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Enriched monoidal categories I: Centers

Liang Kong, Wei Yuan, Zhi-Hao Zhang, and Hao Zheng

Abstract. This work is the first one in a series, in which we develop a mathematical theory
of enriched (braided) monoidal categories and their representations. In this work, we intro-
duce the notion of the E0-center (E1-center or E2-center) of an enriched (monoidal or braided
monoidal) category, and compute the centers explicitly when the enriched (braided monoidal or
monoidal) categories are obtained from the canonical constructions. These centers have impor-
tant applications in the mathematical theory of gapless and gapped boundaries of topological
phases. They also play very important roles in the higher representation theory, which is the
focus of the second work in the series.

1. Introduction

Enriched categories were introduced long ago [15], and have been studied intensively
(see a classical review [34]). A category enriched in a symmetric monoidal category
A is also called an A-enriched category or simply an A-category, and is denoted by
AjL. The category A is called the base category of the enriched category [34]. In
this work, we choose to call A the background category of AjL due to its physical
meaning. The L in AjL denotes the underlying category of AjL.

The early study of enriched categories focused mainly on enriched categories with
a fixed symmetric monoidal category A, or equivalently, on the 2-category of A-
categories, A-functors and A-natural transformations [34]. Although it is quite obvi-
ous to consider the change of background category by a symmetric monoidal functor
A! A0, it is natural and sufficient for many purposes to focus on A-categories as
Kelly wrote in his classical book [34]:

Closely connected to this is our decision not to discuss the “change of base
category” given by a symmetric monoidal functor V ! V 0, . . . . The general
change of base, important though it is, is yet logically secondary to the basic
V -category theory it acts on.
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The change of base categories does appear in several early works (see, for exam-
ple, [15,20,54,55]). However, it was not clear from these early works if the theory of
enriched categories with arbitrary background categories becomes significantly richer.

In recent years, however, there are strong motivations from both mathematics and
physics to study the 2-category of enriched categories with different background cat-
egories. First, mathematicians start to explore enriched monoidal categories with the
background categories being only braided (instead of being symmetric) [5, 17, 29,
31, 41, 56, 57]. This development was partially influenced by the modern develop-
ments on higher algebras [3,47,52]. Secondly, in physics, recent progress in the study
of gapless boundaries of 2+1D topological orders [42–44], topological phase transi-
tions [11], boundary-bulk relation in 1+1D CFT [39] and in the theory of quantum
liquids [45] demands us to consider enriched categories, enriched monoidal cate-
gories and enriched braided (or symmetric) monoidal categories such that the back-
ground categories vary from monoidal categories to braided monoidal categories and
to symmetric monoidal categories, and to consider functors between enriched cate-
gories with different background categories, and to develop the representation theory
of an A-enriched (braided) monoidal category AjL in the 2-category of enriched
(monoidal) categories with different background categories [39, 43, 44, 64]. In other
words, physics demands us to develop a generalized theory within the 2-category
of enriched categories (with arbitrary background categories), generalized enriched
functors that can change the background categories (see Definition 3.6) and general-
ized enriched natural transformations (see Definition 3.10). After the appearance of
this paper in arXiv, new applications of enriched categories in physics emerge: (1)
enriched (monoidal) categories were shown to give a rather complete characterization
of 1+1D gapped quantum liquids realized in 1+1D lattice models (including Ising
chain and Kitaev chain) and their boundaries [37, 63]; (2) they appear in the study
of gapped boundaries of 3+1D Walker–Wang models [21, 26]; (3) they were further
confirmed in the recent study of topological phase transitions [9, 51].

This work is the first one in a series to develop this generalized theory. More
precisely, in this work, we study enriched (braided) monoidal categories, and study
the E0-center of an enriched category, the E1-center (or the Drinfeld center or the
monoidal center) of an enriched monoidal category and the E2-center (or the Müger
center) of an enriched braided monoidal category via their universal properties. We
introduce the canonical constructions of enriched (braided/symmetric monoidal) cat-
egories, and compute their centers (see Theorems 4.39, 5.28, and 6.10; Corollaries
4.41, 5.29, and 6.11). These results generalize the main results in [41], where two of
the authors introduced the notion of the Drinfeld center of an enriched monoidal cat-
egory without studying its universal property. These centers play important roles in
the (higher) representation theory of enriched (braided) monoidal categories. We will
develop the representation theory in the second work in the series.
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The layout of this paper is given as follows. In Section 2, we review some basic
notions and set our notations, and for i D 0; 1; 2, we review the notion of the Ei -
center of an Ei -algebra in a symmetric monoidal 2-category. In Section 3, we review
the notion of an enriched category, and introduce the notions of an enriched functor
and an enriched natural transformation. We also study the canonical construction of
enriched categories as a locally isomorphic 2-functor. In Section 4, we study enriched
monoidal categories and the canonical construction, and compute the E0-centers of
enriched categories. In Section 5, we study enriched braided monoidal categories
and the canonical construction, and compute the E1-centers of enriched monoidal
categories. In Section 6, we study enriched symmetric monoidal categories and the
canonical construction, and compute the E2-centers of enriched braided monoidal
categories.

Throughout the paper, we choose a ground field k of characteristic zero when we
mention a finite semisimple (or a multi-fusion) category. We use k or Vec to denote
the symmetric monoidal category of finite-dimensional vector spaces over k.

2. 2-categories

In this section, we recall some basic notions in 2-categories and examples, and set
the notations along the way. We refer the reader to [28] for a detailed introduction to
2-categories and bicategories.

2.1. Examples of 2-categories

In this subsection, we recall some basic notions, such as an (op)lax-monoidal func-
tor, an (op)lax-monoidal natural transformation, a few versions of the 2-category of
(braided) monoidal categories, a left oplax module over a monoidal category, a lax A-
oplax module functor and lax A-oplax module natural transformation. We also set our
notations for 2-categories that are frequently used in this work.

A bicategory is called a 2-category if the associators and the unitors are identities.
We introduce simple notations for objects, 1-morphisms and 2-morphisms in a 2-
category C as x; y 2 C, .f; gW x ! y/ 2 C and .�W f ) g/ 2 C, respectively. The
compositions of 1-morphisms are denoted by juxtaposition. For example, for f W x!
y and h W y! z, their composition is denoted by hf . For 2-morphisms, there are two
types of compositions: vertical composition and horizontal composition. By abusing
notation, we denote both of them by juxtaposition. Their precise meanings should be
clear from the context.

Definition 2.1. A 2-functor F W C! D is called locally equivalent (or fully faithful)
if Fx;y W C.x; y/ ! D.F.x/; F.y// is an equivalence for all x; y 2 C; it is called
locally isomorphic if Fx;y is an isomorphism for all x; y 2 C.
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Example 2.2. We give a few examples of 2-categories.

• Cat: the 2-category Cat of categories, functors and natural transformations. It is
a symmetric monoidal 2-category with the tensor product given by the Cartesian
product � and the tensor unit given by �, which consists of a single object and a
single morphism.

• AlgE1.Cat/: the 2-category of monoidal categories, monoidal functors, and mo-
noidal natural transformations. We choose this notation because a monoidal cat-
egory can be viewed as an E1-algebra in Cat (see, for example, [52]). It is a
symmetric monoidal 2-category with the tensor product � and the tensor unit �.

• AlgE2.Cat/: the 2-category of braided monoidal categories, braided monoidal
functors and monoidal natural transformations. It is a symmetric monoidal 2-
category with the tensor product � and the tensor unit �.

• AlgE3.Cat/: the 2-category of symmetric monoidal categories, braided monoidal
functors and monoidal natural transformations. It is a symmetric monoidal 2-
category with the tensor product � and the tensor unit �.

It is well-known that the notion of a (symmetric or braided) monoidal category is
equivalent to that of an (E3- or E2-) E1-algebra in Cat [18,52,60]. This explains our
notations.

In the rest of this subsection, we recall some basic notions and give a few more
examples of 2-categories that are useful in this work. Let A and B be monoidal cate-
gories.

Definition 2.3. A lax-monoidal functor F W A ! B is a functor equipped with a
morphism 1B ! F.1A/ and a natural transformation F.x/˝ F.y/! F.x˝ y/ for
x; y 2 A satisfying the following conditions.

(1) (lax associativity): For all x; y; z 2 A, the following diagram commutes:

F.x/˝ F.y/˝ F.z/ //

��

F.x/˝ F.y ˝ z/

��

F.x ˝ y/˝ F.z/ // F.x ˝ y ˝ z/

(2.1)

(2) (lax unitality): For all x 2 A, the following diagrams commute:

1B ˝ F.x/ //

��

F.1A/˝ F.x/

��

F.x/ F.1A ˝ x/oo

F.x/˝ 1B
//

��

F.x/˝ F.1A/

��

F.x/ F.x ˝ 1A/oo

(2.2)

An oplax-monoidal functor G WA! B is a lax-monoidal functor Aop! Bop. Here,
Aop denotes the category obtained by reversing 1-morphisms in A.
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Example 2.4. We give some standard examples and set our notation along the way.

(1) Let C be a monoidal category. A lax-monoidal functor F W � ! C is simply
an algebra F.�/ in C ; an oplax-monoidal functor G W � ! C is a co-algebra
in G.�/ in C .

(2) Let �et be the category of (small) sets and M a monoid. Then, the functor
M � � W �et! �et defined by S 7!M � S is lax-monoidal.

(3) Let A be a k-linear algebra. Then, the functor A˝k � W Vec! Vec defined
by V 7! A˝k V is lax-monoidal.

Definition 2.5. A lax-monoidal natural transformation between two lax-monoidal
functor F; GWA ! B is a natural transformation �aW F.a/ ! G.a/ such that the
following diagrams commute:

1B
//

&&

F.1A/

�1
��

G.1A/

F.a/˝ F.b/ //

�a˝�b

��

F.a˝ b/

�a˝b

��

G.a/˝G.b/ // G.a˝ b/

(2.3)

An oplax-monoidal natural transformation between two oplax-monoidal functors is
defined similarly (by flipping non-vertical arrows in (2.3)).

Example 2.6. We give some examples of lax-monoidal natural transformations based
on Example 2.4.

(1) Let F; F 0 W � ! C be lax-monoidal functors. A lax-monoidal natural trans-
formation � W F ! F 0 is simply an algebra homomorphism from F.�/ to
F 0.�/.

(2) Let M and M be two monoids and f WM !M 0 a homomorphism between

monoids. Then, the family of maps ¹M � x
f �1x
����! M 0 � xºx2�et defines a

lax-monoidal natural transformation M � � !M 0 � �.

(3) Let A and A0 be two k-linear algebras and g W A ! A0 an algebra homo-

morphism. Then, the family of linear maps ¹A˝k V
f˝k1V
�����!M 0 ˝k V ºV 2k

defines a lax-monoidal natural transformation A˝k � ! A0 ˝k �.

Using the two notions above, we obtain some new symmetric monoidal 2-catego-
ries (all with the tensor product � and the tensor unit �).

• Alglax
E1
.Cat/: the 2-category of monoidal categories, lax-monoidal functors and

lax-monoidal natural transformations.

• Algoplax
E1

.Cat/: the 2-category of monoidal categories, oplax-monoidal functors
and oplax-monoidal natural transformations.
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• Algoplax
E2

.Cat/: the 2-category of braided monoidal categories, braided oplax-mo-
noidal functors and oplax-monoidal natural transformations.

Definition 2.7. A left A-oplax module is a category M equipped with an oplax-mo-
noidal functor A! Fun.M;M/, or equivalently, an action functorˇWA �M!M

equipped with

• an oplax-associator: a natural transformation .�˝�/ˇ�)�ˇ .�ˇ�/ ren-
dering the following diagram commutative:

..a˝ b/˝ c/ˇ x //

��

.a˝ b/ˇ .c ˇ x/

��

.a˝ .b ˝ c//ˇ x // aˇ ..b ˝ c/ˇ x/ // aˇ .b ˇ .c ˇ x//

(2.4)

• an oplax-unitor: a natural transformation 1ˇ � ) 1M rendering the following
two diagrams commutative:

.1˝ b/ˇ x //

&&

1ˇ .b ˇ x/

xx

b ˇ x

.b ˝ 1/ˇ x //

&&

b ˇ .1ˇ x/

xx

b ˇ x

(2.5)

If the oplax-associator (resp., the oplax-unitor) is a natural isomorphism, then the left
A-oplax module is called strongly associative (resp., strongly unital), and is called a
left A-module if it is both strongly associative and strongly unital.

A left A-lax module is defined by flipping the arrows of the oplax-associator and
the oplax-unitor to give the lax-associator and the lax-unitor.

Definition 2.8. For the two left A-oplax modules M and N , a lax A-oplax module
functor from M to N is a functor equipped with a natural transformation

˛b;mW b ˇ F.m/! F.b ˇm/

such that the following diagrams commute for all a; b 2 A and m 2M:

aˇ .b ˇ F.m// // aˇ F.b ˇm/

��

.a˝ b/ˇ F.m/

��

OO

F..a˝ b/ˇm/ // F.aˇ .b ˇm//

1ˇ F.m/ //

  

F.1ˇm/

~~

F.m/

(2.6)
If ˛ is a natural isomorphism, then F is called an A-module functor.

An oplax A-oplax module functor is defined by flipping the arrow ˛b;m. Similarly,
a lax A-lax module functor and an oplax A-lax module functor can both be defined by
flipping certain arrows.
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Definition 2.9. For the two lax A-oplax module functors F;GWM! N , a lax A-oplax

module natural transformation �W F ) G is a natural transformation rendering the
following diagram:

aˇ F.m/
1ˇ�m //

��

aˇG.m/

��

F.aˇm/
�aˇm

// G.aˇm/

commutative for all a 2 A and m 2 M. An oplax A-oplax module (or oplax A-lax

module, lax A-lax module) natural transformation can be defined similarly.

2.2. Centers in 2-categories

In this subsection, we recall the notions ofEi -centers, for i D 0; 1; 2, in a (symmetric)
monoidal bicategory following Lurie’s book [52].

A contractible groupoid is a non-empty category that has a unique morphism
between every two objects. An object x in a bicategory C is called a terminal object
if the hom category C.y; x/ is a contractible groupoid for every y 2 C.

In the rest of this section, we use C to denote a monoidal bicategory (i.e., a tri-
category with one object) equipped with a tensor product P� and a tensor unit �. By
the coherence theorem of tricategories (see [19, 23]), without loss of generality, we
further assume that C is a semistrict monoidal 2-category, which is also called a Gray
monoid (see [4, 28, 32] for the definition of Gray monoid).

Definition 2.10. An E0-algebra in C is a pair .A; u/, where A is an object in C and
uW � ! A is a 1-morphism.

Definition 2.11. A left unital .A; u/-action on an object x 2 C is a 1-morphism
gWA P� x ! x, together with an invertible 2-morphism ˛ as depicted in the following
diagram:

A P� x
g

$$
� P� x D x

u P�1x
77

1x

//
�� ˛

x

Let x 2 C. We define the 2-category of left unital actions on x as follows.

• Objects are left unital actions on x.

• For i D 1; 2, let ..Ai ; ui /; gi ; ˛i / be a left unital .Ai ; ui /-action on x. A 1-
morphism from ..A1; u1/; g1; ˛1/ to ..A2; u2/; g2; ˛2/ is a triple .p; �; �/, where
pWA1 ! A2 is a 1-morphism in C,

� Wu2) p ı u1 and �Wg2 ı .p P� 1x/) g1
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are two invertible 2-morphism in C such that the following identity of 2-mor-
phisms holds:

A2 P� x

g2

��

�� � P�1 A1 P� x
g1

''

p P�1x

OO

�� �

� P� x //

u2 P�1x

55

u1 P�1x
66

�� ˛1
x

D

A2 P� x
g2

""
� P� x

u2 P�1x
::

//

�� ˛2

x

• Let .p; �; �/; .q; ˇ; '/W ..A1; u1/; g1; ˛1/! ..A2; u2/; g2; ˛2/ be 1-morphisms, a
2-morphism .p; �; �/) .q; ˇ; '/ is a 2-morphism �Wp) q such that

�� �

A2

�

u2
22

u1
// A1

p

FF

q

XX

+3�
D �� ˇ

A2

�

u2
22

u1
// A1

q

OO

A2 P� x g2

��
�� '

A1 P� x

p P�1x

CC

q P�1x

[[

+3� P�1

g1
// x

D

A2 P� x g2

��
�� �

A1 P� x

p P�1x

OO

g1
// x

(2.7)

Remark 2.12. We add a remark on how to read the composition of 2-morphisms in
diagrams for readers who are not familiar with 2-categories. The identity (2.7) should

be read as an identity between the composed 2-morphisms .u2
�
H) p ı u1

�ı1u1
����! q ı

u1/ and ˇ (see also [28, Chapter 3]).

Definition 2.13. Let x be an object in C. AnE0-center Z0.x/ of x is a terminal object
(if exists) in the 2-category of left unital actions on x.

Remark 2.14. A terminal object in a 2-category C is unique in the sense that for any
two terminal objects x; x0 2 C the hom category C.x; x0/ is a contractible groupoid.
Hence, an E0-center, if exists, is unique.

Remark 2.15. In general, the notion of an E0-center can be defined for an E0-
algebra. Indeed, a left unital action of anE0-algebra on anotherE0-algebra .x;�! x/

is a left unital action on the object x “preserving” the E0-algebra structures, and the
E0-center of .x; � ! x/ is terminal among all left unital actions. One can show that
the E0-center is independent of the E0-algebra structure � ! x, thus in practice we
only use the notion of the E0-center of an object.

Remark 2.16. An E0-center does not always exist. For example, if we view the
natural numbers with multiplication as a monoidal 2-category with only identity 1-
morphisms and identity 2-morphisms, then an E0-center of 0 does not exist.
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Definition 2.17. An E1-algebra (or a pseudomonoid, see [13, Section 3]) in C is a
sextuple .A; u; m; ˛; �; �/, where A 2 ob.C/, uW � ! A and mWA P� A! A are 1-
morphisms, and ˛; �; � are invertible 2-morphisms (i.e., the associator, the left unitor
and the right unitor, respectively) as depicted in the following diagrams:

A P� A P� A
m P�1 //

1 P�m
��

A P� A
m
��

A P� A

�� ˛
m // A

� P� A
u P�1 //

1 //

�� �
A P� A

m
��

A P� �
1 P�uoo

1ooA

��
�

such that the following equations of pasting diagrams hold:

A P�4
1 P�1 P�m //

1 P�m P�1
!!

m P�1 P�1

��

A P�3
1 P�m

!!

A P�3

+31 P�˛

m P�1

��

1 P�m

// A P�2

m

��

A P�3

m P�1
!!

+3˛ P�1

A P�2
m

//

+3˛

A

D

A P�4

m P�1 P�1

��

1 P�1 P�m // A P�3

m P�1

��

1 P�m

!!

A P�2

m

��

A P�3

+3†m;m

1 P�m //

m P�1 !!

A P�2

m
!!

+3˛

A P�2

+3˛

m
// A

(2.8)

A P� � P� A
1 P�u P�1

vv
1

''

A P� A P� A

+3�
1 P�m //

m P�1 ��

A P� A
m
��

A P� A

+3˛

m
// A

D

A P� � P� A
1 P�u P�1

vv
1

''

1
rr

A P� A P� A

m P�1 ��

A P� A
m
��

A P� A
m

//

+3�

A

(2.9)

where A P�4 is an abbreviation for A P� A P� A P� A, and †m;m is the interchanger of
the Gray-monoid C (see, for example, [13, Definition 1] for the data and axioms for
Gray monoids). We often abbreviate an E1-algebra to .A; u;m/ or A.

The following result is a special case of [52, Corollary 5.3.1.15]. For the sake of
completeness, we sketch a proof.

Proposition 2.18. The E0-center Z0.x/ of x 2 C, if exists, admits an E1-algebra
structure.

Proof. First, we show that a terminal object A in a Gray monoid .D; P�; �/ admits an
E1-algebra structure. Since A is terminal, we have the following:

• the hom categories D.A P� A;A/ and D.�; A/ are contractible groupoids. So, we
can choose two 1-morphisms m W A P� A! A and u W � ! A,

• the hom categories D.A P�3; A/, D.� P� A; A/ and D.A P� �; A/ are contractible
groupoids. So, there are unique choices for the 2-morphisms ˛ W m ı .m P� 1/)
m ı .1 P�m/, � W m ı u P� 1) 1 and � W m ı 1 P� u) 1,
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• the hom categories D.A P�4; A/ and D.A P� � P� A; A/ are contractible groupoids,
so the pasting diagrams (2.8) and (2.9) automatically hold. Therefore, .A;m;u;˛;
�; �/ is an E1-algebra in D.

Moreover, it is easy to see that different E1-algebra structures on A (i.e., different
choices of m and u) are equivalent.

Then, it suffices to show that the Gray monoid structure of C induces a Gray
monoid structure on the 2-category of left unital actions on x 2 C. Note that .�; 1�/ is
an E0-algebra. The unit of 2-category of left unital actions on x is ..�; 1�/; 1x; 11x /.
The product ..A1;u1/;g1;˛1/ P� ..A2;u2/;g2;˛2/ of two left unital actions ..A1;u1/;
g1;˛1/ and ..A2;u2/;g2;˛2/ is the left unital action defined by the following diagram:

A1 P� A2 P� x
1 P�g2
((

A2 P� x

u1 P�1 66

g2

((

�� †u1;g2 A1 P� x
g1

##
� P� x

u2 P�1 99

1
//

�� ˛2
� P� x

u1 P�1 66

1
//

�� ˛1
x;

where †u1;g2 is the interchanger. By the fact that †1;f and †f;1 are identity 2-mor-
phisms, it is not hard to check that ..�; 1�/; 1x; 11x / P� ..A1; u1/; g1; ˛1/D ..A1; u1/;
g1; ˛1/ D ..A1; u1/; g1; ˛1/ P� ..�; 1�/; 1x; 11x /.

