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Transversal family of non-autonomous conformal
iterated function systems

Yuto Nakajima

Abstract. We study Non-autonomous Iterated Function Systems (NIFSs) with overlaps. A NIFS
on a compact subset X C R is a sequence ® = ({¢;j ) Ve j>);?‘; | of collections of uniformly
contracting maps ¢l.(j )X > X , where 1%/) is a finite set. In comparison to usual iterated func-
tion systems, we allow the contractions (p;j ) applied at each step j to depend on j. In this
paper, we focus on a family of parameterized NIFSs on R””. Here, we do not assume the open
set condition. We show that if a d-parameter family of such systems satisfies the transversality
condition, then for almost every parameter value the Hausdorff dimension of the limit set is the
minimum of m and the Bowen dimension. Moreover, we give an example of a family {®; };cr
of parameterized NIFSs such that {®;};cr satisfies the transversality condition but ®; does
not satisfy the open set condition for any ¢ € U.

1. Introduction

The aim of this paper is to develop the dimension theory of Iterated Function Systems
(IFSs). An IFS on a compact subset X C R™ is a collection {¢1.,. .., ¢, } of uniformly
contracting maps ¢;: X — X. It is well known that there uniquely exists a non-empty
compact subset A C X such that

n
A=),
i=1

called the limit set of the IFS ([4]). In order to analyze the fine-scale structure of the
limit set, it is important to estimate the dimension of the limit set. If the conformal
IFS satisfies some separating condition, the Hausdorff dimension of the limit set is
the zero of the pressure function corresponding to the IFS (see e.g., [1,9]).

It is natural to consider a non-autonomous version of the IFS as an application
for various problems (see e.g., [11, 13,25]). A Non-autonomous Iterated Function

Mathematics Subject Classification 2020: 28A80 (primary); 28 A35 (secondary).
Keywords: Hausdorff dimension, non-autonomous iterated function system, transversality
method, pressure function.


https://creativecommons.org/licenses/by/4.0/

Y. Nakajima 58

System (NIFS) on a compact subset X C R™ is a sequence ® = ({d)i(j )}ie JE
of collections of uniformly contracting maps ¢i(j )X > X , where 1) is a finite set.
The system @ is called an IFS if the collections {¢i(j )}ie 7 are independent of ;.
In comparison to usual IFSs, we allow the contractions q’)i(j ) applied at each step j
to depend on j. As a remarkable result for NIFSs, we mention the theory of Non-
autonomous Conformal Iterated Function Systems (NCIFSs) which is introduced by
Rempe-Gillen and Urbariski [16]. A NCIFS on a compact subset X C R™ is a NIFS
which consists of collections of conformal maps ¢(j )X > X satisfying some mild
conditions contalmng the Open Set Condition (OSC) which is defined as follows. We
say that a NIFS ({d) }lel(,)) , on a compact subset X with int(X) # @ satisfies
the OSC if for all j € N and all distinct indices a, b € 1D,

¢ (int(X)) N ¢ (int(X)) = 0. (1.1)

Then the limit set of the NCIFS ® = ({¢(j ) bier j))})il is defined as the set of possible
limit points of sequences qﬁwl)(qﬁ(z) . (qb(l)(x)) .., w5 € 1D forall j €{1,2,...,i},
x € X. The condition (1.1) imposes restrictions on the overlaps in the limit set of the
NCIFS. Moreover, Rempe-Gillen and Urbafiski introduced the lower pressure func-
tion P [0, 00) — [—00, 0o] of the NCIFS ®. Then the Bowen dimension s¢ of the
NCIFS @ is defined by s¢ = sup{s > 0: Pg(s) > 0} = inf{s > 0: P4(s) < 0}.
Rempe-Gillen and Urbanski proved that the Hausdorff dimension of the limit set is
the Bowen dimension of the NCIFS ([16, 1.1 Theorem]). For related results for non-
autonomous systems satisfying some separating condition, see [3, 13].

In this paper, we consider NIFSs in the complicated overlapping case. Here, we do
not assume the OSC (1.1). To investigate NIFSs with overlaps, we focus on a family
of parameterized NIFSs on R by using the transversality method. The transversality
method is utilized for the dimension estimation of the limit sets of parameterized IFSs
involving some complicated overlaps (see [5,6,15,17,20]). This method also provides
a crucial tool for the absolute continuity of the invariant measures (e.g., Bernoulli
convolutions) of IFSs or some variations (see [14,18,19,23]). For some general family
of functions with the transversality condition, see [12,17,22]. One of the aims in this
paper is to provide a non-autonomous version of the classical transversality method
(Main Theorem A). Furthermore, we give a family of NIFSs for which we essentially
use Main Theorem A to estimate the Hausdorff dimension of limit sets of the NIFSs
(Main Theorem B).

The paper is organized as follows. In Section 2 we introduce transversal families
of non-autonomous conformal iterated function systems on R™. In Section 3 we con-
sider some conditions for a deeper understanding of the system given in Section 2.
Section 4 is devoted to a proof of one of the main results. As preliminaries for the
proof, we give some lemma for conformal maps on R™ and construct a Gibbs-like
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measure on the symbolic space. Finally, we give the proof by using the transversal-
ity method. In Section 5 we give an example of a family {®;},ey of parameterized
NIFSs such that {®; };cp satisfies the transversality condition but ®; does not satisfy
the open set condition (1.1) forany ¢ € U.

2. Main results

In this section we present a framework of transversal families of non-autonomous con-
formal iterated function systems and give the main results on them. For each j € N,
let 1) be a finite set. For any n,k € N with n < k, we introduce index sets

k 00 n 00
=111, 12=][1Y. 1rr=][1Y. and 1°:=]]1Y.
j=n j=n j=1 j=1

Let U Cc R?. Forany t € U, let ®; = (<I>§j ) )72 be a sequence of collections of
maps on a set X C R™, where

O = (¢ X > X}icron-

i,

Letn,k € N withn < k. For any w = w,wp+1-- 0 € I,’f,we set
b = c(u’;),t O-- °¢g;),t'
Letn € N. Forany ® = wpwp41 -+ € I° and any j € N, we set
W|j 1= Opp1 - Oppjoy € T

Let V. C R™ be an open set and let ¢: V — ¢ (V) be a diffeomorphism. We denote
by D¢ (x) the derivative of ¢ evaluated at x. We say that ¢ is conformal if for any
x eV,D¢(x):R™ — R™ is a similarity linear map, that is, D@ (x) = ¢y - Ay, where
¢x > 0 and A, is an orthogonal matrix. For any conformal map ¢: V — ¢ (1), we
denote by | D¢ (x)| its scaling factor at x, that is, if we set D¢ (x) = cx - Ax we have
|[D¢(x)| = cx. For any set A C V, we set

[D¢lla = sup{|[Dp(x)| : x € A}.

