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Enriched monoidal categories I: Centers

Liang Kong, Wei Yuan, Zhi-Hao Zhang, and Hao Zheng

Abstract. This work is the first one in a series, in which we develop a mathematical theory
of enriched (braided) monoidal categories and their representations. In this work, we intro-
duce the notion of the Eqg-center (E£1-center or E»-center) of an enriched (monoidal or braided
monoidal) category, and compute the centers explicitly when the enriched (braided monoidal or
monoidal) categories are obtained from the canonical constructions. These centers have impor-
tant applications in the mathematical theory of gapless and gapped boundaries of topological
phases. They also play very important roles in the higher representation theory, which is the
focus of the second work in the series.

1. Introduction

Enriched categories were introduced long ago [15], and have been studied intensively
(see a classical review [34]). A category enriched in a symmetric monoidal category
A is also called an #A-enriched category or simply an #A-category, and is denoted by
Mg, The category # is called the base category of the enriched category [34]. In
this work, we choose to call # the background category of £ due to its physical
meaning. The £ in *|£ denotes the underlying category of *I&£.

The early study of enriched categories focused mainly on enriched categories with
a fixed symmetric monoidal category <+, or equivalently, on the 2-category of -
categories, #-functors and «-natural transformations [34]. Although it is quite obvi-
ous to consider the change of background category by a symmetric monoidal functor
A — oA, it is natural and sufficient for many purposes to focus on s-categories as
Kelly wrote in his classical book [34]:

Closely connected to this is our decision not to discuss the “change of base
category” given by a symmetric monoidal functor V — V', .... The general
change of base, important though it is, is yet logically secondary to the basic
V-category theory it acts on.
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The change of base categories does appear in several early works (see, for exam-
ple, [15,20,54,55]). However, it was not clear from these early works if the theory of
enriched categories with arbitrary background categories becomes significantly richer.

In recent years, however, there are strong motivations from both mathematics and
physics to study the 2-category of enriched categories with different background cat-
egories. First, mathematicians start to explore enriched monoidal categories with the
background categories being only braided (instead of being symmetric) [5, 17, 29,
31,41, 56,57]. This development was partially influenced by the modern develop-
ments on higher algebras [3,47,52]. Secondly, in physics, recent progress in the study
of gapless boundaries of 2+1D topological orders [42—44], topological phase transi-
tions [11], boundary-bulk relation in 1+1D CFT [39] and in the theory of quantum
liquids [45] demands us to consider enriched categories, enriched monoidal cate-
gories and enriched braided (or symmetric) monoidal categories such that the back-
ground categories vary from monoidal categories to braided monoidal categories and
to symmetric monoidal categories, and to consider functors between enriched cate-
gories with different background categories, and to develop the representation theory
of an «A-enriched (braided) monoidal category A& in the 2-category of enriched
(monoidal) categories with different background categories [39,43,44, 64]. In other
words, physics demands us to develop a generalized theory within the 2-category
of enriched categories (with arbitrary background categories), generalized enriched
functors that can change the background categories (see Definition 3.6) and general-
ized enriched natural transformations (see Definition 3.10). After the appearance of
this paper in arXiv, new applications of enriched categories in physics emerge: (1)
enriched (monoidal) categories were shown to give a rather complete characterization
of 1+1D gapped quantum liquids realized in 1+1D lattice models (including Ising
chain and Kitaev chain) and their boundaries [37, 63]; (2) they appear in the study
of gapped boundaries of 3+1D Walker—Wang models [21, 26]; (3) they were further
confirmed in the recent study of topological phase transitions [9,51].

This work is the first one in a series to develop this generalized theory. More
precisely, in this work, we study enriched (braided) monoidal categories, and study
the Ey-center of an enriched category, the E-center (or the Drinfeld center or the
monoidal center) of an enriched monoidal category and the E,-center (or the Miiger
center) of an enriched braided monoidal category via their universal properties. We
introduce the canonical constructions of enriched (braided/symmetric monoidal) cat-
egories, and compute their centers (see Theorems 4.39, 5.28, and 6.10; Corollaries
4.41,5.29, and 6.11). These results generalize the main results in [41], where two of
the authors introduced the notion of the Drinfeld center of an enriched monoidal cat-
egory without studying its universal property. These centers play important roles in
the (higher) representation theory of enriched (braided) monoidal categories. We will
develop the representation theory in the second work in the series.
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The layout of this paper is given as follows. In Section 2, we review some basic
notions and set our notations, and for i = 0, 1, 2, we review the notion of the Ej;-
center of an E;-algebra in a symmetric monoidal 2-category. In Section 3, we review
the notion of an enriched category, and introduce the notions of an enriched functor
and an enriched natural transformation. We also study the canonical construction of
enriched categories as a locally isomorphic 2-functor. In Section 4, we study enriched
monoidal categories and the canonical construction, and compute the Ey-centers of
enriched categories. In Section 5, we study enriched braided monoidal categories
and the canonical construction, and compute the Ej-centers of enriched monoidal
categories. In Section 6, we study enriched symmetric monoidal categories and the
canonical construction, and compute the E,-centers of enriched braided monoidal
categories.

Throughout the paper, we choose a ground field k of characteristic zero when we
mention a finite semisimple (or a multi-fusion) category. We use k or Vec to denote
the symmetric monoidal category of finite-dimensional vector spaces over k.

2. 2-categories

In this section, we recall some basic notions in 2-categories and examples, and set
the notations along the way. We refer the reader to [28] for a detailed introduction to
2-categories and bicategories.

2.1. Examples of 2-categories

In this subsection, we recall some basic notions, such as an (op)lax-monoidal func-
tor, an (op)lax-monoidal natural transformation, a few versions of the 2-category of

(braided) monoidal categories, a left '3

module over a monoidal category, a lax A-
oPlax module functor and lax #4-°P'* module natural transformation. We also set our
notations for 2-categories that are frequently used in this work.

A bicategory is called a 2-category if the associators and the unitors are identities.
We introduce simple notations for objects, 1-morphisms and 2-morphisms in a 2-
category Cas x,y € C, (f,g:x = y) € Cand (¢: f = g) € C, respectively. The
compositions of 1-morphisms are denoted by juxtaposition. For example, for f : x —
y and & : y — z, their composition is denoted by 4 f. For 2-morphisms, there are two
types of compositions: vertical composition and horizontal composition. By abusing
notation, we denote both of them by juxtaposition. Their precise meanings should be

clear from the context.

Definition 2.1. A 2-functor F : C — D is called locally equivalent (or fully faithful)
if Fx,, : C(x,y) = D(F(x), F(y)) is an equivalence for all x, y € C; it is called
locally isomorphic if Fy y is an isomorphism for all x, y € C.
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Example 2.2. We give a few examples of 2-categories.

Cat: the 2-category Cat of categories, functors and natural transformations. It is
a symmetric monoidal 2-category with the tensor product given by the Cartesian
product x and the tensor unit given by *, which consists of a single object and a
single morphism.

Algg (Cat): the 2-category of monoidal categories, monoidal functors, and mo-
noidal natural transformations. We choose this notation because a monoidal cat-
egory can be viewed as an Ej-algebra in Cat (see, for example, [52]). It is a
symmetric monoidal 2-category with the tensor product x and the tensor unit .

Algg, (Cat): the 2-category of braided monoidal categories, braided monoidal
functors and monoidal natural transformations. It is a symmetric monoidal 2-
category with the tensor product x and the tensor unit *.

Alg g, (Cat): the 2-category of symmetric monoidal categories, braided monoidal
functors and monoidal natural transformations. It is a symmetric monoidal 2-
category with the tensor product x and the tensor unit *.

It is well-known that the notion of a (symmetric or braided) monoidal category is
equivalent to that of an (E3- or E,-) Eq-algebrain Cat [18,52,60]. This explains our
notations.

In the rest of this subsection, we recall some basic notions and give a few more

examples of 2-categories that are useful in this work. Let 4 and 8 be monoidal cate-
gories.

Definition 2.3. A lax-monoidal functor F : A — B is a functor equipped with a
morphism 1 g — F(14) and a natural transformation F(x) ® F(y) - F(x ® y) for
X,y € 4 satisfying the following conditions.

(1) (lax associativity): For all x, y, z € 4, the following diagram commutes:

FX)Q FY)Q F(z) —— F(x) ® F(y ® 2)

l l 2.1

FoRy)F(z) —— F(x®y ®2)
(2) (lax unitality): For all x € «, the following diagrams commute:

1g® F(x) — F(14) ® F(x) FxX)®1g— F(x) ® F(14)
| l l l
F(x)«+——F(1ly4 ® x) FxX)«+——F(x®1y4)
2.2)

An oplax-monoidal functor G : A — B is a lax-monoidal functor A°? — B°P. Here,
A°P denotes the category obtained by reversing 1-morphisms in 4.
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Example 2.4. We give some standard examples and set our notation along the way.

(1) Let € be a monoidal category. A lax-monoidal functor F : x — € is simply
an algebra F () in €; an oplax-monoidal functor G : * — € is a co-algebra
in G(*) in €.

(2) Let Set be the category of (small) sets and M a monoid. Then, the functor
M x —: Set — Setdefined by S — M x S is lax-monoidal.

(3) Let A be a k-linear algebra. Then, the functor A ®; — : Vec — Vec defined
by V = A ® V is lax-monoidal.

Definition 2.5. A lax-monoidal natural transformation between two lax-monoidal
functor F, G: A — B is a natural transformation 7,: F(a) — G(a) such that the
following diagrams commute:

F(a) ® F(b) — F(a ® b)
lg —— F(14)

lm Na®np Na®b 2.3)

G(1
() Ga)®GMb)— G(a®b)

An oplax-monoidal natural transformation between two oplax-monoidal functors is
defined similarly (by flipping non-vertical arrows in (2.3)).

Example 2.6. We give some examples of lax-monoidal natural transformations based
on Example 2.4.

(1) Let F, F’ : * — € be lax-monoidal functors. A lax-monoidal natural trans-
formation ¢ : F — F’ is simply an algebra homomorphism from F(x) to
F’(%).

(2) Let M and M be two monoids and f : M — M’ a homomorphism between

1y
monoids. Then, the family of maps {M x x £X—> M’ X X}xese defines a
lax-monoidal natural transformation M x — — M’ x —.

(3) Let A and A’ be two k-linear algebras and g : A — A’ an algebra homo-

®x 1
morphism. Then, the family of linear maps {4 ®; V' —Ji—k—V—> M' @ Vivek

defines a lax-monoidal natural transformation 4 ®; — — A’ ®; —.
Using the two notions above, we obtain some new symmetric monoidal 2-catego-
ries (all with the tensor product x and the tensor unit ).

. Alglg’i (Cat): the 2-category of monoidal categories, lax-monoidal functors and
lax-monoidal natural transformations.

. Alg(g’llax(Cat): the 2-category of monoidal categories, oplax-monoidal functors
and oplax-monoidal natural transformations.
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. Alg(g’lalx (Cat): the 2-category of braided monoidal categories, braided oplax-mo-
2
noidal functors and oplax-monoidal natural transformations.

Definition 2.7. A left A4-°P'™ module is a category M equipped with an oplax-mo-

noidal functor A — Fun(M, M), or equivalently, an action functor ©: A x M — M

equipped with

* an oplax-associator: a natural transformation (—® —) © — = — ©® (— © —) ren-
dering the following diagram commutative:

(@a®b)®c)Ox (@®b)O(c©x)

| | (2.4)

@b®c)Ox—a(b®c)OXx)—ad® B0 (cOx))

* an oplax-unitor: a natural transformation 1 © — = 1, rendering the following
two diagrams commutative:

1®b)Ox—— 10 Box bR Ox—bO (10X
box bOx

(2.5)

If the oplax-associator (resp., the oplax-unitor) is a natural isomorphism, then the left
A-Pl&% module is called strongly associative (resp., strongly unital), and is called a
left A-module if it is both strongly associative and strongly unital.

A left A-'" module is defined by flipping the arrows of the oplax-associator and
the oplax-unitor to give the lax-associator and the lax-unitor.

Definition 2.8. For the two left #4-°P2* modules M and N, a lax A-P* module
Sfunctor from M to N is a functor equipped with a natural transformation

Upm:b © F(m) — F(b ©m)

such that the following diagrams commute for all @,b € A and m € M:

a®bo Fm)—a® F(bom) 10 Fm)— F1 om)
T
(a ®b)© F(m) l \ /
1
F((la®b) ©m)— F(a © (b © m)) F(m)
(2.6)

If « is a natural isomorphism, then F is called an #A-module functor.

An oplax A-°P* module functor is defined by flipping the arrow aj ,,. Similarly,
a lax - module functor and an oplax A-'* module functor can both be defined by
flipping certain arrows.
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Definition 2.9. For the two lax #4-P% module functors F, G: M — N, a lax A-°P12
module natural transformation &: F = G is a natural transformation rendering the
following diagram:

a@F(m)&)QQG(m)

| |

Fla 0m) —°" Ga ©m)

commutative for all @ € A and m € M. An oplax A-°P'™ module (or oplax -
module, lax A-* module) natural transformation can be defined similarly.

2.2. Centers in 2-categories

In this subsection, we recall the notions of E;-centers, fori =0, 1,2, in a (Symmetric)
monoidal bicategory following Lurie’s book [52].

A contractible groupoid is a non-empty category that has a unique morphism
between every two objects. An object x in a bicategory C is called a terminal object
if the hom category C(y, x) is a contractible groupoid for every y € C.

In the rest of this section, we use C to denote a monoidal bicategory (i.e., a tri-
category with one object) equipped with a tensor product x and a tensor unit *. By
the coherence theorem of tricategories (see [19, 23]), without loss of generality, we
further assume that C is a semistrict monoidal 2-category, which is also called a Gray
monoid (see [4,28,32] for the definition of Gray monoid).

Definition 2.10. An Eg-algebra in C is a pair (A, u), where A is an object in C and
u:* — Aisa l-morphism.

Definition 2.11. A left unital (A, u)-action on an object x € C is a 1-morphism
g: A X x — x, together with an invertible 2-morphism « as depicted in the following

diagram:
AXx
e
*X X =X X
1x

Let x € C. We define the 2-category of left unital actions on x as follows.

* Objects are left unital actions on Xx.

e Fori =1,2, let ((4;, u;), gi, ;) be a left unital (A;, u;)-action on x. A 1-
morphism from ((A1,u1), g1, 1) to ((A2,u2), g2, 2) is a triple (p, g, p), where
p: A1 — Ajisa l-morphism in C,

o:up = pouy; and p:gro(pxly) = g1
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are two invertible 2-morphism in C such that the following identity of 2-mor-
phisms holds:

Az)‘(X

o)
pX1x 82

Jox1 Ay xx  p = s | e &
Ui X1y g1 .

\U/al \ * X X X
* X X X

* Let(p.o.p).(q.B.9):((A1.u1), g1, 1) = ((A2,u2), g2, &2) be 1-morphisms, a
2-morphism (p, 0, p) = (¢, B, ¢) is a 2-morphism &: p = ¢ such that

uzk]x

s Ar s A
Ugl’(\é}q = l}ﬂ Tq
*u—1>A1 *u—1>A1
2.7
A2 X X 2 A2 X X 22
. [EXTN | .
PX1X<\$,>¢I>% = PXIXT Up
Al X X TX Al X X T)X

Remark 2.12. We add a remark on how to read the composition of 2-morphisms in

diagrams for readers who are not familiar with 2-categories. The identity (2.7) should

o §oly
be read as an identity between the composed 2-morphisms (4 = p o u; -5 qo

u1) and B (see also [28, Chapter 3]).

Definition 2.13. Let x be an object in C. An Ey-center 3¢ (x) of x is a terminal object
(if exists) in the 2-category of left unital actions on x.

Remark 2.14. A terminal object in a 2-category C is unique in the sense that for any
two terminal objects x, x” € C the hom category C(x, x’) is a contractible groupoid.
Hence, an E(-center, if exists, is unique.

Remark 2.15. In general, the notion of an Ej-center can be defined for an Ey-
algebra. Indeed, a left unital action of an Ey-algebra on another Ey-algebra (x, * — x)
is a left unital action on the object x “preserving” the Ey-algebra structures, and the
Eg-center of (x, * — x) is terminal among all left unital actions. One can show that
the Eq-center is independent of the Ey-algebra structure * — x, thus in practice we
only use the notion of the Ey-center of an object.

Remark 2.16. An Ey-center does not always exist. For example, if we view the
natural numbers with multiplication as a monoidal 2-category with only identity 1-
morphisms and identity 2-morphisms, then an Ey-center of O does not exist.
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Definition 2.17. An E;-algebra (or a pseudomonoid, see [13, Section 3]) in C is a
sextuple (A, u,m, o, A, p), where A € ob(C), u:* - Aand m: A x A — A are 1-
morphisms, and &, A, p are invertible 2-morphisms (i.e., the associator, the left unitor
and the right unitor, respectively) as depicted in the following diagrams:

AXAXA—T" s 45 A sx AN A A5 4%«
llxm l}a lm

~ NG v/
AxA—" 4 1 A 1

such that the following equations of pasting diagrams hold:

Ax4 1x1xm 4%3 Ax4 1x1xm 4%3

L mx1 X \Mm
m =

A5<3 A>'<2

\l‘km

Zm.m

mx1x1 mx1x1 2" mx1 A>'<2
. l.
! - [ = 2.8)
A%3 mx1 X m A><3—>A><2
mx1 § m><l => \"\4
A2 ———— A A2 4
15 .1A>'<A*>'<Al s .1A>'<>k>'<A1
XUuXx XUux
AxAan—>AxA = AXAxXA= AxA (2.9
mx1] = 1m ms1]) | 1m
Ax A A Ax A A

m

where A** is an abbreviation for A X A X A x A, and Ym,m 1s the interchanger of
the Gray-monoid C (see, for example, [13, Definition 1] for the data and axioms for
Gray monoids). We often abbreviate an E;-algebra to (A, u, m) or A.

The following result is a special case of [52, Corollary 5.3.1.15]. For the sake of
completeness, we sketch a proof.

Proposition 2.18. The Eg-center 39(x) of x € C, if exists, admits an Ei-algebra
structure.

Proof. First, we show that a terminal object A in a Gray monoid (D, X, *) admits an
E-algebra structure. Since A is terminal, we have the following:

* the hom categories D(A x A, A) and D(%, A) are contractible groupoids. So, we
can choose two 1-morphisms m : A X A — Aand u : x — A,

« the hom categories D(A*3, A), D(x x A, A) and D(A x %, A) are contractible
groupoids. So, there are unique choices for the 2-morphisms « : m o (m x 1) =
mo(lxm),Al:mouxl=landp:molxu=1,



L. Kong, W. Yuan, Z.-H. Zhang, and H. Zheng 10

« the hom categories D(4*4, A) and D(A X % x A, A) are contractible groupoids,
so the pasting diagrams (2.8) and (2.9) automatically hold. Therefore, (A, m,u, o,
A, p)isan E;-algebrain D.

Moreover, it is easy to see that different E£-algebra structures on A (i.e., different
choices of m and u) are equivalent.

