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The dimer and Ising models on Klein bottles

David Cimasoni

Abstract. We study the dimer and Ising models on a finite planar weighted graph with periodic-
antiperiodic boundary conditions, i.e., on a graph I" in the Klein bottle .#". Let I[';;,; denote the
graph obtained by pasting m rows and n columns of copies of I', which embeds in . for n odd
and in the torus T2 for n even. We compute the dimer partition function Z,,, of I'y,, for n
odd in terms of the well-known characteristic polynomial P of I'j» C T2 together with a new
characteristic polynomial R of I' C .#". Using this result together with the work of Kenyon,
Sun and Wilson, we show that in the bipartite case, this partition function has the asymptotic
expansion

f
log Zimn = mnzo + fsc 4+ o(1)

for m, n tending to infinity and m/n bounded below and above, where £y is the bulk free energy
for T'1» € T? and fsc is an explicit finite-size correction term. The remarkable feature of this
later term is its universality: it does not depend on the graph I, but only on the zeros of P on the
unit torus and on an explicit (purely imaginary) conformal shape parameter. A similar expansion
is also obtained in the non-bipartite case, assuming a conjectural condition on the zeros of P. We
then show that this asymptotic expansion holds for the Ising partition function as well, with fsc
taking a particularly simple form: it vanishes in the subcritical regime, is equal to log(2) in
the supercritical regime, and to an explicit function of the shape parameter at criticality. These
results are in full agreement with the conformal field theory predictions of Blote, Cardy and
Nightingale.

1. Introduction

1.1. Background on the dimer model

A dimer configuration on a finite graph I' = (V, E) is a perfect matching on T, i.e.,
a family of edges M C E such that each vertex v € V is adjacent to exactly one edge
of M. Given a non-negative edge weight system v = (v.)eeg on I', a probability
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measure on the set .# (I") of dimer configurations on I is given by

v(M)

P(M) = ,  where V(M) = 1_[ Ve and Z = Z v(M).

ecE Me.#(T)

The normalization constant Z = Z(I', v) is the partition function of the dimer model
onT.

The first breakthrough in the study of this model came with the foundational work
of Kasteleyn [32,33], Temperley and Fisher [21,51]. They showed that, in the case of
a planar graph I, the partition function Z can be expressed as the Pfaffian of a signed,
weighted skew-adjacency matrix of I', now called a Kasteleyn matrix. In the case of
a general graph, embedded in an orientable surface of arbitrary genus g, this method
extends, but Z is equal to an alternating sum of 228 Pfaffians [16, 52]. In particular,
if I' embeds in the torus T2, then Z is equal to an alternating sum of 4 Pfaffians.
Using this method, Kasteleyn [32], Fisher [21] and Ferdinand [20] were able to com-
pute successive terms in the asymptotic expansion of the partition function for the
weighted square lattice with various boundary conditions (see, e.g., [38, Section 1.1]
for details). In the case of periodic-periodic boundary conditions, i.e., when the lattice
is embedded in the torus T?2, the final result reads as follows. For the m x n square
lattice with horizontal (resp. vertical) edges-weights equal to x (resp. y), periodic-
periodic boundary conditions and mn even, the corresponding partition function Z,,,

satisfies
nx

log Zmn = mnfo(x,y) + fSC(_l)m—‘,-n( ) + 0(1),

my
where the bulk free energy fy depends on the weights x, y in an explicit but compli-
cated way, while the constant order finite-size correction term fsc4 only depends on
the shape parameter ,’;l—’; of the torus, together with the parity of m + n.

For conformally invariant two-dimensional models on a closed surface X of van-
ishing Euler characteristic, such an asymptotic expansion is believed to hold for arbi-
trary graphs, with the finite-size correction term depending only on the universal-
ity class of the model at criticality and on the topology of the surface, but not on
the underlying graph [5, 7]. There are exactly two closed surfaces with y(X) = 0,
namely the torus T2 and the Klein bottle .#~ corresponding to periodic-periodic and
periodic-antiperiodic boundary conditions, respectively. Generalizing the asymptotic
expansion displayed above from the square lattice to arbitrary weighted graphs in T2
and 7 is no easy task, and was out of reach with the tools available in the 1960s.

The extension to bipartite toric graphs was made possible with the second break-
through in the study of the dimer model, namely the work of Kenyon and coauthors, in
particular the seminal article of Kenyon, Okounkov and Sheffield [37]. In a nutshell,
it was discovered that many large scale properties of the dimer model on a doubly
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periodic bipartite graph I" can be understood from the behavior of the associated char-
acteristic polynomial P(z,w) € R[z*', w*!], defined as the determinant of a twisted
Kasteleyn matrix for I' C T?2. (Here, we make use of the notation of [38], where P
stands for the full polynomial which factors as P(z, w) = Q(z, w)Q(z"', w™1).)

In particular, the Pfaffian formula of [52] can now be reformulated as
1
Z = (£P(1, Y2+ P(-1,H)Y2 £ P, -1D)V2+ P(-1,-D)V?), (1.1

where the signs can be given a natural geometric interpretation [16]. A crucial role
is played by the intersection of the corresponding spectral curve, i.e., the zeros of P,
with the unit torus S! x S1. As proven in [36, 37], there is at most two such zeros,
and they are positive nodes.

Another important feature of this polynomial is that it behaves well with respect
to enlargement of the fundamental domain. In other words, if one considers the graph
[mn C T2 obtained by pasting m rows and n columns of copies of T, then the asso-
ciated characteristic polynomial Py, can be computed from P;; = P via

Pun&.6) = [ T] PG w) (12)
Zn=¢ wn=¢
for any ¢, & € C* (see [37, Theorem 3.3]). Note that the definition of the charac-
teristic polynomial extends to arbitrary (possibly non-bipartite) graphs I' C T2, and
formula (1.2) still holds, but the corresponding spectral curve is not well-understood.
It is believed to intersect the unit torus in at most two points which are real positive
nodes (see [38, Section 1.2]), but this remains a conjecture.

With these tools in hand, the only hurdle left in the computation of the asymptotic
expansion of the partition function Z,,, for arbitrary toric graphs I',, was the deter-
mination of the asymptotic behavior of P,,, for a non-negative analytic function P
on the unit torus whose only zeros are positive nodes. This was done by Kenyon, Sun
and Wilson in [38, Theorem 1], see Section 4.1 below for a summary. The resulting
asymptotic expansion for Z,,, is too involved to be stated in detail here, so we refer
the reader to [38, Theorem 2] and mention that it is in full agreement with the con-
formal field theory (CFT) predictions of [5]. These results are proven for arbitrary
bipartite graphs in T2, and for non-bipartite graphs as well, assuming the aforemen-
tioned conjectural condition on the zeros of the characteristic polynomial.

While the toric case is now fully settled, the case of the Klein bottle remains very
poorly understood. To the best of our knowledge, the only available results deal with
the square lattice [30,42,43] and are partially contradictory (see Examples 4.5 and 4.9
below, where we point out inaccuracies in [43] and [30], as well as in [45]).

The main goal of the present article is to fill this gap, i.e., to compute the asymp-
totic expansion of the dimer partition function, and in particular the finite-size correc-
tion term, for arbitrary weighted graphs in the Klein bottle.
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1.2. Results on the dimer model

To understand the technical difficulties of this endeavor, let us go once again through
the list of tools used in the toric case.

The first fundamental tool is Kasteleyn’s theorem extended to toric graphs, which
can be stated as equation (1.1). Fortunately, such a formula is also available for non-
orientable surfaces: if I" is embedded in a closed (possibly non-orientable) surface 3,
then Z can be computed as a linear combination of 22~X(®) Pfaffians of (possibly
complex-valued) Kasteleyn matrices [52]. Furthermore, the coefficients in this lin-
ear combination can still be interpreted geometrically [10]. In particular, the partition
function of any graph embedded in %" is given by 4 Pfaffians, which turn out to
be two pairs of conjugate complex numbers, so 2 well-chosen Pfaffians are suffi-
cient.

The second tool is the characteristic polynomial P, defined for graphs in T?2.
Intrinsically, this polynomial should be understood as an element of the group ring
R[H(T?; Z)], the choice of a basis of H,(T?;Z) ~ Z? then leading to the more
familiar polynomial ring R[z*!, w*!]. Therefore, since H\(*:Z) ~ 7 & Z/2Z
and the Kasteleyn matrices are now complex-valued, a naturally defined characteristic
polynomial R for graphs in the Klein bottle should be an element of the quotient
ring C[H{ (¢ Z)] ~ C[z*!, w]/(w? — 1), i.e., two 1-variable polynomials R(z, 1),
R(z,—1) € C[z*']. The definition of such a polynomial is the first technical step
of this work, see Section 2.2. The Pfaffian formula of [52] reinterpreted in the spirit
of [10] now reads

Z = [Im(R(£1,1)"/?)| + |Re(R(£1,—1)'/?)], (1.3)

see Proposition 2.6. Remarkably, the polynomials R of " and P of its 2-cover rcT?
(see Figure 1) are related via

R(z,w)R(—z,w) = P(z%,w) (1.4)

for w = 41, see Proposition 2.10. Moreover, the order 2 symmetry of I implies the
formula P(z, w) = P(z,w™?!) for the associated polynomial.

If T is bipartite, then much more can be said, constituting the first technically
challenging results of this article. As in the toric case, the Kleinian characteristic
polynomial factors as R(z, w) = S(z, w)S(z~', w) for w = %1, and one can use
the powerful tools of [37], namely amoebas of Harnack curves, to show that all the
zeros of P(z, w) on the unit torus satisfy z = —1. Furthermore, we prove that all the
zeros of S(z, 1) and S(z, —1) are simple, purely imaginary, and interlaced along the
imaginary axis (Proposition 2.16). We also determine their behavior as one moves
along the associated amoeba (or phase diagram), see Lemma 2.17.
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Figure 1. Left: the graph I' C %, pictured with periodic boundary conditions in the verti-

cal direction (black arrows) and antiperiodic boundary conditions in the horizontal one (white
arrows). Center: the 2-cover = > C T2 Right: the associated graph I'};,,, C J#, here
withm =2 and n = 3.

The third tool used in the toric case is the fact that P behaves well under enlarge-
ment of fundamental domains, as expressed in equation (1.2). The extension of this
result to the Kleinian case is the main technical novelty of the present work, and the
subject of the whole Section 3. But first of all, let us clarify what we mean by “enlarge-
ment of fundamental domain” in the Klein bottle. Given a weighted graph ' C %/,
consider the graph I';,, obtained by pasting m rows and n columns of copies of I" as
illustrated in Figure 1. Observe that if n is even, then I';,;, embeds in the torus and
is nothing but the m x n/2 enlargement of ' = I';, € T2, a case well-understood.
However, if n is odd, then I',,,, embeds in the Klein bottle, and this is the case we will
focus on. Defined more intrinsically, we are looking at non-trivial covers %, — £
of the Klein bottle by itself (which incidentally only exist since %  has vanishing
Euler characteristic), see also Section 1.5 below.

The idea now is to relate the two Kasteleyn matrices of I'y,;, C %5, used in (1.3),
understood as discrete operators twisted by 1-dimensional representations p, p’ of
71 (Hmn) < w1 (), with the associated Kasteleyn operators on I' C 7~ twisted
by the corresponding induced representations p*, (p')* of 71 (J#"). This uses a gen-
eral result, Theorem 3.2 below, which is probably well known to the experts, but
whose precise statement we have not been able to find in the literature. It is there-
fore the subject of a separate note with Adrien Kassel [14], where we give a detailed
proof together with applications to other models of statistical physics. Unlike that
of the torus, the fundamental group of the Klein bottle is not abelian, so the repre-
sentations p*, (p’)* need not split as products of 1-dimensional representations as in
equation (1.2). It turns out that they split as products of representations of dimension 1
and 2. Furthermore, the determinant of the Kasteleyn matrices for I" twisted by the 2-
dimensional representations can be expressed as evaluations of the toric characteristic
polynomial P of I’ c T2. The final result is somewhat cumbersome, so we will not
state it here but refer the reader to Theorem 3.3. Together with equation (1.3), it yields
the following result.
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Theorem 1.1. For positive integers m, n with n odd, we have
Znn = |sin(@n/2)| Prn (1, )* + |cos(et) /2)| Pmn (1, 1)1/
if m is odd, and
Zinn = Isin((otn = 03)/2)| Pun (1 D' + Prun (1, =D

if m is even, where

o, = Arg( l_[ R(z, 1)), o, = Arg( 1_[ R(z,—l)),

zn=1 zn=1
and P, (1, £1)Y/* denotes the non-negative fourth root of Ppy(1,41) > 0.

These expressions are handy for the determination of the asymptotics of Z,,,,
which now boils down to two distinct problems: the computation of the asymptotics
of Ppyn(1, £1), and of Arg([[,.—, R(z, £1)). The first question being answered
by [38, Theorem 1], we are left with the second. As it turns out, the limit of the
coefficients [sin(e,/2)|, |cos(e;,/2)| and |sin((c, — a,)/2)]| for n odd tending to co
can only take the three possible values 0, 4 and 1. Furthermore, they are determined
by the number of roots of R(z, 1) and R(z,—1) outside the unit disc (see Lemmas 4.1
and 4.2 for the precise statements). Using (1.4), one can then show that these limits
are constant if the dimer weights vary continuously without P(—1, £1) vanishing.
This leads to an asymptotic expansion of Z,,,, valid for general graphs, with the con-
jectural assumption that all the zeros of P(z, w) on the unit torus are positive nodes
with z = —1 (see Theorem 4.3).

In the bipartite case, this assumption is known to hold. Furthermore, as outlined
above, we have a good understanding of the locations of the zeros of S(z, +1) along
the imaginary axis. This leads to the following result (Theorem 4.8), where ¥og, to1
denote Jacobi theta functions and 7 is the Dedekind eta function, see Section 4.1.

Theorem 1.2. Let T' C JZ be a weighted bipartite graph embedded in the Klein
bottle. Then, we have the asymptotic expansion

f
log Zyn = mnEO + fsc + o(1)
Sfor m and n tending to infinity with n odd and m/n bounded below and above, with

dz dw
=[] elocuwi= 0
Slxsl wiz 2wiw

and fsc = log FSC given as follows:

(1) If O(z,w) has no zeros in the unit torus, then FSC = 1.
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) If O(z,w) has two zeros (—1, wg) # (=1, Wg) in the unit torus with woy =
exp(2wiy), then

FSC = Yooy |r) + ﬁm(mwf), where T = z—‘ 0: Q(=1, wo)

n(z) n(z) 3w Q(—1,wo) I

(3) If Q(z,w) has a single (real) node at (—1, wg) in the unit torus, then

2 1/2
FSC = Boo(®) + Bo1(©) where T = lZ 0;0(=1, wo)

n(z) n(r) 95 O (=1, wo)

Without surprise, the bulk free energy fy is that of the toric graph [’ c T2. On the
other hand, the finite-size correction fsc is different from the one obtained in the toric
case, and does not seem to be related to it in a simple way (see also Section 4.5).
The most remarkable aspect of this result is the universality of fsc, a term which only
depends on the phase of the model and on the (purely imaginary) conformal shape
parameter t. To the best of our knowledge, this universality feature for the Klein
bottle cannot be derived from the corresponding result for the torus. Another fact
worth mentioning is that even though Z,,, depends on both polynomials P and R
(recall Theorem 1.1), its asymptotic expansion is determined by P.

As an illustration, we compute the explicit example of the square lattice. Note
that the (M x N)-square lattice in the Klein bottle is always “locally bipartite”, in
the sense that all faces have even degree, but it is bipartite if and only if M is even
and N odd: in the other cases, there exist (homologically non-trivial) cycles of odd
length. Therefore, our result is a blend of the bipartite case (see Example 4.9) and of
the non-bipartite case (see Example 4.5): the finite-size correction in the asymptotic
expansion of the dimer partition function for the (M x N)-square lattice in the Klein
bottle is given by fsc = log FSC, with

% for M and N even,

FSC = % + % for M even and N odd,

(%)1/2 for M odd and N even,

Mx
2Ny

edges. These functions are illustrated in Figure 2. This recovers (and sometimes, cor-

where 7 = i 57— and x (resp. y) denotes the weight of the horizontal (resp. vertical)
rects) the aforementioned results of [30,42,43]. We also compute new examples, such
as the hexagonal and triangular lattices, see Examples 4.11 and 4.7.

A couple of consequences are discussed in Section 4.5. For instance, we show

Z(T 2, . . . :
ZWmn)” s universal, in the same sense as the finite-size

that the limit lim,,; 500
mn
corrections. Also, motivated by the CFT predictions of [5], we compute the 7, — 00

asymptotic of fsc and check that the result is in agreement with [5]. In particular, both
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even x odd
odd x even

even X even

Figure 2. Finite-size corrections fsc for the M x N square lattice on the Klein bottle, as a func-
tion of log(%), with curves labeled according to the parity of (M, N).

cases (2) and (3) in Theorem 1.2 yield the same value ¢ = 1 for the central charge of
a conformal field theory describing the bipartite dimer model in the liquid phase.
We now turn to the Ising model.

1.3. Background on the Ising model

The Ising model, first introduced by Lenz [39] in an attempt to understand Curie’s
temperature for ferromagnets, is one of the most famous models in statistical physics.
It can be defined as follows. Given a finite graph G = (V(G), E(G)) endowed with
a positive edge weight system J = (J¢).eE(G), the energy of a spin configuration o €
{1, +1}Y(© is defined by S (0) = — Y e—uveE(G) JeOu0y. Fixing an inverse tem-
perature B > 0 determines a probability measure on the set 2(G) of spin configura-
tions by

—— where ZJ(G) = e BH @)
Z}(G) FO= 2

0eQ(G)

KG,p(0) =

The normalization constant Z g (G) is called the partition function of the Ising model
on G with coupling constants J .