We denote by £4 the d-dimensional Lebesgue measure on R¢. We introduce the
transversal family of non-autonomous conformal iterated function systems by em-
ploying the settings in [16] and [17].
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Definition 2.1 (Transversal family of non-autonomous conformal iterated function
systems). Letm € N and let X C R™ be a non-empty compact convex set. Letd € N
and let U C R¥ be a non-empty open set. For each j € N, let 1) be a finite set. Let
t € U.Forany j € N, let d>§j) be a collection {¢t'(§): X — X};eyh of maps gbfi)
on X. Let &, = (Cbgj));";l. We say that {®,};ep is a Transversal family of Non-
autonomous Conformal Iterated Function Systems (TNCIFS) if {®, };cp satisfies the
following six conditions.

1. Conformality: There exists an open connected set V' O X (independent of i, j

and ¢) such that for any 7, j and t € U, ‘151'(,{)

such that ¢§,{)(V) cV.

extends to a C! conformal map on V

2. Uniform contraction: There is a constant 0 < y < 1 such that for any ¢t € U, any
neN,anyw € [[®andany j € N, D@y, ((x)] < y/ foranyx € V O X.

3. Bounded distortion: There exists a continuous function K: U — [1, co) such that
foranyt € U,anyn € N,any w € [;°,andany j € N,

D¢y, (x1)] < K(1)| Do), 1 (x2)| 2.1

for any x1,x, € V.

4. Distortion continuity: For any n > 0 and ¢ty € U, there exists § = §(, fp) > 0 such
that for any r € U with |t —ty| < §, forany n, j € N, and for any w € I°,

Do, .
oo < 1PF0b ol
[Da, «lx

We now define the address map as follows. Lett € U.Foralln € N and all w € 12°,

< exp(jn)- 2.2)

() S, (X)
j=1

is a singleton by the uniform contraction property. It is denoted by {x4_» }. The map
Tng 10— X

is defined by w +— x4 5. Then m, ; is called the n-th address map corresponding
tot. Note that for any ¢t € U and n € N the map 7, ; is continuous with respect to the
product topology on ,>°.

5. Continuity: Let n € N. The function U x I° 3 (¢, w) — m, ;(w) is continuous.

6. Transversality condition: For any compact subset G C U there exists a sequence
{Cn )52, of positive constants with
log C
lim ——" =0
n—00 n
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such that for all w, 7 € I,>° with w, # 1, and forall r > 0,
La({t € G |mpi(@) — s (D] < 1)) < Cur™.

Remark 2.2. We have the following remarks.

(i) If m > 2, the conformality condition implies the bounded distortion condi-
tion. For the details, see [16, page 1984, Remark].

(i) Letn € Nandlett € U. Then for any w € I;°, we have
Tpe(w) = lim ¢w|_,-,t(x),
j—ooo

where x € X.

Proof. Since ¢w|j+k,t(x) = ¢w|j,t(¢wj+1~-wj+k,t(x)) € ¢w|j,t(X) for any
J.k € N, we have lim; 00 ¢, ¢ (X) = liMg 00 Poo; 4.1 (X) € Poo|; £ (X)
forany j € N. Hence, lim; 00 o), 1 (X) = 7n 1 (®). [

(iii) In the case of usual IFSs, the constants C, in the transversality condition
are independent of n since the n-th address maps 7, ; are independent of n.

Let {®;};cy be a TNCIFS. For any ¢ € U, we define the lower pressure function
P,:[0,00) = [—00, 0] of ®; as follows. For any s > 0 and n € N, we set

Zni(s) =Y (IDgusllx)*, (2.3)
wel”
and |
P,(s) := liminf — log Z, ;(s) € [—00, o0]. 2.4)
n—oo n

By [16, Lemma 2.6], the lower pressure function has the following monotonicity. If
§1 < 2, then either both P, (s1) and P, (s) are equal to oo, both are equal to —oo, or
P,(s1) > P,(s2). Then for any t € U, we set

s(t) =5(P;) :==sup{s > 0: P,(s) >0} =inf{s > 0: P,(s) <O}, (2.5)

where we set sup @ = 0 and inf @ = co. The value s(¢) is called the Bowen dimension
of ®,. We define the limit set J; of ®; by J; := my,(1*°).

Remark 2.3. The Hausdorff dimension function ¢ — dimg (J;) is Borel measurable
by the continuity condition. To see this, let ¢y € U, ® € I°°. By the continuity condi-
tion, for any ¢ > 0, there exists a neighborhood Ny, ,, C U of 7o and a neighborhood
M, C I of @ such that for any (¢, 7) € Ny, X My, |71,:(7) — 71,49 (0)] < €.
Since [ is a compact set, we can find wy, ..., wg € I*° such that I = My, o, U
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«+U M;, o, Thenforany t € U witht € Ny, N+ N Ny oy, any i € {1,...,k},
and any T € My o, , |m1,:(7) — 71,4, (w;)| < &, which implies that the map ¢ — J; is
continuous with respect to the Hausdorff metric. Furthermore, the Hausdorff dimen-
sion function on the space of compact subsets of R” endowed with the Hausdorff met-
ric is Borel measurable (see [8, Theorem 2.1]). Hence, we obtain the desired property.

For A C R™ we denote by dimpg (A) the Hausdorff dimension of A. We now
present one of the main results of this paper.
Main Theorem A (Theorem 4.10). Let {®;};cv be a TNCIFS. Then

(1) dimg(J;) = min{m, s(¢)} for £4-a.e.t € U;

(i) Em(Jy) >0for Ly-aet e{t €U :s(t)>m}.

Main Theorem A is a generalization of [17, Theorem 3.1]. We illustrate Main
Theorem A by presenting the following important example. We set

1

— . _ . —5/8
X_{zeC.|z|§ 1—2x5—5/8}’ U={reC:|t| <2x5°%1¢R}.

Note that 2 x 575/8 » 0.73143 > 1/+/2. Lett € U. For each j € N, we define the
maps ¢\): X — X and ¢Y): X — X by
. . 1
¢§'ft)(z) =tz and ¢§{t)(z) =tz + =
respectively. For each j € N, we set

. . . 1
cpgf) = {¢§{t),¢§{t)} = {z = tz,z >tz + 7}
and @, = (@Ej ))]?’il. We now present the following theorem, which is the second
main result of this paper.