Then, it suffices to show that the Gray monoid structure of C induces a Gray
monoid structure on the 2-category of left unital actions on x € C. Note that (x, 1) is
an Ey-algebra. The unit of 2-category of left unital actions on x is ((*, 1x), 1, 11,).
The product ((A1,u1),g1,01) X ((A2,u3), g2, ) of two left unital actions ((A1,u1),
g1,o1)and ((Az,u2), g2, a2) is the left unital action defined by the following diagram:

A1>'(A2)'<)C,

“ily ~e

. z .
Ay X x UZur e Ay X x

u2>'<1/ g2 141).(1 &1
e T e N
* X X N * X X N X,

where %, , is the interchanger. By the fact that ¥, r and X are identity 2-mor-
phisms, it is not hard to check that ((x, 14), L, 11,) X (A1, u1), g1.01) = ((A1,u1).
glval) = ((Al’ul)a gl’al) >.< ((*7 1*)7 1.X9 11X)’

Let(p: A1 —> Az, 0 :up = pouy,p:gro(pxly) = gq) beal-morphism
from ((A1,u1), g1, 1) to ((A2,uz), g2, &2). For every left action ((B, v), i, y), let
(p.0.p) X ((B,v).h,y) =

ur»x1

( +—2sB— "2 s A, xB AszkaAzkxgz—Hc
pxlg, )

s e et el 27

A xB 75 AV X B S x ——— Ay X x T8
((B.v).h.y) x (p.0.p) ==
u <1 . .
* = Ay — B x A BXAZXXD(L)BX)C}Z—HC
(13>'<p, |Jo Tp =5 T1>‘<p, 1>'<p>'<1T J1x0 )
i A ——— B x 4 B x Ay X x —;
vx1 xX&g1

Using the axioms satisfied by the interchangers, it is routine to check that (p, g, p) X
((B,v),h,y) and ((B,v), h, y) X (p, 0, p) are 1-morphism in the 2-category of left
unital actions. Similarly, it is not hard to check that for every 2-morphism & : p; = p»
between 1-morphism (p1,01, 1), (P2.02, p2): (A1, u1), g1.01) > ((A2,u2), &2, ®2),

Ex((B,v),h,y) =(x1p:p1x1p= pyxlp),
((B.,v),h,y) x&:=(1px&:1px p1 = 1p X p2)



Enriched monoidal categories I: Centers 11

are 2-morphisms in the 2-category of left unital actions, and the assignments on mor-
phisms — x ((B,v), h,y) and ((B,v), h, y) x — are 2-functors.

Let(q: By — B2, :v2 = qovy,@:hyo(q x1y) = hp)be a l-morphism
from ((B1,v1), h1,y1) to ((B2, v2), hia, y2). Then, the interchanger

[((A2,u2), g2, a2) X (¢, B, )]l(p, 0, p) X ((B1,v1), h1,y1)]
= [(p,0,p) X ((B2,v2), ha, y2)][((A1,u1), g1, 1) X (¢4, B, 9)]

is defined by the interchanger X, ; : (p X 1p,)(14, X q) = (p x 1B,)(14, X q) of C.
The remaining axioms that the 2-category of left unital actions on x needs to satisfy
as a Gray monoid are not difficult to verify, and we leave it as an exercise. |

According to the theory of higher algebras by Lurie [52], if C is a symmetric
monoidal higher category, the E,-center of an E,-algebra A in C can be defined
as the Eo-center of A in the symmetric monoidal higher category Algg (C) of Ej-
algebras in C, and we have Algg (Algg, (C)) >~ Algg, " (C) (see [52, Theorem
5.1.2.2]). Then, an E,-center is automatically an E,y-algebra. The Ei-center of
an E-algebra in a braided monoidal bicategory is also studied in [61].

Example 2.19. Consider the symmetric monoidal 2-category (Cat, x, %) of cate-
gories, functors and natural transformations. E;-algebras in Cat are monoidal cat-
egories, and the E,-algebras in Cat are braided monoidal categories [18, 60], [52,
Example 5.1.2.4], and E,-algebras in Cat for n > 3 are symmetric monoidal cate-
gories [52, Example 5.1.2.3].

(1) The following diagram represents:

Ax L (2.10)

WA NS

* X &L

£

a left unital (4, 1 4)-action on £ in Cat, where © : A x £ — £ is a functor and
« is a natural isomorphism. The functor from 4 to the category Fun(&, £) of end-
ofunctors defined by a — a © — is an Ey-algebra morphism, i.e., maps 1 4 € 4 to
lg € Fun(£, £). We see that 3¢(£) = Fun(ZL, £).

(2) For A, £ € Algg, (Cat), let the diagram (2.10) depict a left unital (A, 1 4)-
action on £ in Algg, (Cat), i.e., © is a monoidal functor and « is a monoidal natural
isomorphism. Then, ¢ := — @ 1g: A — 31(£) is a well-defined monoidal functor,
and the half-braiding of ¢(a) is defined by

¥ ® @) 2 (14 0x) ®p@) > (1a®a) 0 (x @ L)

:>(a®]1A)®(11;3®x):><p(a)®(]1ﬁ®x)ﬂ>¢(a)®x~



L. Kong, W. Yuan, Z.-H. Zhang, and H. Zheng 12

The Eo-center of £ in Algg, (Cat) is given by the Drinfeld center 31(£) of £ [30,
53] and [52, Example 5.3.1.18]. Recall that the objects of the Drinfeld center 31 (L)
are pairs (x, y— x), where y_ 1 — ® x — x ® — is a half braiding satisfying certain
compatibility conditions (see, e.g., [16, Section 7.13]).

(3) For 4, £ € Algg, (Cat), the diagram (2.10) depicts a left unital (4, 1 4)-action
on £ in Algg, (Cat). Since 1.4 © x >~ x and © is a braided monoidal functor, p(—) :=
— @ 1 g defines a braided monoidal functor from 4 to the Miiger center [58] 32(£)
of £. Then, it is straightforward to check that the Eo-center of £ in Algg, (Cat) is
given by the Miiger center 3,(£) of &£ [52, Example 5.3.1.18].

(4)Forn > 3,let Algg, (Cat):=Algg, (Algg, , (Cat)) be the symmetric monoid-
al 2-category of Ey-algebras in Cat. It is known that Algg (Cat) is biequivalent to
the symmetric monoidal 2-category of symmetric monoidal categories, symmetric
monoidal functors and monoidal natural transformations [52, Example 5.1.2.3]. The
Eo-center of a symmetric monoidal category &£ in Algg (Cat) is given by £ itself.

Example 2.20. Let € be a monoidal category. We can view € as a monoidal 2-
category with only identity 2-morphisms and denote it by C. Then, the Ey-center
of x in the monoidal category € can be defined as the Ey-center of x in C (recall
Definition 2.13). In this sense, the theory of centers in 2-categories can be viewed as
a direct generalization of that in 1-categories [12,39,59, 62].

Remark 2.21. Suppose C is a monoidal 2-category and M is a C-module. We can
similarly define the Eg-center of an object x € M in C. More generally, if C is an
Ey+1-monoidal higher category and M is an Ej,-module over C, then Algg (M) is
an Algg (C)-module, and the Ej-center of an Ej-algebra A € Algg (M) in C can
be defined as the Eo-center of 4 in Algg (C).

3. Enriched categories

In this section, we introduce the basic notions of an enriched functor and an enriched
natural transformation, thus obtain a few versions of the categories of enriched cate-
gories. In the end, we recall and further study the canonical construction of enriched
categories.

3.1. Enriched categories, functors and natural transformations

Let (A, ®, 1 ,4) be a monoidal category. In the following, the associators and unitors
of A are suppressed for simplicity. We recall the notion of an #A-enriched category
(see, for example, [34]).
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Definition 3.1. An A-enriched category *'£ (see footnote'), or a category enriched
in 4, consists of the following data:

(1) aset of objects ob(*|&£). If x € ob(*I&£), we also write x € * &,

(2) an object *£(x, y) in A for every pair x, y € *I£,

(3) adistinguished morphism 1,:1 4 — *l&(x, x) in A for every x € *l£,

(4) a composition morphism *£(y, z) @ *L(x, y) > A (x, z) in A for every
triple x, y, z € *l£.

They are required to make the following diagrams commutative for x, y, z, w € *&:

MLy, 2) @ M (x, y) ® e (w, x) — = M2 (y,2) @ ML (w, y)

o®1l lo 3.1

ME(x,z) @ Mt (w, x) ° Mg (w, 2)
14 ®@ME(x,y) —— M (x, y)——MNE(x,y) @ 14
pet| > 2 e (3.2)
ALy, y) @ ML (x, y) Al (x,y) ® ML (x, x)

In the rest of this work, the monoidal category # is referred to as the background
category® of M &. The underlying category of *'£, denoted by £, is defined by

ob(£) :=ob(ME) and L(x,y) = A4 MNE(x,y)) Vx,yerME;

and the composition g o f of morphisms 1 4 LN ML (y,z) and T4 i> Mg (x, y) is
defined by

Iy — T4 @14 220 ALy 2) @ ML (x, y) > AL (x. 2): (3.3)

the identity morphism of x in &£ is precisely 1,: 14 — £ (x, x).

Remark 3.2. Let *|£ be an enriched category. A morphism f € £(x, ) in the under-
lying category £ induces a morphism *£(w, f): € (w, x) — L (w, y) in 4 for
w € ME, defined by

M (w, x) ~ 14 @ ML (w, x) 225 AL (x, ) @ ML (w, x) > HLw, ).

See Remark 3.30 for an explanation of the notation Al

>The category s is often called the base category or ambient category of Al$ in math-
ematical literature [34]. Our choice was influenced by its physical meaning [42], which was
further clarified and extended in recent physical works under the name of “categorical symme-
try” [10,27,35,37,46,48].
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Similarly, f also induces a morphism */£(f, w): *£(y, w) — *E(x, w) for w €
Al ¢ . Moreover, if g € £(y, z), one can verify that

ML, g) o MEw, ) =ML, g0 f).

Thus, ‘A"éﬁ(w, —) defines an ordinary functor &£ — +. Similarly, ‘A"i’,(—, w) is an ordi-
nary functor £°° — 4. Combining them together, we obtain a well-defined functor
AP (=, =) LP x L — A [34].

Example 3.3. A usual category is a category enriched in Set; a usual finite k-linear
category or a multi-fusion category [16] is enriched in Vec.

Example 3.4 ([49]). Consider the poset R4 := ([0, +00), >) of non-negative real
numbers as a category. It can be equipped with a monoidal structure with the tensor
product given by the addition + and the tensor unit given by 0. Then, a metric space
X = (X, d) can be viewed as an R -enriched category Rely:

« the set of objects in ®+/X is the underlying set of X
« the hom objects are given by +!X (x, y) := d(x,y) € Ry;
* the compositions are given by the triangle inequality d(y, z) + d(x,y) > d(x, z);
» the identities are given by 0 > d(x, x) (indeed, d(x, x) = 0).
Example 3.5. For an #A-enriched category *!£, we define an A™-enriched category
AP as follows:
e ob(M£or) ;= ob(ML);
e forx,ye€ ‘A’rev‘l"’p,
AEP(x, y) =MLy, x);

* the identity is given by

L1 — Ae(x,x) = L% (x, x);

* the composition is defined by

AT (y, 2) @ ATIEP(x, y) = MLy, x) @ VL. ) > MLz )

= AP (x, 2),

where ®"" is the reversed tensor product of 4.

We call **'1£°P the opposite category of £, i.e., (M£)oP := ™| £°P. We have
A (Lg, MEP(x, y)) = A(lLg, MLy, X)) = £, %) = LP(x, p).

It means that the underlying category of A®Igop is £°P. This explains our notation.
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Definition 3.6. An enriched functor ' F:* £ — BI.M between two enriched categories
consists of the following data:

(1) alax-monoidal functor F: A — B, which is called the background changing
functor;

(2) amap F:ob(L£) — ob(M);

(3) afamily of morphisms |F _,: - (‘A"éﬁ(x y)) = BIM(F(x), F(y)) in 8 for all
objects x,y € £;

satisfying the following two axioms:
(1) Treo = (Lg = F(L0) 285 FAL(r0) 55 SA(F (). Fo)):
(2) the diagram

FAL(y,2) ® F(ME(x, y)) —— SM(F(y), F(2)) ® BIM(F(x), F(y))

Fy,z®Fx,yJ/

F(ME(y,2) @ ML (x, ) o

J/I?(o)

F(*eL(x, 2)) BIM(F(x), F(z))

3.4
in B is commutative.

Example 3.7. We want to emphasize that when 4 = Set, the notion of an enriched
functor does not coincide with an ordinary functor unless we require F=1 4 (see also
Definition 3.13). For example, let M be a non-trivial monoid and t : M — * be the
unique map from M to the terminal object * in Set. Then, F=Mx—:Set— Set

(recall Example 2.4) and |F , : M x Map(x, y) 2 x Map(x, y) = Map(x, y)
for x, y € Set defines an enriched functor Set — Set, which is not a functor in the
usual sense. In other words, even in the case 4 = Set, this work provides a non-trivial
generalization of the usual category theory.

Example 3.8. Recall Example 3.4. A metric space X = (X, d) can be viewed as
an R -enriched category R+1X . It is not hard to see that a lax-monoidal functor F :
R4+ — R is a monotone map F: R4+ — R4 such that ﬁ(x) + FA(y) > FA(x + ).
Therefore, for any real number K > 0 the map Fx =K -—of multiplying by K is
a lax-monoidal functor from R to itself (indeed, Fx is a monoidal functor and any
monoidal functor R4 — R has this form). Given two metric spaces (X, dx), (Y, dy),
an enriched functor |F : ®+|X — ®+ly with the background changing functor given
by F=F x 1s simply a Lipschitz map F : X — Y with a Lipschitz constant K, i.e.,
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amap F : X — Y satisfying
K - dx(x1,x2) > dy (F(x1), F(x2)).
For every f : 14 — *l£(x, y), we define

F(f) = (1g — Fa) 2 Flg. y) P 81y (F (), F(»). (3.5)

The commutativity of the diagram (3.4) implies that F(gf) = F(g)F(f) for every
f e £(x,y)and g € £(y,z). As a consequence, we obtain a functor F : £ — M,
which is called the underlying functor of |F. When F =1 4, we recover the classical
notion of a underlying functor (see [34]).

Remark 3.9. Given an enriched functor |F : I — BIM, for f € £(x, y) in the
underlying category &£, the commutativity of the diagram (3.4) implies that of the
following diagram:

B (A Fux g

FMEw, x)) ——— BM(F(w). F(x))

I?(”":C(w,f))l lB'«M(F(w),F(f))

. Fuy g

FMEw. y) ———— B M(F(w). F(y)
In other words, | F, _ : F(Mg(w, —)) = BIM(F(w), F(—)) is a natural transforma-

tion. Similarly, |F_ ,, : I?(‘A‘éﬁ(—, w)) = BIM(F(-), F(w)) is also a natural trans-
formation. Combining them together, we obtain a natural transformation

Fo - F(MZ(= ) = PMF (). F().
generalizing the classical result for F=1 4 [34].

Definition 3.10. An enriched natural transformation & : 'F = |G between two en-
riched functors | F , IG : Al — BIM consists of a lax-monoidal natural transformation
é : F — G, which is called the background changing natural transformation of |.§ ,
and a family of morphisms

£r 1 1g — BM(F(x),G(x)) Vxe?g,

rendering the following diagram commutative:

FME(x,y)) 1g® F(ML(x,y))
lé lg,v@‘Fx,y
GAL(x, )1z BIM(F(y), G(»)) ® BM(F(x), F(y))

LTI g

BM(G(x), G(y) ® BIM(F (x), G(x)) ———— FIM(F(x). G(»))
3.6)
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The family of morphisms {£, } automatically defines a natural transformation & : F =
G, which is called the underlying natural transformation of |§ .

Remark 3.11. Two enriched natural transformations '& and |5 are equal in "*/ECat
(see Proposition 3.16 for the definition of ' !ECat) if and only if S =fnand § = 1.

Remark 3.12. The diagram (3.6) can be rewritten as follows:

G(A'sﬁl(x ) P (e yy) Ty M(F(I) F(»)
Gy FMF (0).8) 3.7
BM(G (). G(y)) ——2ECD 314 (F(x), G(y))

The commutativity of (3.7) guarantees that {£,} gives a well-defined natural transfor-
mation £ : F = G.

Definition 3.13 ([34]). An enriched functor 'F: *$£ — *IM is called an 4 ~functor if
F = 14. An enriched natural transformation lg:IF = |G between two A-functors is
called an A-natural transformation if S is the identity natural transformation of 14,

e, E=1p,.

Example 3.14. An A-enriched category with only one object * is determined by an
algebra (A,m4q: A® A — A,14: 1 — A) in 4 with the identity morphism 1, : 1 — A4
defined by 4 and the composition morphism o : A ® A — A defined by m. We use %4
to denote this enriched category. If +4 is the monoidal category with only one object
and one morphism, we simply denote *! by *.

Let B be an algebra in a monoidal category B. Then, an enriched functor F :
x4 — %8 is defined by a lax-monoidal functor F:4A— Bandan algebra homomor-
phism |F, . : F(4) - B.

Given another enriched functor |G : x4 — B

, an enriched natural transformations
‘S :IF = |G is defined by a lax-monoidal natural transformation £ : F — G and a
morphism & : 1g — B rendering the following diagram commutative:

FA)— 130 FA) 2 p e B
l lmB (3.8)

~ |G %
CAelg 2" . pop— "0 B

For example, when £ = (g and é satisfies the condition |G*’* o éA =IF #,%, they define
an enriched natural transformation.

Example 3.15. Let *I&£ be an #A-enriched category. For every x € &, we use lx to
denote the enriched functor * — *|£ defined by X = 1 4, * — x and |x*,* = 1. The
underlying functor of |x, i.e., * — Xx, is denoted by x.
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3.2. 2-categories of enriched categories

Proposition 3.16. Enriched categories (as objects), enriched functors (as I-mor-

phisms), and enriched natural transformations (as 2-morphisms) form a 2-category
X g Cat.

ey

2

3)

The composition \G o 'F of 1-morphisms 'F : Y& — BIM and G : M —
Y is the enriched functor defined by the composition of lax-monoidal func-
tors G F and the underlying functor GF induced by the family of morphisms

Xy) A

GF (VL0 ) S GEMF (). () L0 LN (GF (1), GF (1)
forallx,y e M&.

The horizontal composition |77 o |§ VHolF = IL oG of 2-morphisms ‘E :
\F =G and'n:'\H = 'L, where 'F,|G : M — BIM and 'H,'L : BIM —
CIN are 1 -morphisms, is the enriched natural transformation defined by the
horizontal compositions of natural transformations 1) o é HoF - LoG
andnoé:HoF — LoG.

The vertical composition of 2-morphisms '€ : \F =G and 18 : 1G = 'K,
where 'F,1G, 'K : *l& — BIM are 1-morphisms, is defined by the vertical
composition of natural transformations ,éé - F — K and B¢ F — K.

