cutting block-
ing set.
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Proof. Suppose that (Uy, ..., U;) is a cutting design. Let # = PG(W, F;=) be a hyper-
plane of PG(V,Fgm). By Proposition 9.2, Uy N W U --- U U; N W contains an [Fm-basis
of W,and so Ly,nw U---U Ly,nw contains k — 1 points of J¢ such that their span is .
Therefore,

H2(HN(Ly, U---ULy,)) = (Ly,nwU---ULy,nw) 2 K.

The assertion follows by Proposition 9.7. Conversely, suppose that Ly, U --- U Ly, is
a cutting blocking set. Let W be an F m-hyperplane of V. Let # = PG(W, Fym). By
Proposition 9.7, we have that Ly, nw U---U Ly,aw = # N (Ly, U--- U Ly, ) contains
a set of points { P; = (vy),..., Pr—1 = (vg—_1)} of # such that # = (Pq,..., Pr_1) and
v; € Uy U--- U Uy for every i. This implies that (W N Uy, ..., W N U,)qu = W, and
so the assertion follows by Proposition 9.2. [ ]

Construction 9.11 (From a linear cutting blocking set). If the ordered set (Uy, ..., U;)
of F,-subspaces in V' = V(k, g") is such that at least one of the U;’s is a linear cutting
blocking set, then (Uq, ..., U;) is a cutting design.

The above example provides a lot of constructions of cutting designs. However, inter-
esting constructions of cutting designs are those in which the cutting property is not
satisfied individually by the elements of the design. The next examples provide construc-
tions of cutting designs not containing any linear cutting blocking sets.

Construction 9.12 (From rational normal tangent set [39]). Suppose p = char(FF;) > k.
Choose 2k — 1 distinct points on the rational normal curve in PG(k — 1,¢™) and consider

the set {€1,...,{o,_1} of the tangent lines at these points. For each line £;, consider its
sets of points {(Ui,l)Iqu, e ('Ul',qm+1>]qu }. Define
Ui,j = (vi,j)¥,

foreveryi € [2k — 1] and j € [¢™ + 1]. The collection of the U; ;’s is a cutting design.

Construction 9.13 (From tetrahedron [1,9,59]). Consider k points Py, ..., Py in general
position in PG(k — 1,¢™), and let £; ; = (P;, P;) for any i, j € [k] with i # j. The
collection of the U; ;’s defined as in Construction 9.12 is a cutting design.

In the above two constructions all the subspaces of the design have dimension one
and their number is quite large. In what follows, we will focus on showing examples of
shorter cutting design whose elements have higher dimension. The following is an easy
consequence of Theorem 9.4.

Let ¢ be a subgroup of GL(k, ¢™), and consider the action ¢g of € on F;‘m \ {0}
induced by the one of GL(k, ¢™), that is,

¢g 19 x (FE \{0}) > FL\ {0}, (4.v) > va.

For any n and r such that r divides n, this action naturally induces an action also on the
n-dimensional [F;r-subspaces of ]Fé‘m with kernel § N Dgr, where Dgr = {af :a € F ) }.
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In this way, we can consider the action of the group § = /(¢ N Dg4r) on the n-dimen-
sional [F,r-subspaces of IF;‘,,, , that we denote by ¢g" . Finally, we say that § < GL(k,¢™)
is transitive if the action ¢g 1 is transitive (see [77, Section 6.1]).

Construction 9.14 (Orbital construction [77]). Let U be an F,-subspace of ]Fé‘m with
dimg, (U) = n.Let § < GL(k,q™) be a transitive subgroup and let O = (gb;’” (A.U)) gez
be the orbit (counting possible repetition) of the action of qb;’". When § is the Singer
subgroup of GL(k, ¢™), we call the orbit @ an n-simplex. The orbit O = (Uy, ..., U;)
obtained in the previous way starting by a transitive subgroup § < GL(k, ¢™) has the

property that there exists a positive integer ¢ such that Z§=1 dimg, (U; N H) = c for every
hyperplane H of FX,, see [77, Theorem 6.2]. Theorem 9.4 implies that (Uy, ..., U;) is a

qma
cutting [(#, . ..,n), k] system.
Construction 9.15. The ordered set (U, ..., U;) obtained from Theorem 4.21 when

m = 2 gives a cutting design by Theorem 4.13, as a consequence of Theorem 9.4.