Main Theorem B (Proposition 5.2 and Proposition 5.5). The family {®;};cu of
parameterized systems is a TNCIFS but ®; does not satisfy the open set condition
(1.1) foranyt € U.

Note that we cannot apply the framework of Rempe-Gillen and Urbanski [16] to
the study of the limit set J, of ®; since ®, does not satisfy the open set condition (1.1)
for any ¢t € U. We calculate the lower pressure function P, of ®; as follows. For any
s € [0, 00),

. . 1 Ky . . 1 ns
Py(s) =liminf —log Y (IDullx) =liminf —log 3

weln weln

1
= liminf — log(2"|¢|"*) = log2 + s log |¢].
n—-oo n



Transversal family of non-autonomous conformal iterated function systems 63

Hence, for each t € U, P,(s) has the zero

log2

t) = .
s(®) —log |¢|

By Main Theorem A, we obtain the following.

Corollary 2.4. Let J; be the limit set corresponding to t. Then
dimg (J;) = min{2,s(¢)} = s(¢)
forae.t €{t e C:|t| <1/+2,t ¢ R}(C U)and
£2(J) >0

forae.t €{t € C:1//2 < |t] <2x5758 ¢ ¢ R}(cC U).

3. On the conditions of transversal families of non-autonomous
conformal iterated function systems

In this section, we give some further conditions under which conditions 3, 4, 5 in Def-
inition 2.1 hold. In the rest of this section, we are going to suppose that {®;},;cpy =
{({qbl.(j]t): X — X}ierh)32 }ieu is a family of parameterized NIFSs with the confor-
mality condition and the uniform contraction condition.

Proposition 3.1. [f m = 1, suppose that there exist positive real valued continuous
Sunctions o, B, and C on U such that foranyt € U, any j € N, anyi € 19,

D¢ (x) - DL ()| < C(1)|x — y[*®

and .
B(r) < Dy (x)]

for any points x, y in a bounded open interval V- O X. Then the bounded distortion
condition holds.

Proof. Lett e U,letn,j € Nandletw € 1,:'+j_1.Then forany x,y e V,

‘log | Do, ()]
|D¢w.e ()]

n+j—1

k k
> 108 DES Gy 1.0 = 1og)D¢§)k),t(¢wk+l...w,,+,._l,,(y))]‘
k=n
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n+j—1

=)
k=n

k k
log‘ D¢§)k),t (¢wk+l Wp4j—1 N (X)) ’ - ]Og‘ Dd)c(uk),t (¢wk+1 Wp4j—1 .t (y)) ‘ ‘

n+j—1
— k k
= ﬂ(t) ! Z ‘D(ﬁ(g)k),t (¢wk+l"'wn+_1‘71=l (X))) - )quc(ok),t (¢wk+1--~wn+_,~,1,t (y)) ‘ ‘
k=n
n+j—1 ©
— a(t
<BO™T D CO| oot 1) = Poysr gy 1.6 (V)]
k=n
n+j—1
<B@)'C@) Y yrOetiTED x — ye®
k=n
C(
< # sup |x _y|0t(t),
ﬂ(l)(l - Va(t)) x,yeV
where y is the constant coming from the uniform contraction condition. |

Letty,t, €e U.Forany j € Nandanyi € 1) we set
657, — dilloo = supllfy) (x) — #i)(0)] : x € X)

and . _
|91 = @pylloo = sup max (97 — ;) loo-

jeNie 1,1 i,tr
Proposition 3.2. Suppose that {®,};cy satisfies the following condition.

(a) For any € > 0 and tg € U, there exists § > 0 such that for any t € U with
lto —t] <6, | Pry — Prlloo <&

Then the continuity condition holds.

Proof. Letn € N.Fix ¢ > 0 and (f9,wp) € U x I°. Since the map 7, 4, is continuous
at wg € 17°, there exists a neighborhood Ny ,, C I.° of wy such that for any 7 €
Nio,w0

n.40(@0) = T (D] < 5. 3.1

Furthermore, we prove the following claim.

Claim 3.3. ForanyteU,any j e N,any 1 = 1, Ty41 -+ € I°, and any point x € X,

1
|¢T\j,t()(x) - ¢‘E|_,’,t(x)| = m”q)lo - th ”00’ (32)

where y is the constant coming from the uniform contraction condition.
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Proof of Claim 3.3.

|¢r|j,t0(x)_¢r|j,t(x)| = |¢r|j—laf0(¢fn+j—l’t0(x)) - ¢T\j_1,to(¢rn+j—1,l‘(x))|
+ |¢‘c|_,—,1,t()(¢‘tn+j_1,t ()C)) — ¢r|j,1,t (¢‘L’n+j_1,t (X))l
= Vj_1||q>t0 — D¢ loo + |¢r|j—1,to(x/) - ¢f|j—1”(x,)|

(by the uniform contraction condition and setting x" = ¢, 41t (X)

P TN Poy — Prlloo + ¥ 2 Pry — Prlloo + -+ + [ Pry — Prlloo

IA

IA

1
m”q)to — D¢l co-

Letting j — oo in (3.2), by Remark 2.2 (ii) we have for any 7 € 1,°,
1
|7Tn,t()(f) - an,t(T)l E m”q)l() - (Dt”OO

By (a), there exists a neighborhood M;, C U of fy such that for any r € M, and any
Tel®,
1 1—y)e ¢
170,20 (T) — e (T)] < =y % =3 (3.3)

By (3.1) and (3.3) we have for any (¢,7) € My, X Niyw, C U x I°,

|7Tn,to(a)0) - ”n,t(t)l = |7Tn,to(a)0) - 7Tn,to('f)| + |7[n,zo(f) - nn,t(f)|

<eg/2+¢e/2=c [

We show that the conditions introduced in [16, Section 10] imply the distortion
continuity condition and the continuity condition. Let 1,7, € U. For any j € N and
any i € I(j), we set

1Dp2) — D) oo = sup{| D)) (x) — D) (x)] 1 x € X}
and
| D@, — DPry oo = sup max D7) — D) oo
]ENZEI

Proposition 3.4. Suppose that {®,};cy satisfies the following conditions.

(a) For any € > 0 and ty € U, there exists § > 0 such that for any t € U with
lto —t| < 68, max{|| Pz, — Pt |loc. [DPsy — DPt]lo} < &

(b) There is a constant 0 < k < 1 such that for any t € U, any j € N, and any
ielW), |D¢i(”t)(x)| > k forany x € X;

(¢c) For any & > 0, there exists § > 0 such that for any t € U, any j € N, any
ielD andanyx,y € X with |x — Dy (x)| - DR ()] <.