Once again, we are interested in the asymptotic expansion of Z é (Gmn) for an
arbitrary weighted graph G embedded in the torus or the Klein bottle. As we shall see,
this asymptotic expansion depends on the position of the parameter 8 with respect to
some critical inverse temperature, whose definition we now briefly recall. Let ¢ be
the infinite weighted planar graph obtained as the universal cover of G (i.e., as G5,
with m,n — 00). Ising probability measures can be constructed on ¢ as limits of
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finite volume probability measures [46]: let us denote by ,u; p the Ising measure
at inverse temperature 8 on ¢ with + boundary conditions. Let us assume that the
embedded graph G is non-degenerate, i.e., that the complement of its edges consists
of topological discs. A Peierls argument [49] and the GKS inequality [25,26,34] then
classically imply that the Ising model on ¢ exhibits a phase transition at some critical
value B, € (0, 00):

o for 8 < ., we have /L;;ﬁ(av) = 0 forany v € V(¥),
o for 8 > B., we have ;L;fﬁ(ov) > 0 forany v € V(¥).

We refer to [13,40] for computation of the critical inverse temperature for arbitrary
non-degenerate doubly periodic weighted graphs.

There is a classical two-step method to apply dimer technology to the Ising model.
First, the Ising partition function can be expressed via the high-temperature expan-
sion [53]

zg(G)=( I1 cosh(,BJe))2|V(G)| 3 [ tann(sle).

ecE(G) ye&(G) e€y

where &(G) denotes the set of even subgraphs of G, that is, the set of subgraphs y
of G such that every vertex of G is adjacent to an even number of edges of y. The
second step is the so-called Fisher correspondence [21], which has a long and inter-
esting history with several variations on the same theme (see, e.g., [8, Section 3.1]
and references therein). Let us consider a weighted graph (G, x) embedded in a sur-
face, and denote by (G, x') the associated weighted graph obtained from (G, x) as
illustrated in Figure 3. As one easily checks, the high-temperature expansion of the
Ising partition function on G is related to the dimer partition function on G¥ via

VO N T xe = 2(GF.x5). (1.5)

ye&(G) e€y

In conclusion, we have the relation

zg(G)=( I1 cosh(,BJe)>Z(GF,xF) (1.6)

ecE(G)

between the Ising partition function on G and the dimer partition function on G,
where the associated weights are given by x, = tanh(8J,). It allows to study the
Ising model on a graph via the dimer model on the associated Fisher graph.
However, the Fisher graph fails to be bipartite, so the very powerful tools of [37]
are a priori not available. As it turns out, a more technical mapping from the Ising
model to a bipartite dimer model exists [19], thus allowing to understand the spectral
curve of the dimer model on the Fisher graph [13,41]: it is disjoint from the unit torus
for § # B, and meets it at a single real positive node for 8 = B.. The tools of [38]
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Xe

Figure 3. The weighted graph (G, x) near a vertex, and the associated weighted graph
(G*, x*") obtained via the Fisher correspondence.

then make it a routine task to compute the asymptotic expansion of Z EI (Gmp) in the
toric case, see Remark 4.17 (i) below.

What about the case of the Klein bottle? Here again, it is poorly understood: so
far, the only known results deal with the critical isotropic square lattice [9,29,44], and
are partially contradictory (see Example 4.16 below, where we recover the formula
of [44] and of [9]).

1.4. Result on the Ising model

We compute the asymptotic expansion of the Ising partition function for an arbitrary
planar graph with periodic-antiperiodic boundary conditions, as follows.

Theorem 1.3. Let (G, J) be a non-degenerate weighted graph embedded in the Klein
bottle, and let P(z, w) be the characteristic polynomial of the associated Fisher

graph G¥ C T2. Then, the Ising partition function on G, satisfies
f
log Zg(Gmn) = mnEO + fsc + o(1)

Sfor m and n tending to infinity with n odd and m/n bounded below and above, with

dz dw
2wiz 2mwiw

1
fo=2 > logcosh(,BJe)—l——/ log P(z, w)
2 ']rz
ecE(G)

and fsc = 0 in the subcritical regime 8 < B., fsc = log(2) in the supercritical regime
B > B, and

fsc = log ((%)1/2 + (%)1/2>, where T = i%

in the critical regime B = f..

2P(—1,1) 1/2
32 P(—1,1)
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2 i 0 i 2

Figure 4. Finite-size correction term fsc to the Ising partition function for an arbitrary graph on
the Klein bottle, in the critical regime 8 = B, as a function of log(|z|).

Once again, the most remarkable feature of this result is the universality of the
finite-size correction term: it only depends on the regime of the model, and at criti-
cality, on the shape parameter 7 (see Figure 4). The fact that the finite-size correction
does not vanish for 8 > B, might come as a surprise, see Example 4.7. Another fact
worth mentioning is that for 8 = B, and t;,, — oo, the asymptotic behavior of fsc
matches the CFT predictions of [5], yielding the value ¢ = % for the central charge of
a conformal field theory describing the Ising model (see Remark 4.17 (iii)).

1.5. Further directions

The techniques developed in this article could help to produce further results, that we
now briefly outline.

More general fundamental domains. When enlarging the fundamental domain, we
have restricted our attention to rectangular ones, i.e., domains spanned by the vectors
expressed as (n,0) and (0, m) with n odd, in the basis of the plane given by the two
vectors spanning the fundamental domain of I". One could study the more general
quadrangular domains spanned by vectors of the form (n, p) and (0, m) with n odd.
These integers also describe a finite covering of the Klein bottle by itself, so our
methods apply. For p # 0, we expect more general finite-size correction terms to
appear, as in [38], where the most general form of finite coverings of the torus by
itself is considered. However, we expect the associated shape parameter t to remain
purely imaginary, see Figure 12.
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Incidentally, it is an amusing exercise in combinatorial group theory to show that
any subgroup H of finite index of 71 (.#") = (a, b | aba='h) with H isomorphic
to 71 (%) is of the form H = (a"b?, b™) with n odd. As a consequence, all finite
coverings of the Klein bottle by itself are of the form described above.

Loop statistics. If I" is a bipartite graph embedded in a surface X, then the differ-
ence of two dimer configurations on I' gives a collection of oriented loops on T,
and therefore a homology class in Hy(X; Z). In [38, Section 4], the authors consider
the case of a bipartite graph I' C ¥ = T?2 whose spectral curve intersects the unit
torus in two distinct zeros, and describe the asymptotic distribution of these classes
in H(T?;Z) = Z? for the covers I',, of I', as m,n — oo. We refer the reader
to [38, Theorem 4] for the more precise, complete and general statement, and to [6]
for the previously studied case of the hexagonal lattice.

In our context, one can fix a bipartite graph I' C ¥ = .# whose characteris-
tic polynomial has two conjugate zeros in the unit torus, and use the second case
of Theorem 1.2 to determine the asymptotic distribution of the homology classes
in H{ (¢ Z) = 7 & 7Z/2Z for the covers I'y,, of T', as m,n — oo with n odd.

Asymptotic expansion beyond the constant order. In [28], Ivashkevich, Izmailian
and Hu study the asymptotic expansion of the dimer and Ising partition functions for
the square lattice embedded in the torus beyond the bulk free energy and the constant
order term (see also [3]). Actually, they consider the full asymptotic expansion

£, (7)

log Zmn = mnfy + fsc(t) + Z )7

p=2

and express all the terms f, using elliptic theta functions evaluated at the conformal
parameter 7. This work is extended in [30] to the dimer model on the square lattice
with various boundary conditions (see however Example 4.9 below).

It would be a worthy endeavor to use Theorem 1.1 and the good understanding of
the corresponding characteristic polynomials to try to compute subleading terms in the
asymptotic expansion of the bipartite dimer and Ising partition functions. Determining
which terms are universal and which ones are not would be of particular interest, see
the introduction of [28].

Non-bipartite dimers on the torus and Klein bottle. Together with [38, Theo-
rem 2], the present work settles the question of finite-size corrections for bipartite
dimers on the torus and Klein bottles. For non-bipartite dimers however, there is still
some work to be done.

As mentioned above, it is believed that the corresponding spectral curve intersects
the unit torus in at most two points which are real positive nodes, but this remains to
be rigorously demonstrated. Even then, the precise form of the finite-size correction
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term would require some further study, both in the torus and Klein bottle cases (see,
e.g., Example 4.7 below).

Beyond the flat case. As stated at the beginning of this introduction, the asymptotic
expansion of the dimer and Ising partition functions is believed to take a particu-
larly simple form when the graph is embedded in a closed surface ¥ with vanishing
Euler characteristic [7]. The torus and Klein bottles being the only two such sur-
faces, this very favorable case is now settled. But what about closed surfaces with
non-vanishing Euler characteristic? For square and triangular lattices on a genus 2
surface, there is numerical evidence of the finite-size correction terms being naturally
expressed as sums of Riemann theta functions [17, 18], drawing a striking parallel
with the conformal field theory results of [1]. (See also [2] for recent advances on
conformal invariance of dimers on Riemann surfaces, and [31] for related results on
the determinant of discrete Laplacians.)

In the spirit of the present work, the study of irreducible representations of finite
quotients of 1 (X) could lead to an explicit expression for the term fy in the asymp-
totic expansion. The presence of curvature makes it unlikely for our methods alone to
determine the universal finite-correction terms, and thus solve the outstanding prob-
lem stated above. However, we hope that they will serve as stepping stones towards
this goal.

Organisation of the article

In Section 2, we describe the general setup of our work (a weighted graph I embed-
ded in the Klein bottle), define the associated Kleinian characteristic polynomial R,
and relate it to the well-known toric characteristic polynomial P of [ c T2. In the
bipartite case, we also study the location of the roots of R.

In Section 3, we study how the polynomial R,,, of I';,, can be computed from
the polynomials R and P (Theorem 3.3), and prove Theorem 1.1. This requires sub-
tle modifications of the twisted Kasteleyn matrices to ensure the periodicity of all
the ingredients (Section 3.3), as well as the identification of induced representations
of 1 (%) and their factorization into irreducible ones (Section 3.4).

Section 4 deals with the resulting asymptotic expansion of the dimer and Ising
partition functions. We first consider the general (possibly non-bipartite) dimer model
in Section 4.3, before focusing on bipartite graphs and proving Theorem 1.2 in Sec-
tion 4.4. A couple of consequences are discussed in Section 4.5. Finally, in Sec-
tion 4.6, we study the Ising model and prove Theorem 1.3.
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2. Characteristic polynomials for dimers on Klein bottles

The aim of this section is to define and study two classes of characteristic polynomials
that play a fundamental role in this article. We begin in Section 2.1 by introducing the
general setup of a weighted graph embedded in the Klein bottle, together with an
appropriate orientation of its edges. This allows us to define the associated Kleinian
characteristic polynomial R in Section 2.2, which by [10] can be used to compute the
corresponding dimer partition function. In Section 2.3, we recall the definition of the
toric characteristic polynomial P of [37,38], and explain its relation with its Kleinian
counterpart. Finally, in Sections 2.4 and 2.5, we consider the special case of bipartite
graphs and show how the results of [37] on P imply strong conditions on R.

2.1. The general setup

Throughout this section, I denotes a finite connected graph with vertex set V' of even
cardinality, edge set E, and non-negative edge weights v = (V¢ )eck € [0, 00)E. This
weighted graph is embedded in the Klein bottle J# in such a way that J#" \ T consists
of topological discs. To represent the pair I' C .%~ conveniently, we cut Z open
along two well-chosen oriented simple closed curves a, b. In this way, one obtains
a rectangular fundamental domain & with horizontal sides corresponding to a and
vertical sides corresponding to b, as illustrated in Figure 5 (left). Let us write @’ C JZ
for the simple closed curve corresponding to the horizontal line cutting & in two,
oriented from left to right. Note that a, a’ generate the first homology group of %/,
and that @ + a’ is homologous to b and hence of order 2 in Hy(J¢"; Z). We assume
that I" is in general position with respect to &, in the sense that V' is disjoint from a,
a’ and b, while each edge of I" intersects each of these three curves at most once, and
if so, transversally.

Let us write I' C T2 for the orientation cover of ' C J#, i.e., the pair obtained
by gluing two copies of the fundamental domain & along a vertical side as illustrated
in Figure 5 (right). We denote by V,E,V and D the corresponding vertex set, edge
set, edge weights and fundamental domain, respectively, and endow the torus T2 with
an orientation that is pictured counterclockwise.

Following [10], let us fix an orientation K on the edges of I" satisfying the follow-
ing two conditions:

(i) If one lifts K to " and then inverts the orientation of all the edges whose
endpoints are both contained in the upper half part of @, the resulting ori-
entation K is a Kasteleyn orientation on I’ C T2. This means that each face
of T € T2 has an odd number of edges in its boundary that are oriented in the
clockwise direction. (This makes sense as T2 is oriented.)
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Figure 5. Left: the graph I' C ¢ pictured in the fundamental domain 2 delimited by the
curves aba”1b, together with the associated curves C, C’ C T'. Right: the orientation cover
I’ ¢ T2 pictured in the fundamental domain Z delimited by the curves bab—'a—!.

(ii) Let C be the oriented closed curve in I' (homologous to a) given by one
edge e € E intersecting a together with the oriented curve in I joining the
endpoints of e, having a to its left in the lower half of &, to its right in
the upper half of &, and meeting every vertex of T adjacent to a on this
side. Let C’ C T be defined in the same way for a’. These curves are illus-
trated in the left part of Figure 5. We require the total number of edges of C
and C’ where K disagrees with the orientation of these curves to be even.
(The curves C, C’ are not uniquely defined, but it follows from the general
theory of [10] that the parity of this number does not depend on the choices
made.)

Remarks 2.1. (i) By [10, Theorem 4.3], such an orientation exists if and only
if I has an even number of vertices, which we assumed.

(i) By this same result, such an orientation is unique up to flipping the edge
orientations around a set of vertices, and up to reversing the orientations of
all edges meeting the curve b.

(iii) Deforming the curves a, a’ (or equivalently, deforming the graph T inside
the fundamental domain 2) leads to natural local transformations of the
orientation K which keep the lifted orientation K unchanged. (In case the
deformation sweeps an odd number of vertices, one also needs to invert all
the edges meeting a in order for condition (ii) above to hold.) On the other
hand, the orientation K does not depend on the curve b C 7.

Let us illustrate these conditions with the three lattices that provide the running
examples of this article.

Examples 2.2. Consider the 2 x 1 square lattice I" naturally embedded in the Klein
bottle as illustrated in the left part of Figure 6. (The weights are represented as well
for later use.) The orientation K pictured on this graph satisfies condition (i) above:
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Figure 6. The 2 x 1 square lattice of Example 2.2. Left: the orientation K on I' C .#". Middle:
the Kasteleyn orientation K on I' ¢ T?2. Right: the oriented curves C and C’ in I'.

this is easily checked using the middle part of Figure 6 which represents the Kaste-
leyn orientation K on T c T2. (On this example, the two upper horizontal edges of r
have their orientation inverted to obtain K.) Finally, the orientation K satisfies condi-
tion (ii) as well: the curves C, C’ are illustrated on the right part of this same figure,
and the number of edges of C and C’ where K disagrees with the orientation of these
curves is equal to 2.

Consider now the 1 x 2 square lattice embedded in the Klein bottle as illustrated in
the left part of Figure 7. (The curve a’ is not represented as a straight line in order for
it to intersect the graph transversally.) One easily checks that the orientation pictured
there satisfies conditions (i) and (ii).

Finally, fundamental domains for the hexagonal and triangular lattices are pictured
in the center and right parts of Figure 7, together with orientations satisfying both
conditions.

Figure 7. The square, hexagonal and triangular lattices of Examples 2.2 together with appropri-
ate orientations.
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Remark 2.3. Condition (ii) is needed to normalize the orientation K, as not all
orientations satisfying condition (i) can be used to compute the dimer partition func-
tion (see Proposition 2.6 below). For simplicity, we shall furthermore assume that
the curve C (resp. C’) used in this normalization can be chosen disjoint from a’
(resp. a). This is easily seen to hold in the first, third and fourth lattices of Exam-
ple 2.2, and can be assumed without loss of generality via vertical extension of the
fundamental domain. However, if one considers graphs that are “too small”, such
as the second lattice of Example 2.2, then this assumption is not satisfied. As we
progress, we shall explain the small modifications that need to be made in such cases
(see Remarks 3.7, 3.12 and 4.4 (iii) below).

2.2. The Kleinian characteristic polynomial

We now have a weighted graph I' C % together with an orientation K of its edges.
Let us order the vertex set VV of I' and for z € C* and w = %1, denote by A(z, w) =
(A(z, w)y,»)v,ev the associated (complex-valued, twisted) Kasteleyn matrix giv-
en by

Az, w)v,v/ — Z 81[,{1)/(9) ie-a-i—e-a’ Ve Ze-bwe~a7

e=(v,v’)

where the sum is over all the oriented edges e from v € V to v’ € V, the sign vav,(e)
is +1 if K orients e from v to v’ and —1 otherwise, and e - ¢ denotes the algebraic
intersection number of the oriented edge e with the oriented curve ¢ € {a,a’,b} in 7 .
Here some caution is needed. We shall say that e - b = +1 if e crosses the vertical
side of the fundamental domain from left to right, while e - b = —1 it crosses it from
right to left and e - b = 0 if e and b are disjoint. (An integral intersection number
with b is indeed well-defined in the Klein bottle.) On the other hand, the intersection
number e - a does not carry a sign: we have e -a = 1 if e and @ meet (once) and e -a =
0 else. The same holds for a’. (Only a Z /27Z-valued intersection number with ¢ and a’

is defined in J£".)