Remark 9.16. We can prove that the ordered set (Uy, ..., U;) provided in Construc-
tion 9.14 or Construction 9.15, is a cutting design also by using Proposition 9.10, since
Ly, U---U Ly, = PG(k — 1,4™) in both the cases. Indeed, Construction 9.14 gives a
cutting design as the group used is transitive, and Construction 9.15 gives a cutting design
since the considered subgeometries form a partition of the entire projective space. It would
be interesting to find an ordered set (Uy, ..., U;), as in the hypothesis of Theorem 9.4,
such that Ly, U---U Ly, # PG(k — 1, ¢™) or prove that this is not possible.

The following construction arises again by subgeometries, but in this case they do not
give a partition of the projective space.

Construction 9.17 (From subgeometries [12]). Let ¥, = Ly,, X» = Ly,, X3 = Ly, be
three g-order subgeometries in PG(3,¢3) chosen as in [12, Section 2.3]. Then (U, Us, U3)
is a cutting design.

In the same spirit, more constructions can be obtained using those in [2,3, 10-12].

9.3. Connection with minimal sum-rank metric codes

In this subsection, we extend the notion of minimal codes in the Hamming metric and the
in rank metric to sum-rank metric such that this definition is consistent with that in the
Hamming and in the rank metric.

In 1979, Blakley and Shamir [17,85] introduced independently secret sharing schemes
that are protocols for distributing a secret among a certain number of participants. Then
MCcEliece and Sarwate presented in [71] a more general construction based on linear codes
(equipped with Hamming metric), where Reed—Solomon codes were used. In [70], Mas-
sey relates the secret sharing protocol to minimal codewords: the minimal access structure
in his secret sharing protocol is given by the support of the minimal codewords of a linear
code € in /', having first coordinate equal to 1. A codeword x € € is said minimal if
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for every y € € such that supp(y) < supp(x), we have that y = ax for some o € F.
However, finding the minimal codewords of a general linear code is a difficult task. For
this reason, a special class of codes has been introduced: a linear code is said to be min-
imal if all its nonzero codewords are minimal. The analogue in the rank metric has been
recently introduced by Alfarano, Borello, Neri and Ravagnani in [2]. In [1, 59, 88], min-
imal codes in the Hamming metric are geometrically characterized as cutting blocking
sets, whereas in [2] minimal codes in the rank metric are geometrically characterized as
linear cutting blocking sets. In this section we will extend these connections providing a
characterization of cutting designs in terms of sum-rank metric codes, which coincides
with the aforementioned links when the sum-rank metric is either the Hamming or the
rank metric.

9.4. Supports in the sum-rank metric

The interested reader is referred to [65] for a more detailed description of the theory of
supports in the sum-rank metric.
The support of an element of IT = @;_, F;**" is defined as follows.

Definition 9.18. Let X = (X1,..., X;) € II. The sum-rank support of X is defined as
the space
supp(X) = (colsp(X7), colsp(X>3), ..., colsp(X;)) C IF:I‘,

where colsp(X;) is the F;-span of the columns of X; andn = (ny,...,n,).

The notion of support does not depend on the choice of the [F;-basis of Fym, as shown
by the following result (see, e.g., [2, Proposition 2.1]).

Proposition 9.19. Let I' = (I'y, ..., I'}), A = (A1, ..., As) be two tuples of Fy-bases
of Fgm, and let x € Fym. Then supp(I'(x)) = supp(A(x)).

The above definition allows us to give the following definition of support for an ele-
ment of F .

Definition 9.20. The sum-rank support of an element x = (x1,...,x;) € Fj is the tuple

supp, (x) = supp(I'(x)),

for any (and hence all) choice of I" = (I', ..., I'y), where I is an Fy-basis of ;= for
eachi € [t].

9.5. Minimal sum-rank metric codes

In this section we propose the notion of minimal code in the sum-rank metric, which
extends the ones of minimal codes in both Hamming and rank metric. We will then charac-
terize geometrically minimal codes as those associated with cutting designs, extending the
previously known connections between minimal codes in the Hamming metric and rank.
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Definition 9.21. Let C be an [n, k] m /4 code. A codeword x € C is said minimal if for
every y € C such that supp,(y) < supp,(x), we have y = ax for some o € Fym. We say
that C is minimal if all of its codewords are minimal.