Then the distortion continuity condition and the continuity condition hold.
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Note that the conditions (b) and (c) correspond to the conditions (Ka) and (Kb) in
[16, p. 2010], respectively.

Proof. We follow the proof of [16, 10.3 Theorem]. Fix n > 0 and #yp € U. Then take
& > 0 such that

exp(2/<_le) < exp(n), (3.4)

and take §; = 8; (&) such that the condition (c) holds. Furthermore, by the condition
(a) there exists 6 = 8(81, #9) such that for any ¢t € U with |tg — t]| < §,

max{[| Pz — Prlloo, [DPry — D Pslloo} < (1 —y) minie, 81}.

Then by using the chain rule, the mean value theorem, the conditioni (b), and Claim 3.3,
we have forany 7 € U with |to — | <8, anyn, j € N,anyw € I/ /7! andany x € X,

IOg |D¢w,to (X)|
| Do (x)]
n+j—1
k k
= log‘D(pc(ok),to (¢wk+l"'wn+j—l >10 (X))‘ - 1Og)D¢c(uk),t (¢wk+1"'wn+j—1 N3 (X)) ‘ ‘
k=n
n+j—1

< Z ‘1Og| D¢§)’j€) to ¢wk+1 Wp 4 —1 ,to (X)){ - 10g| Dd)c(o];),t (¢wk+1 Wp4j—1 St (X)) | ‘
n+j—1
Z ‘(log|D¢£§3 t0 ¢wk+l"'wn+j—lst0 (x))|_10g|D¢c(ul;),t (¢wk+l"'wn+j—lsl0 (x))D

(log‘Dqﬁg;)t ¢wk+l"'wn+j—l,t0(x))‘ - 10g|D¢c(u]?,t (¢wk+1"-wn+j—1,t(x))|)‘
n+j—1

= Z llog{Dqﬁfﬁ)tO ¢wk+1"-wn+j—1,to(x))} _10g|Dd’c(ol?,t(¢wk+1--~wn+j—1’fo(x))|’
n+j—1
+ Z ‘long‘ﬁg;),t (¢wk+1'"wn+./71,to (x))|_10g|D¢c(oI;),t (¢wk+1"'wn+j71,t (x))”
k=n
I1+j 1

0 (108 oo 00)| = PO s )|

n+] 1
(k)

Z “D‘pwk, ¢wk+1 “Opp j— 1lo(x))|_|D‘/J’c(o];),t(¢wk+1"'wn+./71at(x))\‘

<k ]”Dq)t() — D®; 0o +K_lj8

<2k 1je.
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Hence, we have

”D¢w|j,t0||X
ID¢wl, . llx

Then it follows from (3.4) that the distortion continuity condition holds. The continu-

exp(—2k ! je) < < exp(2c”! je).

ity condition also holds by Proposition 3.2. ]

4. Preliminaries and a proof of Main Theorem A

In this section we give some lemmas for conformal maps on R and give the proof
of Main Theorem A. Let {®; };ecy = {({qﬁi(]t): X — X}ielu));‘il} v be a TNCIFS.
: =l)te

4.1. Lemma for conformal maps

Letn,k € N with n < k. Below, we set | D¢ || := || Db s ||x for any @ € I¥ and
any t € U. We set I* := |, I". This subsection is devoted to the proof of the
following lemma.

Lemma 4.1. There exists L > 1 such that for any t € U, any w € I*, and any
x,y€eX,
[P0 (%) = b (M| = LT KO Dol - |x = yl. @1

where K (t) comes from the bounded distortion condition (2.1).

We now prove Lemma 4.1 by imitating the argument in [10, pages 73-74] as
follows. We set | X| = sup, ,ex [Xx — y[(< 00). For any set A C R™, we denote by
0A the boundary of A. Let VV be an open set with V' O X coming from the conformality
condition in Definition 2.1. We set

inf{{lx —y|:xe X,y € 8V}}
5 .

r =min{|X|,

In order to prove Lemma 4.1, we give the following lemma.
Lemma4.2. Lert € U. Forany w € I * and x € X,
bw,i(B(x, 7)) D B¢t (x), K(O) ™ | Do.e 7).
Proof. Lett € U.Fix x € X.Forany w € I*, we set
Ry = sup{u > 0: B(¢pp:(x),u) C ¢o(B(x,r))}.

Then
0B(Pw,t (x), Rw) N 3¢t (B(x,1)) # 0. 4.2)
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Since B(¢y :(X), Rp) C ¢u:(B(x,r)) C ¢o,(V), by applying the mean value
inequality to the map qba_)’lt restricted to the convex set B(¢y :(x), Ry) and using the
bounded distortion condition (2.1), we have

P (B($0.,1(x). Rw)) C B(x, | D¢y ) llgw () Rw) C B(x, K(1)[[ Dot | Rov)-

This implies
B(¢0.1(x). Rw) C ot (B(x. K1) D ™' Ro))- 4.3)
By (4.2) and (4.3), we have K(¢)|| D¢, || "' Rw > r. By the definition of R,,, we have

Gt (B(x, 7)) D B¢, (x), K(t) | Dt

7). n
We now give a proof of Lemma 4.1.

Proof of Lemma 4.1. Lett e U,w € I*,and x,y € X.

Case 1. |x —y| < K(¢)~'r. By applying the mean value inequality to the map ¢, ;
restricted to the convex set B(x, K(t)~'r) and using the bounded distortion condi-
tion (2.1), we have

b0t (V) € B(¢o,(x), K(t)_1||D¢w,,

Ir).
Moreover, by Lemma 4.2 we have

Do, (V) € B(@o(x), K(1) | Do s

[7) C ot (B(x, 7)) C ot (V). 4.4)

By (4.4) and applying the mean value inequality to the map qﬁ;’lt restricted to the
convex set B(Pe ¢ (x), K(1)™ | Dy ||I7), we have

X = V| = [(P0,0) " (Bos (X)) = (P.0) " (Bo (1))
<N D Bet) Mgy ()P0t (X) — P (V).

