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Abstract. We study some number-theoretic, ergodic and harmonic analysis properties of the
Furstenberg set of integers S = {2j 3k} and compare them to those of its random analogue T .
In this half-expository work, we show for example that S is “Khinchin distributed”, is far from
being Hartman uniformly distributed while T is, also that S is a A(p)-setforall2 < p < oo
and that 7 is a p-Rider set for all p such that 4/3 < p < 2. Measure-theoretic and probabilistic
techniques, notably martingales, play an important role in this work.
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1. Introduction

The goal of this paper, which is mainly a survey but also contains several original
results, is the study of two different sets of integers: the Furstenberg set S and its
randomized version denoted 7.

Since various notions (from harmonic analysis, probability, ergodic theory, number
theory and diophantine approximation, fractal geometry) are involved, we begin with a
rather long introduction in which the necessary notions are described in a sketchy way.
But we strive to add precise bibliographical references, or references to the forthcoming
sections, where those notions are presented in more detail. Complements can be found
on harmonic analysis, probability and Banach spaces in [48], on ergodic theory in [60]
and on distribution of sequences in [45].

Notations. Here are summarized the notations we adopt: N (resp. Ny) denotes the
set of positive (resp. non-negative) integers, Z the set of integers, {x} the fractional
part of the real number x. The cardinality of a finite set 4 is denoted either by |A4|,
or by #A. Also for estimations, we make use of the classical Hardy’s notation <
(bounded up to a positive multiplicative constant). We will mainly (but not exclusively)
consider the group G = T = R/Z with m as its Haar measure and we will denote
| x| = infrez |x —n| for x € T. We put L?(T) for L?(T,m). Forevery f € L'(T)
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(integrable and 1-periodic), more generally every finite measure 1 on T and every
n € 7, we set:

Afdm:[jﬂﬂdnmﬂmZAjadm ﬁmyiéadm

where e, (x) = e(nx) with e(x) = exp(Rizx). E (resp. V') denotes the expectation
(resp. the variance) in a probability space. [E(X |€) denotes the conditional expectation
of an integrable random variable X given the sub-o-field €.

1.1. The set S. Our main object is the Furstenberg set S of positive integers defined
as
S ={273F: j k e Ny}.

This is the multiplicative semi-group of N, generated by 2 and 3. More generally,

for a finite set of coprime numbers {q;, ..., ¢s}, we denote by S(¢1,...,qs) the
multiplicative semi-group generated by qi1,...,¢s. lf2 =p1 < pry <+ < pg <-+-
is the ordered sequence of the prime numbers, S(p1, ..., ps) is nothing but

Dg:={n: PT(n) < Ds)s

where P (n) denotes the greatest prime divisor of n > 2. This set Dy is called the
set of s-friable integers and has been intensively studied in analytic number theory;
see [1,6,32,36,55,62,73,74].

When s = 1, S(q.) is the so-obtained Hadamard lacunary set {¢},n > 1}, which
enjoys various properties, as well in harmonic analysis as in ergodic theory, that we
shall discuss below. It is quite natural to explore the same properties for less sparse
sets, e.g. S(q1,...,¢s) assoon as s > 2.

We particularly focus on the set S = S(2, 3) because of its closeness to a famous
conjecture of Furstenberg, the x2x3-conjecture, which asserts that every continuous
probability measure on the circle T which is both 2-invariant and 3-invariant must be
the Haar measure m of 'T; see Section 2.2. We make no progress on this conjecture
in our paper, but this problem acted as a motivation for revisiting the set S, which is
clearly invariant under the multiplication by 2 and 3. By rearrangement the Furstenberg
set gives rise to an increasing sequence of integers, called the “Furstenberg sequence”
(also denoted S, to ease notation):

S={l=s1<sp <---<s, <---}.

From different viewpoints (harmonic analysis, arithmetic, and dynamical systems),
the set S or the sequence (s,) is quite original and mysterious. Its rate of growth is
intermediate between the growth of a polynomial sequence (e.g. the sequence (n2) of
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squares) and that of a power sequence (e.g. the sequence (2")) and this rate is not so
easy to handle with. Ramanujan gave an amazing statement, of which Hardy had to
give a full proof ([37]).

The sumset ¥ = {2/ + 3"} was well-understood from the uniform distribution
and harmonic analysis viewpoints [9], for the reason that it appears as a projection of a
nice product set. But the multiplicative structure of S prevents us from using the same
projection technique.

We shall study three types of properties of S.

Rate of increase and lacunarity. We say that a sequence of integers £ = (uy)
is weakly lacunary if u,4+1 — u, — oo, or Hadamard lacunary of ratio p if p :=
liminf u,4+1/u, > 1 (in the sequel, we shall say “Hadamard set”). The set S is not
a Hadamard set because 5,41/, — 1, which was exploited by Furstenberg in [33].
We shall look for asymptotic behaviors of s;, S;4+1 — Sn, (Sn+1/52) — 1. Notice that
estimates of such quantities for a Hadamard set are obvious. For the set S, it is easy to
prove that
Is(N):=|S N[l,N]| ~ (log N)2,

whence s, &~ exp(s/n). Going further needs sharp estimates and more work (Sec-
tion 2.1).

Distribution issues. Consider a set of integers £ = {1; <Ay <--- <A, <---} C Z.
As is well known (Hermann Weyl’s theorem [45]), for almost every x € (0, 1) the
sequence (A, x) is equidistributed modulo 1, meaning that, for any & € Z \ {0}, we
have

1 N
(1 N;e(hknx) — 0.

We also say more briefly: almost every x is E-normal. The exceptional set of
those x such that (4,x) is not equidistributed mod 1 is Haar-negligible. It is interesting
to study its properties. This exceptional set can be reduced to the singleton {0}. In other
words, in some extreme cases, it can happen that

N
1
2) N Z e(Apx) > 0 forall x # 0,
n=1
and then we say that the set E is Hartman uniformly distributed.
We introduce two measuring tools. Hausdorff dimension is usually used to describe
the size of sets in a metric space. Consider a subset X of R¢. For s > 0 and € > 0,
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we define

H:(X) = inf{z Uil X < | Ui U] < e},
1 1

where {U;} is a countable family of subsets, called an e-cover of X, and |U;| denotes

the diameter of U;. The s-dimensional Hausdor{f measure is then defined by H*(X) =

SUPeso HJ(X). There is a critical exponent p, called Hausdor{f dimension of X and

denoted by dimg (X), such that H*(X) = 4+oofors < pand H*(X) = 0 fors > p.

Observe that 0 < dimgy (X) < d and that dimg (X) = d as soon as X has positive
Lebesgue measure. For example, if X is the Cantor middle-third set, dimg (X) =
log2/log 3; see [25, Chapter 2] for more details about the Hausdorftf dimension.

Next, recall that a probability measure @ on T is called a Rajchman measure if
(n) — 0 at infinity.

The support of a Rajchman measure is not arbitrary and has special porosity.
The rate of decay for its Fourier transform is relevant in this respect; see [54] for a
background.

The Hausdorft dimension of the exceptional set W(.S) of those x € T such that (s, x)
is not equidistributed and the existence of Rajchman measure supported by W(S) holds
our attention in Section 2.2.

The above property (1) is equivalent to the following one:

1 N
3) NZ F(Anx) = /T fdm ae.
n=1

for every Riemann-integrable function f. But surprisingly, Marstrand [55], refuting a
conjecture of Khinchin, proved that for £ = {1, } = N, there are functions f € L°°(T)
for which (3) fails. This led us to coin the Khinchin class of a subset E = {A,} C N as

1 N
4) Kg = {f e LY(T): v Zf(knx) — /T fdm a.e.}.
n=1

In terms of this notation, the above result of Marstrand can be restated as Ky 2 L°°(T).
But for the set S, Marstrand [55] proved that K D L°°(T) and later Nair [56] proved
that g = L(T). We will revisit these results in Section 2.5 and give a simple proof
of Nair’s result in a weaker form.

Harmonic analysis properties. Now consider S as a subset of Z, the dual group of
the unit circle T . To better understand the involved notions, it is useful to consider more
generally (see [70], notably Chapter 5, for a detailed exposition) a compact abelian
group G equipped with its normalized Haar measure m, its dual I' = G, the Fourier
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transform f :I" — C of a function f € L'(G) or ji: " — C of a bounded measure j
being defined as

7= [ emename. ww)i= [ yeodu.
The spectrum of f is (with a similar definition for )

sp(f):={y €T : f(y) #0}.

For a subset E of I, and a Banach space X C L'(G), Xg denotes the closed subspace
of X defined by

Xg={feX:sp(f) CE}.

This subset E is declared “sparse”, in a vague sense depending on X, ifany f € Xg
behaves better than a generic function of X. More specifically:

(a) E iscalled a A(p)-set if Ly, C L for some fixed p > 1;

(b) E is called a Sidon set (or 1-Sidon set) if f € LE(G) implies fA e L1(IN);

(c) Eiscalled a p-Sidon set if f € L (G) implies f elPT) (1 <p<2);

(d) E iscalled a p-Rider set if f € Xg(G) implies f € £P(T"), where X is the space

of randomly bounded functions (1 < p < 2).

See [69, 70] for the first two notions, [75] and [9, p. 181] for the third, and [49, 50, 68]
for the fourth.

For example, the set E = {2/, j > 0} C Z is Sidon and hence A(p) for all p < oc.
The set F = {(27,3%)} c Z2 is p-Sidon exactly for p > 4/3 ([9]). The notion of
p-Riderness coincides with that of p-Sidonicity when p = 1 ([48]) and is weaker
when 1 < p < 2, but reveals easier to handle with; see [68] for a full arithmetic
characterization. For example, it provides a simple proof of the non-trivial fact that the
union of two Sidon sets is again Sidon [20].

Such “sparse” sets E are lacunary in the sense that

I5(N) :=|Ey| with Ey := EN[l,N]

is much smaller than N. Indeed, we have

e Ig(N) < N?Pif Eisa A(p)-set(p > 2);

e Ig(N) <logN if E is a Sidon set;

e Ig(N) < (log N)?/C=P)if E is a p-Rider set (1 < p < 2).

Here is another kind of lacunary sets. We say that E C Z is a Rajchman set if for any
probability measure p on T, lim,|—c0, nege fA(n) = 0 implies that p is a Rajchman
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Rajchman

Hadamard

FIGURE 1

Harmonic classification of lacunary sets.

measure. The relations between these lacunary sets are shown in Figure 1 and the last
inclusion is due to Lefévre and Rodriguez-Piazza [47].

For the Furstenberg set S, we have Is(N) ~ (log N)?, a property shared by any
%—Rider set (NB p/(2 — p) =2 for p = 4/3). This leads naturally to the questions about
A(p)-property or p-Sidonicity, p-Riderness for the set S and its random brother 7',
which is defined below. We will examine these properties for both S and 7.

1.2. The set T. Motivated by the estimate Is(N) ~ (log N)? seen above, we define
a random version T of S as follows in Section 5: We select the integer n > 1 with
probability 8, = (logn)/n and we reject it with probability 1 — §,, our selections or
rejections being independent. This approach is not new. It goes back to Erdds—Rényi
who introduced random sets of integers in [21], it was then systematically developed
by Bourgain [12], and became popular under the name “Selectors of Bourgain”. See
also [49], and the papers by Kahane and Katznelson [39,40]. We obtain in this way a
random set 7" of integers satisfying

N
E(Ir(N) =Y 1"% ~ (log N)2.

n=1
It can be proved that I7(N) ~ (log N)? almost surely (this follows from a non-standard
law of large numbers; see [5, p. 276] for a proof). This random set 7" might be easier to
deal with, and might give us some hint on what we could, or could not, hope for the
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set S. All the properties we have previously discussed will be revisited with 7" in place
of S.

1.3. Detailed content of the paper. Let us now be more specific on the content of
this paper, which is organized as follows.

Section 1 is this introduction.

Section 2 investigates the first arithmetic or dynamical properties of S. We naturally
start this section with an estimate of the cumulative function /s(N), leading to the
asymptotic behaviors of sy, §,+1/5, and then of 5,41 — s, and (S,+1 — Sn)/Sn, improv-
ing previous inequalities due to Tijdeman [73,74] by providing effective constants. We
obtain the following estimates (Corollary 2.4).

Theorem 1.1. We have

1 Sn+1 — Sn 1
(log s,)P Sn (log Sn)l/(p+1),

where the exponent p is explicit (p = 4.117...).

Our estimations rely on a rational approximation of &« = log2/log 3 due to Rhin [66]
and Wu and Wang [76].

Then we switch to the study of the S-orbits, that is the sets (s,x) for x € T, which
is relevant to the dynamics of the semi-group {273%}. All infinite S-orbits (s,x) for
x ¢ Q are dense in T but not necessarily equidistributed (see [33]). We complete
these assertions of Furstenberg by investigating in detail the set W(.S) of those x € T
such that (s, x) is not equidistributed. As observed above, W(S) is negligible but it is
uncountable and even has a positive Hausdorff dimension, for which we give estimates
in Section 2 (Theorem 2.7). Moreover, we construct a probability measure supported
on W(S) with its Fourier transform vanishing at infinity (Theorem 2.9).