Definition. The characteristic polynomial of ' C J is
R(z,w) = det A(z, w) € C[z*!, w].
Several remarks are in order.

Remarks 2.4. (i)  This polynomial is really an element of C[z*!, w]/(w?—1),
the group ring of Hy (£ ;Z) = 7 @ 7 /2Z. In other words, it only carries
relevant information for w = 41 and can be considered as two 1-variable
Laurent polynomials R(z, 1), R(z,—1) € C[z*1].
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(i) Given ' C # with curves a, a’, b, the polynomial R(z, w) is uniquely de-
fined up to complex conjugation. This follows from Remark 2.1 (ii) together
with the fact that a + a’ is homologous to b. Moreover, Remark 2.1 (iii)
implies that deforming the curves a, a’ (and b) leads to the additional trans-
formation R(z, w) — —R(z, —w).

(iii) The polynomial R(iz,w) lies in R[z*!, w]. Indeed, ¢ -a + e -a’ and e - b
have the same parity since [a + a'] = [b] € H1(#; Z/27Z). Equivalently,
we have R(—z,w) = R(z, w).

We now compute this characteristic polynomial for our running examples.

Examples 2.5. Let us order the vertices of the 2 x 1 square lattice of Figure 6 from
bottom to top. The corresponding Kasteleyn matrix is given by

Az w) = 0 iy 4+ iyaw + x1z + xp27 !
T =iyt —iyow —x1z7 = xoz 0 ’

so R(z,w) = S(z,w)S(z™!, w), where S(z, w) = iy; + iyow + x1z + x227 L.
Ordering the vertices of the 1 x 2 square lattice of Figure 7 from left to right, we
have

Az w) iZyiw —i?2yiw x4+ xpz7! 0 ix) + xpz71
Z,w) = . . . = . .
—ix]1 — X2z  iIZyiw—i’yw —ix1 — X2z 0

(Note that loops are counted twice, as the sum is over all oriented edges from v to v’.)
Hence, we obtain R(z, w) = (ix; + x22)(ix; + x227 1) = (x3 — x?) + ix1x2 ¥
(z4z7h.

For the hexagonal lattice of Figure 7, we have

0 ivi + vz +ivzw
. _1 . ’
—iv1 — vz " —ivzw 0

A(z,w) = (

so R(z,w) = S(z,w)S(z™!, w), where S(z, w) = iv; + voz +ivzw.
Finally, for the isotropic triangular lattice of Figure 7, we have

iz7V—iz —i—iw—z—z_l)
9’

i+iw+z4z71 jwz —iwz 1

A(z,w) = (

leading to R(z,w) = (z2 4+ z72 +2iz +2iz7 ) (1 + w) — (1 + w)? + 2(1 — w).

Using this characteristic polynomial, the Pfaffian formula of [10] (see also [52])
can now be reformulated in the following way.
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Proposition 2.6. The dimer partition function of T is given by
Z = [Im(R(£1,1)"/?)| + [Re(R(£1,—1)"/?)].

Proof. Let us first assume that K is such that the number nX(C) of edges of C
where K disagrees with the orientation of C is odd. (By condition (ii) above, nX (C")
is then odd as well.) Then, we are precisely in the setting of [10, Theorem 6.3], which
in our case amounts to the Pfaffian formula

Z = [Im(Pf(A(1, 1)) + Re(PF(A(1, —1))).

Considering the expansion of Pf(A(1, £1)) given in [10, p. 174], one easily checks
that the formula

Z = |Im(Pf(A(1,1)))[ + [Re(Pf(A(1. —1)))|

holds as well, as there is no possible cancellation between these two terms. The
statement now follows from the identity Pf(A(1, w))? = det(A(1, w)) = R(1, w)
for w = =*1, together with the equality R(—z, w) = R(z,w) of Remark 2.4 (iii).
If K is such that nX(C) and n%(C’) are both even, then it can be changed to K’
with nX’(C) and nX’(C’) both odd by reversing the orientation of all edges cross-
ing b. By Remark 2.4 (iii), this amounts to replacing R(1, w) by R(—1,w) = R(1, w)
for w = +£1, and the proposition still holds. ]

2.3. The toric characteristic polynomial

A second polynomial plays a crucial role in our study: it is the characteristic poly-
nomial introduced for bipartite graphs by Kenyon, Okounkov and Sheffield in their
seminal paper [37], and extended to general toric graphs by Kenyon, Sun and Wil-
son [38]. Let us recall its definition in our context.

For z, w € C*, let A(z, w) be the Kasteleyn matrix associated with the weighted
graph [ ¢ T2 and the Kasteleyn orientation K (recall condition (i) above). In other
words, for v, v’ € V, we have

Az, W)y = Z ek (e) Ve z¢bwed,

e=(v,v’)

where e - @ € Z denotes the algebraic intersection number in T 2 of the oriented edge e
of T' with the oriented simple closed curve @, and similarly for e - b (recall Figure 5,
right). Concretely, we have e - @ = +1 if e crosses @ from bottom to top (e - a@ = —1
if e goes top to bottom), and e - b = +1 if e crosses b from left to right (e - bh=-—
if e goes right to left).
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Definition. The characteristic polynomial of FcT?is
P(z,w) = det A(z, w) € R[zE!, w*).

Remarks 2.7. (i) Inthe general setting of [37,38], this characteristic polynomial
depends on the choice of a Kasteleyn orientation. In our setting, it is defined
with respect to a specific orientation (recall Remark 2.1) and therefore does
not depend on such a choice.

(ii) By definition, the matrix A is of even dimension and satisfies /T(Z, w)T =
—A(z™', w™"), which implies the equality P(z, w) = P(z~!, w™!). Since
P(z,w) has real coefficients, this in turn implies that for z, w € S 1 we have
P(z,w) = P(z7',w™') = P(Z,w) = P(z,w) which is real.

Examples 2.8. For the 2 x 1 square lattice of Figure 6 and the hexagonal lattice of
Figure 7, we have

1 O /TO.(Z, u))
A(z, — 5 |
(Z w) <—Ao.(z_l, w_l)T 0 )
where
- i »
Ace(z, W) = Y1+ yw X1 4 Xaz
X2 X1z Y1 +y2u)
and

~ V1 + vzw —Vy
Aoo(Z, w) = ( _1) s
VoZ V1 + vzw
respectively. Hence, we obtain a factorization P(z,w) = Q(z,w)Q(z~!,w™!), where

0. w) =y2 +y2 +2x1x0 + yiyo(w + w™h) 4+ x?z + x2271

and
0(z,w) = vf + v% +vvs(w +w™h) + v%z,

respectively.
Finally, for the 1 x 2 square lattice with edge weights x; = x, =: x and y; =
Y2 =!y, we get

P(z,w) = y*(w—wH* —4x*y?(w—w H2 +x*Q+z+ 271,
while the isotropic triangular lattice yields

Pzw)=CZ+zHw+w ' +2)+ 10w +w™ ) + w? + w2 + 34,
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The following proposition appears to be folklore (see [38, p. 974]), holds for
arbitrary toric graphs (not necessarily covers of graphs on the Klein bottle), and is
immediate in the case of bipartite graphs. As we were unable to find a proof of the
general case in the literature, we include one here for completeness.

Proposition 2.9. Given any toric graph G C T? and any non-negative edge weights
v € [0,00)E, the corresponding characteristic polynomial P takes non-negative val-
ueson S' x S1.

Proof. First, note that P = P ,) is left unchanged by adding edges of weight 0,
and by subdividing an edge e of weight v, into three edges of weights v,, 1, and 1.
Using these transformations, any weighted graph (G, v) C T? can be modified to
obtain a weighted graph with the same polynomial, but admitting a perfect matching.
Using the continuity of v — P(g,,)(z, w), we can assume that all edge weights are
positive. Hence, it can be assumed that the dimer partition function of (G, v) does not
vanish. Note that for z,w = £1, we have P(z, w) = Pf(A(z, w))? > 0. An appropriate
linear combination of these four Pfaffians gives the dimer partition function [16, 52],
which we assumed not to vanish. Hence, we have P(z, w) > 0 for at least one (z, w)
in {4-1}2. Applying this fact to the Z /mZ x Z/nZ covering of G C T? and using [37,
Theorem 3.3] (see also equation (1.2) below), we find that P(z, w) 5 0 for (z, w) in
some dense subset 7 C S! x S!. For any fixed element (z, w) of T, we hence have
the equality

{v e (0,005 | Pgny(z,w) >0} = {v € (0,00)F | Pigu)(z,w) >0},

which is open and closed in (0, o0)Z by continuity of v PG (z, w). It is also
non-empty, as the choice for v of the indicator function of a perfect matching gives
the value P(g,,)(z, w) = 1. By connectedness of (0, o0)E, we conclude that

PG,vy(z,w) >0

for all v and any fixed (z, w) € T. The statement follows from the density of 7" and
the continuity of (z, w) — P(z, w). ]

We need further properties of these polynomials for covers of graphs on the Klein
bottle.
Proposition 2.10. (i) P(z,w) = P(z,w™ ') e R[z*!, wt!].

(i) For w = +1, we have the equality P(z, w) = R(z"/2, w)R(—z'/2, w)
in C[z¥1/2].

(i) P(1,w) = |R(*l,w)|?forz € C* and w = *1.
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12 of 7.

Proof. To show the first point, fix z, w € C* and an arbitrary square root z 0
First, observe that P(z, w) = det A(z, w) is left unchanged when replacing z¢? by
Z1/2(eb=eb) \where b, b’ C T2 denote the two lifts of b C # (recall Figure 5).
Also, multiplying by i the rows and columns of Az, w) corresponding to a vertex
in the upper half of < amounts to multiplying its determinant by (—I)W| =1, so
the resulting matrix A (z, w) still has determinant equal to P(z, w). However, this
new matrix is now symmetric in the following sense: if f* denotes the involution
of CV corresponding to the non-trivial deck transformation of the covering (T2, f‘) —
(' ,T), wehave the fA'(z,w) f = A'(z, w™'). The equality P(z,w) = P(z,w™")
follows.

To prove the second point, consider again the modified matrix A'(z, w) above,
which for w = =1 is invariant under the involution f of C". Following the standard
arguments of [37, Theorem 3.3], we obtain that in the right basis, A (z, w) is given
by A(z'/2, w) @ A(—z'/2, w). The statement follows.

The third point is a consequence of the second one and of Remark 2.4 (iii). |

2.4. The bipartite case: basics

Let us now assume that the graph I" is bipartite, i.e., that its vertices can be partitioned
into two sets (say, sets B and W of black and white vertices, respectively) so that no
edge joins two vertices of the same set. For such a graph to admit a perfect matching,
it is necessary to have | B| = |W|, which we assume. In such a case, the vertices can be
ordered so that the matrix A(z, w) is block off-diagonal, leading to the characteristic
polynomial factorizing as

R(z,w) = S(z,w)S(z" !, w), 2.1

where S(z, w) € C[z*!, w] is the bipartite characteristic polynomial of T C ¢ .

Remark 2.11. Given I' C % and curves a, d’, b, the polynomial S is well-defined
up to a sign and complex conjugation: as before, this follows from Remark 2.1 (ii)
together with the fact that @ + a’ is homologous to b. Moreover, by Remark 2.1 (iii),
deforming the curves a, a’ and b leads to the additional transformations S(z, w) —
iS(z,—w) and S(z, w) — z*'S(z, w).

As one easily checks, such transformations are coherent with the properties listed
below, which can be obtained using Remark 2.4 (iii) and Proposition 2.6.
Proposition 2.12. The polynomial S(z, w) satisfies the equalities

() S(—z,w) = +S8(z,w) € C[z*!, w],

(i) Z = |Im(S(x£1,1))| + |[Re(S(£1, —-1))|.
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A bipartite structure on I' C ¢ lifts to a bipartite structure V=BuWonTCT?2.
As above, we then have a factorization

P(z,w) = Q(z,w)Q(z_l, w) e R[z_l, w_l], 2.2)

where Q(z, w) is the bipartite characteristic polynomial of ' C T2, defined as the
determinant of corresponding bipartite Kasteleyn matrix Ace(z, w).

Remark 2.13. The polynomial Q is uniquely defined from I' C .”#" and the curves a,
a’ and b, up to a global sign depending on the ordering of the vertex set V. Moreover,
deforming the curves a, a’ and b leads to the transformations Q(z, w) — Q(z, —w)
and Q(z,w) — zt1Q(z, w).

In this bipartite case, the proof of Proposition 2.10 extends to give the following
statement.

Proposition 2.14. The polynomial Q(z, w) € R[z*!, w*!] satisfies the equalities
(i) 0(z,w) = Q(z,w™) e R[z*, wHl],
(i) O(z,w) = £5(V2, w)S(—z?, w) € C[z*V2?] for w = +1. ]
By Remark 2.11 and Proposition 2.12 (i), one can choose the curves a, a’ so that

S(—z,w) = S(z, w) € C[z*", w]. (2.3)

Moreover, by Remark 2.13 and Proposition 2.14 (ii), one can order the vertex set v
so that the equality

0(z,w) = SV, w)S(=z"2%,w) e (C[zil/z] 2.4)
holds for w = £1. As a consequence, we also have the equality
0(z.w) = |S(z'2, w)P?

for w = £1. From now, we will assume these normalizations of Q and S.

2.5. The bipartite case: roots of S

This section contains the first technical results of this article. They play a crucial role
in our proof of Theorems 1.2 and 1.3.

For a bipartite toric graph ' C T2, there is a natural action of R2 on the set of
edge weights (the magnetic field coordinates of [37, Section 2.3.3]). In the case of
a bipartite graph I' C ./, there is an analogous natural action of R on edge weights,
defined as follows: for B € R and v = (ve)eer € [0, 00)E, set

(B ev), =exp((e-b)B)ve.
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where e - b € {—1,0, 1} denotes the intersection number in %~ of the edge e, oriented
from the white to the black vertex, with the oriented curve b (recall Figure 5). Writing
Sp for the bipartite characteristic polynomial of the weighted graph (T, B e v) C JZ,
one easily checks the equality

Sp(z,w) = S(exp(B)z, w) € C[zt!, w].
Similarly, one obtains the equality
Op(z.w) = Q(exp(2B)z. w) € R[z*" w™!].

We recall a couple of concepts from [37]. The Newton polygon of Q(z, w) =
> . jyez2 @ijz w’ is defined as the convex hull of the set {(i. j ) € Z* | a;; # 0} C R?.
We shall say that I’ C # (and [ c T?)are non-degenerate if the Newton polygon
of the corresponding characteristic polynomial Q has a positive area. For a non-
degenerate bipartite toric graph, the associated spectral curve

% ={(z.w) € (C)?| O(z,w) = 0}

is extremely well understood thanks to the work of Kenyon, Okounkov and Sheffield
[36, 37]. In a nutshell, it belongs to a special class of curves known as Harnack
curves [47], for which the map (C*)? — R? defined by (z, w) > (log|z|,log |w]) is
at most two-to-one [48]. The image of € via this map is called the amoeba of Q [23],
and is denoted by A(Q).

We now use these tools to study the zeros of the characteristic polynomials Q
and S associated with a non-degenerate bipartite graph I’ C 7.

Proposition 2.15. If[ C.#  is a non-degenerate bipartite graph and (z,w) € S x §1
belongs to the spectral curve Q(z,w) = 0, then we have z = —1.

Proof. First note that using the symmetry Q(z, w) = Q(z, w™!) of Proposition 2.14
together with the fact that Q has real coefficients, the elements (z, w) € S! x S§! of
the spectral curve come in groups of four: 0 = Q(z,w) = Q(z,w) = Q(Z,w) =
Q(z, w). Since a Harnack curve intersects the unit torus in at most two points, we
musthave z = £1orw = +£1.

Next, observe that the symmetry Q(z, w) = Q(z, w™') immediately implies that
0y O(z, w) vanishes for all z € C* and w = £1. Also, if Q(1, w) = 0 for some
fixed w = %1, then equations (2.3) and (2.4) imply that both S(1, w) and S(—1, w)
vanish. Using (2.4) again, it follows that d, Q(1, w) = 0. Therefore, if Q(1,w) =0
for some fixed w = %1, then we have 9, O (1, w) = 0y, Q(1, w) = 0; in other words,
this is a singularity of the spectral curve.

Having established these two facts, let us analyze the intersection of the unit torus
with the spectral curve Qp(z, w) = 0, as B varies in R; the aim is to check that
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any element (z, w) in this intersection satisfies z = —1 (the case B = 0 giving the
proposition). This amounts to analysing the intersection of the amoeba of Q along the
horizontal axis. If B lies outside the amoeba, then the intersection is empty and the
statement holds trivially. If B lies on the boundary of the amoeba, then the intersection
consists in a single real point that is not a singularity (see, e.g., the last sentence of [48,
Theorem 1]). By the second fact above, it is of the form (—1, £1). Finally, as B travels
inside the amoeba from one boundary point By to another boundary point By > By,
we have Qp(zp, wp) = Qp(zZp, wp) = 0 for some (zp, wp) € S! x S! varying
continuously, and satisfying the following conditions:

* ZB, =z, = —1l,and wp, = £1, wg, = £1;
* (zp,wp) # (zg, wp) for By < B < Bj (except possibly at isolated real nodes);
e zp=+lorwp = %1 forall B € [By, B1] (by the first fact above).

