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A vertex model for supersymmetric LLT polynomials

Andrew Gitlin and David Keating

Abstract. We describe a Yang—Baxter integrable vertex model, which can be realized as a de-
generation of a vertex model introduced by Aggarwal, Borodin, and Wheeler (2021). From this
vertex model, we construct a certain class of partition functions that we show are essentially
equal to the super ribbon functions of Lam. Using the vertex model formalism, we give proofs of
many properties of these polynomials, namely a Cauchy identity and generalizations of known
identities for supersymmetric Schur polynomials.

1. Introduction

LLT polynomials were originally introduced by Lascoux, Leclerc, and Thibon (for
whom the polynomials are eponymously named) in [22]. They are a class of sym-
metric polynomials and can be seen as a ¢-deformation of products of (skew) Schur
functions. The original motivation for LLT polynomials was to study certain plethysm
coefficients, and they were defined via a relationship with the Fock space represen-
tation of a quantum affine Lie algebra. The original definition expresses the LLT
polynomials as a sum over semistandard k-ribbon tableaux, weighted with a spin
statistic which arises naturally in this representation [19,22]. Bylund and Haiman dis-
covered an alternative way to model LLT polynomials. They constructed a family of
symmetric polynomials indexed by k-tuples of skew Young diagrams, weighted with
an inversion statistic (Remark B.1). The Bylund—Haiman model is described in more
detail in [18]. The relationship between the two definitions uses the Littlewood quo-
tient map (sometimes called the Stanton—White correspondence) [28], which sends
semistandard k-ribbon tableaux to k-tuples of semistandard Young tableaux.
Supersymmetric LLT polynomials ﬁ/{% (Xn; Y t) were introduced in [21] (in
which they are called super ribbon functions). As the name suggests, these polynomi-
als are supersymmetric in the X and Y variables (see Definition 4.6) and specialize
to LLT polynomials when m = 0 (see Remark B.3). They also specialize to the LLT
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polynomials (on the conjugate shape) when n = 0 (see Theorem 4.3). The super-
symmetric LLT polynomials have several other interesting specializations, including
the metaplectic symmetric functions introduced in [9] and the supersymmetric Schur
polynomials, which can be realized as characters of certain simple modules of the Lie
superalgebra gl (n|m) [5].

The goal of the present work is to study supersymmetric LLT polynomials from
the perspective of integrable vertex models. While the study of integrable systems is
a classical subject (see [3,27], for example), they have recently enjoyed an advent into
the world of (non)symmetric polynomials [7,11,29,30]. Also known as vertex models,
ice models, or multiline queues, these models have been generalized to colored vertex
models [6, 8,10, 12, 14, 16] and polyqueue tableaux [2, 14].

It has recently been shown [1, 13, 15] that the LLT polynomials can be real-
ized as a certain class of partition functions constructed from an integrable vertex
model. In [9], the authors constructed a vertex model whose partition functions are
the metaplectic symmetric functions, a certain specialization of the supersymmetric
LLT polynomials. In this paper, we generalize these results by showing that there is an
integrable vertex model whose partition functions are the supersymmetric LLT poly-
nomials. Our vertex model is adapted from the work of [13] and can also be realized
as a degeneration of a colored vertex model introduced in [1].

The layout of our paper is as follows. In Section 2, we discuss relevant back-
ground. We define coinversion LLT polynomials and spin LLT polynomials. We de-
scribe how to relate the tuples of semistandard Young tableaux to semistandard ribbon
tableaux through the Littlewood quotient map, and we extend this map to the case of
super tableaux.

In Section 3, we introduce the vertex models we will use throughout the paper.
We show that they are integrable in the sense that they satisfy a Yang—Baxter equation

(YBE), and we define the relevant partition functions that give rise to the supersym-
s

Alw:

In Section 4, we prove a variety of properties of the If " The main result is the

metric LLT polynomials &£

following theorem.

Theorem 1.1. The polynomials éﬁi In (Xn; Y t) satisfy the following properties:

(1) (Symmetry, Lemma 4.4) The polynomials cfi I (Xn; Y t) are symmetric in
the X and Y variables.

(2) (Cancellation, Lemma 4.5)
L3y Xnr. 7 Yoy —rit) = £5 ) (Xno1: Ym130).

(3) (Homogeneity, Lemma 4.9) The polynomials éﬁf In (Xn; Ym: t) are homoge-
neous in the X and Y variables of degree |A/u| = |A| — |p|.
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(4) (Restriction, Lemma 4.8)

il/u(Xn 1’0 Yl’rht) _il/u(Xn—len’ht)’
A/u(anYm 150 l‘)_i'j / (Xnme lvl)

(5) (Factorization, Lemma 4.10) If there exist T and y such that

(l)

AD = (m + o, ,m+r(’),ﬂ( ceen)

foralli, then

k=1 n m

L3 (X3 Vi 1) = Lo (X3 0) - 5P Ly Vst - T T TTC % + ).

I=0i=1j=1

Note the first two properties together imply that the polynomials £ f n (Xn; Ym;t)
are supersymmetric. In the case where A = (1) is a 1-tuple of partitions, one can show
that the supersymmetric LLT polynomial éﬁi (Xn; Ym: t) is exactly the supersymmet-
ric Schur polynomial s, (X,; Y;,). In fact, taking g = 0 and k = 1 in Theorem 1.1,
these properties uniquely characterize the supersymmetric Schur polynomials (see
[25, Section 2.1.2] and [24, Example 1.3.23]). However, we suspect (but do not prove)
that the properties in Theorem 1.1 do not uniquely characterize the supersymmetric
LLT polynomials, even in the case u = 0.

In Section 5, we relate the coinversion supersymmetric LLT polynomials to the
ribbon supersymmetric LLT polynomials of Lam. The main result is the following
theorem.

Theorem 1.2 (Propositions 3.3 and 5.9). Suppose the k-tuple of skew shapes A/ is
the k-quotient of the skew shape A /. Then there is a Yang—Baxter integrable vertex
model whose partition function If I (Xn; Y t) is equal to

A/IL(Xnv Yn’ht) - tmg(k) (Xn» Ym» 1/2)

for some half-integer 0O € %Z, where ﬁi’;ﬂl (X3 Y t) is the super ribbon LLT poly-
nomial.

Finally, in Section 6, we show that the supersymmetric LLT polynomials satisfy
a Cauchy identity. The main result is the next assertion.

Theorem 1.3. Let p and v be tuples of partitions, each with infinitely many parts
only finitely many of which are non-zero. Fix positive integers n, m, p, q. Then

S 1w LS (X YV ES 3 (W Zgit)
A
= Q(Xp, Vo, [/Vp’ Zq,[)th(A v);@s/ (X, Ym,l‘)ofl/v(Wp, Zq;l‘),
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where

k—1 p q
QX Y. Wp. Zgi1) = [ | ﬁ ﬁ T 11 (1 = xjwqt’)(1 = yjrzprt’)

wart! L zath)
1=0i,i’=1j,j/'=la,a'=1p,'=1 (14 yjwart) (A + xi2p17)

2. LLT polynomials, super ribbon functions, and the Littlewood
quotient map

This section provides necessary background information and establishes some nota-
tion for the rest of this paper. First we venture into the world of tableaux on tuples
of skew shapes and define coinversion LLT polynomials. Then we venture into the
world of ribbon tableaux and define super ribbon function. Finally, we connect these
two worlds via the Littlewood quotient map.

2.1. Tuples of skew shapes and coinversion LLT polynomials

We begin by discussing semistandard Young tableaux on tuples of skew shapes, which
we use to give one formulation of LLT polynomials.

Fix a non-negative integer p. A partition with p parts is a weakly decreasing
sequence A = (A; > --- > A, > 0) of p non-negative integers. Note that here we
consider our partitions to have a fixed number of parts but allow for the possibility of
parts equalling zero; later we will also consider partitions with an infinite number of
parts, only finitely many of which are non-zero. We let the length £(A) be the number
of non-zero parts of A, and we let the size [A| be the sum A + -+ + A, of its parts.
We associate to A its Young (or Ferrers) diagram D (A1) € Z x Z given as

D) ={G,j)[1=i<tQ), 1 =j =X}

We refer to the elements of D(1) as cells. We draw our diagrams in French notation
in the first quadrant, with the first row on the bottom and the first column on the left,
such as

A=(4,2,1), DW=

Il

The cell labeled above has coordinates (1,3). The content of acell u = (i, j) in row i

and column j of any Young diagram is c(u) = j — i. In what follows, we will use A
and D (1) interchangeably, when it will not cause confusion.