Let .p W A1 ! A2; � W u2 ) p ı u1; � W g2 ı .p P� 1x/) g1/ be a 1-morphism
from ..A1; u1/; g1; ˛1/ to ..A2; u2/; g2; ˛2/. For every left action ..B; v/; h; /, let

.p; �; �/ P� ..B; v/; h; / WD

�
p P� 1B ;

�
v // B

u1 P�1
%%

u2 P�1 //

�� � P�1
A2 P� B

A1 P� B
p P�1

77
;

A2 P� B P� x
1 P�h //

�� †p;h
A2 P� x

g2 //

�� �
x

A1 P� B P� x
1 P�h

//

p P�1

OO

A1 P� x

p P�1

OO

g1

>>
�

..B; v/; h; / P� .p; �; �/ WD

�
1B P� p;

�

�� �

u2 //

u1 ,,

A2
v P�1 //

�� †
�1
v;p

B P� A2

A1
v P�1

//

p
OO

B P� A1

1 P�p

OO
;

B P� A2 P� x
1 P�g2 //

�� 1 P��
B P� x

h // x

B P� A1 P� x 1 P�g1

<<

1 P�p P�1

OO
�

Using the axioms satisfied by the interchangers, it is routine to check that .p; �; �/ P�
..B; v/; h; / and ..B; v/; h; / P� .p; �; �/ are 1-morphism in the 2-category of left
unital actions. Similarly, it is not hard to check that for every 2-morphism � W p1) p2

between 1-morphism .p1; �1; �1/; .p2; �2; �2/W ..A1;u1/;g1;˛1/!..A2;u2/;g2;˛2/,

� P� ..B; v/; h; / WD .� P� 1B W p1 P� 1B ) p2 P� 1B/;

..B; v/; h; / P� � WD .1B P� � W 1B P� p1) 1B P� p2/
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are 2-morphisms in the 2-category of left unital actions, and the assignments on mor-
phisms � P� ..B; v/; h; / and ..B; v/; h; / P� � are 2-functors.

Let .q W B1 ! B2; ˇ W v2 ) q ı v1; ' W h2 ı .q P� 1x/) h1/ be a 1-morphism
from ..B1; v1/; h1; 1/ to ..B2; v2/; h2; 2/. Then, the interchanger

Œ..A2; u2/; g2; ˛2/ P� .q; ˇ; '/�Œ.p; �; �/ P� ..B1; v1/; h1; 1/�

) Œ.p; �; �/ P� ..B2; v2/; h2; 2/�Œ..A1; u1/; g1; ˛1/ P� .q; ˇ; '/�

is defined by the interchanger†p;q W .p P� 1B1/.1A2 P� q/) .p P� 1B2/.1A1 P� q/ of C.
The remaining axioms that the 2-category of left unital actions on x needs to satisfy
as a Gray monoid are not difficult to verify, and we leave it as an exercise.

According to the theory of higher algebras by Lurie [52], if C is a symmetric
monoidal higher category, the En-center of an En-algebra A in C can be defined
as the E0-center of A in the symmetric monoidal higher category AlgEn.C/ of En-
algebras in C, and we have AlgE1.AlgEn.C// ' AlgEnC1.C/ (see [52, Theorem
5.1.2.2]). Then, an En-center is automatically an EnC1-algebra. The E1-center of
an E1-algebra in a braided monoidal bicategory is also studied in [61].

Example 2.19. Consider the symmetric monoidal 2-category .Cat; �; �/ of cate-
gories, functors and natural transformations. E1-algebras in Cat are monoidal cat-
egories, and the E2-algebras in Cat are braided monoidal categories [18, 60], [52,
Example 5.1.2.4], and En-algebras in Cat for n � 3 are symmetric monoidal cate-
gories [52, Example 5.1.2.3].

(1) The following diagram represents:

A �L
ˇ

&&
� �L

1A�1
77

//
�� ˛

L

(2.10)

a left unital .A; 1A/-action on L in Cat, where ˇ W A � L! L is a functor and
˛ is a natural isomorphism. The functor from A to the category Fun.L;L/ of end-
ofunctors defined by a 7! a ˇ � is an E0-algebra morphism, i.e., maps 1A 2 A to
1L 2 Fun.L;L/. We see that Z0.L/ D Fun.L;L/.

(2) For A;L 2 AlgE1.Cat/, let the diagram (2.10) depict a left unital .A; 1A/-
action on L in AlgE1.Cat/, i.e., ˇ is a monoidal functor and ˛ is a monoidal natural
isomorphism. Then, ' WD � ˇ 1LWA! Z1.L/ is a well-defined monoidal functor,
and the half-braiding of '.a/ is defined by

x ˝ '.a/
˛�1˝1
����! .1A ˇ x/˝ '.a/

�
�! .1A ˝ a/ˇ .x ˝ 1L/

�
�! .a˝ 1A/ˇ .1L ˝ x/

�
�! '.a/˝ .1A ˇ x/

1˝˛
���! '.a/˝ x:
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The E0-center of L in AlgE1.Cat/ is given by the Drinfeld center Z1.L/ of L [30,
53] and [52, Example 5.3.1.18]. Recall that the objects of the Drinfeld center Z1.L/

are pairs .x; �;x/, where �;x W � ˝ x ! x ˝� is a half braiding satisfying certain
compatibility conditions (see, e.g., [16, Section 7.13]).

(3) For A;L2AlgE2.Cat/, the diagram (2.10) depicts a left unital .A;1A/-action
on L in AlgE2.Cat/. Since 1Aˇ x' x andˇ is a braided monoidal functor, '.�/ WD
� ˇ 1L defines a braided monoidal functor from A to the Müger center [58] Z2.L/

of L. Then, it is straightforward to check that the E0-center of L in AlgE2.Cat/ is
given by the Müger center Z2.L/ of L [52, Example 5.3.1.18].

(4) For n� 3, let AlgEn.Cat/WDAlgE1.AlgEn�1.Cat// be the symmetric monoid-
al 2-category of En-algebras in Cat. It is known that AlgEn.Cat/ is biequivalent to
the symmetric monoidal 2-category of symmetric monoidal categories, symmetric
monoidal functors and monoidal natural transformations [52, Example 5.1.2.3]. The
E0-center of a symmetric monoidal category L in AlgEn.Cat/ is given by L itself.

Example 2.20. Let C be a monoidal category. We can view C as a monoidal 2-
category with only identity 2-morphisms and denote it by C. Then, the E0-center
of x in the monoidal category C can be defined as the E0-center of x in C (recall
Definition 2.13). In this sense, the theory of centers in 2-categories can be viewed as
a direct generalization of that in 1-categories [12, 39, 59, 62].

Remark 2.21. Suppose C is a monoidal 2-category and M is a C-module. We can
similarly define the E0-center of an object x 2 M in C. More generally, if C is an
EnC1-monoidal higher category and M is an En-module over C, then AlgEn.M/ is
an AlgEn.C/-module, and the En-center of an En-algebra A 2 AlgEn.M/ in C can
be defined as the E0-center of A in AlgEn.C/.

3. Enriched categories

In this section, we introduce the basic notions of an enriched functor and an enriched
natural transformation, thus obtain a few versions of the categories of enriched cate-
gories. In the end, we recall and further study the canonical construction of enriched
categories.

3.1. Enriched categories, functors and natural transformations

Let .A;˝;1A/ be a monoidal category. In the following, the associators and unitors
of A are suppressed for simplicity. We recall the notion of an A-enriched category
(see, for example, [34]).
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Definition 3.1. An A-enriched category AjL (see footnote1), or a category enriched
in A, consists of the following data:

(1) a set of objects ob.AjL/. If x 2 ob.AjL/, we also write x 2 AjL,

(2) an object AjL.x; y/ in A for every pair x; y 2 AjL,

(3) a distinguished morphism 1x W1A !
AjL.x; x/ in A for every x 2 AjL,

(4) a composition morphism AjL.y; z/˝ AjL.x; y/
ı
�!

AjL.x; z/ in A for every
triple x; y; z 2 AjL.

They are required to make the following diagrams commutative for x; y; z; w 2 AjL:

AjL.y; z/˝ AjL.x; y/˝ AjL.w; x/
1˝ı

//

ı˝1
��

AjL.y; z/˝ AjL.w; y/

ı
��

AjL.x; z/˝ AjL.w; x/
ı // AjL.w; z/

(3.1)

1A ˝
AjL.x; y/

' //

1y˝1
��

AjL.x; y/ AjL.x; y/˝ 1A
'oo

1˝1x��
AjL.y; y/˝ AjL.x; y/

ı
44

AjL.x; y/˝ AjL.x; x/

ı
jj

(3.2)

In the rest of this work, the monoidal category A is referred to as the background
category2 of AjL. The underlying category of AjL, denoted by L, is defined by

ob.L/ WD ob.AjL/ and L.x; y/ WD A.1A;
AjL.x; y// 8x; y 2 AjLI

and the composition g ı f of morphisms 1A

g
�!

AjL.y; z/ and 1A

f
�!

AjL.x; y/ is
defined by

1A ! 1A ˝ 1A

g˝f
���!

AjL.y; z/˝ AjL.x; y/
ı
�!

AjL.x; z/I (3.3)

the identity morphism of x in L is precisely 1x W1A !
AjL.x; x/.

Remark 3.2. Let AjL be an enriched category. A morphism f 2L.x;y/ in the under-
lying category L induces a morphism AjL.w; f /W AjL.w; x/! AjL.w; y/ in A for
w 2 AjL, defined by

AjL.w; x/ ' 1A ˝
AjL.w; x/

f˝1
���!

AjL.x; y/˝ AjL.w; x/
ı
�!

AjL.w; y/:

1See Remark 3.30 for an explanation of the notation AjL.
2The category A is often called the base category or ambient category of AjL in math-

ematical literature [34]. Our choice was influenced by its physical meaning [42], which was
further clarified and extended in recent physical works under the name of “categorical symme-
try” [10, 27, 35, 37, 46, 48].
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Similarly, f also induces a morphism AjL.f; w/W AjL.y; w/! AjL.x; w/ for w 2
AjL. Moreover, if g 2 L.y; z/, one can verify that

AjL.w; g/ ı AjL.w; f / D AjL.w; g ı f /:

Thus, AjL.w;�/ defines an ordinary functor L!A. Similarly, AjL.�;w/ is an ordi-
nary functor Lop ! A. Combining them together, we obtain a well-defined functor
AjL.�;�/WLop �L! A [34].

Example 3.3. A usual category is a category enriched in �et; a usual finite k-linear
category or a multi-fusion category [16] is enriched in Vec.

Example 3.4 ([49]). Consider the poset RC WD .Œ0;C1/;�/ of non-negative real
numbers as a category. It can be equipped with a monoidal structure with the tensor
product given by the addition C and the tensor unit given by 0. Then, a metric space
X D .X; d/ can be viewed as an RC-enriched category RCjX :

• the set of objects in RCjX is the underlying set of X ;

• the hom objects are given by RCjX.x; y/ WD d.x; y/ 2 RC;

• the compositions are given by the triangle inequality d.y; z/C d.x;y/ � d.x; z/;

• the identities are given by 0 � d.x; x/ (indeed, d.x; x/ D 0).

Example 3.5. For an A-enriched category AjL, we define an Arev-enriched category
ArevjLop as follows:

• ob.A
revjLop/ WD ob.AjL/;

• for x; y 2 ArevjLop,
ArevjLop.x; y/ WD AjL.y; x/I

• the identity is given by

1x W1A !
AjL.x; x/ D ArevjLop.x; x/I

• the composition is defined by

ArevjLop.y; z/˝rev ArevjLop.x; y/ D AjL.y; x/˝ AjL.z; y/
ı
�!

AjL.z; x/

D
ArevjLop.x; z/;

where˝rev is the reversed tensor product of A.

We call ArevjLop the opposite category of AjL, i.e., .AjL/op WD ArevjLop. We have

Arev.1A;
ArevjLop.x; y// D A.1A;

AjL.y; x// D L.y; x/ D Lop.x; y/:

It means that the underlying category of ArevjLop is Lop. This explains our notation.
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Definition 3.6. An enriched functor jF WAjL! BjM between two enriched categories
consists of the following data:

(1) a lax-monoidal functor yF WA! B, which is called the background changing
functor;

(2) a map F W ob.L/! ob.M/;

(3) a family of morphisms jF x;y W yF .AjL.x;y//! BjM.F.x/;F.y// in B for all
objects x; y 2 L;

satisfying the following two axioms:

(1) 1F.x/ D .1B !
yF .1A/

yF .1x/
����! yF .AjL.x; x//

jF x;x
���!

BjM.F.x/; F.x///;

(2) the diagram

yF .AjL.y; z//˝ yF .AjL.x; y// //

jFy;z˝
jFx;y

��

BjM.F.y/; F.z//˝ BjM.F.x/; F.y//

ı

��

yF .AjL.y; z/˝ AjL.x; y//

yF.ı/

��

yF .AjL.x; z//
jFx;z

// BjM.F.x/; F.z//

(3.4)
in B is commutative.

Example 3.7. We want to emphasize that when A D �et, the notion of an enriched
functor does not coincide with an ordinary functor unless we require yF D 1A (see also
Definition 3.13). For example, let M be a non-trivial monoid and t W M ! � be the
unique map from M to the terminal object � in �et. Then, yF DM � � W �et! �et

(recall Example 2.4) and jF x;y W M �Map.x; y/
t�1
��! � �Map.x; y/ D Map.x; y/

for x; y 2 �et defines an enriched functor �et! �et, which is not a functor in the
usual sense. In other words, even in the case AD �et, this work provides a non-trivial
generalization of the usual category theory.

Example 3.8. Recall Example 3.4. A metric space X D .X; d/ can be viewed as
an RC-enriched category RCjX . It is not hard to see that a lax-monoidal functor yF W
RC ! RC is a monotone map yF W RC ! RC such that yF .x/C yF .y/ � yF .x C y/.
Therefore, for any real number K � 0 the map yFK WD K � � of multiplying by K is
a lax-monoidal functor from RC to itself (indeed, yFK is a monoidal functor and any
monoidal functor RC!RC has this form). Given two metric spaces .X;dX /; .Y;dY /,
an enriched functor jF W RCjX ! RCjY with the background changing functor given
by yF D yFK is simply a Lipschitz map F W X ! Y with a Lipschitz constant K, i.e.,
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a map F W X ! Y satisfying

K � dX .x1; x2/ � dY .F.x1/; F .x2//:

For every f W 1A !
AjL.x; y/, we define

F.f / WD
�
1B !

yF .1A/
yF .f /
���! yF .AjL.x; y//

jF x;y
����!

BjM.F.x/; F.y//
�
: (3.5)

The commutativity of the diagram (3.4) implies that F.gf / D F.g/F.f / for every
f 2 L.x; y/ and g 2 L.y; z/. As a consequence, we obtain a functor F W L!M,
which is called the underlying functor of jF . When yF D 1A, we recover the classical
notion of a underlying functor (see [34]).

Remark 3.9. Given an enriched functor jF W AjL! BjM, for f 2 L.x; y/ in the
underlying category L, the commutativity of the diagram (3.4) implies that of the
following diagram:

yF .AjL.w; x//

yF .AjL.w;f //
��

jFw;x
// BjM.F.w/; F.x//

BjM.F .w/;F .f //
��

yF .AjL.w; y//
jFw;y

// BjM.F.w/; F.y//

In other words, jFw;� W yF .AjL.w;�//) BjM.F.w/;F.�// is a natural transforma-
tion. Similarly, jF �;w W yF .AjL.�; w//) BjM.F.�/; F .w// is also a natural trans-
formation. Combining them together, we obtain a natural transformation

jF �;� W yF .
AjL.�;�//) BjM.F.�/; F .�//;

generalizing the classical result for yF D 1A [34].

Definition 3.10. An enriched natural transformation j� W jF ) jG between two en-
riched functors jF ; jG W AjL! BjM consists of a lax-monoidal natural transformation
O� W yF ! yG, which is called the background changing natural transformation of j� ,
and a family of morphisms

�x W 1B !
BjM.F.x/;G.x// 8x 2 AjL;

rendering the following diagram commutative:

yF .AjL.x; y// //

O���

1B ˝
yF .AjL.x; y//

�y˝
jFx;y

��

yG.AjL.x; y//˝ 1B

jGx;y˝�x
��

BjM.F.y/;G.y//˝ BjM.F.x/; F.y//

ı
��

BjM.G.x/;G.y//˝ BjM.F.x/;G.x//
ı // BjM.F.x/;G.y//

(3.6)
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The family of morphisms ¹�xº automatically defines a natural transformation � WF )
G, which is called the underlying natural transformation of j� .

Remark 3.11. Two enriched natural transformations j� and j� are equal in lax jECat
(see Proposition 3.16 for the definition of lax jECat) if and only if O� D O� and � D �.

Remark 3.12. The diagram (3.6) can be rewritten as follows:

yG.AjL.x; y//

jGx;y ��

yF .AjL.x; y//
jF x;y
//

O�
oo BjM.F.x/; F.y//

BjM.F .x/;�y/��
BjM.G.x/;G.y//

BjM.�x ;G.y// // BjM.F.x/;G.y//

(3.7)

The commutativity of (3.7) guarantees that ¹�xº gives a well-defined natural transfor-
mation � W F ) G.

Definition 3.13 ([34]). An enriched functor jF WAjL! AjM is called an A-functor if
yF D 1A. An enriched natural transformation j�W jF ) jG between two A-functors is

called an A-natural transformation if O� is the identity natural transformation of 1A,
i.e., O� D 11A

.

Example 3.14. An A-enriched category with only one object � is determined by an
algebra .A;mA WA˝A!A; �A W 1!A/ in A with the identity morphism 1� W 1!A

defined by �A and the composition morphism ı WA˝A!A defined bym. We use �A

to denote this enriched category. If A is the monoidal category with only one object
and one morphism, we simply denote �1 by �.

Let B be an algebra in a monoidal category B. Then, an enriched functor jF W
�A!�B is defined by a lax-monoidal functor yF WA!B and an algebra homomor-
phism jF �;� W yF .A/! B .

Given another enriched functor jG W �A!�B , an enriched natural transformations
j� W jF ) jG is defined by a lax-monoidal natural transformation O� W yF ! yG and a
morphism � W 1B ! B rendering the following diagram commutative:

yF .A/

��

// 1B ˝
yF .A/

�˝jF �;�
// B ˝ B

mB
��

yG.A/˝ 1B

jG�;�˝�
// B ˝ B

mB // B

(3.8)

For example, when � D �B and O� satisfies the condition jG�;� ı O�AD jF �;�, they define
an enriched natural transformation.

Example 3.15. Let AjL be an A-enriched category. For every x 2 AjL, we use jx to
denote the enriched functor �! AjL defined by Ox D 1A, � 7! x and jx�;� D 1x . The
underlying functor of jx, i.e., � 7! x, is denoted by x.
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3.2. 2-categories of enriched categories

Proposition 3.16. Enriched categories (as objects), enriched functors (as 1-mor-
phisms), and enriched natural transformations (as 2-morphisms) form a 2-category
lax jECat.

(1) The composition jG ı jF of 1-morphisms jF W AjL! BjM and jG W BjM !
C jN is the enriched functor defined by the composition of lax-monoidal func-
tors yG yF and the underlying functor GF induced by the family of morphisms

yG yF .AjL.x; y//
yG.jFx;y/
������! yG.BjM.F.x/; F.y///

jGF.x/;F.y/
��������!

C jN .GF.x/;GF.y//

for all x; y 2 AjL.
(2) The horizontal composition j� ı j� W jH ı jF ) jL ı jG of 2-morphisms j� W

jF ) jG and j� W jH ) jL, where jF ; jG W AjL! BjM and jH; jL W BjM!
C jN are 1-morphisms, is the enriched natural transformation defined by the
horizontal compositions of natural transformations O� ı O� W yH ı yF ! yL ı yG
and � ı � W H ı F ! L ıG.

(3) The vertical composition of 2-morphisms j� W jF ) jG and jˇ W jG ) jK,
where jF ; jG; jK W AjL ! BjM are 1-morphisms, is defined by the vertical
composition of natural transformations Ǒ O� W yF ! OK and ˇ� W F ! K.

We denote the sub-2-category of lax jECat consisting of enriched functors jF such
that yF is monoidal by ECat. Fix a monoidal category A, all A-enriched categories,
A-functors and A-natural transformations form a sub-2-category of lax jECat, denoted
by AjECat.

Remark 3.17. An enriched natural transformation j˛ is invertible in lax jECat (i.e., an
enriched natural isomorphism) if and only if both Ǫ and ˛ are natural isomorphisms.

Definition 3.18. Let C jM and D jN be enriched categories. We define their Cartesian
product C jM � D jN as a .C �D/-enriched category as follows.

• The objects of C jM � D jN are the same as M �N .
• For any m1; m2 2M and n1; n2 2 N ,

.C jM � D jN /..m1; n1/; .m2; n2// WD .
C jM.m1; m2/;

D jN .n1; n2// 2 C �D :

• The composition is defined by

.C jM � D jN /..m2; n2/; .m3; n3//˝ .
C jM � D jN /..m1; n1/; .m2; n2//

D .C jM.m2; m3/;
D jN .n2; n3//˝ .

C jM.m1; m2/;
D jN .n1; n2//

D .C jM.m2; m3/˝
C jM.m1; m2/;

D jN .n2; n3/˝
D jN .n1; n2//

.ı;ı/
���! .C jM.m1; m3/;

D jN .n1; n3// D .
C jM � D jN /..m1; n1/; .m3; n3//:



Enriched monoidal categories I: Centers 19

• The identity morphism 1.m;n/ is defined by .1m; 1n/:

1.m;n/ WD
�
.1C ;1D /

.1m;1n/
�����! .C jM.m;m/;D jN .n; n//D .C jM � D jN /..m;n/; .m;n//

�
:

(Note that the underlying category of C jM � D jN is M �N .)

