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Internal aggregation models with multiple sources
and obstacle problems on Sierpinski gaskets

Uta Freiberg, Nico Heizmann, Robin Kaiser, and Ecaterina Sava-Huss

Abstract. We consider the doubly infinite Sierpifiski gasket graph SGo, rescale it by factor
27" and on the rescaled graphs SG, = 27""SGo, for every n € N, we investigate the limit
shape of three aggregation models with initial configuration o;, of particles supported on mul-
tiple vertices. The models under consideration are: divisible sandpile in which the excess mass
is distributed among the vertices until each vertex is stable and has mass less or equal to one,
internal DLA in which particles do random walks until finding an empty site, and rotor aggre-
gation in which particles perform deterministic counterparts of random walks until finding an
empty site. We denote by SG = cl(Uzc’:O SGn) the infinite Sierpinski gasket, which is a closed
subset of R2, for which SG,, represents the level-n approximating graph, and we consider a
continuous function o: SG — N. For o we solve the obstacle problem, and we describe the
noncoincidence set D C SG as the solution of a free boundary problem on the fractal SG. If the
discrete particle configurations o, on the approximating graphs SG,, converge pointwise to the
continuous function o on the limit set SG, we prove that, as n — oo, the scaling limits of the
three aforementioned models on SG,, starting with initial particle configuration o, converge to
the deterministic solution D of the free boundary problem on the limit set SG C R?. For D we
also investigate boundary regularity properties.
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1. Introduction

Internal DLA (shortly IDLA) on 79, asa special case of the Diaconis—Fulton smash
sum [7], was introduced in [18], and it is a random cluster growth model in which m
particles are initially located at the origin o € 74, and each of them performs a simple
random walk until arriving at a site that has not been visited before, at which site the
particle stops and occupies that position forever. The resulting random subset of occu-
pied sites in 74 is called internal DLA cluster and has, for m — oo, a deterministic
limit shape as shown in [18]. Divisible sandpile is a deterministic growth model intro-
duced in [21] as a potential theoretical tool to approach internal DLA, and relaxes the
integrability condition in the similar model, the Abelian sandpile. Divisible sandpile
uses a continuous amount of mass, and any site with mass more than one is unstable
and topples by keeping mass one for itself and distributing the rest equally among the
neighbors. As proved in [21], as time goes to infinity, the sequence of mass configu-
rations converges pointwise to a limit configuration in which each site has mass < 1.
By starting with mass m in 0 € Z¢ and zero everywhere else, the subset of toppled
sites in Z in the limit configuration, called the divisible sandpile cluster, has as limit
shape a Euclidean ball, like in the internal DLA case. Finally, in the deterministic
counterpart of internal DLA, called rotor aggregation [20], m particles starting at the
origin 0 € Z¢ perform rotor walks (deterministic analogues of random walks) until
finding sites unvisited previously, where they settle forever. The set of occupied sites
is called rotor cluster and has on Z¢ the same limit shape as internal DLA and divis-
ible sandpile as shown in [21]. All three models are Abelian, in the sense that, for
the resulting final configuration or for the set of occupied sites, it does not matter in
which order particles move or in which order sites are being stabilized.

For single point sources of m particles starting at a fixed vertex o in the underlying
state space, there has been intensive work that concerns mainly the limit shape and
the fluctuations of the cluster around the limit shape. While it is believed that the three
models share the same limit shape on any state space, so far the available limit results
rely very much on the geometry and the growth of those spaces and, in particular,
on the long term behavior of random and rotor walks on them. Other than Zd, we
mention here a few of the state spaces where the limit shapes for the above models and
particles starting at the same vertex have been investigated: on trees internal DLA [4]
and rotor aggregation [17]; on comb lattices [10,11]; internal DLA on cylinder graphs
in [13]; on Sierpiriski gasket graphs internal DLA in [5], divisible sandpile in [12], and
rotor aggregation together with Abelian sandpile in [6]. In particular, the Sierpiriski
gasket graph is the only non-trivial state space (other than Z) where even a fourth
model, the Abelian sandpile shares the same limit shape with the other three above
introduced models. We do not focus on this model, but we would like to emphasize
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that on Z< the scaling limit for the Abelian sandpile exists, but a precise description
is still an open problem.

While the above results focus on initial mass or particle configurations supported
on a single vertex, it is natural to extend these configurations to general functions
with bounded support, and to describe the limit shapes and fluctuations. A first step
in this direction has been done in [22], where the authors investigate scaling limits for
the aggregation models with multiple sources on lattices §,Z¢, with 8, | 0, so the
processes are run on finer and finer lattices. Given a function o on R¥, there is a nat-
ural way to construct a corresponding obstacle y for o and to investigate its smallest
superharmonic majorant s. Then the noncoincidence set for the obstacle problem D is
the set D := {x € R | s(x) > y(x)}; for more details on obstacle problems and free
boundary problems in R4 we refer the reader to [9]. In [22], the authors consider the
three models of cluster growth on lattices 8, 2% with starting initial configurations oy,
on 8,724 converging in an appropriate way to o on R4, and they prove that the result-
ing sets of occupied sites converge in the Hausdorff metric to the noncoincidence set
D C R4, for reasonable assumptions on the function o. Their approach is based on
potential theoretical analysis in R¢ where most of the needed tools and estimates are
well understood.

Our contribution. While it is not clear how to extend such an analysis on any arbi-
trary state space and how to pass from discrete potential theory to its continuous
counterpart on some limiting object similar to R4 in order to get a precise under-
standing of the scaling limits for the aggregation models, the focus of this work is on
a particular class of fractals: Sierpiriski gaskets SG as closed subsets of R2. On the dis-
crete graph approximations SG, of SG, we have a good understanding of the random
walk and its limiting process Brownian motion, and they are a rich source of objects
with scaling-invariance and self-similar properties on which potential theory is well
understood. The limiting object SG which takes the role of R¥ from [22], is from the
potential analytical point of view also well understood, even if the analysis on fractals
is completely different from the case of R . In order to explore the scaling invariance
of the graphs SG;, and the decimation invariance of random walks on them, unlike the
case of Z%, we cannot rescale the graphs by any arbitrary sequence &, converging to
0, and we take 8, = 27", the choice of the scaling constant will be made clear below.
The main goal of the underlying work is to study obstacle problems for functions o
on the limit gasket SG and to describe the noncoincidence set D C SG and its main
properties, by a careful analysis on fractals. On the approximating graphs SG, with
discrete particle configurations o;, that converge to ¢ on SG in a way to be described
below we show that the divisible sandpile cluster, the internal DLA cluster, and the
rotor aggregation cluster share the same scaling limit that converges to the noncoinci-
dence set D C SG, similar to Z4 and R¥ from [22]. We would like to emphasize that
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the analysis from R¢ does not immediately carry over to fractals, and there are several
differences and difficulties to deal with on SG; for instance, on the Sierpinski gasket,
there is no known globally defined Green function and this makes the investigation of
obstacle problems more subtle. One can overcome this issue on the gasket by defining
the solution of the obstacle problem as a limit of solutions of obstacle problems on
approximating graphs and showing that this is indeed well-defined.

Main results. In order to state our results, we first refer the reader to Section 2.2,
where the level-n approximations SG, (infinite graphs) as rescalings of the doubly
infinite Sierpiniski gasket graph SGo by the factor 27" and the “continuous limit-
ing object” SG as a closed subset of R? are introduced. Let B(0, 2%) be the closed
Euclidean ball of radius 2/ around 0 in SG, i.e., two compact triangles with side length
2! joined together at 0, where [ € N, and set Tr; = B(0, 21). If we define the Green
function Gy, on SG N Tr; as in (2.5), and for a function f:Tr; — R we set

Gy f(x) = / Gy (6 ) F ) ().

Try

where p is a multiple of the Hausdorff measure on Tr;, then we first prove the follow-
ing.

Proposition 1.1. Let 0:SG — [0, 00) be bounded and continuous almost everywhere,
such that supp(o) is also bounded. We define the obstacles on Tr; C SG by

Y, = =G, (0 —1),
and the superharmonic majorant of yr, by
s, = inf{ f | f is continuous, superharmonic and f > yr,}.

Then for the functions ur, = S, — Vr,, the pointwise limit u = lim;_, o, Uy, exists
and is well-defined. Furthermore, the set D = {u > 0} C SG is bounded.

Starting with an almost everywhere continuous function o on SG as in Proposi-
tion 1.1, we consider discrete initial particle densities o; on SG,, that converge to o,
and for o, we perform divisible sandpile, internal DLA, and rotor aggregation on SG,,.
We denote the respective clusters by Dy, I, and R, where the subscript # indicates
that we are on the approximating graph SG, (i.e., we perform divisible sandpile, IDLA
and rotor router aggregation with initial density o, on SG,). The next result shows that
the scaling limit of these three models converges in the Hausdorff metric to the non-
coincidence set D = D U {o > 1}°, where D is the set from Proposition 1.1. We say
that the sequence (A4, )neN of sets A, € SG, converges to the set A C SG, if for every
& > 0, there exists ng € N such that for all n > ng it holds that

A, NSG, C A, C A°,
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AN (x)

Figure 1. The double sided infinite Sierpiriski gasket and AA! (x) for x = (1,0).

where A, and A¢ are the inner and outer e-neighborhoods of A4, respectively. A special
case of the densities o, is as in the result below, where o, (x) can be obtained by
averaging o over a neighborhood of x in SG.

Theorem 1.1. Let 0:SG — Ny be bounded with compact support and continuous
almost everywhere, such that {oc > 1} = {0 > 1}°. Let D,, R, and I, be the final
set of occupied sites (resp. toppled sites in the sandpile) formed by divisible sandpile,
rotor aggregation and internal DLA, respectively, started from initial density

oa() = w281yt

AAn—‘rl(

L) (1.1)

X

on SGy, for every n € N. Then D,, Ry — D and I, — D with probability one, as
n — oo.

For the definition of AA" ™1 (x) see equation (2.3), and for an example of AA! (x),
together with an illustration of SG, see Figure 1. Theorem 1.1 is a summary of Theo-
rem 3.1 (divisible sandpile scaling limit), Theorem 4.2 (rotor aggregation scaling) and
Theorem 5.1 (internal DLA scaling limit), for the choice (1.1) of the discrete particle
densities o0;,.

The structure of the paper. In Section 2 we introduce the three aggregation mod-
els (divisible sandpile, internal DLA, rotor aggregation), the Sierpifiski gasket SG as
well as its discrete graph approximations SG, for n € N, and the potential theoretical
tools on fractals. In Section 3 we prove the limit shape result for the divisible sand-
pile model, by defining the limiting process on SG as a limit of processes on compact
subsets of SG. Section 4 investigates the limit shape for rotor aggregation while Sec-
tion 5 deals with the internal DLA model. Finally, in Appendices A and B we show
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Figure 2. Divisible sandpile for initial configuration 0 = 1g((—2.0).1) + 1B((=1/2.0).2)
on SG».

how to calculate the solution of the free boundary problem for a specific starting con-
figuration 0. We also show here that the boundary of the noncoincidence set of the
free boundary problem is a null set with respect to the Hausdorff measure on SG, as is
needed in the proof of the scaling limit for internal DLA.

2. Preliminaries

2.1. Internal aggregation models

Let G = (V, E) be an infinite, locally finite and regular graph, i.e., every vertex has
degree d € N. If x and y are neighbors in G we write x ~ y, and we denote by d(x, y)
the graph distance in G.

Divisible sandpile. A function vy: V' — R is a sand distribution on G if v is non-
negative and has finite support. The toppling operator at x is

Txvg = v + max{vg(x) — 1,0} Ag Ly,

where 1y)(-) is the function on V' taking value O everywhere except a single 1 at
the vertex x, and Ag is the graph Laplacian of G, i.e., the operator defined on real
functions on V' given by

(36 N =5 Y 1)~ f).