By continuity of B +— (zp, wg), we either have zp constant (equal to zp, = —I,
and we are done), or wp constant (equal to some wog = *1) for all B € [By, By].
In the later case, we have 0 = Qp(zp, wo) = Q(exp(2B)z, wg), so the polynomial
map z — Q(z, wg) vanishes on the arc {exp(2B)zp | B € [Bo, B1]}. This implies that
this polynomial is zero, which is impossible for a Harnack curve. |

We use a detailed study of the amoeba of the spectral curve to show the following
result.

Proposition 2.16. All the roots of S(z, 1) and S(z, —1) are purely imaginary, and
simple.

Proof. Let us fix wg = +1 and z € C* such that S(z, wg) = 0. For B € R such
that exp(B) = |z|, we have Sg(exp(—B)z,wp) = S(z, wp) = 0 with (exp(—B)z, wy)
in the unit torus. By equation (2.4), we have that Q g(exp(—2B)z?2, w) vanishes as
well, so by Proposition 2.15, we must have exp(—2B)z? = —1. This implies that z is
purely imaginary.

It remains to show that these roots are simple. Since Qp(z, w) has at most (real)
nodes on the unit torus, equation (2.4) and the argument above imply that the roots
of S(z, wp) have order at most 2, with possible double roots corresponding to nodes
of Op. More precisely, a node (—1, wg) of Qp either corresponds to two conju-
gate simple roots exp(B)i and — exp(B)i of S(z, wy), or to a single double root
of S(z,wp) at zg = % exp(B)i. Unfortunately, such double roots cannot be excluded
using equation (2.4) alone, so we will use a careful analysis of the amoeba A (Q) of O
to rule them out. When perturbing the edge weights, such a node of Qg would yield
an oval in the boundary of A (Q), meeting the horizontal axis in two points close to B
corresponding to two simple roots of S(z, wg) close to zo. We now show that this can-
not happen, as each oval of dA (Q) meeting the horizontal axis in two points yields
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Figure 8. Left: the intersection of a (schematized) amoeba with the horizontal axis, here
with n = 3. Right: the corresponding interlaced roots of S(z, 1) and S(z, —1) represented by
black and white dots, respectively.

two (simple) roots of S(z, wp) that are located on opposite sides of the imaginary
axis.

To show this claim, let us consider Q without any node (they can be deformed
into ovals), and write

By<Bi <By<By<B)<---<By_1<B,_|<By

for the coordinates of the intersection points of the horizontal axis with dA(Q), as
illustrated in Figure 8 (left). Each By (resp. Bé) corresponds to a simple root zg
(resp. z;) of Sp,(z, wy) (resp. Sp,(z, w;)) for some wg, w, = *1. Let us first study
these wy, w), before turning to the claim above. Due to the particular configuration of
ovals in Harnack curves, each pair of points (B, B;) is linked by an oval of JA(Q)
for 1 < £ < n. Hence, by continuity of the (real) zeros of Qp corresponding to
these ovals, we have wy = wé for all 1 < £ < n. Moreover, when moving from Bé
to B¢41 in the interior of A(Q), the corresponding roots of Qp in the unit torus are
of the form (—1, wg) # (—1, wg) with wp moving along the unit circle from wy
to wy+1. The amoeba map of a Harnack curve being at most two-to-one, we necessar-
ily have wz # Wy forall 0 < £ < n. Assuming without loss of generality that wg = 1,
we now have wy = wj, = (=) forall 0 < £ < n and w, = (—1)", thus completing
the determination of these variables. (This is illustrated by black and white dots in
Figure 8.)

Let us turn to the roots zy, 22, and to our claim: writing s; and sé for the sign of i zy
and i 21’3, respectively, we wish to show that s, and SZ never coincide for 1 <{ <n —1.
To do so, let us consider the following 1-parameter deformation of the model. For
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t € R, let v® denote the edge weights on I' C %  obtained via multiplication of v,
by ¢ each time the edge e meets the curve a C ¢ (recall Figure 5). Writing Q¥ for
the corresponding characteristic polynomial, we clearly have 0V (z, w) = Q(z, w) =
QD (z, —w), while Q© only depends on z. Hence, the amoebas of Q and Q1
coincide, while the (degenerate) one of Q(O) consists in n vertical lines. More pre-
cisely, when ¢ decreases from 1 to 0, the topology of dA(Q¥) is unchanged, but the
ovals become wider, the points Bé and By, grow closer, eventually meeting at one
of these vertical lines for t = 0. As ¢ decreases further from 0 to —1, a symmetri-
cal deformation is observed, ending up with the same amoeba A(Q V) = A(Q),
but with the roles of w and —w exchanged. (Note that this is consistent with the
determination of wy, w), above.) The key observation is that during this continuous
deformation, the roots z; of S(z, (=1)%) and zg4q of S(z, (—1)¢+") are exchanged
without additional collisions between any of the roots zy, z1, 2], ..., z,_1. Zn. Since
the norm of these roots are ordered as the corresponding By and B, we are in one of
the following two cases:

(i) either 36 =5 =s5] =--- =5, = So, and the roots are ordered as their norms;

(i) or s =51 # 8] =+ = Sp—1 F# S,,_; = Sp, and the roots of S(z, 1) and
S(z,—1) alternate along the imaginary axis (see Figure 8, right).

The second case yields the claim, so we are left with ruling out the first one for n > 2.
By means of contradiction, let us consider a non-degenerate bipartite graph I’ C J#°
realizing case (i) with n > 2. Then, it necessarily contains two paths winding in the
horizontal direction (since n > 2), and one winding in the vertical direction (since it
is non-degenerate). Sending the weights of the edges not contained in these paths to 0
and shrinking all degree 2 vertices of these paths (see, e.g., [24]) leads to the bipartite
square lattice of Example 2.5, which is easily seen to display a root configuration as
in case (ii) above with n = 2. Therefore, this transformation produces a continuous
deformation of the roots of S(z, 1) and S(z, —1) from case (i) with n > 2 to case (ii)
with n = 2, which is impossible to realize while staying in one of the two allowed
families of configurations. This concludes the proof. ]

Note that the proof above yields the additional remarkable fact that the real Lau-
rent polynomials S(iz, 1) and S(iz, —1) are interlaced, i.e., have only real roots which
alternate along the real line (see, e.g., [22]).

The final result of this section requires the following notations. Since S(—z,1) =
S(z.1), the leading coefficient of S(z, 1) has argument A7 for some A € Z. Let us
denote by r the total number of roots of S(z, 1) with modulus > 1, counted with
multiplicities, and set A := A + r. We shall write A’ := A’ + r’ for the corresponding
integers associated with the polynomial S(z, —1).
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Lemma 2.17. (1) If O(z, w) has no zeros in the unit torus, then A + A’ is even.

(2) If Q(z,w) has two distinct zeros in the unit torus, then A is odd and A’ is

even.

(3) If Q(z, w) has a node in the unit torus, then A is odd and A’ is even.

Proof. The strategy of the proof is once again to fix I' and study the intersection of
the unit torus with the spectral curve Qp(z, w) = 0 as B varies in R, i.e., to analyze
the amoeba A (Q) of Q along the horizontal axis. More precisely, we shall start by
checking that the statement holds for B big enough, and then show that it remains
true as B decreases. The crucial idea is the following one: the three cases in the state-
ment of the lemma correspond to three possible locations of B € R, and passing from
one to another corresponds to crossing the boundary or a node of A(Q), i.e., a real
root (zg, wg) of Q g, where zy = —1 by Proposition 2.15. By equation (2.4) and Propo-
sition 2.16, this corresponds to one or two simple roots of Sp(z, wy) exiting the unit
disc along the imaginary axis, which in turn corresponds to a change in the integer A
if wo = 1, and in the integer A’ if wy = —1. Observe also that varying continuously
the weights v € (0, 00)Z amounts to continuously deforming the amoeba A (Q) with-
out changing its topology, as the amoeba of Harnack curve is severely constrained by
the corresponding Newton polygon (see [47], and more detail below). In particular,
this will not change the order in which we meet the roots of Sg(z, 1) and Sg(z, —1)
as B decreases; in other words, this will not change the order of the moduli of the
roots of S(z,1) and S(z, —1).

Before implementing this idea in detail, let us start by studying the parity of the
integers A, A’. Since S(—z,1) = S(z, 1), the leading coefficient of S(z, 1) has argu-
ment A% with A of the same parity as the top-degree d of S(z, 1). Similarly, the
integer A’ has the same parity as the top-degree d’ of S(z, —1). By equation (2.4),
the square of the leading coefficient of S(z, 1) is equal to the leading coefficient
of Q(z, 1), which is the degree d coefficient, and similarly for S(z, —1). To describe
these coefficients explicitly, let us fix a reference matching M, on T, assuming with-
out loss of generality that it is disjoint from @ and b. By [37, Proposition 3.1], we have

Q. w)y= Y (=) Fhyar)xwh,

Me.#(G)

where (. hy,) € Z* denote the coordinates of [M — M) € Hy(T2;Z) = Z.d & Zb.
(This formula is valid for a specific Kasteleyn orientation on ' ¢ T2, but one can
check that our conventions for K are coherent with this choice.) Let us denote by h
the maximal value of hy over all M € .#(G) and write Zq (resp. Zp) for the con-
tribution to the partition function of T of the matchings with 4, = h and /, even
(resp. odd). By the equality displayed above, we have d < A, and the degree A coeffi-
cient of Q(z, 1) isequal to Zg — Zp; if his even and to Zpo + Zp; # 0if & is odd.
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Similarly, the top degree d’ of Q(z, —1) is at most 4, and its degree & coefficient is
equal to Zpg + Zpy # 0if his even and to Zpg — Zpy if & is odd. Let us first assume
that & is even. In such a case, we have that d’ = h is even, while d is equal to & (and
therefore even as well) unless the weights v satisfy the equality Z;o = Zj;, i.e.,

> V(M) = > v(M). (2.5)

Me{#(T) | hy=h, h, even} Me{ ()| hy=h, h, odd}

Therefore, we have that A = d and A’ = d’ are both even if the weights v are generic,
in the sense that they do not satisfy equality (2.5) above. The case of / odd is similar,
leading to A = d = h always odd, and ' = d’ = h odd as well for generic weights.

We now investigate the geometric meaning of equation (2.5). Consider a path
in the space of generic weights ending in non-generic weights. By the discussion
above, this corresponds to the degree & coefficient of Q(z, (—1)") (or equivalently,
of S(z, (—1)")) tending to zero, with all other coefficients of S(z, 1) and S(z, —1)
bounded away from zero. This results in the modulus of the biggest root of S(z, (—1)")
tending to infinity and all other roots of S(z, 1) and S(z, —1) having bounded modu-
lus. By the observation at the beginning of the proof, this implies that the biggest root
of S(z,1) and S(z,—1) belongs to S(z, (—1)"). In other words, as B decreases within
generic weights, the first time we hit the boundary of A(Q) corresponds to a root
of S(z, (—=1)"). Now, recall that for Harnack curves, the Newton polygon A(Q) of Q
allows to describe the associated amoeba A(Q) as follows: each interval between
two adjacent points in Z? N dA(Q) produces one tentacle of A(Q) with asymptotic
direction orthogonal to this interval. The horizontal axis is generically not contained
in one of these tentacles; the only way for this to happen is if two adjacent horizontal
tentacles from either sides of this axis merge to give a single tentacle, thus sending the
right-most intersection of dA (Q) with the horizontal axis to infinity. By the discussion
above, this corresponds to the weights v varying so that the modulus of the biggest
root of S(z, (—1)") tends to infinity, i.e., to the non-generic case defined by equa-
tion (2.5). In summary, the non-genericity condition defined by equation (2.5) corre-
sponds precisely to some ray [ By, co) of the horizontal axis being contained in A(Q).

We are finally ready to start the actual proof of the statement. Let us first consider
the case of B big enough on the horizontal axis, with generic weights. By the discus-
sion above, we are outside A(Q), and therefore in case (1). Since B is big, we also
have r = r’ = 0, as all the roots of Sp(z,1) and Sg(z, —1) have modulus < 1. There-
fore, in the generic case for B big enough, we are in case (1) and have A = A’ = h,
so the statement holds. Let us now turn to the non-generic case for B big enough.
This time, we are inside a horizontal tentacle of A(Q), and therefore in case (2). As
discussed above, such a case can be obtained as a limit of generic weights, with the
leading coefficient of Sg(z, (—1)") tending to zero and its biggest root tending to
infinity: this corresponds to changing the parity of the corresponding integer A or A’,
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which results in A odd and A’ even, as claimed. In any case, we see that the lemma
holds for B big enough.

We now study the behavior of A and A’ as we decrease B along the horizontal
axis. As explained earlier, the only way for A or A’ to change is if (simple) roots
of Sp(z,1) or Sg(z, —1) cross the values i along the imaginary axis. This cor-
responds to Qp(—1,1) or Qp(—1, —1) vanishing, i.e., to B crossing the boundary
or a real node of A(Q). Therefore, we are left with the proof that the statement of
the lemma is coherent with such phase transitions. Starting with B big enough (in the
generic case), we have A = A’ = h. Let us decrease B until we first cross the boundary
of A(Q), thus transitioning from case (1) to case (2). As discussed above, this corre-
sponds to the biggest root of S(z, (—1)") exiting the unit disc, leading to A odd and A’
even. Continuing to decrease B, we might cross once again dA(Q), thus exiting the
amoeba, but perhaps through an oval this time (thus entering a gaseous phase). This
results in a simple root of S(z, wg) exiting the unit disc, for some wy = %1, and there-
fore a change in the parity of A + A’. (We know from the proof of Proposition 2.16
that wo = (—1)"*1, but this is not needed here.) It corresponds to transitioning from
case (2) back to case (1), and we indeed have A + A’ even once again. Note how-
ever that, due to the particular topology of oval arrangements in Harnack curves, the
next time we hit dA (Q) must be through the same oval; therefore, this corresponds to
another simple root of S(z, we) exiting the unit disc, for the same wy = +1 as before.
We thus return to A odd and A’ even, which is once again consistent with the claimed
statement. The last possible phase transition is when we cross a real node (—1, wyp)
inside A (Q), which by equation (2.4) and Proposition 2.16 corresponds to two simple
roots of S(z, wp) exiting the unit disc, and to a transition from case (2) to case (3).
The parity of the integers A and A’ is obviously unchanged, concluding the proof. m

3. Enlarging the fundamental domain

The aim of this section is to show how the dimer partition function of a periodic
weighted graph T',,, C J# of arbitrary size can be computed from the characteristic
polynomials of the original weighted graph T';; = T' C %, see Theorem 3.4. Via
the Pfaffian formula (Proposition 2.6), this can be achieved if we understand how
the Kleinian characteristic polynomial R,,, of I',, can be expressed in terms of R
and P. The answer is given in Theorem 3.3, which is the main technical achievement
of this section.

It is organized as follows. In Section 3.1, we state a recent result of Kassel and the
author [14], probably folklore, which plays a crucial role in this discussion. In Sec-
tion 3.2, we state Theorem 3.3 and show how it implies Theorem 3.4. The proof of
Theorem 3.3 is contained in Sections 3.3 to 3.5.
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3.1. Covering spaces and twisted operators

One of the main technical tools used in this article is a result due to Adrien Kassel and
the author [14], but probably known to the experts. The aim of the present section is
to succinctly explain a special case of this result adapted to our context.

As in Section 2.1, let us fix a connected graph I' together with edge weights v
and an orientation K. The embedding of T" in the Klein bottle 2" endowed with the
curves a, a’ provides an additional structure: the map w: E — Z /27 given by w(e) =
e-a+ e-a'. (Technically, this is a 1-cocycle representing the first Stiefel-Whitney
class of % ".) Finally, let us fix a base vertex vg € V and a finite-dimensional complex
linear representation p: 71 (I', vg) — GL(W).

It is not difficult to show that any such homomorphism p can be represented by
a connection, i.e., a family ® = (¢¢)ecg € GL(W)E indexed by the set E of oriented
edges of I', such that gz = ¢ Lif e, e denote the same edge with opposite orientations.
This means that for each loop y in I" based at vg, the composition of the corresponding
automorphisms ¢, is equal to p(y). Using this data and in the spirit of [35], one can
define an associated twisted Kasteleyn operator A* = AP(I", v, K, w) acting on the
set WV of W-valued functions on V as follows: for f € WY and v € V, set

(A )= D &K (@)ivege(f()),

e=(v,v’)
where the notations are as in Section 2.2.

Remarks 3.1. (1) A fixed homomorphism p can be represented by various con-
nections. However, one can show that any two such connections are gauge
equivalent. This implies that the corresponding twisted Kasteleyn operators
are conjugated by an automorphism of WV, and justifies the abuse of nota-
tion.

(ii) If py, po are two representations, then the operators A°1®P2 and AP @ AP2
are clearly conjugated by an automorphism of WV .

As a natural class of examples, consider the homomorphisms p: 771 (I, vo) —
GL(W) given by the irreducible representations that factor through the inclusion in-
duced homomorphism 71 (T, vg) — 71 (£, vo) and the abelianization 71 (£, vo) —
Hy( ;Z) ~ Zla] & Z/27Zb]. Being abelian and irreducible, such a representation
is 1-dimensional and fully determined by the image z € C* of [a] and w € {£1}
of [b]. The resulting twisted Kasteleyn operator is nothing but A(z, w), as defined in
Section 2.2.