Theorem 1.2. The set of x with a non-equidistributed S -orbit has a positive Hausdorff
dimension > 0.451621 and supports a Rajchman probability measure.

Another question concerning the distribution of the orbits (s, x), related to a con-
jecture of Khinchin [43], has been solved in the *90s by Nair [56]. Recall that this
conjecture, refuted by Marstrand, asked whether

iﬁ:f(nx)a/‘fdm m-a.e
Nn=1

forall f € L1(T). For subsets of N, we can speak of the problem of Khinchin. Nair’s
result solved this problem positively for the set S.
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Theorem 1.3 (Nair). For every f € L'(T),

Lﬁ:f(s x)—>/fdm m-a.e
At ’ -

We will give a very simple proof of this fact with a slight restriction on f (mem-
bership in L log™ L) and a release on the measure (Theorem 2.11).

Section 3 begins with reminders of notions of thin sets from harmonic analysis.

We recall here different notions of lacunarity: A(p), g-Paley, p-Sidon and later
p-Rider. The set S, thanks to its weakly lacunary behavior, is expected to share some of
them. Actually, Gundy and Varopoulos [36] proved in the seventies that S is a A(p)-set
for every p > 2 (and even g-Paley for every 1 < g < 2) by a judicious interplay of the
underlying martingales, and here probability comes into the matter.

Section 4 presents two probabilistic tools on which we will heavily rely, namely
the Azuma inequalities for scalar martingales with bounded differences, which allow
a unified presentation of some results (like Salem—Zygmund’s theorem). A second
probabilistic tool, the Burkholder inequalities on the square function of a scalar or
Hilbert space-valued martingale, is recalled. Then, we prove in details the result of
Gundy—Varopoulos [36] which deserves to be better known, the initial proof being
rather abrupt.

Theorem 1.4 (Gundy—Varopoulos). The set S is A(p) for all2 < p < oo and even
q-Paley forall 1 < g < 2.

We are not able to prove a p-Sidon or p-Rider property for S, although necessary
conditions are shown to be satisfied for an interval of values of the parameter p. Whence
our last Section 5.

In order to determine which is prevailing between arithmetic or density, we turn
to a random version T := T (w) = {t,} of the set S, which a.s. shares with S the
same cumulative function; in particular, ¢,41 /¢, — 1 a.s. and almost sure estimates of
its growth can be performed (Theorem 5.1 and Theorem 5.2). Here are some results
concerning this set 7.

Theorem 1.5 (Bourgain). The random set T = {t; < tp < ---} is a.s. Hartman uni-
formly distributed i.e. a.s. limpy o ﬁ Y nen €(tnx) = 0 for every x # 0.

This result, due to Bourgain [12], then revisited in [57] and [49], is confirming that
the arithmetic property must be relevant in distribution problems since S itself is not
Hartman uniformly distributed, as proved in Section 2.
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Theorem 1.6. The random set T admits a.s. a large Khinchin class X containing all
LP(T) (p > 1) as. limy_eo % Y nen S(tax) = 0 ae. when [ € X satisfies the
Khinchin conjecture for the positive integers.

This second result, weaker than its deterministic analogue (Nair), seems new and
could possibly be improved.

Theorem 1.7. The random set T is a.s. a p-Rider set for p > 4/3.

The above first two results are valid for more general random sets that we also
consider in Section 5. The third result, not shared by all random sets (see [49]), acts
as an incentive for pursuing with § itself. On the other hand, S is a A(p)-set for all
p < oo (see Section 4, Theorem 4.12), but we do not know the answer as concerns 7 .
However, it can be proved that 7" contains a relatively big subset which is a A(p)-set
for all p < co. (We will come back to this question in a forthcoming paper.)

Addendum. We get a diagram by putting 2K37 at the point (k, j) of the integer lattice
of the plane. As pointed out in [61], this forms a basis for the generation of various
kinds of musical scales (cf. [19]). An associated adic dynamical system is studied
in [61].

2. First results on the Furstenberg set

The Furstenberg set, denoted by S in this paper, belongs to a large class of
extensively studied multiplicative semi-groups of positive integers. As agreed in the
introduction, we denote by S(q1,...,¢s) the semi-group generated by some fixed
coprime integers ¢1, ..., (s, and by {u; < up < ---} the sequence obtained from the
set S(q1,-..,qs) arranged in increasing order. So, the Furstenberg set S = S(2, 3) is
the special case of s = 2 and q; = 2, g» = 3. Let p, be the n-th prime number. We
know relatively few properties of the set

S(p1s..., ps) = {ug <up <---}.

The first observation that u,+; — u, — oo is due to Thue [72], as a consequence
of his work on algebraic numbers. Successive improvements have been obtained till
the results of Tijdeman [73, 74], which state that

Un Up
© Gogun® = "1 71 = Tlogu,)?
holds with computable positive constants A, B (for n large enough). Thanks to a
geometric consideration, Marstrand [55, p. 545] gave the following asymptotic estimate:

6) IS(q1,....q5) N[1,...,n]| = Ks(logn)* +r, asn — oo,



A. Fan, H. QuEerrELEc and M. QUEFFELEC 70

where s
1 1
K= — . 1= O((logn)’™").
s! e log q;

Marstrand stated the result for g; = p;, but his proof remains the same for general
relatively coprime integers ¢y, ..., ¢s.

We will propose a more analytic approach to improve the remainder term r,, in (6)
in our case S := S(2, 3), and then deduce better constants 4, B in (5) for S(2, 3).

Dynamics studies the behavior of orbits under a transformation or a semi-group
of transformations. We study here the action on T of the semi-group S generated
by x > 2x mod 1 and x — 3x mod 1. The orbit of x under S is the set {s,x mod 1}.
More generally, given a subsequence of integers (k,), we are interested in the orbit
of x € T defined by (k,x mod 1,n > 1). In the case of a Hadamard set, namely k, = g"
with ¢ > 2, the orbits Oy (x) := ({g"x}) can be described through the g-adic expansion
of x; it is thus easy to construct uncountably many x such that O, (x) is not dense.
Much better, for example when g = 2, there exist infinite closed orbits contained in a
half-circle, called Sturmian orbits (cf. [16]). The other way round, almost all x give rise
to a uniformly distributed orbit and the residual set W(g) has Hausdorff dimension 1.
Such questions are asked and some results are obtained in the weakly lacunary case
described by the condition lim;,_, o (kn4+1 — k) = 400 (cf. [57]). Furstenberg [33]
was interested in the distribution of the orbits (s,x), and showed that (s, x) is dense
mod 1 for every irrational number x, a first notable difference from the Hadamard case.

We will prove that the set W(S) of x such that (s, x) is not uniformly distributed is
not contained in Q (in particular, S = (s5) is not Hartman uniformly distributed) and
even has positive Hausdorff dimension. As we will show, if S were Hartman uniformly
distributed, the famous x2x3 Furstenberg conjecture would be true. On the other
hand, we will prove that W(S) is a My-set, meaning that W(S) supports a probability
measure whose Fourier coefficients tend to zero at infinity.

Related to the uniform distribution of the orbits (s, x) is a question of Khinchin. At
the end of this section, we will give a simple proof of the fact, due to Marstrand [55],
that bounded measurable functions are in the Khinchin class Kg of the Furstenberg
set; see (4) for the definition of Kg.

2.1. Asymptotic properties of the Furstenberg set S = {s,}. Throughout this sec-
tion, we put o = log 2/ log 3. By a result of Gelfond [35, Theorem 12.2.2, p.226],
« is a transcendental number, but not Liouville (or else diophantine). Recall that a real
number x is called p-diophantine, with p > 0, if for all » > 1 and a constant ¢ > 0:

lnx|| = cn™".
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Any such p is called an irrationality exponent of x. We will need the following sharp
estimate due to Rhin ([66, p. 160] with p = 7.616), which is improved by Wu and Wang
([76] with p = 4.117). The first study on logarithms of integers is due to Baker [4].

Theorem 2.1 ([66, 76]). The transcendental number « is p-diophantine, with p =
4.117 < oo.

Let S4:= S NJl,..., A] (A being an integer). According to Hardy ([37, p. 69],
notably the equation (5.4.1) there), Ramanujan made the claim
_ log(24)log(34) 1 5 log 6

S| = = — —logA+ ——F——logAd+---
|54l 2log2log3 2log2log3 ©8 +210g210g3 ogA+

(where - - - is a remainder term) in his first letter to Hardy; the latter obtained
o(log A/loglog A)

for the error term (cf. [37, p. 74]) and this result stimulated the study of asymptotic
estimates for the cumulative function |S4|. We will prove the following theorems.

Theorem 2.2. Let p be an irrationality exponent of o, and § :== p/(p + 1). As A — o0,
we have

5 log 6

A+ —2"" Jog A+ O((log A)%).
& At S log2logs 84T ((log 4)°)

7 Sul= ———1
™ 1541 = S 0g 21083

In particular, using Theorem 2.1, we can take p = 4.117 and § = 0.80457299.

This result improves Hardy’s error term and the estimate (6) in the case of Fursten-
berg set S.

Our proof of (7) holds for S(g1,¢2) and the exponent § in the error term O ((log A)%)
depends on the irrationality exponent p of (loggq1)/logq>.

From (7), we will deduce the following asymptotic expression for the n-th term s,
in S.

Theorem 2.3. Asn — oo,

1
8) sp= %exp(C\/ﬁ—l— 8,), where C = /2log2log3 = 1.5230...,

and the error term 8, = O(n~") withr = 1/2(p + 1)) = 0.0977.....

In particular, this result recovers a non-lacunarity property of S, namely 5,41 /5, —
1, which was exploited by Furstenberg [33]. We will finally deduce the inequalities (5)
obtained by Tijdeman, with explicit exponents, in the Furstenberg case.
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Theorem 2.4. We have that (with2r = 1/(p + 1))

1 Sn+1 — Sn 1

® (log s, )P Sn (log Sn)zr

for n large enough. Recall that p ~ 4.117 and 2r ~ 0.1954.

To prove Theorem 2.2, we need a Koksma’s inequality and an Erd&s—Turan’s
inequality. These two inequalities involve the notion of discrepancy. Let x1, ..., x5 be
a finite set of numbers in the interval [0, 1]. Its discrepancy is defined by

#{1 <n<N:x, € [a,b]}
Dy = Dn(xy,...,xN) = sup N
0<a<b<l

—(b—a).

We could say that the supremum is taken over intervals [a, b]. If we take the supremum
over intervals [0, 5], we get a variant Dy, of Dy . Itiseasytoseethat Dy < Dy <2D}y,
(cf. [45, p. 91]).

Lemma 2.5 (Koksma inequality [45, p. 143]). Let f be a function defined on the
interval [0, 1] of bounded variation V(f). Let x1,...,xnN be N given points in [0, 1]
of discrepancy DY;. Then

< V(f)Dy.

1Y 1
(10) ‘sz(xj) - [ rwar
j=1

Let us state the following special case of Erd§s—Turdn inequality, which says that it
is possible to estimate the discrepancy Dy by the Weyl sums.

Lemma 2.6 (ErdSs—Turdn inequality [45, p. 114]). There exists a constant C > 0 such

that for any N given points x1, ..., xy in [0, 1] and for any positive integer m, we have
A W

11 Dy<C(= —|= ) i),

(an y < (m W ‘N > )

Proof of Theorem 2.2. Denote Ny := #{(j, k) > 0; 2735 < A}. Clearly,
Nga=#{(j,k)=0; jlog2+klog3 <logA} =#{(j,k) >0; jo +k < Ba},

with B = log A/ log 2. Hence, we get

Na= Y. 1= > ((B=ja]+1).

k+joe<Ba 0<j<B



The Furstenberg set and its random version 73
Using the relation [x] = x — {x}, we get

(12) Na= Y (1+B-ja)— > {(B-jal

0<j<B 0<j<B

Let us first estimate the second sum on the right-hand side of (12), the first sum being
easy to compute. Write

Y AB -} = Zf(x,) +0(1)
0<j<B

with f(x) = {x}, x; = (B — j)a and N = [B]. We claim that as B — oo, we have

0
13 E B — — + O(B*® §=——.
(13) 0<j<B{( Ja} = (B°), o+ 1

Indeed, as fol f(x)dx = % and V(f) = 1, by the Koksma inequality (10), we get

1 Y B
(14) ~ Zf(xj) — 5| =D

j=1

Now, by the Erd6s—Turan inequality (11), the discrepancy D y of the finite sequence
=(B—j)amod1(l <j < N)is, forevery m € N, bounded above by

1
Dy <« — —
NS +h§ N hljhal

(cf. [45, p. 123]); but Theorem 2.1 implies

m

m
<Y v« mP,
2:: hllhall };

which provides
Dy <~ 4™
NS m TN
We optimize this quantity by taking m = N '/°*1 and obtain Dy « N~V ®+D; we
conclude (13) with the aid of (14).
Back to (12). By using (13), we get

N(N + 1)

NA:B+0¢(B(N+1)— 5

B 5
) —'5'+'0(B ),
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whence
(15) Ny = a;13+a(BN—N72) + O(B%):
now, writing

BN — NTZ = —%[(N — B)>—B?] = B; + 0(1),
we deduce from (15) the asymptotic behavior:
(16) N4 = aB? + bB + O(BY),

with B =log A/log2,6 = p/(p+ 1), a = a/2 and b = (1 + «)/2. This proves
Theorem 2.2. ]

Proof of Theorem 2.3. We deduce Theorem 2.3 from Theorem 2.2. Take A = s,; thus
B = B, =logs,/log2 and N4 = n. The equality (16) gives first B, = O(+/n) and
then

n= aB,% + bB, + o, witha, = O(n‘g/z).