We denote the sub-2-category of ** 'ECat consisting of enriched functors |F such
that F is monoidal by ECat. Fix a monoidal category «, all A-enriched categories,

A-functors and -natural transformations form a sub-2-category of '** 'ECat, denoted
by */ECat.

Remark 3.17. An enriched natural transformation o is invertible in "> '[ECat (i.e., an

enriched natural isomorphism) if and only if both & and « are natural isomorphisms.

Definition 3.18. Let /.M and PV be enriched categories. We define their Cartesian
product €M x PIN as a (€ x D)-enriched category as follows.

The objects of €lM x LIV are the same as M x N
For any my,m, € M andny,n, € N,

(CIM x PIN)((m1.n1), (M2, n2)) = (CM(m1,mp), PIN (n1,n2)) € € x D.

The composition is defined by

(1M x PIN) (M2, n2), (m3,13)) @ (CM x PIN)((m1,n1), (m2,12))

= (EleM(mz,m3)7 °(Dldv(nz, n3)) ® (E‘M(ml,mzl °(Dle/v(ﬂl,nz))
= (ClM(ma, m3) @ CM(m1, m2), PIN (n2,n3) @ PN (n1,n2))

O UMy m3). PN (1. n3)) = (ELM x PN (my.m1). (m3.n3)).
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* The identity morphism 1, , is defined by (1,,, 1,):

(I, 1p)
-5

Lon.m = ((Le. 1) (ClMm,m), PIN (n,n)) = (TM x PN)(m,n), (m,n))).

(Note that the underlying category of \M x LIV is M x N.)

For enriched functors | F : ©IM; — ©IM,, G : Py — P2l N, the lax-monoidal
functor F xG : €1 xD1 — €, X D, themap F x G : ob(M7) X 0b(N7) — 0b(M3) X
ob(N>), and the family of morphisms

(‘Fa,ngGx.y)
B EE—

(F(C1 M1 (a, b)), G(P1 Ny (x, ) (I Ma(F(a), F(b)), 2 N2 (G (x), G(»)))

for all (a, x), (b, y) € ob(M;) x ob(N;) define an enriched functor from €M, x
DN, to @My x P2IN,. In the following, we use IF x |G to denote this enriched
functor. Similarly, for enriched natural transformations & : |F; = |F,, In: G, =
|G, where |Fq, | Fy : ©IM; — CIMs, 1G1, 1G5 : PN — P2l we use ‘é X ‘n to
denote the enriched natural transformation | F 1 X |G1 = IF 2 X |G2 with background
changing natural transformation § x 7, and underlying natural transformation & x 7.

It can be shown that €I M x PN is the binary product of €/M and ®'V (in the
bilimit sense) and x is the terminal object of '™ ECat. Then, the following result is
an easy corollary of [8, Theorem 2.15]. For the sake of completeness, we sketch the
proof.

Proposition 3.19. "“*/ECat is a symmetric monoidal 2-category with the tensor prod-
uct given by the Cartesian product x and the tensor unit given by .

Proof. The tensor product of */ECat is defined by the 2-functor which maps (€M,
PINY o M x P, (F,!G) to|F x G, and (€, ) to & x . And the tensor unit of
X ECat is the enriched category s whose background category and underlying cate-
gory are both the trivial category with only one object and only its identity morphism.
The associator and left/right unitor of '™/ECat are derived from those of symmetric
monoidal 2-categories Cat and Alglg’; (Cat). In particular, the associator and left/right
unitor are 2-natural isomorphisms, and the pentagonator and 2-unitors are all given by
the identity 2-morphisms. The braiding 'S: €IM x LIy — Pl x EIM is defined by
the enriched functor which switches the two arguments of the background categories
and underlying categories. The left/right hexagonator and syllepsis are identity mod-
ifications. All the pasting diagram axioms in the definition of symmetric monoidal
2-categories hold for "™*/ECat since every 2-morphism in the diagrams is an iden-
tity 2-morphism (see [28, Chapter 12] for a detailed description of pasting diagram
axioms). ]

Remark 3.20. Note that */ECat is not a monoidal sub-2-category of & 'ECat because
the Cartesian product X is not defined in AECat. We show in Example 3.24 that if
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s is braided, then AECat has a natural monoidal structure with a non-trivial tensor
product.

Remark 3.21. There is a symmetric monoidal 2-functor from '™ /ECat to Cat defined
by *l£ — &, |F — F and I§ — £. There is a symmetric monoidal 2-functor from
X g Cat (resp., ECat) to Alg (Cat) (resp., Alg, (Cat)) defined by * £ > o, | F —
F and |§‘ — & (see [22-24] for the definition of symmetric monoidal bifunctor).

3.3. Pushforward 2-functors

In this subsection, we review a push-forward 2-functor and use it to reformulate the
notions of an enriched functor and an enriched natural transformation.

Let # and B be monoidal categories and R : A — B a lax-monoidal functor.
Given an enriched category |, there is a B-enriched category R (*&£) [15,34,57]
defined as follows:

(1) ob(R4(*£)) := ob(*l2);
) Re(ME)(x,y) = RMNL(x, y));
(3) the identity morphism is

Iy = (Lg — R4 224 RAE(x.x)) = Ru(ME)(x. 1))

(4) the composition of morphisms is defined by the following composed mor-
phisms in B:
R(ML(y,2) ® R(ML(x,y)) = RL(y, 2) ® YL (x, )
R(o
RO, RAE(x. 2)).

The two defining conditions (3.1) and (3.2) hold due to the lax-monoidality of R.

Remark 3.22. There is a canonical enriched functor 'R : | — R, (*£) defined by
R := R, ob(*£) = ob(*|£) and

|Rx,y = lp*ig(x,)) forx,y € ob("”"‘ii).

Given an A-functor F : ! — M, ie, amap F : ob(£) — ob(M) together
with Fy y : ME(x, y) = MUM(F(x), F(y)) for x, y € £. Then, the same map F :
ob(£) — ob(M) together with

R(Fyx,y) : R(ME(x,y)) = R(MM(F(x), F(»)))

for x, y € £ defines a B-functor Ry (F) : R« (ML) — Ry (*M).
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Given an s-natural transformation £ : F = G between two #A-functors F, G :
Mg — AM. For x € £, we define a family of morphisms Ry (£y) in B:

. RED) 4
Ri(Ex) = (g — R(La) — R(Y'M(F(x),G(x)))).
It is straightforward to check that R4 (&) defines an »A-natural transformation R (§).
The following result was essentially in [15,34] except we drop the assumption on
the symmetric monoidality.

Theorem 3.23. Given a lax-monoidal functor R : A — B, there is a well-defined
2-functor Ry : *'ECat — ®ECat (called the pushforward of R) defined by *'&£ >
R.(M&), F > R.(F), § = Ry(£).

Example 3.24. We give a few examples of the pushforward 2-functor R..

(1) Given a monoidal category «, the functor + (1 4, —) has a lax-monoidal struc-
ture defined by

AL g, X) X ALy, y) > AL QL p, x @ y) = ALy, x @ ).

Then, the pushforward 2-functor 4 (14, —) maps an #A-enriched category
to its underlying category, an #A-functor to its underlying functor, and an A-
natural transformation to its underlying natural transformation.

(2) Let 4 be a braided monoidal category. The tensor product @ : A X A — A is
monoidal. Then, ®s : ** *IECat — *ECat is a well-defined 2-functor. The
Cartesian product x defines a functor x : *IECat x */ECat — ***ECat.
Then, we obtain a composed functor

% : AECat x *ECat => ** AECat = *ECat.

This functor X, together with the tensor unit *, endows a monoidal structure
on *ECat [17]. If 4 is a symmetric monoidal category, then */ECat is a
symmetric monoidal 2-category [34].

(3) Given a braided monoidal category 4, let B be a left monoidal +A-module [2,
6, 25,40, 52], i.e., B is equipped with a braided monoidal functor ¢: A —
31(B). Let © be the composed functor

Ax 824 3. 8)x 8> 8.

It defines a left unital A-action on B. Moreover, ® is monoidal, thus the
pushforward O is well-defined. Therefore, we obtain a composed 2-functor

AECat x 3IECat -5 ** 8ECat = 3/ECat. (3.9)
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which endows ®/ECat with a structure of a left */ECat-module. This clarifies
[44, Remark 3.21]. Notice that this */ECat-action on ?/ECat factors through
a canonical action of 3'®)ECat on B/ECat. If, in addition, # is symmetric,
B is braided and equipped with a braided functor ¢ : A — 32(8B), then the
functor ©® is braided monoidal. Then, the AlECat-action on ®/ECat factors
through the canonical action of 32(®)/ECat on ®/ECat.

We obtain a new characterization of an enriched functor.

Proposition 3.25. An enriched functor 'F : M€ — BIM is precisely a pair (F\, ﬁ)
where F : A — Bisa lax-monoidal functor and F:F, (ML) — BIM is a B-functor:
Moreover, in the light of Remark 3.22, an enriched functor a always splits into a
composition, i.e., \F = F ol F. We call it the splitting property of an enriched functor.

Proof. This is just a reformulation of Definition 3.6 in terms of a B-functor (recall
Definition 3.13). [ ]

Remark 3.26. Recall Example 3.24 (3). Let A be an E;-algebra in AlECat and M an
A-module in ®/ECat. By the splitting property of an enriched functor, the A-action
on M factors through an ¢« (A)-action on M. As a consequence, for an Ey-algebra
in ®IECat (i.e., a B-enriched category together with a distinguished object), its Eq-
center in ECat, if exists, necessarily lives in 31BIECat. If, in addition, B is braided,
for an Ep-algebra in B ‘ECat, its Eq-center in ECat, if exists, lives in 3BIECat.
Similarly, if 8 is symmetric, for an E,-algebra in % 'ECat, its E,-center in ECat
lives in ®/ECat.

Let R, R’ : A — B be two lax-monoidal functors and ¢ : R = R’ be a lax-
monoidal natural transformation. This ¢ induces an enriched functor ¢ : R M) —
R (M), called the pushforward of ¢. More precisely, ¢ is a B-functor defined as
follows:

(1) ¢« is the identity map on ob(£);
(2) on morphisms: (¢«)x,y : R.(M&)(x,y) = R,L(M&L)(x, y) is defined by

¢"“éti(x. )
(@e)xy = (Re(ML(x. 7)) —— R(MZL(x.)).
The lax-monoidality and the naturalness of ¢p imply that such defined ¢ preserves the
identities and the compositions. Therefore, ¢ is a well-defined B-functor. We obtain
a new characterization of an enriched natural transformation.

Proposition 3.27. Let \F,IG : e — BIM be two enriched functors. An enriched
natural transformation '& : \F — |G is precisely a pair (€, £), where § : F = G isa
lax-monoidal natural transformation and & : F = G o &, is a B-natural transforma-
tion.



Enriched monoidal categories I: Centers 23

3.4. Canonical construction

In this subsection, we recall the canonical construction of enriched categories, and
further study it in the new 2-category of enriched categories. The main results are The-
orems 3.39 and 3.45. Throughout this subsection, # and B are monoidal categories,
& is a left A-°P2* module (recall Definition 2.7), and M is a left B-°P'* module.
Recall that £ is called enriched in 4 if the internal hom [x, y]4 exists in »4 for all
x,y € £. We sometimes abbreviate [x, y]4 to [x, y] for simplicity. We use ev, and
coevy to denote the counit [x, y] ©® x — y and unita — [x,a © x] of the adjunction

Lla O x,y) = Ala,[x,y]).

For any pair (a, ¢) where a € 4 and ¢ : a © x — y is a morphism in £, there exists
a unique morphism ¢ : @ — [x, y] such that the following diagram commutes:

a@xfe—lx-> [x,y] ® x

It follows that for any morphisms f : x" — x, g : y — y’, there exists a unique mor-
phism [ f, g] : [x, y] — [x’, y'] rendering the following diagram commutative:

oylox —Z900 v ey

10f evy/

evx g ,

[x,y] © x y y

As a consequence, the internal homs define a bifunctor [—, —] : £°P x £ — . Indeed,
[f. —] is the mate of (— ® f') under the adjunction (— ® x) - [x, —].

Remark 3.28. Let (L : 8B > A, R: A —> B,n:1g = RL,s: LR = 1y4) be
an adjunction such that R is lax-monoidal. The functor L is automatically oplax-
monoidal [33]. The left #4-°P'* module & pulls back to a left B-°P'* module with
the B-action defined by L(—) © —: 8 x £ — L. If £ is enriched in #4, then £ is
enriched in B8 with [x, y]g = R([x, y]4)- The evaluation [x, y]g ® x — y is defined
by the composed morphism:

LR([x,y]4) © X = [x,7]4 © x =5 y.
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Definition 3.29 ([50]). If £ is enriched in «4, then £ can be promoted to an A-
enriched category, denoted by *&£. More precisely, the enriched category *£ has the
same objects as £ and *£(x, y) =[x, y]. The identity 1, : 1 — [x, x] and composition
o:[y,z] ® [x, y] = [x, z] are the unique morphisms rendering the following diagrams
commutative:

1a0x S aox A8k y)ox— 210 (x.y]0x) 2H[y.zloy

evx o®1 evy

evy

x [x,z] © x

N

This construction of *& is called the canonical construction.

In the case of canonical construction *£, if &£ is a strongly unital, i.e., uy : 14 O
x — Xx is invertible for every x € &£, then &£ can be canonically identified with the
underlying category of *& via an isomorphism of categories defined by the identity
map on objects and the map (f : y — y') = (f : 14 — [y, y’]) on morphisms, where
f is defined by the following commutative dia_gram:

so1 /
IyOy ——[y.)]0y

Uy evy (310)

f
y Y

Remark 3.30. A brief remark to our notations *!& and *£. We use “|” in a generic
enriched category *|& to indicate that # might not directly act on £. Once we remove
the block “|”, it suggests an #A-action on &£ and the canonical construction.

An enriched functor between two enriched categories from the canonical construc-
tion has a nice characterization (see Proposition 3.34). We explain that now. In the rest
of this subsection, &£ and M are assumed to be enriched in # and B, respectively.

Let L : B — + be an oplax-monoidal functor. Then, the left A-°P'** module &£
pulls back along L to a left B8-°P'™ module with the B-action defined by L(—) ® — :
B x £ — L. Forafunctor F : £ — M, a lax B-P2X module functor structure on F
is defined by a natural transformation

o= {ab,x :bO F(x) — F(L(b) O x)}ae,A.,xeéﬁ

satisfying some natural axioms (recall Definition 2.8). We also call this natural trans-
formation « as an L-oplax structure of F. We introduce a new structure on F that is
in some sense dual to the L-oplax structure of F.
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Definition 3.31. Let R : A — B be a lax-monoidal functor and F : £ — M be
a functor. An R-lax structure on F is a natural transformation B = {f, x: R(a) ©
F(x) = F(a © X)}gen,.xex rendering the following diagrams commutative:

a®b X

(R(a) @ R(b)) ® F(x) — R(a®b) ® F(x) —= F((a ® b) ® x)

R(@) © (R() © F(x) 25 R(a) 0 F(b © x)“’S Fla 0 (b © x))

(.11)
18 ® F(x) — R(14) © F(x)

ﬂ]l(A’.x

F(x)+—F(14 0 x)

The functor F' equipped with an R-lax structure is called an R-lax functor.

Remark 3.32. When A = 8B, R = 1 4, an R-lax functor becomes a lax B-°P** mod-
ule functor. In general, an R-lax functor F' is not a “module functor” in any sense
because A — B — Fun(M, M) (as the composition of a lax-monoidal functor and
an oplax-monoidal functor) is neither lax-monoidal nor oplax-monoidal.

Remark 3.33. We explain the duality between an L-oplax structure and an R-lax
structure. Let (L: B8 — A, R: A — B,n:1g = RL,s: LR = 14) be an adjunction
such that R is lax-monoidal. Then, L is automatically oplax-monoidal [33] with the
oplax structure maps defined by

L(lg) — LR(14) > 14,
La @ b) 2% [ (RL(a) ® RL(b)) — LR(L(a) ® L(b)) > L(a) ® L(b).
Let {Ba,x : R(a) © F(x) — F(a © x)}aen,xce be an R-lax structure on F, then

BLb).x

apx = (b O F(x) AL RL(b) ® F(x) —= F(L(b)®x)) VbeB,xe &

define an L-oplax structure on F'.
Conversely, let {ap x : b © F(x) = F(L(b) © X)}pe8,xex be an L-oplax struc-
ture on F, then

R(a) X

Ba = (R(@) © Fx) X% F(LR@) 0 x) —2° Faox)) Vaehxe
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define an R-lax structure on F'. These two constructions are mutually inverse. In other
words, there is a bijection between the set of R-lax structures on F' and that of L-oplax
structures on F'.

The R-lax structure gives a characterization of an enriched functor between two
enriched categories from the canonical construction as explained in the following
proposition.

Proposition 3.34. Suppose £ and M as left ®™ modules are strongly unital. Let
|F : 2% — BM be an enriched functor. The underlying functor F : £ — M with the
natural transformation

Ba = (F(a) ® F(x) =% F(lx.a ©x]) © F(x)

‘Fx.aGX EVF(x)
— )

[F(x), Fla ©x)] ® F(x) —> F(a © x) (3.12)

is an F-lax Sfunctor. Conversely, given a lax-monoidal functor F:A— Bandan F-
lax functor F : £ — M with the F-lax structure Bax: ﬁ(a) O F(x) = F(a © x),
the morphisms

F ey = (B, y]) —% [F(x), F(lx, y]) © F(x)]

[F(x),ﬂ X,y ,x] x),F(evy
SO (), F(x y] © 1)) 2L e, Fy))).
(3.13)

together with F and F, define an enriched functor |F : A% — B M. Moreover, these
two constructions are mutually inverse.

Proof. Given an enriched functor \F.Ae -8 M, we need to show the natural trans-
formation B4, defined in (3.12) satisfies two diagrams in (3.11). The first diagram is
the outer diagram of the following commutative diagram:

F@EB)FG) — o Flab)F(x) ——— o B (. abx]) F ()

_ (LUE\hX coevy) = IFx.apx1
1 F (coevy)1 F(o)l
F(coevpy)11 F21

F(a)F ([x,bx]) F(x) ———— F([bx, abx]) F ([x, bx]) F (x) AN F ([bx, abx][x, bx]) F (x))

UFpyl Foxabx'Fxpxl K
ﬁ(a)[F(x), F(bx)]F (x) [F(bx), F(abx)][F (x), F(bx)]F(x) o—l> [F(x), F(abx)]F (x)

Levr(n
levr(x) evF(x)

F(a)F(bx) —_— F([bx abx))F (bx) —> [F(bx), F(abx)]F (bx

F (coevp) 1

F(abx)
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where the pentagon * commutes because |F is an enriched functor. The second dia-
gram is the outer diagram of the following commutative diagram:

1F () —E B F(x)

. i‘:(coevx)l
* lF(lxN

F([x, x])) F(x) ¢+ F([x, 1x]) F(x)

J{IFx,xl llFx,]lxl

[F(x). F(X)]F(x) «—— [F(x), F(1x)] F (x)
CVF(x) levF(x)

F(x) F(1x)

1rnl

where the subdiagram » commutes because |F is an enriched functor.