By using the bounded distortion condition (2.1), we have

X = | < KO IDdorsll ™"+ [P (X) — oot ()] (4.5)

Hence, we obtain (4.1).
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Case 2. |x —y| > K(t)"'r. Since ¢p 1 (V) ¢ po.r(B(x, K(t)~1r)), there exists z €
dB(x, K(t)~'r) such that ¢, ;(z) belongs to the straight line path from ¢, (x) to
¢w,:(y). Hence,

|0,:(X) = Pt (V)| = [P, (X) — o (2)]. (4.6
Since |x — z| = K(t)~'r, by (4.5) we have
0.t (X) = P (2)| = K(O) T | Dw el - |x — 2| = K(©) ' Do s | K@) 7. (4.7)

By (4.6) and (4.7), we have

—ylr 5
> K(t) 2 D - [x—l.
| vl T IX] ot

|po,i (X) =0 (V)| = K(t

If weset L = |X|/r(> 1), then we obtain (4.1). Thus, we have proved our lemma. m

4.2. Continuity of the map ¢ > s(¢)

We consider the continuity of the map U 2t > s(¢) € [0, 00], where s(¢) is the Bowen
dimension of the system ®; (see (2.5) for the definition). We give the following.

Proposition 4.3. Let {®;};cy be a TNCIFS. Then the map t +— s(t) is continu-
ousonU.

Proof. Fix tyg € U. We now show that the map ¢ — s(¢) is continuous at zy. By the
distortion continuity (2.2), for any 1 > 0, there exists § = (7, tp) > 0 such that for
any t € U with |t —fy| <, for any n € N and for any w € I",

Dozl

exp(—nn) < < exp(nn).

Hence, we have for any n € N, any s € [0, 00), and any ¢ € U with |t — to| < 4,
1 1 1
—sn+ — log Zns(s) < —log Znio(s) <sn+ —log Zn(8),
which implies that for any s € [0, c0) and any ¢ € U with |t — o] < §,
—ST]+£1(S) fﬂzo(s) =< S77+£t(S) (48)

(see (2.3) and (2.4) for the definitions of Z, ;(s) and P, (s)). We divide the argument
into three cases.
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Case 1. s(tp) = oo. Take s > 0. Then by the definition of s(#o), we have P, (s) > 0.

Set o
n= T](S) = {IZLS (EZO(S) < oo)

1 (P, (s) = 00).

By (4.8), we have for any ¢t € U with |t —to] < § = (1, to),
P,(s) = £t0(s) —sn>0.

Then by the definition of s(¢), we have for any ¢t € U with |t —ty| < § = (1, to),

s(t) > s.
Since s is arbitrary, we have lim; 4, s(t) = oo = s(tp).
Case 2. s(tg) € (0,00). Take ¢ > 0 with s(¢9) — & > 0. Then by the definition of s (),
we have P, (s(f0) +¢) <Oand P, (s(t9) — &) > 0. Set

=P, (s(to)+e)
1(6) i { SCar— (Py(s(to) + &) > —00)

(B, (s(t0) + &) = —00),

L2, (s(to)—e)
(o) = { s Luls(i0) —e) <0

(B, (s(t0) — &) = 00),

and 7 := min{n(e), n2(e)}. By (4.8), we have for any t € U with |t — 1] <6 =

5(7)’ tO)s
P, (s(t0) +¢) = P, (s(to) +¢) + (s(to) + &)n <0,

and
P, (s(to) —&) = P, (s(to) — &) — (s(to) —&)n > 0.
Then by the definition of s(¢), we have for any t € U with [t —ty] < § = §(n, to),
s(tg) —e < s(t) < s(tp) + &. 4.9)
Then by (4.9), we have the map ¢ — s(¢) is continuous at ?.
Case 3. s(to) = 0. Take & > 0. By the definition of s(79), we have P, (¢) < 0. Set

_Eto(t‘:) B
n=n(e) = {T (P, (e) > —00)

1 (£t0 () = —00).

Then by the same argument as in the case 2, we have that there exists § = §(7,9) > 0
such that for any ¢t € U with |t — fp| < 6,

0<s(t) <e

Hence, we have the map ¢ > s(¢) is continuous at #. ]
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4.3. Transversality argument

For w € I*, let |w| be the length of w. We prove the following two lemmas by imitat-
ing the proofs of Lemmas 3.2 and 3.3 in [17].

Lemma 4.4. Let ¢,a > 0 and tg € U. We set n = (—elogy)/(4a + &) and take
8 = 8(n, to) coming from the distortion continuity (2.2) ascribed to n and ty, where y

is the constant coming from the uniform contraction condition. Then for all v € I*
andt € U with |tg — t| <6, ||D¢w,,0||“+% < || Do ||*

Proof. By the distortion continuity (2.2), we have

|a+§

£ &
1Dg0.01 4 = exp(loln(a + ) - 1Dgo.

& £
< exp(|oln(a + 7)) 1Dgo. |

(by the uniform contraction condition)

€ €
= eXp(le(n(a + Z) + 7 log V)) Do u
Lemma 4.5. For any compact subset G C U and any @ with 0 < o < m, there exists
a sequence {C’n 190 | of positive constants such that
log C
lim —2=" — ¢
n—>00 n

and for any w, t € 1° with w, # ty,

1 ~
/; |70, (@) — 700 ¢ (T)]¥ d€a(t) < Cy.

Proof. Letn € N. By the transversality condition we have that

1 & 1
/Gm,,(w)—nn,z(r)w 424) = £affr<c: R 2 )

=<6 Frns) a2 A )

| x|~ 00 1
_ /0 £4(G)dx + /lea Co—prg

_ 1 =
= [X|""L4(G) + Co| 7———x

l—m/oc]
—m/o

| X[~

|X "% =: C,.

1
= [X[*La(G) + Ch——
mjo—1

Since%logCn—>Oasn—>oo,wehave%10gCn—>Oasn—>oo. [
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For any w € I*, we define a cylinder set [w] as [w] ={r € [®: 11 =w1,...,T|p| =
w|e|}- We denote by &, the Dirac measure at @ € 1°°. We give a Gibbs-like measure
by employing the proof of Claim in the proof of [16, Theorem 3.2] and the argument
in [3, page 232].

Lemma 4.6 (The existence of a Gibbs-like measure). Lett € U and let s > 0. Then
there exists a Borel probability measure ;s on 1°° such that for any o € I*,

Dot |I*
e ([@]) < K(t)s%, (4.10)

where K(t) is the constant coming from the bounded distortion (2.1) and Zp ;(s) =

Ywern [Ddoll*.