Consider B, as unknown of a second degree algebraic equation. Solving B,, gives

By = 5-(=b + A,) with
b?  a
VA, = Vb2 +4a(n —ap) =2an |14+ — — =
4an n

=2van(1- 5"+ 0™h) =2v/an + 0(n~1-972).

Here we have used the fact that 2§ > 1. We then get

b
a7 B, = ,/E — — 48, withs, = 0(n~(1-9/2),
a 2a
This gives Theorem 2.3, since (1 —§)/2 = r and B, = log s, /log2. .

Proof of Theorem 2.4. We easily deduce from Theorem 2.3 the right-hand inequality
in (9). Since

S”*‘S—_s” K C(VaFT1=n) + 8us1] + 6]
n

with 6, = O(1/n")andr = 1/(2(p + 1)) € (1/18,1/17). With no more information
on the sign of §,, we get at best the estimate O(1)/n".
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For the reverse inequality, we write s, = 2 34n and Sp41 = 26n+1 34n+1 and
observe that ¢;,+1 — ¢, # 0 (which is indeed clear: if ¢, 1 = ¢y, thendy+1 > dy + 1
and s, +1 > 3s,, while clearly 5,41 < 2s, for all n, since 2s, € ), obviously with
the same sign as d,, — d,,+1 # 0. Now, we bound

Sn+1 — Sn Sn+1

> log

Sn n

= |[(cn+1 —cn)o — (dy — dp+1)| - log3
= “Cn-l-l — Cnloe — |dn _dn+1|| -log3
> |[(cn+1 — cn)et|| - log3 > clept1 — Cn|_p~

(Once again, we make use of Rhin’s or Wang—Wu’s lower bounds.) Since

|cnt1 — cn| < max(cp, cnt1) < max(log, s,,1og, Sp+1),

we obtain
[(cnt1 —cn)al = Cogsni1)™" ~ C(logsn) ™.
This provides the left-hand inequality with exponent p; in particular, we deduce

Sp+1 — Sp —> OQ. [ ]

Remark. We can add a small precision to (2.4): for infinitely many pairs (s, Sn+1),

we have
Sn+1 = Sn _ 2log2log3

Sh - log s,
The proof goes as follows: due to the best approximation property of the convergents
to «, one easily sees that 27, 37 or 37,29 are consecutive terms in S for any conver-
gent p/q to o (according to the parity of the indices) [6]. Now, assume for example
sp =29 < 3P = 5, to be consecutive in S. Since |a — p/q| < 1/q>, we get

3p log3 log2log3
log Sl _ log— =log3 x |qga — p| < 082 _ 0808 .
Sn 24 q log sy,
Hence, the result follows since
Sn+1 — Sn <2log Sn+1
Sn - Sn

2.2. Hartman uniform distribution and Furstenberg conjecture. It is amazing
to notice that the Furstenberg conjecture would be implied by the assertion that the
Furstenberg set is Hartman uniformly distributed. But the Furstenberg set is not Hartman
uniformly distributed, as we will see.

We start with a few reminders on a notion of distribution for sequences of integers,
studied by Hartman. Let £ := (k,) C Z and Exy = EN[l,..., N]. Recall that T
denotes the set of reals modulo one with Z as its dual group.
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Definition 2.1. We say that the sequence E is Hartman uniformly distributed (H -ud
in short) if one of the following equivalent conditions is satisfied:

(i) Forevery x € T \ {0},

1 N
v Z e(kyx) —> 0
n=1

when N — oo.
(ii) The probability measure
1
v 2
N n<N
is w*-convergent to the Haar measure of the Bohr compactification Z of the

group Z.

In particular, such a sequence is dense in the Bohr compactification of Z, the dual
group of T equipped with the discrete topology.

Example 1. Of course, £ = N is H-ud; but the set of squares is not. Take x = 1/4
and note that

N .
1 5 141
Nngzle(n x) — 7

Example 2. Let us consider the Rudin—Shapiro sequence (r,), which is defined by
rp, = (=1)*, where

un = ) ex(Megs1(n) forn =y ep(n)2*
k>0 k>0

(the dyadic expansion of n). It is known that

[ Z nenlloo K ‘/N

n<N

(see [69]). We choose as E = (ny) the set of occurrences of 1 in the sequence,
i.e.ry, = 1,r, = —1else. This set £ is H-ud. Indeed, observe that

Z rpe(nx)) = Z e(nx) — Z e(nx) =: Sy (x) — Sy (x).

n<N neEy n<N,n¢Ey

In addition, we have

> e(nx) = Sy(x) + Sy (x).

n<N
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It follows that

Z e(nx) = %(Z e(nx) + Z rne(nx)) = 0(1) + O(¥N)

neEy n<N n<N

for x # 0. Then we conclude by using the relation (the above first equality when x = 0):

20EN|=N+ > m~N.
n<N

Example 3. The Thue—Morse sequence (#,) is defined by #, = (—1)*"), where

s(n) = Zek(n) forn = Zek(n)Zk

k>0 k>0

(the dyadic expansion of n). It is known that

> tnen

n<N

< N10g3/10g4

o0

(see [34]). By the same argument as in Example 2, we can prove that the set £ = (ny)
of occurrences of 1 in the sequence (¢,) is H-ud. The result in [28] on the supremum
norm of trigonometric polynomials with generalized Thue-Morse coeflicients can be
similarly used to get more H -ud sequences from generalized Thue—Morse sequences.

Furstenberg conjecture. Making use of the fact s,41/s, — 1, Furstenberg proved
that every closed infinite set of T which is S-invariant must be T itself (see [11]) (“F
is S-invariant” meaning 2F C F and 3F C F). See [13] for effective versions of this
result. Of course there are lots of closed infinite proper subsets only 2-invariant (or
3-invariant) and this deep difference led Furstenberg to his famous metric conjecture:

A continuous probability measure on T which is S-invariant must be the
Lebesgue measure m.

(That p is S-invariant or x2x 3-invariant means [i(sn) = ji(n) foreverys € S,n € Z.)
It is interesting to point out a connection between Hartman uniform distribution and
this latter conjecture.

If S = (s,) were Hartman uniformly distributed, in other terms, if we had

N

(18) Py(x) = % Ze(snx) —0 forxeT\({0},

n=1

then the Furstenberg conjecture would be true.



A. Fan, H. QuEerrELEc and M. QUEFFELEC 78

Indeed, suppose that S is H-ud and that there exists a x2x3-invariant continuous
probability measure p different from the Lebesgue measure. Then there exists a positive
integer a # 0 such that i(a) # 0. Consider the probability measure v = w oo, !,
the image of y under the transformation o,: T — T defined by 0,(x) = ax mod 1,
which is still continuous. Since V(n) = ji(an) for all n € Z, the measure v is again

x2x3-invariant, with V(1) # 0. Now, by the x2x3-invariance of v, we observe that

N

1 ~ ~
/T Py(—x)dv(x) = + > " D(sa) =0(1) #0.

n=1

While, by (18) and Lebesgue’s dominated convergence theorem, the left-hand side
tends to v({0}), a contradiction since v is continuous.

We shall see that the Furstenberg set S is far from H-ud, which is a heuristic
indication that Furstenberg’s conjecture could be difficult to prove. We enlarge to the
Weyl uniform distribution mod 1 of the orbits (k,x) for some sequence (k) of integers.
Thanks to the classical Weyl’s theorem, this means

1
Vhe Z\{0} Y e(hkax) >0 ae.
n<N

Observe the relation between the Weyl uniform distribution and the Hartman uniform
distribution: if (k) is H-ud, then the sequence (k,x) is uniformly distributed mod1
for every irrational x. The Furstenberg sequence {s,} is not H -ud, because there are
uncountably many x such that {s,x} is not Weyl uniformly distributed, as we will see
below.

2.3. The set W(S) of non-S -normal numbers. We focus on the negligible set of
non-S-normal numbers:

w(S) := {x € T : {s,x} is not uniformly distributed}

At the end of his article [33], Furstenberg pointed out that {s,x} is not uniformly
distributed mod 1 for some suitable Liouville number. As an immediate consequence,
the set S is not Hartman uniformly distributed. We can say more than the above remark
of Furstenberg. First, by constructing a lot of such Liouville numbers, we observe that
the set W(S) is uncountable; this was already noticed in [11] and recently, Badea and
Grivaux [2] recover this fact in a non-explicit way (see also [3]). We can go further by
examining the Hausdorff dimension of W(S). In this respect, ErdGs and Taylor [24,26]
proved that the negligible set of non-A-normal numbers has Hausdorff dimension 1
when A C Z is a Hadamard set; this result holds true in many other cases, for example



The Furstenberg set and its random version 79

the set W(A) for A = {3/ + 3k}j,k20 has the same dimension 1 although A is not
Hadamard [57]. Boshernitzan [11] announced the result dimg W(S) = 1, due to
Berend. However, Berend (personal communication) claims that he never thought he
could prove it.

Theorem 2.7. The Hausdor{f dimension of W(S) is > 0.451621.

Proof. We are going to construct inside W(S) a kind of Cantor set, called a homoge-
neous Moran set [30,31]. Here is a general construction (cf. [30,31]). Let (nx)x>1
be a sequence of positive integers with nx > 2 and (cx)x>1 be a sequence of positive
numbers satisfying 0 < ¢y < 1 andngcxy <1(k > 1). Fork > 1, let

D ={(i1,....ig) : 1 <ij <mjforl < j <k}

and
D =)Dy with Dy =0.
k>0
Fort = (11....,7s) € Dpand 0 = (01,...,0m) € Dy, we define
%0 =(T1,...,T4,01,...,0m) € Dpim.

Suppose we are given an interval J of length 1. We can construct a family of subintervals
F :={Js :0 € D} of J as follows. The construction will be made for {J, : 0 € D¢}
inductively on k. First for k = 0, we choose Jg = J. Now suppose that {J, : 0 € D1}
are constructed. For each o0 € Dy_, we choose ny subintervals Jox1, ..., Joxn, in Jo
such that they have disjoint interiors and

J .
Vizjzm, Dol

| /ol
The set £ := (V;>1 U gep, Jo is called a homogeneous Moran set determined by ¥ .
Notice that for given sequence () and (cg ), there are different constructions of ¥ and
then different Moran sets, because the positions Jy«1, ..., Jon, in Js are arbitrary to
some extent. There is a common lower bound for the Hausdorft dimensions of these
Moran sets, given by the following proposition.