The following characterization of the inclusion of the supports has been used in [2] to
describe geometrically minimal rank metric codes.

Theorem 9.22 (See [2, Theorem 5.6]). Let G be a generator matrix of a non-degenerate
(1, klgm/q code. Let U be the [n, k]4mq system associated with G and u,v € Fé‘m \ {0}.
Then

supp, (uG) C supp, (vG) < W)*NU 2 (W)t NU.

The above result naturally extends in the sum-rank metric.

Theorem 9.23. Let G be a generator matrix of a non-degenerate [n, klgm;, sum-rank
code. Let (Uy, ..., U;) be the [n, k]ym,q system associated with G and u, v € IF;‘,,, \ {0}.
Then

supp, (uG) C supp,(vG) < W)t NU; 2 (W)t NU; foranyi € 1]

As a consequence of Theorem 9.23, the geometric correspondence described in Sec-
tion 5.2 and Definition 9.1 give us a 1-to-1 correspondence between classes of minimal
sum-rank metric codes and classes of cutting designs.

Corollary 9.24. There is a 1-to-1 correspondence between classes of minimal [n, k]gm 4
codes and classes of cutting [n, k]gm ;g systems.

When the sum-rank metric corresponds to the Hamming or to the rank metric, the
above corollary coincides with [1, Theorem 3.4] (see also [88]) and [2, Corollary 5.7],
respectively. Therefore, all the examples of cutting designs given in Section 9.2 yield
constructions of minimal sum-rank metric codes.

Finally, we observe that, as in the Hamming and in the rank metrics, all the one-weight
sum-rank metric codes are minimal, see, e.g., [2].

Proposition 9.25. Let C be a non-degenerate [n, k]gm ;4 code. If all the codewords of C
have the same sum-rank metric weight, then C is a minimal sum-rank metric code.

Proof. Let G be a generator matrix of C and let (Uy,...,U;) be an [n, k]gm/, system
associated with G. Since all the codewords of C have the same sum-rank metric weight,
by Theorem 5.5, we have that Z§=1 dimg, (U; N H) is constant for every hyperplane H
of F ;‘m. Theorem 9.4 can now be used to obtain the assertion. ]

9.6. Minimal sum-rank metric codes in the Hamming metric

We first describe the connection between sum-rank metric codes and Hamming metric
code in [77, Section 5.1] (see also [2, Section 4]).
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For a collection of multisets (M1, my), ..., (M;,m;) of PG(k — 1,¢™), we can define
their disjoint union as

t
| (Mi.m;) == (M. m),
i=1
where M = My U---U M;, and m(P) = m;(P) + -+ + m,(P) for every P € PG(k —
1,q™). To every n-dimensional I -subspace U of ]Fé‘m, it is possible to associate the
multiset (Ly, my ), where Ly € PG(k — 1, ¢™) is the [F;-linear set defined by U and
quU((v)Iqu) _ 1
my ((V)E,m) =
q—1
By (2.2), this means that the multiset (Ly, my ) of PG(k — 1,¢™) has cardinality (counted
with multiplicity) (¢ — 1)/(¢ — 1). Consider now an [n, k], system (Uy, ..., U;) and
define the multiset

t
Ext(Uy.....Up) = |4)(Ly,. my,).
i=1
Then Ext(Uy, ..., U;) is a projective [(g"' + -+ + ¢ —t)/(q — 1), k]4m system.
Hence, we can give the following definition.

Definition 9.26. Let C be a non-degenerate [n, k],m/, code. Let (U, ..., U;) be a sys-
tem associated with C. Any code C € W (Ext(Uy, ..., U;)), where W is defined as in
Section 4.4, is called an associated Hamming-metric code with C.

Minimal sum-rank metric codes also defines minimal codes in the Hamming metric
via the codes in Definition 9.26.

Corollary 9.27. Let C be a non-degenerate [n, k]gm ;4 code. Then C is minimal if and only
if any associated Hamming-metric code is minimal.