Z~X

The toppling operator T takes the mass exceeding 1 at x and distributes it equally
among its neighbors. For a sequence of vertices (X )ren, define the associated top-
pling process by

Vp = Tx" e Tx1 Vo,
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where v, is the sand distribution after the first n topplings have been performed. We
remark that the total amount of mass is conserved during the toppling procedure. An
important tool that will be used in the sequel is the odometer function. For an initial
sand distribution vo and a toppling sequence (xg)ren We define the k-th odometer
function by

we (=Y () —vi-1(),

Jj<k;x;=y

which keeps track of how much mass has been sent out of each vertex. If we topple
along any sequence of vertices that contains each vertex in V' infinitely many times,
then the sand distributions (vg)xen converge pointwise to some limit distribution v
with v < 1 on G. Also, the sequence of odometer functions (1 )ren converges to a
limit function u called the odometer function of the divisible sandpile started from
initial configuration vg. It holds that v = vy + Agu and the so-called least action
principle states that u is actually the minimal non-negative function that satisfies

Vo + Agu < 1.

See [21] for proofs of the pointwise convergence results for the odometer functions
and mass distributions, and [22, Lemma 3.2] for the least action principle. The divis-
ible sandpile cluster is defined as the set of toppled sites D = {x € G | u(x) > 0}.
In the literature, it is also common to define the divisible sandpile cluster as the set
D' :={x € G | v(x) = 1} of fully occupied sites. The sets O and D’ are related
in that u(x) > 0 implies v(x) = 1 so H C D', and v(x) = 1 implies u(x) > 0 or
vo(x) = 1 or there exists a neighboring vertex y ~ x with u(y) > 0. Throughout this
paper we will use the definition O of the sandpile cluster, and the scaling limit of £’
follows immediately from that of £ by the above-mentioned relation between the two
sets. For an example of O on SG, see Figure 2.

Internal DLA. For an infinite graph G = (V, E), the initial configuration of particles
is a function vg: V' — N that is bounded and finitely supported. Denote by m :=
Y ey Vo(v) the total number of particles, and label the particles by integers i =
1,...,m. Denote by x; the initial location of the particle labeled i, so #{i | x; = v} =
vo(v) represents the number of particles located at v. For eachi = 1,...,m, let
(X:(i))sen be a simple random walk on G starting at position x;, and we construct
inductively the internal DLA cluster as follows. We set the cluster at time O to be the
empty set, and for i > 1 if the cluster at time i — 1 has already been built, let the
particle labeled i start a random walk at its initial position x; and stop it after first
exiting the previous cluster at time i — 1. So the cluster at time i is the union between
the cluster at time 7/ — 1 and {X, (i)}, where 7; denotes the first exit time of the
random walk (X;(i))sen from cluster at time i — 1. The stopping time t; represents
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the number of steps taken by particle labeled i, which is initially located at x; € G,
until stopping at random location X, (i). Proceeding in this way foralli = 1,...,m,
we obtain the random subset of occupied sites in G that we call internal DLA cluster.
In the literature sometimes the notation .I,, is used to denote the internal DLA cluster
after n particles settled, but throughout this paper, this notation is reserved for internal
DLA cluster on the discrete graphs SG, with particle configuration o,.

Rotor aggregation. This model is also called rotor-router aggregation is a determin-
istic counterpart of internal DLA and it is based on particles performing deterministic
walks (rotor walks) instead of random walks. Rotor walks, also called rotor-router
walks, were first studied by Priezzhev et al. in [24] under the name Eulerian Walkers,
and can be defined by means of a rotor configuration and a fixed cyclic ordering of
the neighbors for each vertex. Denote the set of neighbors of v € V' by A4,, and fix
for any v € V' a cyclic ordering cyc(v) of the neighbors of v. A rotor configuration
is a function p: V' — V such that for all v € V, p(v) € A,, so one can think of p(v)
as an arrow or a rotor that points to one of the neighbors of v. A particle starting at v
performs a rotor walk as follows: first it turns the rotor at v from p(v) to point to the
next neighbor in the cyclic ordering cyc(v) of the neighbors of v, and then the particle
follows this new direction.

For rotor aggregation, we start with the same bounded and finitely supported par-
ticle configuration vg: V' — N as in the internal DLA. Denoting again by m the total
number of available particles and labeling the particles by i = 1, ..., m, and also
denoting the starting location of the particle labeled i by x;, we define rotor aggre-
gation recursively exactly in the same way as internal DLA, with the difference that
particles perform rotor walks instead of random walks until finding sites unvisited
previously, where they stop. After all m particles have found new sites, we obtain a
deterministic subset of occupied sites that we call the rotor cluster. While in internal
DLA particles perform independent random walks, in rotor aggregation the particle
movements are deterministic, but there is interaction between them. If one particle
passed through some vertex until finding its final position, on the way there it modi-
fied the direction of several rotors and subsequent particles passing through the same
vertex will use then the rotor direction left behind by previous visits. If (Y;(i))eN is
a rotor walk starting from position x;, then the rotor cluster with m particles can be
defined as follows: let the rotor cluster at time O to be the empty set, and fori > 1 if the
cluster at time i — 1 has already been built, let the particle labeled i start a rotor walk
with rotor configuration left behind by the previous particles, at its initial position x;
and stop it after first exiting the previous rotor cluster at time i — 1. If 7; denotes the
first exit time of the rotor walk (Y;(i))sen from the previous rotor cluster, then the
rotor cluster at time 7 is the union between the rotor cluster at time 7 — 1 with {Y7, (i)}
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So t; represents the number of rotor steps taken by particle labeled i initially located
at x; € G, which stops at deterministic location Yz, (7).

2.2. Sierpinski gasket

We recall the construction of the Sierpifiski gasket as in [3]. Let ag = (0, 0), a; =
(1,0) and a, = (1/2, +/3/2) be the corners of an equilateral triangle with side length
1 and let Fy = {ao, a1, az}. Further, let Jo be the closed convex equilateral triangle
with vertices Fy. Inductively, for n > 1, we define

Fpg1 = Fy U (2", + Fo) U (2"as + Fy),

so F, € 2"Jy. Let SG4 = U?:o F, and denote by SGy the union of SG4 with its
reflection along the y-axis SG_. Forn € Z, let

o0
§n:=2"", SG, :=8,5Gp, SGoo = U SGp, SG_oo = {0}, SG := cl(SGoo).

n=0

SGis a closed connected subset of R? called the double sided infinite Sierpiriski gasket
and the graphs SG,, represent the level-n approximating graphs of SG, where x, y €
SG, are connected by an edge if and only if |x — y| = §, and the line connecting x to
y is contained in SG. For x € SG,, we define its level as

level(x) := inf{n € Z | x € SG,}.

Clearly 0 is the only vertex with level(0) = —oo. We recall below several properties
of SG and the sequence of approximating graphs (SG, )neN. The Hausdorff dimension
« and the walk dimension B of SG are given by

log 3 log5

o= 87 £ 158496 and B = —2> ~ 2.32193.

log?2 log?2
Laplacian on SG,. Recalling that by Agg, we have denoted the graph Laplacian of
the infinite graph SG,, we define the Laplacian on SG,, as a scaled version of Agg, by

An = 8;‘3 Asen .

We remark that by our choice of §, = 27", we have §, P = 5n_ which is the scaling
used in [26]. We call a function /: SG,, — R harmonic if A,h = 0, superharmonic if
Anh <0 and subharmonic if Ayh > 0. For a function y: SG,, — R its least superhar-
monic majorant s: SG, — R is defined as

s(x) = inf{ f(x) | f:SG, — R is superharmonic and f > y}.
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For n € N, denote by B"(x,r) :={y € SG, | d(x,y) < r} the ball of radius r > 0
around x € SG, in the graph metric d(-, ) of SG,. If (X}")eN is a simple random walk
on SG,, and B C SG,, denote by 7y (x) its first exit time from B:

g =inf{t > 0| X' ¢ B}. 2.1

For simplicity of notation, if B = B"(x, r), then we write 7, (x) instead of rl’;n( )
We will use for the rest absolute constants C, ¢ > 0 that might change from line to
line.

Properties of SG,,, n € N. We gather here several important features of SG,,.

(i) [Volume growth] B"(x,r) has growth of order «: there exists C > 0 such
that
C™'r* < |B"(x,r)| < Cr®. (Var)
See [1] and [2] for a proof and more details.

(i)  [Elliptic Harnack inequality] There exists C > 0 such that for all x € SG,,,
all » > 0, and all functions & > 0 with A,# = 0 on B"(x, 2r) we have

sup h(y) <C inf h(y). (EHI)
yeBn(x,r) yeB" (x,r)

See [16] for details.

(iii) [Expected exit time] For every x € SG, and r > 0, there exists C > 0 such
that
C7rP <Ey[d(0)] < CrP, (Eg)
for the random walk (X/');en starting at y € B"(x,r); see [2, Corollary
2.3a] for details.

Green functions and operators on SG,. For any finite subset T C SG,, we denote
its inner boundary by 9T := {v € T | 3z € T¢ with z ~ v}. Consider again the simple
random walk (X}');en on SG,, and for x, y € T, we define the rescaled stopped Green
function as

3\
gr(x,y) = (g) Ex [# of visits of X/ to y before hitting 8T]
o™

I (2.2)
=55_°‘Ex[ > ﬂ{xg=y}}
k=0

where rf\aT is defined as in (2.1) and X = x. Clearly, gf(-, y) = 0 for all y € JT.
For any function f: T — R we define the Green operator g7 as

g F(x) =83 Y g y) f ().

YET
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Since Asg, (g2(-, y)) = —5,‘?_“]1{),}(-), we have
AngT f(x) =g7iAf(x) =—f(x), forallx e T\JdT.

Green functions on the Sierpinski gasket SG. As for its approximating counterpart,
there is also no known globally defined Green function on SG. Denote the ball in SG of
radius » > 0 around x in the Euclidean distance by B(x,r) :=={y € SG| |[x—y|<r}.
We consider

TrCSG as Tr= B(0,2%),

where the radius 2/ of the ball will be specified later, with / € N. We want to empha-
size here that in introduction we kept the subscript Tr;, indicating the dependence on
the radius 2’ of the ball. As we shall see below, the radius will not be important as
long as it is big enough, reason for which we will mostly drop the subscript /. On
Tr we define an energy form, a Laplacian, and a corresponding Green function. We
first define on Tr a Laplacian weakly via the bilinear energy form &r,, which itself
is defined via Dirichlet forms on the approximating graphs SG,. More precisely, for
functions f, g:Tr N SG, — R let

5\71

e =(3) 3 X U= F0) (00— 20),

X~ny

where x ~,, y indicates that x and y are neighbors in SG,,. For the limiting object SG
we first define an energy form on the dense subset SGo, by

Dom(&5°) == {v | SGoo N Tr — R with lim &7 (v|se,n1r, V]se,nt) < oo},
n—>o00
& (fg) = nlggo 8%(f|scnmr,g|senmr) for f,g € Dom(E7’).

Note that Dom(&7°) € €(Tr), where €(Tr) is the set of continuous functions on Tr.
We extend this definition to an energy form &7, with domain Dom(&r,) = {v € €(Tr) |
&1(v,v) < oo} in a natural way.

Denote by

Domo(ér) :={f € Dom(&r) | flarr = 0}

the set of all functions with finite energy and vanishing at the four boundary points
of Tr. We define the set of double sided neighboring triangles for v € (SGoo N Tr) \ dTr
of size 27 by

AAN*(v) = B(v,27%) for k > level(v). (2.3)
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Let 41 be the rescaled a-dimensional Hausdorff measure on SG such that ¢ (Tr) =3
For the existence see [3, Lemma 1.1], with a slightly different rescaling adapted to our
setup. The rescaling is chosen such that ;.(AA®(0)) = 1 and therefore

(DA™ (0)) = 8.

Definition 2.1. Let u € Dom(&y,) and f:SG — R be continuous. Then we define
u € Dom(Ay) with Aru = f if and only if

En(u,v) = —/ fvdu forall v € Domy(Er,).
Tr

We write u € Dom;2(Ar,) if we replace the assumption on the continuity of f by
f e L?(Tr, ).

See [26, Def. 2.1.1] for more details on the definition of the weak Laplacian Ar,.

Lemma 2.1. Let u € Dom(Av,). Then the limit holds uniformly on (SGeo N Tr) \ 0Tr:
3 .
Aqu(x) = = lim Aju(x). 2.4)
4 n—o0

Conversely, if u is a continuous function and the right-hand side of (2.4) converges
uniformly to a continuous function on (SGeo N Tr) \ dTr, then u € Dom(A+,) and (2.4)
holds.

