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Estimation of non-uniqueness and short-time asymptotic
expansions for Navier-Stokes flows

Zachary Bradshaw and Patrick Phelps

Abstract. There is considerable evidence that solutions to the three-dimensional Navier—Stokes
equations in the natural energy space are not unique. Assuming this is the case, it becomes important
to quantify how non-uniqueness evolves. In this paper we provide an algebraic estimate for how
rapidly two possibly non-unique solutions can separate over a compact spatial region in which the
initial data has sub-critical regularity. Outside of this compact region, the data is only assumed to
be in the scaling critical weak Lebesgue space and can be large. To establish this upper bound on
the separation rate, we develop a new spatially local, short-time asymptotic expansion which is of
independent interest.

1. Introduction

The Navier—Stokes equations,
oju—Au+u-Vu+Vp=0, V-u=0, (1.1)

govern the evolution of a viscous incompressible flow’s velocity field u and its associated
scalar pressure p. The system is supplemented with a divergence-free initial datum u.
We consider the problem on R3 x (0,T), where 0 < T < oco. A foundational mathemati-
cal treatment of the problem was given by Leray [38], where global weak solutions were
constructed for finite energy data. Solutions with the properties of those constructed by
Leray are referred to as Leray weak solutions. Recent work suggests that uniqueness does
not hold in the class of Leray weak solutions. Indeed, non-uniqueness has been affirmed in
weaker classes than the Leray class [14] and within the Leray class for the forced Navier—
Stokes equations [2]. Within the Leray class and with no forcing, a research program
of Jia and Sverdk [27, 28] and the numerical work of Guillod and Sverdk [25] support
non-uniqueness. This program proposes non-uniqueness in a class of solutions with large
L3 data and then truncates the conjectured solutions to give non-unique Leray—Hopf
solutions. We presently consider solutions in this critical space and give a precise defini-
tion below.
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While the evidence suggests non-uniqueness, there is no clear picture of how non-
uniqueness would evolve. In this note, we take the view that solutions are not unique and
seek to quantify how rapidly distinct solutions can separate as they evolve from a shared
initial state. In particular, we are interested in the following question:

How can non-uniqueness be quantified in terms of local properties of the initial
data?

To answer this question, we seek conditions so that, given some divergence-free 1, ball
B, positive exponent o, time 7" > 0, and weak solutions #; and u, to (1.1) both evolving
from uq, we have

1 — uzllLoemy (t) <17

forall 0 < ¢t < T. We refer to bounds like the above as an “estimation of non-uniqueness”
and the right-hand side as a “separation rate.”

A preliminary perspective on this question follows from the local smoothing of Jia
and Sversk [27]. Local smoothing says that, if ug is sufficiently regular in a ball B, then
a solution u remains regular on B’ x [0, T] for some T > 0, where B’ € B. This can
be viewed as saying that the non-local effects of the pressure are not strong enough to
overcome the local regularity of the data. Local regularity is proven in [27] by showing
that, for solutions in the local Leray class,' if ug|p € L?(B) for some 3 < p < oo and
U is the strong solution to the Navier—Stokes equations with initial data a divergence-
free localization of u( to B, then the difference u — U is in the parabolic Holder space
Cpr(B’ x [0, T]), where y = y(p) € (0, 1). This space is endowed with the seminorm

egsxior = Uleregomiemy T Uleqomcr @y

Let us point out that, given the parabolic scaling of (1.1), the exponent for the time variable
is y/2. Since U is uniquely determined by u¢, this implies that, for possibly distinct
solutions #; and u, with the same data u, we have

Y
lur —uzllpoy(t) < llur — Ullpoogn(t) + IU —uz|lpopy(t) St2. (1.2)
Since y/2 < 1, the derivative of the right-hand side blows up as ¢ — 07, allowing rapid
separation.
A stronger separation rate is identified for discretely self-similar (DSS) solutions,
i.e. solutions satisfying u*(x,¢) := Au(Ax, A%t), for some A > 1, with data in LP (R3\

{0}) for 3 < p < coin [7]. There, due to the global scaling properties of the solution,

Njw

t
luy —uz|(x,1) § ——F=—

(x| + v+

IThis is a more general class than the Leray class and was introduced by Lemarié-Rieusset. See [37]
and the later papers [9,27,30,32,36] for useful properties. Local Leray solutions are sometimes referred to
as local energy solutions.



Non-uniqueness and short-time asymptotic expansions for Navier—Stokes flows 879

outside of a space-time paraboloid, i.e. in the region |x| > Ro+/7, for some Rg > 0. Away
from x = 0, this gives the separation rate #3/2, which is stronger than (1.2) for t < 1.
Although we do not have a proof, we expect the rate #3/2 is optimal because it arises in [7]
from pointwise bounds for gradients of the Oseen tensor [41] which seem unavoidable.
The solutions in [7] have a great deal of structure due to their assumed scaling invariance
and it is natural to seek separation rates under relaxed conditions.

