Enseign. Math. (2) 70 (2024), 251-282 © 2024 Fondation L’Enseignement Mathématique
DOI 10.4171/LEM/1061 Published by EMS Press
This work is licensed under a CC BY 4.0 license

Gevrey asymptotic implicit function theorem

Nikita NIKOLAEV
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asymptotic expansion and furthermore it is the Borel resummation of the corresponding impli-
citly defined formal power series solution. The main theorem can therefore be rephrased as
an implicit function theorem for Borel summable power series. As an application, we give a
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Mathematics Subject Classification 2020: 58C15 (primary); 32A05, 35C10,
40G10 (secondary).

Keywords: exact perturbation theory, singular perturbation theory, Borel summation,
Borel-Laplace theory, asymptotic analysis, Gevrey asymptotics, resurgence, exact WKB
analysis.

1. Introduction

Suppose F(x, %, z) is a holomorphic, perhaps vector-valued, function of several
complex variables x and z and a small complex perturbation parameter # constrained
to some sector at the origin in the %-plane where F admits an asymptotic expansion
F (x,#,z) as i — 0. This paper arose from the following question: what is the meaning
of a formal %-power series solution z = f (x, #) of the formal equation F (x,h,z)=0?
The answer we find is that, provided sufficient control on the asymptotics of F, the
formal solution f is the asymptotic expansion of an actual solution z = f(x, &) of
the analytic equation F(x, %, z) = 0, and furthermore f is the Borel resummation
of f . Thus, the purpose of this article is to prove the following version of the implicit
function theorem in the setting of Gevrey asymptotics.

Theorem 1.1 (Gevrey asymptotic implicit function theorem). Fix a point (xg, zg) €
Cg X (Cév withd > 0and N > 1. Let X C (C)‘f be a domain containing xg and S C Cy,
a sectorial domain with vertex at the origin and opening arc ©® with opening angle
|®| = 7. Suppose F is a holomorphic map X x S X (C;V — CN which admits a Gevrey
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asymptotic expansion

o0
(1.1) F(x,h,z) ~ ﬁ(x,h,z) = Z Fr(x, z)h* as h — 0 along O,
k=0

uniformly for all x € X and locally uniformly for all z € C év . Suppose its leading-order
part in h satisfies Fo(xg, z0) = 0 and the Jacobian 0Fy/0z is invertible at (xo, zo).

Then there is a subdomain Xy C X containing xo and a sectorial subdomain
So C S with the same opening © such that there is a unique holomorphic map
f:Xo X So = CN which admits a Gevrey asymptotic expansion

(1.2) f(x,h) ~ f(x,h) = an(x)h” as h — 0 along ©,

n=0

uniformly for all x € Xy, and such that
fo(x0) = zo and  F(x,h, f(x,h)) =0 V(x,%) € X x So.

Furthermore, f is the uniform Borel resummation of f in the direction 0 that bisects
the arc ©: for all (x,h) € Xo x So,

fx, k) = Sa[f ](x,h).

This theorem provides a general answer in a large class of problems to the question
of developing a theory of asymptotic implicit function theorems. Such a question in
a specialised setting was posed by Gérard and Jurkat in [3, p. 45], but to the best of
our knowledge has not been addressed.! In addition, our techniques give a much more
refined information about the implicit function £, chiefly its uniform Borel summability
properties.

Application: Linear algebra in Gevrey asymptotic families. As an application,
which serves as the main source of motivation for us, Theorem 1.1 can be used to
diagonalise holomorphic matrices A(x, %) in uniform Gevrey asymptotic families; i.e.,
via transformations with the same regularity as A. This means that the eigenvalues and
the eigenspaces of A are guaranteed to have the same asymptotic behaviour as 4 — 0
as the matrix A itself. More precisely, we prove the following diagonalisation theorem
when the leading-order eigenvalues of A are all distinct, which follows from the more
general Jordan block decomposition Theorem 3.1.

In particular, the promised second part of their 1992 paper [3] has not appeared.
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Theorem 1.2 (Diagonalisation in Gevrey asymptotic families). Fix a domain X C (C;l
and a point xg € X. Let S C Cy, be a sectorial domain at the origin and opening arc ©
with opening angle |®| = w. Let A = A(x, h) be a holomorphic nxn-matrix on X X S
which admits a uniform Gevrey asymptotic expansion

[e.e]
A(x,h) ~ /f(x,h) = Z Ak(x)hk as h — 0 along ©, unif Vx € X.
k=0

Suppose that the h-leading-order part Ao := Ag(xo) at the point xo has distinct
eigenvalues ay, . ..,a, € C. Let Py be an invertible n xn-matrix that diagonalises Ago:

P()()A()()P&)l = diag(al, ey an).

Then there is a subdomain Xy C X containing xo and a sectorial subdomain Sy C S
with the same opening © such that there is a unique holomorphic invertible n xn-matrix
P = P(x,h) on X x Sy that admits a uniform Gevrey asymptotic expansion

[e.e]
P(x,h) ~ ﬁ(x,h) = Z Pk(x)hk as h — 0 along ©, unif. Vx € Xo,
k=0

such that Py(xo) = Poo and which diagonalises A, i.e.,
PAP™! = diag(A1,...,An).

Furthermore, the transformation P is the uniform Borel resummation of its asymptotic
power series P in the direction 0 that bisects the arc ©: for all (x,h) € Xo x Sy,

P=S4[P]

In addition:

(1) The eigenvalues A; = A;(x,h) of A are holomorphic functions on Xy x Sy that
admit uniform Gevrey asymptotic expansions

[e.e]
(1.3) Ai(x,h) ~ Xi(x,h) = Z)&i,k(x)hk as h — 0 along ©, unif. Vx € Xo,
k=0

with A; o(x0) = a;. Moreover, each eigenvalue A; is the uniform Borel resummation
of its asymptotic series A; in the direction 0: for all (x,h) € Xo X Sy,

A = So[ Mi]-
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(2) Givenaneigenbasis vy,...,v, € C" for Ago, there is a unique eigenbasis e1,. . ., ey
for A consisting of holomorphic vectors e; = e; (x,h) on Xo X Sg that admit uniform
Gevrey asymptotic expansions

o0
ei(x.h) > &(x.h) =Y eix(x)h*  as h—0 along ©, unif. Vx € X,
k=0

with e; o(xo) = v;. Moreover, each eigenvector e; is the uniform Borel resummation
of its asymptotic series €; in the direction 0: for all (x,h) € Xo X Sy,

e; = Sgle;].

Such results are useful in the exact WKB analysis of singularly perturbed mero-
morphic differential systems and more generally singularly perturbed meromorphic
connections on holomorphic vector bundles over Riemann surfaces. There, the role of
A(x, h) is played by the principal part of the differential system at a pole. For example,
see [9] for the analysis of rank-two systems near a logarithmic pole.

Scalar polynomial case. Particularly notable for its simplicity and utility is the special
case of Theorem 1.1 where N = 1 and F is a polynomial in the single variable z. We
restate it under these assumptions for ease of reference.