Proof. The claim follows from [26, Theorem 2.2.1], with the minor difference that in
our case we have the factor 3/4 instead of 3/2, due to our choice of w, which allocates
only half the mass on a unit copy of the gasket SG compared with the unit measure
on this copy. Notice that in our definition of &1, we have an additional factor of 1/4
compared to [26] which comes from the fact that we use the probabilistic Laplacian
throughout this paper, i.e., this factor is also resembled in A,,. ]

For x, y € Tr = B(0,2') C SG we define the Green function Gr,: Tr — R as in [26].
For n € N, define the level n Green approximation G, on SG N Tr by

G2 (x,y) = rys Vv o)

n—1
+ ) > gm(z. 2y )y Y ()

m=—I z,z’ €TrNSG;,; 41 \SGm
for
rm ifz =z € SGp41 \ SGm,
gm(z,2') = r™m ifz ~py1 2 € SGpa1 \ SGm,

otherwise,
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and the Green function G, on SG N Tr as:
Gr(x,y) = lim Gr.(x,y), 2.5

where r := 3/5 is the energy scaling factor and wz(m) for z € SG,, is called a harmonic
spline and defined by the unique piecewise harmonic function on SG given by

(m)(x) _ 1 ifx =z,
z 0 ifx € SGy \ {z}.

Notice that the constants in g(z, z’) slightly differ from the ones in [26] and [15], due
to us working with the probabilistic Laplacian and the corresponding factor 1/4 in the
definition of &,.

Lemma 2.2. For x,y € SG, N Tr and for all m > n the following holds:
Gr(x,y) = G (x, y) = Gr(x, y).

Proof. The key insight is that lpz(mﬂ)(x)wz(fnﬂ)(y) # 0 only if x € AA™T1(z) and
y € AA™T1(z). But this cannot hold for z, z’ € SGp41 \ SGm, where m > n, and
this yields

Gr(x. ) =GN+ Y. > gm0y, w

M=n z,2/€5Gy;,4+1\SGm

=0

Lemma 2.3. Forany x,y € SG, N Tr\ dTrand n € N the following holds:

ApGr(x,)(y) = _5;a]l{x}(y)-

Proof. The rescaled discrete Laplacian A, is connected to the energy in the following
way. Since wy(m) is piecewise harmonic, we get

Eru, Y\™) = &7, Yi™) = =857F D" Ase, u(0) Yy (x) = =8 Agu(y),

XESG NTr

which, together with [26, Equation (2.6.17)], implies

En(Gh(x, ), v) = Y wEYM(x) forany v € Domo(Er).
Z€SG, NTr\OTr
Applying the above two equations to u = Gr,(x,-) and v = y(") we finally obtain

AnGre(x,)(y) = =8, %6 (Gre(x, ), y{7)
=85, Y yP @Y x) = =5 Lmy(y). n

Z€SG, \dTr
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The last claim of this section relates the stopped Green function g7, (x, y) defined
in (2.2) with the Green functions defined in (2.5) in terms of harmonic splines.

Lemma 2.4. For any x,y € SGy, the following holds:

gh(x.y) = Gr(x, y).

Proof. Since A,gl.(x,y) =—06,%1(x)(y) forall x,y € SG, NTr\ 0Trand gf,(x,z) =
0 for z € dTr, it follows that both functions solve the following Dirichlet problem

Apu(y) = =6, %1y (y) ify € SG, NTr\ aTr,
u(y) =0 if y € 0Tr,

which, together with the uniqueness principle, implies g7,.(x, ) = Gr(x, y). ]

3. Scaling limit for the divisible sandpile

In this section we investigate odometer functions and obstacle problems on the limit-
ing fractal object SG. There are several difficulties appearing on SG. We could define
the pointwise Laplacian on SG and demand the odometer function u: SG — R to be
the smallest function that fulfills 0 + Au < 1, where o is the initial mass on SG. How-
ever, this definition is not very handy and it is not clear how to obtain any meaningful
properties of it. We choose a different way to define the continuous divisible sandpile
on the gasket SG and motivate our choice below.

Passing from SG, to SG and back: some useful notation. Recall that by ANF (x)
we have denoted the double sided triangles of length 27% with midpoint x € SG,,.
Similarly, the notations provided in Table 1 might be useful when working with points,
sets and functions. However, they will only be used when it is absolutely clear on
which approximating graph we are working. In the ambiguous case x € SG,+1 \ SG,
we define x** to be rightmost neighbor.

SGn SG
points X" = B(x,z—("+1)) NSG, x24 = AA™HI(y)
sts A% = ANSG, AL = g 628
functions f* = flsq, FA(x) = f(x*)

Table 1. Notation for transitioning between gasket SG and approximating graphs SG;,.
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In order to motivate a meaningful definition, we would like to comment on what
is needed when solving the divisible sandpile and the corresponding obstacle prob-
lem on SG,,, for any n € N. We consider initial configurations o: SG — [0, co) and
0n: SG, — [0, 0o) that fulfill the following properties: for a number M > 0 and a
compact subset T C SG the following holds:

0<o.0n =M, (3.1
n(DC(o)) =0, (3.2)
O‘nAA (x) > o(x), Vx ¢ DC(0) pointwise, (3.3)
supp(0), supp(a,) S T, (3.4)

where by DC(0) we denote the set of discontinuity points of o, and w is the («-
rescaled) Hausdorff measure on SG. For the rest of this section we denote the rescaled
odometer function u, of the divisible sandpile on SG,, from initial distribution o;, by

Uy (x) = 55 - (total mass emitted from x in the stabilization of 6). (3.5)

We remark that the rescaled odometer function u,, fulfills the least action principle as
well, i.e., it is the smallest positive function such that o, + A,u, < 1. The following
lemma provides a ball large enough containing the supports of all u,, n € N.

Lemma 3.1. Let D,, = {u, > 0} be the divisible sandpile cluster on SG,, started from
initial density o, for alln € N. Then there exists a triangle Tr= B(0,2%) € SG,L e N
such that

o2 cm

n>0

Proof. Let B = B(0,2') € SG and choose / € N large enough such that B contains
the supports of all 0,. Let 4, be the divisible sandpile cluster on SG,, from initial
density o, = 2|B N SG, |10y, which, by the inner bound of [12], contains B. Let B,
be the divisible sandpile cluster on SG, resulting from initial density t = M 1p. By
the Abelian property we have D, € B,, for all n € N and also that the clusters €,
resulting from initial density Mo, contain B,. Finally, choosing L € N large enough
such that Tr = B(0, 2%) has volume at least 3M.(B), the outer bound of [12] yields
that €, C Tr, forall n € N. n

For the initial particle configuration o, on SG,, we denote by v, the limit
mass configuration obtained by stabilizing o,, and by u,, the corresponding rescaled
odometer function as defined in (3.5) on SG,. Let Tr be a double sided triangle
around 0 as in Lemma 3.1. We define the obstacle function y,:SG, — R and its
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least superharmonic majorant s,:SG, — R as

y(x) == Y g(x.y)(on(y) —1), and (3.6)

YESG, NTr

Sp(x) = inf{ f,,(x) | fu:SG, — R is superharmonic on Tr and f > y,}.

Then [12, Lemma 3.9] gives for the odometer function u, on SG,, u, := s, — Y, and
the sandpile cluster £, on SG, starting from the initial configuration oy,

Dy = {x €56y | $n(x) > yu(x)}, forallnm e N,

which motivates the following definition of divisible sandpile on the Sierpifiski gas-
ket SG, by using the ball Tr (double sided triangle around 0) of radius big enough
containing all the divisible sandpile clusters D,,.

Definition 3.1 (continuous divisible sandpile on Tr). Let 0: SG — [0, o0) be bounded
with compact support and continuous j-a.e. such that supp(o) € Tr, where Tr is a
double sided triangle around 0. We define the obstacle y1,: SG — R by

yr(x) = —Gry(o(x) — 1) = — ] Gre (. )@ () — D (y)

and the corresponding odometer function ur,: SG — R by

ur = St — Y1, With

st(x) == inf{ f(x) | f continuous, superharmonic on Tr and f > yr}

being the smallest superharmonic majorant of yr,. Furthermore, we define the nonco-
incidence set for the obstacle problem with obstacle yr, as the domain

D1 = {x € SG | sr/(x) > yr(x)}.

Remark. It is not a priori clear that the smallest superharmonic majorant sy, of yr, as
defined above is itself again superharmonic, or even in the domain of the Laplacian.
However, using the fact that Domg(&+) can be equipped with an inner product such
that it becomes a Hilbert space ((u, v)g = &r(u,v) + (U, v)12(1,) together with the
Poincaré-type inequality

u(x) —u(y)* < C&n(u)lx — y [P/,

for some constant C > 0 as in [26], we can deduce the superharmonicity of the super-
harmonic majorant as on R. We can then use minimization theorems for coercive
functionals on Hilbert spaces in order to complete the claim, but since this is very
similar to the case of R? , we have decided not to include it here. For more details we
refer the interested reader to [25] and [9].
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We aim at taking the limit u = limg o0 U5 —& (0) 3 the odometer function of the
divisible sandpile on the infinite gasket SG, but it is not straightforward why this limit
should be well-defined. We show below that this is indeed the case. We first need some
auxiliary results, the first one concerning the monotonicity of the model: by starting
with more mass, one obtains a larger odometer and a larger noncoincidence set.

Lemma 3.2. Let 01, 03:SG — [0, 00) be bounded with compact support and o1 <
05. Let Tr be a double sided triangle with supp(oy), supp(o2) C Tr and, fori = 1,2
consider the obstacle

1 = —Grloi — 1).

Let sg) be the least superharmonic majorant of yT(rl ) and ug) = sg) — yT(rl ). Then

1 2
o <)

The proof is similar to [22, Lemma 2.8], applied to our choice of odometers.

Lemma 3.3. Let 0:SG — [0, 00) as in Definition 3.1, and let Tr C Tr be double sided
triangles. Denote by u := ur, U := Us, the corresponding odometer functions as in
Definition 3.1. If there exists € > 0 such that D3 C Tr, then ii = u.

=

Proof. Letus denote by y := yr, and s := s, (resp. ¥ := ys5, and § := s7,) the obstacle
and its superharmonic majorant on Tr (resp. Tr). We have A, = (1 — 0) = Aq,y.
Notice that y and s vanish on Tr \ Tr and the function s’ = s + § — y is superharmonic
on Tr. Since, s’ > 7, we obtain that § < s” on Tr. From D¢, C Tr, it then follows that
s’ = 7 in Tr \ Tr, which implies § = § on Tr \ Tr, which in turn gives # = 0 on Tr \ Tr.
Inside Tr we can define the harmonic function 4 = y |y, — y|1,. By the definition of s
and § we have for x € Tr

S—h=5—9y+y>y and s+h=s+7y—y>7,

which implies §(x) > s(x) + h(x) > §(x). Therefore, on Tritholds thatvi =5 —y =
s —y = u, and this proves the claim.

Lemma 3.4. Let 0:SG — [0, 00) be a bounded function with compact support and
continuous [L-almost everywhere. Denote by U, ,—k ) the odometer of o on the set

Tr=nAA"F (0) as in Definition 3.1. Then the following limit is well-defined:

u= lim u,.—« -
k—o00 ALTE(0)

Proof. We choose | € N large enough such that supp(c) € B(0,2!) and L € N
large enough such that o (x) < 3L~ for all x € SG. Defining the initial configura-
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tion 0’: SG — [0, 00) by

’_ w(B(0, ZL)) —3L-Iq
= m B(0,2) — B(0,2)>

we then have o < ¢”. Let us denote by u , ,—« (o) the odometer of o in AAT%(0) and
/

AATR(0)
compact set Tr = B(0, 2L11) such that for all k € N with Tr € AA7¥(0) we have

=0 on AATF(0) \ Tr, which together with Lemma 3.2 implies that also

by u the odometer of o’ in AA™F (0). Appendix A shows the existence of a

/!
Yaa—*(0)
Uaa—k (o) = 0on AATF (0) \ Tr. The claim now follows from Lemma 3.3. [

We remark that Lemma 3.4 is actually a refined version of Proposition 1.1. We
now define the continuous divisible sandpile on SG C R2.