In this paper, with no scaling assumptions we almost recover the separation rate 13/2,
which was obtained for DSS solutions in [7]. We take our initial data to be in L3> (R3),
which coincides with the weak Lebesgue space L3 and is a Lorentz space.” If, addition-
ally, ug|p € L?(B) for a ball B and some 3 < p < oo, then we show there exists a time
T > 0 so that, for any 0 < 3/2, any two weak solutions #; and u; in a certain class satisfy

luyr —uzllpoomr(t) < t°,

where B’ € B and 0 < ¢t < T. This class of initial data is motivated by a natural type-I
blow-up scenario wherein a strong solution u defined on R3 x (—1, 0) satisfying

lu(x,1)] <

1
|x| 4+ ~/—t

develops a singularity at the space-time origin. The singular profile would satisfy
lu(x,0)] < |x|™t e L3,

Because uniqueness is not expected for large L3> data, upon singularity formation the
solution might branch into distinct flows. In this scenario, our theorem provides an upper
bound on how fast the branching solutions can separate away from the singularity. Addi-
tionally, the initial data in [7] is only locally critical at the origin; it is locally sub-critical®
everywhere else. In our theorem, the only sub-critical assumption is within the ball B; the
data can have L3* singularities anywhere else.

Before stating our result we define the class of solutions we have in mind, which
was originally developed by Barker, Seregin, and Sverdk [6] and extends ideas in [40].
This notion of solution has since been extended to non-endpoint critical Besov spaces of
negative smoothness [1].

213 includes all the DSS data considered in [7]. It is important in the analysis of the Navier—Stokes
equations as an endpoint space, where many desirable features such as regularity or uniqueness are not
known to hold. For example, there is a time-local unique strong solution when uq is possibly large in L3
[31], but this is unknown in the larger space L. It is a critical space in that it is scaling invariant with
respect to the scaling of (1.1).

3We say the space X is sub-critical if |uo|x = A%|lu}|lx, where @ > 0. Examples of sub-critical
spaces are L? for p € (3, oo]. Typically, inclusion in sub-critical spaces controls small scales and leads to
regularity. For super-critical spaces, o < 0 and small scales are typically not controlled. For critical spaces,
small scales are usually controlled to an extent when C® is dense in the space. Critical spaces where this
fails, like 1.3:°°, are sometimes referred to as ultra-critical.
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Definition 1.1 (Weak L3*°-solutions). Let 7" > 0 be finite. Assume 1y € L3> is diver-
gence-free. We say that u and an associated pressure p comprise a weak L3*°-solution
if

* (u, p) satisfies (1.1) distributionally,

» u satisfies the local energy inequality of Scheffer [39] and Caffarelli, Kohn, and Niren-
berg [15], i.e. for all non-negative ¢ € CZ°(R> x (0, T]) and 0 < ¢ < T, we have

/¢(x,t)|u(x,t)|2dx+2/t/ |Vu|*¢ dx dt
0

t t
2 2 .
S/O /|u| (8,¢+A¢)dxdt+/o /(|u| +2p)(u-V¢)dxdt,

+ forevery w € L2, the following function is continuous on [0, T,

t—>/w(x)~u(x,t)dx,

o il 1= u — e'Pug satisfies, for all t € (0, T),

O<s<t

t
sup i)+ [ 1Vl 0)ds < o,
and
t t
||ﬁ||iz(t)+2/ /|Vﬁ|2dxds§2/ f(eSAu0®ﬁ+eSAu0®eSAuo):Vﬁdxds.
0 0

In particular, [|i]|7,(r) - Oast — 0F.

In [6], weak solutions are constructed which satisfy the above definition for all 7 > 0.
Also, due to their spatial decay, weak L3*-solutions are mild,* which means they satisfy
the formula

u(x,t) = ePug — Bu,u),

where PP is the Leray projection operator and

B9 | ey (Lregtew )

which is symmetric.
An important observation in [6] is that the non-linear part of a weak L>°-solution
satisfies a dimensionless energy estimate, namely

, ;
sup ||ﬁ||Lz(s)+(/ ||va||i2(s>ds) Sun 1, (1.3)
0

O<s<t

4 Although this can be proved directly, it also follows from [10] or [37, p. 109].
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We emphasize that the energy associated with i vanishes at + = 0. This decay property
will be essential in our work. It appeared earlier in the a priori estimates of the weak
discretely self-similar solutions constructed in [8] as well as [40], which is the precursor
to [6]. It is used in the Calderdn-type splitting (see [16]) construction in [6] to deplete a
time singularity. In [1], it is established in Besov spaces with e?®u replaced by higher
Picard iterates, which are defined below.

As pointed out in [6], (1.3) can be viewed as an estimate on the separation rate of two
weak [.3*°-golutions since, denoting two such solutions with the same data by ©; and u,,
we have

ey = wall2 () < i 2 () + lall2 () < ¢5.