If A and p are partitions such that D(A) 2 D(u), then the skew shape A/ is the
set of cells in D(A) that are not in D(u). We draw the diagram of A/u by coloring
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the cells in D(u) gray, such as

A=421, p=@210 DA/p)=

[ ]

The size |A/u| of A/ is [A]| — |ul.

A semistandard Young tableau of shape A/ is a filling of each cell of D(A/u)
with a positive integer such that the rows are weakly increasing and the columns are
strictly increasing. We call the set of all such fillings SSYT(A /). Let

A=A/ 20 ®)
be a tuple of skew partitions. We define its size to be
A/l = RO /O] 4 2B B,

and we define a semistandard Young tableau of shape A/pu to be a semistandard
Young tableau on each AU /() that is,

SSYT(A /) = SSYT(AD /M) x -+ x SSYT(A ) /1.y,

We can picture this as placing the Young diagrams diagonally “on content lines” with
the first shape in the south-west direction and the last shape in the north-east direction.

Example 2.1. Let A/p = ((3, 1), (2,2,2)/(1, 1, 1), (1), (2, 1)/(2)). The top row
labels the contents of each line,

A e S A A A
//3////
U3
s s
/s 7 7 L//
P S

;s s s
L LT
A
//.///
/,,/,,
A A
/s ;s
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We will use tuples of skew partitions to index our formulation of LLT polynomi-
als. Given a tuple A /p of skew partitions, we say three cells u, v, w € Z x Z form
a triple if

(1) ver/m
(2) they are situated with v and w on the same content line and w in a later shape,
and ¥ on a content line one smaller, in the same row as w:

(3) if u and w are in row r of A /)| then u and w must be between the cells
(r, /Lﬁj)) and (r, AS’) + 1), inclusive.
It is important to note that while v must be a cell in A/, this is not true of u# and w.
If not in A/, then u must be at the end of some row in g, and w must be the cell
directly to the right of the end of some row in A.

Definition 2.2. Let A /u be a tuple of skew partitions and let 7 € SSYT(A/u). Let
a, b, c be the entries in the cells of a triple u, v, w, where we seta = 0 and ¢ = oo if
the respective cell is not in A /. Given the triple of entries

we say this is a coinversion (inversion) triple ifa <b <c (b <a <cora <c < b).

There are 7 coinversion triples in Example 2.1 above: (0, 2, 4), (0, 2, 7), (3,4,00),
0,4,7), (4,5,00), (1,9,00), and (0,9,00).

With these definitions in place, we are finally able to define the coinversion LLT
polynomials.

Definition 2.3. The coinversion LLT polynomial associated to a tuple A/ of skew
partitions is the generating function

LajuXit)y = Y oD
TeSSYT(A/p)

where coinv(T') is the number of coinversion triples in 7 and x7 =[], i o in T Xe-

See Appendix B for other formulations of LLT polynomials that appear in the
literature.
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2.2. Ribbon tableaux and the Littlewood quotient map

Next we discuss semistandard ribbon tableaux. We define a bijection, called the Lit-
tlewood quotient map, relating them and tuples of semistandard Young tableaux.

Fix a positive integer k. A k-ribbon is a skew shape of size k that is connected
and does not contain any 2 x 2 square. The head (tail) of a k-ribbon is the most south-
east (most north-west) cell in its Young diagram. A horizontal (vertical) k-ribbon
strip of shape A/u is a tiling of A/u by k-ribbons such that the head (tail) of each
ribbon is adjacent to the southern (western) boundary of the shape. We let HRS (A /1)
(VRSk (A/p)) denote the set of horizontal (vertical) k-ribbon strips of shape A/ .

Throughout this paper, we will omit & when it is clear from context. For example,
we will use “ribbon” and “k-ribbon” interchangeably.

Definition 2.4. A semistandard k-ribbon tableau of shape A/ is a tiling of A/ by
k-ribbons and a labeling of the k-ribbons by positive integers such that for all 7,
(1) removing all ribbons labeled j for j > i gives a valid skew shape A<; /i,
(2) the subtableau of ribbons labeled i form a horizontal k-ribbon strip of shape
A<ifA<i-1.
We let SSRTy (/1) denote the set of semistandard k-ribbon tableau of shape A /.
Following the exposition of [26, Section 3], we now define the Littlewood k-
quotient map. This map was introduced in [23]; another (perhaps clearer) formulation,
as well as a proof that the map is a bijection, is given in [28].
We first define the k-quotient map, which is a function

{skew partitions A/}
— {k-tuples A= AQ/@ 26D G0y of gkew partitions}.
This function can be defined graphically as follows. Given a partition A, we associate

a finite sequence (ao, . ..,a,—1) of east = o and south = e steps, called the Maya dia-
gram of A, by following the north-east boundary of A from north-west to south-east.

Example 2.5. The Maya diagram of (4,3,2,2,1)isoeceeceoce,

—0
°

o

t

Remark 2.6. Observe that postpending finitely many o’s to a Maya diagram does
not change the corresponding partition. Thus we can take the length r of the Maya
diagram (ag, ..., ar—1) to be a multiple of k.
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Let A be a partition with Maya diagram (ao, . . ., ar—1). By the preceding remark,
we may assume s = r/k is an integer. We define the k-quotient of A to be the k-tuple
of partitions

A= O Ak
where, for each i, A®) is the partition corresponding to the Maya diagram
(@i, aktis o5 As—1)k+i)-

We define the k-quotient of a skew partition A/ to be the k-tuple A /u of skew par-
titions, where A and u are the k-quotients of A and u, respectively. Here we require A
and u to have the same number of parts, padding p with zeroes if necessary.

Example 2.7. The 3-quotient of (4,3,2,2,1) is ((1,1),(0,0),(2)),

LB L e
$

We are now ready to define the Littlewood k-quotient map.

o

o

Definition 2.8. Let A /u be the k-quotient of A /. The Littlewood k-quotient map is
a bijection

SSRT (A/1) — SSYT(A /1)

defined as follows. Fix T' € SSRTy (A/w). For each i, we put an i into each cell of the
k-quotient of A<;/A<;j—1 (which lies inside A /p). In this fashion, we place positive
integers into the cells of A/, resulting in

T =(T9,... . T%* VD) cSSYT(A/pn).

Example 2.9. In Example 2.7, we found that the 3-quotient of A = (4,3,2,2,1) is
A = ((1,1),(0,0), (2)). One can compute that

2

<_>L
IH
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via the Littlewood 3-quotient map. For example, when i = 3, one can compute the
k-quotient of A<;/A<;_; as follows:

Here we have drawn the Maya diagrams of both A <3 and A <. From this, we see that
a box at coordinates (1, 1) is added in 7, and we fill it with 3.

2.3. Extending the Littlewood quotient map to super tableaux

Finally, we extend the Littlewood quotient map to a bijection between super ribbon
tableaux (Definition 2.10) and semistandard super Young tableaux (Definition 2.13).
This bijection plays a pivotal role in the rest of the paper because it allows us to relate
our partition functions (Definition 3.8) to the super ribbon functions (Definition 2.11)
in Proposition 5.9.

Throughout this subsection, let A = {1 <2 <---}and A’ = {1’ <2’ < ... }. Also
fix a total order on + U »A’ that is compatible with the natural orders on + and A’

Definition 2.10. A super k-ribbon tableau of shape A/u is a tiling of A/u by k-
ribbons and a labeling of the k-ribbons by the alphabet 4 U 4’ such that
(1) fori € A U A/, removing all ribbons labeled j for j > i gives a valid skew
shape A<;/u;
(2) for i € A, the subtableau of ribbons labeled i forms a horizontal k-ribbon
strip;
(3) fori’ € A/, the subtableau of ribbons labeled i’ forms a vertical k-ribbon strip.

We let SRT% (A/ ) denote the set of super k-ribbon tableau of shape A /.

Note that a SRT in the alphabet A of shape A/u is the same as a SSRT of
shape A/u. Moreover, there is a bijection between SRT in the alphabet +’ of shape
A/u and SSRT of shape A’/ i/, given by conjugation (and unpriming the labels).