Definition 3.2 (Continuous divisible sandpile on SG). Let 0: SG — [0, c0) be a
bounded function with compact support and continuous p-a.e. Denote by u , , —« 0=
San—k0) ~ Yan—k (o) the odometer function of the continuous divisible sandpile in
AA7K(0) as in Definition 3.1. Then the odometer function of the global continuous
divisible sandpile is given by

U= lim U~k s
k—>o0 AATR(0)

and we define the corresponding noncoincidence set D by D := {x € SG | u(x) > 0}.

3.1. Convergence of odometers in divisible sandpile

We now investigate the convergence of the odometer functions u and u, with initial
distributions 0: SG — R and 0,,: SG, — R, respectively, fulfilling the properties (3.1)-
(3.4). In view of Lemma 3.4 and Lemma 3.1, we can fix a large enough double sided
triangle Tr that contains the supports of the odometer functions u and u,, foralln € N.
For the rest, in order to simplify the notation we drop the double sided triangle Tr and
write

G:=6Gr, g':=g
for the Green function G on SG, and for the Green function g stopped when exiting the
set Tr in SG,,, for all n € N.
Lemma 3.5. Define
Go(x) = / G(x.y)o(y)du(y) and g"ou(x):=8% > g'(x.y)on(y).
Tr

YESG, NTr
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If 0, oy, satisfy equations (3.1)—(3.4), then

(g"0,)"> = Go uniformly as n — .

Proof. By the triangle inequality we have
|(g"(7,,)A‘A — G(7| < |(g"(7,,)A‘A — GanAAi + \GonAA — GU\.

The second term above converges uniformly to zero by the dominated convergence
theorem since G is bounded and by assumptions (3.2) and (3.3) onAA (x) = a(x),
p-almost everywhere as n — oo. The first term is at most

(g"00) 22 (x) — Gof2 (x)| =

> a0 [, (€6 - 6t 2)duc)|.
y

YESG,NTr

3.7

For y # x* the function f(z) := g,(x™, y) — G(x*, z) is harmonic on y*#, and
Lemma 2.4 gives f(y) = 0 which yields

[ @t st )i = [ fedue = £ =o

y yos

So the sum over all y # x* in (3.7) can be bounded by

> a0 [, €6 - 6t n)dut)
y

yESG, NTr\{x-"-}

< Me,

> a0 [, 662~ 6. )duc)
y

yESG, NTr\{x-"}

for any ¢ > 0 and n € N large, where the last inequality is due to the uniform continuity
of G together with (3.1). Finally, for n large the summand y = x* in (3.7) can be
bounded by

< Cu(y®?) < C8% < ce

o) [ @)~ 6 2) )

because G is bounded and g"(y, y) ~ G(y, y) by Lemma 2.4, and this completes the
proof. ]

Corollary 3.1. If o, 0, satisfy (3.1)—(3.4), then ynAA — y uniformly as n — oo.

Lemma 3.6. If o, 0, satisfy (3.1)—(3.4), then snAA — s as n — oo uniformly on Tr.
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Proof. For x € SG,, denote by w,(cn) the piecewise harmonic spline of level n which
is 1 at x. We then have for the superharmonic majorant s that

Ans(x) = Er(s, yiM) = —/ Ars -y Pdu <0,
Tr

where in the last inequality we have used the superharmonicity of s together with the

non-negativity of 1//)(6"). This shows that s restricted to SG, N Tr is also superharmonic.

By Corollary 3.1 we can find for any ¢ > 0 an ny € N such that for all n > ny we
have
vl —e<y.

We thus obtain that s|sg, + ¢ is superharmonic and
Slse, + €= Vlse, + &> Vn,

for all n > ng. Thus, by the definition of s, as the least superharmonic majorant of y,

on SG,, we obtain for large enough n that
s+e=> snAA.

For the reverse inequality consider v, the final sandpile distribution on SG, for the
initial density o. Recall that

Apsp = Apup + Dpyn = (W —0n) +(0n —1) =v, — 1

and therefore 0 < A,s, < 1. By denoting ¢, := —A,s, and § = G 92> (x), we obtain
for large enoughn € N

15— sP2 ()] = 1G22 (x) — g"n (x)]

n —1ea _
< > Iwn(y)l‘/AAn(y)u(AA () 8,8(x", y) = G(x, 2)du(z)| <e,

Y€ESG, NTr

where in the last step we have used the same arguments as in the proof of Lemma 3.5
in order to show that (3.7) goes to zero together with the fact 0 < ¢, < 1. Thus,

§—{—2£>snAA(x)+s> ynAA(x)—I—s >y
and by construction § is superharmonic, from which we can finally conclude that
S,1AA—|-3SZ§+28>S,

which finishes the proof. |
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Lemma 3.7. Let u, be the odometer function for the divisible sandpile on SG,, with
initial density oy. If 0, 0y, satisfy (3.1)—(3.4), then

AA

u,~ — s —y = u uniformly on compacts, as n — oo.

Proof. By Corollary 3.1 and Lemma 3.6 we have ynAA — y and snAA — s uniformly
on Tr, as n — oo. Using u,, = s, — y, and u = s — y gives the result. |

3.2. Convergence of domains in divisible sandpile
Following [22], we assume additional conditions on the initial density o: SG — [0, 00):

For all x € SGeither o(x) < Aoro(x) > 1forsome A < 1, (3.8)

foz1}={o=1)°. (3.9)
Moreover, we assume that for any ¢ > 0 there exists N (&) such that

if x € {o > 1}, then o, (x) > 1foralln > N(e), (3.10)
if x ¢ {o > 1}°, then o, (x) < A forall n > N(s). (3.11)

We also write
D:=DU{xeSG|o(x)>1}°.

In this section we will prove the scaling limit for the divisible sandpile cluster O,,.

Theorem 3.1. Let o and o, satisfy (3.1)—(3.4) and (3.8)—(3.11). Forn > 1, let D, be
the divisible sandpile cluster in SG,, started from initial density o,. For any ¢ > 0 and
n large enough, we have

D, NSG, € D, € DN SG,.

Lemma 3.8. Fixe > 0and x € D, with x ¢ D®. For n large enough, there is a vertex
Yy € SG, with |x — y| < &/2 + by, such that for some constant ¢ > 0 the following
holds:

Un(¥) = un(x) 4+ (1 — A)eb.

Proof. From (3.9) we have {o > 1} C 3 Thus if x ¢ 58, the ball B = B(x,&/2)",
with B(x, e/2) C SG is disjoint from {0 > 1}¢/2. Taking n > N(g/2) gives 0, < A
on B by assumption (3.11). We define for y € SG,,

@x.r(¥) = Ex[r] (x)] = By [r (0)]. (3.12)
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We then have Asg, ¢x.r(¥) =1 for y € B"(x,r) and ¢, (x) = 0. Since r is the
radius in the graph metric, when translating to B we have to rescale it by §,. Define
w: SG, — R by

W) = un(y) = (1= 18] g /25, (¥),
which is subharmonic on B N O,, and therefore attains its maximum on the boundary.

By the choice of ¢y ¢/25,, w(x) > 0, so the maximum cannot be attained at 0D,
where u,, vanishes. Therefore, the maximum is attained at some y € dB and

B
uy(y) = wy)+ (1 - l)sf%,s/zsn M =wly)+10- 1)655 (;) )

where the last inequality follows from (L) with IE, [7) (x)] =0for y € 0B (x,r). =

Proof of Theorem 3.1. Fix ¢ > 0. By the definition of 55 we have for some n > 0
D € D, U{o > 1},.

Since the closure of Dy is compact and contained in D, we have u > m; on D, for
some m; > 0. From Lemma 3.7 we get

1
Uy > U™ — 3 > 0 on Dy N SG, for large enough n,

hence D, N SG, € Dj, which together with (3.10) gives {o > 1}, N SG, S D, and
this implies that D, N SG, < D,. For the upper bound, fix x € SG, with x ¢ D*.
Since u vanishes on B = B(x,/2) we get from the convergence of u, in Lemma 3.7
that

U, < c(l1— k)eﬂ on B N SG,, for large enough 7,

which together with Lemma 3.8 yields x ¢ D, and therefore D, € D¢ N SG,. ]

4. Scaling limit for rotor aggregation

For rotor aggregation, since particles are moving according to a rotor walk on SG,,
the initial densities have to be given as integer valued functions. Similar to [22], we
adapt the notion of convergence of densities, and we define the appropriate notions of
odometer functions.

Smoothing operation. For more details on the smoothing operation and why it is
appropriate to use it in order to define a notion of convergence, we refer the reader
to [22, Section 4]. For any n € N, denote in this section by (Y;*);en the lazy random
walk on SG,, which at each time step stays at the current position with probability
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1/2 and with probability 1/8 chooses one of the four possible neighbors and moves
there. For any function f:SG, — R and k € N, we define its k-th smoothing by

f) =) PV =31 () = Ex[f (),

YESGy

so the smoothing operation fulfills S;S; = Sk, for all k,/ € N due to the Markov
property of the lazy random walk. Furthermore, we have A, = 2§, b (81— So), which
implies that the Laplacian and the smoothing operator commute.

Lazy random walk on Sierpinski graphs SG,. According to [19, Proposition 5.7],
the total variation distance between the distribution P**1 at time # 4+ 1 and the distri-
bution P’ at time ¢ of the lazy random walk (¥;");esc, can be bounded by:

| PP (x, ) = PH(x, )|y < 1/ 4.1)

Next we collect some properties of the lazy random walk on SG,.

Lemma 4.1. Let P be the transition matrix of the lazy random walk (Y[") ;eN on SGy.
Then

(1) Ass, P (x, y) — 2P+ (x, y) — 2P (x, y).
(2) P'(x,) < 775 exp(—c(d(x, y)? /)!/E=D).
(3) Pl(x.x) > -5

Above C',C, ¢ > 0 are suitable constants.
Proof. (1) Using
P'(x.y) = —P’ ")+ < Z P (x,y),
y ~y
we get for the first claim:
1
Ass, P'(x,y) = ZyZy P!(x,y) = P'(x,y)

( P'(x,y)+ = Z P'(x,y )) —2P'(x,y) = 2Pt+1(x,y) —2P'(x,y).

(2) For the second and third claim we use the following bounds on the transition
probabilities for the simple random walk (X/');en from [14, Theorem 17]:

d(x, y)ﬂ)l/(ﬂ—l))

C
]1{x=y}c2 /ﬂ_IP’[X”—yIX =x] < /ﬂCXP( ( ;
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for Cy, c¢1, Co > 0. The t-steps transition probabilities of the lazy random walk
(Y/")ten are then

Pl(x,y) = Z(;{)Z"H”x[){;’ﬁ =y] =21y + 2(2)2_’%[)@? =]

k=0 k=1
_ d(x, y)ENVB-D\ ()., C
t t
<2 +exp(—cl(7) Z . 2 alp
k=1
On the other hand
t
t _ ta/ﬂ ta/ﬂ t

;(k)z e E[Z«X/B ]1{221}] = E[EH{ZE‘}]

1 2(1 — 2711
< 2t]E[ ] — 2 <4,
Z+1 [+ 1

where Z ~ Binom(¢, 1/2), and this proves the second assertion.