Notably, this is a global estimate. For data in L.3:*°, global estimates are confined to super-
critical norms since we do not expect # to be in a stronger space than u—indeed, any
singularity at a positive time is carried by i not by e’“ug. Such singularities can pos-
sibly occur at arbitrarily small times. Therefore, if we seek a finer estimate (i.e. using
a sub-critical norm) on the separation of the flows using the reasoning above, it should
be confined to a local region where local smoothing holds, e.g. where the initial data is
sub-critical. The following theorem provides such an estimate.

Theorem 1.2 (Estimation of non-uniqueness). Assume ug € L>% and is divergence-free.
Fix xo € R3. Assume that ug|p € L?(B), where B = B»(x¢) and p € (3,00). Let uy and
Uy be weak L3-solutions with data ug. Then there exists T = T (p,ug) > 0 so that, for
everyo € (0,3/2) andt € (0, T),

1 — w2l Loo(B, 14 x0)) (1) Spiouo 17

where the dependence on uy is via the quantities ||uo||Lr () and |[uo|| 3.0

Insofar as non-uniqueness in the Leray class is concerned, if ugy € L? N L3, then
any weak L3*-solution is also a Leray weak solution as discussed in [6]. Hence our result
applies to a subset of the Leray class.

Theorem 1.2 is a corollary of the following theorem, the proof of which constitutes
the bulk of this paper. Before stating the theorem, we recall the definition of Picard
iterates. Let Py = Py(ug) = e’®uo and define the kth Picard iterate to be Py = Py —
B(Py—1, Pr—1). Classically, the Picard iterates converge to a solution to (1.1) whenever
(1.1) can be viewed as a perturbation of the heat equation. This is not the case for large
L3 data, so we do not expect convergence of Py to u when u is a weak L3*-solution.
Nonetheless, the Picard iterates do capture some asymptotics at ¢ = 0 of weak L3%-
solutions, which is the point of the following theorem.

Theorem 1.3 (Local asymptotic expansion). Assume ug € L3 and is divergence-free.
Fix xo € R3 and p € (3, oc]. Assume further that ug|p € L?(B), where B = B>(xo).
Then there existy = y(p) € (0,1) and T = T (p, ||uoll3.0, |uollLr(B)) > O so that, for
anyo € (0,3/2),t € (0,T),andk =0, 1,..., ko,

U — PrllLoo(B, 4000 () Spog.ok 15,



Z. Bradshaw and P. Phelps 882

where ag = min{y/2,1/2 —3/(2p)}, ax+1 = min{o, k(1/2 —3/(2p)) + ao}, and k¢ is

the smallest natural number so that

K (1 3 )+ -
- — — a 0.
ol 2 0=
In particular, ax, = o and ay > ax—y for k =1,..., ko. It follows that, for (x,t) €

Bij4(x0) x (0, T), and letting a_y = —3/(2p), we have

ko—1 ko
u(x.)=Po+ Y O@™) +00°) = Y 0@™),
k=0 k=—1

where the O (t%k) terms are exactly solvable for —1 < k < k.

Note that Theorems 1.2 and 1.3 can be extended by replacing Bj,4(xo) with B,(xo)
for any p < 2 via rescaling and a covering argument. In this extension 7' degrades as p
approaches 2.

Short-time asymptotic expansions have been examined by Brandolese for small self-
similar flows [11] and by Brandolese and Vigneron for both small (in which case the
expansion holds for all times) and large (in which case the data is globally sub-critical and
the expansion is up to a finite time) non-self-similar flows [13]. A follow-up paper by Bae
and Brandolese considers the forced Navier—Stokes equations [3]. In [34], Kukavica and
Ries give an expansion in arbitrarily many terms assuming the solution is smooth. In all of
the preceding papers, either the initial data is strong enough to generate smooth solutions
(e.g. it is in a sub-critical class or is small in a critical class) or the solution is assumed to
be smooth. Additionally, the terms of the asymptotic expansions depend on u.

The novelty of Theorem 1.3 is that it establishes time asymptotics without any scal-
ing assumption (cf. [7]) or requirements implying global regularity on the relevant time
domain (cf. [3, 11, 13,34]). The asymptotics depend only on uy—they are independent of
u, which is necessary for Theorem 1.2. Because ours is a spatially local expansion, spatial
asymptotics are not relevant.

Remark 1.4. If we take |uo|(x) < |x|!, then, by a rescaling argument, it is possible to
show that, forany 0 < o < 3/2 and x # 0,

g

[ — Prol(x.1) < ot

where 0 < ¢ < |x|2. This almost reaches the #3/2/|x|* asymptotic bounds established for
discretely self-similar solutions in [7].