Corollary 1.3. Fix a domain X C C%. Let S C Cy, be a sectorial domain at the origin
and opening arc © with opening angle |®| = . Consider a polynomial

F=ap+aiz+--+az"

whose coefficients ay, . . ., a,, are holomorphic functions of (x,h) € X x S which admit
uniform Gevrey asymptotic expansions

o0
ai(x,h) ~a;(x,h) = Zai,k(x)hk as h — 0 along ©, unif. Vx € X.
k=0

Suppose that the leading-order discriminant
Do = Do(x) := Disc;(Fp) = Disc;(ao,0 + a1,0z + -+ + anz")

is nonvanishing on X. Let z = fg be a leading-order solution on X; i.e., a holomorphic
function fo(x) on X such that Fo(x, fo(x)) for all x € X'. Then for any compactly
contained subdomain Xo C X, there is a sectorial subdomain So C S with the
same opening © such that the polynomial F has a unique root z = f(x,h) which
is a holomorphic function on Xy X So and admits a uniform Gevrey asymptotic
expansion (1.2) with leading-order being the leading-order solution fy. Furthermore,
f is the uniform Borel resummation of f in the direction 9 that bisects ©.
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Borel summablllty The asymptotic conditions (1.1) and (1.2) mean that both formal
power series F and f are Borel-summable series in the direction 6, so Theorem 1.1
can be rephrased as an implicit function theorem in the setting of Borel-summable
series.

Corollary 1.4 (Implicit function theorem for Borel-summable series). Fix a point
(x0,20) € (C;l x CN, a domain X C (C)‘f containing xo, and a direction 0. Let

o0
F=F(x.hz)=) Fe(x z2)h*
k=0

be a formal power series in h whose coefficients Fy are holomorphic maps X x C ?’ —
CN such that Fy(xo, o) = 0 and the Jacobian dFy/ 9z is invertible at (xq, zo). Suppose
F is Borel-summable in the direction 0 uniformly for all x € X and locally uniformly
forallz e C év . Then there is a subdomain Xo C X such that the unique formal series

f=Ffan=Y faon,

n=0

with holomorphic coefficients f,:Xo — C¥, which satisfies fo(xo) = zo as well as
F(x,h, f(x,h)) =0, is Borel-summable in the direction 6 uniformly for all x € X,.

After the initial release of this manuscript on the arXiv, we were alerted that a
special case of this corollary (with d = 0, N = 1) was proved earlier by Kamimoto
and Koike in [5, Appendix A] using a somewhat different strategy.

Remarks and discussion. Our construction of the implicit function f employs
relatively basic and classical techniques from complex analysis which form the basis
for the more modern and sophisticated theory of resurgent asymptotic analysis a la
Ecalle [2]; see also for instance [1, 6, 17]. Namely, we use the Borel-Laplace method,
also known as the theory of Borel-Laplace summability. We stress that the Borel—
Laplace method “is nothing other than the theory of Laplace transforms, written in
slightly different variables”, echoing the words of Alan Sokal [19]. As such, we have
tried to keep our presentation very hands-on and self-contained, so the knowledge of
basic complex analysis should be sufficient to follow.

We emphasise that the asymptotic condition (1.1) on the holomorphic map F is
required to hold over the closed arc © = [§ — 7.0 + %1, which is stronger than ordinary
Gevrey asymptotics along an open arc ®; see Section A.1. This type of condition is
exactly adapted to the Borel-Laplace method, see Section A.2. Similar methods are
also used in the construction of exact WKB solutions for singularly perturbed ODEs
such as the Schrodinger equation [11].
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What we call Gevrey asymptotics is often called 1-Gevrey asymptotics. It is part of
an entire hierarchy of asymptotic regularity classes, first introduced by Watson [21]
and further developed by Nevanlinna [8]. See [12, 13] as well as [6, Section 1.2]
and [4, Section XI-2]. However, arguments about other Gevrey classes can usually be
reduced to arguments about 1-Gevrey asymptotics via a simple fractional transformation
in the A-space. Therefore, we believe it is not difficult to extend our results to all other
Gevrey asymptotic classes. We leave this as a natural open problem.

Finally, let us stress that Gevrey asymptotics — albeit far less widely known than
the more classical theory in the sense of Poincaré — should not been seen as an esoteric
concept. Indeed, we reverberate the opinion of, for example, Ramis and Sibuya [14]
that in the theory of complex-analytic differential equations, Gevrey asymptotics is
the far more appropriate notion, because the vast majority of interesting problems fall
within the Gevrey regularity hierarchy.

Structure, notation, conventions. The proof of Theorem 1.1 makes up all of Section 2.
Then in Section 3, we prove Theorem 1.2 as well as its generalisation to Jordan blocks.
Our notation, conventions, and definitions from Gevrey asymptotics and Borel-Laplace
theory are consistent with those given in [10, Appendices A and B]. A brief summary
can be found in Section A.

Throughout, we fix integers d > 0 and N > 1, and we write the vector components
asx = (x1,...,X3), 2= (21.....28), F = (F',...,FN), f =(f'...., fN). The
symbol N stands for nonnegative integers 0, 1, 2, . ... We use boldface letters to denote
index vectors; i.e., m := (my,...,my) € NV ete., and we put |m|:=m; +---+ my.
Unless otherwise indicated, all sums over unbolded indices n, m, ... are taken to
run over N, and all sums over boldface letters n, m, ... are taken to run over NV .
Throughout this paper, we often suppress the explicit dependence on x in the notation
in the interest of brevity.

2. Proof of Theorem 1.1

This section is dedicated to proving our main result, the Gevrey asymptotic implicit
function theorem (Theorem 1.1). The overall strategy of the proof is to first construct a
formal solution z = f of the equation F(x, %, z) = 0 using the ordinary holomorphic
implicit function theorem at the leading-order in # and then use a recursion to determine
all higher-order corrections. We then want to apply the Borel resummation to f to get f.
To do so, we first make a convenient change of variables z — w in order to put our
equation into a certain standard form which is more amenable to the Borel transform.

Applying the Borel transform, we obtain a first-order ordinary differential equation
for o = B[w], albeit nonlinear and with convolution. Nevertheless, this ODE is easy to
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convert into an integral equation, which we then proceed to solve using the method of
successive approximations. To show that this sequence of approximations converges to
an actual solution o, we give an estimate on the terms of this sequence by employing in
an interesting way the ordinary holomorphic implicit function theorem. This estimate
also allows us to conclude that the Laplace transform g = £[o] of the obtained
solution o exists and defines a holomorphic solution of our equation in standard
form. Undoing the change of variables z — w sends g to the desired solution f.

The proof is split into several intermediate lemmas. All this work is finally put
together at the end of this section.

2.1. Formal perturbation theory. The starting point is the following classical result
whose proof is supplied below for completeness and in order to introduce some helpful
notation.

Proposition 2.1 (Formal implicit function theorem). Fix a domain X C Cfg and a point
(x0,20) € X X (Cév. Let

o0
F=F(x.hz) =) F(x 2)h*
k=0
be a formal power series in h whose coefficients Fy are holomorphic maps X x C év —
CN such that Fy(xg, zo) = 0 and the Jacobian matrix 0Fy/dz is invertible at (xg, Zo).
Then there is subdomain Xo C X containing x¢ such that there is a unique formal
power series

@.1) f=Ffen =Y fion

n=0
whose coefficients f, are holomorphic maps Xo — CN, satisfying
folx)) =20 and  F(x,h, f(x,h)) =0  Vx€Xo.

In other words, the equation F (x,%,z) = 0 has a unique solution z = f defined near
the point xo such that fo(xo) = zo. In fact, all the higher-order coefficients f; are
uniquely determined by fy.

In particular, if S C Cy, is a sectorial domain at the origin, and F is a holomorphic
map X x S x C év — CN which admits the power series Fasa uniform asymptotic
expansion as h — 0 in S, then the equation F(x,h, z) = 0 has a unique formal power
series solution z = f near xq such that fo(xo) = zo.