The main technical novelty of our approach is that, in order to understand the
dimer model on (bigger and bigger) Klein bottles, one needs to consider not only
these operators, but the ones twisted by 2-dimensional representations as well.
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To see this, let us consider a covering map p: [ - T with T a finite connected
graph. The additional data v, K, @ on I lifts uniquely to v, K , @ on r ; therefore,
any representation p: 1 (f‘, Vo) — GL(W) allows us to define AP = Ap(f, 7, K, @)
as above. Note that p being a covering map, it induces an injection ps: 7y (f‘, Vo) —
1(T, vg) on fundamental groups (see, e.g., [27, Chapter 1]). Hence, one can iden-
tify 7y (T, 7o) witha subgroup of 71 (T, vg). Finally, recall that given any linear repre-
sentation p: H — GL(W) of a subgroup H of a group G (for example, of 7, (f‘, Vp) <
m1(T, vg)), there is an induced representation p*: G — GL(Z), well-defined up to iso-
morphism (see [50, Section 3.3] and Section 3.4 below).

The following statement is a special case of the main theorem of [14].

Theorem 3.2. There is an isomorphism WV = 7V that conjugates AP and AP,

To illustrate this result, consider the simpler case of a toric graph I' C T2 and
the associated (real-valued) Kasteleyn matrix. Let = I'yun denote the lift of T" by
the m x n cover T,%m — T2 of the torus by itself. This covering being normal, the
trivial representation of 1 (I',,) is easily seen to induce the representation of 1 (I")
given by the composition

71(T) 25 70(T2) 2 70(T2) /71 (T2,) ~ Gal(T/T) 2% GL(Z),

where i, denotes the inclusion induced homomorphism, pr the canonical projection,
and pr, the regular representation of the Galois group Gal(f‘ /)Y~ 7Z/mZ x Z/nZ
of this covering. For such a finite group, this regular representation is known to
split as the direct sum of all irreducible representations of Gal(T /T) (see [50, Sec-
tion 2.4]). In our case, this group being abelian, all the irreducible representations
are 1-dimensional so pre, splits as

Preg = @ @ IO(Z’w)7

zn=1wm"=1

with p(z, w) mapping a fixed generator of Z/mZ (resp. Z/nZ) to w € C* (resp.
z € C*). Using the version of Theorem 3.2 adapted to this context together with Re-
mark 3.1 (ii) above, we obtain the following fact: the (untwisted) Kasteleyn operator
associated with T',,,, C T2 is conjugate to the direct sum of the Kasteleyn operators
associated with I' C T2 twisted by p(z, w), the product being over all z, w € C* such
that z” = 1 and w™ = 1. Taking the determinant, and writing P,,, for the character-
istic polynomial of T'y,,, C T2, we get

Pan(,) =TT ] PGw),

zn=1wm=1

which is nothing but a special case of equation (1.2).
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The section of [37] containing this latter statement is entitled “enlarging the fun-
damental domain”. We borrowed this title for the present section, whose aim is to
perform the same action, no longer on tori, but on Klein bottles.

3.2. Covering the Klein bottle by itself

As in the introduction, let us fix a weighted graph I' C J#', two positive integers m
and n with n odd, and denote by T'y,,, C S, the lift of ' C JZ° by the m x n
cover Hp,, — J of the Klein bottle by itself (recall Figure 1). The edge weights
on I lift to edge weights on I',,, so one can consider the associated Kleinian and
toric characteristic polynomials Ry, (z, w) and Pp,,(z, w), as explained in Section 2.

The main result of this section is the expression of R,,, in terms of Rj; = R
and P;; = P, as follows.

Theorem 3.3. For any positive integers m, n with n odd, we have

1_[2"’:1 (R(Z 1) 1_[1<k<m—1 k even P(Z’ é‘k)) lfm is Odd’

Run(1,1) =
Hzn—l (R(Z I)R(Z 1) ]_[1<k<m 1,k even P(Z é‘k)) lfm is even,
and
Ryn(1,—-1) = [en=1 (R(Z 1)n1<k<m 1koddP(Z ¢ )) if m is odd,

[Tonet Tli<k<m—1.k oda P(z,¢%) if m is even,
where ¢ stands for exp(wi/m).

We postpone the proof of this theorem to Sections 3.3 to 3.5.

Writing Z,,, for the dimer partition function of the weighted graph I',,, it allows
us to prove Theorem 1.1, that we now recall for the reader’s convenience. Note that
since Py, can be computed in terms of P via equation (1.2), this theorem shows
that Z,,, can be expressed using the polynomials P and R alone.

Theorem 3.4. For positive integers m, n with n odd, we have
Znn = Isin(@n/2) Prn (1, D'* + |cos(ety, /2)| Pran (1. = 1)1/
if m is odd, and
Zonn = Isin((otn = 03)/2)| Pun (1. D'* + Prun (1, =D

if m is even, where
oy = Arg( 1_[ R(z, 1)), o, = Arg( 1_[ R(z,—l)),
zn= zn=1

and P, (1, £1)Y* denotes the non-negative fourth root of Ppy(1,41) > 0.
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Proof of Theorem 3.4. Applying Proposition 2.6 to I'y,, gives
Zyn = [IM(Rpn (1. )V2)] + [Re(Rpa (1. ~1)!/?)].
In the case of m odd, Theorem 3.3 and Proposition 2.9 yield
Zn = [sin(en/D)||Rmn (1. DI'? + [cos(e, /|| Rma (1. D] /2,

where o, and «), are as in the statement above. The final formula follows from Propo-
sition 2.10 (iii) applied to I'y,5. The case of m even is similar. |

In the case of a bipartite graph, Theorem 3.4 can be reformulated as follows.

Corollary 3.5. For positive integers m, n with n odd, we have

Znn = [sin(Bu)]| Qmn (1, DI + [cos(B)|Qmn (1, —1)|'/?

if m is odd, and
Zmn = |Sn(Bn — B Qmn (1, DIY2 4+ |Qmn(1, —1)| /2

if m is even, where

B :Arg( H S(z,l)) and B, :Arg( l_[ S(Z,—l))-

zn=1 zln=1

Proof. Equation (2.2) applied to I, and z, w € S! leads to the equality
Prn(z,w) = Qmn(z, W) Qmn(Z, W) = |Qmn(z, w)|2.

Furthermore, equation (2.1) applied to I' and w = +£1 yields

R(z,w) = S(z,w) Sz w) = S(z,w)>.
I1 I1 I1

zn=1 zn=1 zn=1 zn=1

Corollary 3.5 is an immediate consequence of Theorem 3.4 together with the equali-
ties displayed above. ]

Example 3.6. Consider the bipartite square lattice illustrated in Figure 6 with weights
X1 = Xz =:x and y; = y» =: y. As computed in Examples 2.5 and 2.8, we have

S(z,w) =x(z +z7YH) +iy(l + w),
0z, w) =x*C+z'+2) +y*(w+w™ ! +2).

Since S(z, —1) is always real for z € S, Corollary 3.5 now takes the simpler form

Zmn = 1SIn(Bn) || Qmn (1, DIV? + [ Qma(1, —1)]"/2.
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As areality check, let us compute Z,; using this formula together with equation (1.2).
It yields

Zor = ——2[4(x2 + y2)4x| M2 4 |(4x2 + 2)?)(4x2 + 2y2)| /2

= 4x% + 4xy + 2y?,

which can easily be checked by hand. Note that on this example of a 4 x 1 square
lattice, [45, (5)] yields the incorrect result 4x2 + 22, an error that propagates to [30]
(see Example 4.9 below).

The rest of this section is devoted to the proof of Theorem 3.3. It is divided into
three parts. In Section 3.3, we show how the orientation K and cocycle w on I,
can be made periodic, so that Theorem 3.2 can be used. In Section 3.4, we analyze
the two induced representations of 7 (%) and show that they split as direct sums
of 1- and 2-dimensional irreducible representations. Finally, Section 3.5 builds upon
the two previous ones to complete the proof of Theorem 3.3.

3.3. Making the orientation and the cocycle periodic

Let us start by reformulating the definition of R,,,(1, £1) using the language of
twisted operators introduced in Section 3.2, in order to apply Theorem 3.2.

Let ' C % be a graph endowed with edge weights v, an orientation K sat-
isfying conditions (i) and (ii) from Section 2.1, and the 1-cocycle w: E — Z /27
given by w(e) = e - (a + a’). Let p be the trivial representation of 71 (T"), and p’
denote the 1-dimensional representation determined by the connection (¢, ). given by
@e = (—1)¢?. Then, the associated twisted Kasteleyn matrices A° = A°(T, v, K, )
and A satisfy R(1,1) = det(A?) and R(1,—1) = det(4”").

T = T'un is the graph considered above, then v, K and w lift to edge weights
U = vy, an orientation K, and a 1-cocycle @ on Ty, C . Theorem 3.2 can be
applied to compute AP = Ap(f‘, D, K ,®) and AP However, in order to ensure that
these matrices can be used to compute R,,,(1, £1), we must ensure that K and &
can be transformed to K,,, and w,,, satisfying the necessary properties explained in
Section 2.1.

To see this, let us denote by dmn, a,,, C H#mn the two parallel cycles gener-
ating Hy(Jun; Z) as described in Figure 5, and define wy,: E(Timn) =: Emn —
Z/27 by wmn(e) = e - (amn + a,,,). The two cycles a,a’ C J# lift to 2m parallel
cyclesa,a’ C Jy,, such that w(e) = e - (a + a’). Obviously, the 1-cycles apm, + a,,,
and @ + @’ only coincide if m = 1. However, they are always homologous in
Hi(Hmn: Z./27); indeed, their difference bounds a surface ¥ consisting of LmT_IJ
cylinders, plus one Mobius strip if m is even. The cases m = 2 and m = 3 are
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illustrated in Figure 9. (Note that n is irrelevant in this argument.) Therefore, the
cocycles wp,, and @ are cohomologous: they can be obtained from each other by, for
each vertex v in X, flipping the value of all the edges adjacent to v. At the level of
Kasteleyn matrices, this amounts to multiplying by —i the rows and columns of AP
and A"’ corresponding to the vertices in X. As X contains |m/2|n|V | vertices and | V|
is even, the determinant is left unchanged by this operation.

Figure 9. The cycles a5, a,,,,, in full lines, @, @’ in dashed lines, in the cases m = 2 (left)

and m = 3 (right). The surface ¥ bounded by their difference is shaded.

However, this operation also implies that the lifted orientation K is inverted along
each edge both of whose endpoints are contained in X, thus creating a new orienta-
tion K, on 'y C Hpmp. It now remains to check that K, satisfies conditions (i)
and (ii) of Section 2.1, whose notations and terminology we assume. Once this is
verified, we will able to use A%, := A?(Touns Vinns Kmn, ©mn) and Aﬁ;n to com-
pute Ry, (1, £1) and apply Theorem 3.2 to obtain the equalities

Run(1,1) = det(4?, ) = det(A?) = det(4”"), 3.1)
Run(1,—1) = det(42 ) = det(A”") = det(4®""). (3.2)
To check the first condition, consider the commutative diagram of covering maps

(%nn, an) S (Tmn, ~mn)

| l

(‘}5/711)(—(]‘2,?)

Note that the orientation 12;1/,1 on I:;; = fm n C Tn% ,, 1s equal to the lift of K from the
bottom-left to the upper-right of the above diagram, followed by the inversion of the
edges both of whose endpoints belong to the lift of the upper half of Z via T n= T2.
Hence, K,y is nothing but the lift of the orientation K on T' C T2 via T2 — T2
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The latter orientation being Kasteleyn by definition of K, so is the former, and the
first condition is satisfied.

To check the second condition, let us denote by 1K (8) the (parity of the) number of
edges of an oriented curve § where K disagrees with the orientation of §. By assump-
tion, we have that nX )+ nk (C') is even, where C, C’ are oriented curves in T’
associated with a, a’ as explained in Section 2.1 and illustrated in Figures 5 and 10.
We need to check that n&mn (Cp, ) + nKmn(C) ) is even, with K, as above, and

Cmn, C,,, oriented curves in I',, associated with a,,,, a,

mn> respectively.

Figure 10. The curves C;,,, and C},,, for n = 3 and m = 2 in the left part and m = 3 in the
middle part. These curves can be constructed from copies of the curves C, C’ and y, y’ given
to the right.

By construction, the oriented curve Cy,; C T'n C Hmn can be obtained by a
lift of C C T together with (n — 1)/2 lifts of the oriented closed curve y C T C %
illustrated in the right part of Figure 10. (This curve can be defined as the oriented
boundary of the Mobius band obtained by all the 2-cells of . meeting the curve a.)
By the assumption of Remark 2.3, the curve Cy,;, is located in the portion of %,
where the orientation K,,, coincides with the lift K of K (unshaded in Figure 10).
Hence, we have

1K (Coun) = 1K (Cou) = nK(C) + "

—1
> ny).

If m is even (Figure 10, left), then C,,, can be obtained by a lift of —C together
with (n — 1)/2 lifts of —y. But these curves are located in the portion of J#p,,

where K, and K disagree (shaded in Figure 10). Hence, we have

n —

K (et y = nR(c) = K0y + LK ()
—1

n
2

=n¥(C) + nX(y).
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If m is odd (Figure 10, middle), then C,,,, can be obtained by aliftof C" and (n —1)/2
lifts of the oriented curve y’ C I' C ¢ illustrated in right part of Figure 10. Since K,

coincides with K along C/ ., we obtain

WK (Ch) = nE (Cp) = (€ + K (),

By the first two equations displayed above, we see that nXmn (Cpppy) + nKmn(C}, ) is
always even for m even. For m odd, the first and third equations above together with
the fact that nX (C) + n®(C’) is even imply that we are left with the proof that nX (y)
and nX (y’) have the same parity.

This can be checked as follows. The curves y,y’ C T’ C J lift to closed curves
7.7 < T in the lower half- -part of 17 bounding a cyhnder % C T? containing the
same number of vertices as . Since K coincides with K there, we have

nK @) +n¥ @) = K@) + 0K G) = nK (09).

The fact that nX (3%) is even follows from the standard argument of Kasteleyn since
K is a Kasteleyn orientation, the cylinder % contains an even number of vertices, and
has even Euler characteristic (see, e.g., [33]).

Remark 3.7. When the graph is “too small”, it might happen that the curves C and C’
cannot be chosen to be disjoint from ¢’ and a, respectively (recall Remark 2.3). For m
even, a mild extension of the argument above shows that nXm (C,,,,) + nKmn(C) )
is nevertheless always even. For m odd, this might no longer hold: the square lattice
of Figure 5 is an example of such a phenomenon. We shall deal with the necessary
modifications in due time (see Remarks 3.12 and 4.4 (iii) below).

3.4. Identifying and factorising the induced representations

We now proceed to the computation of the representations of 71 (.#") induced by
the 1-dimensional representations of 71 (.%,,) arising in equations (3.1) and (3.2).

To do so, recall (following [50, Section 3.3]) that given a representation p: H —
GL(W) of asubgroup H < G, the induced representation p*: G — GL(Z) is uniquely
determined up to isomorphism by the following properties. If R C G denotes a system
of representatives of G/H (i.e., each g € G can be written uniquely as g = rh € G
withr € Rand h € H), then Z is given by the direct sum

Z =P oiw).

rer

and for any g € G and w € W, we have pf (o} (w)) = o, (op(w)), where gr =r’'h € G
with ' € Rand h € H.
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In our case, the covering map p: #p,, — £ determines the inclusion of funda-
mental groups

71 (Hmn) = (@, 0" | a"b"a™"D™) L (a,b | aba™'b) = n(K).

Furthermore, a natural system of representatives of the quotient 1 (%) /71 () is
givenby R = {b'a’ |0 <i<m, 0<j<n}. Hence,weneedforg =aandg =b
to express g - b'a’ € m(J¥) in the form r - h with r € R and h € 71 (). Using
the relation aba~'bh = 1 (or equivalently, the relation a'h*1a = bT1), we find

bitlal .1 ifi <m—1,
b-(b'a’) =1 bmal = a’(a/b™a’) = a’ (a7 bal )"
=q/ . pmCV’ ifi=m—1,

and fori > 0,
a-(bialy = b7iai+! = pmmigitl (i1 pmg i1y
{bm—ia!‘rl D e < — 1,
CeearemeY i =1,
while fori = 0,
a-(0al) = {“m'l if j <n—1,
1-a" ifj=n-—1.
For p = 1 the trivial representation of 71 (#p,,) and o’ given by
Pgn =1 and  ppm = —1,
we hence obtain the following result.

Lemma 3.8. Let Z be the vector space with basis {e(i, j) |0 <i <m, 0 < j <n}.
Then, the induced representations p*, (p')*: w1 () = {a,b | aba™'b) — GL(Z) are
determined by

em—i,j+1) ifi>0,j <n—1,

o e(m—1i,0) ifi >0,j =n—1,
pale(i, j)) = , . ,

e(0,j +1) ifi =0,j <n-—1,

€(0,0) ifi=0,j=n—-1,

e(i+1,j) ifi <m-—1,

B
pple(i, j)) = {e(O,j) ifi =m-—1,
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and

—e(m—i,j+1) ifi>0,j <n—1,

o —e(m —1i,0) ifi >0,j =n—1,
(Ph(e, j)) = . . ,

e(0,j +1) ifi =0,j <n-—1,

¢(0,0) ifi =0,j =n-—1,

(P(eti. ) = {e(i pLa e m
—e(0, ) ifi =m—1.

Arranging the basis vectors {e(i, j) | 0 <i <m, 0 < j < n} as the vertices of
an (m x n)-grid with periodic-antiperiodic boundary conditions, we can understand p*
as the representation permuting these vertices as illustrated in Figure 11. Similarly, we
can understand (p')* as a signed permutation representation, with the signs given in
Figure 11.