Long-time asymptotic expansions have also been studied extensively; see e.g. [20,21,
24,26], the review article [12], and the references therein. The spatial asymptotics for the
stationary problem have also been studied; see e.g. [33] and the references therein.

With Theorem 1.3 in hand, we quickly prove Theorem 1.2.
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Proof of Theorem 1.2. Suppose 1 and u, are weak L3*°-solutions with data u¢. By The-
orem 1.3, we have fori = 1, 2 that

i = PicyllLoo(B, 14 (o)) (1) Spouo 17

for all 0 < ¢t < T. By the uniqueness of Picard iterates, we infer

1 —uzllLoo(Byon @) = 1 — PigllLoe(By 400 (1) + U2 — PiyllLoo(By 4 (xo)) (1)
< Il
~D,0,Uuo

forallO0 <t <T. |

Discussion of the proof: By local smoothing [27], it is not difficult to show that
Y
[ = PollLoo(B, ), xon (@) S 12,
for some y = y(p) € (0, 1) and across some time interval. Our main insight is that this
bound improves when Py is replaced by higher Picard iterates, a consequence of the self-
improvement property of Picard iterates which has been used elsewhere, e.g. [1, 11,23].
To see how this works, we note that

u—Pk_H =—B(u—Pk,u—Pk)—ZB(Pk,M—Pk). (1.4)

Each term on the right-hand side locally has an algebraic decay rate at ¢+ = 0. The product
structure and the time integral in the bilinear operator B( f, g) leads to an improved alge-
braic decay rate for the left-hand side compared to that for u — Pj. This improvement is
only local. The far-field contributions to the flow are managed using a new a priori bound
for weak L3-°°-solutions—see Corollary 2.3. The properties of weak L3°°-solutions [1,6]
are used critically throughout.

Organization: In Section 2, we establish several key lemmas, most importantly the
extension of the decay property (1.3) to other space-time Lebesgue norms. We also estab-
lish some elementary properties of Picard iterates. Section 3 contains the proof of Theo-
rem 1.3.

Remark 1.5. It is worth mentioning that, for the Euler equations, Vasseur and Yang have
explored separation rates for the energy [43] and Drivas, Elgindi, and La have explored
rates in Gevrey spaces [18].

2. Preliminaries

In this section we prove new a priori bounds for weak L3°°-solutions. See Lemmas 2.1
and 2.2. We then establish a property of Picard iterates in Lemma 2.5.

Due to scaling considerations, one predicts that if the energy-level quantities on the
left-hand side of (1.3) are replaced by lower Lebesgue or Lorentz norms, then the exponent
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on the right-hand side will increase to preserve the scaling of the inequality. With our
application in mind, it is natural to ask whether the following dimensionless estimate
holds:
sup fJu = Pell 3. () 5 2.
O<s<t

This estimate is motivated by the L3/2:1—[3:°° duality pairing and, looking forward,
would improve the estimate (3.4) and allow us to achieve the separation rate 3/ in our
main theorem. There are barriers to establishing the above decay rate, but nearby rates
are within reach as the next two lemmas show. In the lemmas, we replace u — P with
terms from (1.4). The proofs of the lemmas also illustrate the barriers to getting the above
estimate in L3/21. Once we move away from the exponent 3/2, it is sufficient to consider
Lebesgue norms instead of Lorentz norms.

Lemma 2.1. Fixq € (3/2,3), T > 0, and k € Ny. Assume ug € L3 and is divergence-

ree. Let u be a wea "X _solution with initial data uy. Then, letting r = %,
Letu b k L3°°-solut th initial dat Then, letting 22‘13

1
B — Pr.u— P)llLro,7;001) Skoguo T2

The above estimate is dimensionless. By Lorentz space embeddings we trivially infer
1
|B(u — Pr,u— Pk)”L’(O,T;Lq,ﬂ) Skiquo T2

for every § € (1, 00]. This includes L™ (0, T'; L?) when B = ¢. In our application, we will
only use the L version of this. However, the proof for the full scale of Lorentz spaces is
no harder and we therefore include it in case it is useful elsewhere.

Proof of Lemma 2.1. By Yamazaki [44, Theorem 2.2],

t
1
1Bt — Peost — Po)llgas < / L= Pl (s) ds
0

(t—s)2
t 1 )
5/ —— llu — Pl 24.2(5) ds. 2.
0 (t—s)2

Recall the extension of the Gagliardo—Nirenberg inequality to the Lorentz scale [17,
Corollary 2.2] which states

£ lzss Spap IF12aalV 120, 2.2)

for § > 0 and
1 0 1 1
—==-4+0=-0)(=-=2),
F; q+( )<2 3)

where 1 <§ < p<ooand3/2—3/p < 1.Let p =2q and g = 2. These satisfy the above
conditions because ¢ < 3. Then 6 is given by

3 1

2g 2
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and, provided 1 < g < 3, the other conditions above are met. To summarize,