(3) Using the lower bound on the transition probabilities Px[X] = x| we get

Pl(x,x) = Py[Y" = x] = Z(t )2—’Px[x;g = ]

im0k
1 (1 1
_t _
= Coarg kZ_O(k)z = O

which proves the final assertion. |

Proposition 4.1. For the lazy random walk (Y[');>0 on SGy, for every x € SG, and
0 <6 < 1/2a, we have

C
22 Py = P S s

y y'~y

Proof. Fix any § > 0 with § < 1/2«. We bound the sum by considering it for elements
inside and outside the ball B” (x, '/8+%) separately. We have

Yo D IP(xy) — Pk

yeB (x,t1/B+8)y'~y

1/2
§|Bn(x,zl/ﬁ+8)|”2( > Z|P’(x,y)—Pf(x,y’)|2)
YEB(x,t1/B+8)y' ~y

< |Bn(x,ll/ﬂ+8){1/2(856n (P’(x, ), Pt(x, _)))1/2’
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where the first inequality holds by Cauchy—Schwarz and the (unscaled) graph energy
form Esg,, on SG, is defined as

Eso, () =5 X (/)= FONE® ~ g0

X~ny

By equation (4.1) and Lemma 4.1 we get
Es6, (P*(x,), P (x, )] = |3 P*(x. ) Ase, P (x. )
y

2C t 1+1 2€
SWZ”) (x.y)—P (X,)’)|Sm.
¥

Because |B"(x,r)| < cr?,

C// C//
t t / —
Zl/ﬁ+8 Z |7 G, y)—PR(x, ¥ = (—a/2B+1/4+a/2p—ba/2 ~ [—Sa/2+1/4"
yEB (x,t )y'~y

For the remaining terms we have

o DY P xy) = Plx Y

YEBN (x,t1/B+8) y'~y

1
< C"|B™(x,1)\ B"(x,1'/B+%) —=TF exp(—c(l‘sﬂ)l/(ﬂ_l)).

Z(X

Since |B"(x,1) \ B"(x,t'/B+%)| grows polynomially in ¢, the dominating term is the
exponential part in £, which goes to O for ¢ large, and this completes the proof. |

4.1. Convergence of odometers in rotor aggregation

Consider 0:SG — [0, 00) and 0,: SG,, — N that satisfy equations (3.1),(3.2) and (3.4).
As a replacement for (3.3), in order to define a suitable convergence of o, to o, sup-
pose there exist integers k(1) — co with x(n) - §, — 0 such that

(Sn(n)Un)AA(x) — o (x), 4.2)

K

for all x ¢ DC(o). Since we write x (n) for the smoothing steps on SG,, we drop the
superscript and write only S, () = S;‘(n). Similar to [22, Section 4], we define the
odometer function for the rotor aggregation on SG, starting from density o, as the
function u,: SG;, — Ny with

un(x) = 88 - #(particles emitted from x), 4.3)

if 0;,(y) particles start at each site y, and we remind that particles perform rotor walks
until each of them has found a previously unvisited site where it stops.
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Theorem 4.1. Let u, be the odometer function for rotor aggregation on SG, with
initial density oy, as defined in (4.3). If 0, o, satisfy (3.1),(3.2), (3.4) and (4.2), then
Up — U uniformly as n — 0o, where u is the odometer for the divisible sandpile on
SG starting with o.

For a function f:SG, — R and a directed edge (x, y) we write V f(x, y) =
On bl 2( f(y) — f(x)) and for a function ¢ defined on directed edges in SG, we write

. 1
dive (x) = W Z P(x, y).

n y~x

With this in mind, the rescaled discrete Laplacian on SG, is then given by
Ay f(x) = divV f(x).

Lemma 4.2. Denote by V(x, y) the net number of crossings from x to y performed
by particles during a sequence of rotor moves, where (x, y) is some directed edge in
SGy,, and let u be the odometer function for this sequence of rotor moves. Then

Vu(x,y) = 882(—49(x, y) + p(x. y)),

Sfor some function p on directed edges of SG,, satisfying |p(x, y)| < 6 for all directed
edges.

Proof. If N(x, y) is the number of particles routed over the edge (x, y) in direction
y, we have for any y,z ~ x

?H(x,y) = N(x,y)— N(y,x) and |N(x,y)— N(x,z)| <1.
By definition u(x) = 8,’,3 Zy~x N(x, y) and we obtain
§Pu(x) =3 <4N(x,y) < 8 Pu(x) + 3.
Finally, this yields

Vu(x,y) + 48529 (x, y)| = 87218,7 (u(y) —u(x)) + 4N(x.y) = 4N(y. )|
< 685/2. [
Let ¥ as in Lemma 4.2 and denote by R, the rotor cluster on SG, with initial

particle density o, . Clearly, since o, (x) particles start and 1 &, (x) particles end up in
X € SG,, we have

48,‘?/2div15l =0, —1g,.
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Using Lemma 4.2 and taking the divergence of Vu, gives
Apuy =1g, —0, + 85/2div,o.
Having in mind that 0 < 0, < M and |p| < 6, we obtain
[Apuny| <M 4+6  onSG,. (4.4)

The next lemma gives an estimate on the Laplacian of the smoothed odometer Sxu,,
and it can be seen as the smoothed counterpart of the sandpile odometer having Lapla-
cian 1 — oy,.

Lemma 4.3. For the lazy random walk (Y['):eN on SG,, there is a constant Co > 0
such that for every n € N for any 0 < § < 1/2« the following holds:

Co
[Ay Skun (x) — Py Yy € Ryl + Spon(x)] < Ci/a—al2"

Proof. Let ¥ and p as in Lemma 4.2. Since S; and A, commute:
AnSitty (x) = Py[Yi € Ry] — Sp0n(x) + 882 Sdivp(x).

Because ¢ and Vu are antisymmetric, so is p by Lemma 4.2. For (Y/") on SG,, we
have

. 1 n
85/2Skdlvp(x) =12 Z Z Px[Y = ylp(y, 2)

YESG, z~y
1
== 2 YR =zlo(y.2)
YESGy z~Yy
1
=3 2 (Bl =)= Pul¥y = 2Dp(y, 2).
YESG, z~y

Taking the absolute value and using the triangle inequality as well as the fact that p is
bounded, together with the bound in Proposition 4.1, the claim follows. ]

Lemma 4.4. For 0 < § < 1/2a and the odometer function u,, on SG, as in (4.3), we
have

1
|Sktn — un| < 88 (E(M + 6)k + C0k3/4+5“/2),

Proof. Tt holds that

k—1

5B k=1
[Skun —up| < Z |Sj+1”n - Sj”nl = 7” Z |AnSj”n|-
j=0 j=0



U. Freiberg, N. Heizmann, R. Kaiser, and E. Sava-Huss 138

Lemma 4.3 for0 < § < 1/2« and j > 1 gives

Co
|A,,Sjun| <M+1+ m,

and for j = 0 we have |A,Sju,| = |Ayu,| < M 4 6. Summing over j yields the
result. =

Now let Tr = B(0,2%) C SG be the double triangle from Lemma 3.1 that contains
the final domains of occupied sites for the divisible sandpiles started from Sy ()05
on SGy,. In the following, when referring to the Green function, we mean the Green
function stopped when exiting Tr*. Consider the following obstacle y,: SG, — R in
the rotor aggregation model, similar to (3.6) for the divisible sandpile model

Yn(x) = _gn(SK(n)Un(x) -1

and let s, be the least superharmonic majorant of y,. Then the difference s, — y, is
the odometer function for the divisible sandpile started from initial density S ()0, on
SGy,. In what follows we compare the smoothed odometer for rotor aggregation started
from o, with the odometer for the divisible sandpile started from initial configuration

Ske@)0n-

Lemma 4.5. Let Tr = B(0,2%) C SG be a double triangle centered at the origin that
contains the divisible sandpile clusters started from initial density Syn)on on SGy.
Then there exists a constant my, depending on Tr (or L resp.) such that for anyn € N

Sem)Un = Sn — ¥Yn — COmTrK(n)_1/4+8“/2 onTr*, for0<§<1/2a.

Proof. Let ®1,:Tr — [0, 00) be the unique function with A, &1, = 3/4 and ®+,(0) = 0.
Since @ is subharmonic, it attains its maximum in dTr. One can construct @, as in
Appendix A by inductively choosing values such that A, @5, = 1 foralln € N. We set

my, = sup O, (x) = 5L,
X€Tr

in view of Appendix A. On Tr* we have Ay, = —1 + S¢(»)0n, so by Lemma 4.3
S @) = Sequttn () + ya(x) + Coe ()™ /402 (myy — Dr(x)), x € Tr*
is superharmonic. Since f > y,, we have f >s, on Tr" and the claim holdson Tr". =

Lemma 4.6. For n € N, let R, C SG, be the rotor cluster in SG, with initial den-
sity 0p: SG, — N. Then there exists a double triangle Tr = B(0,2%) C SG such that
UnzO R, CTr.
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Proof. By assumption (3.4) there is a double triangle B = B(0,2!) C SG containing
the supports of all o;, for all n. Let #4, be the rotor cluster in SG, resulting from initial
density 7(x) = M1p-.(x), where M is the upper bound of o, o, from equation (3.1).
By the Abelian property of the rotor model R, € #4,. By the inner bound [6, Theo-
rem 1], if we start |56, % u(B)] > | B*| particles at the origin in SG,, then the resulting
cluster contains B~. So once again, in view of the Abelian property, if one starts
M |58, u(B N SG,)] particles at the origin, the resulting set Tr, of fully occupied
sites contains #,. Together with the outer bound [6, Theorem 1], Tr,, is contained in
a double triangle in SG of volume 6 M (B). Now choose L large enough to deduce
the result. The last factor 6 comes from the fact that the outer bound is slightly bigger
than the initial radius (radius + 1). [ ]

For k > 0, define
RE = (x e R, | B"(x.k) C R,}.

Similar to [22, Lemma 2.7], we investigate the growth of the odometer function in
rotor aggregation near the boundary of the rotor cluster ;.

Lemma 4.7. Let k > 0. There exists a constant ¢ > 0 such that for all x € SG, \ J%,’j
Un(x) < c(M + 6)kPsE.

Proof. Let x ¢ R,’i . The odometer u, defined in (4.3) has Laplacian bounded by
M + 6 due to (4.4) and by the definition of ,R,’f we know that there exists y € B"(x, k)
with u, (y) = 0. Define the functions fi:SG, — R as

f1(2) = un(2) £ (M + 6)88 9, 21 (2),

where @y 5k (z) is as in (3.12). It is easy to check that Asg, ¢y 2k = 1 and A,y 2k =
On f on B"(y,2k). Therefore, f4 > u, is subharmonic, while f_ < u, is superhar-
monic. Let B” = B"(y, 2k) and h be functions defined on B” agreeing with f1 on
dB" and harmonic on B" \ dB". Then by construction and (£p) it holds that

fr <hg <h_+2(M +6)85 Max gy 21(2)
<h_+2(M +6)88c(2k)P < f +2(M + 6)5Pc(2k)?,
which implies, for ¢/ = ¢28+!
h(y) < fo(0) + /(M + 6)85kP = /(M + 6)85kP.

The Elliptic Harnack inequality (£ /) implies the existence of ¢” > 0 such that
hi(z) <c"hy(y) forall z € B"(y,k):

f(2) < f1(2) Shp(2) < hy () < /(M + 6)85 kP, "
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Proof of Theorem 4.1. By Lemma 4.6, there exists a double triangle Tr C SG contain-
ing the cluster of occupied sites for the rotor aggregation started from o, and the
divisible sandpile cluster started from initial density S, ()0, for all n. We enlarge Tr
to contain the support of S, 4, for all n, and we define the function

Y (X) = Se(uyn () — $5(x) + yn(x) + Cor (m) /41812, (x),

which in view of Lemma 4.3 is subharmonic for 0 < § < 1/2« on the set :‘RZ(").

Above &, is the function with constant Laplacian 1 on Tr; see Appendix A for details
on how to calculate such a function. For y ¢ Rﬁ("), by Lemma 4.7 we have u,(y) <
c(M + 6)/c(n)’35£ , which together with Lemma 4.4 gives

Semun(y) = 5,’? (c(M + 6)k(n)? + (M + 6)k(n)/2 + Colc(n)3/4+8°‘/2),
The RHS above is at most Cyk (n)? 55 for some Cy > 0. Since s, > yy, we have
Y (y) < Crem)P8E + Corc(n)™V/445¢2r forall y € Tr\ RE™,

where r is a uniform bound for all &, on Tr, n € N. By the maximum principle, this
bound holds on Tr. Using Lemma 4.5 we finally get

_COrK(n)—l/4+8a/2 < Se(mythn —Sn + Yn < C1K(n)ﬁ55 + COrK(n)—1/4+8a/2

on Tr C SG. By Corollary 3.1 and Lemma 3.6, y,, and s, converge uniformly to y and
s on Trasn — 00. Since x (n) — oo and k(n)d, — 0 as n — 0o, we can conclude that
Sk(m)Un converges uniformly to s — y on Tr. Because both S, u, and the odometer
function for the divisible sandpile vanish outside Tr, this implies that S (,)u, has the
same limit as the odometer functions of the divisible sandpile on SG,. Lemma 4.4
implies then that the odometer functions u; for rotor aggregation as defined in (4.3)
converge uniformly to the same odometer u of the divisible sandpile on SG with initial
mass o. ]

Once we have shown the uniform convergence of the odometer functions for rotor
aggregation on SG, to the odometer function u of the divisible sandpile on SG, it
remains to show that the same holds for the corresponding domains of occupied sites
by particles doing rotor walks.