Lemma 2.8 ([30,31]). For the homogeneous Moran set defined above, we have

logniny---ng

dimyg £ > liminf .
n—>00 —1og iy Chp1Mk+1

Now let us construct a Moran set in our set W(.S). Let us fix a sequence of integers
(1) which is quickly increasing in the sense that

Ottt by
Go=0, AF Tl
Ly
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For a small § > 0, define my = 8¢, so that £;_; < my < £;. We consider

o0
E = {Z % taj = 0when j € (mg,{) forsome k,0 < a; < 50therwise}.
j=1

The set E is a Moran set with

1
Ck =

— gMk—tr—1 -
’ 6Mk—Mi—1

Nk
Indeed, in the definition of

o0
X = Zaj6_f €E,
=1

the digits a; are free (meaning they can take any value between 0 and 5) for j €
[£x—1.mg]. So there are a number nj of possible strings of digits (a;) with j €
[€r—1,my] corresponding to subintervals of an (k — 1)-level interval. We have then

k
logningy---ng _ Zj:l(mj —4{j-1)
—logcica « Cr1hk+1 Zf:ll (mj —mj_1) + Lx —Mpyq
k
_ 2j=ilmi—4-)
= » .
By Lemma 2.8,

k k
Zj:l(mj —4{j-1) — liminf Zj:l(‘%j —4j-1) _

S.
Ly Ly

dimyg E > liminf

Next we show that £ C W(S) if § > 0 is small enough. Let us choose pr = (1 — €){y
with € > 0 small enough to have m; < pp < £;. Observe that
]
Ly — pr = €l — 00, nﬂf .
Pk~ 1—¢€

Letx = Z]O';l a;j6/ € E. For every k, we have

| S

(19) x=Y) "j’_

j=1

@)}

k

o0
[ —L
+Z{:a_.ak6 k4 06 %),
J=Lk

where a; is an integer. Then we put Ny = 6™k, N = 6Pk and consider

(20) Tv= )Y e@3/x)=tuy+uvy+Wy—:zn.
203/ <N
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with

UN = Z e(2'37x), wy = Z e(2'37x),

i<my,2i3/ <N j<mp,2i3/ <N
Wy = E e(2'3/x), zy = E e(2'3’ x).
i,j>my,203/ <N i<mp,j<mg

It is clear that (notice that log N = py log 6)

0 og 6
Q1) un| < —mepe. onl < —omepe. zy < m2.
log3 log?2

Now, if i > my, j > my and 2137 < N, from (19) we get
e(237x) =1+ o(ﬁ) =14 0(6P %) = 1+ o(1)
= ) = = ,

because £ — pp — oo. It follows that

1

22 Wy = C log? N log? N ithC = ———.
(22) N og” N +o(log"N) wi Jlog 2108 3
On the other hand,

Mmi Pk < ] mlzc §2

< )
logZN ~— (1—€)log?6 log>? N ~ (1 —¢)21og?6

Combining this, (21) and (22) results in

T, log6 log6 § 82
liminfléVI ZC—(Og +og) > — >— >0
k—oo log” N log3  log2)(1—¢)log6 (1 —¢€)?log”6

if § > 0 is small enough. This proves x € W(S).
An explicit lower bound of the dimension can be obtained as the positive solution
of

8 52
c- S ——
log2log3 log?6
ie. 8 +2a8—a = 0witha = ;"5.° whence § = 0451621 ... .

24. W(S)isan My-set. A My-setis a Borel subset of T that supports a non-trivial
Rajchman measure. Recall that a Rajchman measure (or My-measure) on T is a
measure i such that

lim j(n) =0.

|n|—o00
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The question “what does the support of a Rajchman measure look like?” was asked by
Kahane and Salem [41, p. 59]. Russel Lyons [53] observed that a measure annihilating
all non-normal sets W(A) must be a Rajchman measure, but the converse is not true,
since a Rajchman measure can be constructed on the set of non-normal numbers to
base 2. The construction relies on the 2-adic expansion and the divisibility property
of {2"}. By using the 6-adic expansion as above, we can exhibit a Bernoulli-like
probability measure which is Rajchman and concentrated on the set W(S).

Theorem 2.9. The set W(S) supports a Rajchman measure, briefly, W(S) is a My-set.

Proof. The candidate will be the distribution u := Py of a series of discrete random

o0
X = Z &j X jo
j=1
where () is a sequence of Bernoulli variables such that

P(e; =0)=1/jlogj, P =1 =1-1/jlogj,

and the variables X; are to be defined, all the variables involved being independent.

variables

We fix a lacunary sequence of integers (my) so that my/myy+; — 0 and we put
ny = mg41 — Mg; the variable X} is equidistributed on the finite set

a
(G 0=a=en—1f.

namely

]P)(Xk = a/6mk+1) = 6”k'

For every w, X(w) is a 6-adic expansion, with a large block of arbitrary digits. We
have to check that p is concentrated on W(S) and that u € M.
First, we prove that

‘ 3 e(zi3fX))>0 as.,

203/ <N

lim sup

1
SN

which implies that X a.s. takes its values in W(S) (recall that Sy = S N [1,..., N]).
As in (20), we write

Y e@3X)=uy+vy+Wy—zn

203/ <N
with now
log N 2
(23) luy| < log 3 mr, |on| < lomek’ lzn| < my.
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We then diverge from (20) and adopt the following notations:
My = 6™, Ni = 6™+127%"1 0 = My /My = 6"

Since ) P(ex = 0) = oo, almost surely £ = 0 for infinitely many ks (say for w € Q,
P(20) = 1). Let now w € Q¢ and k large with ey = g (w) = 0. We take N = Ny
in (23). Once more it holds that

@3 X)=e(23 Y anXy) ifizmy ) = m
n>k+1

and, since 2i13/ < N, forn >k + 1, we get that

o 2i3J A | 1
2’3’X,,e{0 3 ..,2131( — )}

’ 6Mn+1 e 6™Mn 6Mn+1
with : N :
inj -
23 Z 6Mn < 6Mk+1 ok’
n>k+1
so that
24) 2i3j( Z san) € [0, 1/2k) for such a k.

n>k+1

We now focus on the main sum Wy . We begin by observing that
N = 6" +1275 " e IMy, My |

since myg 41 — my > k. We claim that

1 .
lim sup 3 e(2’31X(a)))‘ > 0.
N |SN| L. .

i,j>=my,2'3/ <N
Indeed, by (24),
Wl =| X (@Y X x| X 1+ 00 FiIsw).

i,j>my,2i3/ <Ny n>k+1 2037 <Np,i,j>my
Combined with (23), this gives for infinitely many k’s, that almost surely,

| > @3 x| = 15wl + 07HISN, ) + Olmmi ).

2037 <Ny
whence

1
|SN%|

> @I X)| =1+ 007+ Olmi/mis).

203/ <Ny

since [Sy, | ~ log? Ny ~ m,2€+1. The claim follows from limy my/mg 1 = 0.
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We now prove that fi(h) — 0 as h — oo. For h # 0, we have

[e.e] o0
ath) = [ [ Eexp2inhe; X;) = [T[(1 =1/ log j)ej +1/j log j].
j=1 j=1
where ¢; = E(exp2mihX;). Clearly,
0,-1 ; M
¢j = L 12: eZﬂih(ll/Mj+1) _ Leznl(%’Qj/MJ+l) —1
Qj = Qj e2m(h/Mj+1) -1

and
M; | sin(rh/M;)|

lej| = : :
T My sin(rh/Mj 41
Assuming /i > 0, we fix the index k such that My /2 < h < My 41/2; then,

2h > My, mh/Mgy <m/2,

whence
Mpy1sin(wh/Mpg41) = 2h

by concavity of the sine function on [0, r/2]. It ensues that

My Mi_
k 1E k 1=:5k;
2h My

|ck—1¢k| = Mi—1| sin(mwh/ My—1)| My 1| sin(wh /(Mg 41)| <

this implies that one term in the product [ [;[(1 —1/j log j)c; + 1/ log j must be
small when & becomes large: indeed, one among both coefficients |c| and |cx—1],
say |ck|, must be < /8 so that

l(m)] = [(1 —1/klogk)ck +1/k logk|

B+ e = () = )

klogk - klogk loglogh

by choosing my = k! and using the Stirling formula. The exponent 1 in the last
iterated logarithm can be shown to be optimal by the Davenport-Erd&s—Levéque
criterion [15, Chapter 1]. [

Comments. The property for a set to support a Rajchman measure says more on
the lack of porosity of this set than on its size. This is perhaps an illustration of the
uncertainty principle for measures: actually, W(S) is rather big as it has positive Haus-
dorft dimension, but so is the porous triadic Cantor set K with Hausdorff dimension
log 2/ log 3 which however supports no Rajchman measure [42, p. 59]. We provide here
a direct proof of the last fact based on the following property of K: The Cantor set K is
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o3-invariant, in particular, for every x € K andk > 1,3%x ¢ I :=]1/3,2/3[. Suppose
that K supports a non-trivial My-measure p. Without loss of generality we assume that

1(0) # 0 (otherwise we can consider the measure e 27%*

u instead of p, with a such
that fi(a) # 0). Let now f be the sum of an absolutely summable trigonometric series
(f € A(T)), with its closed support inside / and f (0) = 1; we then define f; € A(T)
by fi(t) = f(3%t): for every k > 0, the spectrum of fy is contained into 3¥7Z and its

closed support stays away from K. It follows that

(25) Vn#£0.  lim fe(n) =0
and
(26) 0= / fedp =" fma).

Since [i(n) — 0 as |n| — oo, given € > 0, there exists N such that |i(n)| < € for
|n| > N, implying

| AR <Y1l =€ Y17 )] =: Ce.
|n|>N n n

whence, from (26),

| AmEm| =] Y fmam)| < ce.

In|<N |n|>N
However, N = N, being fixed, (25) leads to the contradiction (for € small)

0 < [fORO)] = lim [ > || < Ce.
In|<N

Another striking example is the set of Liouville numbers which supports a Rajchman
measure [10, 14], though of zero Hausdorff dimension.

2.5. Khinchin class of the Furstenberg set S. From the classical result of the equidis-
tribution mod1 of (nx), x ¢ Q, it follows that

%Zf(nx)e/jrfdm a.e.

n<N

for every continuous, or even Riemann-integrable function f. Khinchin [43] conjec-
tured that the result still holds with any function in L!(T). But, Marstrand [55] proved
that it fails for some function in L°°(T). However the class of L!-functions satisfying
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Khinchin’s conjecture deserves to be explored and, many contributions took this path
(see [8]). Let us cite one early result due to Koksma [44]: any L2-function such that

> 1F )P (loglogn)® < oo

n=1

satisfies Khinchin’s conjecture.

We are interested in subsequences (k) of the sequence of positive integers, espe-
cially the Furstenberg sequence (s, ). We propose the following definition.

Definition 2.2. The Khinchin class of an increasing sequence (k,),>1 of integers is
the class of functions f € L!(T) satisfying

N
(27) Nli_r)noo%z Fknx) = /T fdm ae.
n=2

The question of Khinchin, related to other sequences of integers, has been fruitfully
studied by Marstrand in the above cited paper [55]. He proved the following (among
others).

Theorem 2.10 (Marstrand). Every function f € L°°(T) is in the Khinchin class of
the Furstenberg sequence S.

The assumption f € L°°(T) was later on dropped by Nair [56] in a difficult paper:
assuming f € L'(T) is enough. The Khinchin class of (s, ) is thus the whole of L(T).

Using an ergodic argument, we give below a simple proof of Marstrand’s result,
which nearly recaptures Nair’s generalization and holds in the more abstract context of
a x2x3-invariant probability measure, and S-ergodic (if any such measure different
from m exists). A measurable function f: T — C is in the class L logt L with
L := LY(u)if

/T | f1log* |f]dix < oo.

Theorem 2.11. Let ju be a S-invariant and S-ergodic probability measure. If f €
Llog* L, then,

A S = 5 2 6 [ fan eae

n<N
In particular,
% Z Os,x — W weakly* p-a.e.
n<N
Consequently, if Furstenberg’s conjecture were not correct, there would exist an
S-invariant probability measure carried by W(S).
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Observe that S-ergodicity means this: & 0 0o = h and h o 03 = h imply h constant
pn-a.e.; and this does not infer 2- or 3-ergodicity separately.

Proof. We denote by o, the g-shift: x — gx on T and put o4 f(x) = f(gx). Now,
assume that f € L'(u) and [ f dp = 0; then we set M = log sy /log2 and we
decompose, as in the proof of Proposition 2.2,

Do Sy = Y f@¥F= Y f2/3x)

n<N 2/3k<spy Jjt+ka—l<M
=Y X 0= d( X 6)
J<M k<(M—j)a J=M k<(M—j)a

Observing that M ~ VN, we get

Al 5| Yed( Y f6R0)|

J=M k=<(M—j)a

M —
s|5g X ot (55 Py )|
J<M
where 1
e k
Fg(x) = Xa Z f(3%x).
k<Ko
By Birkhoft’s theorem applied to the dynamical system (T, o3, t), we know that
Fx(x) — £(x) p-a.e., where £ = E3(f) is the conditional expectation with respect
to the 3-invariant sets. We thus decompose

1 J i
T = — Z ( H(Fu-y ) = £00)) + 37 2 0t
]<M J=M
=: Ty + Tyt

It is easy to see that the second mean 7, — 0 by the following remark.

Lemma 2.12. Let (z;) be a sequence of complex numbers such that Z; /j — 0 with
Zj =z +--- +Zj. Then



A. Fan, H. QuEFFELEC and M. QUEFFELEC 88

Indeed, we just apply this lemma with z; = sz £(x): Birkhoff’s theorem gives
Zilj — Ex(f) = E2E3(f) p-ae.,

since p is 2-invariant. As E,E3( f) is S-invariant measurable function (observe that
both projections E, and E3 are commuting) and u is assumed S-ergodic, E;E3( f)
must be constant p-a.e; so we get

E,Es(f) = / fdu =0,

then Z;/j — 0 and finally T;; — 0.
Now, we look at the first mean TI{,I, which satisfies

1 .
Tal < 57 D 03| Fu—j () — L)
J=<M

We will be done if we can prove that the right-hand side tends to zero u-a.e.:
1 .
(28) lim — Y o3 |Fy—j(x) = [(x)| =0 p-ae.

M—oco M :
J=M

We will prove (28) by making use of the following improvement of Birkhoff’s theo-
rem [60, Chapter VI, p.262)]. This improvement in [60] was not explicitly stated and
was proved under the assumption of ergodicity. But this assumption is not necessary.
For clarity we give a complete proof.