I f 202 Sq 1A 1720 IV U127 Zq 1A 17209 1127

where we used the continuous embedding L? C L. Returning to our main estimate,
this gives

t
1 —0
B — Pr.u— Pi)llpar(t) <4 / ﬁ””_Pk”igz”V(u Pk)||2(1 ) ds
0 —5)2

6 ! 1 -0
kg 1 [ o Iv e PO ds

where we used the fact that (1.3) applies also to u — Py as a consequence of [1, Lemma
2.2],> in which case the suppressed constant accrues a dependence on k. Note that for
te(0,7),

4 1 _ 1
[ IV - PYIS P ds = / —— V@ = PO () 10, (5) ds,
0 (t—ys)2 R |1 —s|2

and the right-hand side can be viewed as I%(||V(u Pk)||2(l G)X(O,T)), where I% is a
Riesz potential in one dimension. The Hardy-Littlewood—Sobolev inequality states that

“I%HV(M Pk)||2(1 G)X(OT)}

2(1-6)
L™ (R) <r || ||V(M - Pk)” ( X(O,T)|LF(]R)7

where

S| o=
|
N =

1
r

The selection
- 1 2
r = r =
1-6’ 1-26’

is valid for the Hardy-Littlewood—Sobolev inequality provided 3/2 < ¢.° Letting r =

% and putting the above observations together leads to

2 2(1-6)
B — Pr.u— Pi)llLr0,1;001) Skaguo T2 H V(= Po)ll;> ( X(o,T) “L;(R)
0 2
Skawo THIV0 = PO 720 12,
Skguo T3TH = T3, 2.3)

where we used the extension of (1.3) to u — Py again. [

SWe will use the fact several times and presently elaborate on how it follows from [1, Lemma 2.2].
The bounds [1, (2.36)—(2.39)] allow us to extend (1.3) to u — Py for k > 0. Note that ||V(Pry1 —
Pllzco,1:02) S T'/* is not mentioned in [1, (2.39)] but, upon inspecting the proof, it also holds as a
consequence of the energy estimate for the Stokes equation and the above-listed bounds.

If ¢ = 3/2, then § = 1/2 and r = oo, which is not permitted in the Hardy-Littlewood—Sobolev
inequality.
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We prove a similar result for B(Py,u — Py ). This requires the well-known fact that if
ug € L3> then Py is in the scaling-invariant Kato classes for g € (3, o0}, i.e.

1_3
[ Prllxc, == sup 127 20| Pllg(t) Skouo 1- (24

0<t<oo

To check this, note that the above property is immediate for Py by the embedding L3*° C
BP—,;-B/p) for 3 < p < oo, and the fact that [lug|| gz-1+a/m ~ || Pollx, [4]. Then, by the

standard bilinear estimate (see the original papers [16’, 31] or [42, Chapter 5]),

! 1
B0 5 [ —— sl ®g+ 8@ flu®ds.  @3)
0 (t—s)2s )

G
we have
d 1
1Bk POll=(0) % [ —— e [ Pictllo(9)] P =) ds
0 (t—s)2"2
d 1
| e Pl Pl ds
0 (t—s)2T2a5 2
_1
S 12| Pl | Pre—1ll %o
and

t
|B(Py. POl () < / | Pesllo () Peor 1o (s) ds

o (t —s)%

! 1
< [ e 1Pl Pl ds
0 (t—s)2s 2
1,3
St 2724 | Proy e, [ Pr—1 | oo -
Claim (2.4) follows from the above observations by induction.

Lemma 2.2. Fixq € (3/2,3), T > 0, and k € Ng. Assume ug € L*>* and is divergence-

free. Let u be a weak L3 -solution with initial data ug. Then, letting r = 2;—33,

N=

| B(Px,u — Pi)llLro,7:041) Skiquo T 2-

Proof. By Yamazaki [44, Theorem 2.2] and the extension of the Hdolder inequality to
Lorentz spaces,

t
1B(Pett — Pi)lpas < / | Peu = Po)llan (5) ds
0

(t —5)2

t
1
< / 1Py + = Pel22g.) ds
0 (t—ys)2

t
1
< / (1Pl + 1t — Pel220.) ds.
0 (t—ys)2
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Noting that we may choose 8 = 1 in the extension of the Gagliardo—Nirenberg inequality
(2.2) to the Lorentz scale, we have the desired result for the ¥ — Py term by the work done
between (2.1) and (2.3) in the proof of Lemma 2.1.

We then consider Py in L29. By the membership of Py in the Kato class,

t 1 t 1
L PR ds < /-——————wmﬁ ds
/0 (t —s)2 o 0 (t—s)%sl_% Haa

3 _1
Skaquo 129 2.

29

Then, using r = 34—3°

3 _1 %
(t2a72)" dt)

+

J

q

T
0

‘m

| B(Px,u — Pi)llLro,7;091) Sk.quo (
T

~ =

N
(Sl

1
gk,q,uo sk,q,uo T2, u
Together, the above two lemmas lead to the following corollary.