Conversely, suppose f4,x iS an F-lax structure of F, we need to show that the
morphisms | F ., together with F and F, define an enriched functor |F : *$ — S.M.
That ' F preserves the identity morphisms follows from the commutativity of the outer
diagram of the following commutative diagram:

1 £ F) PO P

J{COCVF(X) J/COCVF(X) lCOCVF(X)

Lreo [F(x), 1 O F(x)] — [F(x), F(1) © F(x)] — [F(x), F([x.x]) © F(x)]

> [I’B[x,x],x]

[F(x). F(x)] [F(x), F([x,x] ©x)]

where * commutes by the definition of F-lax structure. Using the adjunction (— ®
x) 1 [x, —], the condition (3.4) is equivalent to the commutativity of the outer square
of the following diagram:
F(0)1
F(ly. 2D F(lx yDF (o) 22 B(ly. 2llx yD F 0“2 Bl 2 F(x)
llﬂ{x,y].x * Bry.z1tx.v1.x lﬂ[x.Z].x

Py, 2D F (e ylef 22 By 2w, yln) -2 B[, 2]x)

llF(evx) lF(l evy) lF(evx)
F(evy)

Py zDF(y) —222 p(y. 2]y) — ) F(z)

where the square * commutes because f is an F-lax structure of F.
It is easy to verify that these two constructions are mutually inverse. |
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Remark 3.35. The special case of Proposition 3.34 when 8 = + and F = 14 has
been proved in [50, 56].

Definition 3.36. Fori = 1,2, let R; : A — B be a lax-monoidal functor and F; : £ —
M an R;-lax functor. Given a lax-monoidal natural transformation é R = Ry, a
natural transformation £ : F; = F, is é -lax or called a § -lax natural transformation
if the following diagram commutes:

Ri(a) ® Fi(x) —— Fi(a © x)
£ Ofx Eaox (3.14)

Rz(a) © F2(x) —— F2(a O x)

where the unlabeled arrows are given by the R;-lax structure on F;.

Remark 3.37. Definition 3.36 is motivated by the following fact. Let (L : B8 — 4, R :
A—> B,n:1lg = RL,e: LR = 14) be an adjunction such that R is lax-monoidal
and Fi, F» : £ — M be R-lax functors. By Remark 3.33, F; is equipped with an L-
oplax structure induced by the R-lax structure on F;. Then, a natural transformation
¢ : Fy = F,is 1g-lax if and only if £ is a B-module natural transformation.

Proposition 3.38. Fori = 1,2, let I?, 1 A — B be a lax-monoidal functor and F; :
£ — Man F;- -lax functor. Then, we have two enrichedfunctors FL Py i * — B M.
Given a lax-monoidal natural transformatzon “;‘ F\ = B>, a natural transformation
§:FL > Fyis E lax if and only if (E §) defines an enriched natural transformation
e lFy - IF,.

Proof. Given an enriched natural transformation |§ R 1= |F2, we need to show

that (é , £) satisfies the diagram (3.14). This is the outer diagram of the following
commutative diagram:

Fi(coevy)l ~ (F)xax1 Fl(x)

Fi(a)F; (x) — F([x,ax]) Fi (x) —— [F}(x), F1(@x)]F; (x) e Fi(ax)

&rx.ax * Eax

fats Pl axD) Fi (0) 222 1By (), Fa(a)] Fr () 22 [Fy (), Fa(ax)] P (x

1&x 1&x eVF] (x)

Fr(coev)l ~ F2)xaxl CVF(x)

By (@) F2(x) — F>([x, ax]) F2(x) —> [F2(x), F2(ax)]F2(x) ————— Fa(ax)

where the pentagon * commutes because |§ is an enriched natural transformation.
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Conversely, suppose the natural transformation £ : F; = F is é -lax. Then, the
naturality of |£ is the outer diagram of the following commutative diagram:

Fix, vD) —— 5 [Fy (), B (I, YD i ()] — [F1 (x), Fy (L%, 1%)]

N . [1.evx]
£yl [LExyéx] K [1.&x 0]

Bo(lx, y]) [F1 (x), B> ([x, YD) F2(x)] — [F1(x), F2([x, y]x)] [Fi1(x), F1(»)]

/ / [1.F>2(evy)]
COoeV 5 (x) [1.5,]

[F> (), Bo([x, y]) Fa ()] —— [F2(x), Fa((x, 0] " [Fy (), Fa(0)] 2 [Fy (), Fa(7)]

where the square * commutes due to the diagram (3.14). ]

Let LMod be the 2-category defined as follows.

* The objects are pairs (4, £), where # is a monoidal category and £ is a strongly
unital left #4-°P'** module that is enriched in .

* A l-morphism (A, £) — (B, M) is a pair (ﬁ, F), where F: A — Bisalax-
monoidal functor and F : £ — M is an F-lax functor.

* A 2-morphism (F.F)= (G,G) is a pair (i?, &), where é . F = G is a lax-
monoidal natural transformation and £ : F = G is a £-lax natural transformation.

The horizontal/vertical composition is induced by the horizontal/vertical composition
of functors and natural transformations. The 2-category LMod is symmetric monoidal
with the tensor product defined by the Cartesian product and the tensor unit given by
(*, *). And the braiding (A, L) X (B, M) = (AX B, L X M) > (B x A, M x L) =
(B, M) x (A, £) is defined by the functors (a, b) — (b,a) : A X B — B x 4 and
Umy—> ml): EXM—>MxZEL.

By Proposition 3.34 and Proposition 3.38, we immediately obtain the following
result.

Theorem 3.39. The canonical construction can be promoted to a symmetric monoidal
locally isomorphic 2-functor from LMod to "™ ECat defined as follows.

The image of (A, L) is the A-enriched category *& defined by the canonical
construction.

*  The image of a 1-morphism (ﬁ, F): (A, L) — (B, M) is the enriched functor
AL — BM defined by Proposition 3.34.

* Theimage of a 2-morphism (é , &) is the enriched natural transformation |§ defined

by the background changing natural transformation é and the underlying natural
transformation §.
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Proof. For every 1-morphism (ﬁ, F): (A, &) — (B, M), we use | F to denote the
enriched functor from *£ — £ M defined by Proposition 3.34. Note that the assign-
ments (ﬁ ,F)— |F and (i? ,£) > |& map the identity 1-morphisms and identity 2-
morphisms to identity 1-morphisms and identity 2-morphisms, respectively. Let (ﬁ 1s
Fl) (P>, Fz) (F3, F3) be 1- -morphisms from (,A £) to (i)’ M). For 2-morphisms
(51, &) (F1. F1) = (B2, F>) and (82, &) : (B, F2) = (F3, F3), the 2-morphism
(5251 , 5251) is mapped to |, & since the vertical composition of |€, and '&, is defined
by 5251 aIAld £261.

Let (G,G) : (8B, M) — (€, N) be a I-morphism. By the definition of |Fx,y and
‘GF(X),F(J,) (see equation (3.13)), we have

(G By © GF(x) L0 ro GOl p ) GRG0 GF(x) <2, GF(y))
_ (éﬁqx,y]) O GF(x) — G(F([x. y]) © F(x)) — GF([x.y] © x) T2, GF(y)),

where the unlabeled arrows are induced by the F-lax structure of F and G-lax struc-
ture of G. This implies that the image of ((A}I? , GF) equals |GF. Recall that the
horizontal compositions of 2-morphisms in LMod and XIECat are defined by the
horozontal compositions of natural transformations. The assignments (s, £) — *£,
(ﬁ ,F)— IF and (é ,£) > |& define a 2-functor. By Proposition 3.34 and Proposi-
tion 3.38, every local functor of the 2-functor is an isomorphism.

Next, we describe the braided monoidal structure of the canonical construction
2-functor (we refer the reader to [23, Definition 4.10] and [22, Section 2.4] for the
definition of braided monoidal bifunctors). Let (4, £), (8, M) € LMod. Note that
AL x BM and > B)(£L x M) have the same background category and underlying
category. For every x1, x, € ob(£) and y;, y2 € ob(M), the following two hom
objects

(P x BM)((x1, y1), (2. ¥2)) = ([x1, x2], [y1, ¥2)),
AXBY L x M)((x1, y1), (x2,¥2)) = ([x1,%2], [y1, y2])

may not be identical; nonetheless, as stipulated by the canonical construction’s def-
inition, they are both internal hom of the strongly unital left (4 x 8)-°°'® module
&£ x M. Then, the identity functor of A x B, the identity map of ob(éﬁ) x ob(M) and
the canonical isomorphisms [x1, xo] — [x1, x2]" and [y1, y2] — [y1, ¥2]’ rendering
the following diagrams commutative:

X1, 0] Ox ———— [x1,x2)] ©x1 Y1, 32) O y1 ———— 1, 2) O n

e ) e, v s e,
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define an enriched isomorphism, denote by |y 2.8 from AL X BM to ABN(EL x M).
Note that the background changing functor and the underlying functor of |y .8 A€
both identity functors. For (ﬁ, F): (A1, £1) > (A3, L2) and (G, G): (B, My) —
(B2, M>), we claim that

\mez,szduz o((FxIG)=I(FxG)o ‘X*’lx],ﬂlml-

Indeed, the background changing functor and underlying functor of the above two
functors are F x G and F x G, respectively. And the morphisms

(F x G)[(ME1 x BMp)((x1, y1), (x2, ¥2))]
— (hax 32)($2 X Mz)[(F(Xl), G(J’1))’ (F(xz), G(yz))]

for both enriched functors are induced by the morphisms

Pl x]) © Fx1) = F(lxnxa] © x1) 25 F(x),

. Gevy,)
G([y1,y2]) ©G(y1) = G([y1, y2] © y1) —— G(»2),

where the unlabeled arrows are induced by the F-lax structure of F and the G-lax
structure of G. For (&,§) : (F1, F1) = (F2, F») and (7, 1) : (G1, G1) = (G2, Gy),
we have

|F1X‘G1
A B T e A 3 X (A x B
12y x Bm, Yexiy 285 x BMy ——— A2 X B (£, x My)
—_
|F2X‘G2
I(F1xGy)
| —_
= Mg x Bpy s X BO(E M) Jexmy A2 B)(£5 x My),
_
I(F2xG2)
since the background changing natural transformation and the underlying natural
transformation of both enriched natural transformations are £ x 7 and § X 7, respec-

tively. By [28, Proposition 4.2.11], the enriched isomorphisms ! XAz, Bp, define a
2-natural isomorphism

LMod x LMod —— ™ /ECat x "*/ECat

LMod lax|g Cat.
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Note that the image of (, %) is the tensor unit % of ™ /ECat. It is routine to check that
the following diagrams:

(PLxBM)xEN et (AXB) (£ x M) x EN S SN ((AXB)XE) (£ x M) x N)

CAZX(ﬁMXE’JV) LIX)CA:EX@@X‘C)(MXN) ‘—X>(«AX(£X8))($X(MX<N'))

| | |
wx AL —Ey G A o ) AL x ok —2 AL x k) AL x BM —Z5 AXB) (L x M)

N N

Accﬁ L ‘:BMX(A:E—)(“@X'A)(MX:Z)

commute, where the unlabeled arrows are induced by the symmetric monoidal struc-
tures of LMod and "™ ECat. Therefore, the invertible modifications required by the
definition of a braided monoidal bifunctor can all be chosen as identity modifications.
And all the pasting diagram axioms in the definition of symmetric monoidal bifunc-
tors (see [24, Definition 1.5]) are fulfilled, as every 2-morphism in the diagrams is an
identity 2-morphism. u

In physical applications, 4 and £ are often finite semisimple. In this case, we
obtain a stronger result of the canonical construction. A finite category over a ground
field k is a k-linear category € that is equivalent to the category of finite-dimensional
modules over a finite-dimensional k-algebra A (see [16, Definition 1.8.6] for an intrin-
sic definition). We say that € is semisimple if 4 is semisimple. We use fsCat to denote
the 2-category of finite semisimple categories, k-linear functors and natural transfor-
mations.

Remark 3.40. Let *!£ be an enriched category. If the background category 4 is a
k-linear category such that the tensor product ® : A X A — A is k-bilinear, then
underlying category £ is also a k-linear category.

Definition 3.41. An enriched category *I& is called finite (semisimple) if /4 and £
are both finite (semisimple) categories and the tensor product ® : A X A — A is
k-bilinear.

Example 3.42. Let A be a multi-fusion category and £ a finite (semisimple) left
A-module. Then, £ is enriched in +4 and the canonical construction *& is a finite
(semisimple) enriched category.

Definition 3.43. Let /.M and A"‘élii be finite enriched categories, i = 1,...,n. An
enriched functor | F : 2 £, x - x *| £, — Bl is called multi-k -linear (or k-linear
if n = 1) if the background changing functor F : A X - - - X A, — B is multi-k-linear.
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Remark 3.44. Let 'F : Mlg x ... x £, — BIM be a multi-k-linear enriched
functor. It is easy to see from (3.5) that the underlying functor

F: &1 x - x&y > M
is also multi-k-linear.

We denote the 2-category consisting of finite semisimple enriched categories, k-
linear enriched functors and enriched natural transformations by '™ IfsECat.
Let fsL.LMod be the 2-category defined as follows.

* An object is a pair (+, £), where 4 is a finite semisimple monoidal category and
£ is a strongly unital finite semisimple left #4-°P!* module that is enriched in 4,
such that the #-action functor @: A x £ — £ is k-bilinear.

* A l-morphism (A, £) — (B, M) is a pair (ﬁ, F), where F: A — B is a lax-
monoidal k-linear functor and F: £ — M is an F-lax k-linear functor.

« A 2-morphism (F, F) = (G, G) is a pair (é, ), where EA: F = G is a lax-
monoidal natural transformation and §: F = G is a £-lax natural transformation.

Theorem 3.45. The canonical construction defines a 2-equivalence from fsLMod to
laxIgsECat. Moreover, this 2-equivalence is locally isomorphic.

Proof. Let Alg e ™IfsECat. Since k-linear functor between two finite semisimple
categories is exact, the k-linear functor *I£(x, —) : £ — # admits a left adjoint.
By [56, Theorem 1.4] (see also [50]), an enriched category Al s equivalent to an
enriched category obtained by the canonical construction of a strongly unital oplax
module if and only if every functor */£(x, —) : £ — A admits a left adjoint. There-
fore, the 2-functor induced by canonical construction is essentially surjective on ob-
jects. By Propositions 3.34 and 3.38, it is also fully faithful on both 1-morphisms
and 2-morphisms. Then, the Whitehead theorem for 2-categories (see [28, Theorem
7.5.8]) implies that this 2-functor is a 2-equivalence. |

Remark 3.46. We use fsECat to denote the sub-2-category of ' lfsECat consisting
of those k-linear enriched functors F such that F is monoidal. We will show in the
second work in our series that fSECat has a monoidal structure with the tensor product
given by an analogue of Deligne’s tensor product.

4. Enriched monoidal categories

An enriched monoidal category can be defined as an algebra object in either ECat
or "™*/ECat. In this section, we restrict ourselves to the ECat case only. Namely, the
background changing functor is always monoidal in this section. For a study of the
X |gCat case, see [5,17,31].
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4.1. Definitions and examples

An enriched monoidal category should be an algebra (a pseudomonoid in [13]) in
ECat. An algebra in ECat is a collection ("‘“‘QC, @, 1, la, A, |p) such that (recall
Remark 3.21) the following hold:

(1) the background category (A, ®,1,a, /A\ p) is an algebra in the symmetric
monoidal 2-category Alg g, (Cat) of monoidal categories;

(2) the underlying category (£, ®, 1, a, A, p) is an algebra in the symmetric
monoidal 2-category Cat of categories, i.e., a monoidal category.

However, in this work, we propose a slightly different definition of an enriched mo-
noidal category for simplicity and convenience (see Remark 4.3). It is equivalent to
[41, Definition 2.3] (see also [57] for a strict version). Note that the notion of an
algebra in Alg g, (Cat) is equivalent to that of a braided monoidal category.

Definition 4.1. Let A be a braided monoidal category. An enriched monoidal cate-
gory consists of the following data:

* an enriched category Al

« atensor product enriched functor |® : #E x *¢ — *l£ in ECat such that ® =
® 4, where the monoidal structure on ® 4 is given by Convention 4.2;

* adistinguished object 1 ¢ € Al called the unit object, or equivalently, an enriched
functor '1¢ : % — *I£ in ECat (see Example 3.15);

« anassociator: an enriched natural isomorphism o : '® o (® x 1) = I® o (1 x '®)
with @ given by the associator of the monoidal category 4 (i.e., & = a4);

*  two unitors: two enriched natural isomorphisms A : |®@ o (Mg x 1) = 1. ¢ and
lp ®o (1x i £) = lug such that A and p are given by the left and right unitors
of the monoidal category #, respectively (i.e., A= Aa, 0= pa);

such that (£, ®,1¢,a, A, p) is a monoidal category, which is called the underlying

monoidal category of "l = (M £,1®,1¢,la,!1,p). The enriched monoidal category

A& is called strict if the underlying monoidal category £ is strict.

Convention 4.2. Let 4 a braided monoidal category with the braiding c,p : a ®
b — b ® a. In the following, the monoidal structure on the tensor product functor
(a,b) > a®@b: AxA— A is always understood as the lax-monoidal structure
induced by the braiding:
1®c¢p | ,a, ®1
®(a1,b1) ® ®(az,b2) =a1 ®b1 ®ar @by —————— a1 ®a2 @ b1 @ by

= ®((a1,b1) ® (az, b2)),

or equivalently, as the oplax-monoidal structure of ® is defined by the anti-braiding.
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Remark 4.3. An enriched monoidal category can be canonically identified with an
E-algebra in ECat. In general, however, an E-algebra is not an enriched monoidal
category but only isomorphic to an enriched monoidal category as E;-algebras. In-
deed, let (*£,®, 11, la, 1A, |p) be an E;-algebra in ECat. We use 1’, and 1g to
denote 1 (%) and 1(x), respectlvely Unwinding the definition of £ algebra in ECat,
we have (4, ®, 1’ ,(x )t 0) is a monoidal category. And the two monoidal category
(A, ®,14) and (A, ®, 1’,) together with the isomorphisms, i.e., the monoidal struc-
tures of 1 and &,

(a1 ® bl) ® (a2 ® bz) ~ ((11 X (12) ® (bl ® bz)’ Ty >~ ]1:,4,

is a strong 2-monoidal category (see [1] for the definition of a 2-monoidal category
or a duoidal category). By the coherence result for 2-monoidal categories, the identity
functor of #A together with the isomorphism 1 4 ~ ]1:4, and the natural isomorphisms

a®b = (a®14)®As®b) — (@®1) & (1, ®b)
S @)1, ®b) >a®b

is an isomorphism from (4, ®, 1 4) to (A, ®, 1’ '4)> and (A, ®, 1 4) is braided with
the braiding given by

a®b> 1, @a)b®1,) > 1, b) & (@ 1,)
(b®]l )®(]l/ ®a) (b®]1 ) (1, ®a)—>b®a

(see [1, Chapter 6] for more details) and Al canbe promoted to an enriched monoidal
category such that the underlying monoidal category is (£, ®, 1¢, o, A, p), and the
tensor product enriched functor *& x ME — ML is defined by ®.4 : A X A — A
(see Convention 4.2), the map ® : ob(£) x ob(£) — ob(£), and morphisms

AL (x1, y1)@ML(x2, y2) = ML (1, y1) ML (X2, y2) — ML 1 ®x2, y1 ® X2),

where the second arrow is given by the morphism in the definition of the enriched
functor |®. Moreover, as algebras in ECat, the enriched monoidal category AlE and
(M, l®, 1, la, 1A, |p) are isomorphic. More explicitly, the identity enriched functor
on *l£ can be promoted to an algebra 1som0rphlsm between these two algebras.