The height #(R) of a ribbon R is the number of rows it contains. The spin of
a super ribbon tableau T is

spin(T) = ) (A(R) = 1),
R

where the sum is taken over all ribbons R in 7.
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Definition 2.11 ([21, Definition 44]). The super k-ribbon function associated to a
skew partition A /i is the generating function

ﬁ,{I;L (X, Y: t) — Z tspin(T)xweight(T) yweight'(T) )
T eSRT; (A/ 1)

Example 2.12. We use the ordering 1 <2 <---<1'<2' <---on AU A . Letk =3
and A/u = (8,7,6,6,6,4,1)/(2). The super ribbon tableau

2
|2
3/
113 U
2 Ed
1 1 4
has spin 14 and contributes
4.3 2 1.2 1.2 1
X1 X5X3Y1Y2Y3)4

(k) V.
to ﬁA/M(X, Y:1).

Definition 2.13. A semistandard super Young tableau of shape A/u is a filling of
each cell of D(A) with an element of A U 4’ such that

(1) the rows and the columns are weakly increasing,
(2) the entries in A are strictly increasing along columns,
(3) the entries in A’ are strictly increasing along rows.

We let SSSYT(A/u) denote the set of semistandard super Young tableaux of shape
A/u. Given a tuple A/p = AW /u®, .. A0 /0y of skew partitions, a semi-
standard super Young tableau of shape A /u is a semistandard super Young tableau
on each )L(/)/M(/), that is,

SSSYT(A/p) = SSSYT(AM /1My x ... x SSSYT(A®) /1,0,

Note that a SSSYT in the alphabet + of shape A/ is the same as a SSYT of shape
A/ . Moreover, there is a bijection between SSSYT in the alphabet +’ of shape A/u
and SSYT of shape A’'/u’, given by conjugation (and unpriming the labels).

We are now ready to extend the Littlewood k-quotient map.

Definition 2.14. The (extended) Littlewood k-quotient map is a bijection

SRTx(A/ ) — SSSYT(A /),
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where A /p is the k-quotient of A/u. We simply take Definition 2.8 and extend the
set of labels: for each i € A U A, we put an i into each cell of the k-quotient of
A<i/A<i-1.

Example 2.15.

2
V|
5 ;
13 I’ > |2|2|¥ 2
2 Ed INEIREIK ¥
1 1 ¥
]

The following facts can be useful in computing the Littlewood k-quotient map in
examples.

Lemma 2.16. Suppose T <> T via the Littlewood k-quotient map.

(1) A ribbon in T labeled i corresponds to a cell labeled i in T, so the number
of ribbons in T labeled i equals the number of cells labeled i in T .

(2) Two ribbons R, R' in T whose tails u,u’ have the same content modulo k
correspond to two cells v, v in the same shape in T. Moreover, in this case,

cw)—c@) _ /
— - c(v) —c(v).

Both the non-extended and the extended Littlewood k-quotient maps have these
properties. The proof for the non-extended map follows from the proof for the extend-
ed map, which is given in Appendix A.

3. Vertex models, Yang—Baxter equations, and partition functions

In this section, we introduce several types of vertex models. We show that these mod-
els are integrable in the sense that they satisfy several Yang—Baxter equations. Then
we use these vertex models to construct certain families of partition functions. Study-
ing these families of partition functions, in particular the family in Definition 3.8, will
be the main focus of the rest of the paper.

We begin with some notation. For a vector I = (I1,...,1Iy) € R¥, we define

k
11 =>"1.
m=1
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For vectors I = (I1,...,Ix),J = (J1,...,.Jx) € R¥, we define
o D)= > L.

1<i<j<k

For variables x and ¢ and an integer n > 0, we define the 7-Pochhammer symbol
n—1
(i = [0 —xt™).
m=0

We are now ready to define our vertices algebraically. We will define five vertices:
the L-matrix, the L’-matrix, the R-matrix, the R’-matrix, and the R”-matrix. The L-
and L’-matrices are families of functions ({0, 1}¥)* — C[x, t], one for each integer
k > 0;the R-, R'-, and R”-matrices are families of functions ({0, 1}%)* — C(x, y. 1),
one for each integer k > 0. In other words, each vertex associates a weight (either
a polynomial in x, ¢ or a rational function in x, y, t) to every 4-tuple of vectors in
{0, 1}* for each integer k > 0. Table 1 gives the algebraic definitions of these vertices.

Type of Algebraic definition
vertex
L LEOWT K L) = 1pg—kr [Timy Uytsy o - I HoE D
L LU T K L) =114 y=k +L [T} 1K=, - xEI 0B K=D)
R R© (I.J.K.Ly=14-k+L T 10,5, - (=D 1K (31|
x (x/y:t)g)— k19 K=
R R AT K. L) =14k 40 [Tj=i L4 si22 - (x/9)F
X (VDR T
R” RV AT K L) =114 y=g 41 [Tizi k=, - (/)"

X (x/yit) g |-y EKD

Table 1. Algebraic definitions of the L-, L’-, R-, R’-, and R”-matrices.

However, it is often useful to think of a vertex graphically. We can draw a vertex
as a face with four incident edges, each labeled by an element of {0, 1}%. The face
takes one of two forms,

K J K
J L (abox) or >< (a cross).
1 1 L

The edge labels describe colored paths moving through the face south-west-to-north-
east (for a box) or left-to-right (for a cross). If an edge has the label I = (I1,...,1I;) €
{0, 1}¥, then for each i € [k], a path of color i is incident at the edge if and only if



I; = 1. For example, with k = 2 (letting blue be color 1 and red be color 2), the
path configuration associated to the edge labels I = (0,1), J = (1,0), K =

L =(1,0)is

The factor of 174 7=k 1 that appears in the algebraic definitions of all five ver-
tices imposes a path conservation restriction: in order for a vertex to have a non-zero
weight, the paths entering the vertex and the paths exiting the vertex must be the same.
To define the vertex weights graphically, we start by defining the weights in the case
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(for abox) or >< (for a cross).

k = 1in Table 2.

Type of One-color definition
vertex
k
j X l: J
L [ ]
i
LG, j k1) 1 x x 1 1
k
i
1, .
L/; i, j. k. D) 1 1 x 1 x
. X X X >< >< ><
R;‘)x(z J,kZ) I—y/x  y/x
v X B >< >< X
(1) /
R/y/x(l Jik, l) 1+y/x 1+y/x 1+y/x liy);x

R//;I/)y(l J, k D: 1-—x/y 1

Table 2. Graphical definitions of the L-, L’-, R-, R’-, and R”-matrices in the case k = 1.

(Ov 1),
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The k-color weights are then defined in terms of the one-color weights in Table 3.

Type of vertex k-color definition

L L, g, K, L) =12, LY (i Ji Ki L),
where §; = # colors greater than i that are present
L P g K L =T, L'V, ;. Ji K. L),
where 8, = # colors greater thantl of the form
(k) (€V)
R Ry UI.J. K L)= Hz=l Ry/(.xtsi)(ll"] i Ki, L),
where ¢; = # colors greater than i of the form
k 1
R’ R"y/)x(l J.K.L)= n,_lR/(y/)( (II,J,,K,,L)
where 8 = # colors greater than 1 that are present
k
R’ R”;/)y(l J.K.L)= nl_lR”“) Ui i Kis L),

where &7 = # colors greater than z of the form ><

Table 3. Graphical definitions of the L-, L’-, R-, R’-, and R”-matrices for general k.

We leave it as an exercise for the reader to check that the algebraic and graphical
definitions are equivalent.

We remark that the L-matrix and the R-matrix appeared in [13]. Moreover, by the
following lemma, the weights of all five vertices can be realized as degenerations of
the vertex weights W, (A,B; C,D | r, s) from [1, Definition 5.1.1].

Lemma 3.1. We adopt the notation of [1], except we use t in place of q. In particular,
we let W;(A,B; C,D | r,s) be the vertex weights from [1, Definition 5.1.1] with t in
place of q. Then

p = lim(e)? lim B7W, /(A B:C.D| (x/)"%. B).

p = lim Y~ —d lim Wi(A.B:C.D | Sy~V2 sy1/?),

=]

lim Wy, (A, B;C,D | (x/a)'/2, (y/a)'/?),
a—>0

=

= lim We/o(A.B:C.D | (x/a)'/2. (—y/a)™'/2).
o—>

% <
=
a v

- ox
= » =
B < <ML
a v a
I

=]

= lim Wi(A.B:C.D | Sx~12 §y~1/2),

<
>
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Proof. This follows from various corollaries in [1, Section 8.3] along with the alge-
braic definitions of the matrices L (white box), L’ (purple box), R (white cross),
R’ (yellow cross), and R” (orange cross),

* [1, Corollary 8.3.6] for the L-matrix,

e [I, Corollary 8.3.4] for the L’-matrix,

* [1, Corollary 8.3.1] (substituting s = (y/a)'/?) for the R-matrix,

* [1, Corollary 8.3.8] (substituting s = (—y/a)~'/?) for the R’-matrix,

e [I, Corollary 8.3.3] for the R”-matrix. n
It turns out that these vertices satisfy three Yang—Baxter equations. All three

follow from [1, Proposition 5.1.4] and Lemma 3.1; for interested readers, we give

a detailed derivation of Propositions 3.3 and 3.4 in Appendix C. Proposition 3.2 is
proven in a different way in [13, Theorem 4.1].