Corollary 2.3. Fixq €(3/2,3), T >0, and k € N. Assume ug € L>* and is divergence-

free. Let u be a weak L3> -solution with initial data ug. Then, letting r = %, we have
1
v — PrllLr0.1:09) Skguo T2
Proof. This is immediate given Lemmas 2.1 and 2.2 and the fact that
u—Pr=—Bu— Py, u— Pr—1) —2B(Pr,u— Px_y)
fork > 1. [ ]

Our next lemma is a technical statement about the decay at t = 0 of the heat semigroup.

Lemma 24. Let B = Br(xg) and B’ := By(xg), where 0 < r < R < oo. Then, for

0<t <o

_lx=y2 —(R—r)2
” le™ (11— XB)”L%,I “LS@"(B’) SRre #
y

Proof. First, assume without loss of generality that xo = 0. Then, letting x € B’,

lx—

_lx—y?
le™ % (1—xB)l
L

3 [ _lx—y[2 %
sl=EL plyi e S (1= yp()) = 5V ds,

7 s
y
where pu is Lebesgue measure. Note that the above set can be written as

A(x,s) = {y: |x —y| < v/—4t1n(s), |y| > R}

= B(x, (4t In(s))2) \ Br(0),
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which is well defined because t > 0 and s < 1. Then

oo 2
/ W(A(x,s8))3 ds
0
—(R-1)?
e 41
S / |—4t1In(s)| ds
0

~®-r? (R—r)>  —&r?
4t —— 4+ e 4 )
4t

_leyi?
llle™ 3 (1 - XB(y))HLyg,l liecsy S L2(B)

< 4t(e

—(R-1)?
SRre . n

The above lemma leads to a local a priori inclusion for Picard iterates.

Lemma 2.5. Let B = Br(xg) and B’ = B, (xg), where 0 <r < R < 00. Let ug € L>®
with ug|p € LY(B), for some 3 < q < oo. For each ko € Ny, it follows that Py, €

L*(0, 00; LY(B’)) and
| Pio Iz 0,00:22(B7)) < C(lluollLa(By. luollL3.,q. R, 1, ko).

Proof. Note that for any t > 0, sup; ;<o | Prllg Stk [[UollL3.00 due to the fact that Py €
K4 when g > 3. We therefore only need to prove the inclusion for a short period of time.
Let { B} be a collection of concentric balls about xo of radii «¥+! R, for some « € (0, 1).
Fix k¢ € Np. Choose « so that r = okot1R.

For Py = e'®uq we have

—y2

1 _x—vl
||Po||Lq(BO>(z>=H [ 5 wmas
R3 £2 L4(By)
|

|+ )t

x—y|?

_3 _
S lolzsoet Al 5 1= xp 0N, 3. 1gqm

L4(Bo)

+ lle™ (B ()u0) [l Lo ®)- (2.6)

For the far-field term, by Lemma 2.4,

x—yl2 x—y|2
He™ 5= anODI 3. Loy Sraa [1e™ 0= 28ON 3] a0y
y y

—(R(1-w))?
SRa € # . 2.7

For the near-field term,
A
e’ (uoxB)llLaws) < luoxsllLams) < luollLas)-

Therefore,
| Pollzooo,:La(87y) Sk luollnsce + lluollLaca).-
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If kg = 0, then we are done. If kg > 0, then we use induction. Observe that

B(Pr_1, Pr—1) = B(Pr—1)By_» Pk—1) + B(Pr—1(1 = xB,_,)> Pr—1)-

For the first part,

t
1
| B(Pk—1xBs_r+» Pe—)llLa(@) <q ||Pk||J€oo/ ——— 1 1 Pe—1llLa_(s) ds
0 (t—s)2s2

Sk.q luollLsco | Pe—illLec(o,;0a(By_y)) (1)-

For the other part, by the pointwise estimate for the kernel K of the Oseen tensor (see

[41,42]),
1

DTK(x,0)| S ——————,
IDERGO) S e

2.8)
where m is a multi-index, we have

| B(Pr—1(1 = xBi_,)s Pe—1)llLa(By)(?)

- /t/ Pr_1 ® Pr_1(y,5) dy ds

- o Jee  (lx —y|[+ vt —9)* L9(By)
Sq -7 ZP 74d
~q L2(||> R(ak—ak+1)) o [ k—1||L4 s

t

_ 3 3

<Rakg 110]% 500 / ST ds SRakg 1ol Fact *,
0

where we used the membership of P;_; in the Kato class JK4.
We know by our base case that Py is in L*°(0, oo; LY(Bg)). We have just shown
B(Pr_1, Px_1) € L*®(0,00; LY(By)) whenever Pj_; isin L°°(0,00; L9(Bg_1)). Hence,

P = Py — ZB(Pkfl, Pkfl) S LOO(O, oQ; L9 (Bk)).