For enriched functors jF W C1jM1!
C2jM2, jG W D1jN1!

D2jN2, the lax-monoidal
functor yF � yG WC1�D1!C2 �D2, the mapF �G W ob.M1/� ob.N1/! ob.M2/�

ob.N2/, and the family of morphisms�
yF .C1jM1.a; b//; yG.

D1jN1.x; y//
� .jF a;b;jGx;y/
����������!

�
C2jM2.F.a/; F.b//;

D2jN2.G.x/;G.y//
�

for all .a; x/; .b; y/ 2 ob.M1/ � ob.N1/ define an enriched functor from C1jM1 �

D1jN1 to C2jM2 �
D2jN2. In the following, we use jF � jG to denote this enriched

functor. Similarly, for enriched natural transformations j� W jF 1 ) jF 2, j� W jG1 )
jG2, where jF 1; jF 2 W C1jM1 !

C2jM2, jG1; jG2 W D1jN1 !
D2jN2, we use j� � j� to

denote the enriched natural transformation jF 1 � jG1) jF 2 �
jG2 with background

changing natural transformation O� � O�, and underlying natural transformation � � �.
It can be shown that C jM � D jN is the binary product of C jM and D jN (in the

bilimit sense) and � is the terminal object of lax jECat. Then, the following result is
an easy corollary of [8, Theorem 2.15]. For the sake of completeness, we sketch the
proof.

Proposition 3.19. lax jECat is a symmetric monoidal 2-category with the tensor prod-
uct given by the Cartesian product � and the tensor unit given by �.

Proof. The tensor product of lax jECat is defined by the 2-functor which maps .C jM;
D jN / to C jM � D jN , .jF ; jG/ to jF � jG, and .j�; j�/ to j� � j�. And the tensor unit of
lax jECat is the enriched category � whose background category and underlying cate-
gory are both the trivial category with only one object and only its identity morphism.
The associator and left/right unitor of lax jECat are derived from those of symmetric
monoidal 2-categories Cat and Alglax

E1
.Cat/. In particular, the associator and left/right

unitor are 2-natural isomorphisms, and the pentagonator and 2-unitors are all given by
the identity 2-morphisms. The braiding j†W C jM � D jN ! D jN � C jM is defined by
the enriched functor which switches the two arguments of the background categories
and underlying categories. The left/right hexagonator and syllepsis are identity mod-
ifications. All the pasting diagram axioms in the definition of symmetric monoidal
2-categories hold for lax jECat since every 2-morphism in the diagrams is an iden-
tity 2-morphism (see [28, Chapter 12] for a detailed description of pasting diagram
axioms).

Remark 3.20. Note that AjECat is not a monoidal sub-2-category of lax jECat because
the Cartesian product � is not defined in AjECat. We show in Example 3.24 that if
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A is braided, then AjECat has a natural monoidal structure with a non-trivial tensor
product.

Remark 3.21. There is a symmetric monoidal 2-functor from lax jECat to Cat defined
by AjL 7! L, jF 7! F and j� 7! � . There is a symmetric monoidal 2-functor from
lax jECat (resp., ECat) to Alglax

E1
.Cat/ (resp., AlgE1.Cat/) defined by AjL 7!A, jF !

yF and j� 7! O� (see [22–24] for the definition of symmetric monoidal bifunctor).

3.3. Pushforward 2-functors

In this subsection, we review a push-forward 2-functor and use it to reformulate the
notions of an enriched functor and an enriched natural transformation.

Let A and B be monoidal categories and R W A ! B a lax-monoidal functor.
Given an enriched category AjL, there is a B-enriched category R�.AjL/ [15, 34, 57]
defined as follows:

(1) ob.R�.AjL// WD ob.AjL/;

(2) R�.AjL/.x; y/ WD R.AjL.x; y//;

(3) the identity morphism is

1x WD
�
1B ! R.1A/

R.1x/
����! R.AjL.x; x// D R�.

AjL/.x; x/
�
I

(4) the composition of morphisms is defined by the following composed mor-
phisms in B:

R.AjL.y; z//˝R.AjL.x; y//! R.AjL.y; z/˝ AjL.x; y//

R.ı/
���! R.AjL.x; z//:

The two defining conditions (3.1) and (3.2) hold due to the lax-monoidality of R.

Remark 3.22. There is a canonical enriched functor jR W AjL! R�.
AjL/ defined by

yR WD R, ob.AjL/
1
�! ob.AjL/ and

jRx;y D 1R.AjL.x;y// for x; y 2 ob.AjL/:

Given an A-functor F W AjL! AjM, i.e., a map F W ob.L/! ob.M/ together
with Fx;y W AjL.x; y/! AjM.F.x/; F.y// for x; y 2 L. Then, the same map F W
ob.L/! ob.M/ together with

R.Fx;y/ W R.
AjL.x; y//! R.AjM.F.x/; F.y///

for x; y 2 L defines a B-functor R�.F / W R�.AjL/! R�.
AjM/.
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Given an A-natural transformation � W F ) G between two A-functors F; G W
AjL! AjM. For x 2 L, we define a family of morphisms R�.�x/ in B:

R�.�x/ WD
�
1B ! R.1A/

R.�x/
����! R.AjM.F.x/;G.x///

�
:

It is straightforward to check that R�.�x/ defines an A-natural transformation R�.�/.
The following result was essentially in [15,34] except we drop the assumption on

the symmetric monoidality.

Theorem 3.23. Given a lax-monoidal functor R W A ! B, there is a well-defined
2-functor R� W AjECat! BjECat (called the pushforward of R) defined by AjL 7!

R�.
AjL/, F 7! R�.F /, � 7! R�.�/.

Example 3.24. We give a few examples of the pushforward 2-functor R�.

(1) Given a monoidal category A, the functor A.1A;�/ has a lax-monoidal struc-
ture defined by

A.1A; x/ �A.1A; y/! A.1A ˝ 1A; x ˝ y/ ' A.1A; x ˝ y/:

Then, the pushforward 2-functor A.1A;�/� maps an A-enriched category
to its underlying category, an A-functor to its underlying functor, and an A-
natural transformation to its underlying natural transformation.

(2) Let A be a braided monoidal category. The tensor product˝ WA�A!A is
monoidal. Then, ˝� W A �AjECat! AjECat is a well-defined 2-functor. The
Cartesian product � defines a functor � W AjECat � AjECat! A �AjECat.
Then, we obtain a composed functor

P� W
AjECat � AjECat

�
�!

A �AjECat
˝�
��!

AjECat:

This functor P�, together with the tensor unit �, endows a monoidal structure
on AjECat [17]. If A is a symmetric monoidal category, then AjECat is a
symmetric monoidal 2-category [34].

(3) Given a braided monoidal category A, let B be a left monoidal A-module [2,
6, 25, 40, 52], i.e., B is equipped with a braided monoidal functor �WA !
Z1.B/. Letˇ be the composed functor

A �B
��1
��! Z1.B/ �B ! B:

It defines a left unital A-action on B. Moreover, ˇ is monoidal, thus the
pushforwardˇ� is well-defined. Therefore, we obtain a composed 2-functor

AjECat � BjECat
�
�!

A �BjECat
ˇ�
��!

BjECat; (3.9)
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which endows BjECat with a structure of a left AjECat-module. This clarifies
[44, Remark 3.21]. Notice that this AjECat-action on BjECat factors through
a canonical action of Z1.B/jECat on BjECat. If, in addition, A is symmetric,
B is braided and equipped with a braided functor � W A! Z2.B/, then the
functor ˇ is braided monoidal. Then, the AjECat-action on BjECat factors
through the canonical action of Z2.B/jECat on BjECat.

We obtain a new characterization of an enriched functor.

Proposition 3.25. An enriched functor jF W AjL! BjM is precisely a pair . yF ; {F /,
where yF WA!B is a lax-monoidal functor and {F W yF�.AjL/! BjM is a B-functor.
Moreover, in the light of Remark 3.22, an enriched functor jF always splits into a
composition, i.e., jF D {F ı j yF . We call it the splitting property of an enriched functor.

Proof. This is just a reformulation of Definition 3.6 in terms of a B-functor (recall
Definition 3.13).

Remark 3.26. Recall Example 3.24 (3). Let A be anE1-algebra in AjECat andM an
A-module in BjECat. By the splitting property of an enriched functor, the A-action
on M factors through an ��.A/-action on M . As a consequence, for an E0-algebra
in BjECat (i.e., a B-enriched category together with a distinguished object), its E0-
center in ECat, if exists, necessarily lives in Z1.B/jECat. If, in addition, B is braided,
for an E1-algebra in BjECat, its E1-center in ECat, if exists, lives in Z2.B/jECat.
Similarly, if B is symmetric, for an E2-algebra in BjECat, its E2-center in ECat
lives in BjECat.

Let R; R0 W A ! B be two lax-monoidal functors and � W R ) R0 be a lax-
monoidal natural transformation. This � induces an enriched functor �� WR�.AjL/!
R0�.

AjL/, called the pushforward of �. More precisely, �� is a B-functor defined as
follows:

(1) �� is the identity map on ob.L/;

(2) on morphisms: .��/x;y W R�.AjL/.x; y/! R0�.
AjL/.x; y/ is defined by

.��/x;y WD
�
R�.

AjL.x; y//
�AjL.x;y/

������! R0�.
AjL.x; y//

�
:

The lax-monoidality and the naturalness of � imply that such defined �� preserves the
identities and the compositions. Therefore, �� is a well-defined B-functor. We obtain
a new characterization of an enriched natural transformation.

Proposition 3.27. Let jF ; jG W AjL! BjM be two enriched functors. An enriched
natural transformation j� W jF ! jG is precisely a pair . O�; L�/, where O� W yF ) yG is a
lax-monoidal natural transformation and L� W {F ) {G ı O�� is a B-natural transforma-
tion.
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3.4. Canonical construction

In this subsection, we recall the canonical construction of enriched categories, and
further study it in the new 2-category of enriched categories. The main results are The-
orems 3.39 and 3.45. Throughout this subsection, A and B are monoidal categories,
L is a left A-oplax module (recall Definition 2.7), and M is a left B-oplax module.

Recall that L is called enriched in A if the internal hom Œx; y�A exists in A for all
x; y 2 L. We sometimes abbreviate Œx; y�A to Œx; y� for simplicity. We use evx and
coevx to denote the counit Œx; y�ˇ x ! y and unit a! Œx; aˇ x� of the adjunction

L.aˇ x; y/ ' A.a; Œx; y�/:

For any pair .a; �/ where a 2 A and � W aˇ x ! y is a morphism in L, there exists
a unique morphism N� W a! Œx; y� such that the following diagram commutes:

aˇ x
N�ˇ1x //

�

��

Œx; y�ˇ x

evx

��
y

It follows that for any morphisms f W x0 ! x; g W y ! y0, there exists a unique mor-
phism Œf; g� W Œx; y�! Œx0; y0� rendering the following diagram commutative:

Œx; y�ˇ x0
Œf;g�ˇ1

//

1ˇf

��

Œx0; y0�ˇ x0

evx0

��

Œx; y�ˇ x
evx // y

g
// y0

As a consequence, the internal homs define a bifunctor Œ�;�� WLop �L!A. Indeed,
Œf;�� is the mate of .�ˇ f / under the adjunction .�ˇ x/ a Œx;��.

Remark 3.28. Let .L W B ! A; R W A ! B; � W 1B ) RL; " W LR ) 1A/ be
an adjunction such that R is lax-monoidal. The functor L is automatically oplax-
monoidal [33]. The left A-oplax module L pulls back to a left B-oplax module with
the B-action defined by L.�/ˇ � W B �L! L. If L is enriched in A, then L is
enriched in B with Œx; y�B D R.Œx; y�A/. The evaluation Œx; y�B ˇ x! y is defined
by the composed morphism:

LR.Œx; y�A/ˇ x
"
�! Œx; y�A ˇ x

evx
��! y:
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Definition 3.29 ([50]). If L is enriched in A, then L can be promoted to an A-
enriched category, denoted by AL. More precisely, the enriched category AL has the
same objects as L and AL.x;y/D Œx;y�. The identity 1x W1! Œx;x� and composition
ı W Œy; z�˝ Œx;y�! Œx; z� are the unique morphisms rendering the following diagrams
commutative:

1A ˇ x
1xˇ1//

ux

""

Œx; x�ˇ x

evx

��
x

.Œy; z�˝ Œx; y�/ˇ x //

ıˇ1

��

Œy; z�ˇ .Œx; y�ˇ x/
1ˇevx// Œy; z�ˇ y

evy

��
Œx; z�ˇ x

evx // z

This construction of AL is called the canonical construction.

In the case of canonical construction AL, if L is a strongly unital, i.e., ux W 1A ˇ

x ! x is invertible for every x 2 L, then L can be canonically identified with the
underlying category of AL via an isomorphism of categories defined by the identity
map on objects and the map .f W y! y0/ 7! .f W 1A! Œy;y0�/ on morphisms, where
f is defined by the following commutative diagram:

1A ˇ y

uy

��

fˇ1
// Œy; y0�ˇ y

evy

��

y
f

// y0

(3.10)

Remark 3.30. A brief remark to our notations AjL and AL. We use “j” in a generic
enriched category AjL to indicate that A might not directly act on L. Once we remove
the block “j”, it suggests an A-action on L and the canonical construction.

An enriched functor between two enriched categories from the canonical construc-
tion has a nice characterization (see Proposition 3.34). We explain that now. In the rest
of this subsection, L and M are assumed to be enriched in A and B, respectively.

Let L W B ! A be an oplax-monoidal functor. Then, the left A-oplax module L

pulls back along L to a left B-oplax module with the B-action defined by L.�/ˇ� W
B �L! L. For a functor F W L!M, a lax B-oplax module functor structure on F
is defined by a natural transformation

˛ D
®
˛b;x W b ˇ F.x/! F.L.b/ˇ x/

¯
a2A;x2L

satisfying some natural axioms (recall Definition 2.8). We also call this natural trans-
formation ˛ as an L-oplax structure of F . We introduce a new structure on F that is
in some sense dual to the L-oplax structure of F .
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Definition 3.31. Let R W A ! B be a lax-monoidal functor and F W L ! M be
a functor. An R-lax structure on F is a natural transformation ˇ D ¹ˇa;x WR.a/ ˇ
F.x/! F.aˇ x/ºa2A;x2L rendering the following diagrams commutative:

.R.a/˝R.b//ˇ F.x/ //

��

R.a˝ b/ˇ F.x/
ˇa˝b;x

// F..a˝ b/ˇ x/

��

R.a/ˇ .R.b/ˇ F.x//
1ˇˇb;x

// R.a/ˇ F.b ˇ x/
ˇa;bˇx

// F.aˇ .b ˇ x//

1B ˇ F.x/ //

��

R.1A/ˇ F.x/

ˇ1A;x

��

F.x/ F.1A ˇ x/oo

(3.11)

The functor F equipped with an R-lax structure is called an R-lax functor.

Remark 3.32. When AD B;R D 1A, an R-lax functor becomes a lax B-oplax mod-
ule functor. In general, an R-lax functor F is not a “module functor” in any sense
because A! B ! Fun.M;M/ (as the composition of a lax-monoidal functor and
an oplax-monoidal functor) is neither lax-monoidal nor oplax-monoidal.

Remark 3.33. We explain the duality between an L-oplax structure and an R-lax
structure. Let .L WB!A;R WA!B; � W 1B)RL;" WLR) 1A/ be an adjunction
such that R is lax-monoidal. Then, L is automatically oplax-monoidal [33] with the
oplax structure maps defined by

L.1B/! LR.1A/
"
�! 1A;

L.a˝ b/
L.�˝�/
�����! L.RL.a/˝RL.b//! LR.L.a/˝ L.b//

"
�! L.a/˝ L.b/:

Let ¹ˇa;x W R.a/ˇ F.x/! F.aˇ x/ºa2A;x2L be an R-lax structure on F , then

˛b;x WD
�
b ˇ F.x/

�ˇ1
���! RL.b/ˇ F.x/

ˇL.b/;x
�����! F.L.b/ˇ x/

�
8b 2 B; x 2 L

define an L-oplax structure on F .
Conversely, let ¹˛b;x W b ˇ F.x/! F.L.b/ˇ x/ºb2B;x2L be an L-oplax struc-

ture on F , then

ˇa;x WD
�
R.a/ˇF.x/

˛R.a/;x
�����! F.LR.a/ˇ x/

F."aˇ1/
������! F.aˇ x/

�
8a 2A; x 2L
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define anR-lax structure on F . These two constructions are mutually inverse. In other
words, there is a bijection between the set ofR-lax structures onF and that ofL-oplax
structures on F .

The R-lax structure gives a characterization of an enriched functor between two
enriched categories from the canonical construction as explained in the following
proposition.

Proposition 3.34. Suppose L and M as left oplax modules are strongly unital. Let
jF W AL! BM be an enriched functor. The underlying functor F W L!M with the
natural transformation

ˇa;x WD
�
yF .a/ˇ F.x/

yF .coevx/
������! yF .Œx; aˇ x�/ˇ F.x/

jF x;aˇx
�����! ŒF .x/; F.aˇ x/�ˇ F.x/

evF.x/
����! F.aˇ x/

�
(3.12)

is an yF -lax functor. Conversely, given a lax-monoidal functor yF W A! B and an yF -
lax functor F W L!M with the yF -lax structure ˇa;x W yF .a/ˇ F.x/! F.aˇ x/,
the morphisms

jF x;y WD
�
yF .Œx; y�/

coevF.x/
�����! ŒF .x/; yF .Œx; y�/ˇ F.x/�

ŒF .x/;ˇŒx;y�;x �
����������! ŒF .x/; F.Œx; y�ˇ x/�

ŒF .x/;F .evx/�
���������! ŒF .x/; F.y/�

�
;

(3.13)

together with yF and F , define an enriched functor jF W AL! BM. Moreover, these
two constructions are mutually inverse.

Proof. Given an enriched functor jF W AL! BM, we need to show the natural trans-
formation ˇa;x defined in (3.12) satisfies two diagrams in (3.11). The first diagram is
the outer diagram of the following commutative diagram:

yF .a/ yF .b/F .x/
yF 21 //

1 yF.coevx/1

��

yF .ab/F .x/
yF.coevx/1 //

yF.coevbx coevx/

**

yF .Œx; abx�/F .x/

jFx;abx1

xx

yF .a/ yF .Œx; bx�/F .x/
yF.coevbx/11//

1jFx;bx1

��

yF .Œbx; abx�/ yF .Œx; bx�/F .x/
yF 21 //

jF bx;abx
jFx;bx1

��

yF .Œbx; abx�Œx; bx�/F .x/

yF.ı/1

OO

yF .a/ŒF .x/;F .bx/�F .x/

1 evF.x/

��

ŒF .bx/;F .abx/�ŒF .x/;F .bx/�F .x/
ı1 //

1 evF.x/

**

ŒF .x/;F .abx/�F .x/

evF.x/

xx

F

yF .a/F .bx/
yF.coevbx/1

// yF .Œbx; abx�/F .bx/
jF bx;abx1

// ŒF .bx/;F .abx/�F .bx/

evbx

��

F.abx/
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where the pentagon ? commutes because jF is an enriched functor. The second dia-
gram is the outer diagram of the following commutative diagram:

1F.x/
yF 01 //

��

1F.x/1

��

F

yF .1/F.x/

yF .1x/1
��

yF .coevx/1

))

yF .Œx; x�/F.x/

jF x;x1

��

yF .Œx;1x�/F.x/

jF x;1x1

��

oo

ŒF .x/; F.x/�F.x/
evF.x/

ww

ŒF .x/; F.1x/�F.x/

evF.x/
��

oo

F.x/ F.1x/oo

where the subdiagram ? commutes because jF is an enriched functor.
Conversely, suppose ˇa;x is an yF -lax structure of F , we need to show that the

morphisms jF x;y , together with yF and F , define an enriched functor jF W AL! BM.
That jF preserves the identity morphisms follows from the commutativity of the outer
diagram of the following commutative diagram:

1
yF 0 //

coevF.x/

��
1F.x/

##

yF .1/
yF.1x/ //

coevF.x/
��

yF .Œx; x�/

coevF.x/
��

ŒF .x/;1ˇ F.x/� //

��

ŒF .x/; yF .1/ˇ F.x/� // ŒF .x/; yF .Œx; x�/ˇ F.x/�

Œ1;ˇŒx;x�;x�

��

ŒF .x/; F.x/� ŒF .x/; F.Œx; x�ˇ x/�oo

F

where ? commutes by the definition of yF -lax structure. Using the adjunction .� ˇ
x/ a Œx;��, the condition (3.4) is equivalent to the commutativity of the outer square
of the following diagram:

yF .Œy; z�/ yF .Œx; y�/F.x/
yF 21 //

1ˇŒx;y�;x
��

F

yF .Œy; z�Œx; y�/F.x/
yF .ı/1

//

ˇŒy;z�Œx;y�;x

��

yF .Œx; z�/F.x/

ˇŒx;z�;x

��
yF .Œy; z�/F.Œx; y�x/

ˇŒy;z�;Œx;y�x
//

1F .evx/
��

F.Œy; z�Œx; y�x/
F.ı1/

//

F.1 evx/

��

F.Œx; z�x/

F.evx/

��
yF .Œy; z�/F.y/

ˇŒy;z�;y
// F.Œy; z�y/

F.evy/
// F.z/

where the square ? commutes because ˇ is an yF -lax structure of F .
It is easy to verify that these two constructions are mutually inverse.