Proof. The proof amounts to plugging the solution ansatz (2.1) into the formal equation
F(x,h,z) = 0and solving order-by-order in #. First, let us note down a few formulas
in order to proceed with the calculation. See also Structure, notation, conventions at
the end of Section 1.
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Step 0: Collect some formulas. Write the double power series expansion of each
component F/ as

(2.2) Flxh2)=Y 3" > Fl (onkz",

k=0m=0 |m|=m

J o om ._ ]
where F 2" = F

iy z{"h -+ zy™ . In particular, the expansion of the leading-

order part Fy is

o0
(2.3) Fl(x.2) =) Y Fgu(x)z".
m=0 |m|=m
For every m € NV we have aiZiz”' = ";—i"z”’, so the (i, j)-component of the Jacobian
matrix dFy/dz can be written as

F, ) X ; J - i i
il D DD D L P P I

m=0 |m|=m m=0 |m|=m

Next, the m-th power f ™ of the power series ansatz (2.1) expands as follows:

(,;, fnh")m - (mX::o I hnl)rnl » (nNXZ:O v hnN)mN

i1eN"1 iyeNN

> (X i) (X s

n=0|n|=n" |i{|=n liy|=ny

In these formulas, we have denoted the components of each vector i € Nk by

(ik,1+ - - -+ ik,my )- Let us introduce the following shorthand notation:
ijeN1 iyeNTN
m = 1 DY 1 DY N DRI ,N
= (O At ) (X A, )
li1|=ny linl=nn

We note the following simple but useful identities:

foo =1; f = f = (f)m™ - (f ) £} = 0 whenever |n| > 0.
Using this notation, the formula for f ™ can be written much more compactly:
m o)
n

2.4) fm= (é fuh ) =Y farn

n=0 |n|=n
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Step 1: Expand order-by-order. Now, we plug the solution ansatz (2.1) into the equation
F(x,#%,z) = 0. Using (2.2) and (2.4), we find:

25 D333 N Flfm" =0 (j=1....N).

n=0m=0 k=0 |n|=n—k |m|=m

We solve (2.5) for the coefficients f, order-by-order in 7.

Step 2: Leading-order part. First, at order n = 0, equation (2.5) yields:

Z > ) fer = (j=1,....,N).

m=0 |m|=m
Comparing with (2.3), these equations are simply the components of the equation
Fo(x, fo) = 0. By the holomorphic implicit function theorem, there is a domain
Xo C X containing xg such that there is a unique holomorphic map fy: Xo — C¥ that
satisfies Fo(x, fo(x)) = 0 and fo(xo) = Zo. In fact, the domain X, can be chosen so
small that the Jacobian dFy/dz remains invertible at the point (x, fo(x)) for all x € Xp.
Thus, we can define a holomorphic invertible N x N -matrix Jo on Xo by

8F
(2.6) Jo(x) := —2

(x.fo(x))
The (i, j )-component of Jj is:
oF]
az,-

o0

_sz Ome‘
0

x, fo(x)) m= 0 |m|=m

2.7 [Jolij =

Step 3: Inductive step. Suppose now that n > 1 and we have already solved equa-
tion (2.5) for holomorphic vectors fy, f1,..., fa—1 on Xg. First, note that if n =
,...,n,...,0) with the only nonzero entry in some position i, then

@8)  fm = (™ ()T ()Y = —fo'"fn

Then at order n in %, we separate out the k = 0 summand and simplify using the
identities (2.7) and (2.8):

Y Y Y Hasm-o

m=0k=0 |n|=n—k |m|=m

i(Z Y Y Y% F,j,,,f,:")=o,

m=0 “n|=n|m|=m k=1 |n|=n—k |m|=m

S+ S (8 S RS XX Rz =0

i=1 m=0 |n|=n |m|=m k=1 |n|=n—k |m|=m
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The first sum is nothing but the j-th component of the vector Jy f,,. Observe that the
remaining part of this expression involves only the already-known components of the
lower-order vectors fo, ..., fn—1. Therefore, since Jy is invertible, multiplying this
system of N equations on the left by J; 1 we can solve uniquely for the holomorphic
vector f, on Xp. =

2.2. Transformation to the standard form. Next, we make a convenient change of
variables in order to bring the given equation F(x, %, z) = 0 to a standard form that
is more easily handled using the Borel-Laplace method. This transformation and the
standard form are fully determined by the leading-order solution fy of the equation
Fo(x,z) = 0 and can always be achieved under our hypotheses. Namely, we have the
following statement.

Lemma 2.2. Suppose F is a holomorphic map X x S x C¥ — CV satisfying the
hypotheses of Proposition 2.1. Let fo and f1 be the leading- and the next-to-leading-
order parts of the formal solution fA defined on Xy C X. Then the change of the unknown
variable z +— w given by

z= fo+h(f1 +w)

transforms the equation F(x,#h, z) = 0 into an equation in w of the form
w = hG(x,h,w),

where G is a holomorphic map Xo x S x C 114\;/ — CN uniquely determined by foand F.
Furthermore, if F admits a Gevrey asymptotic expansion as h — 0 along © uniformly
for all x € X and locally uniformly for all z € (C;V and the domain X is chosen so
small that all the eigenvalues of Jo (where Jy is the invertible holomorphic matrix
on Xy given by (2.6)) are bounded from below on Xy, then G also admits a Gevrey
asymptotic expansion as h — 0 along ® uniformly for all x € Xo and locally uniformly
forall z € (C;V. Specifically, G is defined by

29  Gx.hw) =" (w—~a"" Iy () F (xR folx) +  fi1(x) + hw)).

Proof. The only thing to check is that the right-hand side of (2.9) has no negative
powers in #. In particular, since each component of F is an entire function in the
variables z1, ..., zy, identity (2.9) makes it obvious that G admits a uniform Gevrey
asymptotic expansion Gash—0 along ® whenever the eigenvalues of Jy are bounded
from below and F admits uniform Gevrey asymptotics.

Let us now verify that G has no negative powers in #. Clearly, the leading-order
part of F(h, fo + h f1 + Aw) is simply Fo(x, fo(x)) which is zero because fj is the
leading-order solution. Therefore, the right-hand side of (2.9) is at worst of order #~1.
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We argue that the next-to-leading-order part of F (%, fo + h f1 + hw) is equal to Jow.
Evidently,

@10)  [F(h, fo +hfi +2w)]°® = Fi(fo) + [Fo(fo + hfi + hu)]°®.

The j-th component of F;( fp) is easy to write down:
. i .
@2.11) Fl(f)=Y_ > Fl.f"
m=0 |m|=m
To expand the term [Fo(fo + % fi + hw)]2®, consider first the following calculation:

(fo +m(fi +w)" = (fo +a(f +w)™ - (7 + (Y +wn)™”

. X l
i1+j1=m LJ1
INtjN=mN

We are only interested in the | j | = 1 part of this sum. This means j = (0,...,1,...,0);
ie., foreachk =1,...,N,wehave jp = 1,iy =mg — 1, and jpr = 0,ip = m,
for all kK’ # k. Since (m . 1) = my, and (mn,?f,/o) = 1, the coeflicient of % in the above

expression simplifies as follows:

N
Z m—:fom(ﬂk + wk)-
0

k=1

Therefore, continuing (2.10) and using the above calculation together with (2.7)
and (2.11), we find forevery j = 1,...,N:

[F/(h, fo+ 1 fi +hw)]°® = Z > Flf,

m= O\ml m

PYY YR w kS (A )

k=1m=0 |m|=m
0o N N
Z Y Flufe+ ) ol S+ D [olkjwe.
m=0 |m|=m k=1 k=1

Examining equation (2.5) at order n = 1, it is now clear that this expression equals the
Jj -th component of Jow. ]

The analogue of the formal implicit function theorem (Proposition 2.1) for equations
of the form (2.1) is especially easy to formulate.
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Lemma 2.3. Let

G=Gx.hw) =) Glx wht
k=0

be any formal power series in h with holomorphic coefficients Gy: Xo X (C{X — CN
for some domain X¢ C (Cfcl. Then there is a unique formal power series

g=2(x.h) =Y ga(x)h"

with holomorphic coefficients gi: Xo — C¥, which satisfies g(x,h) = G(x, h,g(x,h))
for all x € Xy. In other words, the equation w = h@(x, h, w) has a unique formal
power series solution w = g(x, h).