Lemma 2.13. Let T be measure preserving transformation on (X, 8, u) and let
(Gn) C LY(w). Suppose that G, — G a.e. and G* := sup,, |G,| € L' (). Then

n—1

1
(29) lim = > |Gyt —GloTF =0 p-ae.
n—oon
k=0
In particular, we have
1 n—1
(30) lim = > Gy o T* =E(G|d) p-ae.

where J is the o-field of T -invariant sets.

To prove (29), we can assume G = 0 and G > O for all k. Let g, = supg~, Gk
for n > 1; by hypothesis, g, < g1 = G* € L'(u) for every n. Fix 1 <m < N.



The Furstenberg set and its random version 89

We decompose

N-1 N-m 1 N-1
k _ k k
— E Gy_goT —-—— E Gny_poT +—N: E Gy_poT
k 0 k=0 k=N-m+1

1 N—m 1 N—

k k __.

ENngOT + Y GykoTH=:Ay+ 4},
k=0 k=N-m+1

The term A’y involves only m — 1 functions and satisfies

m—1

1
O<11msupAN—11msupNZG oTN=/ =0 p-ae.

N—o0 N—o0 j=1
(by Borel-Cantelli’s lemma, % (hoTN) — 0 p-ae. forevery h € L'(1)). Switching
to the first term A’y,, we apply Birkhoff’s theorem to g,,, and we get

N—m

1
limsup Ay < hm — Z gmoTF =E(gm|d) p-ae.
N—o0 k=0

with d standing for the o-field of T -invariant sets. Finally, we obtain

N—-1

1
0<L —hmsup—ZGN koTk<IE(gm|J) u-a.e.,
N—o00 k=0

and hence
0<E(L) <E(gm) foreverym.

Remember that g, — 0 p-a.s. and g, < G* € L'(1), so that the dominated conver-
gence theorem applies: we get E(g,,) — 0, E(L) = 0 and L = 0 u-pp. We have thus
proved (29), which, together with Birkhoff’s theorem, implies (30):

. 1 n—1 . .
,}L“;o;];)Gn—kOT = lim —ZGOT =E(G|d) p-ae.
Applied with T = 0, and G, = F,, G = [, the lemma gives the result. It remains
to check that supg | Fx| € L' under our assumptions on f. And this is nothing but
the classical maximal ergodic theorem, valid for any dynamical system (X, 8, u, T),
that we recall below (see [22, Chapter II, p. 38] and [59, Chapter IV, pp. 70-71] for the

consequence).
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Lemma 2.14. Given any dynamical system (X, 8, u,T), g € L' (1) non-negative
and G, = % Y k<n Tk g, the maximal functions G, = sup,<y Gn (N = 1) satisfy

1
M(G}t,- >1) < ;/Xgl{G}t/>t} du  forallt > 0.
As a consequence, the maximal function G* = sup,, G, is in L' (i) as soon as g is
in Llog™ L.

The equality (28) is thus proved. Finally, if an S-invariant probability measure p
exists with p # m, since p is a barycenter of S-invariant and S-ergodic probability
measures, we can assume it to be S-ergodic as well, and there exists an integer k # 0
such that ji(k) # 0. Applying Theorem 2.11 to f = e_j, we get that, for & almost
all x:

N

1 ~

T 2 elksn) /T e i du = p(k) 0.
n=1

so that u(W(S)) = 1. ]

3. Thin sets in harmonic analysis

We first make a short reminder on Orlicz functions and spaces encountered just
before, to be used later in this work.

(1) An Orlicz function ¢: [0, co[ — R+ is a non-negative, increasing and convex
function with ¢(0) = 0.

(2) If (X, B, u) is a probability space and ¢ an Orlicz function, the associated Orlicz
space L? is defined as

L? = {f measurable : / w(@) du(x) < oo for some a > 0}.
X

The Orlicz (Luxemburg) norm || f'||L¢ of f is the infimum of those a > 0 such

that
/ w(M) du(x) < 1.
X a

(3) If ¢ moreover satisfies the A,-condition, namely ¢(2x) < Cp(x) Vx > 0, then

fer? e [ oll7wl)dut) <.
X

Examples. (a) With ¢(x)=x? (1 < p < 00), we recover the usual Banach space L?.
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(b) Take ¢(x) = @u(x) := xlog*(1 + x) (0 < o < 1). This function is an Orlicz
function satisfying A,. Clearly, L¢* — L1

We next coin combinatorial tools which reveal adapted to spectral harmonic analy-
sis [48].

3.1. Dissociate and quasi-independent sets.

Definition 3.1. A set £ C Z \ {0} is said to be quasi-independent if for all distinct
elements x1,...,x, € E andforalleq,...,&, € {—1,0, 1}, the relation Y_ exxx =0
implies that all &x = 0. The quantity ), |ex| is called the length of the relation.

The set E is said to be dissociate if for all distinct elements x1,...,x, € E and
€1y.-.,8n €{=2,—1,0,1,2}, > erxx = 0 implies all & = 0.

A more comprehensible definition is the following: E is quasi-independent if every
finite sum of elements of £ admits a unique such decomposition; it is dissociate if
every expansion Y  ex Xy with e € {—1,0, 1} is unique.

A Hadamard set with ratio ¢ is quasi-independent if ¢ > 2, dissociate if ¢ > 3.
Every Hadamard set with ratio g > 1 is a finite union of dissociate sets.

3.2. p-Sidon sets, A(p)-sets. 1-periodic functions with spectrum in some Hadamard
subset of N enjoy specific convergence and regularity properties. The most famous
ones, that we recall here, have led to define the so-called “thin sets” in harmonic
analysis.

(1) A continuous function with spectrum in some Hadamard subset E possesses an
absolutely convergent Fourier series. In other terms, f € Cp = f € ¢!, The sets
of integers enjoying this property have been called Sidon sets by Rudin [69] and more
generally,

E is a p-Sidon set <= [f € Cp = fe £7]

for 1 < p < 2. (Of course, 1-Sidon = Sidon.) If E is p-Sidon, there exists a best
constant S, (E), called the p-Sidon constant of E, such that

11y < Sp(E)ll flloc forevery f € Ck.

(2) If f € L' has a Hadamard spectrum, then f belongs to all the L?, p < oco. The
sets E enjoying this property for one p > 2 have been called A(p)-sets (again by
Rudin) [69], and we denote by A, (E) the best constant such that

11y = Ap(E)IIf 2

for every polynomial with spectrum in E. Then, every f € L% belongs to L? and the
above inequality still holds. See also [48, Vol. 2, pp. 144-151].
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First examples. Quasi-independent sets are Sidon sets [69] with Sidon constant
bounded by 8. A Hadamard set £ = {n;} C N is a A(p)-set for all finite p. More
generally, a Sidon set E is a A(p)-setforall p > 2 with constant A, (E) <2S(E).,/p =
O(/p) (also a result of Rudin, the converse being due to Pisier). Later on, Bourgain
showed that true A(p)-sets do exist if p > 2, that means sets which are A(p), but
not A(q) as soon as ¢ > p. Whence, the restriction to the parameters p > 2. The
question whether true A (2)-sets do exist is an open problem.

We present below characterizations of p-Sidon set and A(p)-sets.

e There exists a characterization of p-Sidon sets in terms of interpolation.

Theorem 3.1 ([21]). Let 1 < p <2 and E C Z (or N). Assume + + 5 = 1. The
Jfollowing assertions are equivalent:

(1) E is p-Sidon.

@) Y| fm)|? < oo for f € LY.
(3) Ifb € t4(E), there exists i € M(T) such that fijg = b.
(4) Ifb € t4(E), there exists f € L'(T) such that ﬁE =b.

Remark. We observe that the harmonic classification is in some sense complementary
to the dynamical one detailed in [7] (see also [65, Section 4.3.2]): the implied set of
integers E is viewed as a spectrum in the first classification and as a co-spectrum in
the second one. In this respect, we can see that a Sidon set cannot be Hartman-ud.
Indeed, if E is Hartman-ud, then Cg, the space of continuous functions with spectrum
inside E, contains a copy of the Banach space ¢ of ultimately null sequences [52];
if £ is Sidon, Cg is by definition isomorphic to £1, which does not contain cg, hence E
will never be Hartman uniformly distributed.

e The question whether every Sidon set is a finite union of quasi-independent sets
is an open question, motivated by a characterization of a Sidon set due to Pisier [63]:
E C 7Z \ {0} is a Sidon set if and only if there exists 6 > 0 such that, from every
finite subset A C E, a quasi-independent set B can be extracted with | B| > §| A|. An
analogue for p-Sidon sets will be considered later (Section 5.4).

e An arithmetical characterization of these “thin sets” — in terms of arithmetical
progression or more generally mesh —is not yet complete (if it ever exists, cf. [48, Vol. 2,
Ann. D, pp. 316-323]), but we have at our disposal necessary conditions, as this one,
called mesh condition.

Definition 3.2. For E C Z, we denote by ag (/N ) the maximal number of elements of
ENn{a+b,a+2b,...,a+ Nb} over all arithmetical progressions of length N.
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Proposition 3.2 ([69]). The following hold:

(1) IfE is A(p) for p > 2, thenag(N) < 44,(E)?>N?/P.

(2) If E is p-Sidon, then ag(N) < c(log N)?/2=p),

Remarks. (1) The A(g)-sets with 2 < g < oo can apparently be less lacunary than
p-Sidon sets, 1 < p < 2. We refer to [69] for the proof of the seminal result (1).

(2) For p-Sidon sets, we have nothing better than for p-Rider sets (see Proposition 4.8).
When p = 1i.e. E is Sidon, we can deduce from the result (1) the estimate of o g (N)
announced in (2). In fact, use the estimate A, (E) = O(,/p) holding for a Sidon set E
to get from (1) ag (N) < cpN?/? for every p > 2. Let us now choose p = 2log N
with N > 3 sothat p > 2,to getag(N) < clog N as claimed in (2).

An example of a cartesian product. A classical example [75] is
E = {(Aj. )} =: A x B,

the cartesian product of two Sidon sets in Z. The set E is exactly 4/3-Sidon in the
product group Z?2 [75]. In particular, E = {(27,3%)} is 4/3-Sidon in Z2. But the
Furstenberg set is a Minkowski product. As we will see, it is a A(p)-set (Gundy—
Varopoulos), but we do not know if it is a p-Sidon set for some p such that4/3 < p < 2.

We now present the notion of Paley set, which is related to that of A(p)-set. The
Furstenberg set is such a set (Gundy—Varopoulos), as we will see.

3.3. Paley sets. The general framework consists of a set E of integers and a Banach
space X of integrable functions on the circle. We say that the set E is X -Paley if the
Fourier transform of any function f € X, once restricted to E, is square-summable i.e.

ﬁE < 62.

In this case, there exists a smallest constant P (X, E) > 0, the Paley constant of the
pair (X, E), such that the Paley inequality holds:

Il fiell < P(X.E)||flx. Yfe€X.

The terminology comes from a theorem of Paley, concerning specifically the case
X=HE={2"n>0)(recallthat H' = {f € L'(T); f(n) =0 whenn <O0}).
It asserts that the powers of 2 constitute a H !-Paley set.

Theorem 3.3 (Paley). There exists C > 0 such that, for every f € H',

~ /
(Z17@92) " < ciflm.

k>0
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Remarks. (1) The example of Paley does not extend to X = L!(T). If K denotes
the Fejér kernel of order N, we have

> IKn@Y? 2 logN, but [Ky|i = 1.

n>0

(2) The Paley inequality holds for a space hardly smaller than L!(T), namely the
Orlicz space X = L¥1/2 with our previous notations, and for any Sidon set £ [77, Vol. IL,
Chapter XII, p. 132]. Hence, it holds for X = L4(T) (¢ > 1) and Hadamard sets E.

(3) The initial Paley inequality indeed tells that a Hadamard set is H !-Paley; so is
any finite union of Hadamard sets. But this does not extend to arbitrary Sidon sets;
indeed, Sidon sets E exist for which supy |E N [N,2N]| = oo, preventing them from
being H !-Paley [48, Vol. 2, Chapter VI, pp. 194-196].

We will be specially interested in the case X = L9(T) =: L9 with 1 < ¢ < 2 and
will speak of a g-Paley set in that context. An interesting duality exists between g-Paley
sets and A(p)-sets, where p > 2 is the conjugate exponent of g.

Theorem 3.4. Let E be a g-Paley set for some 1 < q < 2. Then E is a A(p)-set and
moreover, A,(E) < P(L4,E).

Proof. Let f € L% and g € L4 with ||g|; = 1. We have

‘/T f(x)g(—x)dm(x)‘ = ‘Z f(n)g(n)‘ = ‘Z f(n)g(n)‘
nez neE

<171 (X 1eme)

nekE

< P(LY. E) fl2lglly = P(LY. E) fl2-

By taking the supremum over the g in the unit ball of L?, we get

@31 I/ llp = P(LE, E)| fll2.

hence the result. [

Remark. Note the gain when passing from “A(p) to g-Paley”: we enlarge the collec-
tion of f involved in the inequality since now the spectrum of the test function f is
arbitrary.