Proof. The proof directly follows from Proposition 9.10. ]

10. Dimension expanders

The notion of dimension expander was introduced by Wigderson, see [91], where he also
pointed out the problem of constructing these structures. A dimension expander is a col-
lection of m linear maps I';: F¢ — F*, where F is a field, such that for any subspace
U C F” of sufficiently small dimension, the subspace I'; (U) + --- + ', (U) has dimen-
sion significantly larger than dim(U). Their interest is related to the fact that they can be
seen as the linear-algebraic analogue of expander graph and hence they play an important
role in the theory of algebraic pseudorandomness. See [46, Section 1] for a nice overview
of the problem. Constructions in zero characteristic were then given by Lubotzky and Zel-
manov in [60] and by Harrow in [52], but very recently some constructions were given
when the characteristic is positive by Guruswami, Resch and Xing in [46].
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The definition over finite fields is the following.

Definition 10.1. Let £,m > 1 be integers, n > O0and ¢ > 1. Let ', ..., [}: F[f — ]sz be
F,-linear maps. The collection {I';: j € [m]} forms an (n, {)-dimension expander it for
all subspace U C F (f of dimension at most nZ,

dimp, ( yor (U)) > ¢ dimg, (U).

Jj=1

The degree of the dimension expander is m. If { = Q(m), then the dimension expander is
said to be degree-proportional.

In [46], Guruswami, Resch and Xing ably reduce the problem of constructing dimen-
sion expanders (with some constrains on the parameters) to the construction of subspace
designs. We will now describe the reduction and then we will use the s-designs to get
interesting and new examples of dimension expanders.

Suppose £ = mk.Let Uy, ..., U;, with ¢ | £ and t < m be F,-subspaces of F e with
dimg, (U;) = £/t. Consider

t—1
D= {f(x):Zf,-xqi L fi € Uppr,i e{O,...,t—l}} C Loy

i=0

Since Fgt = IF(f =~ D as F,-vector spaces and the maps of the dimension expanders are
from F,f in itself, we can identify the domain of the maps of a dimension expander with D
and the image space with F¢. Let (B1,. . ., Bm) be an Fy-basis of Fgm. Define, for j € [m],

T D —Fpu,  f(x) e f(B)) (10.1)

In [46] the authors show that when (Uy, ..., Uy) is a subspace design with certain para-
meters, then the construction described above of the maps {I'; : j € [m]} gives a dimension
expander for which the parameters depend on the subspace design (Uy, ..., U;).

Theorem 10.2 ([46, Theorem 3.4]). Let £ = mk with m and k positive integers. Let t be
a positive integer such thatt < m. Consider an ordered set (Uy, . .., U;) of Fy-subspaces
inF ‘fm such that

t
> dimg, (U; N S) < As
i=1
for any s-dimensional Fym-subspace S in IF;‘,,,, for all s < pd, for some 0 < u < 1/m
and dimg, (U;) = L/t, fori € [t]. Then the maps {T'; : j € [m]} defined as in (10.1) form
a (uA, (m —t + 1)/ A)-dimension expander. Moreover, if the subspaces Uy, ..., U; are
explicit, then the dimension expander is explicit.

Remark 10.3. In the above result, by explicit subspaces we mean that there is a polyno-
mial time algorithm in m and k which gives a basis for each of those subspaces.
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Using the construction of s-designs provided in Theorem 4.8, we obtain the following
explicit dimension expanders.

Theorem 10.4. Let m > q — 1. Suppose that ¢ — 1 divides k. Then there exists an explicit
((g —2)/(mk), m — q + 2)-dimension expander in ]F‘;"k of degree m.

Proof. Choosing s =g —2,t = g — 1, Theorem 4.8 ensures the existence of an (explicit)
s-design (Uy, ..., U;), with dimg, (U;) = (mk)/(q —1). Let u = (¢ —2)/(mk). Note
that u < 1/m, since ¢ — 1 | k and k > g — 2. Moreover, by Proposition 3.2, (Uy, ..., U;)
is an s’-design for each s’ < umk = g — 2. Hence, by Theorem 10.2, the assertion follows.
Since the subspace design of Theorem 4.8 is explicit, the constructed dimension expander
is explicit as well. n

Special instances of the above result give examples of degree-proportional dimension
expanders.