In particular, if S C Cy is a sectorial domain at the origin and G is a holomorphic
map Xg X S X (CMA)’ — CN which admits the power series G asa locally uniform
asymptotic expansion as h — 0 in S, then the equation w = G(x,h, w) = 0 has a
unique formal power series solution w = g(x, h) as above.

Moreover, go = 0 and all the higher-order coefficients g, are given by the following
recursive formula: for every j = 1,..., N,

n n—k
(2.12) G =20 0. Y Glaer

k=0m=0 |m|=m |n|=n—k

where
ijeN™1 ineNTN
. 1 1 N N
(2.13) g" ,:( » gil’l...gil’ml)...( 3 giN.l“'giN,mN)’
li1|=ny linl=nn

and Glim = G,im (x) are the coefficients of the double power series expansion

G/ (x.h,w) = ZZ > Gl nkwm.

=0m=0 |m|=m

Proof. The proof is a computation very similar to the one in the proof of Proposition 2.1.
We omit the details. ]

2.3. Gevrey regularity of the formal solution. Now we show that the formal Borel
transform of the formal solution f is a convergent power series in the Borel variable &;
that is, the coefficients f;, grow not faster than n!. More precisely, we prove the following
proposition.
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Proposition 2.4 (Gevrey formal implicit function theorem). Assume all the hypotheses
of Proposition 2.1 and suppose in addition that the power series F is locally uniformly
Gevrey on X x C ?’ . Then Xo C X can be chosen so small that the formal power
series f is uniformly Gevrey on Xy. In particular, the formal Borel transform
P(x, &) = %[ f](x, &) is a uniformly convergent power series in £. Concretely, if
Xo C Xis any subset where all eigenvalues of Jo are bounded from below and such
that there are A, B > 0 such that | F(x, z)| < AB*k! for all k > 0, uniformly for all
x € Xo and for all z € CY with |z| < R for some R > 0, then there are constants
C, M > 0 such that

| f(x)| < CM¥ k!  Vx € X, Vk.

Proof. Let Xo C X be such that all the eigenvalues of the invertible holomorphic matrix
Jo from (2.6) are bounded from below. Then, by Lemma 2.2, the proof boils down to
proving the following claim.

Claim. Assume all the hypotheses of Lemma 2.3 and suppose that the power series
G is Gevrey uniformly for all x € Xy and locally uniformly for all w € C {}{ . Then the
formal solution g is also uniformly Gevrey on Xq.

Let A, B > 0 be constants such that, forall j = 1,...,N,allk,m e N,allm € NV
such that |m| = m, and all x € Xy,

1G] ()| < pmAB*T™k,

where p,, is a normalisation constant defined as

(2.14) L 3 1:('";]1,1_1).

Pm lm|=m
We will show that there is a constant M > 0 such that
}g£+1(x)| < M"t'n! Vx € Xo, Vn € N.

This bound will be demonstrated in two main steps. First, we will recursively construct
a sequence { M, }52 , of nonnegative real numbers such that

}g£+1(x)| < My4qn! Vx € Xg, Vn € N.

Then we will show that there is a constant M > 0 such that M,, < M" for all n.
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Step 1: Construction of {Mn},;Z,. Let My := 0. We can take M; := A because
g1 = GJ,- Now we use induction on 7 and formula (2.12), which is more convenient
to rewrite as follows:

(2.15) =20 > Y Gl.em

m=0k=0 |m|=m |n|=n—k

Notice that g' = 0 whenever m = |m| > |n| = n — k, so this expression really is
the same as (2.12). Assume that we have already constructed My, ..., M, such that
lgi| < M;(i —1)!foralli =0,...,nandall x € Xo.

Let us write down an estimate for g using formula (2.13):

i eNmI ineNMN
m 1 1 N N
e = (2 leblledn ) (2 lellle, )
liy]=n liy|l=nn
i eN"1 iNyeENTN
( Z M, - llml)' ( Z My, - leN)(|"| |m|)!,
li1|=n1 linl=nn

where we repeatedly used the inequality i!j! < (i + j)!. Introduce the following
shorthand:

i1eN"1 iNyeENTN
(2.16) M,, ( Z Mll 1 11 Wu) ( Z MlN] o leN)
li1|=n lin|=ny

Then the estimate for g/ becomes simply |g2| < M (|n| — |m|)!. Now we can
estimate g, using formula (2.15):

n o0
Gt =00 3 D emABKEIM 1 — ke — m)!

k=0m=0 |m|—m |n|=n—k

<AZB"Z > > pmB"M .

m=0 |m|=m |n|=n—k

Thus, we can define

(2.17) My :_AZB" Z ST pmBTM)

m=0 |m|=m |n|=n—k
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Step 2: Construction of M. To see that M,, < M" for some M > 0, we argue as
follows. Consider the following pair of power series in an abstract variable ¢:

o0 o0
p):=) My" and Q@)=Y B™"
n=0 m=0

Notice that p(0) = My = 0 and that Q(¢) is convergent. We will show that p(¢) is
also convergent. The key is the observation that they satisfy the following equation:

(2.18) P() = A1Q()Q(P(t)) = ArQ(1) Y B™p(1)™.

m=0
This equation was found by trial and error. In order to verify it, we rewrite the power
series Q(t) in the following strange way:

o0
Q) =) > pmB""
m=0 |m|=m
where ™ = "1 ...t™N = " Then (2.18) is straightforward to verify directly by
substituting the power series p(¢) and Q(t), and comparing the coefficients of " !
using the defining formula (2.17) for M, ;. Indeed, using the notation introduced
in (2.16), we see that

[e's) mp o) my
ﬁ(l)m = (Z Mnl[”l) ( Z MannN)
n;=0 ny=0
o0 ijeN1 iyeNTN
=ZZ( Z M - llml) ( Z My, - szN)fn
n=0|n|=n " |i;|=n; linvl=nn
o0
-3 3w
n=0 |n|=n

Then the right-hand side of (2.18) expands as follows:

At(z Bt ")( > me’"(p(t))"’)
k= m=0 |m|=m
- Az(z Bktk)(z 3 mem(Z 3 M,:”t”))
k=0 m=0 |m|=m n=0 |n|=n
= A;(i Bktk)(z c,,z") where C, := i SN pmBTM"
k=0 n=0 m=0 |m|=m |n|=n

= Aty Y BFC, " = Z( ZB"Z > meBmM”’) Lan)

n=0k=0 n=0 m=0 |m|=m |n|=n
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which matches with (2.17). Now, consider the following holomorphic function in two
variables (¢, p):
F(t, p) = —p+ A1Q(1)Q(p).

It has the following properties:

oF

F(0,0)=0 and — =
©.0) ap 1(t,p)=(0,0)

—1#0.