L. Kong, W. Yuan, Z.-H. Zhang, and H. Zheng 28

Remark 3.35. The special case of Proposition 3.34 when B D A and yF D 1A has
been proved in [50, 56].

Definition 3.36. For i D 1;2, letRi WA!B be a lax-monoidal functor and Fi WL!
M an Ri -lax functor. Given a lax-monoidal natural transformation O� W R1 ) R2, a
natural transformation � W F1 ) F2 is O�-lax or called a O�-lax natural transformation
if the following diagram commutes:

R1.a/ˇ F1.x/ //

O�aˇ�x

��

F1.aˇ x/

�aˇx

��

R2.a/ˇ F2.x/ // F2.aˇ x/

(3.14)

where the unlabeled arrows are given by the Ri -lax structure on Fi .

Remark 3.37. Definition 3.36 is motivated by the following fact. Let .L WB!A;R W

A! B; � W 1B ) RL; " W LR) 1A/ be an adjunction such that R is lax-monoidal
and F1; F2 W L!M be R-lax functors. By Remark 3.33, Fi is equipped with an L-
oplax structure induced by the R-lax structure on Fi . Then, a natural transformation
� W F1) F2 is 1R-lax if and only if � is a B-module natural transformation.

Proposition 3.38. For i D 1; 2, let yFi W A! B be a lax-monoidal functor and Fi W
L!M an yFi -lax functor. Then, we have two enriched functors jF1; jF2 W AL! BM.
Given a lax-monoidal natural transformation O� W yF1 ! yF2, a natural transformation
� W F1 ! F2 is O�-lax if and only if . O�; �/ defines an enriched natural transformation
j� W jF 1 !

jF 2.

Proof. Given an enriched natural transformation j� W jF1 ) jF2, we need to show
that . O�; �/ satisfies the diagram (3.14). This is the outer diagram of the following
commutative diagram:

yF1.a/F1.x/
yF1.coevx/1//

O�a�x

��

yF1.Œx; ax�/F1.x/
.jF1/x;ax1

//

O�Œx;ax�1

��

ŒF1.x/;F1.ax/�F1.x/
evF1.x/ //

Œ1;�ax �1

''

F

F1.ax/

�ax

}}

yF2.Œx; ax�/F1.x/
.jF2/x;ax1

//

1�x

��

ŒF2.x/;F2.ax/�F1.x/
Œ�x ;1�1 //

1�x

��

ŒF1.x/;F2.ax/�F1.x/

evF1.x/

��
yF2.a/F2.x/

yF2.coevx/1// yF2.Œx; ax�/F2.x/
.jF2/x;ax1

// ŒF2.x/;F2.ax/�F2.x/
evF2.x/ // F2.ax/

where the pentagon ? commutes because j� is an enriched natural transformation.
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Conversely, suppose the natural transformation � W F1 ) F2 is O�-lax. Then, the
naturality of j� is the outer diagram of the following commutative diagram:

yF1.Œx; y�/
coevF1.x/ //

O�Œx;y�

��

ŒF1.x/; yF1.Œx; y�/F1.x/� //

Œ1; O�Œx;y��x �

��

F

ŒF1.x/;F1.Œx; y�x/�

Œ1;�Œx;y�x �

��

Œ1;evx �

$$
yF2.Œx; y�/

coevF2.x/

��

ŒF1.x/; yF2.Œx; y�/F2.x/� // ŒF1.x/;F2.Œx; y�x/�

Œ1;F2.evx/�

$$

ŒF1.x/;F1.y/�

Œ1;�y �

��

ŒF2.x/; yF2.Œx; y�/F2.x/� //

Œ�x ;1�

88

ŒF2.x/;F2.Œx; y�x/�
Œ1;F2.evx/� //

Œ�x ;1�

88

ŒF2.x/;F2.y/�
Œ�x ;1� // ŒF1.x/;F2.y/�

where the square ? commutes due to the diagram (3.14).

Let LMod be the 2-category defined as follows.

• The objects are pairs .A;L/, where A is a monoidal category and L is a strongly
unital left A-oplax module that is enriched in A.

• A 1-morphism .A;L/! .B;M/ is a pair . yF ; F /, where yF W A! B is a lax-
monoidal functor and F W L!M is an yF -lax functor.

• A 2-morphism . yF ; F /) . yG; G/ is a pair . O�; �/, where O� W yF ) yG is a lax-
monoidal natural transformation and � W F ) G is a O�-lax natural transformation.

The horizontal/vertical composition is induced by the horizontal/vertical composition
of functors and natural transformations. The 2-category LMod is symmetric monoidal
with the tensor product defined by the Cartesian product and the tensor unit given by
.�;�/. And the braiding .A;L/� .B;M/D .A�B;L�M/! .B �A;M �L/D

.B;M/ � .A;L/ is defined by the functors .a; b/ 7! .b; a/ W A �B ! B �A and

.l; m/ 7! .m; l/ W L �M!M �L.
By Proposition 3.34 and Proposition 3.38, we immediately obtain the following

result.

Theorem 3.39. The canonical construction can be promoted to a symmetric monoidal
locally isomorphic 2-functor from LMod to lax jECat defined as follows.

• The image of .A;L/ is the A-enriched category AL defined by the canonical
construction.

• The image of a 1-morphism . yF ; F / W .A;L/! .B;M/ is the enriched functor
AL! BM defined by Proposition 3.34.

• The image of a 2-morphism . O�; �/ is the enriched natural transformation j� defined
by the background changing natural transformation O� and the underlying natural
transformation �.
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Proof. For every 1-morphism . yF ; F / W .A;L/! .B;M/, we use jF to denote the
enriched functor from AL! BM defined by Proposition 3.34. Note that the assign-
ments . yF ; F / 7! jF and . O�; �/ 7! j� map the identity 1-morphisms and identity 2-
morphisms to identity 1-morphisms and identity 2-morphisms, respectively. Let . yF1;
F1/, . yF2; F2/, . yF3; F3/ be 1-morphisms from .A;L/ to .B;M/. For 2-morphisms
. O�1; �1/ W . yF1; F1/) . yF2; F2/ and . O�2; �2/ W . yF2; F2/) . yF3; F3/, the 2-morphism
. O�2 O�1; �2�1/ is mapped to j�2

j�1 since the vertical composition of j�1 and j�2 is defined
by O�2 O�1 and �2�1.

Let . yG;G/ W .B;M/! .C ;N / be a 1-morphism. By the definition of jF x;y and
jGF.x/;F .y/ (see equation (3.13)), we have�
yG yF .Œx; y�/ˇGF.x/

ŒjGF.x/;F.y/ yG.
jFx;y/�ˇ1

������������������! ŒGF.x/;GF.y/�ˇGF.x/
evGF.x/
�����! GF.y/

�
D

�
yG yF .Œx; y�/ˇGF.x/! G. yF .Œx; y�/ˇ F.x//! GF.Œx; y�ˇ x/

GF.evx/
������! GF.y/

�
;

where the unlabeled arrows are induced by the yF -lax structure of F and yG-lax struc-
ture of G. This implies that the image of . yG yF ; GF / equals jGjF . Recall that the
horizontal compositions of 2-morphisms in LMod and lax jECat are defined by the
horozontal compositions of natural transformations. The assignments .A;L/ 7! AL,
. yF ; F / 7! jF and . O�; �/ 7! j� define a 2-functor. By Proposition 3.34 and Proposi-
tion 3.38, every local functor of the 2-functor is an isomorphism.

Next, we describe the braided monoidal structure of the canonical construction
2-functor (we refer the reader to [23, Definition 4.10] and [22, Section 2.4] for the
definition of braided monoidal bifunctors). Let .A;L/, .B;M/ 2 LMod. Note that
AL � BM and .A �B/.L �M/ have the same background category and underlying
category. For every x1; x2 2 ob.L/ and y1; y2 2 ob.M/, the following two hom
objects

.AL � BM/..x1; y1/; .x2; y2// D .Œx1; x2�; Œy1; y2�/;

.A �B/.L �M/..x1; y1/; .x2; y2// D .Œx1; x2�
0; Œy1; y2�

0/

may not be identical; nonetheless, as stipulated by the canonical construction’s def-
inition, they are both internal hom of the strongly unital left .A � B/-oplax module
L�M. Then, the identity functor of A�B, the identity map of ob.L/� ob.M/ and
the canonical isomorphisms Œx1; x2�

�
�! Œx1; x2�

0 and Œy1; y2�
�
�! Œy1; y2�

0 rendering
the following diagrams commutative:

Œx1; x2�ˇ x1
� //

evx1 ))

Œx1; x2�
0 ˇ x1

ev0x1
uu

x2

Œy1; y2�ˇ y1
� //

evy1 ))

Œy1; y2�
0 ˇ y1

ev0y1
uu

y2
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define an enriched isomorphism, denote by j�AL;BM from AL�BM to .A�B/.L�M/.
Note that the background changing functor and the underlying functor of j�AL;BM are
both identity functors. For . yF ;F / W .A1;L1/! .A2;L2/ and . yG;G/ W .B1;M1/!

.B2;M2/, we claim that

j�A2L2;
B2M2

ı .jF � jG/ D j.F �G/ ı j�A1L1;
B1M1

:

Indeed, the background changing functor and underlying functor of the above two
functors are yF � yG and F �G, respectively. And the morphisms

. yF � yG/Œ.A1L1 �
B1M1/..x1; y1/; .x2; y2//�

!
.A2 �B2/.L2 �M2/Œ.F.x1/; G.y1//; .F.x2/; G.y2//�

for both enriched functors are induced by the morphisms

yF .Œx1; x2�/ˇ F.x1/! F.Œx1; x2�ˇ x1/
F.evx1 /
�����! F.x2/;

yG.Œy1; y2�/ˇG.y1/! G.Œy1; y2�ˇ y1/
G.evy1 /
�����! G.y2/;

where the unlabeled arrows are induced by the yF -lax structure of F and the yG-lax
structure of G. For . O�; �/ W . yF1; F1/) . yF2; F2/ and . O�; �/ W . yG1; G1/) . yG2; G2/,
we have

A1L1 �
B1M1

jF1�
jG1

,,

jF2�
jG2

33�� j��j�
A2L2 �

B2M2

j�
// .A2 �B2/.L2 �M2/

D
A1L1 �

B1M1

j�
// .A1 �B1/.L1 �M1/

j.F1�G1/
--

j.F2�G2/

22��j.���/
.A2 �B2/.L2 �M2/;

since the background changing natural transformation and the underlying natural
transformation of both enriched natural transformations are O� � O� and � � �, respec-
tively. By [28, Proposition 4.2.11], the enriched isomorphisms j�A2L2;

B2M2
define a

2-natural isomorphism

LMod � LMod //

�

��

�� j�

lax jECat � lax jECat

�

��

LMod // lax jECat:
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Note that the image of .�;�/ is the tensor unit � of lax jECat. It is routine to check that
the following diagrams:

.AL�BM/�CN

��

j��1
// .A�B/.L�M/ � CN

j�
// ..A �B/ � C/..L �M/ �N /

��
AL�.BM�CN /

1�j�
// AL�.B�C/.M�N /

j�
// .A�.B � C//.L�.M�N //

� �
AL

%%

j�
// .� �A/.� �L/

��
AL

AL � �

%%

j�
// .A � �/.L � �/

��
AL

AL � BM

��

j�
// .A �B/.L �M/

��
BM � AL

j�
// .B �A/.M �L/

commute, where the unlabeled arrows are induced by the symmetric monoidal struc-
tures of LMod and lax jECat. Therefore, the invertible modifications required by the
definition of a braided monoidal bifunctor can all be chosen as identity modifications.
And all the pasting diagram axioms in the definition of symmetric monoidal bifunc-
tors (see [24, Definition 1.5]) are fulfilled, as every 2-morphism in the diagrams is an
identity 2-morphism.

In physical applications, A and L are often finite semisimple. In this case, we
obtain a stronger result of the canonical construction. A finite category over a ground
field k is a k-linear category C that is equivalent to the category of finite-dimensional
modules over a finite-dimensional k-algebraA (see [16, Definition 1.8.6] for an intrin-
sic definition). We say that C is semisimple ifA is semisimple. We use fsCat to denote
the 2-category of finite semisimple categories, k-linear functors and natural transfor-
mations.

Remark 3.40. Let AjL be an enriched category. If the background category A is a
k-linear category such that the tensor product ˝ W A � A ! A is k-bilinear, then
underlying category L is also a k-linear category.

Definition 3.41. An enriched category AjL is called finite (semisimple) if A and L

are both finite (semisimple) categories and the tensor product ˝ W A � A ! A is
k-bilinear.

Example 3.42. Let A be a multi-fusion category and L a finite (semisimple) left
A-module. Then, L is enriched in A and the canonical construction AL is a finite
(semisimple) enriched category.

Definition 3.43. Let BjM and Ai jLi be finite enriched categories, i D 1; : : : ; n. An
enriched functor jF W A1jL1 � � � � �

AnjLn!
BjM is called multi-k-linear (or k-linear

if nD 1) if the background changing functor yF WA1 � � � � �An!B is multi-k-linear.
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Remark 3.44. Let jF W A1jL1 � � � � �
AnjLn !

BjM be a multi-k-linear enriched
functor. It is easy to see from (3.5) that the underlying functor

F W L1 � � � � �Ln !M

is also multi-k-linear.

We denote the 2-category consisting of finite semisimple enriched categories, k-
linear enriched functors and enriched natural transformations by lax jfsECat.

Let fsLMod be the 2-category defined as follows.

• An object is a pair .A;L/, where A is a finite semisimple monoidal category and
L is a strongly unital finite semisimple left A-oplax module that is enriched in A,
such that the A-action functorˇWA �L! L is k-bilinear.

• A 1-morphism .A;L/! .B;M/ is a pair . yF ; F /, where yF WA! B is a lax-
monoidal k-linear functor and F WL!M is an yF -lax k-linear functor.

• A 2-morphism . yF ; F / ) . yG; G/ is a pair . O�; �/, where O�W yF ) yG is a lax-
monoidal natural transformation and �WF ) G is a O�-lax natural transformation.

Theorem 3.45. The canonical construction defines a 2-equivalence from fsLMod to
lax jfsECat. Moreover, this 2-equivalence is locally isomorphic.

Proof. Let AjL 2 lax jfsECat. Since k-linear functor between two finite semisimple
categories is exact, the k-linear functor AjL.x;�/ W L ! A admits a left adjoint.
By [56, Theorem 1.4] (see also [50]), an enriched category AjL is equivalent to an
enriched category obtained by the canonical construction of a strongly unital oplax
module if and only if every functor AjL.x;�/ W L! A admits a left adjoint. There-
fore, the 2-functor induced by canonical construction is essentially surjective on ob-
jects. By Propositions 3.34 and 3.38, it is also fully faithful on both 1-morphisms
and 2-morphisms. Then, the Whitehead theorem for 2-categories (see [28, Theorem
7.5.8]) implies that this 2-functor is a 2-equivalence.

Remark 3.46. We use fsECat to denote the sub-2-category of lax jfsECat consisting
of those k-linear enriched functors F such that yF is monoidal. We will show in the
second work in our series that fsECat has a monoidal structure with the tensor product
given by an analogue of Deligne’s tensor product.

4. Enriched monoidal categories

An enriched monoidal category can be defined as an algebra object in either ECat
or lax jECat. In this section, we restrict ourselves to the ECat case only. Namely, the
background changing functor is always monoidal in this section. For a study of the
lax jECat case, see [5, 17, 31].
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4.1. Definitions and examples

An enriched monoidal category should be an algebra (a pseudomonoid in [13]) in
ECat. An algebra in ECat is a collection .AjL; j˝; j1; j˛; j�; j�/ such that (recall
Remark 3.21) the following hold:

(1) the background category .A; y̋ ; O1; Ǫ ; O�; O�/ is an algebra in the symmetric
monoidal 2-category AlgE1.Cat/ of monoidal categories;

(2) the underlying category .L;˝; 1; ˛; �; �/ is an algebra in the symmetric
monoidal 2-category Cat of categories, i.e., a monoidal category.

However, in this work, we propose a slightly different definition of an enriched mo-
noidal category for simplicity and convenience (see Remark 4.3). It is equivalent to
[41, Definition 2.3] (see also [57] for a strict version). Note that the notion of an
algebra in AlgE1.Cat/ is equivalent to that of a braided monoidal category.

Definition 4.1. Let A be a braided monoidal category. An enriched monoidal cate-
gory consists of the following data:

• an enriched category AjL;

• a tensor product enriched functor j˝ W AjL � AjL! AjL in ECat such that Ő D
˝A, where the monoidal structure on˝A is given by Convention 4.2;

• a distinguished object 1L 2
AjL called the unit object, or equivalently, an enriched

functor j1L W � !
AjL in ECat (see Example 3.15);

• an associator: an enriched natural isomorphism j˛ W j˝ ı .j˝ � 1/) j
˝ı .1� j˝/

with Ǫ given by the associator of the monoidal category A (i.e., Ǫ D ˛A);

• two unitors: two enriched natural isomorphisms j� W j˝ ı .j1L � 1/) 1AjL and
j� W j˝ ı .1� j1L/) 1AjL such that O� and O� are given by the left and right unitors
of the monoidal category A, respectively (i.e., O� D �A; O� D �A);

such that .L;˝; 1L; ˛; �; �/ is a monoidal category, which is called the underlying
monoidal category of AjLD .AjL; j˝; j1L;

j˛; j�; j�/. The enriched monoidal category
AjL is called strict if the underlying monoidal category L is strict.

Convention 4.2. Let A a braided monoidal category with the braiding ca;b W a ˝
b ! b ˝ a. In the following, the monoidal structure on the tensor product functor
.a; b/ 7! a ˝ b W A � A ! A is always understood as the lax-monoidal structure
induced by the braiding:

˝.a1; b1/˝˝.a2; b2/ D a1 ˝ b1 ˝ a2 ˝ b2
1˝cb1;a2˝1

��������! a1 ˝ a2 ˝ b1 ˝ b2

D ˝..a1; b1/˝ .a2; b2//;

or equivalently, as the oplax-monoidal structure of˝ is defined by the anti-braiding.
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Remark 4.3. An enriched monoidal category can be canonically identified with an
E1-algebra in ECat. In general, however, an E1-algebra is not an enriched monoidal
category but only isomorphic to an enriched monoidal category as E1-algebras. In-
deed, let .AjL; j˝; j1; j˛; j�; j�/ be an E1-algebra in ECat. We use 10

A
and 1L to

denote O1.�/ and 1.�/, respectively. Unwinding the definition of E1-algebra in ECat,
we have .A; Ő ;10

A
; Ǫ ; O�; O�/ is a monoidal category. And the two monoidal category

.A;˝;1A/ and .A; Ő ;10
A
/ together with the isomorphisms, i.e., the monoidal struc-

tures of O1 and Ő ,

.a1 Ő b1/˝ .a2 Ő b2/ ' .a1 ˝ a2/ Ő .b1 ˝ b2/; 1A ' 10A

is a strong 2-monoidal category (see [1] for the definition of a 2-monoidal category
or a duoidal category). By the coherence result for 2-monoidal categories, the identity
functor of A together with the isomorphism 1A ' 10

A
and the natural isomorphisms

a Ő b
�
�! .a˝ 1A/ Ő .1A ˝ b/

�
�! .a˝ 10A/ Ő .1

0
A ˝ b/

�
�! .a Ő 10A/˝ .1

0
A ˝ b/

�
�! a˝ b

is an isomorphism from .A;˝; 1A/ to .A; Ő ; 10
A
/, and .A;˝; 1A/ is braided with

the braiding given by

a˝ b
�
�! .10A Ő a/˝ .b Ő 1

0
A/
�
�! .10A ˝ b/ Ő .a˝ 10A/

�
�! .b ˝ 10A/ Ő .1

0
A ˝ a/

�
�! .b Ő 10A/˝ .1

0
A
Ő a/

�
�! b ˝ a

(see [1, Chapter 6] for more details) and AjL can be promoted to an enriched monoidal
category such that the underlying monoidal category is .L;˝; 1L; ˛; �; �/, and the
tensor product enriched functor AjL � AjL! AjL is defined by ˝A W A �A! A

(see Convention 4.2), the map˝ W ob.L/ � ob.L/! ob.L/, and morphisms

AjL.x1; y1/˝
AjL.x2; y2/

�
�!

AjL.x1; y1/ Ő
AjL.x2; y2/!

AjL.x1˝x2; y1 ˝ x2/;

where the second arrow is given by the morphism in the definition of the enriched
functor j˝. Moreover, as algebras in ECat, the enriched monoidal category AjL and
.AjL; j˝; j1; j˛; j�; j�/ are isomorphic. More explicitly, the identity enriched functor
on AjL can be promoted to an algebra isomorphism between these two algebras.

Based on the above discussion, we require Ő D ˝A and Ǫ D ˛A; O�D �A; O�D �A

in Definition 4.1. It turns out that these additional requirements also endow Defini-
tion 4.1 with a new interpretation as an algebra in the monoidal category AjECat with
the tensor product P� (recall Example 3.24). This new interpretation is how the notion
was defined in [41, Definition 2.3].
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Convention 4.4. We use xA to denote the same monoidal category A equipped with
the anti-braiding. By Convention 4.2, the lax/oplax-monoidal structure of the functor
˝ W xA � xA! xA is induced by the anti-braiding/braiding of A.