The next step is to determine the factorization of the mn-dimensional repre-
sentations p” and (p’)* into irreducible representations. To do so, first observe that
Lemma 3.8 implies the equalities Pzzn = ,OZm = idz (this is clear from Figure 11). As
a consequence, the representation p* factors through the natural projection of 71 (%)

¢(0.0)e e(0,1) e(% 2) e(0,3) e((z, 4) ¢(0.0)
© © @I
e(1 0)1 © % © © . e(3,0)
’ Ie(S, D .2 Ie(l N Tel.d) I ’
e(2 O)I Q Q O O O e(2,0)
' Ie(Z, 1) e(2,2) Ie(Z, 3) e(2,4) I '
e(3,0)l Q I o I O O I O e(1,0)
e(l,1) e(3,2) Ie(1,3) e(3,4) I
© ©
e(0, O)I 0¢(0,0)

@ @
e(0,1) e(0,2) e(0,3) e(0,4)

Figure 11. The induced representation p* as a permutation representation, in the case m = 4,
n = 5. The horizontal arrows correspond to the action of a, the vertical ones to the action of b.
The circled minus signs © indicate how (p’)* differs from p*.
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onto the finite group given by the semi-direct product of two cyclic groups of order m
and 2n:

m () = (a,b | aba™'b) — (a,b | a®",b™,aba”'b) = Cp, x Cap.

Similarly, one checks that (o’ )a2" = (o )b2’" = idz, so (p')* factors through the
natural projection of 71 (.%£") onto Cy,, % Cay,. By abuse of notation, we shall sim-
ply denote by p* (resp. (p')*) the corresponding representation of C,, x Cs, (resp.
Com » Cyp), and we now need to understand the irreducible representations of the
finite group

(a,b | a®",bM  aba™'b) = Cyr x Cap.

Writing {ar = exp(2iz/ M) and {»,, = exp(iw/n), the following assignments clearly
define such representations:

e For 1 < { < 2n, the homomorphism p*: Cjyy x Cs, — C* given by a ;gn
and b — 1.

e If M is even, for 1 < { < 2n, the homomorphism p’e: Cy % Cypy — C* given
by a g‘fn and b — —1.

e Forl <k<M/2and1 <{ < n, the homomorphism pk’e: Cy % Cyy — GL,(C)

given by
0 &, & O
H(an O) and b»—><0 Ejlij .

To avoid very cumbersome notations, we do not include the index M in pk’z
However, the reader should keep in mind that the expression p*¢ will refer to the
above representation, sometimes with M = m (when dealing with p¥), and sometimes
with M = 2m (when dealing with (p’)").

Lemma 3.9. The representations {p¢, p'*}¢ and {pk’e}k,g above give the full list of
irreducible representations of Cpy x Caypy up to isomorphism.

Proof. The abelianization of Cy x Cs, is given by (a | a®*) if M is odd and by
(a | a®*") x (b | b?) if M is even. This immediately implies that the full list of 1-
dimensional representations of Cps x Cy,, is given by {pz, p’e }¢ as above.

To analyze the 2-dimensional representations, denote by yx ¢: Cy % Cp,, — C
the character of p%* (see [50, Chapter 2]). By definition, we get for 0 <i < M — 1
and0 <j <2n-—1

. (§ { if j is even,
Yiee(b'al) = e (3.3)
O if j is odd.
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Forany 1 <k,k’ < M/2and 1 < £,{ < n, this leads to

M—-12n—1

Xkt i) = ; Z > xreb'ad) o o (biad)

i=0 j=0
4 k+k’ k+k’ k—k’ k—k’
Z;(Z —£j _~ i Z (é—( + )l ( +k")i + é—( )i + é-( )l)

B {1 ifk =k"and £ = ¢/,

0 else.

In other words, the characters yx ¢ are orthogonal with respect to the usual scalar
product. By [50, Section 2.3], this implies that the representations {pk’e}k,@ are irre-
ducible and pairwise non-isomorphic.

Finally, note that the sum of the square of the degrees of the representations listed
above gives, for M odd,

M —

1
2n-12+n[ J-22=2n+2n(M—1)=2nM=|CM>4C2n|

and for M even,

M -1 M
4n-12+nL J-22=4n+4n<?—1)=2nM=|CM>4C2,,|.
By [50, Corollary 2], this shows that the above list is complete. ]

We are now ready to compute the decomposition of the induced representations
into irreducible ones. This is the content of the next lemma.

Lemma 3.10. The decomposition of the representation p* of Cy % Cay into irre-
ducible representations is given by

=1 1<k<X
if m is odd, and by
n
ot = (pze oo e @ pk,e)
=1 1<k<%

if m is even. The decomposition of the representation (p')* of Cam x Cay, into irre-
ducible representations is given by

n

=P (e @ )

=1 I<k<m—1
k odd
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if m is odd, and by

) —@ & p
T
if m is even.

Proof. The idea is to use once again the theory of characters. More precisely, we
shall determine the character y of p* and compute its scalar product with the charac-
ters xg, X/K and yi ¢ of the representations o, p't and pkt, respectively. This scalar
product is nothing but the number of times that the corresponding irreducible repre-
sentation appears in the decomposition of p* (see [50, Chapter 2]).

Understanding p* as a permutation representation (recall the square grid of Fig-
ure 11), one sees that y(b'a’) := Tr(pzl-aj) is simply given by the number of vertices
of the grid that are fixed by the action of b'a’. For0 <i <m and 0 < j < 2n, this
leads to

mn fori =j =0,

(bi j) n for0 <i <mand j = n,if mis odd,

x(®'a’l) = . .
2n  for0 <i <mevenand j = n, if m is even,

0 else.

Hence, for any character ¥ of C,, x C,, we have

m—1 m—1

(xY) = (m YOy 0 v 0ia ")) = VO + 5 Z ybia")

if m is odd, and

(lv) = w<b° °)+ 3 y@ia

0<z<m 1
i even

if m is even. Applying this to ¥ = y, which satisfies y¢(b°a®) = 1 and y,(b'a") =
(—1)*, we obtain
1 if{iseven,

(o = {0 if £ is odd.

If m is even, then the exact same computation holds for )(2 as well. Finally, equa-
tion (3.3) applied to M = m gives yj ¢(h°a®) = 2 and yx ¢(b'a™) = 0 since n is odd,
sO (x|xxe) = lforalll <{ <mand1 <k < m/2. This concludes the proof of the
first assertion. (As a reality check, note that the degree of the right-hand side is equal
ton(l + 2’"7_1) =nmifmisoddandton(2 +2(% — 1)) = nm if m is even, which
is indeed the degree of p*.)
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Let us now turn to the representation (p’)* of Cy,, % Ca,,. As described in Lem-
ma 3.8, this is no longer a simple permutation representation, but a signed one. There-
fore, the associated character y’ evaluated at b'a’ is not simply given by the number
of vertices fixed by the action of b’a’: it is equal to the signed sum of these fixed
vertices, with the signs given by Lemma 3.8 (see also Figure 11). For 0 <i < 2m
and 0 < j < 2n, we obtain
mn fori = j =0,

X’(biaj) _ —mn. fori =mand j =0,
(=1)'n for0<i <2mandj = n,if misodd,

0 else.

Hence, for any character y of Cy,, x C5,, we have

LW (%) — ¢ (b™a%) + & Y (= Diy(bia™)  if mis odd,

(X hﬁ) = { %(W(boao) _ w(bmaO)) if m is even.

Applying this to ¥ = y, which satisfies y;(b%a®) = y(b™a®) = 1 and y,(b'a") =
(—1)*, we obtain (x’|x¢) = 0. On the other hand, the character X, satisfies
(%) =1, f®"a®) = (1" and gb'a") = (=1,

so we get
1 ifmis odd and ¢ is even,

X 1xp) = {

0 else.

Finally, equation (3.3) applied to M = 2m gives the values
e (°a®) =2, yiee(®™a®) =2(=D and e (b'a") =0
foralll <{¢ <nand1 <k < m. This leads to

1 if k is odd,

0 if k is even,

(X' xk,e) = {

and concludes the proof of the lemma. (Once again, one easily checks that the degree
of the right-hand side is equal to nm, which is the degree of (p')*.) ]

3.5. Proof of Theorem 3.3

We start with the first part of Theorem 3.3. By equation (3.1), Lemma 3.10 and
Remark 3.1 (ii), we have
TTi— 1 (det(AP”) [Ty < <my2 det(47")) if m is odd,

Rinn(1,1) = ,
" { [Tz, (det(A”zZ) det(A” 2e) [Ti<k<m/2 det(A"k’Z)) if m is even,
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where p?¢, p'2¢ and pk* are the representations of 71 (%) = (a,b | aba™'b) deter-
mined by

0 é’z é" 0
24 /25 24 k., 2n k.t m

- ’ 17 —_— _1, = y p = —. .
Pa é‘n P Py Pa (é-gn 0 ) b ( 0 é-k

It is easy to check that any representation p: 71 (%) — GL(W) can be represented
by the following connection ® = (¢, ).ck on the oriented edges of I

Pap  if e crosses a vertical side of the fundamental domain 2
from left to right,

p,p if e crosses a vertical side of & from right to left,

Pe . . .
pp  if e crosses a horizontal side of & from bottom to top,

if e crosses a horizontal side of & from top to bottom,

idyw else.

(Observe that the loop based at the point of %, corresponding to the corners of the
square and following the curve a’, is homotopic to ab, hence the first equality above.)
As mentioned in Remark 3.1 (i), there are other possible choices of connections for p,
but the determinants of the resulting twisted operators will coincide. Using this choice
of connection and the definition of R, we obtain the equalities

det(4””) = R(¢L, 1) and  det(4””") = R(—¢L. —1).
The first part of Theorem 3.3 now follows from one final lemma.
Lemma 3.11. Forany1 <{ <nand1 <k <m/2, we have det(A"k'[) = P(¢5, L),

Proof. This proof is analogous to the demonstration of the second point of Proposi-
tion 2.10, whose notation we assume. For any z, w € C*, observe that P (z%,w) =
det A(z2, w) is left unchanged when replacing z2©® by z(€6=¢?) where b, b’ C T2
denote the two lifts of b C 7 illustrated in Figure 5. Also, multiplying by i the rows
and columns of A(z w) corresponding to a vertex in the upper half of 2 amounts to
multiplying its determinant by (— DIVl =1, so the resulting matrix A (22, w) still
has determinant equal to P(zz, w). However, numbering the vertices of T in the
right way, we see that A (2%, w) is nothing but the twisted Kasteleyn matrix 4?Z-%)
0 w (11 ) For

any fixed z, w € C*, this representation is easily seen to be conjugate to p(z, w)’

ar—)OZ b'_)wO
z 0)’° 0 wl)”

with p(z, w) the representation of 7 () given by ab > ( ) b +— (

given by
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Applying the resulting equality P(z2, w) = det(A?@¥)) to (z, w) = (ijn, é‘,’;) con-
cludes the proof. [

The proof of the second part of Theorem 3.3 is similar: simply use equation (3.2)
instead of equation (3.1), the second part of Lemma 3.10 instead of the first one,
and replace &, by &, in the definition of p%*¢ (which is now defined on Cps x Cay,
with M = 2m and no longer m = M ). The statement corresponding to Lemma 3.11
now reads det(A"k’Z) = P(é‘g, §§m), and the desired expression for R, (1, —1) fol-
lows readily.

This concludes the proof of Theorem 3.3.

Remark 3.12. As mentioned in Remark 2.3, we made the additional assumption
that the curve C and C’ can be chosen disjoint from @’ and a, respectively, in order
for Theorems 3.3 and 3.4 to hold as stated. When the graph is “too small”, such as
the 1 x 2 square lattice of Figure 7, this assumption is not satisfied, and these state-
ments need some adjustments.

For m even, the orientation K,,, always satisfied Condition (ii) of Section 2.1
(recall Remark 3.7), so Theorems 3.3 and 3.4 hold unchanged. For m odd, it can hap-
pen that K,,,, does not satisfy Condition (ii). In such a case, the roles of R,,,(1, 1)
and Ry, (1, —1) are exchanged in the statement of Theorem 3.3. As a direct conse-
quence, Theorem 3.4 for m odd now reads

Zmn = |sin(at)y/2)| Prun (1, DV* 4 [cos(@tn /2)| Prn (1, —1)1/4. (3.4)

We shall use this amended formula in Remark 4.4 (iii) and Example 4.5 below.

4. On the asymptotics of the dimer and Ising models on Klein bottles

Our main result so far (Theorem 3.4) gives an exact expression for the dimer partition
function Z,,, for all m, n in terms of a finite set of data, namely the characteristic
polynomials R and P. This expression turns out to be well suited for the determination
of the asymptotics of Z,,,, which is the subject of this section.

It is organized as follows. In Section 4.1, we recall [38, Theorem 1] as well as the
numerous notations required for this statement: this deals with the contribution of P
to Zmn. Section 4.2 contains some technical statements on the asymptotics of the
product of evaluations of a polynomial at roots of unity, dealing with the contribution
of R to Z,,,. In Section 4.3, we give the general form of the asymptotics of Z,,, for
arbitrary weighted graphs in the Klein bottle, assuming a conjecture of [38] on the
zeros of the characteristic polynomial P in the non-bipartite case. In Section 4.4, we
give the explicit form of this asymptotics for bipartite graphs. Section 4.5 deals with
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some consequences of these results for the dimer model. Finally, in Section 4.6, we
compute the asymptotic expansion of the Ising partition function.

4.1. The work of Kenyon, Sun and Wilson

The aim of this section is to recall a special case of [38, Theorem 1], namely an
asymptotic expansion of

Pun&.&) = [ [] PG w),

zn=¢ wn=§¢

where P is an analytic non-negative function defined on the unit torus S! x S!. We
then explain the simpler form of this expansion when P (z, w) is a characteristic poly-
nomial of the form studied in our work.

It will be assumed that P does not vanish except at positive nodes, i.e., ele-
ments (e”!70, e™i50) of the unit torus such that

P(eTiotn) omiGo+s)y — 12(A 12 4 2Brs + Ayws?) + O(|(r, )||?)

with A,, Ay > 0and D := /A, Ay, — B? > 0. To such a node, let us associate the
parameter
—-B+iD @.1)
T=— .
Ay

in the complex upper-half plane. If {(z;, w;) | 1 < j < £} denote the zeros of P

and {z; | 1 < j < {} the associated parameters multiplied by **, then for all (¢, £) €
S x S! that are not zeros of P, Kenyon, Sun and Wilson showed that

LA

VAN 1

) zj) +o(1) 42)
J J

L
log Pun(C, &) =2mnfy + ZZlog E(
j=1

for m and n tending to infinity with % bounded below and above, where

1
fo == // log P(z.w) 22 ¥ 4.3)
SixS1

2 2wiz 2wiw

and E is the explicit function defined by

E(—exprig), —expriy)|t) = ‘ﬁ(d)r — YlD) exp(ritg?) .

n(z)
Here,
dlr) = Y exp(ni(j?c +2jv))

JEZ
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is the Jacobi theta function and
n(r) = exp(rigs) [1;5,(1 —exp(2mijT))

is the Dedekind eta function.

We refer to [38] for a more general form of this result, its proof, and for properties
of these special functions. See also [38, Section 3.3] for an interpretation of 7 as the
shape parameter of the torus in its natural conformal embedding. Let us recall that
there are three other Jacobi theta functions related to ¢ = ¥y by

Yor1(v|T) = 29(11 + % ‘ ‘L'),

Ho(v|t) = exp (m'(v + %))19(1} + % ‘ r),

Hhi1(v|t) =iexp (m’(u + 2))19(1} + % + % | ‘L’).

For later use, we also recall the equalities
21(1)* = Yoo (1) B10(7)P01(7), 4.4)
where ¥, (7) stands for ¥,4(0|7), and

Poo(t)Po1(7) _ Do1(27)
n(c)? nQ2r) ’

4.5)

see, e.g., [38, Lemma 2.5].

We will apply equation (4.2) to the characteristic polynomial P, which by Propo-
sition 2.10 satisfies the equality P(z, w™!) = P(z, w). Furthermore, we know from
Proposition 2.15 that if I' is bipartite, then any zero (zj, w;) of P on the unit torus
satisfy z; = —1. We conjecture that this still holds in the non-bipartite case:

Conjecture. For any graph in the Klein bottle, all the zeros of the characteristic
polynomial P are positive nodes of the form (—1, wy).

This fact is known to hold for Fisher graphs, see Lemma 4.13 below. Note also
that this is coherent with the conjecture of [38, Section 1.2], which states that for
an arbitrary non-bipartite toric graph, the associated characteristic polynomial either
never vanishes on the unit torus, or admits zeros that are positive real nodes.

These two properties of P easily imply that at any zero of P, the associated
parameter t from equation (4.1) is purely imaginary. Note that this can also be moti-
vated geometrically since any torus made up of two copies of a Klein bottle is rect-
angular, as illustrated in Figure 12. (Thanks are due to Andrea Sportiello for this
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Figure 12. A (slanted) Klein bottle together with its torus double cover, which by a cut-and-
paste argument is seen to be rectangular. (The triangular lattice is only drawn for concreteness.)

observation.) More precisely, the parameter t; associated with the zero (—1, w;) of P
is simply given by

PZP(—1,w)) |1/2
G =in P wy) (4.6)
n 102 P(—1,w;)
In the bipartite case, it takes the yet simpler form
0, 0(—1,w;
rj:,ﬁ‘M. @7
n 10y, 0(—1,wj)

Note that we will only need to apply equation (4.2) for (¢, &) = (1, £1). Since
zj = —1 and n is odd, we will only make use of evaluations at (—1, %) of the func-
J

tion &, which are of the form

E(—1,—exp2riy)|t) > 0, 4.8)

_ ‘ﬁ(—wlr)| ACAL
n(z) n(z)

since 1(t) and ¥ (¥ |7) are strictly positive for ¥ real and 7 purely imaginary.