Proposition 3.2. The L- and R-matrices satisfy the Yang—Baxter equation

K3 K3
J1 y I; Ji X I;
E w = E w
interior paths 1, x | J3 interior paths I, | » J3
K, K,

for any choice of boundary conditions 1, J1, K, I, J3, K3.
Proposition 3.3. The L-, L'-, and R’'-matrices satisfy the Yang—Baxter equation

K3 K3
Ji I3 Jy I;
> o R - x W
interior paths I, J3 interior paths I, J3
Kl Kl
for any choice of boundary conditions 1, J1, K1, I, J3, K3.

Proposition 3.4. The L'- and R"-matrices satisfy the Yang—Baxter equation

K3 K;

J] 13 J] 13
2, w = 2w

interior paths I, J3 interior paths I, J3

K1 Kl

for any choice of boundary conditions I, J1, K1, I, J3, K3.
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Remark 3.5. Let us say a few words about where the weights W, [1, Definition 5.1.1]
and the YBE [1, Proposition 5.1.4] come from. Bazhanov and Shadrikov [4] con-
structed the fundamental R-matrix for the quantum affine superalgebra U, (;l (m|n)),
and showed that it satisfied the Yang—Baxter equation. (Although this was not the
method used in [4, Section 3], the fact that this matrix satisfies the Yang—Baxter
equation can be verified via a direct computation using the explicit formulae for its
entries.) Aggarwal, Borodin, and Wheeler [1] constructed the weights W, by apply-
ing the fusion procedure originating in [20] to the fundamental R-matrix, special-
izing to m = 1, and applying analytic continuation. The Yang—Baxter equation for
the weights W, falls out from the Yang—Baxter equation for the fundamental R-
matrix.

We use these vertices to construct three classes of partition functions, the first of
which was studied in [13]. Given a lattice L, the associated partition function is

Z weight(C),

CeLC(L)

where LC(L) is the set of valid configurations on the lattice L. In what follows, let
A=A/ 20 ®)

be a k-tuple of skew partitions, each having p parts.

Theorem 3.6 ([13, Theorem 3.4]). The coinversion LLT polynomial &£3 /, (Xy,:1) is
the partition function associated to the lattice

Xn

Wa(A/p) =

n

Definition 3.7. We define £ f I (Xy;t) to be the partition function associated to the
lattice

A

Pu(A/m) :=
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Definition 3.8. We define £%

A (Xn; Y t) to be the partition function associated to
the lattice

A

Sn,m(A'/IL) =

Xn

n

Often, when it is clear from context, we will abuse notation and let the drawing of
the lattice be equal to the partition function of the vertex model on the lattice.

4. Identities of supersymmetric LLT polynomials

The main goal of this section is to establish various properties of the partition func-
tions éﬁi u from Definition 3.8. These include four properties (summarized in The-
orem 1.1) which generalize four properties that uniquely characterize the supersym-
metric Schur polynomials.
Let Plgk) be the set of k-tuples of partitions, each having p parts. Given A, . €
P and a non-negative i i jjecti
» gative integer n, there is a bijection

Y: LCWn(A/p)) — LC(Py(X'/ 1),

where W, (A /i) is defined in Theorem 3.6 and P, (A’/p’) is defined in Definition 3.7.
Explicitly, 1 (C) is obtained from C by inverting the vertical parts of the paths, reflect-
ing the lattice over its left edge, changing each color i to color k£ — i, and making the
vertices purple. For example,

17 T T
— — >t
[ 1 [ l

where we have done each step in order (and where blue is color 1 and red is color 2).

Fix A, u € Plfk). Also fix a sufficiently large number of columns; specifically,
the number of columns must be larger than each p + A(li) and p + ,u(li). IfA/p is
a horizontal strip, then there is a unique configuration C, on a single white row
with top boundary A, bottom boundary g, and empty left/right boundaries. Similarly,
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if A/p is a vertical strip, then there is a unique configuration on a single purple row
with top boundary A, bottom boundary p, and empty left/right boundaries.

Lemma 4.1. There exists a function g: Plﬁk) — Z > such that
Lajuxit)y =8EWsWel  (x:ii7")

forall A, n € Pp(k) such that A/ w is a horizontal strip.

Proof. Fix A, p € Pp(k) such that A /p is a horizontal strip. Let C = C,,. Note
that C is the unique configuration on a single white row with top boundary A4, bottom
boundary u, and empty left/right boundaries. Moreover, ¥ (C) is the unique configu-
ration on a single purple row with top boundary A’, bottom boundary u’, and empty
left/right boundaries. Thus

La/u(x;t) = weight(C) = x%8,

L4 (i) = weight(y (C)) = x71°

for some non-negative integers «, 8, y, . Note

o = #{(i, j) | the i-th smallest color exits right in the b-th leftmost box in C}
= #{(i, j) | the i-th largest color exits right in the b-th rightmost box

iny(C)} =y.
Therefore,
Lajp(xit) = x%B = B xv8 = tﬂ+5if/ﬂ(x;t_1).
Note that
B+68=4#{(,J,b)|i < j,inbox b of C color i exits right and color j is present}
+#{(’,j',b) | i’ > j', inbox b’ of ¥ (C) color i’ is vertical and color j’
exits right}

=#{(i, j,b) | i < j,inbox b of C color i exits right and color j is present}

+ #{(i, j,b) | i < j,inbox b of C color i is absent and color j enters

from the left} = Z Z 1p s “good” for i and j »
b i<j

where we say a box b is “good” for the colors i < j if either color i exits right and
color j is present, or color i is absent and color j enters from the left. Therefore,

Lajuxst)y =BXW gl (xith),
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where we have defined

g(A'/”’) = Z Z 1p s “good” for i and j -

boxes b colors
of Cayp i<J

We can recursively define the desired function g by the rule

g(u) + g(A/p) if there exists u € Pp(k) — {A} such that A /i is
gA) = a horizontal strip,
0 otherwise (i.e., if A = 0).

Provided that g(A) is well defined (i.e., g(p) + g(A/p) is independent of p) for all
Aep®,

Lajuxir)y =BXW gl (xir7h) = sWEWgP (i)

forall A, u € Pp(k) such that A /u is a horizontal strip. To show g is well defined, we
proceed by induction on the number of cells in A. Clearly, g(0) = 0 is well defined.
Fix A € Pp(k) — {0} and assume g is well defined on elements of Plgk) with strictly
fewer boxes than A. Fix a, u € P,ﬁ") — {A} such that A/« and A /u are horizontal
strips. There exist (not necessarily distinct)

BO°=0, ... p'=a B =1ePP,

o =0, ..., v l=np, vr=)cePI§k)

such that 7 /B*~! and v’ /v'~! are horizontal strips for all ;. Note that each sequence
completely determines a configuration of paths on an r x M lattice with top bound-
ary A and bottom boundary 0, since they determine the state of the paths at every
row.

Since the two configurations have the same top and bottom boundaries, it is pos-
sible to get from one configuration to the other via corner flips

Some straightforward computations (which we verified with a computer) show that
for any configuration on a 2 x 2 white lattice and for any colors & < i < j such that
color 7 has the form
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in the configuration, flipping color i changes neither the number of boxes that are
“good” for i and i, nor the number of boxes that are “good” for i and j. Using the
flipping argument repeatedly, we see that the quantity

E E lb is “good” for i and j

b i<j
is the same for both configurations. Therefore,
B /B +EB /BT A+ E(BY/BY)
=W T GO T A E0YO).
Applying the inductive hypothesis, we have
gBT/BH+eB T —gB) + -+ g(B) — g(B°)
=g /T + g =g ) -+ g0 —g(00).
The sums telescope to give
B /B +eBH—gB) =80 /v + e — g0,
which we can rewrite as
g /a) + g(a) —g(0) = g(A/p) + g(n) — £(0).
Therefore, g(a) + &(A /o) = g(p) + (A /p). m
Corollary 4.2. Forany A € PP, g(1) = g(1').