Example 4.5. Let AjL be an enriched monoidal category. We use Lrev to denote the
monoidal category obtained from L by reversing the tensor product. One can canoni-
cally construct an xA-enriched monoidal category xAjLrev, whose underlying monoidal
category is Lrev, as follows. As an enriched category

xAjLrev
D

AjL:

The tensor product enriched functor j˝rev W
xAjLrev �

xAjLrev!
xAjLrev is defined by the

tensor product functor xA � xA! xA and the family of morphisms

AjL.x1; x2/˝
AjL.y1; y2/

cAjL.x1;x2/;
AjL.y1;y2/

���������������!
AjL.y1; y2/˝

AjL.x1; x2/

j˝.y1;x1/;.y2;x2/

�����������!
AjL.x1 ˝

rev y1; x2 ˝
rev y2/:

The associator of xAjLrev is defined by the associator of xA and the inverse of the asso-
ciator of L. The left/right unitor of xAjLrev is defined by the left/right unitor of xA and
the right/left unitor of L. We refer to xAjLrev as the reversed category of AjL, i.e.,

.AjL/rev
WD

xAjLrev:

Remark 4.6. In the definition of the enriched functor j˝rev, we have used the braid-
ing instead of the anti-braiding because j˝rev is not well-defined if we use the anti-
braiding.

Definition 4.7. Let AjL and BjM be enriched monoidal categories. An enriched mo-
noidal functor jF W AjL! BjM consists of the following data:

• an enriched functor jF W AjL! BjM in ECat;

• an enriched natural isomorphism

jF 2 W j˝ ı .jF � jF / H) jF ı j˝

with the background changing natural transformation yF 2 given by the monoidal
structure of yF ;

• an enriched natural isomorphism

jF 0 W j1M H)
jF ı j1L

with the background changing natural transformation yF 0 given by the monoidal
structure of yF ;
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satisfying the following conditions:

(1) the background changing functor yF D . yF ; yF 2; yF 0/ W A ! B is a braided
monoidal functor;

(2) the underlying functor F WL!M, together with the underlying natural trans-
formations F 2 and F 0, defines a monoidal functor.

Definition 4.8. Let AjL; BjM be enriched monoidal categories and jF ; jG W AjL!
BjM enriched monoidal functors. An enriched monoidal natural transformation is an
enriched natural transformation j� W jF ) jG such that the underlying natural trans-
formation � W F ) G is a monoidal natural transformation.

Remark 4.9. Recall that braided monoidal categories are algebras in AlgE1.Cat/,
and the algebra homomorphisms between braided monoidal categories in AlgE1.Cat/
are braided monoidal functors. Then, it is routine to check that the algebra homo-
morphisms between enriched monoidal categories in ECat are enriched monoidal
functors and 2-morphisms between algebra homomorphisms in ECat are enriched
monoidal natural transformations (see Remark 3.21). By Remark 4.3 and the White-
head theorem for 2-categories, the symmetric monoidal 2-category of enriched mo-
noidal categories, enriched monoidal functors and enriched monoidal natural trans-
formations is a sub-2-category of the 2-category AlgE1.ECat/ of algebras in ECat,
and the inclusion is a 2-equivalence.

Example 4.10. Let .A;mA; �A/ be a commutative algebra in a braided monoidal cat-
egory A. The A-enriched category �A introduced in Example 3.14 is a strict enriched
monoidal category with the tensor product functor induced by mA. Conversely, every
strict A-enriched monoidal category with one object arises in this way (see also [41,
Example 3.5]).

Let .B; mB ; �B/ be a commutative algebra in a braided monoidal category B

and jF W �A ! �B be an enriched monoidal functor. The enriched natural isomor-
phisms jF 2; jF 0 are determined by the underlying natural isomorphisms F 2; F 0, and
any morphism .F 2/�; .F

0/� together with yF 2; yF 0 form an enriched natural trans-
formation, respectively, since B is commutative. The condition that .F; F 2; F 0/ is a
monoidal functor is equivalent to say that .F 2/� is the inverse of .F 0/� in the underly-
ing category of �B . Hence, an enriched monoidal functor jF W �A!�B is defined by a
braided monoidal functor yF WA!B, an algebra homomorphism jF �;� W yF .A/! B

(see Example 3.14) and an isomorphism .F 0/� in the underlying category of �B .
Let jG W �A ! �B be another enriched monoidal functor defined by a braided

monoidal functor yG, an algebra homomorphism jG�;� W yG.A/! B and an isomor-
phism .G0/�. Then, an enriched natural transformation j� W jF ) jG is an enriched
monoidal natural transformation if and only if .G0/� D �� ı .F

0/� in the underly-
ing category of �B , which further implies that �� is invertible. If �� is invertible, the
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commutativity of B implies that the diagram (3.8) is equivalent to�
yF .A/

jF �;�
���! B

�
D
�
yF .A/

O�A
�! yG.A/

jG�;�
���! B

�
:

As a conclusion, an enriched monoidal natural transformation j� W jF ) jG is defined
by a monoidal natural transformation O� such that jF �;� D jG�;� ı O�A and the underly-
ing natural transformation �� D .G0/� ı .F 0/�1� .

4.2. Canonical construction

Let A be a braided monoidal category viewed as an algebra in Algoplax
E1

.Cat/ by Con-
vention 4.2.

Definition 4.11. A monoidal left A-oplax module is a left A-oplax module in Algoplax
E1

.Cat/. A monoidal left A-module is a left A-module in AlgE1.Cat/.

Remark 4.12. More explicitly, a monoidal left A-oplax module L consists of the fol-
lowing data:

• a monoidal category L;

• a left A-action given by an oplax-monoidal functor ˇ W A � L ! L (i.e., the
functorˇ is equipped with a natural transformation

.a˝ b/ˇ .x ˝ y/! .aˇ x/˝ .b ˇ y/ 8a; b 2 A; x; y 2 L (4.1)

and a morphism 1Aˇ1L! 1L rendering the following diagrams commutative);

Œ.a˝ b/˝ c�ˇ Œ.x ˝ y/˝ z�

��

// Œa˝ .b ˝ c/�ˇ Œx ˝ .y ˝ z/�

��

Œ.a˝ b/ˇ .x ˝ y/�˝ .c ˇ z/

��

.aˇ x/˝ Œ.b ˝ c/ˇ .y ˝ z/�

��

Œ.aˇ x/˝ .b ˇ y/�˝ .c ˇ z/ // .aˇ x/˝ Œ.b ˇ y/˝ .c ˇ z/�

(4.2)

aˇx .1A˝a/ˇ.1L˝x/oo

��

1L˝.aˇx/

OO

.1Aˇ1L/˝.aˇx/oo

aˇx .a˝1A/ˇ.x˝1L/oo

��

.aˇx/˝1L

OO

.aˇx/˝.1Aˇ1L/oo

(4.3)
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• two oplax-monoidal natural transformation: the associator .a ˝ b/ ˇ x ! a ˇ

.b ˇ x/ and the unitor 1A ˇ x ! x (i.e., the following diagrams are commuta-
tive3:

Œ.a1 ˝ a2/˝ .b1 ˝ b2/�ˇ .x ˝ y/ //

��

.a1 ˝ a2/ˇ Œ.b1 ˝ b2/ˇ .x ˝ y/�

��

Œ.a1 ˝ b1/˝ .a2 ˝ b2/�ˇ .x ˝ y/

��

.a1 ˝ a2/ˇ Œ.b1 ˇ x/ˇ .b2 ˇ y/�

��

Œ.a1 ˝ b1/ˇ x�˝ Œ.a2 ˝ b2/ˇ y� // Œa1 ˇ .b1 ˇ x/�˝ Œa2 ˇ .b2 ˇ y/�

(4.4)

1A ˇ .x ˝ y/ //

��

.1A ˝ 1A/ˇ .x ˝ y/

��

x ˝ y .1A ˇ x/˝ .1A ˇ y/oo

(4.5)

.1A ˝ 1A/ˇ 1L
//

��

1A ˇ .1A ˇ 1L/

oplax

��

1A ˇ 1L

oplax
// 1L 1A ˇ 1L

oplax
oo

1A ˇ 1L unitor
//

oplax
''

1L

1L

(4.6)

where the arrow Œ.a1˝ a2/˝ .b1˝ b2/�ˇ .x˝ y/! Œ.a1˝ b1/˝ .a2˝ b2/�ˇ

.x ˝ y/ is defined by the anti-braiding c�1
b1;a2

W a2 ˝ b1 ! b1 ˝ a2 (recall Con-
vention 4.2));

such that L, together with the left A-action functor ˇ, the associator and the unitor
defined above, is a left A-oplax module.

If, in addition, the left A-action functorˇ is a monoidal functor, and the associator
and the unitors are natural isomorphisms, then L is a monoidal left A-module.

Remark 4.13. If, in addition, L is a strongly unital left A-oplax module, then the com-
mutativity of the second diagram in (4.6) follows from those of diagram (4.3) and the
diagram (4.5). Also, the commutativity of the first diagram in (4.6) is a consequence
of that of the second diagram in (4.6) and the fact that L is an A-oplax module.

Remark 4.14. By Definition 4.11, a monoidal structure on a left A-oplax module L

consists of a monoidal structure on L and a natural transformation (4.1) satisfying
proper axioms. All the rest data can be included in the defining data of a left A-oplax

module structure on L.

3The diagram (4.4) and the first diagram in (4.6) are the defining properties of the associator
as an oplax-monoidal natural transformation. The other two are those of the unitors.
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In the following, we use f to denote the forgetful functor Z1.L/ ! L for any
monoidal category L. If ' W A! Z1.L/ is a braided (oplax) monoidal functor, then
'c WD f ı ' is an (oplax) central functor [7].

Example 4.15. Let A be a braided monoidal category and L a monoidal category. If
' W A! Z1.L/ is a braided oplax-monoidal functor, then L is a monoidal left A-
oplax module with the module action 'c.�/˝� W A �L! L. The oplax-monoidal
structure '.a˝ b/˝ .x ˝ y/! .'.a/˝ x/˝ .'.b/˝ y/ is given by

'c.a˝ b/˝ .x ˝ y/! .'c.a/˝ 'c.b//˝ .x ˝ y/! .'c.a/˝ .'c.b/˝ x//˝y

! .'c.a/˝.x ˝ 'c.b///˝ y ! .'c.a/˝ x/˝.'c.b/˝ y/;

where the third arrow is defined by the half-braiding of '.b/.

Remark 4.16. There is another definition of a monoidal module [2,25,40,52]. Given
a monoidal left A-module L as defined in Definition 4.11, ' WD .� ˇ 1L/ defines
a braided monoidal functor ' W A ! Z1.L/ (recall Example 2.19). Two monoidal
left A-modules .L;ˇ/ and .L; 'c.�/˝ �/ are isomorphic. Hence, a monoidal left
A-module L can be equivalently defined by a monoidal category L equipped with a
braided monoidal functor A! Z1.L/.

When L is a monoidal left A-oplax module, the morphism (4.1) is not necessarily
invertible, thus does not induce a half-braiding.

Proposition 4.17. Given a pair .A;L/ 2 LMod, let AL be the enriched category
obtained from the pair .A;L/ via the canonical construction. There is a one-to-one
correspondence between the monoidal structures on AL and the monoidal structures
on the left xA-oplax module L as shown by the following two mutually inverse construc-
tions.
) Given a monoidal structure on AL, i.e., a sextuple .AL; j˝; j1L;

j˛; j�; j�/,
then the sextuple .L;˝;1L; ˛; �; �/ automatically defines a monoidal structure on L

by definition. A monoidal structure on the left xA-oplax module L is determined (recall
Remark 4.14) if we further define the morphisms (4.1) to be the one induced from the
composed morphism:

.a˝ b/
coevx ˝ coevy
��������! Œx; aˇ x�˝ Œy; b ˇ y�

j˝
�! Œx ˝ y; .aˇ x/˝ .b ˇ y/�:

( Given a monoidal structure on the left xA-oplax module L. A monoidal structure
on AL is determined by defining the morphism Œx1; x2�˝ Œy1; y2�! Œx1 ˝ y1; x2 ˝

y2� to be the one induced by the following composed morphism:

.Œx1; x2�˝ Œy1; y2�/ˇ .x1 ˝ y1/! .Œx1; x2�ˇ x1/˝ .Œy1; y2�ˇ y1/
evx1˝ evy1
��������! x2 ˝ y2;

where the first arrow is given by the oplax-monoidal structure ofˇ W A �L! L.
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Proof. It is routine to check that the diagrams (4.4) and (4.5) for a monoidal left
xA-oplax module L commute if and only if ˝L is a ˝A-lax functor with the ˝A-lax

structure given by the oplax-monoidal structure ofˇ, and the diagrams in (4.2), (4.3)
commute if and only if . Ǫ ; ˛/; . O�; �/; . O�; �/ is a 2-morphism in LMod, respectively.
Then, the assertion follows from Theorem 3.39 (see also Proposition 3.34).

Example 4.18 ([57]). Let ' W xA!Z1.L/ be a strongly unital braided oplax-monoidal
functor. Then, L equipped with the module action 'c.�/ ˝ � W xA � L ! L is a
strongly unital monoidal left xA-oplax module (see Example 4.15). If L is also enriched
in A, then AL is an A-enriched monoidal category.

Example 4.19. Let L be a left A-module. We use FunA.L;L/ to denote the category
of left A-module functors and left A-module natural transformations. There is an
obvious braided monoidal functor Z1.A/!Z1.FunA.L;L// defined by a 7! f.a/ˇ

�. The left A-module functor f.a/ˇ� is equipped with a half-braiding

F;f.a/ W F.f.a/ˇ�/) f.a/ˇ F.�/ 8F 2 FunA.L;L/;

defined by the left A-module functor structure on F [59]. It follows that FunA.L;L/

is a monoidal left Z1.A/-module.

Definition 4.20. Let A;B be two braided monoidal categories. Let L be a monoidal
left A-oplax module and M a monoidal left B-oplax module. Given a braided monoidal
functor yF WA!B, a monoidal yF -lax functor F WL!M is a monoidal functor and
also an yF -lax functor such that the yF -lax structure yF .a/ˇ F.x/! F.aˇ x/ is an
oplax-monoidal natural transformation (i.e., the following diagrams commute):

yF .a˝ b/ˇ F.x ˝ y/

��

// F..a˝ b/ˇ .x ˝ y//

��

. yF .a/˝ yF .b//ˇ .F.x/˝ F.y//

��

F..aˇ x/˝ .b ˇ y//

��

. yF .a/ˇ F.x//˝ . yF .b/ˇ F.y// // F.aˇ x/˝ F.b ˇ y/

(4.7)

yF .1/ˇ F.1/ //

��

F.1ˇ 1/

��

1ˇ 1 // 1 F.1/oo

(4.8)

Remark 4.21. The diagram (4.8) is always commutative because F is an yF -lax func-
tor.

Remark 4.22. Let 'i W Ai ! Z1.Li / be a braided oplax-monoidal functor, i D 1; 2.
Then, Li is a monoidal left Ai -oplax module. Let yF WA1!A2 be a braided monoidal
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functor and F WL1!L2 be a monoidal functor. Suppose �a W 'c
2.
yF .a//! F.'c

1.a//

is an oplax-monoidal natural transformation rendering the following diagram commu-
tative:

'c
2.
yF .a//˝ F.x/

�a˝1 //

��

F.'c
1.a//˝ F.x/

� // F.'c
1.a/˝ x/

��

F.x/˝ 'c
2.
yF .a//

1˝�a // F.x/˝ F.'c
1.a//

� // F.x ˝ 'c
1.a//

(4.9)

where two vertical arrows are the half-braidings of '2. yF .a// and '1.a/, respectively.
Then, F equipped with the natural transformation

ˇa;x WD
�
'c
2.
yF .a//˝ F.x/

�a˝1
���! F.'c

1.a//˝ F.x/
�
�! F.'c

1.a/˝ x/
�

is a monoidal yF -lax functor.
We claim that every monoidal yF -lax structure on F arises in this way. Indeed,

suppose ˇa;x W 'c
2.
yF .a//˝ F.x/! F.'c

1.a/˝ x/ is a monoidal yF -lax structure on
F . Then,

�a WD
�
'c
2.
yF .a//

�
�! 'c

2.
yF .a//˝ F.1L1/

ˇa;1L1
�����! F.'c

1.a/˝ 1L1/
�
�! F.'c

1.a//
�

is an oplax-monoidal natural transformation. Taking b D 1A1 and x D 1L2 in the
diagram (4.7), then we have

ˇa;y D
�
'c
2.
yF .a//˝ F.y/

�a˝1
���! F.'c

1.a//˝ F.y/
�
�! F.'c

1.a/˝ y/
�
:

By taking a D 1A1 and y D 1L2 in the diagram (4.7), we can show that the oplax-
monoidal natural transformation �a renders the diagram (4.9) commutative. Hence,
when A1 D A2 and yF D 1A1 , Definition 4.20 is precisely [40, Definition 2.6.6].

Proposition 4.23. Let A;B be braided monoidal categories. Suppose L is a strongly
unital monoidal left xA-oplax module that is enriched in A, and M is a strongly unital
monoidal left xB-oplax module that is enriched in B. Then, the canonical construction
gives enriched monoidal categories AL and BM. Suppose yF W A! B is a braided
monoidal functor and F W L!M is both a monoidal functor and an yF -lax functor.
Then, F is a monoidal yF -lax functor if and only if yF and F define an enriched
monoidal functor jF W AL! BM.

Proof. By Theorem 3.39, the yF -lax functor F defines an enriched functor jF W AL!
BM. Then, we only need to show that F is a monoidal yF -lax functor if and only if
. yF 2;F 2/ and . yF 0;F 0/ are 2-morphisms in LMod. It is routine to check that . yF 2;F 2/
is a 2-morphism in LMod if and only if the diagram (4.7) commutes, and . yF 0; F 0/ is
a 2-morphism in LMod if and only if the diagram (4.8) commutes.
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Definition 4.24. Let A;B be two braided monoidal categories. Let L be a monoidal
left A-oplax module and M be a monoidal left B-oplax module. Suppose yFi W A! B

is a braided monoidal functor and Fi W L ! M is a monoidal yFi -lax functor, i D
1; 2. Given a monoidal natural transformation O� W yF1) yF2, a monoidal O�-lax natural
transformation � W F1 ) F2 is a O�-lax natural transformation and also a monoidal
natural transformation.

Remark 4.25. For i D 1; 2, let Li be a monoidal left Ai -oplax module induced by
a braided oplax-monoidal functor 'i W Ai ! Z1.Li /. Assume that yFi W A1 ! A2

is a braided monoidal functor and Fi W L1 ! L2 is a monoidal yFi -lax functor. Let
O� W yF1 ! yF2 and � W F1 ! F2 be two monoidal natural transformations. Then, � is a
monoidal O�-lax natural transformation if and only if the following diagram commutes:

'c
2.
yF1.a//

�1 //

O�

��

F1.'
c
1.a//

�

��

'c
2.
yF2.a//

�2 // F2.'
c
1.a//

where �i W'c
2 ı
yFi)Fi ı'

c
1 is the oplax-monoidal natural transformation that induces

the monoidal yFi -lax module structure on Fi (see Remark 4.22).

Proposition 4.26. Let A;B be braided monoidal categories. Suppose L is a strongly
unital monoidal left xA-oplax module that is enriched in A, and M is a strongly unital
monoidal left xB-oplax module that is enriched in B. For i D 1; 2, let yFi W A! B be
a braided monoidal functor and Fi W L! M be a monoidal yFi -lax functor. Then,
. yFi ; Fi / defines an enriched monoidal functor jFi W AL! BM. Suppose O� W yF1) yF2

is a monoidal natural transformation and � W F1) F2 is a O�-lax natural transforma-
tion. Then, � is a monoidal O�-lax natural transformation if and only if . O�; �/ defines
an enriched monoidal natural transformation.

Proof. By Proposition 3.38, � is a monoidal O�-lax natural transformation if and only
if � is a monoidal natural transformation, and . O�; �/ defines an enriched monoidal
natural transformation. Thus, � is a monoidal O�-lax natural transformation is amount
to the fact that . O�; �/ defines an enriched monoidal natural transformation.

We use ECat˝ to denote the 2-category of enriched monoidal categories, enriched
monoidal functors and enriched monoidal natural transformations. It is symmetric
monoidal with the tensor product given by the Cartesian product � and the tensor unit
given by �.

We define the 2-category LMod˝ as follows.

• The objects are pairs .A;L/, where A is a braided monoidal category and L is a
strongly unital monoidal left A-oplax module that is enriched in A.
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• A 1-morphism .A;L/! .B;M/ is a pair . yF ;F /, where yF WA!B is a braided
monoidal functor and F W L!M is a monoidal yF -lax functor.

• A 2-morphism . yF ;F /) . yG;G/ is a pair . O�; �/, where O� W yF ) yG is a monoidal
natural transformation and � W F ) G is a monoidal O�-lax natural transformation.

The horizontal/vertical composition is induced by the horizontal/vertical composi-
tion of functors and natural transformations. The 2-category LMod˝ is symmetric
monoidal with the tensor product defined by the Cartesian product and the tensor unit
given by .�;�/.

By Propositions 4.17, 4.23, and 4.26 we obtain the following result.

Theorem 4.27. The canonical construction defines a symmetric monoidal 2-functor
from LMod˝ to ECat˝. Moreover, this 2-functor is locally isomorphic.

Proof. By Theorem 3.39, the canonical construction defines a symmetric monoidal 2-
functor from LMod to lax jECat. Let L be a strongly unital monoidal left xA-oplax mod-
ule. By Proposition 4.17, AL is an enriched monoidal category. Given 1-morphisms

. yF ;F / W . xA;L/! . xB;M/ and . yG;G/ W . xB;M/! . xC ;N / in LMod˝;

the monoidal structures of jG ı jF and jGF are both defined by the monoidal struc-
tures of yG yF and GF , where jGF is the image of . yG yF ; GF /. Therefore, jG ı jF D
jGF as monoidal functors. Then, Propositions 4.23 and 4.26 imply that canonical
construction defines a locally isomorphic 2-functor from LMod˝ to ECat˝.