By the holomorphic implicit function theorem, there exists a unique holomorphic
function p(¢) near ¢t = 0 such that p(t) = 0 and F(z, p(¢)) = 0. Thus, p(¢) must be
the convergent Taylor series expansion at t = 0 for p(t), so its coefficients grow at
most exponentially: i.e., there is a constant M > 0 such that M,, < M". ]

2.4. Exact perturbation theory. Now we show that the convergent Borel transform
$ (x, &) of the formal solution admits an analytic continuation along a ray in the Borel
&-plane and furthermore its Laplace transform is well-defined. First, we prove the
following lemma.

Lemma 2.5. Let Xy C (Cff be a domain. Let S := {h | Re(1/h) > 1/R} C Cy, be the
Borel disc of some diameter R > 0. Recall that its opening is Ay := (—7/2, +7/2).
Let G:Xo xS x C {X — CV be a holomorphic map which admits a Gevrey asymptotic
expansion

(2.19) G(x,h,w) >~ @(x,h, w) as h — 0 along O,

uniformly for all x € Xy and locally uniformly for all w € (C,IIY . Then there is a Borel
disc So :={h | Re(1/h) > 1/Ro} C S of possibly smaller diameter Ry € (0, R] such
that there is a unique holomorphic map g: X x So — C~ which admits a uniform
Gevrey asymptotic expansion

(2.20) g(x,h) =~ g(x,h) as h — 0 along O, unif. Vx € Xo,

and such that g(x,h) = hG(x,h, g(x,h)) = 0 for all (x,h) € Xo X So. Furthermore,
g is the uniform Borel resummation of g: for all (x,h) € Xg X Sy,

glx.h) = S[g](x.n).

Proof. First, uniqueness of g follows from the asymptotic property (2.20). Indeed,
suppose g’ is another such map. Then g — g’ is a holomorphic map Xo x Sg — CV
whose components are uniformly Gevrey asymptotic to 0 as # — 0 along the closed
arc O of opening angle 7. By Nevanlinna’s theorem ([8, pp. 44—45] and [19]; see
also [10, Theorem B.11]), there can only be one holomorphic function on Sy (namely,
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the constant function 0) which is Gevrey asymptotic to 0 as # — 0 along @ . Thus,
each component of g — g’ must be identically zero.

To construct g, we start by expanding G as a power series in w. Each component
G’ of G can be expressed as the following uniformly convergent multipower series in

the components wl, ..., wh of w:
o0

G/(x.how)y= D" > ApG.mw™  (j=1.....N),
m=0 |m|=m
where Ajyw™ := Ay o W' - -wyy™ . Then the vectorial equation w = A G (x, h, w)
can be written as the following coupled system of N scalar equations:

wf':hi Y Ajw™  (j=1....N).

m=0 |m|=m

It is convenient to separate the m = 1 term from the sum:

o0
(2.21) w/ =hA +1 Y Y Apw™  (j=1.....N).

m=1 |m|=m

Step 1: The Borel transform. Let a,f;, = a‘,’;, (x) be the %-leading-order part of A{;, and
let apm (x, §) := B[Am](x, §). By the assumption (2.19), there is some & > 0 such that
each o, is a holomorphic function on Xy x E, where

8= {§ [ dist(§,R4) <&,
with uniformly at-most-exponential growth at infinity in & (cf. Section A.2.1), and
Ay (X, 1) = afy (x) + Log,](x, h)

for all (x,%) € X x S provided that the diameter R is sufficiently small.

Dividing each equation (2.21) by # and applying the analytic Borel transform, we
obtain the following system of N coupled nonlinear ordinary differential equations
with convolution:

o0
(222) g0’ =oz({+ Z Z (a,{,cr*'”—l—a,{, * o *™) (j=1,...,N),
m=1|m|=m
where 0*™ := (o1)*™ % ... % (0V)*"~ and the unknown variables w; and o/ are
related by 0/ = B[w;] and w; = £[o”/]. A solution of the system (2.22) with initial
condition o (x, 0) = ag(x) is equivalently the solution of the following system of N
coupled integral equations:

_ ) &r . ° . .
(2.23) 0/ =aqy —|—/ [oq{ + Z Z (ago™™ + o, *a*m)]dl (j=1,...,N),
0

m=1|m|=m

where the integral is taken along the straight line segment from O to &.
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Step 2: Method of successive approximations. We solve this integral equation using the
method of successive approximations. To this end, define a sequence of holomorphic

maps {0, = (0,},...,0,{V):X0 X 8 — (CN},‘j":O, as follows: foreach j = 1,..., N,
let
. . . Er _
(2.24) ol =al, o] :=/ [ag + ) a,’,,a{,”]dt
0
|lm|=1

and for all n > 2,

S n
(2.25) o :=/ Z Z [a{;, Z o + ol x Z a,z”]dt.
0

m=1 |m|=m |n|=n—m |n|=n—m—1

Here, for any n,m € N¥ | we have introduced the notation

ijeN1 iy eNTN
m i 1 DY 1 DY N DY N
(2.26) o, = ( Z iy, * *Oil.ml) % eee ok ( Z Oin * *OiN.mN)'
lir]=n, linl=nn

Let us also note the following simple but useful identities:

op = I; 0 = 0 whenever |n| > 0;
Q) ()™ e )™ = e

Main Lemma. The infinite series

o(x.§) =) onl(x.§)

n=0
converges uniformly for all (x,§) € Xo X E and defines a holomorphic solution of
the integral equation (2.23) with uniformly at-most-exponential growth at infinity in &;

that is, there are constants D, K > 0 such that, foreach j = 1,..., N,
(2.28) lo7 (x,€)| < DeXEl W(x,&) € Xo x E.

Furthermore, the convergent formal Borel transform

o0

5(x.8) = B[2](x.6) = Y Lgn1(x)E"

n=0

of the unique formal solution g is the Taylor series expansion of o at £ = 0.

The assertions of Lemma 2.5 follow from this claim by defining

(2.29) g(x.h) = Lo](x. k) = /0 e e g (x, £)dE.

Indeed, the exponential estimate (2.28) implies that the Laplace transform (2.29) is
uniformly convergent for all (x, %) € Xo X Sg where Sg = {/ | Re(1/#) > 1/R¢} as
long as Ry < K~!. We now turn to the proof of the main technical claim.
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Step 3: Solution check. First, assuming that the infinite series o is uniformly convergent
for all (x, £) € Xo x E, we verify that it satisfies the integral equation (2.23) by direct
substitution. Thus, the right-hand side of (2.23) becomes:

(2.30)

ol + /[aﬁmzll;maf (ga) +;|Ema;*(;on) }dt.

Using the notation introduced in (2.26), the m-fold convolution product of the infinite
series o expands as follows:

(i an)*m= (i anll)*ml ®oeee ok ( i cr,]l\fv)*mN

n=0 n1=0 ny=0
ijeN1
1
_ZZ(ZUlll* *llml)

n=0|n|=n " |i||=n,

ineNTN

N N
Z Oina * *UiN,mN)
lin|=nn

o
_ m
—E o, .