Proof. We proceed by induction on the number of cells in A. Note that g(0) = 0 =
g(0).Fix A € Pp(k) — {0} and assume g(p) = g(pn') for all u € P,Sk) with strictly
fewer cells than A. Since A # 0, there exists u € Plfk) that can be obtained by remov-
ing a single cell u from A. We want to show g(1) = g(4’). It is enough to show

Z2(A/p) = 2(A'/pn’), since then
gA)=gm)+8A/p) =g) +8QA" /") = g@").

Let A® be the partition to which u belongs. Since A/u consists of the single
cell u in A® /@ every color in every box in Cy /u 1s either vertical or absent, with
the exception of the color i in two adjacent boxes, which has the form

b b+1
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Note that Cy/, is exactly the configuration of ¥/ (Cj, /, ) with white in place of purple.
Therefore, every color in every box in Cj//, is either vertical or absent, with the
exception of the color i’ = k — i in two adjacent boxes, which has the form

-1 b

]
]

We have
g(A/pm) =#{j >i| jisvertical inbox b of Cy /. }
+#h <i|hisabsentinbox b 4 10of Cy/,}
=#{j' <i'| j isabsentinbox b" of Cy//,/}
+#{h' >i" | h'is vertical inbox b’ — 1 0of Cp/rjp} = g(A'/p’). m

Equipped with Lemma 4.1 and Corollary 4.2, we can now prove the following
identity relating &£ i n and £ i, e This is equivalent to [15, Proposition 2.2].

Theorem 4.3. Forany A, u € Plfk),
ii/u(Xn, Ym, [) = [g(l)_g(ﬂ)ii//u/(ym, Xn, t_l)
Proof. If A/ is a horizontal strip, then by Lemma 4.1, we have
cf),/u(x; [) == [g(l)_g(u)if//u/(x; t_l).

If A/ is a vertical strip, then by Lemma 4.1 (with ! in place of t and A’/u’ in
place of A/u) and Corollary 4.2, we have

i’,f/u(x; t) = tg()‘)_g("‘)i)v//u/(x; l_l).

Using these lemmas at each row of our lattice, we have
A

éﬁi/ﬂ(Xn;Ym;t) ="

Xn

n
= Z if/am+n—l (J’m, t) U ;65,,_,_1/“" (yl’ t)‘fot”/ot”_l (Xn; t) Ut ‘ftxl/u('xl; [)
=Y EREW L, mner mit ) Lgnart s (13171

XiP (xn;t_l)"':E::l’/ﬂ/(xl;t_l)

an’/an—l’
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X ign/ﬂn—l (xn§ t—l) e igl/u/(xl; t_l)
A A
Y X
_ gM)—gw) N — 8 —g(w) ™
Xn Ym
X1 Y1
n %

= &5 /0 Vi Xnit ™),
where

* the sums in the second and third lines are over all ® = pu, ..., ™" = A such
that a’ /&'~ is a horizontal strip for all i < n and a vertical strip for all i > n,

+ the sum in the fourth line is over all B¢ = u’, ..., ™" = A’ such that ' /B~!
is a vertical strip for all i < n and a horizontal strip for alli > n,

» the second-to-last equality uses repeated applications of Proposition 3.3, as illus-
trated below:

Vi X X
Xi Vi Vi
X
= |
Vi

The technique used to swap a white row and a purple row at the end of the previous
proof is sometimes called the “train argument.” This technique is used again to prove
the following lemma.

Lemma 4.4. The partition function associated to any lattice that can be obtained
from the lattice S, m (Definition 3.8) by permuting the rows equals cfi/ﬂ (Xn; Y t).
In particular, Qﬁi I (Xpn: Y t) is symmetric in the X and Y variables separately.

Proof. Two rows can be swapped using the train argument along with Proposition 3.2
(to swap two white rows), Proposition 3.3 (to swap a white row and a purple row), or
Proposition 3.4 (to swap two purple rows). ]

Lemma 4.5. Suppose n,m > 1. Then

ii/u(Xn—l, riYm—1,—rit) = ii/u(xn—l; Yim—1:1).
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Proof. Using Lemma 4.4, we can write

A
r Ym—1
Ym—1 A
S . . : _ — Y1

L3y Knoro 1 Yoy —rst) =y m
Y1 r Xn—1
]
Xn—1 o :
: X1
X1 n
"

We will show that, for all @ # A, there is an involution ¢4 on the set of configurations
of the lattice

2
,
o
such that weight(¢q (C)) = — weight(C) for all C. Therefore,
A A
Ym—1 Ym—1
A : :
s . oy - y oy
X1 X1
n n

= ‘:ﬁi/u(Xn—l; Yim—1:1).

Fix a # A and fix a configuration C on the lattice L o. Since ¢ # A, there exist
two consecutive columns ¢ and ¢ + 1 of C and a color i such that, in columns ¢ and
¢ + 1 of C, color i has the form

.-

Let ¢ be the rightmost column for which there exists a color of this form in columns ¢
and ¢ + 1, and let i be the largest color of this form in columns ¢ and ¢ + 1. We define
¢ (C) to be the result of flipping color i in columns ¢ and ¢ + 1

-
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Clearly, gy is an involution. To show
weight(py (C)) = — weight(C),

we need to show

weight (_r ) — _ weight (_r ) @.1)
r rlo

regardless of the paths taken by the other colors. However, by the maximality of ¢

and i, we know that every color not equal to i must have the form

-

and every color greater than i must not have the form

- -

With these constraints, some straightforward computations (which we verified with

a computer) show that equation (4.1) holds. ]

Combining Lemmas 4.4 and 4.5, we can now conclude that the polynomials
:ﬁi n (X;Y;t) are supersymmetric in the X and Y variables.

Definition 4.6. A family of polynomials {p(Xy; Ym;t) | n,m € Zs¢} is supersym-
metric if

* p(0(Xn); Ym;t) = p(Xn; Ym;t) for any permutation o € S, (i.e., p(Xn; Ym;t) is
symmetric in the X variables),

o p(Xn:t(Ym);t) = p(Xn; Y t) for any permutation t € Sy, (i.e., p(Xy; Ym:t) is
symmetric in the Y variables),

o p(Xy—1,7;Ym—1,—r;t) = p(Xp—1;Ym—1:t) whenn,m > 1.

Theorem 4.7. The polynomials éﬁf I (Xn:; Ym;t) are supersymmetric in the X and Y
variables.

Now we proceed by proving a certain restriction property for the polynomials
L3 /0 Xn: Y1)

Lemma 4.8 (Restriction). We have
ii/ﬂ(xn_l, 0’ Ym’ t) = ii/y,(xn—ly Ym, Z),
L3 /0 (Xn: Y1, 0:0) = L3/ (X Y131).
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Proof. Using Lemma 4.4, we can write

A
o
0
Ym
Ym
£S5 (Xpy.0: Vi) = : _Z 2 "
Duan 000 =, =X o[ T T,
Xn—1 o «
. xl‘
X1
"
"
It is easy to see that
A
o [T ]= ta=s
o
Therefore,
A
Ym
L5 (Xpe1,0; Ypi 1) = 2 =25, (Xp_1:Ym:1) 4.2)
l/”' n—1,-Y, I'm, X l/”' n—1>4m, . .
x1'
"

A similar argument shows that
L3 10 X3 Yo, 050) = 23, (X3 Y131,
Alternatively, we can deduce
L3 (Xt Y1, 050) O g DmeW g8 (¥, 1, 0: X117
“2) tg(l)—g(lt)ii//w(ym_l; Xp; l‘_l)
Theorem 4.3 g (A)—g (n) (t—l)g(k’)—g(u’)ii/u (X2 Yme131)

Corollary 42, ¢ . .
=25 (Xt Y. -

Lemma 4.9. The polynomial If I (Xn:; Y t) is homogeneous in the X and Y vari-
ables of degree
A/ ] = [A] = |nl,

that is,
:ﬁf/u(rX,,; rYm;t) = r'““'éﬁi/u(Xn; Yin:t).
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Proof. This follows from the fact that in any configuration of the lattice

A
Ym
r Y1.
rXx,
rxl.
n
the total number of right steps taken by the paths is |A/u|. ]

4.1. The factorization property
The goal of this subsection is to prove the following lemma.

Lemma 4.10 (Factorization). Fix A € Plsk). Suppose there exist T and y such that for

all i, ' '
2D = (m+ rl(’), com+ I,E’), n(ll), e n§’)),
where s = p —n. Then

k=1 n m

L3 (Xn: Yimit) = Lo Xz ) - 15D L0 Vst ™) - TTTT T T % + 90)-

1=0i=1j=1

Throughout this subsection, let A, T, and 5 be as in the above lemma. Moreover,
it is easy to see that the above lemma holds if # = 0 or m = 0, so we will assume
n,m > 1 throughout the rest of this subsection. To prove the above lemma, we need
two smaller lemmas.