This extends up to ko and so Px, € L*>°(0, 0c0; L?(B’)). Note that by tracing the proof, it
is clear that || Py | Lo (0,00;22(8) < C([uollLa(). [luollL3.0. 9, R, 1, ko). n

Remark 2.6. Under the assumptions of Lemma 2.5 and by classical estimates for the heat
semigroup,

_3
lle"® uoxs)llLoocsn (t) < 1724 uollLaca).-

Note that, combining (2.6) and (2.7),

_3
lle"® (uo(1 — x))l|lLoomy(t) ST uollLs0ot™ %4,

provided ¢ < T, for any given time 7. Hence,

_3
lle"®uollLoopry () Suor 4.
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3. Proof of Theorem 1.3

Our foundation for the proof of Theorem 1.3 is the local smoothing result of Jia and Sverdk
[27], which we presently restate. Note that Lﬁloc is the space of uniformly locally square

integrable functions and is defined by the norm

T sup/ /2 dx.
B (x0)

xp€R3

Let E? denote the closure of C in the L2 . norm. Note that L>* embeds in E? (see
the appendix of [9]). Local smoothing as presented below refers to local energy solu-
tions (a.k.a. local Leray solutions using the terminology of [27]; see also [9,32,37]). It is

straightforward to show that weak L3*-solutions are local energy solutions.

Theorem 3.1 (Local smoothing [27, Theorem 3.1]). Letug € E? be divergence-free. Sup-
pose ug| g, ) € L?(B2(0)) with |[uo||Lr(8,(0)) < 00 and p > 3. Decompose ug = Uy + U]
with divUo = 0, Up|B,,; = o, supp Uo € B2(0), and || Us||L»w3) < C(p, [uollLr(B,(0))-
Let U be the locally-in-time-defined mild solution to (1.1) with initial data Uy. Then there
exists a positive T = T (p, ||uo ”Lﬁnoc’ llwollLr (B, (0))) Such that any local energy solution u
with data u satisfies

e — U”Cgal.(glx[O,T]) = C(p. ||”0||L§1007 luollLr(Byc0)))
2

for somey = y(p) € (0,1).

See also [5, 29,30, 35] for more recent work on local smoothing which allows locally
critical data which is also locally small; the above statement on the other hand is for locally
sub-critical data. The dependence on ||uy|| 12, can be replaced with llo|lz3.00, which is

why L2, is not mentioned in Theorem 1.3.

Proof of Theorem 1.3. Without loss of generality, assume B := B;(x¢) is centered at xo =
0. Assume ug|p € L?(B). Let Uy be a localization of the data to B such that uy =
Up in B4/3(0) C B, supp Uy € B. This is done via a Bogovskii map [22] as per the
decomposition in Theorem 3.1. Let U be the locally-in-time-defined mild solution to (1.1)
with data Uy. Define {Bk}],i"=0 to be a collection of nested balls centered at 0 with radii
o /2 so that 1/4 = a*0/2, where ko will be specified later (this is a slight abuse of
notation in that By, is the ball centered at the origin of radius 1/4, which would usually

be denoted By /4). Then, recalling Py = e'®uy,

lu— Po|(x.1) < [u—Ul(x,1) + |U — e Us|(x, 1) + " *(Up — uo)|(x,1)
=:I1(x,t) + Ix(x,t) + I3(x,1).

In the definition of prar(E 1% [0, T']), the exponent in the time-variable modulus of con-
tinuity is y/2. By local smoothing (Theorem 3.1) and the fact that ||u0||Lz1 S luollz3cos
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there exists T = T'(p, up) > 0 so that
I(x,1) Sp,uo t%,
for some y = y(p) € (0,1),x € Bp,and 0 <t < T.
For I, by (2.5), forany p € (3,00]and 0 <t < T,
I(x,1) < | B(U,U) Lo r3)(?)
<177 2 <1373 2
~ t ’ ”U”LOO(O,T;LP) ~ t ? ”UO”LP?

where we possibly redefine 7' to make it smaller than the timescale of existence for the
strong solution to (1.1),i.e. T < |Uo 127 /(=3 and the timescale coming from Theorem
3.1.

Noting that Up — uo = 0in By,3, the last part, 3, is broken into integrals over a shell

and a far-field region as

_3 P
nen s ([ [ ) S e walo)dy = i) + (e,
t<lyl<2 lyl>2
For I3, using the fact that Uy was solved for via a Bogovskii map, and therefore
1UollLr®3) < lluollLz(B)y, we have forall0 < ¢ < T and x € By that

_3 _G-9? y
131('xst) St 2e 4 ||U0_u0||LP(%S|y‘<2)([) iuo,ptz-

For I35, by Lemma 2.4, the fact that Up(y) = 0 for |y| > 2, and taking x € By and
0 <t <T,wehave

lx—y|%
I3z(x.t) < / tTiem  |uo|(y) dy
[y]=2

_3 _lx—y?
172 ||ug | oo || lle™

A

(1—xs (J/))”Lygl ”Lfi"(Bo)

3 —@-3)?