Use this to rewrite the first sum over m in (2.30), separating out first the m = 1 part
and then the (m,n) = (1, 1) part using the identity (2.27):

m=1 |m|=m n=0
[ore} [ore} 00

— J § m E J E
- Am Op + Am Op

|m|=1 n=0 |n|=n m=2 |m|=m n=0 |n|=n

oo o] 0o

— J M J m J m
- am0o + Am E : Op + E : Am E : On

Im|=1 m|=1 n=1|n|=n m=2|m|=m  n=0|n|=n

Substituting this back into (2.30) and using (2.24), we find:

231) o] +o] + /[Z“]ZZ" +Z ZG’ZZ"

Im|=1 n=1 |n|=n m=2|m|=m n=0 |n|=n

+Z > a,{,*zza,;"]dt

m=1 |m|=m n=0|n|=n
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The goal is to show that the integral in (2.31) is equal to anz 0,{ . Focus on the
expression inside the integral. Shift the summation index n up by 1 in the first sum,
by m in the second sum, and by m + 1 in the third sum; we get:

Sy Yy Yy ¥ e

Im|=1 n=2|n|=n—1 m=2|m|=m n=m |p|=n—m

DD NAD D IR

m=1|m|=m n=m+1 |n|=n—m—1

Notice that all terms in the second sum with n < m are zero, so we can start the
summation over n from n = 2 (which is the lowest possible value of m) without
altering the result. Similarly, all terms in the third sum with n < m + 1 are zero, so we
may as well start from n = 2. The first sum is left unaltered. Thus, we get:

YAy Yty Yy X e

|m|=1 n=2|n|=n—1 m=2|m|=m  n=2|n|=n-m
00 00
+ Z Z al, *Z Z a).
m=1|m|=m n=2 |n|=n—m—1

The advantage of this way of expressing the sums is that we can now interchange the
summations over m and n to obtain:

00 00 00

J m J m J m
Z{Zam PIRAEDIDIAD UKD D IL LD or,,}.
n=2‘\m|=1 |n|=n—1 m=2|m|=m |n|=n—m m=1|m|=m |n|=n—m—1

Observe that the black sum fits well into the second sum over m to give the m = 1
term. So we get:

T3 {,,, Y o tane Y a,;n}.

|n|=n—m [n|=n—m—1

Finally, notice that both sums are empty for m > n, so we get precisely the expression
inside the integral in (2.25) defining o;) . This shows that o satisfies the integral
equation (2.23).

Step 4: Convergence. Now we show that o is a uniformly convergent series on Xg X &
and therefore defines a holomorphic map Xo x E — C¥. In the process, we also
establish the estimate (2.28).
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Let B, C, L > 0 be such that for all (x,£) € Xo x E,all j =1,..., N, and all
me NV,

lal ()] < pwCB™  and ol (x.)| < puCB™e ¥,
where m = |m| and py, is the normalisation constant (2.14). We claim that there are

constants D, M > 0 such that for all (x,£) € Xo x E and alln € N,

(2.32) lod (x,€)] < DM™2>— |S| eLIEl,

If we achieve (2.32), then the uniform convergence and the exponential estimate (2.28)
both follow at once because
o0
IS NI e

n=0 n=0

LIl < poM+LE

To demonstrate (2.32), we proceed in two steps. First, we construct a sequence of
positive real numbers {M,,}52 , such that for all n € N and all (x,§) € Xo x &,

o (e, = M, o1l

We will then show that there are constants D, M such that M,, < DM™" for all n.

Step 4.1: Construction of {My}. We can take Mo := C and M, := C(1 + BM,)
because 0y = ag and

of1 = [+ X tallog )it = [ (cot+ 2o 3 1Y

|m|=1 |m|=1
[&]
<C(1+ BMO)/ elsds < C(1 + BMy)|g|e™E!,

where in the final step we used Lemma A.l. Now, let us assume thatAwe have
already constructed the constants My, ..., M,_; such that |al.j | < M,‘%e“é | for
alli =0,...,n—1andall j =1,..., N. Then we use formula (2.25) together with
Lemmas A.l and A.2 in order to derive an estimate for ;.

First, let us write down an estimate for o, using formula (2.26). Thanks
to Lemma A.2, we have foreach j = 1,..., N and all n;, m;:

ijeN"J ijeN" & +mi—1

Z | of % z,mj|< Z M, - Mi;, PP— oLIEN

|l.| =n; |l/| =n;
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Then, for all n,m € NV,
In|+|m|—1
loy"| = My T
(In| + |m| —1)!
where M, is the shorthand introduced in (2.16). Therefore, formula (2.25) gives the
following estimate:

ofl = [ X bl X ote X fedwor i

m=1 |m|=m |n|=n—m |n|l=n—m—1

QLI

’

& |t|"_1

n
<> > {meBm Y M7+ pnCB™ Yy M,;"} i mewudn

m=1 |m|=m |n|=n—m |n|=n—m—1
- 51"
m m m{ 151 [ L|§|
= menm 3| ¥ upe 3 wf e
m=1 |m|=m "|n|=n—m |n|=n—m—1

Thus, this expression allows us to define the constant M,, for n > 2. In fact, a quick
glance at this formula reveals that it can be extended to n = 0, 1 by defining

(233) M, ::imeBm Z{ Sompr+ > M,;"} Vn eN.
m=0

|m|=m "|n|=n—m |n|=n—m—1

Indeed, if m = 0, then the two sums inside the brackets can only possibly be nonzero
when n = 0, in which case the second sum is empty and the first sum is 1, so we recover
My = C. Likewise, if n = 1, then the m = 0 term is 0 + C and the m = 1 term is
CBM, + 0, so again we recover the constant M, defined previously.

Step 4.2: Bounding M. To see that M, < DM" for some D, M > 0, consider the
following two power series in an abstract variable ¢:

o0 o0
p):=) Mu" and  Q@):= )Y CB™".
n=0 m=0

Notice that Q(¢) is convergent and Q(0) = C = M,. We will show that p(¢) is also a
convergent power series. The key observation is that p satisfies the following functional
equation:

(2.34) p@) =1 +0)Q@p@)).

This equation was found by trial and error. In order to verify it, we rewrite the power
series Q(¢) in the following way:

o0

Q) =) > pmCB™™.

m=0 ‘m|:m
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Then (2.34) is straightforward to verify by direct substitution and comparing the
coeflicients of " using the defining formula (2.33) for M,,. Thus, the right-hand side
of (2.34) expands as follows:

(1+1) i > pmCB™ (z iM,,t”)m
n=0

m=0 |m|=m

=1+ > puCB™Y > MM"

m=0 |m|=m n=0 |n|=n—m
oo n
DI ILTLD IR ID DIRTAEND DR v
n=0m=0 |m|=m "|n|=n—m |n|=n—m—1

In the final equality, we once again noticed that both sums inside the curly brackets are
zero whenever m > n.
Now, consider the following holomorphic function in two variables (¢, p):

F(@t, p):=—-p+ 1 +0)Q0@p).
It has the following properties:

oP

FO,C)=0 and — =
©.6) ap 1@, p)=(0,C)

—1#£0.

By the holomorphic implicit function theorem, there exists a unique holomorphic
function p(¢) near ¢t = 0 such that p(0) = C and F (¢, p(t)) = 0. Therefore, p(z) must
be the convergent Taylor series expansion of p(¢) at ¢ = 0, so its coefficients grow at
most exponentially: i.e., there are constants D, M > 0 such that M,, < DM". This
completes the proof of the main technical claim and hence of Lemma 2.5. |

At last, we are able to collect all our work in order to finish the proof of the Gevrey
asymptotic implicit function theorem (Theorem 1.1).

Proof of Theorem 1.1. By the formal implicit function theorem (Proposition 2.1), there
is a subdomain Xy C X containing x such that the equation F(x, %, z) = 0 has a unique
formal solution f satisfying fo(xo) = zo. Let fo, f1 be its leading- and next-to-leading-
order parts in /. As in Lemma 2.2, we change variables as z = fy + A f1 + Aw to
transform the equation F(x,%,z) = 0 into w = AG(x, h, w). By Lemma 2.5, this
equation has a unique holomorphic solution w = g(x, %) on Xg x Sq for some sectorial
subdomain Sy C S still with opening ® and admitting a uniform Gevrey asymptotic
expansion as # — 0 along ©. Finally, we define f := fy + % f1 + hg which is readily
seen to have all the desired properties. |
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3. Linear algebra in Gevrey asymptotic families

In this section, we provide an application of our main theorem to the study of
asymptotic families of holomorphic matrices over a sector. Namely, we prove the
following theorem, from which Theorem 1.2 follows immediately as a special case.