Lemma 4.11. Let A, T, and n be as in Lemma 4.10. The polynomial
tED Ly (Vs t™) = £F V1)
is a factor of the polynomial éﬁf (Xu; Y t). In fact,
L5 (X Ymit) = L£F Vi t) - £y o (X: Y ),
where (m + r)ﬁi) =m+ r](-i)for alli and j.
Lemma 4.12. Let A, T, and n be as in Lemma 4.10. Then
E3Xp1. 7 Y1, —t'rit) =0
foralll €{0,...,k—1}.

Given these two lemmas, let us prove Lemma 4.10.



A vertex model for supersymmetric LLT polynomials 597

Proof of Lemma 4.10. Fix [l € {0,...,k — 1}. Since
:ﬁi(xn—l,l’; Yme1,—t'rit) =0,

by Lemma 4.12, we know that t'x, + Ym 1s a factor of éﬁi (X3 Yis t). Thus, since
éﬁi (Xn; Ym: t) is symmetric in the X and Y variables separately by Lemma 4.4, we

TTT]¢ % + )

i=1j=1
is a factor of Q‘ii(Xn; Yy t). Since this holds for all / € {0, ...,k — 1}, we know that

know that

k=1 n m

LTI

=0i=1j=1

is a factor of éﬁf (Xn; Ym; t). Moreover, since the polynomial 78 (")i,,/(Ym; 71 is
a factor of :Cf (Xpn:; Ym:t) by Lemma 4.11, we know that

k=1 n m

DLy Vo™ - TTTTTTC % + )

I=0i=1;=1
is a factor of é(ii (Xn; Yin: t). Thus there is a polynomial f(X,; Yy,;t) such that

k=1 n m
L3 X Ymit) = f(Xni Vi) 15D Ly Vst ™ - [T [T % + yi)- 43)
I=0i=1j=1
It remains to show f(Xp: Yiu;t) = £:(Xn:1).
Combining equation (4.3) with Lemma 4.11, we get

k=1 n m

m+r(Xanmvt)—f(Xn7Ym7t) 1_[1_[1_[([ Xi +y] 4.4

I=0i=1j=1

Given a polynomial p(X,; Ym;?), let degy (p(Xn; Ym;t)) be the total degree of
p(Xy; Y t) in the Y variables. Recall l’m 4z (Xn: Yimi 1) is the partition function
associated to the lattice Sy, (m + t) from Definition 3.8.

In any configuration of this lattice, a given path can take at most one step to the
right in a purple row. Thus, since there are m purple rows and since there are n paths
of each of the k colors, we have

k—1 n
dng($m+,(Xn, Yimit)) <mnk = degy (H 1_[ 1_[(1 xi + y,))

I=0i=1j=1

This inequality along with equation (4.4) implies f(X,; Yn:t) = h(Xy:t) for some
polynomial 2(X},; ). It remains to show h(X,:;t) = £ (X,;1).
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We can rewrite equation (4.4) as

m+t
Ym
. k=1 n m
g —nx [T T T + -
! 1=0i=1j=1
x1
0

We interpret both sides of this equation as polynomials in the Y variables. On the
right-hand side, the coefficient of y{’k y,';,k is h(X,;t). For the lattice on the left-
hand side, a configuration has a weight of the form p(X,;?) - y;’k .- y"k for some
polynomial p(X,;¢) if and only if each path of each color takes one step to the right
in each purple row. Thus the yi’k ‘e y,’},k term on the left-hand side is exactly

m+t

T m+t

Xn Yom

= Lr(Xpit) - 75 yik.
(Here, each path takes one step to the right in each purple row.) Thus
h(Xp;t) = Le(Xpit). ]
We are left to prove Lemmas 4.11 and 4.12.
Proof of Lemma 4.11. Using Theorem 4.3 and the fact that g(0) = 0, we have
L Vmit) = L5 (Y t) = 18P LS (Vs 107 = 15D Ly (Y1t ™).
Recall £ f (Xn; Y t) is the partition function associated to the lattice
A

1

Xn
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Any configuration of this lattice must have the form

A
Vm
Yf
Xn
|
* L1
p-nt+lnn—1---2 1
0
where we have labeled the columns for convenience. Fix j € {1, ..., m}. Note that

a path can take at most one step to the right in a given purple row. Since
AD =m+ 7 >m

for all i, the paths starting in column n must exit the m-th purple row weakly right
of column n — m, so the paths starting in column n must exit the j-th purple row
weakly right of column n — j. Since the paths starting in column 7 + 1 enter the first
purple row in column n + 1, they must exit the j-th purple row weakly to the left
of column n 4+ 1 — j. This argument shows that the remainder of the paths starting
in columns n + 1, ..., p and the remainder of the paths starting in columns 1, ...,n
can be chosen independently of each other, and that the weight of the overall config-
uration is the weight of the configuration consisting of the paths starting in columns
n+1,..., p times the weight of the configuration consisting of the paths starting in
columns 1,...,n.

It follows that

Ym
Y£
X, X
cff(Xn;Ym;t)= " "
|
X1 X1 1
pn+lnn—-1---2 1 p-ntlnn—-1---2 1
0 0
where foraset § = {s; <--- <s;} €{1,..., p}, we define

As =g a8 with AD =@, a),
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Since A {n41,..., py = 1, the first factor is exactly

n

Xn Ym P
= . =Ly Ym1).
1
X1
p-ontlun—1---2 1
0
Since A{y,...n) = m + 7, the second factor is exactly
m+t
Ym m+tT
Ym
Y1
Xn _ oy _ iS X.:Y.-
- - m+1:( n» m,t) u
Xn
| x{
X
! 0

1
p--ntlnn—1---2 1
0

Proof of Lemma 4.12. By Lemma 4.4, éﬁi (Xpn—1,7; Yim—1, —tlr; t) is the partition

function associated to the lattice
A
Ym—1
J’f
0

Xn—1

X1
—tlr
r

Any configuration of this lattice must have the form
Ym—1

1
Xn—1

A
: |
X1
—tlr
r 1

p---n+lnn—1---2 1
0
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where we have labeled the columns for convenience. In a configuration, if there exists
a color 7 such that the path of color 7 starting in column 1 goes vertically in the bottom
two rows, then color i must have the form

p--n+tlnn—-1..-2 1
0

A path can take at most one step to the right in a given purple row, so the path of
color i starting in column 7 can make at most m — 1 total steps to the right in the
lattice. However, since
/\,(f) =m+ r,gi) >m,

the path of color i starting in column » must make at least m total steps to the right in
the lattice. This is a contradiction, which means that in any configuration, every path
starting in column 1 must make at least one step to the right somewhere in the bottom
two rows. Therefore,

A
Ym—1 A
: Ym—1
JM' o :
ii/u(Xn—l, r;Ym—l,—tlr;t) Tt = Z i m o
: « r Xn—1
X1 0

—tlr X1
r o
0

where the sum is over all e such that agi) > 0 for all i. We will show that for all

such «, there is an involution @, on the set of configurations of the lattice

such that weight(pq (C)) = — weight(C) for all C. Therefore,
ii/u(Xn—h r; Ym—1,—1; [) =0.
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Fix o with agi) > 0 for all i and fix a configuration C on the lattice L. We label

the columns for convenience as follows:

o
—t'r
,
p cee 2 1 0 _1 cee
0

Given a color i, let ¢; be the column in which the path of color i starting in column 1
exits the lattice through the top. Since every path starting in column 1 must make at
least one step to the right, we have ¢; < 0 for all ;. We define an ordering < on the
colors by

i<j®c>c; or ¢;=c¢; and i <]

Let i be the (/ + 1)-th largest color in this ordering (so that / = #{j | i < j}). In
columns ¢; + 1 and ¢; of C, color i has the form

We define ¢4 (C) to be the result of flipping color i in columns ¢; 4 1 and c;
-
Clearly, ¢, is an involution. To show weight(¢y (C)) = — weight(C), we need to

weight (‘t" ) — — weight ("” ) 4.5)
r r

regardless of the paths taken by the other colors. We label the boxes for convenience
as follows:

show

2]

Compared to the configuration with color i absent, the presence of color i in the form

—tlr

r

contributes —t'r - 1% to the overall weight, where

a =#{j >1i|jisvertical inbox 2} 4+ #{j < i | j exits right in box 3}.
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Compared to the configuration with color i absent, the presence of color i in the form

—tlr

r

contributes r - #? to the overall weight, where

b=4#{j >i| jappearsinbox 3} +#{j < i | j exits right in box 1}
+#{j < i | j exitsright in box 3}
+#{j <i | Jj exitsright in box 4}.