Based on the above discussion, we require R=Q®4and @ = ay, A=A A0 = PA
in Definition 4.1. It turns out that these additional requirements also endow Defini-
tion 4.1 with a new interpretation as an algebra in the monoidal category */ECat with
the tensor product x (recall Example 3.24). This new interpretation is how the notion
was defined in [41, Definition 2.3].
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Convention 4.4. We use s to denote the same monoidal category + equipped with
the anti-braiding. By Convention 4.2, the lax/oplax-monoidal structure of the functor
® : A X A — A is induced by the anti-braiding/braiding of 4.

Example 4.5. Let *|£ be an enriched monoidal category. We use £™ to denote the
monoidal category obtained from &£ by reversing the tensor product. One can canoni-

A\xrev

cally construct an A-enriched monoidal category , whose underlying monoidal

category is L™, as follows. As an enriched category

Klirev — A\x.
The tensor product enriched functor @™ : Algprev 5 Algprev _, Alprev g defined by the
tensor product functor A4 x 4 — A and the family of morphisms

CAL(x1.x2). MLV, ¥2)

AL (x1, x2) ® ME(y1, y2) AL B, y2) ® ML (x1,x2)

|®(y1 .x1).(¥2.x2)
é

A\i(xl ®rev Vi, X2 ®rev yz).

The associator of *l£™" is defined by the associator of 4 and the inverse of the asso-

ciator of &£. The left/right unitor of ‘*ﬂéﬁ“’" is defined by the left/right unitor of /A and
the right/left unitor of &. We refer to *|£™ as the reversed category of *!£, i.e.,

(A|$)rev = £|$rev.

Remark 4.6. In the definition of the enriched functor ‘®re", we have used the braid-
ing instead of the anti-braiding because l®"™" is not well-defined if we use the anti-
braiding.

Definition 4.7. Let *|£ and ®I.M be enriched monoidal categories. An enriched mo-
noidal functor |F : £ — BIM consists of the following data:

o an enriched functor 'F : *l£ — BlM in ECat;

* an enriched natural isomorphism
IF2: @ o (FxF)=IFol®

with the background changing natural transformation F? given by the monoidal
structure of F';

* an enriched natural isomorphism
FO 1y = Follg

with the background changing natural transformation F° given by the monoidal
structure of F';
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satisfying the following conditions:

(1) the background changing functor F = (ﬁ LF2 F %) : A — B is a braided
monoidal functor;

(2) the underlying functor F : £ — M, together with the underlying natural trans-
formations F2 and F°, defines a monoidal functor.

Definition 4.8. Let A':ﬁ, Bl M be enriched monoidal categories and lF G : g —
BIM enriched monoidal functors. An enriched monoidal natural transformation is an
enriched natural transformation “’;’ :IF = |G such that the underlying natural trans-
formation ¢ : F = G is a monoidal natural transformation.

Remark 4.9. Recall that braided monoidal categories are algebras in Algg, (Cat),
and the algebra homomorphisms between braided monoidal categories in Alg g, (Cat)
are braided monoidal functors. Then, it is routine to check that the algebra homo-
morphisms between enriched monoidal categories in ECat are enriched monoidal
functors and 2-morphisms between algebra homomorphisms in ECat are enriched
monoidal natural transformations (see Remark 3.21). By Remark 4.3 and the White-
head theorem for 2-categories, the symmetric monoidal 2-category of enriched mo-
noidal categories, enriched monoidal functors and enriched monoidal natural trans-
formations is a sub-2-category of the 2-category Algy (ECat) of algebras in ECat,
and the inclusion is a 2-equivalence.

Example 4.10. Let (4,m4, t4) be a commutative algebra in a braided monoidal cat-
egory +. The A-enriched category x4 introduced in Example 3.14 is a strict enriched
monoidal category with the tensor product functor induced by m4. Conversely, every
strict #-enriched monoidal category with one object arises in this way (see also [41,
Example 3.5]).

Let (B, mp,tp) be a commutative algebra in a braided monoidal category 3B
and | F : 4 — %8 be an enriched monoidal functor. The enriched natural isomor-
phisms | F2, I F0 are determined by the underlying natural isomorphisms F2, F°, and
any morphism (F2)., (F°), together with £2, F® form an enriched natural trans-
formation, respectively, since B is commutative. The condition that (F, F 2 F 0) isa
monoidal functor is equivalent to say that (F2), is the inverse of (F°) in the underly-
ing category of 5. Hence, an enriched monoidal functor |F : %4 - %8 is defined by a
braided monoidal functor F : 4 — B, an algebra homomorphism 'F ok F (A)—> B
(see Example 3.14) and an isomorphism (F?), in the underlying category of % 2.

Let |G : ¥4 — %8 be another enriched monoidal functor defined by a braided
monoidal functor G, an algebra homomorphism |G*,* : @(A) — B and an isomor-
phism (G°).. Then, an enriched natural transformation ‘S :IF = |G is an enriched
monoidal natural transformation if and only if (G%)4 = &« o (F?)4 in the underly-
ing category of 2, which further implies that £, is invertible. If £, is invertible, the
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commutativity of B implies that the diagram (3.8) is equivalent to
-~ lF*_* -~ éA ~ ‘G*_*
(F(A) — B) = (F(4) — G(4) —> B).

As a conclusion, an enriched monoidal natural transformation ‘f :I|F = 1G is defined
by a monoidal natural transformation & such that \F ' = |G*,* o &4 and the underly-
ing natural transformation £, = (G%)« o (F?); 1.

4.2. Canonical construction

Let + be a braided monoidal category viewed as an algebra in Alg(g’llax (Cat) by Con-
vention 4.2.

Definition 4.11. A monoidal left A-P'™ module is a left A-P* module in Alg(g’]lax
(Cat). A monoidal left A-module is a left A-module in Alg g, (Cat).

Remark 4.12. More explicitly, a monoidal left 4-°P'** module £ consists of the fol-
lowing data:

e amonoidal category £;

* a left A-action given by an oplax-monoidal functor © : A x £ — £ (i.e., the
functor © is equipped with a natural transformation

@Rbo(x®y) > @ox)®boy) Va,be A x,yelL 4.1
and a morphism 1 4 © 1 — 1 ¢ rendering the following diagrams commutative);

(@) @c]O[(x®RY) Rzl ——[a®@ b Rc)]Ox® (y ®2)]

[(@a®@b)O(x®Y)]®(cO2) @OoXx)R[B®c)O(y®:z) (4.2)

[(@Oox)BOY|RCOz) —— @OX)R[BOy)Q (c®z)]
a0x +—— 14Ra)O(1g®x) a0x —— (a1 4)0(x®1g)

Te®@Ox) < (1401lg)®@(@OX) (@aOx)®1g + (aOX)R(LA01g)
4.3)
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* two oplax-monoidal natural transformation: the associator (¢ ® b)) © x — a ©
(b ® x) and the unitor 14 © x — x (i.e., the following diagrams are commuta-
tive®:

[(a1 ®a2) ® (b1 ®b62)]| O (x®y) — (a1 ®az) O (b1 @ b2) © (x ® y)]

[(@a1 ®b1) ® (a2 ®b2)] O (x ® y) (a1 ®ax)0[b10x) O (b20y)] 44
[(a1 ®b1) O x]® (a2 ®b2) © y] — [a1 © (b1 © x)] ® [a2 © (b2 © y)]
T140x®y)—1a®1a)O(x®Yy)

T

XQy—— (1A0x)® (14 0y)

1a®1Ly)O0ly ————— 1,014 01g) 1401y 1

- £
unitor
J/ J/oplax oplax H
oplax oplax 1e

1,01y e 1,01g

(4.6)

where the arrow [(a1 ® a2) ® (b1 ® b2)| O (x ® ¥) — [(a1 ® b1) ® (a2 R b2)] O
(¥ ® y) is defined by the anti-braiding c,;l{az tdy ® by — b1 ® ay (recall Con-
vention 4.2));

such that £, together with the left #-action functor ®, the associator and the unitor
defined above, is a left A-°P'& module.

If, in addition, the left #A-action functor © is a monoidal functor, and the associator
and the unitors are natural isomorphisms, then &£ is a monoidal left A-module.

Remark 4.13. If, in addition, & is a strongly unital left 4-°* module, then the com-
mutativity of the second diagram in (4.6) follows from those of diagram (4.3) and the
diagram (4.5). Also, the commutativity of the first diagram in (4.6) is a consequence
of that of the second diagram in (4.6) and the fact that £ is an #4-°P'** module.

Remark 4.14. By Definition 4.11, a monoidal structure on a left #4-°P'* module £
consists of a monoidal structure on £ and a natural transformation (4.1) satisfying
proper axioms. All the rest data can be included in the defining data of a left A-°Pax
module structure on £.

3The diagram (4.4) and the first diagram in (4.6) are the defining properties of the associator
as an oplax-monoidal natural transformation. The other two are those of the unitors.
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In the following, we use f to denote the forgetful functor 3;(£) — &£ for any
monoidal category £. If ¢ : A — 31(&£) is a braided (oplax) monoidal functor, then
¢¢ = { o ¢ is an (oplax) central functor [7].

Example 4.15. Let +4 be a braided monoidal category and £ a monoidal category. If
¢ . A — 31(L) is a braided oplax-monoidal functor, then £ is a monoidal left A-
oplax

module with the module action ¢p(—) ® — : A x £ — L. The oplax-monoidal
structure (@ @ b) ® (x ® ¥) — (p(a) ® x) ® (¢(b) ® y) is given by

Pla®b)®(x®y) = (¢(a) ® (b)) ® (x ® y) = (¢°(a) ® (¢°(b) ® X)) ®y
= (P (@)®(x ®¢(h) ®y = (¢(a) ® X)®(p°(b) ® y),

where the third arrow is defined by the half-braiding of ¢(b).

Remark 4.16. There is another definition of a monoidal module [2,25,40,52]. Given
a monoidal left A-module £ as defined in Definition 4.11, ¢ := (— © 1¢) defines
a braided monoidal functor ¢ : A — 31(&£) (recall Example 2.19). Two monoidal
left A-modules (£, ©®) and (£, ¢°(—) ® —) are isomorphic. Hence, a monoidal left
A-module £ can be equivalently defined by a monoidal category &£ equipped with a
braided monoidal functor A — 31 (L).

When &£ is a monoidal left #4-P'* module, the morphism (4.1) is not necessarily
invertible, thus does not induce a half-braiding.

Proposition 4.17. Given a pair (4, £) € LMod, let *& be the enriched category
obtained from the pair (A, £) via the canonical construction. There is a one-to-one
correspondence between the monoidal structures on *£ and the monoidal structures
on the left AP module £ as shown by the following two mutually inverse construc-
tions.

= Given a monoidal structure on *%, i.e., a sextuple (‘A“éli, l®, ‘]l;g, la, 1N, |p),
then the sextuple (£, ®,1¢,a, A, p) automatically defines a monoidal structure on &£
by definition. A monoidal structure on the left AP module £ is determined (recall
Remark 4.14) if we further define the morphisms (4.1) to be the one induced from the
composed morphism:

coevy ® coevy

@®b) 2 i ox] b0y D x®y. (@0 x)®bBO Y.

& Given a monoidal structure on the left AP module £. A monoidal structure

on *& is determined by defining the morphism [x1, x2] ® [y1, y2] = [x1 ® y1. %2 ®
¥2] to be the one induced by the following composed morphism:

evx, ®eVyl

([x1,22] ® [y1, ¥2]) © (x1 ® y1) = ([x1,x2] © x1) & ([y1,¥2] © y1) ———— x2 ® y2,

where the first arrow is given by the oplax-monoidal structure of © : A X £ — £.
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Proof. 1t is routine to check that the diagrams (4.4) and (4.5) for a monoidal left
A-P1%% module £ commute if and only if ®¢ is a ® 4-lax functor with the ® 4-lax
structure given by the oplax-monoidal structure of ©, and the diagrams in (4.2), (4.3)
commute if and only if (&, o), (i, A), (P, p) is a 2-morphism in LMod, respectively.
Then, the assertion follows from Theorem 3.39 (see also Proposition 3.34). ]

Example 4.18 ([57]). Letg : A— 31(&£) be a strongly unital braided oplax-monoidal
functor. Then, £ equipped with the module action ¢¢(—) @ —: A X £ — £ is a
strongly unital monoidal left A-°P* module (see Example 4.15). If £ is also enriched
in 4, then *& is an A-enriched monoidal category.

Example 4.19. Let £ be a left A-module. We use Fun 4 (£, £) to denote the category
of left A-module functors and left A-module natural transformations. There is an
obvious braided monoidal functor 31 (4A) — 31(Funy (£, £)) defined by a +— f(a) ©
—. The left A-module functor f(a) ® — is equipped with a half-braiding

YFi@ : F(f(a) ©—) = f(a) © F(=) VF € Fung(L, L),

defined by the left A-module functor structure on F [59]. It follows that Fun (£, £)
is a monoidal left 3; (+#4)-module.

Definition 4.20. Let A, B be two braided monoidal categories. Let £ be a monoidal
left A-°P'> module and M a monoidal left 8-°P'® module. Given a braided monoidal
functor F : A — B, amonoidal F-lax Sfunctor F : £ — M is a monoidal functor and
also an F-lax functor such that the F-lax structure F (a) © F(x) > F(a ©® x) is an
oplax-monoidal natural transformation (i.e., the following diagrams commute):

Fa®b)o F(x®y) F((a®b)O (x ® y))

(F(a)® F (b)) © (F(x) ® F(»)) F@aox)®@boy) @7

! |

(F@) O Fx)®(Fb)OF(y) — s F@ao0x)® F(bO y)

F(1) o F(1) F1O1)
J l 4.8)
101 1 F(1)

Remark 4.21. The diagram (4.8) is always commutative because F is an F-lax func-
tor.

Remark 4.22. Let ¢; : A; — 31(£;) be a braided oplax-monoidal functor, i = 1, 2.
Then, £; is a monoidal left #4;-P'2* module. Let F A1 — +o be a braided monoidal



L. Kong, W. Yuan, Z.-H. Zhang, and H. Zheng 42

functor and F : £; — £, be a monoidal functor. Suppose 6, : (pg(ﬁ (a)) = F(gi(a))
is an oplax-monoidal natural transformation rendering the following diagram commu-
tative:

WS(F(a) ® F(x) 224 F(gt(a)) ® F(x) —— F(¢t(a) ® x)

l l (4.9)

F(x) ® pS(F(a) —224 F(x) ® F(pt(a)) —— F(x ® ¢%(a))

where two vertical arrows are the half-braidings of (pz(ﬁ (a)) and ¢, (a), respectively.
Then, F equipped with the natural transformation

B = (65(F (@) ® F(x) 2225 F(pi(a) ® F(x) > F(gt(a) ® x))

is a monoidal F-lax functor.

We claim that every monoidal F-lax structure on F arises in this way. Indeed,
suppose Bax 1 ¢5(F(a)) ® F(x) — F(¢j(a) ® x) is a monoidal F-lax structure on
F. Then,

SR Bay, .
O = (p3(F(@)) > ¢3(F(a)) ® F(1g,) — F(gi(@) ® 1¢,) — F(¢}(a)))

is an oplax-monoidal natural transformation. Taking b = 14, and x = 1g, in the
diagram (4.7), then we have

Bay = (#5(F () ® F(y) YBL Flgf(@) ® F(») > Flg(@) ® »))-

By taking a = 14, and y = 1, in the diagram (4.7), we can show that the oplax-
monoidal natural transformation 8, renders the diagram (4.9) commutative. Hence,
when #A; = 4, and F = 14, , Definition 4.20 is precisely [40, Definition 2.6.6].

Proposition 4.23. Let A, B be braided monoidal categories. Suppose £ is a strongly
unital monoidal left A-P** module that is enriched in A, and M is a strongly unital
monoidal left B-P yodule that is enriched in B. Then, the canonical construction
gives enriched monoidal categories *£ and M. Suppose F : A — Bis a braided
monoidal functor and F : £ — M is both a monoidal functor and an F-lax Sfunctor.
Then, F is a monoidal F-lax Sfunctor if and only if F and F define an enriched
monoidal functor 'F : *£ — M.

Proof. By Theorem 3.39, the F-lax functor F defines an enriched functor | F : *$ —
B A(. Then, we only need to show that F is a monoidal F-lax functor if and only if
(F2, F?) and (F°, F°) are 2-morphisms in LMod. It is routine to check that (F2, F2)
is a 2-morphism in LMod if and only if the diagram (4.7) commutes, and (ﬁ 0 F%is
a 2-morphism in LMod if and only if the diagram (4.8) commutes. |
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Definition 4.24. Let A, B be two braided monoidal categories. Let £ be a monoidal
left #4-P* module and M be a monoidal left B-°P** module. Suppose F; : 4 — B
is a braided monoidal functor and F; : £ — M is a monoidal ﬁ,-—lax functor, i =
1, 2. Given a monoidal natural transformation é‘ : F 1= ﬁz, a monoidal é -lax natural
transformation &€ : F1 = F, is a é -lax natural transformation and also a monoidal
natural transformation.

Remark 4.25. For i = 1,2, let £; be a monoidal left #;-°?* module induced by
a braided oplax-monoidal functor ¢; : #A; — 31(L;). Assume that Fi i Ay > A
is a braided monoidal functor and F; : £; — £, is a monoidal I?i-lax functor. Let
§ . F 11— ﬁz and £ : F1 — F, be two monoidal natural transformations. Then, £ is a
monoidal é -lax natural transformation if and only if the following diagram commutes:

oS(Fi(@) —2— Fi(p(a))

lé ls
oS(Fa(a) —2— Fy((a))

where 6; : ¢5 o Fi=Fjo ¢{ is the oplax-monoidal natural transformation that induces
the monoidal F;-lax module structure on F; (see Remark 4.22).