4.2. Convergence of domains in rotor aggregation

In addition to the assumptions from Section 4.1, we require for o: SG — R that for all
x € SGeithero(x) > loro(x) = 0and

foz1}={o =1 4.5
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Moreover, we assume that for any ¢ > 0 there exists N (&) such that

if x € {o > 1}, theno,(x) > 1 foralln > N(e), (4.6)
and

if x ¢ {o > 1}°, theno,(x) = 0foralln > N(e). 4.7

Theorem 4.2. Let 0 and oy, fulfill (4.2) and (4.5)—(4.7) as well as (3.1), (3.2), and
(3.4). Forn > 1, let Ry, be the cluster of occupied sites by rotor particles started from
initial particle configuration 0,,: SG, — N. Then for any ¢ > 0 and n large enough

D, NG, C R, < D,

where D is the noncoincidence set started from o:SG — R and D=DU {o = 1}°.

For the rest of this section, we fix again a ball Tr = B(0, 2}) C SG of radius 2/ big
enough, which contains all rotor clusters R, C SG, started with particle configura-
tions 0,,: SG, — N, for all n, as well as all the divisible sandpile clusters D, C SG,
started from initial density Sy (,)0n and its limit shape. Then on Tr C SG we can write

D={s>ylU{o>1",

where y: SG — R is the obstacle associated with o on Tr as in Definition 3.1 and s its
superharmonic majorant. We also assume that Tr is chosen large enough such that it
contains any of the inflations of sets used in the upcoming proofs.

Lemma 4.8. Tuke x ¢ D®/2, and fix ¢ > 0 and n > N(e/4). Denote by N,(x) the
number of sites in R, which are contained in the ball B" (x, r) of radius r around
X in SGy for 1 <r <¢/(46,). If m > 5;ﬂun(x) for every x € B"(x,r), then the
following holds:

Nr(x) = (1 + l/m)Nr—l(x)~

Proof. Tt is first easy to deduce {o > 1}¥/4 € D¢/* from {0 > 1} = {0 > 1}°. Also,
B"(x,r) N D/* = @, which results in 6, (y) = 0 for all y € B"(x, r). By the defi-
nition of N, (x), at least N,_; (x) particles have to enter B”(x, r — 1), which implies
that for every n € N:

> un(y) = 8Ny ().

y€IB" (x,r)

There are at most N, (x) — N,_1 (x) nonzero terms in the LHS of the sum above, each
of them being not bigger than 8,‘? m, thus

m(Ny(x) = Nr—1(x)) = Np—p (x). L
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Lemma 4.9. Let ¢ > 0, then for n large enough and any x € R, with x ¢ D*/? there
exists y € B"(x,¢e/(48,)) N R, such that

B—1
&by,
>
un(y) = 1610g(C(35)%)
Proof. Letn > N(g/4) be large enough and B” = B"(x,&/(48,)) giving 0,(z) =0
forall z € B". Setm = S,Tﬂ maxzepn U, (z) and notice that No(z) = 1 g, (z) for all
z € SG;,. Due to Lemma 4.8, we can bound

le/48,] €
Nejtasn) () = (14 1/m) 40 INo () = exp( o).
Finally, by (V) we have Ng/(4s5,,)(x) <|B"| <C(g/(45,))*, which yields e/ (16mé,) <
log(C(g/(484))%). n

The next result tells us that, whenever x € R, but x ¢ D¢ with large Siun(x)
there has to be a y close to x with even larger Syu,(y).

Lemma 4.10. Let Cy be the constant from Lemma 4.3 and 0 < § < 1/2« and let
e > 0 and k large enough such that Cok='/*%8¢/2<1/2 There exist ¢, Cy > 0 such
that for n large enough and any x € Ry, \ D3/* with Sgu, (x) > Clkﬂ&’?, there exists
y € B"(x,e/(26,) + 1) with

Sxun(y) = Spun(x) + ce.
Proof. Lemma 4.4 gives
Un (X) > Sgutn(x) — 8B (k(M + 6)/2 + Cok>/4+3%/2) > (M + 6)kPsP

for the choice C; = ¢(M + 6) + (M + 6)/2 + Cy. Hence, x € R by Lemma 4.7,
and together with Lemma 4.3, we obtain for any y € .‘R],f

AnSkun(y) > 1 — Sgon(y) — Cok ~1/4+8e/2,

By our choice of k, we have Cok~'/4+3%/2<1/2. Taking n large enough such that
kd, < e/8andn > N(g/8), Sxoy vanishes on B"(x,e/(238,)) and therefore

5k
f@) = Skun(@) + 5 B[ el g3, ()]

is subharmonic on RX N B™(x, £/(26,)) and attains its maximum on the boundary.
For z € JR¥, Lemma 4.7 gives u, (z) < c(M + 6)k? 85. Butu,(x) >c(M + 6)k’385
so the maximum cannot be attained on dRX and instead the maximum has to be
attained in some y € 0B"(x,¢/(28,)). By (Eg) itholds E, [T:/(ZSH)(X)] < c(e/8,)B,
which implies the desired inequality. |
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Now we can finally prove the scaling limit for the rotor aggregation cluster R,,.

Proof of Theorem 4.2. Take ¢ > 0 and recall that u = s — y, D = {u > 0} and finally
D = D U {o > 1}°. Choose 7 > 0 such that D, € D, U {o > 1}, and m,, > 0 such
that u > m, on D, which is possible since D,, & D. By Theorem 4.1, we get for n
large enough

Un(x) > u(x) —my/2 > 0forall x € D, N SG,.

On the other hand, {o > 1}, N SG, € R, for large n by (4.6), which concludes the
lower bound. For the upper bound, we fix x € SG, with x ¢ D®. As a consequence,
u = 0 on B(x, &) C SG. Again, by Theorem 4.1 it holds for large enough n

un(z) < ceP /2 forall z € B(x, &) N SG,,

where c¢ is the constant from Lemma 4.10. Let k > (2Co)/(1/4=32/2) 45 in Lem-
ma 4.10, where Cj is the constant from Lemma 4.3. Taking n large enough such that
| Skt — un| < ceP /2, which is possible in view of Lemma 4.4, yields Sgu, < ce?
on B"(x,¢&/8,) N SG,. Lemma 4.10 shows that Spu, < Clkﬂ(?,'f on B"(x,¢e/(46,))
or x ¢ R,. In the former case for some constant C; > 0
Skun(y) B+a/B gh n
Up(y) < ————— < Crk 8, forall y € B"(x,e/(46n)).
Py[Yy =]

where the first inequality holds in view of the definition of Sy and the last inequality is
due to Lemma 4.1(3). The RHS decreases faster than 885_1/(16 log(Ce“/(46,)%)),
so by Lemma 4.9, x ¢ R, and therefore R, C De. n

5. Scaling limit for internal DLA

We investigate here internal DLA. While the proofs follow mostly the lines of [22]
and [5] and are based on the ideas introduced in [18], we include some details here
since we also have to take care of the fractal structure of the Sierpifiski gasket. We
follow the usual approach, and we split the proof into two parts. For the inner estimate,
we show that for any & > 0 the internal DLA cluster I, will eventually contain the
e-deflation of the set D = {u > 0}, where u is the limit of the odometer for divisible
sandpiles started from our smoothed densities. For the outer estimate we show that
the e-inflation of D will eventually contain the internal DLA cluster. For the outer
estimate it is important that the shells D \ D, do not grow too fast, which is the case
in SG. We prove the following.
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Theorem 5.1. Let 0 and oy, initial configurations on SG and SG,, respectively that
Sfulfill (4.2), and (4.5)—(4.7) as well as (3.1), (3.2) and (3.4). Then, for every ¢ > 0 with
probability 1 we have

D, NSG, C I, < D®

for n large enough, where I, is the internal DLA cluster started from configuration
oponSGyand D = {s > y}U{o > 1}°.

Inner estimate. Since we are using the standard approach from [18] and [22], we
will not motivate the random variables below. We fix n € N and the initial con-

figuration o, on SG,. We label the particles that generate I, by 1,...,m,, with
My = )\ ese, On(X) being the total number of particles. Denote by x; the starting
position of particle i such that #{i | x; = x} = 0,(x), and for i = 1,...,m, let

(X7 (i))sen be a sequence of m,, simple independent random walks in SG,, starting in
x;. For z € SG, and ¢ > 0 consider the stopping times

thi=inf{t > 0| X*(i) = z},
tl = inf{t > 0| X" (i) ¢ D¢ N SGy},

vii=inf{r > 0| X['(0) ¢ {X; ()HY2h

and we also set v! := 0, and we remark that all three above stopping times depend
on the iteration 7, but we omit # and write only 7 (resp. 72 and v') instead of 7 (n)
(resp ti(n) and v’ (n)). If I; J"denotes the cluster after J particles settled, then T J =
I; 7ty {X";(j)} Fix z € D¢ N SG, and consider the random variables

my Mn
Mg = Z ]1{t§<r£} and L= Z]l{viifé<fé}'
i=1 i=1

If Lo <M., thenz € I,,. L, being a sum of non-independent random variables, we use
another random variable to upper bound it. For each y € D, N SGy, let (Y/"(¥))sen
be a simple random walk on SG,, starting at y, with ¥;*(x) and Y;*(y) independent if
x # y,and

L= ). Lwewy
yeD:NSG,

where 77 = 1nf{t >0 | Y'(y)=z}and tf =inf{t > 0| Y (y) ¢ D: N SG,}. Then
indeed L, < L, and L, is a sum of independent indicators. Define now

g (y,2) = E[#r < | Y/'(y) = z}] and f"7(2) = g (2, 2)E[ M — Le].
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Be aware that g”-¢ is the unscaled version of the Green function defined in (2.2), which
is handier for internal DLA. By definition, f"* solves the Dirichlet problem

A, = 8;‘3(1 —0y,), on D, N SG,,
f™ =0, on Dgc N SG,,

and note that the unscaled divisible sandpile odometer §,, Pu n solves the same Dirich-
let problem on the set O, = {u, > 0}.

Lemma 5.1. Suppose oy, is bounded by M and has finite support. Let u,, i, be the
odometer functions of the divisible sandpile with initial densities oy, Sy 0y, respec-
tively. Then

1
up — tin| < EkM(S,/ffforalzk e N.

Proof. Inviewof S1 f = f + (85/2)Anf and S;1; = §;§; we obtain by induction
over k

k—1
: 5h
Skon = 0y + Apwg,  with  wy = %;}SJO},.

We remark that wy is non-negative and bounded from above by (1/2)M kS,’? due to
the boundedness of o, and thus also Sjo, for all j € N. Let us now denote by v,
(resp. V) the limit mass configuration on SG,, for the divisible sandpile started from
oy (resp. Sioy,). The sum wy + iy, where 1, is the odometer for divisible sandpile
started from Sio0,, solves the inequality

opn +Ayv<landv >0 5.1
in view of
Up = Skon + Aptiy =0, + An(izn + UJk),

and the fact that v, < 1. Thus, by the least action principle as introduced in Section 3
(which states that the odometer function is the smallest solution to (5.1)) we obtain
Up < Uy + wg. In a similar manner we can see

1
Vp = 0p + Apuy = Skon + Ap(uy —wy + EMkS,’f),

where again v, < 1 and u, — wy + (1/2)M kS,[f > 0, thus again by the least action
principle we obtain i, < u, — wy + (1/2)Mk8,’?. ]
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Lemma 5.2. Suppose o, o, fulfill the assumptions in Theorem 5.1 and let u, be the
odometer function for the divisible sandpile on SG,, with initial density o, and D, =

{u, > 0}. Then
AN

Uy

— § — v uniformly as n — oo.
In particular, for all ¢ > 0 it holds D¢ N SG, C D, for n large enough.