Note that ECat˝ inherits the symmetric monoidal structure of lax jECat. Recall
that the background changing functor and the underlying functor of the enriched iso-
morphism

j�AL;BM W
AL � BM! .A �B/.L �M/

defined in the proof of Theorem 3.39 are both identity functors. It is routine to check
that j�AL;BM is a monoidal functor with trivial monoidal structure. Then, the canoni-
cal construction defines a symmetric monoidal 2-functor from LMod˝ to ECat˝ by
Theorem 3.39.

4.3. The category of enriched endo-functors

In this subsection, we give a construction of an enriched category from enriched endo-
functors. We show in Section 4.4 that this construction realizes the E0-centers of
certain enriched categories.

Let BjM be a B-enriched category. We use Fun.BjM;BjM/ to denote the category
of B-functors from BjM to itself and B-natural transformations between them (recall
Definition 3.13). For every jF ; jG 2 Fun.BjM;BjM/, we define a category P.jF ;jG/ as
follows.
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• The objects are pairs .a;¹axºx2M/, where a 2Z1.B/ and ax W f.a/! BjM.F.x/;

G.x// are morphisms in B such that the following diagram commutes:

f.a/˝ BjM.x; y/
ay˝

jFx;y
// BjM.F.y/;G.y//˝ BjM.F.x/; F.y//

ı

��

BjM.x; y/˝ f.a/

jGx;y˝ax

��

OO

BjM.G.x/;G.y//˝ BjM.F.x/;G.x//
ı // BjM.F.x/;G.y//

(4.10)
where the unlabeled arrow is given by the half-braiding of a.

• A morphism f W .a; ¹axº/! .b; ¹bxº/ is a morphism f W a! b in Z1.B/ such
that the following diagram commutes for every x 2M:

f.a/

ax ))

f.f /
// f.b/

bxuu
BjM.F.x/;G.x//

(4.11)

Definition 4.28. We say BjM satisfies the E0-center-existence condition (CE0) if

for every jF ; jG 2 Fun.BjM;BjM/, the category P.jF ;jG/ has a terminal object.
(CE0)

We denote the terminal object of P.jF ;jG/ by .ŒjF ; jG�; ¹ŒjF ; jG�xºx2M/.

Remark 4.29. A family of morphisms ¹�x W 1B !
BjM.F.x/; G.x//º renders the

diagram (4.10) commutative (with I.a/; ax replaced by 1B ; �x , respectively) if and
only if the family of morphisms ¹�xº defines a B-natural transformation j� W jF ) jG.
In particular, if BjM satisfies condition (CE0), then the hom set Z1.B/.1B ; Œ

jF ; jG�/

is isomorphic to the hom set Fun.BjM;BjM/.jF ; jG/.

Remark 4.30. Let .A; m; �/ be an algebra in a monoidal category A. By Exam-
ple 3.14, Fun.�A;�A/ is the category defined as follows.

• The objects are algebra homomorphisms f W A! A.

• A morphism f ! g is a morphism � 2 A.1; A/ such that the following diagram
commutes:

A
� //

�

��

1˝ A
�˝f

// A˝ A

m

��

A˝ 1
g˝�

// A˝ A
m // A
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It is also clear that the object Œ1�A ; 1�A � (if exists) is the full center of A (see [12] for
the definition of the full center of an algebra).

Lemma 4.31. There are two well-defined functors.
.1/ P.jG;jH/ �P.jF ;jG/ ! P.jF ;jH/ is defined by

..b; ¹bxº/; .a; ¹axº// 7! .b ˝ a; ¹bxº ı ¹axº/;

where ¹bxº ı ¹axº is defined by the composed morphism:

f.b ˝ a/ D f.b/˝ f.a/
bx˝ax
����!

BjM.G.x/;H.x//˝ BjM.F.x/;G.x//

ı
�!

BjM.F.x/;H.x//:

Since ŒjF ; jH� is terminal in P.jF ;jH/, we obtained a canonical morphism b ˝ a !

ŒjF ; jH�.
.2/ P.jF ;jG/ �P.jF 0;jG0/ ! P.jFF 0;jGG0/ defined by

.a; ¹axº/˝ .a
0; ¹a0xº/ 7! .a˝ a0; ¹axº � ¹a

0
xº/;

where ¹axº � ¹a0xº is defined by the composed morphism:

a˝ a0
aG0.x/˝

jFF 0.x/;G0.x/.a
0
x/

�����������������!
BjM.FG0.x/; GG0.x//˝ BjM.FF 0.x/; FG0.x//

ı
�!

BjM.FF 0.x/; GG0.x//:

Since ŒjF jF 0; jGjG0� is terminal in P.jF ;jH/, we obtain a canonical morphism

a˝ a0 ! ŒjF jF 0; jGjG0�:

Proposition 4.32. If BjM satisfies the condition (CE0), then Fun.BjM; BjM/ can be
promoted to a strict Z1.B/-enriched monoidal category Z1.B/jFun.BjM;BjM/. More
explicitly, we have the following:

• the hom objects are Z1.B/jFun.BjM;BjM/.jF ; jG/ WD ŒjF ; jG�;

• the identity morphism 1B ! ŒjF ; jF � is induced by the identity enriched natural
transformation of jF via the universal property of ŒjF ; jF �;

• the composition morphism ŒjG; jH�˝ ŒjF ; jG�! ŒjF ; jH� is defined by the previ-
ous Lemma 4.31 .1/.

• the tensor product morphism ŒjF ; jG�˝ ŒjF 0; jG0�! ŒjF jF
0
; jGjG

0
� is defined by

Lemma 4.31 .2/.

Proof. It is routine to check that Z1.B/jFun.BjM;BjM/ is an Z1.B/-enriched cate-
gory. Note that the underlying category of Z1.B/jFun.BjM;BjM/ is precisely Fun.BjM;
BjM/ by Remark 4.29. This explains the notation.
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It remains to show that Z1.B/jFun.BjM;BjM/ is monoidal. We claim the following
equation holds:�

ŒjF 2;
jF 3�˝ Œ

jG2;
jG3�˝ Œ

jF 1;
jF 2�˝ Œ

jG1;
jG2�

! ŒjF 2;
jF 3�˝ Œ

jF 1;
jF 2�˝ Œ

jG2;
jG3�˝ Œ

jG1;
jG2�

ı˝ı
��! ŒjF 1;

jF 3�˝ Œ
jG1;

jG3�! ŒjF 1
jG1;

jF 3
jG3�

ŒjF 1
jG1;

jF 3
jG3�x

������������!
BjM.F1G1.x/; F3G3.x//

�
D

�
ŒjF 2;

jF 3�˝ Œ
jG2;

jG3�˝ Œ
jF 1;

jF 2�˝ Œ
jG1;

jG2�

! ŒjF 2
jG2;

jF 3
jG3�˝ Œ

jF 1
jG1;

jF 2
jG2�

ı
�! ŒjF 1

jG1;
jF 3

jG3�

ŒjF 1
jG1;

jF 3
jG3�x

������������!
BjM.F1G1.x/; F3G3.x//

�
;

where the first unlabeled arrow is induced by the half braiding of ŒjF1; jF2�. Indeed,
by the definition of ŒjG; jH�˝ ŒjF ; jG�! ŒjF ; jH� and ŒjF ; jG�˝ ŒjF 0; jG0�! ŒjF jF 0;
jGjG0�, it not hard to check that both sides of the above equation are equal to

ŒjF 2;
jF 3�˝ Œ

jG2;
jG3�˝ Œ

jF 1;
jF 2�˝ Œ

jG1;
jG2�

1˝ŒjG2;
jG3�x˝1˝Œ

jG1;
jG2�x

����������������������! ŒjF 2;
jF 3�˝

BjM.G2.x/; G3.x//˝ Œ
jF 1;

jF 2�

˝
BjM.G1.x/; G2.x//

ŒjF 2;
jF 3�G3.x/˝.

jF 2/G2.x/;G3.x/˝Œ
jF 1;

jF 2�G2.x/˝.
jF 1/G1.x/;G2.x/

��������������������������������������������������!
BjM.F2G3.x/; F3G3.x//

˝
BjM.F2G2.x/; F2G3.x//˝

BjM.F1G2.x/; F2G2.x//˝
BjM.F1G1.x/; F1G2.x//

!
BjM.F1G1.x/; F3G3.x//:

Similarly, we can check that

1FG.x/ D
�
1 ' 1˝ 1

1˝1
���! ŒjF ; jF �˝ ŒjG; jG�

! ŒjF jG; jF jG�
ŒjF jG;jF jG�x
��������!

BjM.FG.x/; FG.x//
�
:

Therefore, the morphisms ŒjF ; jG� ˝ ŒjF 0; jG0�! ŒjF jF 0; jGjG0� define an enriched
functor. It is clear that the underlying monoidal category of Z1.B/jFun.BjM;BjM/ is
Fun.BjM;BjM/.

Remark 4.33. The Drinfeld center Z1.�et/ of the category �et of sets is equivalent
to �et as braided monoidal categories. Indeed, suppose X 2 �et and �;X W � �X !
X � � is a half-braiding, then we have the following commutative diagram for every
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set Y and map f W � ! Y :

� �X
f �1

//

�;X

��

Y �X

Y;X

��

X

'
77

' ''

X � �
1�f

// X � Y

Therefore, we have Y;X .y; x/D .x; y/ for every set Y and element y 2 Y . Thus, the
inclusion �et! Z1.�et/ induced by the braiding structure of �et is an equivalence
of braided monoidal categories.

An ordinary category M viewed as a �et-enriched category �etjM always sat-
isfies the condition (CE0). Indeed, in this case, a �et-functor jF W �etjM !

�etjM

is an ordinary functor F W M ! M and the terminal object ŒjF ; jG� 2 Z1.�et/ '
�et is given by the set of natural transformations Nat.F; G/. As a consequence,
Z1.�et/jFun.�etjM; �etjM/ is precisely the functor category Fun.M;M/.

In the rest of this subsection, we discuss the construction of Z1.B/jFun.BjM;BjM/

when BjM D BM for .B;M/ 2 LMod and M is a left B-module. In particular, in
this case, we give an easy-to-check condition that is equivalent to the condition (CE0)
(see Lemma 4.34).

By Theorem 3.39, we can identify Fun.BM; BM/ with Funlax
B
.M;M/, i.e., the

category of lax B-module functors and B-module natural transformations. There is
an obvious monoidal functor from Z1.B/ into Funlax

B
.M;M/ which maps a to the

B-module functor f.a/ˇ �. It is not hard to check that Funlax
B
.M;M/ is a strongly

unital monoidal left Z1.B/-module with the module action induced by the monoidal
functor Z1.B/! Funlax

B
.M;M/ and the natural transformation

f.a˝ b/ˇ FG.�/
�
�! f.a/ˇ Œf.b/ˇ FG.�/�! f.a/ˇ F.f.b/ˇG.�//;

where the first arrow is induced by the monoidal structure of f and the left B-module
structure of M and the second arrow is induced by the lax B-module structure of F .

Lemma 4.34. When .B;M/ 2 LMod and M is a left B-module, BM satisfies the
condition (CE0) if and only if Funlax

B
.M;M/ is enriched in Z1.B/. In this case,

the object ŒjF ; jG� is given by the internal hom ŒF; G� 2 Z1.B/, and the morphism
ŒjF ; jG�x W Œ

jF ; jG�! BM.F.x/;G.x// is induced by

f.ŒF;G�/ˇ F.x/ D .ŒF;G�ˇ F /.x/
.evF /x
����! G.x/:

Proof. Since both .ŒjF ; jG�; ¹ŒjF ; jG�xºx2M/ and the internal hom .ŒF; G�; evF D
¹.evF /xºx2M/ are terminal objects, it suffices to show that they satisfy the same
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universal property. Let F;G 2 Funlax
B
.M;M/ and a 2 Z1.B/. Given a family of mor-

phisms ®
˛x W f.a/! ŒF .x/;G.x/�

¯
x2M

;

define

Q̨x WD
�
f.a/ˇ F.x/

˛xˇ1
����! ŒF .x/;G.x/�ˇ F.x/

evF.x/
����! G.x/

�
:

Conversely,

˛x D
�
f.a/

coevF.x/
�����! ŒF .x/; f.a/ˇ F.x/�

Œ1; Q̨x �
����! ŒF .x/;G.x/�

�
.b ˝ f.a//ˇ F.x/

b;aˇ1
//

'

��

.f.a/˝ b/ˇ F.x/
' // f.a/ˇ .b ˇ F.x//

��

b ˇ .f.a/ˇ F.x//

1˝Q̨x

��

f.a/ˇ F.b ˇ x/

Q̨bˇx

��

b ˇG.x/ // G.b ˇ x/

(4.12)

i.e., Q̨ W aˇ F ) G is a B-module natural transformation.

If BM satisfies the condition (CE0), by Proposition 4.32, Funlax
B
.M;M/ can be

promoted to a Z1.B/-enriched monoidal category Z1.B/jFunlax
B
.M;M/. We obtain the

following result.

Proposition 4.35. When .B;M/2LMod and M is a left B-module, if Funlax
B
.M;M/

is enriched in Z1.B/, then we obtain a monoidal equivalence:

Z1.B/jFun.BM;BM/ D Z1.B/jFunlax
B .M;M/ ' Z1.B/Funlax

B .M;M/:

Proof. By Lemma 4.34, we can set ŒjF ; jG� D ŒF;G�. It suffices to verify (1) and (2).
(1) The composition ŒjG; jH�˝ ŒjF ; jG�! ŒjF ; jH� defined in Lemma 4.31 coin-

cides with the canonical morphism ŒG; H� ˝ ŒF; G� ! ŒF; H�. It is because both
morphisms are induced from the same universal property according to Lemma 4.34.

(2) The tensor product morphism ŒjF ; jG�˝ ŒjF 0; jG0�! ŒjF jF
0
; jGjG

0
� defined in

Lemma 4.31 is induced by

ŒF;G�˝ ŒF 0; G0�ˇ FF 0 ! ŒF;G�ˇ F ˝ ŒF 0; G0�ˇ F 0
evF ˝ evF 0
�������! GG0;

where the first arrow is induced by the lax B-module functor structure of F .
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In other words, we need to show the outer subdiagram of the following diagram:

ŒF;G�˝ŒF 0;G0�ˇFF 0.x/
1˝ŒF 0;G0�xˇ1 //

��

ŒF;G�˝ŒF 0.x/;G0.x/�ˇFF 0.x/

1˝Fˇ1

��uu

ŒF;G�ˇF.ŒF 0;G0�ˇF 0.x// //

1̌ F.evF 0 /

��

ŒF;G�ˇF.ŒF 0.x/;G0.x/�ˇF 0.x//

1ˇF.evF 0.x//

vv

ŒF;G�˝ŒFF 0.x/;FG0.x/�ˇFF 0.x/

ŒF;G�G0.x/ˇevFF 0.x/

��

1ˇevFF 0.x/

rr
ŒF;G�ˇFG0.x/

.evF /G0.x/

// GG0.x/ ŒFG0.x/;GG0.x/�ˇFG0.x/
evFG0.x/

oo

commutes for each x 2M. The upper left quadrangle commutes due to the naturality
of the lax B-module functor structure of F , and the other subdiagrams commute by
the adjunctions associated to internal homs.

When B is rigid, we have Funlax
B
.M;M/D FunB.M;M/ [14, Lemma 2.10], i.e.,

the category of B-module functors, because the morphism a ˇ F.x/! F.a ˇ x/

now has an inverse given by F.a ˇ x/ ! .a ˝ aL/ ˇ F.a ˇ x/ ! a ˝ F.aL ˇ

.aˇ x//! aˇ F.x/ for a 2 B; x 2M.

Corollary 4.36. When .B;M/ 2 LMod and M is a left B-module, if B is rigid and
FunB.M;M/ is enriched in Z1.B/, we have

Z1.B/jFun.BM;BM/ ' Z1.B/FunB.M;M/:

4.4. The E0-centers of enriched categories in ECat

In this subsection, we prove that Z1.B/jFun.BjM;BjM/ is the E0-center of BjM in
ECat when BjM satisfies the condition (CE0).

Recall that an E0-algebra in ECat is a pair .AjL; jU/, where jU W � ! AjL is an
enriched functor in ECat. A left unital .AjL; jU/-action on BjM in ECat consists of
an enriched functor jˇ W AjL� BjM! BjM in ECat and an enriched natural isomor-
phism j� as depicted in the following diagram (recall Definition 2.11):

AjL � BjM
jˇ

''

� �
BjM

jU�1
66

1BjM

//
�� j� BjM

We set 1L WD U.�/ 2 L. There exists a canonical enriched natural isomorphism
j� W j1L )

jU (recall Example 3.15) defined by 1A !
yU.�/ (from the monoidal
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structure of yU ) and the identity underlying natural transformation. It defines a left
unital .AjL; j1L/-action as depicted in the following diagram:

AjL � BjM

jˇ

��

�� j��1
AjL � BjM

jˇ

((

1AjL�1BjM

OO

� �
BjM

1BjM

//

j1L�1BjM

55

jU�1BjM

55

�� j�
BjM

In particular, the left unital .AjL; j1L/-action is isomorphic to that of .AjL; jU/-action.
Therefore, in order to show that Z1.B/jFun.BjM;BjM/ is the E0-center of BjM in
ECat, it is enough to only consider the left unital .AjL; j1L/-action on BjM in ECat
as depicted in the following diagram:

AjL � BjM
jˇ

''

� �
BjM

j1L�1
66

1BjM

//
�� j� BjM

(4.13)

Example 4.37. If BjM satisfies the condition (CE0), then there exists a canonical left
unital action

Z1.B/jFun.BjM;BjM/ � BjM
jev

&&

� �
BjM

j1BjM�1BjM

77

//

�� j˛
BjM

(4.14)

of the E0-algebra .Z1.B/jFun.BjM;BjM/; j1BjM/ on BjM in ECat defined as follows.

• The enriched functor jev is defined by the monoidal functor yev WD f.�/ ˝ � W

Z1.B/ � B ! B, the map of objects .jF ; x/ 7! F.x/ and the family of mor-
phisms

jev.jF ;x/;.jG;y/

WD
�
f.ŒjF ; jG�/˝ BjM.x; y/

ŒjF ;jG�y˝
jF x;y

����������!
BjM.F.y/;G.y//

˝
BjM.F.x/; F.y//

ı
�!

BjM.F.x/;G.y//
�
I

• The background changing natural transformation Ǫ of j˛ is given by the left unitor
of B and the underlying natural transformation ˛ of j˛ is given by the identity
natural transformation.

It is routine to check the following fact. The proof is omitted.
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Lemma 4.38. Let .jˇ; j�/ be a left unital .AjL; j1L/-action of theE0-algebra on BjM

as depicted in (4.13). Then, there exists a functor ˆ W L! Fun.BjM; BjM/ defined
as follows.

• For each a 2 L, ˆ.a/ is the B-functor defined by the map x 7! a ˇ x and the
family of morphisms

BjM.x; y/
O��1

��! 1A Ǒ
BjM.x; y/

1a Ǒ 1
���!

AjL.a; a/ Ǒ BjM.x; y/

jˇ.a;x/;.a;y/
��������!

BjM.aˇ x; aˇ y/:

• For each morphism f W 1A !
AjL.a; b/ in L, ˆ.f / is the B-natural transfor-

mation defined by the family of morphisms

1B

O��1

��! 1A Ǒ 1B

f Ǒ 1
���!

AjL.a; b/ Ǒ BjM.x; x/
jˇ.a;x/;.b;x/
��������!

BjM.aˇx; bˇx/:

Theorem 4.39. If BjM satisfies the condition (CE0), then Z1.B/jFun.BjM;BjM/ is the
E0-center of BjM in ECat, i.e., Z0.

BjM/ ' Z1.B/jFun.BjM;BjM/.