_3 —=3? y
Supt2e % Spugl?.

Therefore, s
infY 1_ 3
Il — Poll oo 8oy () Spoup 1™ 222730

3

where the dependence on uy is via the quantities |[uo||z»(p) and ||ugl|z3.00.
We inductively extend this estimate to higher Picard iterates. Fix o as in the statement
of the theorem. Recursively define the sequence {ay } by

ag+1 = min{o, 1/2—=3/(2p) + ax}.
ap = min{y/2, 1/2 - 3/(2p)}.

Assume for induction that

”” - Pk||L°°(Bk) Sk,a,p,uo %
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for 0 <t < T, and the dependence on u¢ is via the same quantities as above. Note that
[u — Pryrl(x,t) < |B(u— Px,u— Pr)| + 2|B(Pg,u — Py)]
= J(x,t) + K(x,1).
We split J further as

J(x,t) = |B((u — P) xB, - u — Pi)| + | B((u — Pe)(1 — xB,). u — Pr)
Ji(x, 1) + Ja(x, ).

For the near field, J;, we use the inductive hypothesis to obtain that, for 0 <¢ < T,

v — Pk”%oo(Bk) ds

t
1oy @) < /
0 (t—ys)2

1 3
t§+2ak 5 5,

1
5—=5,t+a
Sk.a,pauo kapuo 1227 K. (3.1

Considering J,, for 0 < ¢t < T, we have by (2.8) that

t
1
1ol (1) < f / — L u— PeP(y.s) dy ds
0 |x—y\>%ak—%ak+] |x - y|
t

3
< m”u — Prcll72(t) Sajeuo 12, (3.2)
where we used the version of (1.3) for higher Picard iterates from [1].
Attending now to K, we split and bound it as

K(x.1) = 2|B(Pr,(u — Pr)yp)| + 2| B(Pr, (u — Pr)(1 — x5,))|
=: K1(x,t) + Kz(x,1).

For the near-field K7 and for 0 < ¢ < T we have

t
1
[ K1llLoo(Bey) (@) S / 13 I = Prllee @y () PrllLr gy (s) ds.

0 (t—s)2"2r
By Lemma 2.5, Supy—; <o | PxllLr(B,) < o0. Note that 1/2 4 3/(2p) < 1 precisely if
3 < p. Hence,

I TRE
I K1llzoo(Bysn) ) Skoapug 12 27 (3.3)

for 0 <t < T, by the inductive hypothesis. For the far-field K,, using Corollary 2.3 and
taking x € Bir4+1,0 <t < T,and g € (3/2,3), we have by (2.8) and O’Neil’s inequality
that

t
1
K(x.t) < / / u — Pyl | Peldy ds

o JBe (Ix —y[+ V1 —s5)*
11—y, ()

< —k P o0 . ,00 - P r :

S | | e 1Pelm@ sl = Pl o
.

Skog.uo
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where
1 1 1 1 1 11
l=-+—+4+-, 1=-+4+—, and 1=-+—.
g q 3 g 4" ror
Because in Corollary 2.3 we take
_ %
T 2g-3
we have
13
r 2q
Observe that 1/r’ < 1 and
1
lim — =1.
g3t 1

Therefore, for any 6 < 3/2, by taking ¢ > 3/2 sufficiently close to 3/2,
KZ(X, [) sk,o,uo,q t7. (34)
Altogether, (3.1), (3.2), (3.3), and (3.4) imply that, for0 <t < T,

4 = Prs1llooB, ) () Skoa,puoig 154

for k > 0 and any o < 3/2, where

g1 = min{o, (k + 1)(% — %) + ao}.

Choose k¢ to be the smallest natural number so that

Then ax, = o and ay < ag—; fork =1,...,ko. Because By, := B,4(0), it follows that

flu — Py, ||L°°(Bl/4(xo))(t) Sp.ouo 7.
Regarding the asymptotic expansion, we observe that for 1 < k < k¢ and (x,?) €
Bi/4(x0) x (0,7),
u= P, +0(°),

and
| Pk — Pr—1|(x, 1) < [u — Pel(x,1) + [u — Pe—1](x, 1) = O@%).
Hence,
ko
u(x.t) = Po+ Y (Pg — Proy)(x,1) +O(°)
k=1
=Pk0
ko—1 ko

=0T+ Y 0uH) +0%) = Y 01%),

k=0 k=—1
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where we are letting a_; = —3/(2p) and are using Remark 2.6 to obtain the asymptotics
for Py. [

Funding. The research of Z. Bradshaw is supported in part by the Simons Foundation via
a collaboration grant.
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