4.2. Product of evaluations of a polynomial at roots of unity

For any weighted graph in T2, we saw in Proposition 2.9 that the associated charac-
teristic polynomial P is non-negative on the unit torus. Furthermore, it is proven in the
bipartite case [37] and conjectured in the general case [38] that all the zeros of P in
the unit torus are positive nodes. Therefore, in view of Theorem 3.4 and equation (4.2)
above, we are left with the analysis of the asymptotics of

Arg <le;[1 R(z, 1)) and Arg (J;[l R(z, —l))

for n odd tending to infinity. This is the subject of this section.
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Let us assume that a given polynomial R(z) € C[z*!] satisfies R(iz) € R[z*!].
Then, the argument of its leading coefficient is of the form A7 for some A € Z/4Z.
Furthermore, its roots are either purely imaginary, or paired up as {iz,iz}. Let us
denote by p the number of such pairs with modulus > 1 and by r4 (resp. r—) the
number of roots in the positive (resp. negative) imaginary axis with modulus > 1,
counted with multiplicity. Finally, let us assume that the only roots of R on the unit
circle are i and —i, and write m 4 and m_ for the respective multiplicities.

Lemma 4.1. With the notations and assumptions above, we have

Arg ( I1 R(z)) = (A +2p+r——rpn+ (=) 25" 4 o(1) € Z/2 7

zn=1
as n odd tends to infinity.

Proof. If {uy }x denotes the set of roots of R(z) and my, the multiplicity of g, then
we have R(z) = ¢ z% i* [ 14 (z — px)™* for some positive real number ¢ and d € Z.
Therefore, the equality [[,,_,(z — u) = 1 — u” leads to

zn=1 zn=1 k zn=1 k
It follows that
Arg( l_[ R(z)) = /\n% + ka Arg(l —uy) € Z/2nZ,
zn=1 k

and we are left with the analysis of Arg(l — i) as n tends to infinity for various
u e C.

If a root i has modulus |u| < 1, then Arg(1 — u”) = o(1) does not contribute in
the limit. On the other hand, if u = ret® with r > 1, then

1 — pheine p _ pin®

iArg(-pmy _ L= imp-+o(1))

e = = —— = — = —¢ ,
[L—p| (L —rretne]  |r=" —ein¥|

so Arg(1 — u™) = (Arg(p) + )n + o(1) since n is odd. Therefore, each pair {iz,iz}

with |z| > 1 contributes Arg(iz)n 4+ Arg(iz)n = mn, eachroot u € iR~ with [u| > 1

contributes —Zn and each root i € iR with || > 1 contributes Zn. We end up

2 2

with the total contribution of the roots of modulus > 1 equal to 2p —ry +r-)n7,

as expected. Finally, since n is odd, each root u = i (resp. & = —i) contributes
n+l1 n—

Arg(1 —i") = (=1)"3" Z (resp. Arg(l +i") = (=1)"T" %), n

We need one last lemma.
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Lemma 4.2. Let p;(z) € R[z*'] be a 1-parameter family of non-zero Laurent poly-
nomials having no roots in the unit circle, with the coefficients of p; given by contin-
uous functions of t. Consider the associated integer

Ay =@ —-1=d)+2p+r_—ry,

where d is the top-degree of p;, s € {x1} denotes the sign of its leading coefficient,
and r4 (resp. r—, p) the number of real roots z > 1 of p; (resp. real roots z < —1, resp.
the number of pairs of conjugate roots with modulus > 1), counted with multiplicities.
Then, the congruence class of A; modulo 4 does not depend on ¢.

Proof. Let us first assume that the leading coefficient of p; does not vanish. Since
the roots of p; depend continuously on ¢ and are not allowed to cross the unit circle,
the congruence class of A; modulo 4 is indeed constant: this is trivial unless a pair of
conjugate roots merges into a double real root z > 1, in which case A; changes by —4.

Let us now assume that the leading coefficient ¢; of p; vanishes at ¢z = ¢’, but the
next coefficient ¢4y_; does not vanish at t = ¢’. There are 4 cases to be considered,
depending on the possible values of the signs s of ¢4 fort € (t' —¢,t’) and s’ of ¢45_1
at ¢’. Let us first assume that (s, s”) = (1, 1). Then, as ¢ tends to ¢/, the largest root
of p; tends to —oo along the real axis. Hence, both integers r_ and d drop by 1 while
all the other integers stay constant, leading to A; = A,/. The case of (s,s’) = (—1,—1)
is identical. For (s, s") = (1, —1), the largest root of p; tends to +o0 along the real
axis, leading to r+ and d dropping by 1, which is compensated by s dropping by 2.
The final case is (s, s’) = (—1, —1), where the largest root of p; tends to —oo along
the real axis, leading to r4 and d dropping by 1 and s dropping by 2. As a result, we
have A, = A; + 4, and the residue modulo 4 is constant indeed.

In general, it might well happen that the coefficients ¢4, cg—1, ..., cq—¢+1 of p;
simultaneously vanish at ¢ = ¢’ for some £ > 1, with ¢;_y # 0 since p; is never iden-
tically zero. However, by a small perturbation of the coefficients, it can be assumed
that ¢4 vanishes first, followed by cz—; at a later time, then by c;_,, and so one.
Therefore, £ successive applications of the case studied above leads to the proof of
the general case. |

4.3. Dimer asymptotics in the general case

We are now ready to state and prove the main result of this section in its most gen-
eral form, valid for arbitrary (possibly non-bipartite) graphs in the Klein bottle. The
bipartite case is the topic of the next section.

Let I" C JZ be a weighted graph embedded in the Klein bottle, and let R(z, £1)
denote the associated Kleinian polynomials. Let us write

m——m4

A=A+2p+r-—ry + —5—+, 4.9)
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where the integers A, p, r+ and m4 are associated to the polynomial R(z, 1) as in
Lemma 4.1, and let us denote by A’ the corresponding quantity for R(z, —1). We first
assume that I' C J# is not “too small” in the sense of Remark 2.3, and deal with the
“too small” case in Remark 4.4 (iii).

Theorem 4.3. Let ' C JZ be a weighted graph embedded in the Klein bottle, and
let us assume that all the zeros in the unit torus of the associated characteristic poly-
nomial P are positive nodes of the form {(—1,exp(2rwiv;)) | 1 < j < L}. Then, we
have the asymptotic expansion

fo
log Zmn = mn; + fsc+ o(1)

for m and n tending to infinity with n odd and m/n bounded below and above,
where £y is as in (4.3) and fsc = log FSC with

—Nein (4T (o (my;|t)\ S (oomyj | %
FSC_‘s1n<A4>‘j1:[1(—A ) +‘cos( )‘H( )

1) ST

if m is odd, and
l

s = i (14 -0 )| TT (55 )’ +H (Pt

dzP(—1,
if m is even. Here, the parameter T is given by i ',': 32((—115)’|1/2 while A and A’

are the modulo 4 integers determined by R(z, 1) andwR(z — l) as in (4.9). Finally,
if the dimer weights vary continuously so that P(—1,1) # 0 (resp, P(—1,—1) #£ 0),
then the modulo 4 integer A (resp. A’) stays constant.

Proof. Letus apply Theorem 3.4 to I" C %7, and the work of Kenyon, Sun and Wilson
in the form of equation (4.2) to P(¢, &) = P(1, £1), together with equations (4.6)
and (4.8). This yields the expected asymptotic expansion of log Z,,,, with angles «,,
«,, to be determined.

By Remark 2.4 (i), the polynomial R(iz, 1) belongs to R[z*!]. Furthermore, the
equality P(z2,1) = R(z, 1)R(—z, 1) of Proposition 2.10 shows that the roots of
R(z,1) in S' correspond to roots of P in the unit torus, i.e., satisfy z = i by

hypothesis. Since such a root is a node of P, the roots i and —i of R(z, 1) have total
my—m—
2

multiplicity m4 4+ m_ = 2, so is an integer. Therefore, Lemma 4.1 can be

applied to R(z, 1), leading to
an _ Arg([Lnoy Rz, 1)
2 2
m_——m
((A F2p 4 —ron+ (=) T+) L To) e /7L,
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and similarly for R(z, —1). Moreover, since n is odd, we have the modulo 4 equality

()L+2p+r_—r+)n+(_1)%w5(k+2p+t_r++ m_—m+)n

2 2
=A-nel/sZ,

and similarly for A’. The result follows from the observation that |sin(An7%)| and
|cos(An% )| are independent of n odd.

Finally, let us consider the 1-parameter family of polynomials p;(z) = R(iz, 1)
given by a continuous path in the dimer weights of I', assuming that P(—1, 1) =
R(i, 1) R(—i, 1) never vanishes. In such as case, we have m4 = m_ = 0, and the
modulo 4 integer A associated with R(z, 1) translates to s — 1 — d for p;(z), leading to
the identification of A from equation (4.9) with A; from Lemma 4.2. The coefficients
of R(iz, 1) being continuous functions of the dimer weights, the last sentence of the
theorem now follows from Lemma 4.2. The proof for A’ is identical. ]

Remarks 4.4. (1) The only contribution of the characteristic polynomial R
to FSC is in the coefficients [sin(A7)[, [cos(A%)| and [sin((4 — A") )],
which take the values in {0, “/75 1}.

(i) Itis conjectured in the non-bipartite case and proven in the bipartite case and
for Fisher graphs that P admits at most two zeros on the unit torus, that are
positive nodes of the form (—1, wg). (This follows from [37] together with
Proposition 2.15 in the bipartite case, and from Lemma 4.13 for Fisher
graphs.) Together with the previous remark, this implies that there is a finite
number of possible finite-size corrections. In the bipartite case and for Fish-
er graphs, this statement can be made much more precise, see Theorems 4.8
and 4.12 below.

(iii)) As mentioned in Remarks 2.3, 3.7 and 3.12, some graphs are “too small”,
and Theorem 3.4 needs some minor adjustment. In Theorem 4.3 above, by
equation (3.4), this simply amounts to exchanging the roles of A and A’.

We conclude this section with two explicit non-bipartite examples.

Example 4.5. Consider the (1 x 2)-square lattice of Figure 7 with horizontal weights
X1 = X =: x and vertical weights y; = y, =: y. As computed in Example 2.5, we
have

R(z,1) = R(z,—1) = ix*(z + z7").

This polynomial has leading coefficient of argument 7 and roots £/ of multiplicity 1;
with the notations of Lemma 4.1, this gives A =1, p=ry =r_=0,my =m_=1
and leads to A = A’ = 1. Furthermore, as computed in Example 2.8, we have

P(z,w) = y*(w—w H* —4x®>y?(w —w )2 +x*Q+z +z7h.
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This polynomial has two roots in S x S, namely (z;,w;) = (—1,—1) and (z5,w,) =
(—1, 1), both of which are positive nodes with associated parameters 7; = 1, =i 2t .
Applying Theorem 4.3 to this example (with M = m and N = 2n) together with
equation (4.5), we get the following result. (Note that Remark 4.4 (iii) needs to be
applied, but has no effect on the final formula.)

Corollary 4.6. For N = 2 (mod 4), the finite-size corrections in the asymptotic ex-
pansion of the dimer partition function for the (M x N)-square lattice in the Klein

bottle are givi;z by FSC = (213)0(12(3;))1/2 if M is odd, and by FSC = 193‘()(;) if M is even,
X

where T = i Ny

Note that this result can be extended to any even N by considering the more gen-
eral fundamental domain given by the (1 x 2¥)-square lattice with k > 1. Its Kleinian
. . . . . . 2k _1 . .
characteristic polynomial is given by R(z, w) = ix* (z + z~ ). Its toric one, which
can easily be computed inductively, has the two roots (—1, 1) in the unit torus, and
satisfies 02 P(—1, £1) = 2x2"" and 82 P(—1, 1) = 22k+3,2°*!
the parameters 1y = 7o =i 7} SEFTy +1 . Setting M = m and N = 2%n thus leads to the

~2y2 leading to

same result as above, now valid for any even N.
Using (4.4) and the other standard notation ¥, := 919, 93 := Yoo, V4 := o1, the
logarithm of these finite-size corrections can be written as

fsc = ! 10 2+ - ! 1 20420)°
PG 08 9,(20)05(27)
for M odd, and
fsc = ! lo 2193(I)2
3 % 5,000

for M even. This coincides with the formulas (80), (81) and (76), (77) of [30], respec-
tively. (For M even, it does not coincide with [43, (35), (41)].)

Example 4.7. Consider the isotropic triangular lattice of Figure 7. By Example 2.5,
we have

R(z,1)=2(z>+z %) +4i(z+z")—4 and R(z,—1)=4.

The first polynomial has two roots of modulus > 1, namely %(\/3 + (£l —1),
and two roots of modulus < 1, namely %(\/5 — 1)(£1 + i). With the notations of
Lemmad4.1, this givesA =0, p=1,ry =r—_ =m4 =m_ =0andleadsto A = 2. On
the other hand, we obviously have A’ = 0. Furthermore, as computed in Example 2.8,
we have

P(zow) = (22 + 27w+ w ' +2) + 10w + w™) + w? + w2 + 34,
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which is strictly positive on the unit torus. Applying Theorem 4.3 to this example, we
get the asymptotic expansion

f
log Zmn = mnzo +log(2) + o(1).

Hence, we see that the finite-size correction term might be non-zero even when the
spectral curve does not meet the unit torus. As we shall see in Theorems 4.8 and 4.12,
this never occurs in the bipartite case, but it does occur for Fisher graphs.

Note that this phenomenon is not specific to the Klein bottle, as it does also appear
in the toric (non-bipartite) case. The first such example was computed in [4], thus
proving the first sentence of [38, Theorem 2] to be incorrect, see also Remark 4.17 (i)
below.

4.4. Dimer asymptotics in the bipartite case

Let us now consider a bipartite graph I" embedded in JZ". In this case, we know from
the work of Kenyon, Okounkov and Sheffield [37] together with Proposition 2.15 that
the associated toric characteristic polynomial Q(z, w) has at most two (conjugate)
zeros (—1,wg) and (=1, W) in the unit torus S x S, that might coincide to form
a single real node. This leads to three cases in the asymptotic expansion of the asso-
ciated dimer partition function, as already stated in Theorem 1.2. We now recall this
result for the reader’s convenience and give the proof.

Theorem 4.8. Ler I' C £ be a weighted bipartite graph embedded in the Klein
bottle. Then, we have the asymptotic expansion

fo
log Zmn = mn; + fsc + o(1)
Sfor m and n tending to infinity with n odd and m/n bounded below and above, with

dz dw
= [ elocuwi= 0
Slxgl wiz 2wiw

and fsc = log FSC given as follows:

(1) If Q(z, w) has no zeros in the unit torus, then FSC = 1.

) If Q(z,w) has two zeros (—1, wg) # (=1, Wy) in the unit torus with wy =
exp(2mivy), then

FsC — Boo(my|7) + ﬁOI(mwf)’ where 7 — i 0:0(—1,wo)

—|——].
n(7) n(7) n 19y Q(—1, wo)
) If Q(z,w) has a single (real) node at (—1, wq) in the unit torus, then

_ Poo(r) | Yo1(v) m| 70(=1,wo) |1/2

FSC = where T =1 —

G GE n 152, 0(— 1. wo)
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Proof. Corollary 3.5 expresses Zp,, in terms of two contributions, |Q ., (1, £1)[1/2

and Arg([[,.—, S(z, £1)), whose asymptotics we now analyze.
First, let us apply equation 4.2)to P(z,w) = Q(z,w)Q(z~ ', w™1). This leads to

2 108 Qnn(1,6)] = ;log Pn(1.£) = mn 4 foc(®) +0(1) for& = 1,

where

1 dz dz
fo == log P(z,w lo Z,Ww
0 2//SI><S1 e b, )anz 2miw //Slxsl el0G )|2mz 2wiw’

and fsc(§) = log FSC(§) given as follows:
(1) If Q has no zeros in S! x S, then FSC(§) = 1.
(2) If Q(z, w) has two distinct zeros (—1, wg) # (—1, W) in S! x S, then

FSC(§) = E((-1)". &g |0) 2 E((-1)", Ewl0)/? = E(=1, Ewll|7),

since 7 is odd and ¥ is an even function.

(3) If Q(z, w) has a single real node at (—1, wp) in S x S, then
FSC(§) = B(—1,éwy' |t

We now apply Lemma 4.1, whose notation we assume, to the polynomial S(z,1) €
C[z*!]. By equation (2.3), we know that S(iz, 1) belongs to R[z*!]. By Proposi-
tion 2.16, all the roots of S(z, 1) are simple and purely imaginary, so Lemma 4.1 can
indeed be applied, with p = 0. By Proposition 2.16 and equation (2.4), the roots i
and —i of S(z, 1) have multiplicities m+ = m_. With these observations, Lemma 4.1
now reads -

:Ar( Sz,l):An—-l-ol,

Bn = Arg }1 (z.1) S +o()
where A = A + r— — r4. By Corollary 3.5, we are only concerned with the parity
of An. Since n is odd, this parity is simply givenby A = A + r, where r = ry + r—
denotes the number of roots of S(z, 1) with modulus > 1. The same argument obvi-
ously holds for S(z, —1), and we denote by A’ = A’ + r’ the corresponding integers.