Aiming to establish some properties of thin sets for the Furstenberg set S, we need
a detour through probabilities, in particular through martingales.
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4. From probability to harmonic analysis

In this paper, given a probability space (2, B, P), we will need both increasing
and decreasing sequences of sub-o-fields (¥7,) of 8. For an expert, there is no real
difference (see [58, Chapter IV, p. 124] for a unified presentation), but we prefer to be
more specific here.

4.1. Azuma’s lemmas and subgaussianity of martingales. We consider martin-
gales (My,)o<n<n adapted to a finite sequence of sub-o-fields (¥,)o<n<n of B. The
conditional expectation given %, is denoted [E,,, so that, in the increasing case, we have

E,(Mpt+1) = My, 0<n <A.

We then write My = Z,],V:l d,, where d, = M, — M,,_1, E,(dy+1) = 0, and we
assume My = 0. In the case of a decreasing sequence (F;), we will have

Ent1(My) = Myy1, 0<n <N, dy=My—Myt1, Ent1(dy)=0.
We note the following seminal result.

Theorem 4.1 (Doob). Let (My,)n>0 be a complex martingale with respect to an increas-
ing sequence (Fy)n>o0 of o-fields. If (My) is bounded in L', it converges almost
everywhere.

Suppose now that (M) has bounded increments (d,). In this context, Azuma
proved the following “subgaussian” inequalities [46, Chapter I, pp. 31-32].

Lemma 4.2 (First inequality of Azuma). Let (My)o<n<n be a complex martingale
with respect to (¥y,), satisfying |d,| < Cy, for 0 <n < N. When (¥,) is increasing,
forallt > 0, we have

[2
P(|My| > 1) < 4exp(—N—).
4'z:n=l an

When () is decreasing, for all t > 0, we have
P
IP’(|M0| > t) < 4exp(—ﬁ).

N—-1
n=0 Cn

We will need a more precise version of Lemma 4.2, depending on two parameters.

Lemma 4.3 (Second inequality of Azuma). Let (My)o<n<n be a complex martingale
with respect to an increasing sequence (), which satisfies |d, | < a and

N
> En1(|dal?) < b2,

n=1
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where a and b are positive constants. Then, for all t > 0 we have
P(|Mn|>1) < 4exp[—i(2 — e‘”/bz)]
- 4b2 '
In particular, if exp(at /b?) < 3/2, one has
2

t
P(|Mn|>1) < 4exp(—@).

Similarly, when (¥y,) is decreasing, for all t > 0, we have

t? »
P(|Mo| > t) < 4exp[—m(2_eat/b )]_

4.2. The Salem-Zygmund inequalities. The following theorem [71] plays a crucial
role in Fourier analysis, and will be deduced here from the first inequality of Azuma.
We provide short proofs.

Theorem 4.4 (Salem—Zygmund). Let (r,) be a Rademacher sequence, (a,) a scalar
sequence, and Q N the random polynomial

N
On = Z I'ndnén

n=1

forall N > 2. Then

N 1/2
E(10N ) = €(Xlanl)  VioE N,
1

Proof. Ttholds, using Bernstein’s inequality for trigonometric polynomials of degree <
N [64, Chapter V, p. 130]; see also [48, Vol. 1, Chapter VI, p.241]:

N
E(I0n o) < cm(sup

xeE

rnanen(x)() —. CE(|Onz).
1

where E denotes the set of (4N )-th roots of unity. The latter supremum is estimated
as follows: let A > 1 and 03, = SN lan|?; then

oo

E(10n ) =[O (0wl >z)dz5A+[A P(lOnllz > 1) di

< A+ 4N sup /AOO]P’(|QN(x)| > 1) dt

x€E
[ee] t2 A2
<A+4N ex <—— dt < A+ 8Noy ex ——)
/A P 4012\,) wexp 402

(we used Lemma 4.2). Now, adjusting A = /4log Noy ends the proof. |
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We will need a simple fact about the symmetrization [38]. Recall that the sym-
metrization X of a random variable X is defined (on €2 x 2) by

X(w,0) = X() — X(o).

Proposition 4.5. Let ¢ be an Orlicz function, and X a centered Banach space-valued
random variable, with symmetrization X. Then we have

E[o(I1X1)] < E[¢(1X1)] < E[e(211X1)]

By symmetrization, we get the following more general Salem—Zygmund theorem.

Theorem 4.6. Let (X, )1<n<N be a sequence of centered, square-integrable, complex-
valued, independent random variables and Py the associated random polynomial,
Pno = Ziv Xn(w)ey; then

E(|Pylloc) <C | Z V(X,) log N.
1<n<N

Proof. Let X, be a symmetrization of X,,. We write ) for ) ©, _, _ . For every choice
of signs (&), Proposition 4.5 gives

E(I2 Xnenloo) < E(I Faenl) = E(I3 enfuenlo)-

We now take &, = r,, (0’), Rademacher variables independent from the X, we integrate
with respect to @’ and apply Fubini’s theorem to get

E(IY Xnenl o) = EarBo (|3 @) Tn@en] )
= IElwIEw/( iz Fa(@) Xn(w)en Hoo>

Salem—Zygmund’s theorem now gives

E(”ZXnenHoo) < C\/@E(\/m),

and by the Holder inequality,

(Y 1%wr) < (EX %) = (Tr))"

Since V(f n) = 2V(Xy), we can conclude, suitably changing the constant C'. ]

The following specialization will be useful in Section 5.
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Theorem 4.7. Let (§,)1<n<n be {0, 1}-valued independent variables with P (§, = 1) =
8n and (An)1<n<n scalars of modulus < 1. Setmy = Z,Ilvzl 8,. Let Py be the random
trigonometric polynomial Py o = Z{V (&n(w) — 6n)An en. Then

E||PN|loc < CymplogN.

Moreover, for some constant C > 0,

2

t
P(|Pylloo > 1) < CN exp(—8 ) forallt > 0 with ¢'/™N < 3/2.

my

Proof. The first part is immediate from Theorem 4.6, since for the centered variables
Xy = An(&y — 6,), we have V(X,) <6, — 83 < 8. For the second part, first use
Lemma 4.3 witha = 1and b2 = my = YN |4, ]2(8, — 82) to get

12

8mN>’

IP’(|PN(x)| > t) < 4exp<—

where x is a fixed 4N -th root of unity and ¢ as in the statement. So that, by Bernstein’s

inequality again,
2

t
IP’(||PN||OO>Z)§CNexp(—8mN). ]

4.3. p-Rider sets. The functional P + E(|| Py | o) =: [P] which appeared in The-
orem 4.4 (with P, =) ry (a))ﬁ (n)en, where (r,) denotes a Rademacher sequence)
is a norm, the “Pisier norm” on the space & of all trigonometric polynomials and
the completion of & with respect to this norm is the so-called Pisier space of almost
surely continuous functions [48, Vol. 2, Chapter VI]. This norm is much more flexible
than the sup-norm because the characters e, form an unconditional sequence for this
norm, and motivates the following definition, a variant of p-Sidonicity. The set of
polynomials with spectrum in a fixed set E is denoted by Pg.

Definition 4.1. A set E of positive integers is called a p-Rider set (with 1 < p < 2)
if there exists a constant C such that

171, < CLf] forall f e Pg.
The best C is called the p-Rider constant of E and is denoted s, (E).
Let us list a few properties of p-Rider sets.

e A p-Sidon set is a p-Rider set, and s, (E) < S,(E) (obvious).

e For p = 1, we recover the notion of Sidon set, thanks to a result of Rider [67]. The
analogue for 1 < p < 2 is an open question.
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o If p <4/3,a p-Rider set is a g-Sidon set for each g > p/(2 — p) [47].

As quoted in Proposition 3.2, p-Rider sets, in particular p-Sidon sets, satisfy an
important mesh condition.

Proposition 4.8. Let E be a p-Rider set. Then, there exists a constant C such that,
for every integer N > 2.

|EN[1,N]| < Clog N)* witha = 2L.
4
Proof. Letus write E N [1, N] = {A1 <--- < Ap}sset f =Y 7_ ex; € Cg. Using
the Salem—Zygmund estimate of Theorem 4.6, we obtain

[f] = CV/nylogN.

From our p-Riderness assumption, this gives

n'/P < Csy(E) n'/?/log N,
and the result ensues. [

Remark. Proposition 4.8 already shows that the Furstenberg sequence S is at most
4 /3-Rider (in particular, 4 /3-Sidon). Indeed, we saw that |S N [1, N]| ~ logZ N, so
that, if S is p-Rider, one must have 2 < p/(2 — p), orelse p > 4/3. We were not able
to show that S is p-Sidon or p-Rider for p = 4/3, or even for some 4/3 < p < 2. But
we shall show that its randomized version T is p-Rider for each p > 4/3.

4.4. Square function of a martingale. Here we present a fundamental inequality on
the square function of a Hilbert space-valued martingale due to Burkholder obtained
first in 1966 [17, Theorem 9], and later optimized in [18]. We will use it to prove
that the Furstenberg set is a A(p)-set and even a Paley set, results due to Gundy and
Varopoulos. And we will be more precise on the dependence on p.

We consider a martingale M := (M, )¢ with respect to a decreasing sequence of
sub-o-fields (F,)n>0 of a probability space (2, ¥, P). Without loss of generality, we
assume that o = ¥ and ¥, | Fo = {0, Q2}. Recall that

(32) En+l(dn) =0 withd, =M, — M.

We also assume that M is a Hilbert space-valued martingale. The square function of
the martingale M is the variable defined by

o] 1/2
S =S(M):= (Z ||d,,||2) ,

n=0

where ||d, (w)|| denotes the Hilbert norm.
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At this point, we recall a simple property of L?-spaces ([51, p.46], [48, Vol. 1,
p. 189].

o If p > 2, the Banach lattice L? is 2-convex, namely for any (u,) C L?:

33) [ k) ] = (S al?)”

o If p <2, the Banach lattice L? is 2-concave, namely

(o), 2 (Swp)”

4.4.1. Burkholder’s inequality. Let H be a Hilbert space. A given H -valued inte-
grable function f € L'(H) produces a special martingale M(f) := (E,(f)). We
have the decomposition

(395) f=Ef =) du(f)

n=0

We state Burkholder’s inequality for such martingales. In the following, g denotes the
conjugate exponent of p and p* = max(p, ¢). The following inequality is well known
(see [18, Theorem 3.1 p. 87]).

Proposition 4.9 (Burkholder inequality). Let H be a separable Hilbert space and let
f € LP(H) with zero mean (1 < p < o). For the martingale M,, = E,,(f) with its
martingales differences d,, := dn(f) = M,, — My, 1, we have

(36) B Np < IS(Hlp < Boll £ lps
where S(f)? =Y 72 llda||* and B, = p* — 1.

4.4.2. The Furstenberg set S is A(p). We will first prove that the Furstenberg set S
is a A(p)-set, a special case of the forthcoming Gundy—Varopoulos theorem.

The proof will use a special kind of scalar martingales. Let us first recall a basic
fact. Let m > 2 be an integer. Denote by ¥ ) the o-field of m™!-periodic Borel sets
in T. The following basic relations are easy to check.

Lemma 4.10. Forany f € L'(T), we have

(37) E(f15 ™)) = Zf(x+ =) =" Fmen().

mln

We can also write E(f|F ™) (x) = f % wm(x) with wy, = m™! Z;C";& Sk /m-
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Observe that ¥ ") = 0, (B(T)), where oy, is the map defined 6,, (x) =mx mod 1.
The first equality in (37) can be stated as

E(flo;," (B(T)))(x) = R o om(x),

where R is the transfer operator

. Sy

associated to the measure-preserving dynamical system (T, B(T), A, 0,,,), where A is
the Haar measure (cf. [27, Lemma 2.4]).

Now we fix anintegera > 2.Forn >0,let ¥, = ¥ @) be the o-field of a ™ -period-
ic Borel sets in T. From the dynamical point of view, the iteration of g, is involved.
Clearly ¥y is the Borel field 8(T) and ¥, decreases to the trivial o-field {9, T'}.
When g is a trigonometric polynomial with zero mean, we can decompose g relatively
to the o-fields {¥,} according to (35). For simplicity, the corresponding martingale
difference is still denoted by d, g and the corresponding square function by Sg.