Proposition 4.26. Let A, B be braided monoidal categories. Suppose L is a strongly
unital monoidal left A-PX module that is enriched in A, and M is a strongly unital
monoidal left B-PX yodule that is enriched in B. Fori = 1,2, let ﬁ, A — B be
a braided monoidal functor and F; : £ — M be a monoidal F;-lax functor. Then,
(ﬁl , F}) defines an enriched monoidal functor 'F; : *£ — B M. Supposeé ﬁl = ﬁz
is a monoidal natural transformatlon and & . F1 = Fyisa $ lax natural transforma-
tion. Then, & is a monoidal S lax natural transformation if and only if (E &) defines
an enriched monoidal natural transformation.

Proof. By Proposition 3.38, & is a monoidal § -lax natural transformation if and only
if £ is a monoidal natural transformation, and (é , &) defines an enriched monoidal
natural transformation. Thus, £ is a monoidal é‘ -lax natural transformation is amount
to the fact that (é , &) defines an enriched monoidal natural transformation. |

We use ECat® to denote the 2-category of enriched monoidal categories, enriched
monoidal functors and enriched monoidal natural transformations. It is symmetric
monoidal with the tensor product given by the Cartesian product x and the tensor unit
given by .

We define the 2-category LMod® as follows.

* The objects are pairs (A, £), where +4 is a braided monoidal category and &£ is a
strongly unital monoidal left #4-°P'™ module that is enriched in 4.
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* A I-morphism (4, £) — (B, M) is a pair (FA, F), where F : A — B is abraided
monoidal functor and F : £ — M is a monoidal F-lax functor.
* A 2-morphism (ﬁ, F)= (G, G) is a pair (é, ), where é : F = G is a monoidal
natural transformation and £ : F = G is a monoidal £-lax natural transformation.
The horizontal/vertical composition is induced by the horizontal/vertical composi-
tion of functors and natural transformations. The 2-category LMod® is symmetric
monoidal with the tensor product defined by the Cartesian product and the tensor unit
given by (x, ).
By Propositions 4.17, 4.23, and 4.26 we obtain the following result.

Theorem 4.27. The canonical construction defines a symmetric monoidal 2-functor
from LMod® to ECat®. Moreover, this 2-functor is locally isomorphic.

Proof. By Theorem 3.39, the canonical construction defines a symmetric monoidal 2-
functor from LMod to "*/ECat. Let £ be a strongly unital monoidal left A-°P** mod-
ule. By Proposition 4.17, *£ is an enriched monoidal category. Given 1-morphisms

(F,F): (A, £)—> (B, M) and (G,G): (B, M)— (E,N) inLMod®,

the monoidal structures of |G o |F and |GF are both defined by the monoidal struc-
tures of G F and GF, where |GF is the image of (@ﬁ, GF). Therefore, |G o |F =
|GF as monoidal functors. Then, Propositions 4.23 and 4.26 imply that canonical
construction defines a locally isomorphic 2-functor from LMod® to ECat®.

Note that ECat® inherits the symmetric monoidal structure of X g Cat. Recall
that the background changing functor and the underlying functor of the enriched iso-
morphism

IX.Ax’:BM cAE X BM — AXE (L x M)

defined in the proof of Theorem 3.39 are both identity functors. It is routine to check
that |y £.8 18 a monoidal functor with trivial monoidal structure. Then, the canoni-
cal construction defines a symmetric monoidal 2-functor from LMod® to ECat® by
Theorem 3.39. u

4.3. The category of enriched endo-functors

In this subsection, we give a construction of an enriched category from enriched endo-
functors. We show in Section 4.4 that this construction realizes the Eg-centers of
certain enriched categories.

Let ®IM be a B-enriched category. We use Fun(®!M, #l.M) to denote the category
of B-functors from €M to itself and B-natural transformations between them (recall
Definition 3.13). For every \F,IG e Fun($|M, B|fM), we define a category J)(‘FJG) as
follows.
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*  The objects are pairs (a, {ax }xe), Where a € 31(B) and ay : f(a) = EIM(F(x),
G(x)) are morphisms in B such that the following diagram commutes:

f(a) ® ®lM(x, y) L L LB BMF (). G(y) ® PM(F(x). F(y))

FM(x,y) ® f(a) °
IGx,_v®ax
FM(G(x), G(») ® PM(F(x), G(x)) ————— ZIM(F(x). G(»))

(4.10)
where the unlabeled arrow is given by the half-braiding of a.

* A morphism f : (a, {ax}) — (b,{bx}) is a morphism f :a — b in 31(B) such
that the following diagram commutes for every x € M:

()

f(a) f(b)

(4.11)

ax by

FM(F(x). G(x))
Definition 4.28. We say ®|.M satisfies the Eq-center-existence condition (CE0) if

for every |F, |G € Fun(®IM, BIM), the category P(F ) has a terminal object.
(CE0)
We denote the terminal object of P i) by (['F,'G1.{[F. G} xem).

Remark 4.29. A family of morphisms {& : 1g — ZIM(F(x), G(x))} renders the
diagram (4.10) commutative (with /(a), ay replaced by 1 g, &, respectively) if and
only if the family of morphisms {£,} defines a B-natural transformation ¢ : |F = |G
In particular, if M satisfies condition (CE0), then the hom set 3,(B)(1g, [ F,'G])
is isomorphic to the hom set Fun(®I.M, BIM)(F,!G).

Remark 4.30. Let (A, m, t) be an algebra in a monoidal category +4. By Exam-
ple 3.14, Fun(x4, %4) is the category defined as follows.

» The objects are algebra homomorphisms f : A — A.

* A morphism f — g is a morphism £ € A(1, A) such that the following diagram

commutes:

A—" 31422 4g4

A1 404 —" 4
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It is also clear that the object [1,.4, 1,.4] (if exists) is the full center of A (see [12] for
the definition of the full center of an algebra).

Lemma 4.31. There are two well-defined functors.
(D) Py X Paricy = Pir . m) is defined by

((b,{bx}), (a,{ax})) = (b ® a.,{bx} o {ax}),
where {by} o {ay} is defined by the composed morphism:
f(b ®a) = F(b) ® F(a) 2225 FIM(G(x), H(x)) ® FM(F(x), G(x))
S BIM(F(x), H(x)).

Since [|[F,'H] is terminal in P 1y, we obtained a canonical morphism b ® a —
[F,'H].
(2) Pirje) X Pir o = PirF )ce) defined by
(a.{ax}) ® (@' {d}}) > (a @ d'. {ax} e {a }),
where {ay} ® {d’.} is defined by the composed morphism:

, 4670 ®'F Fr(x).6/(x) (@)

a®a BIM(FG'(x),GG'(x)) @ BIM(FF'(x), FG'(x))
= BIM(FF'(x), GG (x)).

Since [ F'F’,|G\G"] is terminal in PaF ) we obtain a canonical morphism
a®d — [[FIF'GG.

Proposition 4.32. If ZI.M satisfies the condition (CE0), then Fun(®!M, BIM) can be

promoted to a strict 31(8B)-enriched monoidal category 31B)IFun(BIM, BIM). More

explicitly, we have the following:

e the hom objects are 3'®Fun(BIM, M) (F,|G) = [ F,!G];

* the identity morphism 1g — [lF JF | is induced by the identity enriched natural
transformation of ' F via the universal property of | F ' F];

*  the composition morphism [|G,'H] ® [\[F,\G] — [|F,|H] is defined by the previ-
ous Lemma 4.31 (1).

e the tensor product morphism [\F,|G] @ [[F',|G'] — [|F‘F/, |GIG/] is defined by
Lemma 4.31 (2).

Proof. Tt is routine to check that 3!“®/Fun(BIM, BIM) is an 3, (B)-enriched cate-
gory. Note that the underlying category of 3! ®!Fun (%M, £IM) is precisely Fun(®/M,
BIM) by Remark 4.29. This explains the notation.
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It remains to show that 3'®Fun (%M, #l.M) is monoidal. We claim the following
equation holds:
([|F27 F3]®[G,.'G3] @ [F1./F2] ® [G1.G2]
— [[F2./F3] @ [F1./F,] ® [G2.1G3] ® [G1.1G2]
2 F L F3] ® Gy, 1Gs] — [F1lGy, F51Gs]

| | | |
LT SLM(FLG (), FaGa(x))

= ([IFzy IF3]®[G2,1G3] @ [[F1./F2] ® [G1.1G5]

— [[F,1G,,'F5lG3) ® [ F1G1,/F,!G,] 5 [F1G1,'F5!G3)
IF1Gy,/F 5
[F1'G1,'F3'G3]x Q\M(FlGl(x),F3G3(x)))’

where the first unlabeled arrow is induced by the half braiding of [lF 1, |F2]. Indeed,
by the definition of [G,/H]| Q [[F,!G] — [[F,'H] and [[F.,'G] ® [ F".|G'] — [ FIF’,
|G!G"], it not hard to check that both sides of the above equation are equal to
[F2,/F3]®[G2,1G3]®@ [F1,'F2] ® [G1,/G>]

1Q[G2.1G31xR1Q[G1./G2lx
22 D2 [1F, I F3] @ BIM(G2(x), G3(x)) @ [F1,IF2)

® BIM(G1(x), G2(x))

[F2.'F31650)®(F2)Gy(x).6350) @I F 1./ F2l6, ) ®(F1)G | (x).65(x)
- - BIM(F2G3(x), F3G3(x))

® P M(F2G2(x). F2G3(x)) ® M (F1 G2 (x). F2G(x) ® LM(F1 G1 (). F1Ga(x)
— ’(BlM(FlGl(X), F3G3(X))~

Similarly, we can check that
1®1
IFIG,/FIG]

Therefore, the morphisms [ F,!G] ® [[F’,!G'] — [[F'F’,|G!G"] define an enriched
functor. It is clear that the underlying monoidal category of 31 BFun(Blm, BIM) is
Fun(®M, BIM). "

Remark 4.33. The Drinfeld center 3;(Set) of the category Set of sets is equivalent
to Set as braided monoidal categories. Indeed, suppose X € Setand y_ x : —x X —
X x — is a half-braiding, then we have the following commutative diagram for every
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set Y andmap f : % — Y:

X‘ 1x f

Xxx—— X xY

Therefore, we have yy x (v, x) = (x, y) for every set Y and element y € Y. Thus, the
inclusion Set — 3;(Set) induced by the braiding structure of Set is an equivalence
of braided monoidal categories.

An ordinary category M viewed as a Set-enriched category *®IM always sat-
isfies the condition (CE0). Indeed, in this case, a Set-functor |F : Selp — Setlpy
is an ordinary functor F : M — M and the terminal object [|F,!G] € 3;(Set) ~
Set is given by the set of natural transformations Nat(F, G). As a consequence,
Si8eVlpyp(Selp, SeUp) is precisely the functor category Fun(M, M).

In the rest of this subsection, we discuss the construction of 3!®Fun(®lm, ZIM)
when BIM = BM for (B, M) € LMod and M is a left B-module. In particular, in
this case, we give an easy-to-check condition that is equivalent to the condition (CEO)
(see Lemma 4.34).

By Theorem 3.39, we can identify Fun(®M, #M) with Fun'S (M, M), i.e., the
category of lax B-module functors and $B-module natural transformations. There is
an obvious monoidal functor from 3;(8B) into Fun%"(.M , M) which maps a to the
B-module functor f(a) © —. It is not hard to check that Funf%" (M, M) is a strongly
unital monoidal left 3;(8)-module with the module action induced by the monoidal
functor 31(B) — Funi%,"(M, M) and the natural transformation

fla®b) © FG(-) = f(a) © [f(b) © FG(-)] - f(a) © F(f(h) © G(-)).

where the first arrow is induced by the monoidal structure of { and the left 8-module
structure of M and the second arrow is induced by the lax B-module structure of F.

Lemma 4.34. When (8, M) € LMod and M is a left B-module, ®M satisfies the
condition (CEOQ) if and only if Funi%x(a\/(, M) is enriched in 31(B). In this case,
the object [\F,\G] is given by the internal hom [F, G| € 31(B), and the morphism
[F,|G]y : [F.|G] = BM(F(x),G(x)) is induced by
(evF)x
f([F,G]) © F(x) = (IF,G] © F)(x) ——> G(x).
Proof. Since both ([[F,!G], {[|F,!G]x}xes) and the internal hom ([F, G],evp =
{(evF)x}xem) are terminal objects, it suffices to show that they satisfy the same
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universal property. Let F, G € Funla"(M M) and a € 3;(B). Given a family of mor-
phisms

{ax 1 T(@) = [F(x). GO} ey
define

= (@) © F(x) 225 [F(). 6(x)] © F(x) —5 G(x)).

Conversely,

CVF (x)

o = (fl@) — [F(x).f(@) © Fo) 225 (R ), G(x)])

Yb.a©

(b ® (@) 0 F(x) 2% (f(@) ®b) © F(x) —=(a) © (b © F(x))

b o (f(a) © F(x)) f@oFbox) ‘12
1Qd Apox
b © G(x) G O x)
ie,d@:a ® F = G is a B-module natural transformation. ]

If .M satisfies the condition (CE0), by Proposition 4.32, Funl‘”‘(M M) can be
promoted to a 31 (B)-enriched monoidal category 3% )‘Funt%" (M, M). We obtain the
following result.

Proposition 4.35. When (8, M) € LMod and M is a left B-module, if Funlax (M, M)
is enriched in 31(B), then we obtain a monoidal equivalence:

SUBIFun(EM, EM) = 3 BIFunS (M, M) =~ 31 B FunS (M, M).

Proof. By Lemma 4.34, we can set [|[F,|G] = [F, G]. It suffices to verify (1) and (2).
(1) The composition [[G,'H] ® [ F,|G] — [ F,!H] defined in Lemma 4.31 coin-
cides with the canonical morphism [G, H] ® [F, G] — [F, H]. It is because both
morphisms are induced from the same universal property according to Lemma 4.34.
(2) The tensor product morphism [ F,!G] Q@ [[F',!G'] — ['F‘F/, |G‘G/] defined in
Lemma 4.31 is induced by

evp Qevps

[F.G]®[F,G'|® FF — [F,G]® F®[F,G'|® F’ GG,

where the first arrow is induced by the lax B-module functor structure of F.
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In other words, we need to show the outer subdiagram of the following diagram:

1®Q[F'.G']xO1
[F,G]®[F',G'|OFF'(x) [F,GI®[F’(x),G'(x)]O FF’(x)

1IQFO1

[F,GIOF([F',G']OF'(x)) » [F,G]OF([F'(x),G'(x)]OF'(x)) [F,G]Q[FF'(x), FG'(x)]O FF'(x)

10F (evpr) 1O F (evEr(x)) [F.Glg/ vy OV FF (x)

1OevFF/(x)

[F,G]OFG' (x) ———————— GG/ (x) +—— [FG'(x),GG'(x)] © FG'(x)
©VF) G/ (x) EVEG! (x)
commutes for each x € M. The upper left quadrangle commutes due to the naturality
of the lax B-module functor structure of F, and the other subdiagrams commute by
the adjunctions associated to internal homs. |

When 8 is rigid, we have Funi%"(M, M) = Fung (M, M) [14, Lemma 2.10], i.e.,
the category of B-module functors, because the morphism a ©® F(x) — F(a © x)
now has an inverse given by F(a © x) —» (a ® at) © Fla ® x) - a ® Fat ©
(a®x)>a® F(x)forae 8,x € M.

Corollary 4.36. When (B, M) € LMod and M is a left B-module, if B is rigid and
Fung (M, M) is enriched in 31(8B), we have

31BIFun(BM, BM) ~ 3B Pung (M, M).

4.4. The Ey-centers of enriched categories in ECat

In this subsection, we prove that 3'“®IFun(BIM, BIM) is the Eq-center of IM in
ECat when ®!.M satisfies the condition (CEO0).

Recall that an Eg-algebra in ECat is a pair (&£, U), where U : % — *l£ is an
enriched functor in ECat. A left unital (*!$, |U)-action on #/.M in ECat consists of
an enriched functor |® : *l£ x #IM — %M in ECat and an enriched natural isomor-
phism ' as depicted in the following diagram (recall Definition 2.11):

Alg x By

1314

* x BIM M

We set 1g := U(x) € £. There exists a canonical enriched natural isomorphism
lp: g = U (recall Example 3.15) defined by 14 — U (*) (from the monoidal
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structure of U ) and the identity underlying natural transformation. It defines a left
unital (*l$£, 1 ¢)-action as depicted in the following diagram:

M x BIpm

1T ¢ X134 IA\i)TI;B\M o]

Pnx1tl e x By
U X1 o)
|
* x Blpm Bl y
1ai

In particular, the left unital (*I&£, 1 ¢)-action is isomorphic to that of (*l£,1U)-action.
Therefore, in order to show that 3'®IFun(®IM, 2IM) is the Eo-center of EIM in
ECat, it is enough to only consider the left unital (M, M ¢)-action on BIM in ECat
as depicted in the following diagram:

AL x Bl

texl e &m 4.13)

* x BIm M

11 ¢

Example 4.37. If Bl M satisfies the condition (CEO), then there exists a canonical left
unital action

SIBFun (B, BlM) x Blm (4.14)
151 4 X 13 lev
/ | la \
s x Blp BIm

of the Eq-algebra (3! ®Fun(®IM, 2IM), |1£|M) on ®IM in ECat defined as follows.

« The enriched functor lev is defined by the monoidal functor &v := f(—) ® — :
31(B) x B — B, the map of objects (F, x) = F(x) and the family of mor-
phisms

‘eV(‘F,x),(‘G,y)
= (FAIF.'6]) ® *a(x. y) L 3141 (1), G (y)
® BM(F(x), F(y)) = BM(F(x), G(»)));

* The background changing natural transformation @ of o is given by the left unitor
of B and the underlying natural transformation « of lo is given by the identity
natural transformation.

It is routine to check the following fact. The proof is omitted.
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Lemma 4.38. Let (10, €) be a left unital (*'£,1 ¢)-action of the Ey-algebra on ®'M
as depicted in (4.13). Then, there exists a functor ® : £ — Fun(®IM, EIM) defined
as follows.

* Foreacha € £, ®(a) is the B-functor defined by the map x + a © x and the
family of morphisms

- )
B (x, y) > Ty O BM(x, y) 25 At a,a) & B M(x, y)
|
Oa.x).(a.y) B'M(a@x,a @y)

For each morphism f : 14 — Y& (a,b) in £, O(f) is the B-natural transfor-
mation defined by the family of morphisms

£—1

A 5 A |® a.x). WX
g s 14015 225 A2 b)OBIM(x, x) — % By (4o x, bOX).

Theorem 4.39. If 8\.M satisfies the condition (CEQ), then 3'®IFun(®IM, M) is the
Eo-center of 2 M in ECat, i.e., 30(BIM) =~ 31 B IFun(Blm, ZlnM).

Proof. Let (10, 1€) be a left unital action of an Eg-algebra (*!£,1¢) on #IM as
depicted in the diagram (4.13). We first show that there exist an enriched functor
@ : Al — 3 BIEun(Blpm, BIM) in ECat and two enriched natural isomorphisms o
and | p such that the following pasting diagrams:

31(3)|Fun($‘M,£‘M) x Bl y
3BIpun(Bla, B1m) x Blm

_ llBI'W lev
e

* x BIM Bl p

:B‘M

(4.15)
are equal in ECat, where the right-hand side of the equation is the canonical left
unital action of (3!“®Fun(®IM, BIM), |1£W) on ZlM defined in Example 4.37.