It is easy to see that

b—a=#{j >i|jappearsinbox 3} —#{j > i | j is vertical in box 2}
+#{j < i | J exitsright in box 1}
+ #{j <i | j exits right in box 4}
=#j>i|lc>cy+#j<i|la>cy=#j|j>i}=1L

Therefore,
. —t'r
weight
( r
1.
. —tlr
weight
( r
Thus equation (4.5) holds. ]

4.2. Swapping single rows

In this subsection, we prove an identity of the supersymmetric LLT polynomials in the
case p = l and u = 0. Since p = 1, A can be written as ((11), ..., (Ax)). Moreover,
in any configuration of the lattice S, ,(A4), there is exactly one path of each of the k
colors, and these paths enter the lattice through the bottom in the same column. Given
non-negative integers vy, ..., Vg, we define

Inv((vy),...,(vp)) =#a <b | vy > vp}.

Given A € Pl(k), we say that v € Pl(k) is a rearrangement of A if there exists a permu-
tation o € Sy such that v; = A, foralli € {1,...,k}.
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Proposition 4.13. Let A € Pl(k). Ifv e Pl(k) is a rearrangement of A, then
L3 Xn; Vs 1) = A0 8 (X0 Vs 1),

Proof. We start with some simple reductions. It is enough to consider the case where
A1 > ++- > Ag. Thus it is enough to show that, giveni € {1,...,k — 1},

L3 (Xn: Ymst) =1+ L5 (Xn: Vi 1),
where Ay > -+ > A; > Aj41 > -+ > A and
A, jAiLi+
vi =19 Ait1, J =1,
Ai, j=i+1

We will let blue be color i and red be colori + 1.
We will now define a bijection

p: LC(Sn.m(4)) = LC(Spm(v)).

Fix a configuration C € S, ,(4). Since A; > A;4;, the column in which color i exits
the lattice is strictly to the right of the column in which color i 4 1 exits the lattice.
Therefore, since color i and color i + 1 enter the lattice in the same column, C must
have a row in which color i enters weakly from the left and exits strictly to the right
of color i + 1. Thus C must have a vertex of the form

J_or.

Consider the north-eastern-most vertex V of this form. Swap color i and colori + 1

in every vertex north-east of V. For example,

and
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The result is a configuration p(C) € LC (S, m(v)). Itis clear that p is a bijection. We
will now compare weight(C) with weight(o(C)). There are four types of vertices to
consider.

(1) For the vertex V itself, the effect of applying p is

Hell ] o .H.

In either case, it is easy to see that the weight before applying p is ¢ times the

weight after applying p.

(2) For any vertex that is not north-east of V', p does not change the configuration,
so the weight is not changed.

(3) For any vertex that is north-east of V' such that either color i or color i + 1
is absent in this vertex, p swaps color i or color i + 1, but the weight is not
changed.

(4) For any vertex that is north-east of V' such that both color i and color i + 1
are present in this vertex, this vertex must have the form

Applying p swaps color i and color i + 1, resulting in

It is easy to see that the weight is not changed.
Therefore,
weight(C) = ¢ - weight(p(C))
and the proposition follows. ]

Remark 4.14. The above proposition extends [13, Proposition 5.5], and in fact these
two propositions are proven in nearly identical ways.

5. Relating £5 to §

The goal of this section is to relate the partition function é(ii s from Definition 3.8
to the super ribbon function ﬁ/{% from Definition 2.11. In [15], the authors con-
struct a lattice model whose partition function is equal to the spin LLT polynomials.
Lemma 5.6 below, which relates our vertex model to the spin LLT polynomials, can
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also be interpreted as a mapping between our vertex model and the one in [15] (see

Remark 5.7). We will adopt the following conventions. Fix a positive integer k. Let

A/p be the k-quotient of A/u. Let A ={1 <2 <---<n}and A ={I' <2' <

---<m'}. Weuse theordering 1 <2 <---<n<1' <2 <---<m onAUA.
We begin by constructing a bijection

SSSYT(A/p) = LC(Spm(A/ ),

where LC(S,,m(A/p)) is the set of configurations on the lattice Sy ;»(A/p) from
Definition 3.8. We do this in the usual way in which each row of i-th tableaux maps
to a path of color i. Precisely, given T = (T, ..., T®) e SSSYT(A/n), the cor-
responding C € LC(S,,m(A/p)) is constructed as follows. Fix i € [k] and fix a row

cc+lc+j—1

DERfefelJo] o

’ VO ’
s s s
’ ’ ’

in T® . (Here we have labeled the diagonal content lines going through the row.) The
corresponding path in C has color i, enters the lattice via the bottom of column c,
exits the lattice via the top of column ¢ + j, and crosses from column ¢ +/ — 1 to
column ¢ + [ at

{ the a-th white row ife; = a € A,

the a-th purple row ife; =a’ € A’
for each index [ € [/]. Recall that the Littlewood k-quotient map is a bijection
SRTx(A/1) — SSSYT(A/p).
The composition of these two bijections gives a bijection
0: SRTx(A/p) = LC(Snm(A/R)).

Example 5.1. Letn = 3, m = 4, and k = 3. Recall Example 2.15.

2]
v
3 a
K v s [2]2]¥ 2
2 K IR EIEIN 1|
1 1 ¥
]
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The corresponding configuration is

Y4
Y3
Y2

Y1

X3

X2

LI

[

where blue is color 1, green is color 2, and red is color 3.

Remark 5.2. When m = 0, the bijection SSSYT(A /) — LC(Sy m(A /1)) becomes
a bijection
SSYT(A/p) — LC(Wu(A/p)).

This bijection was used in [13] to prove Theorem 3.6.

Remark 5.3. The bijection 6 restricts to bijections
HRSp(A/p) — LCW1(A/p)),  VRSk(A/p) — LC(P1(A/p))

by artificially labeling each ribbon in a horizontal (vertical) k-ribbon strip with a 1 (17).

For the rest of this section, we will switch to drawing our Young diagrams in Rus-
sian convention, so that rows are oriented south-west-to-north-east and columns are
oriented south-east-to-north-west. The reason for this switch is to allow for an elegant
graphical interpretation of 8. Let T € SRTy(A/p) and C = 0(T) € LC(Sy m(A/1)).
By the construction of 6, we note that

(1) for each i € A, the horizontal ribbon strip A<;/A<;—1 of ribbons labeled i

in T corresponds to the i -th white row in C;
(2) foreach i’ € A/, the vertical ribbon strip A<; /A<;—1 of ribbons labeled i" in T'
corresponds to the i -th purple row in C.
Given a horizontal (vertical) ribbon strip inside 7', we “drop down” the Maya dia-
grams of the top and bottom boundaries to obtain the top and bottom boundaries of
the corresponding white (purple) row in C. Moreover, the top and bottom boundaries
of the row uniquely determine the path configuration of the row.

Example 5.4. Take k = 3. Let blue be color 1, green color 2, and red color 3. Con-
sider the following horizontal 3-ribbon strip of shape (6, 6, 3,0,0,0)/(0,0,0,0, 0, 0):
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A

We now color the steps on the top and bottom boundaries from left to right. A south-
east step in position i mod k gets color i. North-east steps are not colored,

o

We now “drop down” the steps on the top and bottom boundaries of the horizontal
3-ribbon strip to obtain the top and bottom boundaries of the corresponding white
row. The steps in positions (j — 1)k + 1,...,(j — 1)k + k correspond to the j-th
leftmost vertex. A step of color i corresponds to a particle of color i, indicating that
a path of color i is incident at the edge,

With these top and bottom boundary conditions (and requiring that no paths be inci-
dent at the left and right edges of the row), there is a unique path configuration,
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Remark 5.5. We leave it as an exercise for the reader to verify that our graphical
interpretation of 8 is correct (see Lemma 2.16). We also leave it as an exercise for the
reader to check that the diagram

conjugate

HRSi(A/p) ——— VRS (/1)

le le

LCWi(A/p)) —— LC(Py(A/p'))

commutes. Here v is the bijection defined at the beginning of Section 4. (This result
is not needed in the rest of this paper.)