Proof. For the odometer function u, of the divisible sandpile with initial density

Sk(n)0n as in (4.2), in view of Theorem 3.7 we have ﬂnAA — u uniformly, as n — oo.

A8 sy uniformly as n — oo. Finally, let b > 0
be the minimum value of u on D,. For n large enough, we get u,, > b/2 on Dy N SG,

which yields D, N SG, € D,. [ ]

Together with Lemma 5.1 this gives u

Lemma 5.3. Forany e > 0let b = min{u(x) | x € Dy} > 0. There exists 0 < n < &
such that for all large enough n and all z € D, N SGy,

) = ShiE

Proof. Letn > 0be chosen such that u < b/6 outside of D, which is possible since u
is uniformly continuous on D. Then 1 < ¢ since u > b on D, by the definition of b as
the minimum of u on D,. Let u, be the odometer function for the divisible sandpile on
SG,, started from initial density o, and let D, be the corresponding divisible sandpile
cluster. We can now choose ny € N large enough such that for all n > ny we have
|un —u| < b/60on Dy N SG,, and this is possible in view of the uniform convergence
from Lemma 5.2, hence u, < b/3 on (D, N SG,). Again by Lemma 5.2 we can
adjust ng such that we also have D, N SG, € D, for all n > ny. We thus obtain
that the function 55 f™" —u, is harmonic on Dy N SG,, and it therefore attains its
minimum on the outer boundary. However, the function f”"7 vanishes outside of
Dy N SG, by definition, hence we obtain for any z € Dy N SG,

85 "1(2) = un(2) —b/3 Z u(z) = b/2.
By our choice of b, we have u > b in D, N SG,, and since 1 < ¢ the previous inequality
gives&'ff"”7 > b/2on D, N SG,. =

Let I, := {(X2@0) [V < T} C I, with T = inf{r > 0| X}'(0) ¢ D N'SG,)}.
The inner estimate follows from the next lemma. Although it suffices to prove the
inner estimate for I, instead of T n, we use this stronger estimate in the proof of the
outer estimate.

Lemma 5.4. Forany e > 0, P[ﬁg N SG, C fn for all but finitely many n] =1
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Proof. For z € SGy,, let E;(n) be the event that z is not contained in the internal DLA
cluster on SG, with initial density o,. Using condition (3.10), it suffices to prove that
fore’ >0

Y ) PE:n)] < oo

n>1zeD /NSGy

Let b := inf,ep,, u(z) > 0 and 0 < < &’ as in Lemma 5.3 such that ™" (z) >

b8;ﬁ/2 for z € Dy N SG, and sufficiently large n. We fix z € D N SG,, and choose
R > O such that D C B(z, R) giving

B(z,¢' —n) € Dy C B(z, R).

Notice that R depends on the size of supp(o) and the supremum over all values of .
Since L, < L, we have

P[E.(n)] < P[M; = Ly] < P[M; < L,] < P[M, <a]+P[L, > a]
for any a € R. We need an a such that both summands are small. By [18, Lemma 4]
P[L, > E[L,] + E[L,]"/>*"] < 2exp(—%E[Zn]2”), (5.2)
P[M; < E[My] — E[M,]'/?17] < 2exp<—%]E[Mn]2y> (5.3)
forany 0 < y < 1/2. So we find an appropriate a if the interval
1= [E[Zn] + E[Zn]l/Hva[eMn] — ]E[M,,]l/2+y] is non-empty.

For this, note the lower bound

fre b
ghM(z,z) ~ 28£g””7(z,z)’

]E[Mn] - E[Zn] =

which immediately gives IE[M}] > IE[Ly]. So, by choosing y, ¥’ > 0 such that

b 3/4 b
E[Mn]1/2+y = C( B— ) = B ’
RP—xéy 48, g (z,z)

~ / b 3/4 b
E[Ln]1/2+y = C( = ) = 7 ,
RP~aga 485 gmn(z, z)

the interval / is non-empty, where the last inequality is due to [5, Lemma 2.10] which
states that g (z,z) < C(R/8,)P~®. It is not immediately clear that with this choice
the condition on y, y’ < 1/2 is satisfied. Standard theory for Markov chains gives

Elz;]

~ 1
EL)= ) PR <gl=_5o—s Y &MEn= ol

ni(z,z
y€D,NSGy gz, )yeD,,nssn
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Applying the lower bounds for expected exit times (£g) and the upper bound for the
stopped Green function [5, Lemma 2.10] yields that y, y’ < 1/2 since

- ’r_ 1 .\B
E[L,] = E:[tp,nse, ] > C/<8 n)ﬁ 1 _ C/(S n) 52,
&(z,2) 5. ) (R/8,)P< RP=
Ultimately our choice of y and y’ also gives that the probabilities in (5.2) and (5.3)

are exponentially decreasing, because M, is bounded by M Zye D,NSGy Pt} < 17]

which gives E[M;] < MRﬂ/é’,/fg”’”(z, z) < MCR*§.;“. Therefore, we have

b b
RP—a52 RF—

b

E[L,]? = c( )6/41[«:[2,,]—1 > c/M( )6/4R_°‘8;“/2.

Finally, we obtain

Z Z P[Ez(n)] < ZC”R“S,,_“ -4exp(—c’Mb3/2R#5;“/2) < 00,

n>1z€D, NSGy n>1
which together with the first Borel-Cantelli lemma proves the claim. ]

Outer estimate. For the outer estimate we rely on [5]. The idea is to argue based on
the inner estimate and the fact that the boundary of D is a null set, that not too many
particles can leave D. We will then show that the remaining particles will not be able
to leave the e-inflation D¢ of D. For the remainder we use the notation for deflation
and inflation for sets A C SG,,:

A, ={xeA| B*(x,r) C A} and A" ={x €SG, | AN B"(x,r) # @}.
Recall [5, Lemma 3.5, Lemma 3.6]. We first prove the following.
Lemma 5.5. Letn € N, then there exist p,n € (0, 1] such that for any D C SG,, and
r > 0 the following holds. For all S € D" \ D with |S| < pr® and all x € D we have
Py[t5up < tpr] 2 1.

Proof. Let us introduce the notation Y := dD” /2 a5 the set of all vertices of distance
7/2] 4+ 1 from D. By the Markov property it is sufficient to prove the statement for
starting points y € Y, since every trajectory of a random walk started inside D hits
theset Y. Let A = B"(y,r/3)\ S, then, in view of (V) with corresponding constant
C > 1, by setting p = 47%/C < (0, 1], we obtain

1 /r\e 1 3\«

n _ N _ o . _ - n
A1z 1B /3 =181 2 £ (5) —er* 2 o5 (1-(5) ) 1B Gr/3).
The choice & = (1/C?)(1 — (3/4)%) [5, Lemma 3.5] gives the existence of 7 > 0 such
that Py [z} < r:’/3(y)] > . [
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Next, for p as in Lemma 5.5 we estimate the number of particles leaving a given
set during the internal DLA process.

Lemma 5.6. For a bounded set D C SG,, andr € N, let N be the number of particles
that leave D" during the internal DLA process when starting with all sites in D
occupied and k additional particles that start at sites yi1,...,yx € D. If k < pr®
where p is as in Lemma 5.5, then N < Binom(k, p) for some constant p < 1.

Proof. Label the additional k particles with 1,...,k. By T 7 we denote the cluster
after the first j particles have been settled. By the inductive way of building I It
holds |7 J \ D| < j <k < pr®. Denoting by A; the event that the j-th particle ever
leaves D", in view of Lemma 5.5 it holds IP[4; | I',{_l] < 1—n, forsome n € (0, 1).
For p = 1 —n, by coupling the indicators 14; with i.i.d indicators /; > 14; of mean
pyields N = Z‘le Iy, < Zj-‘:l I; = Binom(k, p). L]

The next lemma shows that if too few particles start inside the given set D, then
only very few particles can ever reach the outside of D?".

Lemma 5.7. For n € N, let D be a bounded subset of SG,, and let k,r € N with
k < p(1 — pt/2%)®r® where p, p < 1 as in Lemma 5.6. Let N be the number of
particles that ever reach the outside of D?" when starting with all sites inside D
already occupied and k additional particles that start at sites y1, ..., yx € D. Then,
for constant cy, c1 > 0 we have

P[N > 0] < coe” .

Proof. For j e Nletr; = (1 — pil24ye N i the number of particles that ever leave
D’/ and k; := p//?k. Taking hj = rj4+1 — r;, we have

kj < p"Pp(1 = p'/2)%r® = phf.
We now apply Lemma 5.6 which conditioned on N; implies Nj; < Binom(N;, p).
Letting A; = {N; < k;} yields
P[4;11 | 4j] = P[Binom(k;j, p) < kjs1] = 1 — 27,

where the last inequality follows from [22, Lemma 5.8]. Let J be the minimal integer
such that pl/ 2r <k J < r.Onthe event A, at most r particles ever leave D", hence
there are not enough particles left to ever leave D?”. Thus, P[N = 0] > P[4] and

]P[N = 0] > ]P)[Al]P[Az | Al]P[AJ | AJ_I] > 1—2J€_cr,

—C1r

and the right-hand side is at least 1 — cge for suitable constants cg, c1 > 0. [ ]
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Proof of Theorem 5.1. Lemma 5.4 gives the inner estimate. For the outer estimate, let
&> 0and

Np=[{1<i<my|v >} =my,— |,

be the number of particles leaving D N SG, before aggregating to the cluster, where
m,, is the number of particles initially in SG,. Let p < 1 as in Lemma 5.6 and set
Ko := p((1 — p'/2*))*. Since by Proposition B.2, u(dD) = 0, for sufficiently small
n > 0 we obtain

(D \ Day) < %KOSOI-
Clearly, for large enough n the construction gives
82Dy N SGu| = p((Dy N $6,)22) = w(Day) = u(D) — %Koe"‘,
and Proposition B.2 implies
|65 my, — w(D)| < %Koso‘ for n large enough,
such that, on the event {5,, NSG, C I, n}, we have for n large enough
Nyp < my —|Dy 0 SGy| < my —8,%u(D) + %Koe"‘S;“ < Ko&%8,%.

So for the event 4, = {N, < Koe%3,*} by Lemma 5.4 it clearly holds that

P[limsup A, | > P[D, N SG, < I, for all but finitely many] = 1.

n—>oo

When considering the probability that, conditioned on A,,, I, has vertices outside the
inflation (D N $G,)%/%", Lemma 5.7 then gives

P[{Z, N ((D N6, *) # B} N A,] < coe™ 1€/,

and the claim follows from Borel-Cantelli lemma. [

A. Odometer of the continuous divisible sandpile on SG

We give below a recipe on how to calculate the odometer function of the continuous
divisible sandpile on SG as introduced in Section 3, for a concrete choice of the initial
configuration o: SG — [0, 00). More precisely, we take o to be constant in the ball of
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radius r = 2! for some / € N and zero outside, that is, for N = 2L > r and L € N

we consider
_ 1B, N))
n(B(0.r))
where we further assume that . > [. We take Tr = B(0, 2/N) and calculate the obsta-
cle y, its superharmonic majorant s, and show that the corresponding noncoincidence
set D for this obstacle is D = B(0, N) € Tr. We summarize first the steps we take
when calculating the odometer, in order to make the section easier to follow.

g0, = 3L_l]13(o,r),

(1) First, we calculate functions f;: B(0, 2i ) — R that have constant Laplacian 1,
i.e., Af; = 1 and are zero on the boundary, i.e., f[3p(0,2iy = 0.

(2) In the second step, we construct a function 1: Tr — R with An = 1 ). In
order to do so, we will take the function f; (a function with constant Laplacian
1 on B(0, r) and zero on the boundary) and construct a harmonic function
h: B(0,2N) \ B(0,r) — R that matches the normal derivative of f; on the
boundary of B(0, r). By then gluing together f; and %, we obtain the desired
function 7.

(3) Next, we construct the obstacle y by taking a function & with constant Lapla-
cian 1 on B(0,2N) (we can take £ = fr;) and setting y = 3L~/ — £.