Let @ : £ — Fun(®!M, Z/M) be the functor described in Lemma 4.38. Then, ®
can be promoted to an enriched functor '® : *¢ — 31 B Fun(BIm, BlM) in ECat
with the background changing functor DA — 31(B) given by — © 1 g (see Exam-
ple 2.19) and the family of morphisms |d>a,b ML (a,b) O1g — [®(a), D(b)] given
by the unique morphisms rendering the following diagrams commutative:

A A I(‘q:‘a,b)
F(ME(a,b) O 1g) F([®(a), D(b)])
[le@.2w)
BIM@a ©x,b0Ox)

1©w.x).0.2)
e,
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The enriched natural 1somorphlsm o is defined by the background changing natu-
ral transformation 6, = 5]1 :1g — 1,4 O 1 and the underlying natural transforma-

tion given by the unique morphlsm 0« : 1g — [lay, P(Lg)] rendering the following
diagram commutative:

F(Lg) — T (Lo p D(Le)])

l[uw,qxu)]x
BIM(x,1¢ O x)

£

The enriched natural isomorphism |p is defined by the background changing nat-
ural transformation

FOO)®— = (—61g) ®— B (CO1a)® 00

;>(—®1A)®(1$®—);>—©—

and the identity underlying natural transformation.

Then, it is not hard to check that the equation (4.15) holds.

Let (\®;,lo;,! pi),1 = 1,2, be two triples such that the similar equations as depicted
by (4.15) hold. We only need to show that there exists a unique enriched natural
isomorphism |,3 1@, = &, such that

318 Fun(Bluc, 8.p0) 3B IEun(Blm, Blm)
s | s
o ‘<I>1<\B,>‘¢‘z = z T‘d&z (4.16)

UJGl UJUz

 — Al F— Mg
Mg Mg

3'(3)‘Fun(£|<M £|<M) x Bl 3‘(£)|Fun($‘d\'{,£‘d\/{) x Bl y

|ev
1Dy x1 :(}@ x1 \ = @ XlT

. ( 5 pz 1 UJPI “4.17)
Al xB‘M—>£|M A x By — By

Since 31(B) is the Ey-center of B in AlgE (Cat) (see Example 2.19), there exists a
unique monoidal natural isomorphism ,3 ®; = d, such that

by 3B b @
Sl = e

1.4 T4
31(B) x B 31(B) x B

q)]Xl #%zxm &DIXIT \U/ﬁl ev

Ax!B—)i? .AX!BTB
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Define B, : 1g — [®P1(a), P2(a)] to be the unique morphism rendering the following
diagram:

1 = f(lg) — 22 §([@1(a). P2(a)])

@) (a),®:(@)]x
g e

BIM(®1(a)(x), Pa(a)(x))

commutative. Then, the enriched natural isomorphism |8 define by (ﬁ, {Ba}) is the
unique enriched natural isomorphism such that the equations (4.16) and (4.17) hold.
[

Remark 4.40. It is straightforward to check that the usual monoidal structure on
31 B Eun(BImM, BIM) induced by the composition of B-functors coincides with the
FE-algebra structure of the Eq-center of Bl in ECat (see Proposition 2.18).

The following result follows immediately from Corollary 4.36 and Theorem 4.39.

Corollary 4.41. When (8B, M) € LMod and M is a left B-module, if B is rigid and
Fung (M, M) is enriched in 31(8B), we have

30(BM) ~ 3B Fung(M, M).

Remark 4.42. Corollary 4.41 has important applications in physics. In particular, it
provides a mathematical foundation to [44, Definition 3.18 and Remark 3.19]. More
precisely, the macroscopic observables of a 0+1D boundary phase of a 1+1D quan-
tum liquid X form an enriched category, the Ey-center of which is the precisely the
enriched monoidal category summarizing macroscopic observables of X. This fact is
precisely a manifestation of the so-called boundary-bulk relation [36, 38]. Examples
of this fact can be found in 1+1D CFT’s [42—44] and 1+1D lattice models [37,63].
We give an illustrating example from [37]. The symmetric phase realized in the
1+1D Ising model can be described by enriched monoidal category 3! ®ReP(Z2)Rep(Z,),
where Rep(Z,) is the category of finite-dimensional Z,-representations. Its has two
types of boundaries. The symmetric boundary can be described the enriched category

Veez, Vec, where

Rep(Z 2Rep(Z,); the symmetry-breaking boundary can be described by
Vecz, is the category of Z,-graded finite-dimensional vector spaces. In this case,
we have 31RPZ2DRen(Z,) ~ 39(RPEIRep(Z5)) =~ 30(V%Vec) and Rep(Z,) ~

Funyec 7, (Vec, Vec).

5. Enriched braided monoidal categories

In this section, we study enriched braided monoidal categories, canonical construction
and the E-centers of enriched monoidal categories.
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5.1. Definitions and examples

For any two enriched categories *|& and ®/.M, there is an obvious switching enriched
functor 2 : g x BIm — By x Mg (i.e., the braiding in ECat). It is clear that by
has an obvious monoidal structure if *I$& and /.M are enriched monoidal categories.

Definition 5.1. An enriched braided monoidal category consists of the following
data:

* an enriched monoidal category Al
« an enriched natural isomorphism lc : 1® — @ o I%;
such that

(1) the background category # is symmetric,

(2) the background changing natural transformation ¢ is equal to the braiding of
A’

(3) the underlying monoidal category &£ equipped with the underlying natural
transformation ¢ of lc is a braided monoidal category (called the underlying
braided monoidal category of *I&£).

Definition 5.2. An enriched monoidal functor | F : /¢ — BlM between two enriched
braided monoidal categories is an enriched braided monoidal functor if the underlying
functor F : £ — M is a braided monoidal functor.

Example 5.3. Let Al$ be an enriched braided monoidal category. There is an A-
enriched braided monoidal category A ¢ whose underlying braided monoidal cate-
gory equals £, defined as follows. As an enriched monoidal category Alg = g, but
the braiding of AE is given by the anti-braiding ¢y, = ¢, L of £ and the braiding
of +4. Since # is symmetric, (¢, ¢) is an enriched natural transformation if and only if
(¢,C) is.

Example 5.4. Let A be a commutative algebra in a symmetric monoidal category
/. Then, the A-enriched monoidal category %4 introduced in Example 4.10 is an
enriched braided monoidal category with the braiding given by ¢4« = 14.

5.2. The canonical construction

Let 4 be a symmetric monoidal category viewed as an algebra in Alggax (Cat).

Definition 5.5. A braided monoidal left A- module is a left A-°P'™ module in
AlgiP™ (Cat).

Remark 5.6. More explicitly, a braided monoidal left A-°P'®* module &£ is both a
braided monoidal category and a monoidal left #-°"'* module such that the action
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O: A x £ — £ is a braided oplax-monoidal functor (i.e., the following diagram com-

mutes:
@®b)o(x®y) —@OX)® (O y)

J/Cca,b@Cx,y J/Ca(Dx.bOy 6.1
bPRAO(Y®x)— (bOy)®(adx)

where ¢ is the braiding of £ and ¢ is the braiding of +4).
If, in addition, £ is a monoidal left A-module, then £ is called a braided monoidal
left A-module.

Example 5.7. Let 4 be a symmetric monoidal category and £ be a braided monoidal
category. If ¢ : A — 3,(£) is a symmetric oplax-monoidal functor, then £ is a
braided monoidal left 4-°P'® module with the module action ¢(—) ® —: A x £ — £.
The monoidal left A-°P'® module structure of &£ is induced by the composite functor
A = 32(L) = 31(L).

Remark 58. If (£,0: A x £ — £) is a braided monoidal left A-module, the
functor ¢ := (— © 1 &) is a symmetric monoidal functor ¢ : A — 3,(£) (see Exam-
ple 2.19). A braided monoidal left A-module £ can be equivalently defined by a
braided monoidal category £ equipped with a symmetric monoidal functor A4 —

32(L).

Proposition 5.9. Let A be a symmetric monoidal category and £ a braided monoidal
category. Let ¢ and ¢ be the braidings of A and £, respectively. If £ is also a strongly
unital monoidal left A-P™ module that is enriched in A, then the pair (¢, c) defines

oplax

a braiding structure on *£ if and only if £ is a braided monoidal left A- module.

Proof. The pair (¢, ¢) is a 2-morphism in LMod if and only if the diagram (5.1)
commutes. [

Example 5.10. Let ¢ : A — 3,(£) be a braided oplax-monoidal functor, where 4 is
a symmetric monoidal category and £ is a braided monoidal category. Then, (£, ¢) is
a monoidal left A-°P'>* module (see Example 5.7). If (£, ¢) is strongly unital and & is
enriched in 4, then the enriched monoidal category *& constructed in Example 4.18
(note that 4 = ), together with the braiding in # and &, is an enriched braided
monoidal category.

Definition 5.11. Let £ be a braided monoidal left 4-°P> module and M be a braided
monoidal left B-°P* module. Given a symmetric monoidal functor F:A—> B, a
monoidal F-lax functor F : £ — M is called a braided monoidal F-lax functor if F
is braided monoidal.

The proof of the following proposition is clear.
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Proposition 5.12. Let A, B be symmetric monoidal categories. Suppose that £ is a

oPlax ynodule that is enriched in A, and M is

strongly unital braided monoidal left A-
a strongly unital oplax braided monoidal left B-module that is enriched in B. Then,
the canonical construction gives enriched braided monoidal categories *£ and ZM.
Suppose F:A— Bisa symmetric monoidal functor and F : £ — M is a monoidal
F-lax functor. Then, F is a braided monoidal F-lax Sfunctor if and only if F, together

with F, defines an enriched braided monoidal functor 'F : *£ — 2 M.

We use ECat™ to denote the 2-category of enriched braided monoidal categories,
enriched braided monoidal functors and enriched monoidal natural transformations.
The 2-category ECat™ is symmetric monoidal with the tensor product given by the
Cartesian product and the tensor unit given by .

We define the 2-category LMod" as follows.

* The objects are pairs (+4, £), where #4 is a symmetric monoidal category and &£
is a strongly unital braided monoidal left A-°P'%* module that is enriched in 4.

* A I-morphism (4, £) — (8B, M) is a pair (13, F), where F:A— Bisa sym-
metric monoidal functor and F : £ — M is a braided monoidal F'-lax functor.

* A 2-morphism (ﬁ, F)= (@, G) is a pair (é, ), where é : F = G is a monoidal
natural transformation and £ : F = G is a monoidal £-lax natural transformation.

The horizontal/vertical composition is induced by the horizontal/vertical composi-

tion of functors and natural transformations. The 2-category LMod®™ is symmetric

monoidal with the tensor product defined by the Cartesian product and the tensor unit
given by (x, ).

Theorem 5.13. The canonical construction induces a symmetric monoidal 2-functor
LMod" — ECat™. Moreover, this 2-functor is locally isomorphic.

Proof. Let (4, £) € LMod™. By Proposition 5.9, *& is an enriched braided monoidal
category. Since the canonical construction induces a locally isomorphic 2-functor
from LMod® to ECat®, the canonical construction also defines a locally isomor-
phic 2-functor from LMod™ — ECat™ (see Propositions 5.12 and 4.26). Since the
background changing functor and the underlying functor of the enriched isomorphism
‘X,Ax,&?M AL X BM — AB) (£ x M) defined in the proof of Theorem 3.39 are both
identity functors, |y £.8 1s an enriched braided monoidal functor, then the canonical
construction 2-functor is a symmetric monoidal 2-functor by Theorem 4.27. ]

5.3. The Drinfeld center of an enriched monoidal category

In this subsection, we provide an explicit construction of enriched braided monoidal
category from an enriched monoidal category imitating the usual construction of Drin-
feld center.
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Definition 5.14. Let *!£ be an enriched monoidal category. A half-braiding for an
object x € *l£ is an A-natural isomorphism ‘ﬂ_,x :— ® x — x ® — such that the
underlying natural isomorphism B_ , is a usual half-braiding.

In other words, the half-braiding |,3_’x is a half-braiding f_ , on the underlying
monoidal category such that the following diagram commutes:

Al (y,z) — B L Ag(y ) @ AL (x,x) —2s AL (y @ x.2 ® x)

llx®l

AL (x, x) @ ML (y, 2) AL(162 1)

s

AL(By.x,1
A‘éﬁ(x@y,x@z) (By.x>1)

ALy @ x,x ®2)

Definition 5.15. Let */£ be an enriched monoidal category. Suppose x, y € Al and
B_ x. |/3_,y are half-braidings. Define an object [(x,'8_ 1), (v, |ﬂ_,y)] € 32(A) to
be the terminal one (if exists) among all pairs (a, ¢), where a € 32(+4) and ¢ : a —
Al (x, y) is a morphism in 4 such that the following diagram commutes:

|

a
§®1zl ‘Ai(l,ﬁz,y)l

Alg(x, y) ® ME(z, 2) - AexrRz,y® Z)NWI‘)A“(Z(Z ®Rx,y®z)
(5.2)

(i.e.,a ﬁ) Al (x, y) equalizes two morphisms
MEx, ) ML R X,y ®2)
for every z € *1$).

Remark 5.16. By the universal property, the morphism

[(x,1B—x). (. 'B= )] = Mt (x, )

is monic. Thus, [(x, ‘ﬂ_,x), (y, |,3_,y)] is the maximal subobject a of *l&£(x, y) in
32(«A) such that the diagram (5.2) commutes.

Definition 5.17. We say that an enriched monoidal category *&£ satisfies the E;-
center-existence condition (CEI) if

for all objects x, y € *I&£ and half-braidings |8_ . ‘,8_,),,
the object [(x, |B—x), (¥, |B—,)] exists. (CE1)
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Definition 5.18. Let *!£ be an enriched monoidal category that satisfies the condition
(CEI). Then, we define an 3, ()-enriched braided monoidal category 32T (*1&£)
as follows.
» The objects are pairs (x, |ﬁ_,x), where x € *l£ and ‘,B_,x is a half-braiding.
*  The hom objects are 32Ty (ML) ((x, 18- x), (v.1B-y)) = [(x,'B-x),

(3, 1B-3)] € 32(A).
* The composition and identity morphisms are induced by those of Al

« The monoidal structure is induced by that of */.£.

Bx,
» The braiding is given by (x,|8—) ® (v,/8-,) = (,18-,) ® (x,)B_»).
This enriched braided monoidal category 3*V\T'; (*I&£) is called the Drinfeld center
of *I&. Its underlying braided monoidal category is denoted by I'; (*£).

Remark 5.19. An ordinary monoidal category £ viewed as a §et-enriched monoidal
category **!£ always satisfies condition (CE1). Indeed, in this case, a half-braiding
IB_x : —®x — x ® — is a usual half-braiding _ , and the terminal object

[(x’ lﬂ—,x)a (y’ |IB—,y)] S 32(860 ~ Set

is the hom set 31(£L)((x, B—.x), (v, B-.»)). As a consequence 325VIT; (5 L) is pre-
cisely the usual Drinfeld center [30,53] 31(£).

Remark 5.20. This construction is different from the Drinfeld center defined in [41,
Definition 4.2]. The hom spaces of the Drinfeld center defined in [41] are maximal
subobjects in 4, not 3, (4). When # is a non-degenerate braided fusion category and
£ is an indecomposable multi-fusion left #A-module, these two definitions coincide
(see Remark 5.30). The physical meaning of the Drinfeld center defined in [41] is
given in [44, Section 4.1].

Lemma 5.21. Under the condition (CE1), the Drinfeld center 3*IT; (M £) is a well-
defined enriched braided monoidal category.

Proof. For any (x, |,8_,x) € 32 (* ) the diagram

1 18 AL (z,z) @ ME(x, x) 2, Mtz @x.z®x)

1x®12l l”"i(l:ﬂz,x)

Mg (x, x) @ ML(z, 2) T MExr®z,x® Z)ﬁw)ﬁ‘cf(z R®X,Xx®z)

commutes because both two composite morphisms are equal to 8, .. Thus, the iden-
tity morphism 1, : T — *I£(x, x) factors through [(x, !8_ ). (x.'B_0)].
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For any (x,'_ 1), (y.'B—). (z.'B—) € 3>V (*£), the diagram

(0,8, (2, B, B-), (0, 1B )] —— AL, D)L (x, y)

| | ™

ME(y, 2)ME(x, y) A wy, wz)MEwx, wy) A (x, 2)
o
l "*’l’(ﬂu;,ly'ﬂw.:)"‘i(l‘lgw.y)J/ \ l
AL yw, zw)MNE (xw, yw) —— PP — 3 MEw, zw)ME(wx, yw) """éﬁ(wx wz)
o
\ \ M;g(l Buw.z)
AL (x,z) AMe(xw, zw) —— PP — S ME(wx, zw)

commutes: the upper left rectangle commutes by definition of [(x,!8_ ). (.8, )]s
and the other subdiagrams commute due to the functoriality of |® and the associativity
of the composition. Thus, the morphism

[(5.18-3). @B @ [(x.B-0). (0. B )] = M (y.2) @ M (x.y) > M (x. 2)
factors through [(x,!B_ ). (z.!B—..)]. This shows that the identity and composition

morphisms in *!&£ induce those of 32Ty (A1),
For the monoidal structure, consider the following diagram:

[(x,18-%), (2, B- DI, B-.3), (W, B )] —— HL(x, )Ly, w) 2, AL (xy, zw)

AL (x, 2)ME(y, w) AlE(axy,azw)
'® AL, Ba.z1)
AL (Bax1.1)
AL (xy, zw) AP (xaz, yaw) ——— M (axy, zaw)
*"I(l.lﬁu‘u;)l AL Baw)
AME(xya, zwa) = AE(xay, zwa) —— ML (axy, zwa)
L1 Ba.y.1) AE(Bax1.1)

The upper quadrangle commutes by the definitions of [(x, 8 1), (z.!8_ )], the left
quadrangle commutes by the definition of [(y, ! B-.y), (w, |B_.1)]. and the lower right
rectangle is obviously commutative. It follows that the morphism

[(X, ‘ﬂ—,x)’ (Z’ lﬂ—,Z)] ® [(y’ lﬂ—,y)’ (w, ‘ﬂ—,w)]
— ME(x,2) @ Mt (y, w) e, AE(xr @y, zQw)

factors through [(x ® y, |,B_,x®y), (z ® w,!B_ 2@w)]. It is not hard to see that this
defines the monoidal structure of 32N (A g).
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Bx,
For the braiding structure, note that the morphism 1 —> *I£(x ® y,y ® x)
equalizes two morphisms £ (x ® y,y @ x) 3 M L@ ® x ® y,y ® x ® a) because

B—,y is a half-braiding in the underlying category. Therefore, 1 h ML ®y,y®
x) factors through [(x ® y, |,B_,x®y), (y ® x, |,8_,y®x)] and thus gives the braiding
morphism in 32T (A &), denoted by
Bx,
(x ® y./p-xgy) = (v ® x./B—yx).