Corollary 10.5. Let§ € (0,(q —2)/(q — 1)) such that 1/8 € N. Let m = (¢ —2)/é and
k = (¢ — 1)/6. Then there exists an explicit construction of an (1, {)-dimension expander
in F(;”k of degree m, where n = Q(8m/m) and ¢ = Q((1 — §)m). In particular, it is also
degree-proportional.

Proof. By choosing m = (¢ —2)/6 and k = (¢ — 1)/8 in Theorem 10.4, we obtain an
explicit ((¢ —2)/(mk), m — g + 2)-dimension expander in F;”k of degree m. So,

q-—2 8(g —2) 1)
mk (g—1m m
and
q—2
é‘:m—q—|—2=T—q+2=(l—8)m,
and hence the assertion follows. [

Remark 10.6. In [46, Theorem 5.1], Guruswami, Resch and Xing constructed degree-
proportional dimension expanders in which ¢ > (mk)® for some § > 0, whereas the
construction in Corollary 10.5 has no restrictions on g. Furthermore, in [46, Theorem 5.1]
further assumptions on the parameters are needed which in Corollary 10.5 are not required.

11. Conclusions and open problems

Motivated by their applications in list decoding for rank metric codes and Hamming metric
codes, and to dimension expanders, in this paper, we provided bounds and constructions
of subspace designs in V(k, g"). Moreover, we pointed out which subspace designs cor-
respond to maximum sum-rank metric codes, i.e., the optimal subspace designs. We then
generalized the notion of s-scattered subspaces to the subspace designs, introducing the s-
designs. Subsequently, we proved that for s = 1 and s = k — 1, they correspond to the
optimal subspace designs. We paid particular attention to the case s = 1, for which we
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provided examples and characterizations. Then we also investigated cutting designs and
we showed their connection with minimal sum-rank metric codes.
There are some problems that still remain open. We list some of them:

e In Corollary 4.11, we proved that a maximum s-design in V(k, ¢™) is also a (k —
1,t(mk/(s + 1) —m + s))4 subspace design. Nevertheless, when s = 1, we proved
that a maximum 1-design is a (k — 1, tmk/2 — tm + 1),-subspace design, improv-
ing what is proved in Corollary 4.11. This also suggests that a maximum s-design in
V(k,q™)isalsoa (k — 1,t(mk/(s + 1) —m) + 5)4-subspace design, but the double
counting arguments become too difficult to deal with.

* Construct maximum 1-designs in the case where ¢ > 1, k is odd and m # 2 is even.

» Isit true that maximum A-designs in V(k, ¢™) are optimal subspace designs also when
2<h<k-2?

* In Corollary 4.14 we showed that maximum 1-designs yield two intersection sets with
respect to hyperplanes. In particular, this means that from a maximum 1-design, we
can define linear codes equipped with the Hamming metric with two nonzero weights
(known also as two-weight codes) and we can consider the associated strongly regular
graph, see Section 4.4. However, we do not know whether or not the parameters of
these codes and of these graphs are new, except for the union of Baer subgeometries
and the case in which the design has one element, see [6] and [20]. A first check
with the available databases of two weight codes/strongly regular graphs (see [24,29])
seems to suggest that the parameters are new.

» C(lassification of optimal subspace designs using known classification results on scat-
tered spaces. This would clearly imply a classification for MSRD codes.

* Isitpossible to give a geometric description of the Delsarte dual operation on subspace
designs similarly to the Delsarte duality introduced in [32, Section 3]?

* Obtain new (non)-existence results of Cameron-Liebler sets by making use of the
connection established in Theorem 8.8, the techniques developed in Sections 8.1-8.3
and the Singleton bound for sum-rank metric codes.

* Show a non-trivial sum-rank metric analogue of the Ashikhmin-Barg condition [5,
Lemma 2.1] for the minimality of a sum-rank metric code.

* An ordered set (U, ..., U;) of Fy-subspaces of ]Fé‘m, with the property that there

exists a positive integer ¢ such that Z§=1 dimg, (U; N H) = ¢ for every hyperplane
of IF;‘,,,, corresponds to one-weight rank metric codes, see [77] and Proposition 9.25.
As proved in Theorem 9.4 they also define a cutting design. It would be interesting
to prove that Ly, U --- U Ly, cover the entire space or to find examples of cutting

designs (Uy,...,Us) such that Ly, U---U Ly, # PG(k —1,9™).
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