(4) Finally, we show that the function s defined by

S(x) = y(x) ifx e B(0,2N)\ B0, N),
T o) ifx e B, N),

where y € dB(0, N) and x € B(0,2N), is superharmonic and dominates y.

This shows that for the odometer function u# we have u < s — y. Since {s — y > 0} =
B(0, N), the conservation of mass in Proposition B.2 yields that s — y has the correct
support. Since s is constant on the support of s — y, there is no smaller superharmonic
function and we have u = s — y. Now we follow the steps in the above summary.

The construction of f;. To construct f; we use that (3/4) - 5" Asg, — A as n — 00,
in order to calculate f; on SG,. The generalized (1/5) — (2/5) rule [12, Theorem
A.1] gives f(0) = —(4/3) - 5', and we can calculate the normal derivatives at the
boundary of B(0,2"). For this, we calculate the values of f; at positions a;, b; as
shown in Figure 3.

Using once again the generalized (1/5) — (2/5) rule, we obtain

F@)Y _ (@ + @) @Y -G\ (f@)) _4ain
(ﬂ”ﬂ)_?((%)’—(é)f (3 + @))(f(bo))‘is v
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bj A a

4

b> a2

by ai

bo\ — ao

Figure 3. The vertices used in the calculations of the normal derivative of f;.

which together with f;(ag) = —4/3-5" and f;(bg) = 0 gives
. NI 21N _ 3\, 1\/
rap==23) ¥+3(G).  ser=-2(3) F+2(3)
which can be used to compute the normal derivative 9, as below:

nfi) = Jim (3) Y0 (A0 = ) = lim @3 =537 = 4.3

y~jx

The construction of . We construct the function n: B(0,2N) — R with Ap =
1p(o,r). For this we take n|gw,,) = fi + ¢ for some constant ¢ € R to be deter-
mined. We extend 7 to the ball B(0,2N) such that it is harmonic on the annulus
B(0,2N) \ B(0, r). For this, we glue a harmonic function #: B(0,2N) \ B(0,7) > R
and f; at dB(0, r) such that the resulting function 7 is in Dom; 2 (A). Following [26,
Section 5.1] this results in the two necessary and sufficient conditions

filaBo,r) +¢ = hlapo,n and  (3x f)laBo,n = —(0x)]aB(0,r)-

So it remains to compute (d,/)|5B(0,) Which depends on 4|yp(o,r) = ¢ and to set the

constant ¢ accordingly. For the values of 4 in u;, v; fori =0,..., L — [ (see Figure 4)
we have:
-3 108
h(u;) = h(ur—p) = and h(vy) = hup—) —— 70
1-(3) 1=(3)
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Ui

VL ? ULy

uo ui o Up—

Figure 4. Vertices used in the calculation of the normal derivative of the function /.

The normal derivative of a harmonic function on a triangle of size 2! is given by

3!
duh(uz—) = (5 ) (2hu—s) = hGuz—r+1) = h(v)

3\! 1
= h(ML—l)(—) I
—I+1
S
By the gluing condition we have d,h(uy—_;) = —0, f1(ur—;), and we choose

= 4-51((§)H+1 - 1).

We define n € Dom;2(A) as follows:

()= | i+ ifx e BOD.
) -= h(x) if x € B(0,2N) \ B(0,r).

Calculating the odometer. Define the obstacle y and its superharmonic majorant
s as

y(x)  ifx e B(0,2N)\ B(0, N),

ALl _ =
y(x) =3"""n(x) — fL+1(x), s(x) {8/3~5L if x € B(O, N).
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Notice that s is constant on B(0, N) taking the value 8/3 - 5, which is the value of y
on dB(0, N). Clearly, s is superharmonic on B(0,2N), since As = 1 g9 2n)\B(0,N)- It
remains to show that s > y. For x € B(0,2N) \ B(0, N) this is obvious by definition,
so it is sufficient to show 8/3 - 5L > y(x) for all x € B(0, N). Since y is subharmonic
on B(0, r) it attains its maximum on the boundary and

4 _ 8
YleB(o,r) = 551(3L 1)< 3 5L,

it suffices to investigate the values of y in the annulus B(0, N) \ B(0, r). The fol-
lowing result states that it suffices to consider only the junction points approaching
dB(0, N).

Lemma A.1. Let T" = T" (A, B, C) C SG,, for some n € N be the discrete trian-
gle with boundary points A, B, C and a, b, ¢ be the midpoints opposing A, B, C,
respectively. Furthermore, let f:T" — R be a function with A, f = —1 and f(A) >

f(B) =z f(C). If
f(A) =z max{f(a). f(b). f(c)} and f(A)=max{f(x)|xeT"(A b.c)}

then maxyera,8,c) f(X) = f(A).

Proof. Let h be the unique harmonic function on 7" taking boundary values /|y7n =

flarn. Since A, f = —1, we have the decomposition
f) =h(x)+ Y gralx,y),
yeTn

where gf., is the discrete Green function from (2.2). Note that 5" = ZyeT” grn(x,y)
is rotationally symmetric, i.e., s takes the same values on subtriangles 7" (4, b, ¢),
T"(a,B,c),and T"(a,b, C). Since h(A) > h(B) > h(C), after appropriate rotations
¥B, pc we get

hlrnap,c) = hlTn@,B,c) © 9B > hlTn@ap,0) © OC.

from which we can conclude f'|77(4,p.c) = f|r7(a,B,c) ©¥B = flrn@pcyoec. =

We finally calculate y for all x,i,y,i,z,{, forkeNandj=1,...,L—-1—1,as
in Figure 5.

- 4 . . . i ; 4 .. . .
y() = 35" =D =y ). vg) =35 (43 =) <y
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Yoo
J J
ykb@xk
AN
J J
Y2 ; X2
)
J J
N1 j X
2]
J J
Yo X0
2L717]

and

, . . 3\ k . 8 /1\k .
y(4) = v(x) 1)—g<3f+1—9>(g) 5t J‘*‘E(g) sL 7,

which together with Lemma A.1 1mphes that on all triangles 7" (x0 xo yO) c SGn
the obstacle y attains its maximum in x{ ! forall n € N. Since y(xo) < y(xo ) y
attains its maximum in (B(O, N)\ B(0, r)) N SGy, at xJ for any n € N. Because y is
continuous, we get

=55 = y(x§) = y(x) forall x € B(0,N) \ B(0,r).

B. Boundary regularity

This final part focuses on properties of the boundary of the noncoincidence set D C SG
obtained as the solution of the obstacle problem on the Sierpifiski gasket SG C R2.
We will use a generalization of Lebesgue’s density theorem for SG.

We first consider the case when the density function o: SG — [0, 00) is continuous.
Recall that by Lemma 3.7 for o, the odometer function of the obstacle problem is the
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limit of odometer functions u, for the divisible sandpile on SG, started from initial
densities oy, that fulfill (4.2) and (4.5)—(4.7) as well as the standard assumptions on
initial configurations (3.1)—(3.4). A suitable and canonical choice would be to choose
0, (y) as the average value of ¢ in a double triangle around y as in Theorem 1.1. We
will always fix 0, to be defined this way in the following proofs.

Proposition B.1. Let 0:SG — [0, 00) be continuous with compact support such that
w(o™t(1)) = 0 and D = {u > 0}, where u is the odometer function of the obstacle
problem for o. Then

(1) u(dD) =0,
(2 fD odp = u(D).

Proof. (1) Fix A with 0 < A < 1, and let x € dD with o(x) < A. We can then find
& > 0 such that o is less than (1 4+ 1)/2 on B(x, ¢). We choose o0, on SG,, converging
to o as discussed above and denote by u, the odometer function of the divisible
sandpile started from o, and by D, the corresponding divisible sandpile cluster. By
Theorem 3.7, u, converges to u uniformly, so for n large enough, o, (y) < (1 +1)/2
for all y € B(x,¢) N SG,. Next we choose a point x,, € 0D, that is at a distance of
less than &/3 from x (which we can do for large enough n, since we know that the
sets D, converge to D) and we then choose x;, € SG, of distance less than /3 from
x,, such that x,, € O, (and hence u,(x,) > 0). Define the function

wn(3) = un () + (1= VB[, (o],

where, as before, E y[rg’n_l‘8 /B(x,,)] is the expected exit time from the ball B” (x,,&/35,)
of a simple random walk on SG, started at y € SG,. Since w, is subharmonic on
Dp N B (x4, 6, lg/3), it attains its maximum on the boundary, but for y € 3D, we
also have wy, (y) < wy (x,), hence the maximum is attained in dB™ (x,, 8, 1¢/3). Thus,
there exists y, € dB" (x,,8;, 'e/3) with

1
Un(yp) > EC(1 —1)eP

for some constant C > 0. We remark that the Laplacian of u, is bounded by some
constant M > 0 and u,, = 0 on dD,, hence, similar to the proof of Lemma 4.7, we
conclude

Un(yn) < cMd(yn,30,)?88  for some ¢ > 0.

By the two previous inequalities and with the choice C” := (C(1 — 1)/ (2c M)/ 8 we
obtain d(yn, dDy,) > C’es; L. Thus, B" (y,, C'e8, ') C Dy, and for any x € 9D N
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{o < A} and suitable C” > 0 we get
w(B(x, (14 C"e) N (AD)C) > C"e“.
By Lebesgue’s density theorem [8] for the Hausdorff measure on the gasket we have
w(@D N{o <A}) =0,

and by letting A — 1 and using the fact that u({o = 1}) = 0 we obtain the first claim.
(2) For the sandpile clusters £, C SG, with initial density o, converging to o we
have

|Dn| < Z 0n(z) < |Dn| + [0Dn].
z€D, UID;,

For given ¢ > 0 and n large enough it holds that

D, NSG, € D, C D, UID, C D?,

hence,

/ odu < liminf/ UnAAd,u < u((Dy U D, < u(D?),
D¢ D

n—>o0
&

and similarly,

[ odu > u(De).
De
Putting together the previous two inequalities we obtain
[oan=[ odu+ [ adu< D)+ ud\ D)+ Mu(d\ D)
and
| o = (D) = (D D) = Myu(D*\ D),

where M > Ois asin (3.1). Using u(dD) = 0 and letting ¢ — 0 gives the claim. =

We also consider densities o that are not necessarily continuous everywhere, and
we investigate the corresponding noncoincidence set D.

Proposition B.2. Ler 0:SG — [0, 00) be continuous almost everywhere and assume
that there exists A > 0 such that for all x € SG we have either 6(x) < A oro(x) > 1.
If D = {u > 0} is the solution to the obstacle problem for  and D = D U {c > 1}°,
we then have
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(1) u(®D) =0,
2) (D) = [5odp.

Proof. (1) We choose x € dD. Since the discontinuity points of ¢ are a null set, we
can assume that o is continuous at x. If 6 (x) < A, we can choose ¢ > 0 small enough
suchthato < (1 + A)/2in B(x, ¢). If we define the discrete particle configurations oy,
as in (1.1) by taking the average of o around a given point y, then o, also eventually
are less than (1 4+ A)/2 in B(x, ¢), and from here we can then proceed as in the proof
of Proposition B.1 (1). If o(x) > 1, since o is continuous at x we can find an ¢ > 0
such that ¢ > 1 on B(x, €), but this would imply that x € {o > 1}°, hence x cannot
be a point on the boundary, thus completing the proof of the first claim. The second
claim works as in the proof of Proposition B.1 (2). |

Comments and other direction of work. An interesting question to consider is the
scaling limit of the Abelian sandpile model, where instead of a continuous amount of
mass we only allow whole particles to be distributed among the vertices. In [23], the
authors prove that on 74, when starting with n particles at the origin and stabilizing
until each site has less than 2d particles, as n — o0, the set of occupied sites admits
a weak* scaling limit on R¢. The method can by no means be extended to fractal
objects, and a completely different approach that makes use of the recursive structure
of the gasket should be used in order to prove that also the scaling limit for the Abelian
sandpile model with multiple sources is the same as for the other three aggregation
models. The method used in the current work can be extended to other nested fractals,
but due to the technicalities already appearing on the gasket, we have chosen not to
work on the most general case of such self-similar sets.
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