Proof. Letn € N. For any w € I", take an element 7, € [w]. Forany ¢t €e U, s >0
and n € N, we define a Borel probability measure ;s , on I°° as

1
Zn i (5)

> 1D ¢o|I*5e, -

weln

MHt,s.n =

Then
S

e
Hasn(0]) = T2 00

forany w € I". _
Ifwel™ ve 1" and t = wv € I1"%7 | then by the bounded distortion (2.1),

n+1
[D¢o,ll - 1Ddusll < K(2)|[Depes . Hence, forany j € N,

s, 4.11)

1
Znyju(s) = mzn,t(s) Z ‘ Do,
vEIgilj
Thus, we have that for any j € N and for any w € 1",

) B ZUGI:I{ 1D ¢wv,e

N

Mt,s,.n+j ([w]) = /Lt,s,n-i-j( U [wU]

. Zyais(s
UGI;::::{ 'l"r],l( )
Zve]"'” ”D(bv,tns Do
< |1Dpos|’ — < K@) =225 (by (4.11)).
! Ztju(9) Zn s (5)

Let (t;,s be a weak™*-limit of a subsequence of {15, ; }72, in the space of Borel prob-
ability measures on I *° (see e.g. [24, Theorem 6.5]). The above inequality implies
I Dot l*

pes([@]) < K(f)sm- L]
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For any n € N, we define the map 0”: I*° — [°9, by

0" (1w ) = Opy1@py2- - .

This is a continuous map with respect to the product topology. We give the following
simple lemma.

Lemma 4.7. Lett € U. Then foranyn € N and w € I,

(W) = ¢w|n,t(ﬂn+1,t(0n ())).

Proof. Lett € U.Foranyn € N and w € I, we have

{mi@)} = () o X)) = [ o). (X)
j=1

j=n+1

= ¢co|n,,t (ﬂ ¢U"(a))|j,t(X)) = ¢w|n,t ({7Tn+1,t(‘7n(w))})- u
j=1

Forany w = wjwy--+, 71 = 1172 -+ € [® with w # 7 and w; = 11, we denote by
w A t(€ I*) the largest common initial segment of w and 7. In order to prove Main
Theorem A, we need the following which is the key lemma for the proof.

Lemma 4.8. Let {®;};cy be a TNCIFS. Then for any ty € U and any € > 0, there
exists § = 6(tg, &) > 0 such that

dimg (J;) = min{m, s(ty)} — g

for £4-a.e. t € B(ty, ).

Proof. For any ty € U, we set s := min{m, s(ty)}. We assume s > 0, otherwise the
statement holds. For any 0 < ¢ < 2s, we set

_ —¢logy
S A(s—%)+e

where y is the constant coming from the uniform contraction condition. Take § =
8(n, to) coming from the distortion continuity (2.2) ascribed to n and #y. By Lemma
4.4, forany w € I* and t € B(ty, d),

1D ioll~F < | Dpuoe |72 4.12)

Letn € N. Forany p € 1", we set

F:={(w,t) e I®xI®:w # 11},
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Ap i ={(w,7) € I® X I® 10 AT = p},
H ={(w,71)eI®xI®:w=r1}
Then we have 1% x [%° = H U F U| |5, L|,e/» 4p (disjoint union). Let p € I".

By Lemma 4.7 and Lemma 4.1, there exists L > 1 such that for any (w, t) € 4 p and
tey,

|7Tl,t(a)) - ﬂl,t(f)| = |¢p,t(”n+1,t(0na))) - ¢p,t(nn+1,t(0nf))|
> LK) 72D gpsll - |mns1,0(0" @) — Tpg1,e (0" T)]. (4.13)

Let it = fi4,,5—¢/4 be the Borel probability measure coming from Lemma 4.6 ascribed
toto € U and s —e/4 > 0. Since liminf, o (1/n)log Z, 4, (s — €/4) > 0, there exist
b > 0 and ng € N such that for all n > ny,

Zn 1o (s — 2) > exp(bn). (4.14)
By (4.10) and (4.14), we have u({w}) = 0 for any w € I°°. Hence, we obtain that
Gox 0 = [l € 1% @.0) € 1) du)
- /I _nl{eh dp() = 0. (4.15)
We set up = o x p and

1
R(t) := // dits.
o rooxros |T1e(@) — 7wy (T)[578/2 Ha

For simplicity, we use the convention that

I°={0), Ag=F, [0]=1% ¢g,=idgm, and 0¢° =ids,

where id4 is the identity map on the set A. Then

/ R(t)d£,(t)
B(t0,6)

1
=22 //Ap (/B(ro,a) |71, (@) — 1,4 (T) |55/ dt) Az 0)

n>0pel”

(by Fubini’s Theorem and (4.15))
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Ls—s/ZK([)Z(s—s/2)||D¢p . ||—s+a/2
= : dt ) dps (o,
Z Z // (/B — 1,0 (0"T)[57E/2 ) Ha(®@.7)

(t0.8) |Tn+1,1(0" W)

n>0 peln
(by (4.13))
< L2 sup  K(r)*¢7¢/?) ch-f-l Z // 1D 1o |5+ dpiz(, )
teB(t0,0) n>0 pel”n

(by (4.12) and Lemma 4.5)

s—&/2 205-¢/2)) K(19)~*/*
<L ( sup K(r) ZCn+IZ duz(w, )
t€B(t.8) o g Ma i UPD Zn g (s —e/4)

(by Lemma 4.6)

Cni1 1
= Const. Z Zn(s—5/3) Z (o) " duz(w, )

n>0 peln

(we set Const. = L5*/2(sup, c (;,.5) K(1)2C /D) K (19)*~¢/%)

Cn+1

< Const. -
= Comst- ) e/

(since p12(A4,) < p([p])?).

Since (1/n)1og Cyt1 — 0 as n — oo, it follows from (4.14) that

/ R(1)£4(t) < Const. Z Cuta
B(to,8

=~ < 0.
n>0 nt()(s_8/4)

Hence, we have that for £;-a.e. t € B(t,§),

1

where 1 (p) is the push forward measure of p by ;. Since 71 ,(u)(J;) = 1, by
[2, Theorem 4.13 (a)], we have

dimg (J;) > min{m, s(10)} — g

for £4-a.e. t € B(ty, d). =
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In order to obtain deeper results about J; corresponding to the parameter ¢ with
s(t) > m, we need the following. Note that the set {t € U : s(¢) > m} is open by the
continuity of s(¢) (see Proposition 4.3).

Lemma 4.9. Let {®,};cy be a TNCIFS. Then for any to € {t € U : s(t) > m}, there
exists 6 = 8(tg) > 0 such that
Lm(J1) >0

for £4-a.e. t € B(ty,9).
Proof. Fixty € {t € U : s(t) > m}. Take ¢ > 0 such that s(z9) > m(1 + ¢/4) and set

—¢elogy
44+¢

Take § = (7, to) coming from the distortion continuity (2.2) ascribed to 7 and #y. By
Lemma 4.4, forany w € I* and t € B(ty,§),

1D poo o '+ <

(4.16)

Let it = sy, m(1+¢/4) be the Borel probability measure coming from Lemma 4.6
ascribed to 7o € U and m(1 + ¢/4). It suffices to show that the push forward mea-
sure 7y ,(u) of u by my, is absolutely continuous with respect to &£,, for £4- a.e.
t € B(ty,d). In order to do that we set

w1, (u)(B(x,r))
° _/B(zo,s) /Rm 11rni>0f Lm(B(x, 1)) dmy(r)(x)d Ly (1).