Proof. Let .jˇ; j�/ be a left unital action of an E0-algebra .AjL; j1L/ on BjM as
depicted in the diagram (4.13). We first show that there exist an enriched functor
jˆ W AjL! Z1.B/jFun.BjM;BjM/ in ECat and two enriched natural isomorphisms j�
and j� such that the following pasting diagrams:

Z1.B/jFun.BjM;BjM/ � BjM

jev

��

�� j��1
AjL � BjM

jˇ

''

jˆ�1BjM

OO

�� j�

� �
BjM //

j1BjM�1BjM

77

j1L�1BjM

66

�� j�
BjM

D

Z1.B/jFun.BjM;BjM/ � BjM

jev

%%

� �
BjM

j1BjM�1BjM

88

//

�� j˛
BjM

(4.15)
are equal in ECat, where the right-hand side of the equation is the canonical left

unital action of .Z1.B/jFun.BjM;BjM/; j1BjM/ on BjM defined in Example 4.37.
Let ˆ W L! Fun.BjM; BjM/ be the functor described in Lemma 4.38. Then, ˆ

can be promoted to an enriched functor jˆ W AjL! Z1.B/jFun.BjM;BjM/ in ECat
with the background changing functor Ô WA! Z1.B/ given by � Ǒ 1B (see Exam-
ple 2.19) and the family of morphisms jˆa;b W AjL.a; b/ Ǒ 1B ! Œˆ.a/;ˆ.b/� given
by the unique morphisms rendering the following diagrams commutative:

f.AjL.a; b/ Ǒ 1B/

1 Ǒ 1x��

I.jˆa;b/
// f.Œˆ.a/;ˆ.b/�/

Œˆ.a/;ˆ.b/�x
��

AjL.a; b/ Ǒ BjM.x; x/
jˇ.a;x/;.b;x/

// BjM.aˇ x; b ˇ x/
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The enriched natural isomorphism j� is defined by the background changing natu-
ral transformation O��D O��11B

W 1B! 1A Ǒ 1B and the underlying natural transforma-
tion given by the unique morphism �� W 1B ! Œ1BjM;ˆ.1L/� rendering the following
diagram commutative:

f.1B/
f.��/

//

��1x **

f.Œ1BjM; ˆ.1L/�/

Œ1BjM;ˆ.1L/�x
��

BjM.x;1L ˇ x/

The enriched natural isomorphism j� is defined by the background changing nat-
ural transformation

f. Ô .�//˝� D .� Ǒ 1B/˝�
1˝O��1

HHHH) .� Ǒ 1B/˝ .1A Ǒ �/

�
H) .�˝ 1A/ Ǒ .1B ˝�/

�
H) � Ǒ �

and the identity underlying natural transformation.
Then, it is not hard to check that the equation (4.15) holds.
Let .jˆi ; j�i ; j�i /, i D 1;2, be two triples such that the similar equations as depicted

by (4.15) hold. We only need to show that there exists a unique enriched natural
isomorphism jˇ W jˆ1)

jˆ2 such that

�� j�1

Z1.B/jFun.BjM;BjM/

�

j1BjM

66

j1L

// AjL

jˆ1

FF

jˆ2

XX

+3
jˇ

D
�� j�2

Z1.B/jFun.BjM;BjM/

�

j1BjM

66

j1L

// AjL

jˆ2

OO

(4.16)

Z1.B/jFun.BjM;BjM/ � BjM
jev

$$�� j�2
AjL � BjM

jˆ1�1

CC

jˆ2�1

[[

+3
jˇ�1

jˇ

// BjM

D

Z1.B/jFun.BjM;BjM/ � BjM
jev

$$�� j�1
AjL � BjM

jˆ1�1

OO

jˇ

// BjM

(4.17)

Since Z1.B/ is the E0-center of B in AlgE1.Cat/ (see Example 2.19), there exists a
unique monoidal natural isomorphism Ǒ W Ô 1) Ô

2 such that

�� O�1

Z1.B/

�

1B

44

1A

// A

Ô
1

FF

Ô
2

XX

+3Ǒ
D

�� O�2

Z1.B/

�

1B

55

1A

// A

Ô
2

OO

Z1.B/ �B
yev

���� O�2
A �B

Ô
1�1

CC

Ô
2�1

[[

+3Ǒ�1

Ǒ

// B

D

Z1.B/ �B
yev

���� O�1
A �B

Ô
1�1

OO

Ǒ

// B
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Define ˇa W 1B! Œˆ1.a/;ˆ2.a/� to be the unique morphism rendering the following
diagram:

1B D f.1B/
f.ˇa/ //

.�2/
�1
.a;x/

ı.�1/.a;x/ ++

f.Œˆ1.a/;ˆ2.a/�/

Œˆ1.a/;ˆ2.a/�x��
BjM.ˆ1.a/.x/;ˆ2.a/.x//

commutative. Then, the enriched natural isomorphism jˇ define by . Ǒ; ¹ˇaº/ is the
unique enriched natural isomorphism such that the equations (4.16) and (4.17) hold.

Remark 4.40. It is straightforward to check that the usual monoidal structure on
Z1.B/jFun.BjM;BjM/ induced by the composition of B-functors coincides with the
E1-algebra structure of the E0-center of BjM in ECat (see Proposition 2.18).

The following result follows immediately from Corollary 4.36 and Theorem 4.39.

Corollary 4.41. When .B;M/ 2 LMod and M is a left B-module, if B is rigid and
FunB.M;M/ is enriched in Z1.B/, we have

Z0.
BM/ ' Z1.B/FunB.M;M/:

Remark 4.42. Corollary 4.41 has important applications in physics. In particular, it
provides a mathematical foundation to [44, Definition 3.18 and Remark 3.19]. More
precisely, the macroscopic observables of a 0+1D boundary phase of a 1+1D quan-
tum liquid X form an enriched category, the E0-center of which is the precisely the
enriched monoidal category summarizing macroscopic observables of X. This fact is
precisely a manifestation of the so-called boundary-bulk relation [36, 38]. Examples
of this fact can be found in 1+1D CFT’s [42–44] and 1+1D lattice models [37, 63].

We give an illustrating example from [37]. The symmetric phase realized in the
1+1D Ising model can be described by enriched monoidal category Z1.Rep.Z2//Rep.Z2/,
where Rep.Z2/ is the category of finite-dimensional Z2-representations. Its has two
types of boundaries. The symmetric boundary can be described the enriched category
Rep.Z2/Rep.Z2/; the symmetry-breaking boundary can be described by VecZ2Vec, where
VecZ2 is the category of Z2-graded finite-dimensional vector spaces. In this case,
we have Z1.Rep.Z2//Rep.Z2/ ' Z0.

Rep.Z2/Rep.Z2// ' Z0.
VecZ2Vec/ and Rep.Z2/ '

FunVecZ2
.Vec;Vec/.

5. Enriched braided monoidal categories

In this section, we study enriched braided monoidal categories, canonical construction
and the E1-centers of enriched monoidal categories.
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5.1. Definitions and examples

For any two enriched categories AjL and BjM, there is an obvious switching enriched
functor j† W AjL � BjM! BjM � AjL (i.e., the braiding in ECat). It is clear that j†
has an obvious monoidal structure if AjL and BjM are enriched monoidal categories.

Definition 5.1. An enriched braided monoidal category consists of the following
data:

• an enriched monoidal category AjL;

• an enriched natural isomorphism jc W j˝ ! j
˝ ı

j†;

such that

(1) the background category A is symmetric,

(2) the background changing natural transformation Oc is equal to the braiding of
A,

(3) the underlying monoidal category L equipped with the underlying natural
transformation c of jc is a braided monoidal category (called the underlying
braided monoidal category of AjL).

Definition 5.2. An enriched monoidal functor jF W AjL! BjM between two enriched
braided monoidal categories is an enriched braided monoidal functor if the underlying
functor F W L!M is a braided monoidal functor.

Example 5.3. Let AjL be an enriched braided monoidal category. There is an A-
enriched braided monoidal category Aj xL whose underlying braided monoidal cate-
gory equals xL, defined as follows. As an enriched monoidal category Aj xLD AjL, but
the braiding of Aj xL is given by the anti-braiding Ncx;y WD c�1y;x of L and the braiding
of A. Since A is symmetric, . Oc; c/ is an enriched natural transformation if and only if
. Oc; Nc/ is.

Example 5.4. Let A be a commutative algebra in a symmetric monoidal category
A. Then, the A-enriched monoidal category �A introduced in Example 4.10 is an
enriched braided monoidal category with the braiding given by c�;� D 1�.

5.2. The canonical construction

Let A be a symmetric monoidal category viewed as an algebra in Algoplax
E2

.Cat/.

Definition 5.5. A braided monoidal left A-oplax module is a left A-oplax module in
Algoplax

E2
.Cat/.

Remark 5.6. More explicitly, a braided monoidal left A-oplax module L is both a
braided monoidal category and a monoidal left A-oplax module such that the action
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ˇWA�L!L is a braided oplax-monoidal functor (i.e., the following diagram com-
mutes:

.a˝ b/ˇ .x ˝ y/ //

Oca;bˇcx;y

��

.aˇ x/˝ .b ˇ y/

caˇx;bˇy

��

.b ˝ a/ˇ .y ˝ x/ // .b ˇ y/˝ .aˇ x/

(5.1)

where c is the braiding of L and Oc is the braiding of A).
If, in addition, L is a monoidal left A-module, then L is called a braided monoidal

left A-module.

Example 5.7. Let A be a symmetric monoidal category and L be a braided monoidal
category. If ' W A ! Z2.L/ is a symmetric oplax-monoidal functor, then L is a
braided monoidal left A-oplax module with the module action '.�/˝� WA�L!L.
The monoidal left A-oplax module structure of L is induced by the composite functor
A! Z2.L/! Z1.L/.

Remark 5.8. If .L;ˇ W A � L ! L/ is a braided monoidal left A-module, the
functor ' WD .�ˇ 1L/ is a symmetric monoidal functor ' W A! Z2.L/ (see Exam-
ple 2.19). A braided monoidal left A-module L can be equivalently defined by a
braided monoidal category L equipped with a symmetric monoidal functor A !

Z2.L/.

Proposition 5.9. Let A be a symmetric monoidal category and L a braided monoidal
category. Let Oc and c be the braidings of A and L, respectively. If L is also a strongly
unital monoidal left A-oplax module that is enriched in A, then the pair . Oc; c/ defines
a braiding structure on AL if and only if L is a braided monoidal left A-oplax module.

Proof. The pair . Oc; c/ is a 2-morphism in LMod if and only if the diagram (5.1)
commutes.

Example 5.10. Let ' WA! Z2.L/ be a braided oplax-monoidal functor, where A is
a symmetric monoidal category and L is a braided monoidal category. Then, .L; '/ is
a monoidal left A-oplax module (see Example 5.7). If .L; '/ is strongly unital and L is
enriched in A, then the enriched monoidal category AL constructed in Example 4.18
(note that xA D A), together with the braiding in A and L, is an enriched braided
monoidal category.

Definition 5.11. Let L be a braided monoidal left A-oplax module and M be a braided
monoidal left B-oplax module. Given a symmetric monoidal functor yF W A! B, a
monoidal yF -lax functor F W L!M is called a braided monoidal yF -lax functor if F
is braided monoidal.

The proof of the following proposition is clear.
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Proposition 5.12. Let A;B be symmetric monoidal categories. Suppose that L is a
strongly unital braided monoidal left A-oplax module that is enriched in A, and M is
a strongly unital oplax braided monoidal left B-module that is enriched in B. Then,
the canonical construction gives enriched braided monoidal categories AL and BM.
Suppose yF WA!B is a symmetric monoidal functor and F WL!M is a monoidal
yF -lax functor. Then, F is a braided monoidal yF -lax functor if and only if yF , together

with F , defines an enriched braided monoidal functor jF W AL! BM.

We use ECatbr to denote the 2-category of enriched braided monoidal categories,
enriched braided monoidal functors and enriched monoidal natural transformations.
The 2-category ECatbr is symmetric monoidal with the tensor product given by the
Cartesian product and the tensor unit given by �.

We define the 2-category LModbr as follows.

• The objects are pairs .A;L/, where A is a symmetric monoidal category and L

is a strongly unital braided monoidal left A-oplax module that is enriched in A.

• A 1-morphism .A;L/! .B;M/ is a pair . yF ; F /, where yF W A! B is a sym-
metric monoidal functor and F W L!M is a braided monoidal yF -lax functor.

• A 2-morphism . yF ;F /) . yG;G/ is a pair . O�; �/, where O� W yF ) yG is a monoidal
natural transformation and � W F ) G is a monoidal O�-lax natural transformation.

The horizontal/vertical composition is induced by the horizontal/vertical composi-
tion of functors and natural transformations. The 2-category LModbr is symmetric
monoidal with the tensor product defined by the Cartesian product and the tensor unit
given by .�;�/.

Theorem 5.13. The canonical construction induces a symmetric monoidal 2-functor
LModbr

! ECatbr. Moreover, this 2-functor is locally isomorphic.

Proof. Let .A;L/2LModbr. By Proposition 5.9, AL is an enriched braided monoidal
category. Since the canonical construction induces a locally isomorphic 2-functor
from LMod˝ to ECat˝, the canonical construction also defines a locally isomor-
phic 2-functor from LModbr

! ECatbr (see Propositions 5.12 and 4.26). Since the
background changing functor and the underlying functor of the enriched isomorphism
j�AL;BM W

AL�BM! .A�B/.L�M/ defined in the proof of Theorem 3.39 are both
identity functors, j�AL;BM is an enriched braided monoidal functor, then the canonical
construction 2-functor is a symmetric monoidal 2-functor by Theorem 4.27.

5.3. The Drinfeld center of an enriched monoidal category

In this subsection, we provide an explicit construction of enriched braided monoidal
category from an enriched monoidal category imitating the usual construction of Drin-
feld center.
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Definition 5.14. Let AjL be an enriched monoidal category. A half-braiding for an
object x 2 AjL is an A-natural isomorphism jˇ�;x W � ˝ x ! x ˝ � such that the
underlying natural isomorphism ˇ�;x is a usual half-braiding.

In other words, the half-braiding jˇ�;x is a half-braiding ˇ�;x on the underlying
monoidal category such that the following diagram commutes:

AjL.y; z/
1˝1x //

1x˝1

��

AjL.y; z/˝ AjL.x; x/
j˝
// AjL.y ˝ x; z ˝ x/

AjL.1;ˇz;x/

��

AjL.x; x/˝ AjL.y; z/

j˝

��
AjL.x ˝ y; x ˝ z/

AjL.ˇy;x ;1/
// AjL.y ˝ x; x ˝ z/

Definition 5.15. Let AjL be an enriched monoidal category. Suppose x; y 2 AjL and
jˇ�;x;

jˇ�;y are half-braidings. Define an object Œ.x; jˇ�;x/; .y; jˇ�;y/� 2 Z2.A/ to
be the terminal one (if exists) among all pairs .a; �/, where a 2 Z2.A/ and � W a!
AjL.x; y/ is a morphism in A such that the following diagram commutes:

a
1z˝� //

�˝1z
��

AjL.z; z/˝ AjL.x; y/
j˝
// AjL.z ˝ x; z ˝ y/

AjL.1;ˇz;y/
��

AjL.x; y/˝ AjL.z; z/
j˝

// AjL.x ˝ z; y ˝ z/
AjL.ˇz;x ;1/

// AjL.z ˝ x; y ˝ z/

(5.2)

(i.e., a
�
�!

AjL.x; y/ equalizes two morphisms

AjL.x; y/� AjL.z ˝ x; y ˝ z/

for every z 2 AjL).

Remark 5.16. By the universal property, the morphism

Œ.x; jˇ�;x/; .y;
jˇ�;y/�!

AjL.x; y/

is monic. Thus, Œ.x; jˇ�;x/; .y; jˇ�;y/� is the maximal subobject a of AjL.x; y/ in
Z2.A/ such that the diagram (5.2) commutes.

Definition 5.17. We say that an enriched monoidal category AjL satisfies the E1-
center-existence condition (CE1) if

for all objects x; y 2 AjL and half-braidings jˇ�;x; jˇ�;y ,

the object Œ.x; jˇ�;x/; .y; jˇ�;y/� exists. (CE1)
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Definition 5.18. Let AjL be an enriched monoidal category that satisfies the condition
(CE1). Then, we define an Z2.A/-enriched braided monoidal category Z2.A/j�1.

AjL/

as follows.

• The objects are pairs .x; jˇ�;x/, where x 2 AjL and jˇ�;x is a half-braiding.

• The hom objects are Z2.A/j�1.
AjL/..x; jˇ�;x/; .y;

jˇ�;y// WD Œ.x;
jˇ�;x/;

.y; jˇ�;y/� 2 Z2.A/.

• The composition and identity morphisms are induced by those of AjL.

• The monoidal structure is induced by that of AjL.

• The braiding is given by .x; jˇ�;x/˝ .y; jˇ�;y/
ˇx;y
���! .y; jˇ�;y/˝ .x;

jˇ�;x/.

This enriched braided monoidal category Z2.A/j�1.
AjL/ is called the Drinfeld center

of AjL. Its underlying braided monoidal category is denoted by �1.AjL/.

Remark 5.19. An ordinary monoidal category L viewed as a �et-enriched monoidal
category �etjL always satisfies condition (CE1). Indeed, in this case, a half-braiding
jˇ�;x W � ˝ x ! x ˝� is a usual half-braiding ˇ�;x and the terminal object

Œ.x; jˇ�;x/; .y;
jˇ�;y/� 2 Z2.�et/ ' �et

is the hom set Z1.L/..x; ˇ�;x/; .y; ˇ�;y//. As a consequence Z2.�et/j�1.
�etjL/ is pre-

cisely the usual Drinfeld center [30, 53] Z1.L/.

Remark 5.20. This construction is different from the Drinfeld center defined in [41,
Definition 4.2]. The hom spaces of the Drinfeld center defined in [41] are maximal
subobjects in A, not Z2.A/. When A is a non-degenerate braided fusion category and
L is an indecomposable multi-fusion left A-module, these two definitions coincide
(see Remark 5.30). The physical meaning of the Drinfeld center defined in [41] is
given in [44, Section 4.1].

Lemma 5.21. Under the condition (CE1), the Drinfeld center Z2.A/j�1.
AjL/ is a well-

defined enriched braided monoidal category.

Proof. For any .x; jˇ�;x/ 2 Z2.A/j�1.
AjL/ the diagram

1
1z˝1x //

1x˝1z
��

AjL.z; z/˝ AjL.x; x/
j˝

// AjL.z ˝ x; z ˝ x/

AjL.1;ˇz;x/
��

AjL.x; x/˝ AjL.z; z/
j˝

// AjL.x ˝ z; x ˝ z/
AjL.ˇz;x ;1/

// AjL.z ˝ x; x ˝ z/

commutes because both two composite morphisms are equal to ˇz;x . Thus, the iden-
tity morphism 1x W 1!

AjL.x; x/ factors through Œ.x; jˇ�;x/; .x; jˇ�;x/�.
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For any .x; jˇ�;x/; .y; jˇ�;y/; .z; jˇ�;z/ 2 Z2.A/j�1.
AjL/, the diagram

Œ.y; jˇ�;y/; .z;
jˇ�;z/�Œ.x;

jˇ�;x/; .y;
jˇ�;y/� //

��

AjL.y; z/AjL.x; y/

��

ı

((
AjL.y; z/AjL.x; y/

��

ı

''

AjL.wy;wz/AjL.wx;wy/

AjL.ˇ�1w;y ;ˇw;z/
AjL.1;ˇw;y /

��

ı

))

AjL.x; z/

��
AjL.yw; zw/AjL.xw;yw/

1AjL.ˇw;x ;1/

//

ı

++

AjL.yw; zw/AjL.wx; yw/

ı

))

AjL.wx;wz/

AjL.1;ˇw;z/

��
AjL.x; z/ // AjL.xw; zw/

AjL.ˇw;x ;1/

// AjL.wx; zw/

commutes: the upper left rectangle commutes by definition of Œ.x; jˇ�;x/; .y; jˇ�;y/�,
and the other subdiagrams commute due to the functoriality of j˝ and the associativity
of the composition. Thus, the morphism

Œ.y; jˇ�;y/; .z;
jˇ�;z/�˝ Œ.x;

jˇ�;x/; .y;
jˇ�;y/�!

AjL.y;z/˝AjL.x;y/
ı
�!

AjL.x;z/

factors through Œ.x; jˇ�;x/; .z; jˇ�;z/�. This shows that the identity and composition
morphisms in AjL induce those of Z2.A/j�1.

AjL/.
For the monoidal structure, consider the following diagram:

Œ.x; jˇ�;x/; .z;
jˇ�;z/�Œ.y;

jˇ�;y/; .w;
jˇ�;w/� //

��

&&

AjL.x; z/AjL.y;w/
j˝
// AjL.xy; zw/

��
AjL.x; z/AjL.y;w/

j˝

��

AjL.axy; azw/

AjL.1;ˇa;z1/

��
AjL.xy; zw/

��

AjL.xaz; yaw/
AjL.ˇa;x1;1/

//

AjL.1;1ˇa;w/

��

AjL.axy; zaw/

AjL.1;1ˇa;w/

��
AjL.xya; zwa/

AjL.1ˇa;y ;1/

// AjL.xay; zwa/
AjL.ˇa;x1;1/

// AjL.axy; zwa/

The upper quadrangle commutes by the definitions of Œ.x; jˇ�;x/; .z; jˇ�;z/�, the left
quadrangle commutes by the definition of Œ.y; jˇ�;y/; .w; jˇ�;w/�, and the lower right
rectangle is obviously commutative. It follows that the morphism

Œ.x; jˇ�;x/; .z;
jˇ�;z/�˝ Œ.y;

jˇ�;y/; .w;
jˇ�;w/�

!
AjL.x; z/˝ AjL.y; w/

j˝
�!

AjL.x ˝ y; z ˝ w/

factors through Œ.x ˝ y; jˇ�;x˝y/; .z ˝ w; jˇ�;z˝w/�. It is not hard to see that this
defines the monoidal structure of Z2.A/j�1.

AjL/.



Enriched monoidal categories I: Centers 61

For the braiding structure, note that the morphism 1
ˇx;y
���!

AjL.x ˝ y; y ˝ x/

equalizes two morphisms AjL.x˝ y;y ˝ x/� AjL.a˝ x˝ y;y ˝ x˝ a/ because

ˇ�;y is a half-braiding in the underlying category. Therefore, 1
ˇx;y
���!

AjL.x˝ y;y ˝

x/ factors through Œ.x ˝ y; jˇ�;x˝y/; .y ˝ x; jˇ�;y˝x/� and thus gives the braiding
morphism in Z2.A/j�1.

AjL/, denoted by

.x ˝ y; jˇ�;x˝y/
ˇx;y
���! .y ˝ x; jˇ�;y˝x/:

We need to verify that this braiding jˇ�;� is an enriched natural isomorphism, i.e., the
diagram

Œ.x; jˇ�;x/; .z;
jˇ�;z/�˝ Œ.y;

jˇ�;y/; .w;
jˇ�;w/�

c //

j˝

��

Œ.y; jˇ�;y/; .w;
jˇ�;w/�˝ Œ.x;

jˇ�;x/; .z;
jˇ�;z/�

j˝

��

Œ.y ˝ x; jˇ�;y˝x/; .w ˝ z;
jˇ�;w˝z/�

Œˇx;y ;1�

��

Œ.x˝ y; jˇ�;x˝y/; .z˝w;
jˇ�;z˝w/�

Œ1;ˇz;w �
// Œ.x˝ y; jˇ�;x˝y/; .w ˝ z;

jˇ�;w˝z/�

commutes, where c is the braiding of A. Since the morphism

Œ.x ˝ y; jˇ�;x˝y/; .w ˝ z;
jˇ�;w˝z/�!