Theorem 3.1 (Jordan decomposition in Gevrey asymptotic families). Fix a domain
XC (Cff and a point xo € X. Let S C Cy, be a sectorial domain at the origin and opening
arc © with opening angle |®| = w. Let A = A(x, k) be a holomorphic nxn-matrix
on X x S which admits a uniform Gevrey asymptotic expansion

A(x,h) ~ A(x, h) as h — 0 along ©, unif Vx € X.

Suppose that the distinct eigenvalues of its h-leading-order part Agg := Ao(xo) at the
point xg are ay, . . ., an € C with respective multiplicities ny, ..., ny,. Let Pyo be a
constant invertible nxn-matrix that puts Aog into a Jordan normal form:

PooAoo Poy' = Aoo := diag(ai I, + Ni, ..., amIn,, + Nm),

where I,; is the identity n; xn;-matrix and N; is a nilpotent n; Xn;-matrix containing
zeros in all positions except those in the first superdiagonal, which may contain either
zeros or ones.

Then there is a subdomain Xo C X containing xy and a sectorial subdomain So C S
with the same opening © such that there is an invertible nxn-matrix P = P(x,h) on
Xo X Sg that admits a uniform Gevrey asymptotic expansion

o0
P(x,h) ~ ﬁ(x,h) = Z Pr(x)h* as b — 0 along ©, unif. ¥x € Xo,
k=0

such that Py(xo) = Poo and which block-diagonalises the matrix A:

3.1 PAP™! = A =diag(A1,...,Am),

where each A;j = A;j(x,h) is an n;xn;-matrix which admits a uniform Gevrey
asymptotic expansion

o0
Ai(x,h) ~ //;i(x,h) = Z A,-,k(x)hk as h — 0 along ©, unif. Vx € Xo,
k=0

with A o(xo) = a; I, + N;. Furthermore, the transformation P is the uniform Borel
resummation of its asymptotic power series P in the direction 0 that bisects the arc ©:
forall (x,h) € Xo X Sy,

P = So[P].
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Proof. Using standard theory (see, e.g., [20, Section 25.2]), we can find a holomorphic
invertible matrix Py(x) on a domain Xo C X such that

PoAoPy ! = diag(A1, ..., Amo)

and Py(xo) = Poo where each A; 9 = A; o(x) is a holomorphic n; xn;-matrix on Xg
with the property that A; o(xo) = a; I, + N;. To simplify notation, let us assume that
the leading-order matrix A¢ has already been diagonalised over Xy, so

P() =1 and A() = diag(Al,o, ey Am,()) = A().

Our goal is to find a holomorphic matrix P = P(x, #) whose leading order is Py
and a holomorphic block-diagonal matrix A = diag(Ay, ..., A;), with blocks A; =
Ai(x,h) of size n; xn;, whose leading order is A, such that

(3.2) PA = AP.

Let us break up the eigenvalues a;, .. ., a,, arbitrarily into two separate groups.
Pick any p € {1,...,m} and let

Ay = diag(A1,0,...,Appo) and Ay = diag(Ap+1,00 - -+ Am,o)-

Note that Aj and Ay have no eigenvalues in common. Put n’ := n; +--- 4+ np, and

n” :=np41 + - + ny. Then we block-partition the matrices A and A4 accordingly:

ANl O A ‘Au n xn' ‘ n xn”
@33 A= [T’T] and A = [ Aoy ‘ Ay | | n" xn’ ‘ n” xn" |’

where we have indicated the sizes of the blocks A4;; . Inspired by techniques in [15,16,18],
we search for P in the following block-matrix form:

Ly | S n' xn' | n' xn"
3.4 P_|:T1n//:|_|:l’l”XI’l,I’l”XI’l” ’

where I/, I, are respectively the identity n’xn’- and n” xn”-matrices. Substituting

the block-partitions (3.3) and the ansatz (3.4) into equation (3.2) yields four conditions:

A11 + SAy = A A1z + SAxp = A'S;

(3'5) " "
Az +TA2 = A7, A1 +TA; = A'T.

Matrices A’, A” can be eliminated from the two equations on the right. This leads to
two uncoupled matrix quadratic equations for S and 7'

(36) A12+SA22—A115—SA21520 and A21+TA11—A22T—SA12T:0.



N. NIKOLAEV 276

Let us focus on solving the equation for S. Observe that its leading-order in 7% is simply
SoAg— AySo = 0.

A simple but remarkable fact from linear algebra (see, e.g., [20, Theorem 4.1]) says
that this equation possess solutions other than So = 0 if and only if Ay and Ag have at
least one eigenvalue in common, which is contrary to how the matrices Aé) and A()’
were defined. Thus, Sy = 0.

Now, put N := n’'n”, and let w = (w1, ..., wy) be the N-dimensional vector
whose components are the entries of S in some order. Then the quadratic equation (3.6)
for S can be written in the form

w = hG(x,h,w)

where G is a holomorphic map Xo x S x C¥ — C¥ which is quadratic in the
components of w. By the Gevrey asymptotic implicit function theorem (Theorem 1.1)
(or more specifically by Lemma 2.5), there is a sectorial subdomain Sy C S with
the same opening © such that there is a unique holomorphic map g: Xy x Sg — C¥
which admits a uniform Gevrey asymptotic expansion as 7 — 0 along © and such
that g(x, %) = AG(x,h, g(x,h)) = 0. This implies the existence and uniqueness of a
holomorphic matrix S = S(x, %) on Xg X S satisfying (3.6) and admitting a uniform
Gevrey asymptotic expansion as # — 0 along ©.

Using exactly the same argument, we can derive a unique solution 7 = T'(x, &)
of (3.6) on Xy x Sy at the expense of only possibly having to shrink the radial size
of Sy (but not the opening ®). As a result, we have found a unique transformation P
on Xg x Sg defined by (3.4) and a unique block-diagonal matrix A = diag(A’, A”) on
Xo X Sg defined by the two equations on the left in (3.5), which satisfy (3.2) and have
the desired asymptotic properties.

If the total number of distinct eigenvalues m is 2, then we can proceed no further:
A, P are the desired matrices for the assertions of the theorem. Otherwise, the procedure
outlined above should now be iterated to finally find the matrix P that brings A to
the desired form A from (3.1). For example, in the next step after we have found
the matrices A’, A” above, we may search for a transformation that further block-
diagonalises A’ (that is, if A has at least two distinct eigenvalues; otherwise, proceed
to block-diagonalise A”). We may break the eigenvalues aj, . . ., a, up further into two
groups and transform A from (3.3) to a block-diagonal matrix A = diag(A’, A”, A”)
by searching for a transformation in the form

IS
T |1
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This completes the proof. =

Remark 3.2. Under the assumptions of Theorem 1.2, we can use a slightly different
argument the used to prove Theorem 3.1 in order to show that the eigenvalues A1, ..., A,
of A are well-defined and have the asserted properties. Indeed, the characteristic
polynomial of A is a holomorphic function F = F(x,#%,z) on X x S x C,, which is a
polynomial in z whose coeflicients admit a uniform Gevrey asymptotic expansion as
h — 0 along ©. Its leading-order part Fy = Fy(x, z) is the characteristic polynomial
of the leading-order part Ag, so Fo(xg,a;) = 0foreachi = 1,...,n. By assumption,
the eigenvalues of A are distinct, which means the discriminant of the polynomial Fy
at x = a is nonzero. As a result, the derivative dFy/0z is nonzero at each (x¢, a;). By
the Gevrey asymptotic implicit function theorem (Theorem 1.1), there is a subdomain
Xo C X containing xo and a sectorial subdomain Sy C S with the same opening ®
such that there are unique holomorphic functions A; = A;(x, %) on X X S¢ that
admit uniform Gevrey asymptotic expansions (1.3) with A-leading-orders satisfying

Aio(xo) = a;.