Lemma 4.11. Denote by L, the set of integers not divisible by a. Then

(38) dng(x) = ) G(a"De(a"Ix).
leL,
Hence,
(39) S2()x) = > | &@" De(a"ix)|".
n  JelL,

Proof. By Lemma 4.10,
En()(x) = g * wan (x)

with @, = 1,n7. Since
dng = En(g) —Ent1(g),

(38) follows from dpg = &+ (Ignz — Iyntiz) = 8 - lang,. n

We denote by S(ay,...,as) the semi-group generated by s integers a; > 2. We
say that aq, ..., as are multiplicatively independent, if the decomposition of any
deS(ay,...,a5)asd = a'f1 ---ay*® is unique (e.g. a; = 12, a; = 18). Notice that
S(ay,...,as) C S(p1,...,p:), where the p;’s are the primes involved in the decom-
position of aq, ..., as. It is possible that ¢ # s (e.g. for a; = 24, a, = 30, we have

s=2,t=23).
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Theorem 4.12 (Gundy—Varopoulos). Suppose that a; > 2 (1 <i < s) are s coprime
integers. The set S(ay,...,as) is A(p) forall p > 2, i.e.

I/l < Cs(P)ILf 112
if f € PSay.....as)- Moreover, Cs(p) < Cp*~Y2 with C a constant.

Proof. We prove the result by induction on s > 1. The set S(a;) = {a] : n > 0}
is A(p) because it is a Sidon set, and then we have A,(S(a1)) = O(/p). Suppose
that S(ay,...,as—1) is A(p), namely for f € Ps(q,,....a,_,)» We have

(40) /1, = Cs—1 (PN fI2

for some constant Cs—1 (p). Assume [ € Ps(q,....a,)- We distinguish a; = a and write

@1 f(x):= Z amy,.omy_ne@" .. ass'a"x) = an(a”x),
n m n

----- ms—1
with
— mi ms—1 D
Ju(y) = § aml,...,ms,l,ne(al Sy y) € PS@y,as—1)-
my,....mg—1
Since ay, ..., as are coprime, no number of S(ay,...,as—1) is divisible by a. Thus,

applying Lemma 4.11, we get d,,(f)(x) = fu(a"x). The associated square function
is then equal to

5709 = (LldaP) " = (L1 staror) .

By the scalar Burkholder inequality (36),

1£1p < BpllSSp-

It remains to estimate ||S f'||,. An important point is that the functions d,, have disjoint
Fourier spectra (because sp(d,) C a"S(ay,...,as—1)), and hence are orthogonal in L?2.
Firstly, the induction hypothesis (40) implies

(42) ldnllp = Il /ully = Cs—1(P) | fallz = Cs—1(p)lldnll2.

Then by (33) and since p > 2, we have

I5£1p = | (X 1al?) " == ldal2) "
< (Tlanld)” = o (I dal2)”

= Cs—1(DI f ll2-
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We have used inequality (42), the orthogonality of d,,’s and the decomposition f =
> dy. Finally,
1f 1l < BpllSfllp = BpCo—1(P)II fl2-

Thus, we have the claimed result with

Cs(p) = B,Cs—1(p) = By7'Ci(p) = 0(p°~ ' /P)
by Burkholder’s inequality. This ends the proof of Theorem 4.12. ]

4.5. The Gundy-Varopoulos theorem: S is Paley. Gundy and Varopoulos [36]
proved the following theorem of Paley-type about the semi-group generated by s
prime numbers Dy := S(p1, ..., ps). This theorem goes beyond the Hadamard case
considered by Paley (see Section 3.3) and beyond the previously proved A (p)-character
of Dy (see Theorem 3.4). The proof will be essentially the same as for Theorem 4.12,
except that we will need two martingales, one of them being vectorial, whereas only
one scalar martingale was needed for proving the A(p)-character of Dj.

Theorem 4.13 (Gundy—Varopoulos). The set D is a g-Paley set forall 1 < g < 2, or
else, for every function f € L4, we have

A~ / ~ /
@ (X 1wp) "= (X 1) < B@l sl

neDg n_,-EN()
Moreover, Bs(q) < (p — 1)%, where p = q/(q — 1).

Proof. We will first assume that s = 2 to ease notations. So, we consider two distinct
primes a > 2 and b > 2. We want to show that the multiplicative semi-group S(a, b)
generated by a and b is g-Paley. We will denote by L := L, C S(a, b)¢ the set
of integers > 1 which are divisible neither by a nor by . The proof is based on the
following observations.

e We can assume that f is a polynomial and f (0) = 0. Our aim is to dominate the
quantity

(44) Y 1 f@m"))? = o?

by || f ||§ up to a multiplicative constant. Our first observation is that o is bounded
by S g, where S = (3_,, , &m.n 2)1/2 with

gma(x) =Y f@"b"e(@™b"lx) (n >0.m > 0).
leL
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Indeed, to let L9-norms appear, we observe that

|/ @b = 1&ma (D < llgmnll;-

Summing over m, n and using (34) for the exponent ¢ < 2, we get

(45) o® <Y lgmalZ < 1S12.

m,n

We will interpret § as the square function of a suitably chosen martingale, which will
be handled thanks to Burkholder’s inequalities.

o Let 7 (resp. §™) be the o-field of a~™-periodic (resp. b~"- periodic) Borel
sets, as before. We write E,, = E(-|F ™) and E/ = E(-|§™) the corresponding
conditional expectations (which commute):

EnE, = E.Ep,.

n

Indeed, for f € L', one has
EnE, f(x) = E,Epnf(x) = f % wp—m % 04-n(x) = f % 0g—n * wp—m(x),

by Lemma 4.10. We accordingly write dy, = Ep —Epyq andd, = E; —E; _ ;. Let
f € L! and consider its Fourier expansion

f@) = ) auyie(@b’lx).

w,v,lel

As Lemma 4.11 shows, passing from f to d, (/) consists in freezing v = n in this
expansion, and then passing to d,d, (f) in freezing ;t = m as well. So, the above
commutativity leads to

46)  gmn =dn(d) = dy(dn). S =Y ldn(d)]> = |d;(dmn).

(Here and in what follows we omit the letter f).

o If Fis H-valued, we will write || F||; for

1/q
1F 1o = ([ 171 a2) ",

Let H = ¢2. Consider the vector-valued function F € L9({?) defined by

F = (d(),dl,...,dm,...)ZQ —)EZ.
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Then consider the vector-valued martingale M,, = E/, (F) with its martingale difference
d'M, = E,(F)—E, _,(F). Observe that

d'M, = (d,,(do).d,,(d1),....d,(dn)....): Q2 — {2,
and that, by (46), the square function associated to (M},) is equal to

A7) 2= Y |ld'My|* =) ldy(dm)]*. orelse T =S.

¢ On the other hand, the square function of the scalar martingale (E,,( f)), which is
defined by Sf = (3, |dm|?)'/?, is nothing but

(48) Sf(@) = ||F(w)] e

Now, we end the proof as follows, using twice the Burkholder inequalities via (45),
(47) and (48):

o =< |I8llg = 1Zllg = BgllFllg = BgllSSfllg = B;”f“q <(p-— 1)2||f||q-

e The proof extends inductively to s > 3. To treat the general case of s distinct
primes p1, ..., ps, we need some additional notations. If o := (ny,...,ns) € Nj and
n= p;“ ..+ py*, we write n = p%. We denote E,Sk) the conditional expectation with
respect to the o-field of p, ™ -periodic sets, and d,gk) the corresponding increment, as

well as
0o = d,g“) o d,g'S’iTl) 0.4 0 dl(”l)‘

Now, fix a trigonometric polynomial f', write for short 8, = 84(f); we set

o= (X 1709R) " ana 5= (X 1)

aeNg aeNg
the multivariate square function. We prove that o, < (p — 1)*|| /|| in two steps.
Step 1. We have (a) o5 < || Zs||, with the same proof as for s = 2.

Step 2. We have (b) [|Zsll; < (p — DI Zs—-1llg-

We just need to observe that 3 is the square function associated to the mar-
tingale (M, (F)), where F:Q — (>(N}) is defined by F(w) = (8g(w))g; here
B = (n1,...,ns_1) runs over NJ~!. Then, Burkholder’s inequality gives (b). Clearly,

Theorem 4.13 follows from (a) and (b). ]

The conclusion of Theorem 4.13 holds for S(ay,...,as) when a;.s are multiplica-
tively independent, because S(ai,...,as) C S(pi1,..., p:) where the p;’s are the
prime factors of aq, . . ., as. One has then to abandon a precise estimate for the constant

Bs(g) in terms of s and g.
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5. Random Furstenberg set

We begin by a definition, already coined by ErdSs and Rényi [23], and then system-
atically studied by Bourgain [12], which became popular under the name “Selectors
of Bourgain”. We mention in this respect the papers [49, 50,57], and [3, 29, 39, 40].
Let (8 )x>1 be a sequence of numbers such that 0 < §; < 1 for each k, and (§x)x>1
be a sequence of independent Bernoulli variables, defined on some probability space
(2, P) with

EG) =PE=1) =68, k=12,...,

and
R=R(w)=1tk>1; &(w) =1}.

The set R is called the random set of integers associated with the sequence (x). We
will always assume in this section that

o0
(49) (%) is non-increasing and Z O = 00.
k=1
Then, by the Borel-Cantelli lemma, R is almost surely infinite, and we write R =
{uy <uz <---<u, <---} We will also set

N

my = & =E +&+-+é&n) =E(RN[1,N]) = E(|Ry]).
k=1

We will mostly assume that the “Bourgain condition” holds:
(50) my/logN — oo

(this is the case when k8§ — 00). The question will next be: how to choose §; in order
that R(w) appears as a reasonable random version of the Furstenberg set S? And then
what harmonic analysis and distribution properties does it almost surely possess?

The set S = (s,)n>1 satisfies the lacunarity property |S N [1, N]| ~ (log N)?, or
again sy ~ aePV'N  This motivates the choice (to which we will stick)

_logk

(51 Sk i

In fact, one then has

al log k N logt 1
2 - = —= 4t 1) = —(log N)? 1).
(52) my k§=1 . /1 ; + 0(1) 2(og )+ 0(1)



The Furstenberg set and its random version 107

Notice that § = O(1/k) corresponds to a random Sidon set [40, p. 364]. We will
then reserve the letter 7' (instead of R) for this random version (51) of the Furstenberg
set S.

The set S is quite rigid from the arithmetical point of view. We were partially able
to deal with this arithmetic, and proved that S is A(p) for all p > 2, is not Hartman
uniformly distributed, and not p-Rider for p < 4/3. We will see that the random
model 7' (w), our main interest here, almost surely satisfies this p-Riderness property
for 4/3 < p < 2, among others.

5.1. T is almost surely weakly lacunary. We begin by a weak lacunarity property
of general random sets R of integers. Then, we switch to our main case of interest: the
random Furstenberg set 7.

Theorem 5.1. Let R = (uy,) be the random set of integers corresponding to the
sequence (8;) as in (49). Then

(1) R satisfies almost surely: lim sup,,_, oo (Up+1 — U,) = 00.

(2) Assume moreover that ), 8,% < 00. Then, R is almost surely weakly lacunary,
i.e. limy—oo(Up+1 — Uy) = 00.

Proof. (1) Fix an integer ¢ > 1. Consider the events
Akz{squls Skq—i—j =0, lfj fq—1}7

which satisfy

qg—1 q—1
P(A) = 8kg [ (1= Skg i) = kg [ [(1 = 8) =1 c4bkq.
ji=1 7=1
Hence,
> P(4p) = oo.
k>1

Since the Ay ’s are independent, Borel-Cantelli’s lemma gives P(A) = 1, where A =
lim sup, Aj.Take w € A, let k large with £x4(w) = 1 and n the random (large) integer
such that u,, = kq. Then, u;, +1 — u, > ¢q. This shows that lim sup(u,+1 —u,) > ¢q a.s.,
so that lim sup(u,+1 — u,) = oo a.s.

(2) Let (gx) be a sequence of positive integers with g — oo and

> qis < 0.

k>1
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For a pair of positive integers 1 < k < [, consider the events

Fray=%=18=1}, Gp= \J  Fes. B =liminf Gy,
k+1<i<k+qx k

We have
P(Fry) = 881 <83, P(Gr) < qii.

This implies P(B) = 1; in other terms, we have almost surely for k large: & = 0
whenever & = 1 and k </ < k + qy. Taking k = u,, gives u,4+1 — u, > qi and the
result. =

We now specialize to the random Furstenberg set T =: {t, }, corresponding to the
choice 8; = logk/k, to get more quantitative results. Notably, 7" shares some precise
gap properties with its deterministic relative S.

Theorem 5.2. Almost surely, the difference t, 1 — t, satisfies:
the1 —1In <2

(tn/logty) loglogt, —

N Int1—In

2) liminf,, oo ————— >1 s> 0.

@ Himintn—co L g gyars = 1107

In particular, the weakly lacunary set T satisfies: almost surely t,+1/t, — 1.