To summarize, Corollary 3.5, equation (4.2) and Lemma 4.1 lead to the statement
of the theorem, with finite-size corrections given by

FsC — Isin(A%) [FSC(1) + |cos(A" 5 )| FSC(—1)  for m odd,
Isin((4 + A") )| FSC(1) + FSC(—1) for m even,
where A, A" are as in Lemma 2.17 and FSC(+£1) as described above, depending on

the cases (1)—(3). The statement now follows from Lemma 2.17 together with equa-
tions (4.6)—(4.8) and the relation Yoo (v + %|r) = Y1 (v|7). ]
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We conclude this section with two examples realizing the three cases in the state-
ment of this theorem.

Example 4.9. Consider the 2 x 1 square lattice of Figure 6 with x; = x, =: x and
y1 = y2 =: y. Its toric characteristic polynomial Q(z, w) = x2(z + z7! +2) +
y2(w + w~! + 2) has a single real node at (—1, —1), and the corresponding Kleinian
polynomial S(z, —1) = x(z + z~') has simple roots at &i. We are therefore in
case (3), with
m|02Q(=1,—-1) (/2 mx
T=i— o =i—.
nloz 0(—1,-1) ny

Applying Theorem 4.8 with M = 2m and N = n, we get the following result.

Corollary 4.10. For M even and N odd, the finite-size correction in the asymptotic
expansion of the dimer partition function for the (M x N)-square lattice in the Klein
bottle is given by

_ Poo(r) | Yo1(7) Mx

FSC = , Wwhere T =1 .
n(t) n(t) 2Ny
Note that this result does not coincide with the finite-size corrections obtained
in [30, (82), (83)], and for a good reason: as mentioned in Example 3.6, these com-
putations are based on the incorrect formula for the dimer partition function (see

[45, (5)D.

Example 4.11. Consider the hexagonal lattice of Figure 7, whose characteristic poly-
nomial is given by Q(z,w) = v 4+ v3 + viv3(w + w™') + v3z. If the edge weights
are so that vy 4+ v3 < vy or v, < |v; — v3|, then Q never vanishes on the unit torus

and we are in case (1), so FSC = 1.
On the other hand, if the edge weights satisfy |[v; — v3| < v < vy + v3, then we
are in case (2) where

FSC =

Doo(myr|7) n Vo1 (myr|7)
n(z) n(z)

with wg = exp(27iy) such that

2

m v
2, .2 ~1 2 : 2
vi +v3+vvz(wo +wy ) =v;, and T =1

nvs|l —wi|
For example, the isotropic case vy = v, = v3 leads to

ﬁoo(%h) i 1901(%|T) m ﬁ

where 7 =1 ——.

T O n 3
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4.5. Consequences for the dimer model

We now explore some consequences of Theorems 4.3 and 4.8 for the dimer model.
Analogous results hold for the Ising model as well, see Remark 4.17 below.

Asymptotic for 7;, — oo. In [5], Blote, Cardy and Nightingale argue that for a con-
formally invariant model at criticality on an infinitely long strip, the amplitude of the
finite-size corrections to the free energy is linearly related to the central charge ¢ of
the model. We now compare our results to these predictions.

As explained in [38, Section 3.4], the function E satisfies

* (o)
n(z)

in the limit t, — 0o. As a consequence, Theorem 4.8 implies that if " is bipartite

E(—1,—expmiy)|r) = = exp(wtim/12 4+ 0(1))

and the dimer model is in the liquid phase (i.e., if the spectral curve intersects the unit
torus), then the partition function satisfies the asymptotic expansion
log Zmn =mnf50 + % + C +o(1) (4.10)

for m, n and t;,, tending to infinity with n odd and m/n bounded below and above,
with C = log(2). Such an expansion also holds for the non-bipartite examples con-
sidered in Section 4.3, with C = % (resp. C = 0) for the M x N square lattice
with N even and M odd (resp. M even).

Let us now compare this result to the CFT predictions of [5], where the authors
consider the asymptotic expansion of the free energy per unit length of an infinitely
long strip of width L at criticality. They claim it to be of the form

A
F:fL+Z+fX+m

with f the bulk free energy per unit area, % [ the surface free energy, and A a uni-
versal term is explicitly given by

. { —mc/6  for periodic boundary conditions,

—nc/24 for free or fixed boundary conditions.

Coming back to our setting, let us assume that the strip has antiperiodic horizontal
boundary conditions (and periodic vertical ones). The term f > vanishes as the Klein
bottle has no boundary, while f corresponds to —%0. Writing L’ for the length of the

strip, we have
, ;- To L'
logZ:—LF:LLE—AI—i—---. 4.11)
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Observe that the shape parameter t of the corresponding torus is given by t = i %
Therefore, the comparison of expansions (4.10) and (4.11) leads to A = —x/24. This
is consistent with “fixed” boundary conditions including antiperiodic ones, and with
the value ¢ = 1 for the central charge of a conformal field theory describing the bipar-
tite dimer model.

The analogous discussion applied to the Ising model is presented below in Re-

mark 4.17 (iii) .

Ratios of partition functions. Let us now consider an arbitrary weighted graph I
embedded in the Klein bottle ., and denote by [ its 2-cover embedded in the
torus T2. As usual, let us write Ty C # and Ty, C T2 for the relevant covers,
for m, n integers with n odd. Finally, let us denote by Z(I';;,,) and Z (fm n) the cor-
responding dimer partition functions.

By the results of Section 4, we have

f
log Z(T'pn) = mnz0 + fsce (t) + 0(1),

where fy can be computed via (4.3) and fsc_, is a function of an explicit parameter t,
a function which falls within a finite number of classes (recall Remark 4.4 (ii)). Also,
by [38, Theorem 2], we have

log Z(Tyun) = mnfy + fscr (1) + o(1),

where fy is as above and fscr is a function of the same parameter t which falls within
the same classes. As an immediate consequence, the limit

L Z(Cn)? _ fer(0)?
m,n—00 Z(fmn) fSC']I‘(‘L')

is given by some explicit function of v which only depends on the relevant class.
The bipartite case is completely described by Theorem 4.8 and [38, Theorem 2 (b)
and (c)], yielding the following result:

Z(Cmn)> _
Z@mn)

(2) If Q(z, w) has two zeros (—1, wg) # (—1, wp) in the unit torus with wg =
exp(2wiy), then

li Z(an)z
m ———
m.,n—>00 Z(an)

(1) If Q(z, w) has no zeros in the unit torus, then limy, »—co

_ 2(Voo(myr|T) + o1 (my|7))?
Foo(myr|1)? 4+ Y01 (myr|7)2 + F1o(my|1)? + P11 (myr|r)?

where

.m 82 Q(_L wO)
T=1

T 3,01 we) I
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(3) If Q(z, w) has a single (real) node at (—1, wp) in the unit torus, then

lim Z(Tmn)? _ 2(D00(7) + Po1(1))?
m,n—00 Z(f‘mn) Po0(1)? + Yo1(1)% + P10(1)?’

where
m | 920(—1,wp) |1/2
T=i—|——=
n 192 0(—1, wo)

The non-bipartite case yields additional possible limits. For instance, Example 4.5
and [38, Theorem 2 (d)] yield the following result. If 'ps is the M x N -square lattice
with N and M even, then
Z(Tyn)?> 2000(7)? Mx

lim — = , where T =i ——,
MN—oo Z(Tyy)  Poo(1)? + Po1(1)? + F10(7)? 2Ny

while for N even and M odd, we simply get

Z(Tun)? _»
M,N—>00 Z(f‘MN)

This latter result can be seen as a reality check for our computations, since the equal-
ity ZTyn)?> =227 (Tyr ) actually holds for the M x N -square lattice with N even
and M odd. We refer to [30, (66)] for the first occurrence of this non-trivial result,
and to [15, Theorem 1.6] for an extension to a wider class of graphs.

4.6. Asymptotics of the Ising partition function

We now apply our results and methods to the study of the Ising model on a graph
G C ¥ asin Section 1.3, whose notation we assume.

Let us first note that, with the help of the well-known equation (1.6), it is a triv-
ial task to translate Theorem 3.4 from the dimer to the Ising model, thus providing
a closed formula for the Ising partition function on the cover G,,, of an arbitrary
weighted graph G embedded in the Klein bottle. We shall not state this result explic-
itly, but directly move to the study of the resulting asymptotic expansion, in the form
of Theorem 1.3 whose statement we now recall.

Theorem 4.12. Let (G, J) be a non-degenerate weighted graph embedded in the
Klein bottle, and let P(z,w) be the characteristic polynomial of the associated Fisher

graph G¥ C T2. Then, the Ising partition function on G, satisfies

f
log Zg(Gmn) = mn;0 + fsc + o(1)
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for m and n tending to infinity with n odd and m/n bounded below and above, with

dz dw

2mwiz 2mwiw

1
fo=2 Z log cosh(BJ.) + —/ log P(z,w)
2 T2
ecE(G)

and fsc = 0 in the subcritical regime B < B, fsc = log(2) in the supercritical regime
B > B¢, and

fsc = log ((ﬁzzg))l/z + (1;0771((:)))1/2)’ where T = i%

in the critical regime 8 = .

2P(—1,1) |1/2
32 P(—1,1)

We break down the proof into a series of lemmas. The first one is a direct conse-
quence of [13] (see also [41]) and of our conventions for Kasteleyn orientations.

Lemma 4.13. Let (G, J) be a non-degenerate weighted graph embedded in the Klein
bottle, and let P(z, w) be the characteristic polynomial of the associated Fisher
graph G¥ C T?2. For B # Be, this polynomial never vanishes on the unit torus, while
for B = B¢, it only vanishes at the positive node (zg, wo) = (—1, 1).

Proof. Up to a non-vanishing multiplicative constant, the polynomial P(z, w) coin-
cides with the characteristic polynomial of G C T2 obtained using the Kac—Ward
matrix (see [11, Section 4.3] or [8, Section 3.1] for details). As shown in [13, The-
orem 3.1], this polynomial coincides up to a non-vanishing multiplicative constant
with the characteristic polynomial Q(z, w) of an associated bipartite graph GC cT2
(This result is already present in essence in [19].) Moreover, it is also shown in [13]
that Q(z, w) never vanishes on the unit torus for § # ., and does so at a unique
real positive node for § = .. It only remains to check that, with the conventions of
Section 2.1, this zero can only be located at (—1, 1). (Note that this is consistent with
Proposition 2.15.)

One way to do so is to use the geometric interpretation of Kasteleyn orientations
of [10, 16]. In a nutshell, the powers of i (resp. the signs) appearing in the Pfaffian
expansion of R(zg, wg) (resp. P(zo, we)) with zg, wo € {£1} are described by maps
q: H\(;Z) — ZJAZ (resp G: H\(T?;Z) — Z/27) called quadratic forms (resp.
quadratic enhancements). Using this language, condition (ii) in Section 2.2 can be
translated as follows: the quadratic enhancement corresponding to K is determined
by g(a) = q(@) =1 or g(a) = q(a’) = 3. Using [15, Section 3], the quadratic
form corresponding to the associated Kasteleyn orientation K satisfies g(@) = 0 and
q (l;) = 1. As shown in [13] in the context of Kac—Ward determinants, the real node
of P corresponds to the unique odd quadratic form, i.e., the one mapping @ and btol.
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By the computation above, this corresponds to changing the parity of g (@), i.e., twist-
ing the determinant of the Kasteleyn matrix by (zg, wg) = (—1, 1). This completes
the proof. ]

We can now apply equation (1.6) to G, and Theorem 4.3 to the dimer model
on ' = GF C ¢ . This yields the asymptotic expansion of log Z /g (Gmn) with free
energy fy as described in the statement, and fsc = log FSC given as follows: for 8 # f,

we have
[sin(AZ)]| + |cos(A’%)| for m odd,
Fsc=q - cE (4.12)
[sin((4 —A) )|+ 1 for m even,
while for § = B., we have
FsC = |sin(A%)|(l92%g))2 + |cos(A’”)|(’92‘(’T()r) for m odd, @13)
[sin((A4 — A)Z)|(20@)3 4 (P0)2 for m even, '

where
m|d2P(—1,1) (1/2

T=1
2P(-1,1)

Hence, we are now left with the computation of A, A’ € Z/4Z.

First note that by the last sentence of Theorem 4.3 together with Lemma 4.13,
A’ is independent of 8 while A can only change at 8 = B.. Furthermore, for extremal
values of 8 € [0, oo], these modulo 4 integers can be determined by the following
result.

Lemma 4.14. We have fsc = 0 for B = 0 and fsc = log(2) for § = oo.

Proof. Recall that we have the asymptotic expansion

dz dw

log Z(GE ., x

1
xFy=mn= +fsc+o0(1), where I =/ log P(z,w) .
4 T2 2wiz 2wiw

Let us start with 8 = 0, corresponding to the dimer weights x, = tanh(8J,) = 0.
In this case, we have

Z(G F) — 2|V(Gmn)| — 2mn|V(G)|’

mn>

while the characteristic polynomial is constant equal to
P(z,w) = Z(EF:XF)z _ (2|V((~;)|)2 — 24V©G)I,

yielding / = 4|V(G)|log(2). Comparing this with the asymptotic expansion dis-
played above, we see that for § = 0, we have fsc = 0.
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Let us now consider the extremal value 8 = oo, which gives the dimer weights
x. = 1. By equation (1.5), the corresponding dimer partition function is given by

Z(GF xF) — 2\V(Gmn)||g(Gmn)| — omn|V(G)|+dim H1 (Gmn)

mn?’

The graph G, being connected, we have the Euler characteristic computation
1 —dim Hi(Gmn) = x(Gmn) = [V(Gmn)| = [E(Gmn)| = mn(|V(G)| = [E(G))),

leading to
Z(GF XF) — 21+mn|E(G)|‘

mn>

A possible way of computing the corresponding polynomial P(z, w) is to recall
that it is equal to 22Vl times the twisted Kac-Ward determinant (see [8, Sec-
tion 3.1]), which for x = 1, is equal to 271V(@IHE@G times the characteristic poly-
nomial Q(z,w) (see [13, Theorem 3.1]). Since this later polynomial is given by
Q(z,w) = 2FOI for x = 1, where F(G) denotes the faces of G C T2, the Euler
characteristic computation |V(G)| — |E(G)| + |F(G)| = x(T?) = 0 now leads to

P(z, w) = 22 E@] — p4E@)]

yielding I = 4|E(G)|log(2). Comparing these results with the asymptotic expansion
displayed above leads to the value fsc = log(2). ]

Theorem 4.12 now follows equations (4.12) and (4.13) together with one final
lemma.

Lemma 4.15. (1) Forall B €[0,00], we have A’ =0 € Z/4Z.

(ii) The modulo 4 integer A is equal to 0 for B < B, to 2 for B > B, and to +1
for B = Be.

Proof. First observe that Lemma 4.14 and equation (4.12) imply that A" = 0 for
B = o0. Since this modulo 4 integer is known to be constant, the first point follows.
By the same Lemma 4.14 and equation (4.12), now with A’ = 0, we have 4 = 0
for f =0and A = 2 for B = co. Since A remains constant as 8 varies in [0, c0] \ {B¢},
the second point is proven for 8 # B., and we are left with the determination of A
at B = B.. To do so, let us recall the identities

R(zY2,£1)R(—z"2,£1) = P(z,£1) and P(z,w) =k-Q(z,w)

of Proposition 2.10 and of the proof of Lemma 4.13, with k € R* and Q(z, w) the
characteristic polynomial of a bipartite toric graph G €. With these two equalities, the
proof of Propositions 2.15 and 2.16 and Lemma 2.17 extend verbatim, with Q(z, w)
replaced by P(z, w) and S(z, £1) by R(z, £1). By Lemma 4.13, we know that
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for § = B, the polynomial P(z, w) has a node in the unit torus. The third point
of Lemma 2.17 then implies that A is odd, i.e., congruent to &1 modulo 4. n

We conclude this article with an explicit example, and remarks.

Example 4.16. Consider the only case previously studied in the literature, that of the
isotropic square lattice. Standard computations lead to the value 7 =i 5. at the critical
temperature 8, = % log(\/i + 1). The corresponding value of fsc from Theorem 4.12
is easily seen to coincide with [44, (59)] (and also with the result of [9]). However, it
does not coincide with [29, (41)].

Remarks 4.17. (i)  The statement of Lemma 4.14 holds in the case of a toric
graph G C T2 as well, with the exact same proof. By continuity, this deter-
mines the finite-size corrections for all 8 # f., and completes the determi-
nation of the asymptotic expansion of the Ising partition function on G,
given in [12, Corollary 3.5]. In particular, Fisher graphs in the supercritical
regime form a wide class of graphs with fsc # 0 even though the spectral
curve is disjoint from the unit torus, see also the discussion at the end of
Example 4.7.

(i1)  In the spirit of Section 4.5, we can consider the ratio of partition functions
VA é (Gmn)?/Z é (Gmpn) for an arbitrary non-degenerate graph G C % . The-
orem 4.12 and the remark above imply that it tends to 1 for 8 # B, and to
the following universal limit at criticality:

Z3(Gmn)®  2900(x) + (2000(x)P01 (1)) + D01 (1)

im = =
m.,n—00 Zg (Gmn) Boo(t) + Po1(7) + P10(7)
(i) Considering the 7, — oo limit as in Section 4.5 leads to the asymptotic
expansion
f T Tim
10g Z} (Gn) = mnEO + g~ log2 - V2) +o(1).

Comparing it with (4.11) leads to A = —n/24, i.e., to the value ¢ = % for
the central charge of a conformal field theory describing the Ising model.
Therefore, our results are in full agreement with the predictions of [5].
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