A. Background information

A.1. Gevrey asymptotics.

A.1.1. A sectorial domain at the origin in Cj is a simply connected domain
S C C} = Cy \ {0} whose closure S in the real-oriented blowup [Cj, : 0] intersects
the boundary circle S! in a closed arc ® C S' with nonzero length. The open arc © is
called the opening of S, and its length |©| is called the opening angle of S. A Borel disc
of diameter R > 0 is the sectorial domain S = {h € Cy | Re(1/%) > 1/R}. Its opening
is ® = (=%, +7%). Likewise, a Borel disc bisected by a direction 6 € S! is the sectorial
domain S = {# € Cy, | Re(e?? /#) > 1/R}. Its opening is © = (6 — 7.0+ 7%).

A.1.2. A holomorphic function f (%) on a sectorial domain S is admits a power series
f (h) as its asymptotic expansion as h — 0 along © (or as h — 0 in S) if, for every
n > 0 and every compactly contained subarc ®¢ € O, there is a sectorial subdomain
So C S with opening ® and a real constant C, o > 0 such that

< Cuolh|"

n—1
(A1) 'f(h) - Sk
k=0

for all % € Sg. The constants C,, o may depend on n and the opening ®y. If this is the
case, we write

~

f(h) ~ f(h) as i — 0 along ©.
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If the constants C, o in (A.1) can be chosen uniformly for all compactly contained
subarcs O € O (i.e., independent of B¢ so that Cy, o = C, for all n), then we write

f(h) ~ f(h) as h — 0 along ©.

A.1.3. Wealso say that the holomorphic function f admits f as its Gevrey asymptotic
expansion as h — 0 along © if the constants C, o in (A.1) depend on n like CoM{'n!.
More explicitly, for every compactly contained subarc ®y € ©, there is a sectorial
domain Sy C S with opening ®¢ € ® and real constants Coy, My > 0 which give the
bounds

n—1

(A2) ‘f(h) - Y firk

k=0

< CoM{nl|h|"

for all & € Sy and all n > 0. In this case, we write
f(h) ~ f(h) as 7 — 0 along ©.

If in addition to (A.2), the constants Cy, My can be chosen uniformly for all ®y € O,
then we will write

(A.3) fh) ~ f(h)  as h — 0 along ©.

A.1.4. A formal power series f (h) = Y_ fah" is a Gevrey power series if there are
constants C, M > 0 such that for all n > 0,

| ful < CM™ .

A.1.5. All the above definitions translate immediately to cover vector-valued holo-
morphic functions on S by using, say, the Euclidean norm in all the above estimates.

A.2. Borel-Laplace theory.

A2.1. Let g :={§ € C¢ | dist(§, ¢'PR) < e}, where ¢!’ R is the real ray in the
direction 6. Let ¢ = ¢ (&) be a holomorphic function on Ey. Its Laplace transform in
the direction 6 is defined by the formula:

ol](x. ) 1= / L Bl De
e19 +

When 6 = 0, we write simply £. Clearly, ¢ is Laplace-transformable in the direction
6 if ¢ has at-most-exponential growth as |§| — +oo along the ray 'R ;. Explicitly,
this means there are constants A, L > 0 such that for all £ € By,

|6(€)] < Ae™E
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A.2.2. The convolution product of two holomorphic functions ¢, ¥ is defined by the
following formula:

£
b2v @ = [ o€ vy,
where the path of integration is a straight line segment from 0 to &.
A.2.3. Let f be aholomorphic function on a Borel disc S = {# € Cy, | Re(e?? /) >
1/R}. The (analytic) Borel transform (a.k.a., the inverse Laplace transform) of f in
the direction 6 is defined by the following formula:

h
Bolf10.8) 1= 51 P Fl et

where the integral is taken along the boundary of any Borel disc
S = {h e Cys |Re(e®/h) > 1/RY C S

of strictly smaller diameter R’ < R, traversed anticlockwise (i.e., emanating from the
singular point # = 0 in the direction 6 — /2 and re-entering in the direction 6 + 7/2).
When 6 = 0, we write simply °B.

The fundamental fact that connects Gevrey asymptotics and the Borel transform is
the following (cf. [10, Lemma B.5]). If f = f(#) is a holomorphic function defined
on a sectorial domain S with opening angle |®| = 7 and f admits Gevrey asymptotics
as i — 0 along the closed arc ©, then the analytic Borel transform ¢ (£) = Bg[f](£)
defines a holomorphic function on a tubular neighbourhood E¢ of some thickness
¢ > 0. Moreover, its Laplace transform in the direction 6 is well-defined and satisfies

Lolo] = f.
A.2.4. Similarly, for a power series f (h), the (formal) Borel transform is defined by

PE) =B F1E) =) det*  where ¢ = % firr.

k=0

The fundamental fact that connects Gevrey power series and the formal Borel transform
is the following (cf. [10, Lemma B.8]). If f is a Gevrey power series, then its formal
Borel transform ¢ is a convergent power series in €. Furthermore, a Gevrey power
series f (h) is called a Borel summable series in the direction 6 if its convergent Borel
transform $ (&) admits an analytic continuation ¢ (£§) = AnContg| $](§ ) to a tubular
neighbourhood E4 of the ray ¢’ R with at-most-exponential growth in £ at infinity
in Eg. If this is the case, the Laplace transform £g[¢](%) is well-defined and defines a
holomorphic function f(%) on some Borel disc S bisected by the direction 6, and we
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say that f'(#) is the Borel resummation in direction 6 of the formal power series f (h),
and we write

f(h) = Sa[ f ()] (h).

If & = 0, we write simply §. Expressly, we have the following formulas:

So[f ()] (1) = L4[$](h) = Lo[AnConty[§]](h).

Thus, Borel resummation Sy can be seen as a map from the set of (germs of)
holomorphic functions f on S with |®| = & satisfying (A.3) to the set of Borel
summable power series. One of the most fundamental theorems in Gevrey asymptotics
and Borel-Laplace theory is a theorem of Nevanlinna [8, pp. 44-45],%2 which says that
this map Sy is invertible, and its inverse is the asymptotic expansion .

A.3. Some useful elementary estimates. Here, for reference, we collect some
elementary estimates used in this paper. Their proofs are straightforward (see [10,
Appendix C.4]).

Lemma A.1. Forany R > 0, any L > 0, and any nonnegative integer n,

R .n n+1
r R
/ —elTdr < ————efR,
0

n! ~(m+ 1)
Lemma A.2. Letiy,..., I, be nonnegative integers and putn := iy + --- + i,,. Let
Jiys -+ fi; be holomorphic functions on E 1= {§ | dist(§,R4) < e} for some & > 0.
If there are constants M;,, ..., M;,,, L > 0 such that
HE -
|fzk($)| = Mikl.k—'engl vé e &,

then their total convolution product satisfies the following bound.:

| fiy %ok fin )| < My, - M, _liﬁifil_eLwl

- M; V& e B.
i+ m—1)! ;
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2]t was rediscovered and clarified decades later by Sokal [19]; see also [7, p. 182], [6, Theorem 5.3.9], as
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