AjL.x ˝ y;w ˝ z/

is monic, it suffices to show that the diagram

Œ.x; jˇ�;x/; .z;
jˇ�;z/�Œ.y;

jˇ�;y/; .w;
jˇ�;w/� //

��

AjL.x; z/AjL.y;w/
c //

��

AjL.y;w/AjL.x; z/

j˝

��
AjL.x; z/AjL.y;w/

��

j˝

&&

AjL.wx;wz/AjL.yx;wx/
ı //

AjL.1;ˇ�1z;w/
AjL.ˇx;y ;1/

��

AjL.yx;wz/

AjL.ˇx;y ;1/

��

AjL.xw; zw/AjL.xy; xw/
AjL.ˇ�1x;w ;1/

AjL.1;ˇx;w/
//

ı

��

AjL.wx; zw/AjL.xy;wx/

ı

ss
AjL.xy; zw/

AjL.1;ˇz;w/
// AjL.xy;wz/

commutes. The upper left rectangle commutes by definition of Œ.y; jˇ�;y/; .w; jˇ�;w/�,
the lower right pentagon and the lower middle triangle commute due to the asso-
ciativity of the composition ı, and the other two subdiagrams commtes due to the
functoriality of j˝. Hence, we conclude that Z2.A/j�1.

AjL/ is a well-defined enriched
braided monoidal category.

Remark 5.22. Let AjL be an enriched monoidal category that satisfies the condition
(CE1). The forgetful functor jf W Z2.A/j�1.AjL/! AjL is an enriched monoidal functor
whose background changing functor is the inclusion Z2.A/ ,! A.
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Proposition 5.23. The underlying category �1.AjL/ is a full subcategory of Z1.L/.

Proof. Suppose .x; jˇ�;x/; .y; jˇ�;y/ 2 Z2.A/jZ1.
AjL/. By definition we have

.x; jˇ�;x/; .y;
jˇ�;y/ 2 Z1.L/:

It suffices to show that

Z2.A/.1; Œ.x;
jˇ�;x/; .y;

jˇ�;y/�/ ' Z1.L/..x; ˇ�;x/; .y; ˇ�;y//:

By the universal property, the left-hand side is isomorphic to the set of morphisms
f W 1! AjL.x; y/ rendering the following diagram commutative for every z 2 AjL.

1
1z˝f //

f˝1z
��

AjL.z; z/˝ AjL.x; y/
j˝

// AjL.z ˝ x; z ˝ y/

AjL.1;ˇz;y/
��

AjL.x; y/˝ AjL.z; z/
j˝

// AjL.x ˝ z; y ˝ z/
AjL.ˇz;x ;1/

// AjL.z ˝ x; y ˝ z/

It means that the equation

ˇz;y ı .1z ˝ f / D .f ˝ 1z/ ı ˇz;x

holds in the underlying category L. In other words, f is exactly a morphism f W

.x; ˇ�;x/! .y; ˇ�;y/ in the Drinfeld center Z1.L/.

Remark 5.24. An ordinary monoidal category L viewed as a �et-enriched monoidal
category always satisfies the condition (CE1). Indeed, in this case an enriched half-
braiding .x; jˇ�;x/ is simply an ordinary half-braiding .x; ˇ�;x/ 2 Z1.L/, and the
hom object Œ.x; jˇ�;x/; .y; j�; y/� 2 Z2.�et/ D �et is the hom set Z1.L/..x; ˇ�;x/;

.y; ˇ�;y//. As a conclusion, the Drinfeld center Z2.�et/j�1.
�etjL/ is precisely the ordi-

nary Drinfeld center Z1.L/.

In the rest of this subsection, we compute the Drinfeld center of an enriched
monoidal category CM obtained via the canonical construction from the pair .C ;M/2

LMod˝ such that M is a monoidal left xC -module defined by a braided monoidal
functor (recall Remark 4.16)

' W xC ! Z1.M/:

It is straightforward to see that an enriched half-braiding .x; jˇ�;x/ is precisely an
object .x; ˇ�;x/ in Z1.M/ transparent to '.c/ 2 Z1.M/ for all c 2 C , i.e., an object
in Z2.'/, which denotes the Müger centralizer of xC in Z1.M/ via '. This Müger cen-
tralizer Z2.'/ is also called the relative Drinfeld center of M. Note that the composite

functor Z2.C/ ,! xC
'
�! Z1.M/ factors through Z2.C/

�
�! Z2.'/ ,! Z1.M/. More-

over, the image of � is contained in the Müger center Z2.Z2.'// of Z2.'/. Thus,
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Z2.'/ is a braided monoidal left Z2.C/-module with the braided module structure
defined by � W Z2.C/! Z2.Z2.'//.

Lemma 5.25. Let C be a braided monoidal category and M be a monoidal left xC -
module that is enriched in xC . Assume that the monoidal left xC -module structure of M

is defined by a braided monoidal functor ' W xC ! Z1.M/. Then, the enriched braided
monoidal category CM satisfies the condition (CE1) if and only if Z2.'/ is enriched
in Z2.C/. Moreover, in this case the object Œ.x; jˇ�;x/; .y; jˇ�;y/� is precisely the
internal hom in Z2.C/.

Proof. It is enough to show that Œ.x; jˇ�;x/; .y; jˇ�;y/� satisfies the same universal
property as the internal hom in Z2.C/. Given an object a 2 Z2.C/ and a morphism
� W a! Œx; y�C , we can define a morphism Q� W 'c.a/˝ x ! y in M by

Q� WD
�
'c.a/˝ x

'c.�/˝1
�����! 'c.Œx; y�C /˝ x

evx
��! y

�
:

Conversely, we have

� D
�
a

coevx
���! Œx; 'c.a/˝ x�C

Œ1;Q��
���! Œx; y�C

�
:

It is routine to check that � renders the diagram (5.2) commutative if and only if the
following diagram commutes:

z ˝ 'c.a/˝ x
z;a˝1

//

1˝Q�

��

'c.a/˝ z ˝ x
1˝ˇz;x

// 'c.a/˝ x ˝ z

Q�˝1

��

z ˝ y
ˇz;y

// y ˝ z

(i.e., Q� is a morphism Q� W aˇ .x; jˇ�;x/! .y; jˇ�;y/ in Z2.'/).

Corollary 5.26. Let C be a braided monoidal category and M be a monoidal left
xC -module that is enriched in xC . Assume that the monoidal left xC -module structure of
M is defined by a braided monoidal functor ' W xC ! Z1.M/. If Z2.'/ is enriched in
Z2.C/, we have

Z2.C/j�1.
CM/ D Z2.C/Z2.'/:

5.4. The E1-centers of enriched monoidal categories in ECat

In this subsection we prove that the Drinfeld center of an enriched monoidal category
is the E1-center in ECat.
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Let C jM be an enriched monoidal category that satisfies the condition (CE1).
Then, the Drinfeld center Z2.C/j�1.

CM/ is a well-defined enriched braided monoidal
category.

Suppose AjL is an enriched monoidal category. A left unital action of AjL on C jM

is an enriched monoidal functor jˇ and an enriched monoidal natural isomorphism ju

as depicted in the following diagram:

AjL � C jM
jˇ

%%

� �
C jM

j1�1

88

//

�� ju
C jM

(5.3)

Example 5.27. There is an obvious left unital action of Drinfeld center Z2.C/j�1.
C jM/

on C jM:
Z2.C/j�1.

C jM/ � C jM
j~

''

� �
C jM

j1�1

66

//

�� jv
C jM

The enriched monoidal functor j~ WD j˝ ı .jf � 1/, where jf W Z2.C/j�1.
C jM/! C jM

is the forgetful functor (see Remark 5.22). The monoidal structure of j~ is induced
by the braided monoidal structure of Z2.C/ � C ! C and the monoidal structure
of Z1.M/ �M ! M (recall that �1.C jM/ is a full subcategory of Z1.M/). The
background changing natural transformation of jv is given by the left unitor of C and
the underlying natural transformation of jv is given by the left unitor of M.

Theorem 5.28. The Drinfeld center is the E1-center in ECat, i.e., we have an equiv-
alence of enriched braided monoidal categories Z1.

C jM/ ' Z2.C/j�1.
C jM/.

Proof. Suppose .jˇ; ju/ is a left unital action of an enriched monoidal category AjL on
C jM as depicted in the diagram (5.3). First we show that there is an enriched monoidal
functor jP W AjL! Z2.C/j�1.

C jM/ and an enriched monoidal natural isomorphism j�

such that the following pasting diagrams:

Z2.C/j�1.
C jM/ � C jM

j~

��

��jP 0�1
AjL � C jM

jˇ

%%

jP�1CjM

OO

�� j�

� �
C jM //

j1�1CjM

99

j1L�1CjM

88

�� ju
C jM

D

Z2.C/j�1.
C jM/ � C jM

j~

��

� �
C jM

j1�1CjM

??

//

�� jv
C jM

(5.4)
are equal.
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• Since the underlying functor ˇ of jˇ is a monoidal functor, for any x 2 AjL, the
natural isomorphism

ˇm;x W m˝ .x ˇ 1M/
u�1m ˝1
����! .1L ˇm/˝ .x ˇ 1M/ ' x ˇm

' .x ˇ 1M/˝ .1L ˇm/
1˝um
����! .x ˇ 1M/˝m

is a half-braiding on xˇ 1M 2 Z1.M/ (see Example 2.19). It is clear that jˇ�;x is
a C -natural isomorphism because it is the composition of 2-isomorphisms in ECat
and the background changing natural transformation is identity. Hence, x ˇ 1M

together with jˇ�;x is an object in Z2.C/j�1.
C jM/. Then, we define an enriched

monoidal functor jP W AjL! Z2.C/j�1.
C jM/ as follows.

– The background changing functor OP is given by� Ǒ 1C WA!Z2.C/, which
is a braided monoidal functor (see Example 2.19).

– The object P.x/ 2 Z2.C/j�1.
C jM/ is defined by the object x ˇ 1M together

with the half-braiding jˇ�;x .

– The morphism jP x;y W
AjL.x; y/ Ǒ 1C ! ŒP.x/; P.y/� is induced by the

morphism

AjL.x; y/ Ǒ 1C

1 Ǒ 11M
�����!

AjL.x; y/ Ǒ C jM.1M;1M/
jˇ
�!

C jM.x ˇ 1M; y ˇ 1M/

and the universal property of ŒP.x/;P.y/�. In other words, jP x;y is the unique
morphism rendering the following diagram:

AjL.x; y/ Ǒ 1C

jPx;y
//

1 Ǒ 11M
��

ŒP.x/; P.y/�

��
AjL.x; y/ Ǒ C jM.1M;1M/

jˇ
// C jM.x ˇ 1M; y ˇ 1M/

commutative.

– The monoidal structure is induced by that of jˇ.

• The enriched monoidal natural isomorphism j� W j~ ı .jP � 1/) j
ˇ is defined

by the background changing natural transformation

O�a;c W .a Ǒ 1C / Ő c
1˝Ou�1c
����! .a Ǒ 1C / Ő .1A Ǒ c/

'
�! a Ǒ c

and the underlying natural transformation

�x;m W .x ˇ 1M/˝m
1˝u�1m
����! .x ˇ 1M/˝ .1L ˇm/

'
�! x ˇm:

It is not hard to check that equation (5.4) holds.
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Let .jQi ; j�i /, i D 1; 2, be two pairs such that the similar equations as depicted by
(5.4) hold. We only need to show that there exists a unique enriched monoidal natural
isomorphism j˛ W jQ1)

jQ2 such that

Z2.C/j�1.
C jM/ � C jM

j~

!!�� j�2
AjL � C jM

jQ1�1

DD

jQ2�1

ZZ

+3j˛�1

jˇ

// C jM

D

Z2.C/j�1.
C jM/ � C jM

j~

!!�� j�1
AjL � C jM

jQ1�1

OO

jˇ

// C jM

(5.5)

Since Z2.C/ is theE0-center of C in AlgE2.Cat/ (see Example 2.19), there exists
a unique monoidal natural isomorphism Ǫ W yQ1) yQ2 such that

Z2.C/ � C
O~

���� O�2
A � C

yQ1�1

DD

yQ2�1

ZZ

+3Ǫ�1

Ǒ

// C

D

Z2.C/ � C
O~

���� O�1
A � C

yQ1�1

OO

Ǒ

// C

Define ˛a W 1C ! ŒQ1.a/;Q2.a/� to be the unique morphism rendering the following
diagram:

1C
˛a //

.�2/
�1
.a;1/
ı.�1/.a;1/

��

ŒQ1.a/;Q2.a/�

��
C jM.Q1.a/˝ 1M;Q2.a/˝ 1M/

' // C jM.Q1.a/;Q2.a//

commutative. Then, the enriched natural isomorphism j˛ define by . Ǫ ; ¹˛aº/ is the
unique enriched natural isomorphism such that the equation (5.5) holds.

It is routine to check that the braiding structure of Z2.C/j�1.
C jM/ coincides with

the E2-algebra structure of the E1-center of C jM in ECat induced from the universal
property.

Combining Corollary 5.26 and Theorem 5.28, we obtain the following corollary.

Corollary 5.29. Let C be a braided monoidal category and M a strongly unital
monoidal left xC -module that is enriched in xC . If CM satisfies the condition (CE1),
we have

Z1.
CM/ D Z2.C/Z2.'/:

Remark 5.30. Corollary 5.29 has important applications in physics. When C is a
non-degenerate braided fusion category and M is an indecomposable multi-fusion
left C -module defined by a braided monoidal functor ' W xC ! Z1.M/ [40], the con-
dition (CE1) is satisfied automatically. In this case, we obtain Z1.

CM/' Z2.'/. This
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recovers [41, Corollary 5.4]. This result has important applications in the theory of
gapless boundaries of 2+1D topological orders [42–44]. Moreover, for an indecom-
posable multi-fusion category A and a finite semisimple left A-module L, then we
have

Z1.Z0.
AL// ' k;

i.e., the center of a center is trivial. This is the mathematical manifestation of a phys-
ical fact: “the bulk of a bulk is trivial”.

6. Enriched symmetric monoidal categories

In this section, we study enriched symmetric monoidal categories, canonical construc-
tion and the E2-centers of enriched braided monoidal categories.

6.1. Definitions and canonical construction

In this subsection, we provide the definition and canonical construction of enriched
symmetric monoidal categories.

Definition 6.1. An enriched braided monoidal category AjL is called an enriched
symmetric monoidal category if the underlying braided monoidal category L is sym-
metric.

Definition 6.2. An enriched braided monoidal functor jF WAjL! BjM between two
enriched symmetric monoidal categories AjL and BjM is also called an enriched sym-
metric monoidal functor.

Definition 6.3. Let A be a symmetric monoidal category and L be a braided monoid-
al left A-oplax module. If L is symmetric, we say L is a symmetric monoidal left
A-oplax module.

Definition 6.4. A braided monoidal yF -lax functor F WL!M between two symmet-
ric monoidal categories L and M is also called a symmetric monoidal yF -lax functor.

Let ECatsym be a symmetric monoidal full sub-2-category of ECatbr consisting of
enriched symmetric monoidal categories. Let LModsym be the symmetric monoidal
full sub-2-category of LModbr consisting of pairs .A;L/ such that L is strongly unital
symmetric monoidal left A-oplax module that is enriched in A. We obtain a corollary
of Theorem 5.13.

Corollary 6.5. The canonical construction induces a symmetric monoidal 2-functor
LModsym

! ECatsym. Moreover, this 2-functor is locally isomorphic.

Proof. Let .A;L/ 2 LModbr. Then, AL is an enriched monoidal category if and only
if L is a symmetric monoidal left A-oplax module. Then, Theorem 5.13 implies that the
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canonical construction induces a locally isomorphic symmetric monoidal 2-functor
from LModsym to ECatsym.

Definition 6.6. Let AjL be an enriched braided monoidal category. The Müger center
Aj�2.

AjL/ of AjL is defined by the subcategory of AjL consisting of the transparent
objects in L and the same hom spaces as those in AjL (i.e., Aj�2.

AjL/ WD AjZ2.L/).

Remark 6.7. The Müger center �etj�2.
�etjL/ of a �et-enriched braided monoidal cat-

egory �etjL is precisely the usual Müger center Z2.L/ [58] of the braided monoidal
category L.

Theorem 6.8. Let A be a symmetric monoidal category and L be a braided monoidal
left A-module that is enriched in A. Then, Z1.L/ is also enriched in A and we have
Aj�2.

AL/ D AZ2.L/.

6.2. The E2-centers of enriched braided monoidal categories in ECat

In this subsection we prove that the Müger center C j�2.
C jM/ of an enriched braided

monoidal category C jM is its E2-center in ECat.
Suppose EjL is an enriched braided monoidal category. A left unital action of AjL

on C jM is an enriched braided monoidal functor jˇ and an enriched monoidal natural
isomorphism ju as depicted in the following diagram:

EjL � C jM
jˇ

%%

� �
C jM

j1�1

88

//

�� ju
C jM

(6.1)

Example 6.9. There is an obvious left unital action of the Müger center C j�2.
C jM/

on C jM:
C j�2.

C jM/ � C jM
j˝

''

� �
C jM

j1�1

77

//

�� jv
C jM

The enriched braided monoidal functor j˝ is given by the tensor product of C jM. The
background changing natural isomorphism of jv is given by the left unitor of C and
the underlying natural isomorphism of jv is given by the left unitor of M.

Theorem 6.10. The Müger center C j�2.
C jM/ is the E2-center of C jM in ECat.

Proof. Suppose .jˇ; ju/ is a left unital action of an enriched braided monoidal cat-
egory EjL on C jM as depicted in the diagram (6.1). First we show that there is an
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enriched braided monoidal functor jP W EjL! C j�2.
C jM/ and an enriched monoidal

natural isomorphism j� such that the following pasting diagrams:

C j�2.
C jM/ � C jM

j˝

��

��jP 0�1
EjL � C jM

jˇ

((

jP�1CjM

OO

�� j�

� �
C jM //

j1�1CjM

66

j1L�1CjM

55

�� ju
C jM

D

C j�2.
C jM/ � C jM

j˝

  

� �
C jM

j1�1CjM

<<

//

�� jv
C jM

(6.2)
are equal.

• Since the underlying functor ˇ of jˇ is a braided monoidal functor, x ˇ 1M 2

Z2.M/ is transparent for any x 2 EjL (see Example 2.19). Then, we define an
enriched monoidal functor jP WEjL!C j�2.

C jM/ by jP WDj.�ˇ1M/. More explic-
itly:

– the background changing functor OP is given by � Ǒ 1C WE ! C ;

– the object P.x/ 2 C j�2.
C jM/ is defined by the object x ˇ 1M 2 Z2.M/;

– the morphism jP x;y W
EjL.x; y/ Ǒ 1C !

C jM.P.x/; P.y// is induced by the
morphism

EjL.x; y/ Ǒ 1C

1 Ǒ 11M
�����!

EjL.x; y/ Ǒ C jM.1M;1M/
jˇ
�!

C jM.x ˇ 1M; y ˇ 1M/:

– the braided monoidal structure is induced by that of jˇ.

• The enriched monoidal natural isomorphism j�W j˝ ı .jP � 1/) j
ˇ is defined by

the background changing natural transformation

O�a;c W .a Ǒ 1C / Ő c
1˝Ou�1c
����! .a Ǒ 1C / Ő .1A Ǒ c/

'
�! a Ǒ c

and the underlying natural transformation

�x;mW .x ˇ 1M/˝m
1˝u�1m
����! .x ˇ 1M/˝ .1L ˇm/

'
�! x ˇm:

It is not hard to check that equation (6.2) holds.
Let .jQi ; j�i /, i D 1; 2, be two pairs such that the similar equations as depicted by

(6.2) hold. We only need to show that there exists a unique enriched monoidal natural
isomorphism j˛W jQ1)

jQ2 such that

C j�2.
C jM/ � C jM

j˝

���� j�2
EjL � C jM

jQ1�1

DD

jQ2�1

ZZ

+3j˛�1

jˇ

// C jM

D

C j�2.
C jM/ � C jM

j˝

���� j�1
EjL � C jM

jQ1�1

OO

jˇ

// C jM

(6.3)
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Since C itself is the E0-center of C in AlgE3.Cat/ (see Example 2.19), there
exists a unique monoidal natural isomorphism Ǫ W yQ1) yQ2 such that

C � C Ő

���� O�2
E � C

yQ1�1

BB

yQ2�1

\\

+3Ǫ�1

Ǒ

// C

D

C � C
y̋

���� O�1
E � C

yQ1�1

OO

Ǒ

// C

Define

˛a WD
�
Q1.a/ ' Q1.a/˝ 1M

.�1/a;1
����! aˇ 1

.�2/
�1
a;1

����! Q2.a/˝ 1 ' Q2.a/
�
:

Then, the enriched natural isomorphism j˛ define by . Ǫ ; ¹˛aº/ is the unique enriched
natural isomorphism such that the equation (6.3) holds.

By Theorem 6.8, we obtain the following corollary.

Corollary 6.11. Let A be a symmetric monoidal category and L be a braided mo-
noidal left A-module that is enriched in A. Then, we have Z2.

AL/ D AZ2.L/.

Example 6.12. Let E be a symmetric fusion category, i.e., E D Rep.G/ or Rep.G; z/
for a finite group G. Then, the canonical construction EE is an example of enriched
symmetric monoidal category. We have Z2.

EE/ ' EE .

Remark 6.13. When A is a non-degenerate braided fusion category and L is an
indecomposable multi-fusion left xA-module [40], we have Z2.Z1.

AL// ' k.

Remark 6.14. In this work, we compute the En-centers of En-monoidal enriched
categories for n D 0; 1; 2. These results should generalize to much more general con-
text, for example, for enriched En-monoidal higher categories (see [45, Section 5.2]).
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