(1) lim sup, o

Proof. (1) Let (px) be a sequence of positive integers such that px = o(k). Consider
theevent £y = {§ =1, {1 =+~ =&k4p, = 0}. Givene > 0 and k large (depending
on ¢), we see that

k+pi . k+pi .
logk log j log k log j
pEg = 25 T (1-780) < 2B ap(— 30 28
j=k+1 J=k+1
logk log(k + pr) log k logk
= eXp(—p o )k eXp<—(1—8)pk . )

We now take (ignoring the integer part issues)

2
Pk =a loglogk witha = te
log k l1—¢
to get (for k large)
logk 1 1
(53) P(Ep) < —

kK (loghk)e1=9 ~ k(logk)lte’

so that P (liminf E) =: P(A4) = 1. Now, fix w € A. Fork > ko(w), one has w € E}.
Take k = 1, with n large enough to ensure k > ko(w). Then, £ = 1, and hence §; =1
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for some k < j < k + pi, meaning that t, 1 < k 4+ pr = t,, + pi. It easily ensues

for w € A that
. Int1—In 2+¢
lim sup <a= .
n—soo (tn/logt,) loglogt, l—c¢

Letting ¢ tend to zero, we get the first assertion.

(2) The second one is similar: set gz = k/(logk)3*% where § > 0, and for 1 <k <
positive integers, we have

Fg={&=1&=1, k= |J Fu
k+1<l<k+qx

We get

10gk)2 _ c?
k k(logk)t+s”

Once again, P (lim infy F}’) = 1, and almost surely, for n large enough

P(F) < sz]k(

In

1 —ly = —.
n+1 n — (logtn)3+5

5.2. R is almost surely Hartman uniformly distributed. The following random
result appeared in [12] (see also [57]), with different terminology.

Theorem 5.3 (Bourgain). Let (§) be a sequence of independent random 0 — 1-valued
variables as before, where (8 ) satisfies the Bourgain condition (50). Then, a.s. the
sequence R := {k ; & = 1} is Hartman uniformly distributed.

Proof. We give a proof relying on Section 4 (Salem—Zygmund theorem). To that effect,
we decompose the sums

Z e(nx) = Z Ere(nx) = Z(fn —Sn)e(nx) + Z Sne(nx)

neRyN n<N n<N n<N

and the deterministic sums ) _, _n 8,e(nx), whenx € T, x # 0, is fixed, are uniformly
bounded in N (since (8,) is no_n—increasing) by a constant C(x) < oo. As for the first
random sum Py, we resort to Theorem 4.7.

Choose t = 6./my log N.Wehavet/my = o(1) sincemy /log N — oo, and thus
exp(t/my) < 3/2 for N large enough. Moreover, t2/(8my) > 4log N. Theorem 4.7,
for N large enough, now gives

(54) P(| Pxlloo > 6y/mnlog N) < N exp(—4logN) = N>

In particular,

P(||[Rn| —mn| > 6y/mylogN) = P(|Py(0)| > 6/mylogN) < N>,
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Borel-Cantelli’s lemma and the relation «/my log N = o(my) now imply the exis-
tence of Q¢ C @, P(Rp) = 1, and for every w € Qy, of an integer N(w) such that
both inequalities below hold:

1
EmN§|RN|§2mN and [|Py|loc € vVmylogN, N > N(w).

We deduce, for w € Q¢p, N > N(w) and any fixed x € T, x # 0:

ﬁ| > dnen)| < C)/my,

N n<N

sup(ﬁ‘ > (6 - sn)emr)\) < og N/my.
T n<N

whence the theorem, since my — oo and log N/mpy — 0. |
Corollary 5.4. The random Furstenberg set T is a.s. Hartman uniformly distributed.

Remarks. (1) The corollary is failing for the Furstenberg set S itself although oy &~
(log N)?! Indeed, we saw in Theorem 2.7 that, for uncountably many x € T, one has

| Z e(nx) 4 0.

nesSy

|S
(2) A question naturally arises: Is Bourgain’s condition (50) necessary and sufficient?

5.3. Random integers and the Khinchin property. In this subsection, we will only
assume that condition (49) holds for the sequence (k) >1, and will not need Bourgain’s
condition (50). We begin by a complement on Orlicz functions (defined in Section 3).

Lemma 5.5. Let ¢ be an Orlicz function such that W := ¢ o u is concave, where
u(x) = /x. Let ¢ = (¢k)1<k<n be a Rademacher sequence on a probability space Q.

Ifay,...,ay are scalars, then
n n
o[ aar]) | = X oo
k=1 k=1
As a corollary, if X1, ..., X, are independent, centered, L?-integrable functions, we
have

E(“”(E Xk\)) ZIE (21Xx1))
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Proof. Let X = | Y j_, exak|. Jensen’s inequality and the subadditivity of ¥ give

E[o(1X))] = E[y (X )] < ¥ (E(X ) (DakP)

n
<Y v(laxl?) =D e(lal).
k=1 k=1

And the corollary follows by symmetrization, noting that for a centered variable Y € L%,
it holds by Proposition 4.5 that

E(e(1Y])) < E(p(I71)) < E(p(12Y1))-

[
Examples. (a) With p(x) = x?, 1 < p <2, we recover the fact that the Banach
space L7 is of type p; see e.g. [48, Vol. 1, Chapter V, p. 188].

(b) We can also take ¢(x) = @q(x) = x log®(1 + x) =: xv(x),0 <o < 1.Letus

prove the concavity of ¥ on R™. Since —u”/u’? = 1/u, we must show that

9" (x)/¢'(x) < 1/x,
or else that
x20"(x) + xv'(x) —v(x) < 0.
This is clear since v” < 0 and
v/ o 1
—_ = < <
v 1+ x)log(1+x) — (1 +x)log(l+x) —

= | =

We now recall that the Khinchin class of an increasing sequence (4, ),>1 of positive
integers is the class of L!-functions f (here with mean zero) satisfying

k
(55) n(x) ==Y flujx) =o(k) ae.
j=1
Marstrand [55] proved that there are L°°-functions which are not in the Khinchin class

of the set N of positive integers. Here is an interesting related result. Koksma [44]
proved that if the function f = stéo arer € L? with

Z |ak|2(10g10g|k|)3 < 00,
|k|=3

that is, f slightly better than £2, then f belongs to the Khinchin class of N. We will
prove here the following.
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Theorem 5.6. Let [ be in the Khinchin class of the positive integers, with moreover
f € LB for some B > 1. Then, f also belongs almost surely to the Khinchin class of
the random set R = {k ; & = 1} =: {up}.

Proof. Let E C T withm(E) = 1 and 74 (x) = o(k) for x € E; see (55). We begin
by observing that

Fux) 4o+ flupx) _
P

N
1
Sy Zékf(kx) with N = up,
k=1

where Sy = lecv=1 & = |Rn|. The number N is random, but tends to oo almost
surely, which is enough here. As we saw, almost surely, my /2 < Sy < 2mpy for N
large; hence, we can instead consider the quotient

|y
Ay = E,;Ekf(kx)

1 |
- Hkgl(ék — &) f(kx) + Hkgakf(kx) —: By + Cy.

We will show that, given x € E, Ay — 0 almost surely. The Fubini theorem will then
give the result. We first observe that the deterministic term Cy tends to 0, because for
any sequence (a,),

n n n
Z ar = o(n) implies Z Oray = O(Z Sk),
k=1 k=1 k=1

which is a consequence of (49) and an Abel summation.
For the random term B, we use a martingale argument. Let us consider the product
space (2 x T, A x B(T), P x m), on which is defined the martingale

My (w,x) = Z (Ex () — 8k) f (kx)

m
k=1 k

relative to the filtration {¥,,} defined by ¥,, = o (£1,...,&,) x B(T). Indeed,

IE:a),x [(En - Sn)f(nx) | 3771—1] = f(nx)Ew,x[(gn - Sn) | ?n—l] = 0.

Now, pick 0 < & < min(8 — 1, 1) and put ¢ = ¢,. We claim that M}, is bounded in L,
a fortiori in L!. Then Doob’s convergence theorem implies the “almost sure almost
everywhere” convergence of the series

i k(@) — 8) flkx)

my

k=1
Applying Kronecker’s lemma, we will conclude that By — O.
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To prove our claim, we first note the easy estimation

Lf] 1
(56) /T|f|1 (1+—)dm()<<W as A — oo.

Letus fix a > 1 and let

k(@) — 8) fkx)

Xi(w) =
mp
Note that
Ié 5k| If(kX)I , my
o(1Xel/a) < [fex)|1 with A = % .
A &k — k|
We integrate with respect to x, using (56) and the invariance of m under x — kx, to
get
5k =kl 1 o 15— Ol 1
/¢(|Xk|/a) dx <C o T )
mea logf A mka logPmy /(& — 5k 1)

We now take the expectation (with respect to w) and obtain

Sk
mya(logmy)p—*

(57) Eox(¢(1Xkl/a)) <

Noting that the assumptions of Lemma 5.5 are satisfied for fixed x, we get by permuting
the order of integrations and changing in (57) a into a/2, a > 2,

M, (o, C’ o "
//(p(m)dwdx _E:S—Z;C_<oo.
a a = x(logmy)B—a a

Indeed, for any sequence (a,) of positive numbers, we have

dan

,; (a1 + -+ +an)logf(ar + -+ + an)

<

when p > 1. By definition of the Orlicz norm, we get the claim: [|[My[l, < C”. =

5.4. T is almost surely p-Rider. In [49] and [50], the authors constructed inside
(a variant of) 7' a random subset of positive relative density, which is 4 /3-Rider and
A(q) for each ¢ > 2. (We will come back to this in a forthcoming work.) Here, with
the idea of randomly mimicking the Furstenberg set S, we have to deal with the whole
of T'. We can prove the following.
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Theorem 5.7. Almost surely, the set T := T (w) is p-Rider for p > 4/3 and not
p-Rider forall p < 4/3.

As we already showed in Proposition 4.8, the mesh condition implies that 7" is not
p-Rider for p < 4/3. The proof of the other claim is more elaborate, and relies on the
following result, due to L. Rodriguez-Piazza, which extends Pisier’s result for Sidon
sets [68, Teorema 2.3, pp. 85-86]. We refer to Section 3.1 for the notions involved.

Theorem 5.8 ([68]). Let E be a set of positive integers and 1 < p < 2. The following
are equivalent:

(1) E is p-Rider.
(2) For every finite subset A of E, there exists a subset B of A such that
B is quasi-independent and |B| > §|A|°,
where ¢ = % — 1 < 1 and where § is a positive constant.
We now need the following lemma ([49, Lemma II.1, p. 115]).
Lemma 5.9 ([49]). Lets > 2 and A be positive integers. Set
Qs(A) ={w : T(w) N [A, oo[ contains at least a relation of length s}.

Then oo
P(Qs(4) = — > 8mS™2 with C = de.
Jj>A
We denote T, = T N [1,k],k = 1,2,.... Then the following holds.
Lemma 5.10. Let A, = (nlog> n)"; then
(1) X1 P(Ra(An)) < o0y
(2) Almost surely, |Ty,| < (nlogn)? for all integers n large enough.

Lemma 5.10 means that with high probability, T does not contain any “short”
relation at infinity, and contains relatively few elements near the origin.

Proof of Theorem 5.7. Let us take Lemma 5.10 for granted. Denote
Q= Q\ limsup Q,(4,), 7 :={w:|T4,| < (nlogn)?for n large}.
n
It holds that P (') = P(Q") = 1, P(' N Q") = 1, by the Borel-Cantelli lemma. Let

usfixw € Q' N Q" and then T := T(w). Let ng(w) =: ng > 1 such that w ¢ Q,,(4,)
for n > ng. Then, by definition,

(58) T N [Ap, ool contains no relation of length < n for n > ny.
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Moreover,
(59) |T4,| < (nlogn)® forn > ny.

Now, we fix some finite subset £ of T and we put n = |E|®. We can assume that
n > max(ng,n1). We then observe that

|E N [An.00[| = |E| — |E N1, A4,]| = n'/® — C(nlogn)? = §n'/® > n

for large n, provided that 1/& > 2, or else ¢ = ; — 1 < 1/2. And this condition
is equivalent to p > 4/3, which was our assumption. But then, if we take F C E N
[A,,, oo with | F'| = n, this set is quasi-independent by (58), and has the right cardinality
in order to apply Theorem 5.8.

All this shows that, for € Q' N Q”, T(w) is p-Rider for all p > 4/3. This ends
the proof of Theorem 5.7 up to that of Lemma 5.10. ]

A sketchy proof of Lemma 5.10. The proof is sketchy since it is similar to that of
Lemma I1.3 in [49]. First, Tchebycheft’s inequality and (52) give

B(|Ta, |~ B(Ta, )| > ma,) < =52 = 1 :

n

mg, < (nlogn)?’
so that
> P(|ITa,| — E(IT4,1)| > (log 4n)?) <

n>1
In other terms, one has (59), giving the second assertion. Next, according to Lemma 5.9,
we have

L (log? j "2

ct log?

P(2n(An) < — 3 —
J>An

C log=t)" C" (log= A,)"

S [T  C o A
n Ay An

by using an integration by parts, or else

Cn 1 2n Cn
n" (nlog> n)n (logn)"

which gives the first assertion. u
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