We remark that if § < oo, then by [7, 2.12 Theorem] we have 7 ,(u) is absolutely
continuous with respect to £, for £4-a.e.t € B(ty,5). We set i = x u and denote
the m-dimensional Lebesgue measure of the unit ball by b,,. We use the notations and
convention introduced in the proof of Lemma 4.8. Then

§ <liminfb,'r~ [/I La({t € B(t0.8) : Iy 4(@)—m1,4(0)] <)) dptz (@, )

OOxIOO

(by Fatou’s Lemma and Fubini’s Theorem)

~ limintby r 7Y Y //:ed({z € Blt0.8) : |14 (@)—1,(0) | <r}) daae. 7)

n>0pel”

(by (4.15))

< liminf b, ’"ZZ/[ £a({t € B(t0.5) : [T11,(0") — 71,1 (0"7)
n>0pel”

< LK@ Dgp|7'}) dpa(w, 7)
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(by (4.13))
<11rn1nfb mZ ZCnH” Lm( sup K(’))zm”Débpto||_m(1+8/4)li (Ap)

r—0 n=0peln teB(to,0)

(by (4.16) and the transversality condition)

<hm1nfb -m Cppr1r™ L™ ( sup K(2)
ZO,JZ, i L s K)o )

(by Lemma 4.6)

K(l )m(l +¢/4)

u2(4p)

C
< Const. ntl
2 Zniom(1+ 2/4)

(we set Const. = b;le (supteB(tO,S) K(z))zm K(zo)m(l+e/4))_

Since (1/n)log C+1 — 0 as n — oo, it follows from (4.14) that

C
S < Const. ntl < 00. n

Zn,t()(m(l + 8/4))

n>0

4.4. Proof of Main Theorem A
The following is Main Theorem A.

Theorem 4.10. Let {®,},cpy be a TNCIFS. Then
(1) dimg(Jy) = min{m,s(t)} for £5 —a.e t € U;
(i) Em(Jy) >0for Ly-aet e{t €U :s(t)>m}.

Proof. By [16, 2.8 Lemma], for any t € U we have
dimg (J;) < 5(¢) := min{m, s(¢)}.
Hence, it suffices to prove that
dimpg (J;) > 5(1)

for £4-a.e.t € U. Suppose that this is not true. Then there exist ¢ > 0 and a Lebesgue
density point zy € U of the set

{t € U :dimg (J;) < 5() —¢}.
Then there exists o > 0 such that for each 0 < § < &g,

£a({t € B(ty,9) : dimg (J;) < 5(t) —¢e}) > 0. (4.17)
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By the continuity of the function 5(¢) (see Proposition 4.3), if § is small enough, then
5(t) < 5(tg) + /2 for all t € B(ty, §). Thus, for all § sufficiently small we obtain
from (4.17) that

£a(t € B(to,8) : dimg (J;) < §(to) — £/2}) > 0.

This contradicts Lemma 4.8 and completes the proof of the first part of our theorem.
The second part follows from Lemma 4.9 in a similar way. ]

5. Example

In this section, we give a proof of Main Theorem B. We set D := {z € C : |z| < 1}.
For any holomorphic function f on ID, we denote by f’(z) the complex derivative of
f evaluated at z € D. For the transversality condition, we now give a slight variation
of [20, Lemma 5.2]. For the reader’s convenience we include the proof in Appendix.

Lemma 5.1. Let H be a compact subset of the space of holomorphic functions on D
endowed with the compact open topology. We set

Mg = {A €D : there exists f € H such that f(A) = f'(1) = 0}.

Let G be a compact subset of D \ Me. Then there exists K = K(F#,G) > 0 such
that for any f € H and any r > 0,

L({A e G| f)] <r}) < Kr?. (5.1

We now give a family {®, };cy of parameterized systems such that {®,};cp is a
TNCIFS but ®; does not satisty the open set condition (1.1) for any # € U. In order
to do that, we set

U:={teC:|t|]<2x581¢R).

Note that 2 x 575/8 ~ 0.73143 > 1/\/5 Lett € U. Foreach j € N, we define

) . - 1
oY) =z ¢V (2). 2> i) (2)} = {Z > 12,2 >tz + —_}.
, : ]

Proposition 5.2. For any t € U, the system {(ng )}}";1 does not satisfy the open set
condition.

Proof. Suppose that the system {d>§j )}]?";1 satisfies the open set conditiop (1.1). Then
there exists a compact subset X C C with int(X) # @ such that ¢§{t)(int(X )N
¢§{t) (int(X)) = @. Hence, there exist x € X and r > 0 such that

91 (B(xr.r) 03/ (BGx. 1)) = B(ax.|tlr) N Blex + 1/ |t]r) = 0.
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In particular, we have for all j € N,
1
2|t |r < —.
J

This is a contradiction. [

We set
X=qzeC:|z| £ ——.
{Z 2l = 1—2x5—5/8}
Then we have that for any ¢ € U, for any j € N and for any i € IV := {1,2},
(J)(X) C X. Wesetb(]) = Oandb(j) = 1/j foreach j.Letn, j € N. We give the
following lemma.

Lemma 5.3. Lett € U. For any w = wp ++- Wpyj—1 € I,',’J”‘_1 and any z € X we
have _
j
. .
Gos(2) = Pl 00 LTk (e) =tz + FTBGHTDA
i=1
where bgﬁ:l }) €{0,1/(n +i —1)}. In particular, for any o =wy - - -wp4 j—1---€1°,

[e.e]
1),i—1
(@) = ) by )0
i=1

Proof. This can be shown by induction on j and Remark 2.2 (ii). ]

We can show that the family {®; };cp of systems is a TNCIFS as follows.
1. Conformality: Lett € U.Forany j € Nandanyi € 1), ¢l.(,]l.)(z) =tz + bi(j) is
a similarity map on C.

n+j—1

2. Uniform Contraction: We sety =2 x5~ 5/8 Then for any w € I, andz € X,

Do (2)| = It} <y’

by Lemma 5.3.