We need to verify that this braiding | B— — is an enriched natural isomorphism, i.e., the
diagram

[Gx, B0, (2, 8- @ [, B-.1), (w, B )] —— [, B 1), (w,'B— )] ® [(x,'B- ), (z,]B-)]

|

'® [(» ®x,‘ﬂ<.v®x):(w ®Za‘ﬂf.w®z)]

l[ﬂx,y 1]
[1.8z.w]

[(x® ¥, 18- x0y), 2 @w, B -gu)] — > [(x ® ¥, '8 xgy), (W ® 2,8 we:)]
commutes, where c¢ is the braiding of +4. Since the morphism

[(x ® y, 1B xey). (W z,1B_we:)] > MEHx®y,w2)

is monic, it suffices to show that the diagram

(e, 1B=2), (2, 1B DI B y), (w, 1B )] —— ML (x, )ALy, w) —— ALy, w)HL(x, 2)

AL (x, 2)MEH, w) Aewx, wz)*L(yx, wx) — AL (yx, wz)

l”“éﬁ(l‘ﬁ;}p)""‘x(ﬁ_\.y 1)

'A‘I(ﬁ;_‘w.I)A‘I(l./sx',’m)
Exw, zw)ME(xy, xw) ———— ML (wx, zw) ML (xy, wx) AL (Bx.y.1)

'® ° /
AL Bz w)

AL (xy, zw) AE(xy, wz)

commutes. The upper left rectangle commutes by definition of [(, ! B-y). (w, ! B-w)l,
the lower right pentagon and the lower middle triangle commute due to the asso-
ciativity of the composition o, and the other two subdiagrams commtes due to the
functoriality of |®. Hence, we conclude that 32T (*1£) is a well-defined enriched
braided monoidal category. ]

Remark 5.22. Let *& be an enriched monoidal category that satisfies the condition
(CE1). The forgetful functor ‘f : B2 (Al £) — AL is an enriched monoidal functor
whose background changing functor is the inclusion 3, (4) — .
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Proposition 5.23. The underlying category Ty (*£) is a full subcategory of 31(&L).

Proof. Suppose (x, ‘ﬁ_,x), (y, |,8_,y) € 3213, (Al£). By definition we have

(0, )B-x). (0. 'B-y) € 31 (D).

It suffices to show that

32 (A) L [(x, B x), (0 1B-3)]) = 31DV, B-2). (v, B-»))-

By the universal property, the left-hand side is isomorphic to the set of morphisms
f 1 — *l£(x, y) rendering the following diagram commutative for every z € *I£.

Z I
1— 8 MGy Eky) 2t ox®y)

f®lzl l“‘"'ef(l,ﬁz,y)

Alg(x,y) @ MeL(z, 2) T ez, y® Z)Aw;*lx(z Rx,YQ2)

It means that the equation

ﬂz,y o(1;® f)=(f®1;) 0B x

holds in the underlying category &£. In other words, f is exactly a morphism f :
(x,B—x) = (y.B-,y) in the Drinfeld center 3;(&£). ]

Remark 5.24. An ordinary monoidal category &£ viewed as a § et-enriched monoidal
category always satisfies the condition (CE1). Indeed, in this case an enriched half-
braiding (x, |,B_,x) is simply an ordinary half-braiding (x, B— x) € 31(£), and the
hom object [(x,!B_ ). (.=, ¥)] € 32(Set) = Set is the hom set 31 (L)((x, B_ ).
(v, B-.y)). As a conclusion, the Drinfeld center 325V Ty (5¢U) is precisely the ordi-
nary Drinfeld center 31 (£).

In the rest of this subsection, we compute the Drinfeld center of an enriched
monoidal category © M obtained via the canonical construction from the pair (€, M) €
LMod® such that M is a monoidal left €-module defined by a braided monoidal
functor (recall Remark 4.16)

@€ — 31 (M).

It is straightforward to see that an enriched half-braiding (x, ! B—.x) is precisely an
object (x, B— x) in 31 (M) transparent to ¢(c) € 31(M) for all ¢ € €, i.e., an object
in 35(¢), which denotes the Miiger centralizer of € in 31 (M) via ¢. This Miiger cen-
tralizer 3, (¢) is also called the relative Drinfeld center of M. Note that the composite

functor 3,(€) — e 31(M) factors through 3, (€) i 32(¢) = 31(M). More-
over, the image of ¢ is contained in the Miiger center 32(32(¢)) of 32(¢). Thus,
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32(p) is a braided monoidal left 3,(€)-module with the braided module structure
defined by ¢ : 32(€) — 32(32(¢)).

Lemma 5.25. Let € be a braided monoidal category and M be a monoidal left €-
module that is enriched in €. Assume that the monoidal left €-module structure of M
is defined by a braided monoidal functor ¢ : € — 31(M). Then, the enriched braided
monoidal category € M satisfies the condition (CE1) if and only if 32(¢) is enriched
in 32(€). Moreover; in this case the object [(x,'B_ ). (¥, |f3_’y)] is precisely the
internal hom in 3,(€).

Proof. Tt is enough to show that [(x,!B_ ). (¥, |,B_,y)] satisfies the same universal
property as the internal hom in 3,(€). Given an object a € 3,(€) and a morphism
¢ :a — [x, y]e, we can define a morphism ¢ : ¢°(a) ® x — y in M by

£i= (0@ ®x Z2% oo (v, yle) @ x 25 ).

Conversely, we have

coevx

£ = (a2 [x.0%@) ® xle —> [x. yle).

It is routine to check that ¢ renders the diagram (5.2) commutative if and only if the
following diagram commutes:

Z®<p°(a)®x%<p°(a)®z®x%<pc(a)®x®z

18¢ t®1
Bz.
zZQYy ’ Y&z
(ie., E is a morphismf ta O (x, |,3_,x) — (y, ‘ﬂ—,y) in 32(¢)). u

Corollary 5.26. Let € be a braided monoidal category and M be a monoidal left
€-module that is enriched in €. Assume that the monoidal left €-module structure of
M is defined by a braided monoidal functor ¢ : € — 31(M). If 32(¢) is enriched in
32(€), we have

32(€)|F1(€,M) = 32(5)32(¢)_

5.4. The E1-centers of enriched monoidal categories in ECat

In this subsection we prove that the Drinfeld center of an enriched monoidal category
is the E-center in ECat.
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Let €IM be an enriched monoidal category that satisfies the condition (CEI).
Then, the Drinfeld center 32(©/T"; (Y. M) is a well-defined enriched braided monoidal
category.

Suppose *|&£ is an enriched monoidal category. A left unital action of £ on €M
is an enriched monoidal functor |® and an enriched monoidal natural isomorphism h
as depicted in the following diagram:

Alg x Clm

T \ (5.3)

* x €M WY

Example 5.27. There is an obvious left unital action of Drinfeld center 32(8)‘I‘1 (ElgM )
on €IM:
32O (Clp) x CIm

Mx1 l®
v
* x CIm CIm

The enriched monoidal functor '® = '® o (If x 1), where If : 32©IT; (CIM) — Clu
is the forgetful functor (see Remark 5.22). The monoidal structure of l® is induced

by the braided monoidal structure of 3,(€) x € — € and the monoidal structure
of 31(M) x M — M (recall that T';(€IM) is a full subcategory of 3;(-M)). The
background changing natural transformation of v is given by the left unitor of € and
the underlying natural transformation of v is given by the left unitor of M.

Theorem 5.28. The Drinfeld center is the E1-center in ECat, i.e., we have an equiv-
alence of enriched braided monoidal categories 31 (€' M) ~ 32©IT; (CIlu).

Proof. Suppose (‘@, ) is a left unital action of an enriched monoidal category Al on
CIM as depicted in the diagram (5.3). First we show that there is an enriched monoidal
functor | P : Mg — 32©I; (Cly0) and an enriched monoidal natural isomorphism lp
such that the following pasting diagrams:

3O, (CIpm) x CIm

3201, (??IM) x Sl pm

| ®
I <l
uPoxl'Alf % ‘G\M U"p — IxTe ®
/ U/Iv

|
© ¢ x CIM ———— Cly

% x CIM €Iy

5.4)
are equal.
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« Since the underlying functor © of |® is a monoidal functor, for any x € *l£, the
natural isomorphism

Uy, ®1
Bmx M (xOLly) ——> LlegOm(xOLy) 2x0Om
1® m
>x0ly)® (e @m)—u>(x®]lM)®m

is a half-braiding on x © 14 € 31 (M) (see Example 2.19). It is clear that |B_ , is
a €-natural isomorphism because it is the composition of 2-isomorphisms in ECat
and the background changing natural transformation is identity. Hence, x ® 1 ¢
together with |,3_,x is an object in 32Ty (!IM). Then, we define an enriched
monoidal functor |P : Al — 32O, (Cly) as follows.
— The background changing functor Pis given by — © Te : A — 32(€), which

is a braided monoidal functor (see Example 2.19).
— The object P(x) € 32T (°I.0) is defined by the object x © 1 4 together

with the half-braiding |B_ .
— The morphism P, , : *£(x, y) © Te — [P(x), P(y)] is induced by the

morphism

. 101 R |
A (x,y) O Te ——25 AL (x, y) & M Dpr. Lpg) —> EMEx © L pry © Lpe)

and the universal property of [P(x), P(y)]. In other words, | P x,y 1s the unique
morphism rendering the following diagram:

AP (x.y) & Tp 0 [P(x). P(y)]

llél]w

~ |
ML, ) O CM T, T ae) —2— CM(x © Ty, y © 1y

commutative.
— The monoidal structure is induced by that of lo}

* The enriched monoidal natural isomorphism |p Jl@o (P x1)=lois defined
by the background changing natural transformation

A A A 1eng! R . R ~ .
Pac:(@OLle) ®c ——> (@O Le) @ (Ly Oc) >aOc
and the underlying natural transformation

1Qu;,! ~
Prm s (X O L) ®@m — (x O ly) ® (lg Om) = x Om.

It is not hard to check that equation (5.4) holds.
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Let (!0;,!pi), i = 1,2, be two pairs such that the similar equations as depicted by
(5.4) hold. We only need to show that there exists a unique enriched monoidal natural
isomorphism lo : 101 = Q5 such that

3200 (Clp) x CIm 32O (Clp) x Clm
l®
‘QIXI(P:’BQZXI h = ‘QIXIT wpl (55)
Alg xfIM—> Alg xtfwaw

Since 32(T) is the Eo-center of € in Alg g, (Cat) (see Example 2.19), there exists
a unique monoidal natural isomorphism & : Q1 = Q5 such that

32(€) x € 5 32(€) x € 5
lel< >Q2xm = lelT m

Define o, : Te — [Q1(a), Q2(a)] to be the unique morphism rendering the following
diagram:

Qq

Le [Q1(a), Q2(a)]

(025 o) @) l
CM(Q1(a) ® Ty, Q2(a) ® Ly) —— “IM(Q1(a), Q2(a))

commutative. Then, the enriched natural isomorphism o define by (&, {o}) is the
unique enriched natural isomorphism such that the equation (5.5) holds.

It is routine to check that the braiding structure of 32Ol (CIM) coincides with
the E,-algebra structure of the E,-center of ©/.M in ECat induced from the universal
property. n

Combining Corollary 5.26 and Theorem 5.28, we obtain the following corollary.

Corollary 5.29. Let € be a braided monoidal category and M a strongly unital
monoidal left €-module that is enriched in €. If M satisfies the condition (CE1),
we have

31(CM) = 335 (p).

Remark 5.30. Corollary 5.29 has important applications in physics. When € is a
non-degenerate braided fusion category and M is an indecomposable multi-fusion
left €-module defined by a braided monoidal functor ¢ : € — 31 (M) [40], the con-
dition (CE1) is satisfied automatically. In this case, we obtain 3; (€M) =~ 3,(¢). This
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recovers [41, Corollary 5.4]. This result has important applications in the theory of
gapless boundaries of 2+1D topological orders [42—44]. Moreover, for an indecom-
posable multi-fusion category «+ and a finite semisimple left A-module &£, then we
have

31(30(*L)) =~ k,

i.e., the center of a center is trivial. This is the mathematical manifestation of a phys-
ical fact: “the bulk of a bulk is trivial”.

6. Enriched symmetric monoidal categories

In this section, we study enriched symmetric monoidal categories, canonical construc-
tion and the E;-centers of enriched braided monoidal categories.

6.1. Definitions and canonical construction

In this subsection, we provide the definition and canonical construction of enriched
symmetric monoidal categories.

Definition 6.1. An enriched braided monoidal category Al is called an enriched
symmetric monoidal category if the underlying braided monoidal category £ is sym-
metric.

Definition 6.2. An enriched braided monoidal functor | F: *l£ — ®lM between two
enriched symmetric monoidal categories **!&£ and #|.M is also called an enriched sym-
metric monoidal functor.

Definition 6.3. Let -+ be a symmetric monoidal category and £ be a braided monoid-
al left A-°P'> module. If £ is symmetric, we say £ is a symmetric monoidal left
A-PIX module.

Definition 6.4. A braided monoidal F-lax functor F: £ — M between two symmet-
ric monoidal categories &£ and M is also called a symmetric monoidal F-lax functor.

Let ECat™™ be a symmetric monoidal full sub-2-category of ECat™ consisting of
enriched symmetric monoidal categories. Let LMod™™ be the symmetric monoidal
full sub-2-category of LMod®™ consisting of pairs (4, &) such that £ is strongly unital
symmetric monoidal left A-°P12*

of Theorem 5.13.

module that is enriched in 4. We obtain a corollary

Corollary 6.5. The canonical construction induces a symmetric monoidal 2-functor
LMod®™ — ECat™"™. Moreover, this 2-functor is locally isomorphic.

Proof. Let (A, £) € LMod™. Then, *£ is an enriched monoidal category if and only
if £ is a symmetric monoidal left #4-°" module. Then, Theorem 5.13 implies that the
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canonical construction induces a locally isomorphic symmetric monoidal 2-functor
from LMod™™ to ECat™™. (]

Definition 6.6. Let *!£ be an enriched braided monoidal category. The Miiger center
A, (A£) of *I£ is defined by the subcategory of | consisting of the transparent
objects in &£ and the same hom spaces as those in */£ (i.e., 2T (M £) = *13,(L)).

Remark 6.7. The Miiger center */T, (**£) of a Set-enriched braided monoidal cat-
egory S & is precisely the usual Miiger center 3,(£) [58] of the braided monoidal
category L.

Theorem 6.8. Let A be a symmetric monoidal category and £ be a braided monoidal
left A-module that is enriched in A. Then, 31(£) is also enriched in A and we have
Ay (*g) = *3a2(2).

6.2. The E,-centers of enriched braided monoidal categories in ECat

In this subsection we prove that the Miiger center €T’ (/M) of an enriched braided
monoidal category €M is its E,-center in ECat.

Suppose /& is an enriched braided monoidal category. A left unital action of *!£
on €M is an enriched braided monoidal functor |® and an enriched monoidal natural
isomorphism i as depicted in the following diagram:

€l x CIm

* x Sl M CIm

Example 6.9. There is an obvious left unital action of the Miiger center e, (fch)
on €IM:
CIr, (CIM) x EIm

1x1 I®
Yo
‘(flM ‘(flM

The enriched braided monoidal functor |® is given by the tensor product of /M. The

* X

background changing natural isomorphism of v is given by the left unitor of € and
the underlying natural isomorphism of v is given by the left unitor of M.

Theorem 6.10. The Miiger center €'T5(CIM) is the E,-center of ©' M in ECat.

Proof. Suppose (o, ‘u) is a left unital action of an enriched braided monoidal cat-
egory €1 on €IM as depicted in the diagram (6.1). First we show that there is an
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enriched braided monoidal functor 'P: €l — €I, (€|M) and an enriched monoidal
natural isomorphism | p such that the following pasting diagrams:

EIr, (CIM) x Elm

Ty Pty ® EIrs (Gl x

|
UPOXlgli x ‘C\M U‘p — M Te U/I \@;
., [0} !
/\U'lu \ *xf‘M—>€‘=M
€|

M
(6.2)

* x EIM

are equal.

«  Since the underlying functor ® of !® is a braided monoidal functor, x © 1y €
35(M) is transparent for any x € /& (see Example 2.19). Then, we define an
enriched monoidal functor | P: ¢/& — €I, (CIM) by | P :=(—©1 4 ). More explic-
itly:

— the background changing functor Pis givenby — © 1¢: & — €;
— the object P(x) € /T (YIM) is defined by the object x © 1y € 32(M);

— the morphism [P ,: €1£(x, y) © Te — EIM(P(x), P()) is induced by the
morphism

. 101, . |
€ (x,y) O Te —25 ELL(x, 1) O FMT . Ta) —> EM(x © Tpg, y © Lpg).

— the braided monoidal structure is induced by that of lo}

* The enriched monoidal natural isomorphism ! Jox l® o (1P x 1) = o is defined by
the background changing natural transformation

. ~ .~ 1®ug! . N A ~ N
Pac:(@Ole)®@c ——> (@O Lle)®(LpyOc) >abc

and the underlying natural transformation

1®u;,1 ~
Prm (X OLy)@m —— (x O 1ly) ® (Ig ©m) — x ©m.

It is not hard to check that equation (6.2) holds.

Let (| 0, | 0i), I = 1,2, be two pairs such that the similar equations as depicted by
(6.2) hold. We only need to show that there exists a unique enriched monoidal natural
isomorphism lo: Q1 = 10, such that

CIr, (ClM) x © EIr, (CIM) x ©

M
wglx.@ﬁglew\ _ ‘QmT o N 63)

8'$x%4—> Slgﬁx‘fwT‘fw
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Since € itself is the Eo-center of € in Algg, (Cat) (see Example 2.19), there
exists a unique monoidal natural isomorphism &: Q1 = Q5 such that

€Ext €x¢€ %
(B, = ee]
8x‘€—>‘€ 8x€—>€
Define
(oD)a.1 (02)7

aa = (010@) ~ 01(@) @1y ——>a O 1 — Q(a) ® 1 =~ Q1(a)).

Then, the enriched natural isomorphism o define by (&, {4 }) is the unique enriched
natural isomorphism such that the equation (6.3) holds. ]

By Theorem 6.8, we obtain the following corollary.

Corollary 6.11. Let A be a symmetric monoidal category and £ be a braided mo-
noidal left A-module that is enriched in A. Then, we have 3,(*£) = *3,(L).

Example 6.12. Let & be a symmetric fusion category, i.e., & = Rep(G) or Rep(G, z)
for a finite group G. Then, the canonical construction ¢& is an example of enriched
symmetric monoidal category. We have 3,(6€) ~ €¢.

Remark 6.13. When 4 is a non-degenerate braided fusion category and £ is an
indecomposable multi-fusion left A-module [40], we have 3,(3; (* %)) ~ k.

Remark 6.14. In this work, we compute the E,-centers of E,-monoidal enriched
categories for n = 0, 1, 2. These results should generalize to much more general con-
text, for example, for enriched E,-monoidal higher categories (see [45, Section 5.2]).
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