3. Bounded distortion: By Lemma 5.3, for any o = @, - wy4j-1 € In+] ! and

z € C,|D¢y,(2)| = |t|/. We define the Borel measurable locally bounded function
K:U — [1,00) by K(t) = 1. Then for any w € et

|Ddo.i(z0)] = K1) Do, (22)]

for all z1,z, € C.
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4. Distortion continuity: Fix ty € U. Since the map ¢ — log |¢| is continuous at #g € U,
for any 1 > 0 there exists § = (1, tp) > 0 such that for any ¢t € U with |t — ¢] < 6,

|log |to| —Tog [¢]| < 7.

Hence, we have
[log [tol” /1217 | < jn.

Thus, we have that for any o € I, nti=1

1D ¢o,i ll

exp(—jn) < = exp(log |to|’ /|t|”) < exp(jin).

5. Continuity: By Lemma 5.3, we have for any ¢t € U and any w € [°,

o0
T (@) =Y b1

i=1
Hence, the map (¢, w) — m, () is continuous on U x [>°.

6. Transversality condition: We introduce a set § of holomorphic functions on D and
the set Mg of double zeros in D for functions belonging to §.

g = {f(t) =41+ Zajlj laj € [—1, 1]},
j=1
Mg = {t € D : there exists f € & such that f(r) = f'(t) = 0}.

Note that § is a compact subset of the space of holomorphic functions on D endowed
with the compact open topology. Let n € N. Then we have for any ¢+ € U and any
w,t € I° with w, # 14,
o o
MOEE MO DD AVELEREED DL
i=1 i=1

— bgz) —bg”) Z b(n+z D _ plti- 1))

Wp+4i—1 "-'n+l 1
1 .
=;(i1+2n<bé:i@:? D).
i=2

Then the function ¢ — +1 4+ Y 72, n (bc(,)nn ﬁ-: }) bgll]: 11))t"_1 is a holomorphic
function which belongs to §. Let G C D \ Mg be a compact subset. By Lemma 5.1,
there exists K = K(§, G) > 0 such that for any w, v € I° with w, # 1, and any

r>0,

£2({t € G : [Tp (@) — s ()] < 1})
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o0
— Jﬁz({t €eG:|£1+ Zn(bfu'i:lj) _bgzi-lfjll))ti—1| - nr})

i=2
< K(nr)?.

If we set C,, ;== Kn? for any n € N, we have
L2({t € G : |7Tn,t(w) - nn,t(f)| <r} =< Cnr2
and
1 1 2
—logC, = —logK + —logn — 0
n n n

asn — oo.
Finally, we use the following theorem.

Theorem 5.4 ([21, Proposition 2.7]). A power series of the form 1 + Z;”;l aj z/,

with aj € [—1, 1], cannot have a non-real double zero of modulus less than 2 x 575/8,

By using the above theorem, we have that U = {t € C : |[t| <2 x 57%/8 t ¢ R} C
D \ Mg. Hence, the family {®, };cy satisfies the transversality condition.

By the above arguments, we obtain the following.

Proposition 5.5. The family {®;};cvy of parameterized systems is a TNCIFS.

Appendix

In order to prove Lemma 5.1, we give some definition and remark.

Definition 5.6. Let G be a compact subset of R?. We say that a family { B(x;, rl-)}f.‘:1
of balls in R¢ is packing for G if foreachi € {1,...,k}, x; € G and foreach i, j €
{1,...,k} withi # j, B(x;,r;) N B(xj,rj) = 0.

Remark 5.7. Let G be a compact subset of R, let r > 0 and let {B(x;, r)}f.‘=l be
a family of balls in R<. If {B(x;, r)}f.‘=1 is packing for G, then there exists N € N
which depends only on G and r such that k < N.

Proof. There exists a finite covering { B(y;,r/2) };VZI for G since G is compact. Here,
N depends only on G and r. Since x; € G for each i, there exists j; such that x; €
B(yj;,r/2).Since {B()ci,r)}f.‘:1 is adisjoint family, if i #/ € {1,...,k},then j; # j;.
Thus k < N. ]

We give a proof of Lemma 5.1.
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Proof of Lemma 5.1. Since J is compact and the set My is the set of possible double
zeros, we have that there exists § = §g > 0 such that for any f € J,

[f)] <8 =|f'(L)]>8ford €. (5.2)
We assume that r < §, otherwise (5.1) holds with K = £,(G)/82. Let
Ari={AeG:|f(D)] =r).

Let Co(G) be the convex hull of G. We set M = Mg := sup{|g”’(A)| € [0,00) : A €
Co(G), g € #}. Since Co(G) is compact and F is compact, M < oo. Fix zg € A,.
By Taylor’s formula, for z € G,

|f(z) = f(zo)| = | f'(z0)(z = Z0) +/ (z =& f"()dEl,

where the integration is performed along the straight line path from z¢ to z. Then
| f'(z0)| > 6 by (5.2). Hence,

1/ (2) = fzo)l = | f'(z0) ||z = 2ol = M|z — zo* > 8|z — zo| = M|z — zo|*.

Now if we set

4r ]
Azgr = {z eD*: 5 < |z —zo] < ﬂ}
then for any z € 4,,,,,
4r §
81z — 20l = M|z = 2" = |z = 20|(6 — M|z = z0) > %5 = 2r.

and | f(z)| > | f(z) = f(z0)| — | f(z0)| > r. It follows that the annulus A, , does not
intersect A,.

Assume that 4r/§ < §/4M , otherwise (5.1) holds with K = £,(G)(16M/§?)?.
Then the disc B(zg, 8/4M) centered at zy with the radius §/4M covers A, N
{z:|z—2z¢| <8/2M}.Thenfix z;y € A, \ {z : |z — z0| < §/2M }. Since the annulus
Az, r does not intersect A,, B(zy,8/4M) covers (A, \ {z : |z —zo| < 8/2M}) N
{z:|z—2z1] <8/2M} and B(zo,8/4M) N B(z1,8/4M) = 0. If we repeat the pro-
cedure, we get a finite covering {B(z;, 6/4M )}f-‘=0 for A, since A, is compact.
Then {B(z;, 8/4M)}{.‘=0 is packing for G. By Remark 5.7, there exists N € N which
depends only on # and G such that k < N. Since the annulus A, , does not inter-
sect A, foreachi € {0,...,k}, {B(z, 4r/8)}f:0 is also a covering for A,. Hence,
we have

k
£28,) = £a({UtB G 47/ )

i=0
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k
=) & ({B(zi, 4r/5)})
i=0

4r\? 4\,

where the constant C does not depend on # and G. If we set K := NC(4/8)?, we
get the desired inequality. [
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