S (k) : .
In order to relate £ Au to ﬁk 0 Ve must consider how the spin

spin(7) = > (h(R) - 1)
ribbons Rin T
of a horizontal (vertical) ribbon strip 7 appears in the corresponding path configu-
ration 6(T) of a single white (purple) row. Clearly, spin(7) equals the number of
positions that the tile

(two cells in the same column and ribbon) can be placed in 7'. For example, if 7" is

there are 4 such positions—cells 1 and 2, cells 2 and 3, cells 4 and 5, and cells 8
and 9—and indeed the spin is 4. We can count these positions according to the “slice”
containing the middle of each tile. In our example, the slices are given by

1121314151617:8
| | | | |
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so slices 2, 3, 4, and 6 each contribute 1 to the spin, and the other slices do not
contribute to the spin. In each slice, there are only four shapes that can appear:

(1) a column parallelogram (two adjacent halves of cells in the same column and
ribbon),

(2) arow parallelogram (two adjacent halves of cells in the same row and ribbon),

(3) ahead triangle (half of the head of a ribbon),

(4) atail triangle (half of the tail of a ribbon),

oy ol o > @
N |
(Of course, a slice could also consist of a single south-east step or a single north-
east step.) Any other shapes cannot appear in a slice because otherwise the ribbon
containing the shape would either contain a 2 x 2 square or not be a valid skew shape.
It is clear that the contribution of a slice to the spin equals the number of column
parallelograms in the slice.

In the following two lemmas, we use the above discussion to characterize the spin
in terms of 6(T"), when T is a horizontal/vertical ribbon strip.

Lemma 5.6. Let T be a horizontal k-ribbon strip. In the corresponding white
row 6(T),

SPiH(T)=Z(#: I [ g t# L),
ﬁ

where blue is color a and red is color b.

a<b

Proof. The fact that T is a horizontal ribbon strip restricts the possible forms of the
slices:

(1) If a head triangle appears, it must be at the bottom of the slice. This is because
the head of a ribbon must touch the south-east boundary.

(2) If a tail triangle appears, it must be at the top of the slice. Suppose the tail
triangle of ribbon R appears below a shape in ribbon S in slice i. Then, in
all slices in which both R and S appear, S is above R. Note that R appears
in slices i,...,i + k as every ribbon has length k. Similarly, S appears in
slices i — j,...,i — j + k for some j € {0,...,k}. In particular, in slice
i — j + k, the head triangle of S appears above R, which contradicts the first
restriction.

With these restrictions in mind, one can show that each slice must have one of the
following five forms:
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H1 H2 H3 H4 H5

Here : indicates arbitrarily many (possibly 0) copies of the shape, and south-east steps
on the top/bottom boundaries are colored as in our graphical interpretation of 8 (see
Example 5.4).

Remark 5.7. The five types of slices we draw here are in bijection with the five types
of allowed vertices given in [15, Figure 14]. To see this, suppose we are looking at
a slice whose top and bottom boundaries correspond to color a. Then we can map it
to a vertex of the form given in [15] by assigning arrows to the edges of the vertex
according to the rules:

(1) If the top boundary of the slice is a north-east (south-east) step, then the top
edge of the vertex gets a down (up) arrow. Similarly for the bottom boundary
of the slice.

(2) If the slice contains a head triangle, assign a left arrow to the k-th eastern
horizontal edge. If the slice contains a tail triangle, assign a left arrow to the
1-st western horizontal edge.

(3) If a ribbon whose head is in a slice of color b passes through the slice, then
assign left arrows to the (b + k — a mod k)-th eastern horizontal edge and
the ((b + k —a mod k) + 1)-st western horizontal edge.

(4) Otherwise, assign right arrows to the horizontal edges.

Assigning each slice a weight of x if there is a head triangle, and ¢#column parallelogram |
makes this a weight-preserving bijection. Through the bijection 6 defined above, the
rest of this lemma can be seen as giving a weight-preserving bijection between our
vertex model and that of [15].

We claim that there is a one-to-one correspondence between the five possible
forms of a slice in T and the five possible path configurations of the corresponding
color in the corresponding white vertex in 6(7'),

Hl < W1, H2 < W2,

H3 < W3, H4 < W4, HS5 < W5.
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The correspondence is obvious for H3, H4, and HS5 from the top/bottom boundary
conditions. Moreover, from the top/bottom boundary conditions, slices of the form H1
or H2 correspond to path configurations of the form W1 or W2. To show the corre-
spondence for H1 and H2, we will show that a slice of the form H2 always gives
a configuration of the form W2 and vice versa.

* Suppose slice i has the form H2. It contains the head triangle of a ribbon, so slice
i — k will contain the tail triangle of this ribbon. This slice then must have the
form H2 or H4. If slice i — k has the form H2, then we can repeat this argument
to show that slice i — 2k has the form H2 or H4. Since there are finitely many rib-
bons, eventually we find that slice i — jk has the form H4, for some positive inte-
ger j,andslicesi — (j — 1)k,...,i —k,i have the form H2. Since slice i — jk has
the form H4, the corresponding path configuration has the form W4, in which the
path exits right. Thus the path configuration corresponding to slice i — (j — 1)k
must have the path entering from the left, so it must have the form W2, in which
the path exits right. Repeating, we conclude that the path configuration corre-
sponding to slice i has the form W?2.

* Suppose slice i corresponds to a path configuration of the form W2. We know
a path enters the slice from the left, so slice i — k must correspond to a path
configuration in which the path exits right. This path configuration must have
the form W2 or W4. If slice i — k corresponds to a path configuration of the
form W2, then we can repeat this argument to show that slice i — 2k corresponds
to a path configuration of the form W2 or W4. Since there are finitely many ver-
tices, eventually we find that slice i — jk corresponds to a path configuration of
the form W4 and slicesi — (j — 1)k, ...,i —k, i correspond to path configura-
tions of the form W2, for some positive integer j. Since slice i — jk corresponds
to a path configuration of the form W4, it must have the form H4, so it contains the
tail triangle of a ribbon. We see that slice i — (j — 1)k contains the head triangle
of this ribbon, so this slice has the form H2. It follows that slice i — (j — 1)k also
contains the tail triangle of a ribbon. Repeating, we conclude that slice i has the
form H2.

Recall that slice i = (j — 1)k 4+ a in T corresponds to color a in the j-th left-
most vertex V' in 8(T). The contribution of this slice to spin(7) equals the number
of column parallelograms in the slice. Looking at the five possible forms of a slice,
we see that this equals zero if slice i has the form H1, which is equivalent to color a
being absent in V. Otherwise, it equals the number of ribbons R that appear in slice i
but whose head/tail triangles do not.

Let R be such a ribbon, and let slice s be the slice that contains the tail triangle
of R. Since slice a contains a column parallelogram of R but not the head/tail triangle
of R, wehaves <i <s+k.Letb € {1,...,k} besuchthat b = s mod k, and note
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that b # a. If b < a, then the tail triangle of R appears in slice (j — 1)k + b, so slice
(j — 1) x k + b has the form H2 or H4, so the path configuration of color b in V' has
the form W2 or W4, so color b exits V' to the right. If b > a, then the head triangle
of R appears in slice (j — 1)k + b, so slice (j — 1)k + b has the form H2 or H5, so
the path configuration of color » in V has the form W2 or W5, so color b enters V
from the right.

We can now conclude that

Spin(T) = Z Z 1, appearsin V' * ( Z lb exits V to the right + Z lb enters V' from the left)
|4 a

b<a b>a

_ (# B L)+Z(#: - )

= (#* I R +# L),
a<b

where V varies over the vertices in 8(T"), and a and b vary over the colors. ]

Lemma 5.8. Let T be a vertical k-ribbon strip. In the corresponding purple

row 6(T),
=zl
a<b

where blue is color a and red is color b.
Proof. We follow the same ideas as in the proof of the previous lemma. The fact
that 7" is a vertical ribbon strip restricts the possible forms of the slices:

(1) If a tail triangle appears, it must be at the bottom of the slice.

(2) If a head triangle appears, it must be at the top of the slice.

With these restrictions in mind, we see that each slice must have one of the following
five forms:
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Arguing similarly to Lemma 5.6, one can show that there is a one-to-one corre-
spondence between the five possible forms of a slice in 7" and the five possible path
configurations of the corresponding color in the corresponding purple vertex of 6(7'),

V1<—>.P1, Vze.Pz,
V3<—>.P3 V4<—>.P4 V5<—>.P5

Recall that slice i = (j — 1)k + a in T corresponds to color a in the j -th leftmost
vertex V' in 8(T). The contribution of this slice to spin(7) equals the number of
column parallelograms in the slice. Looking at the five possible forms of a slice, we
see that this equals zero unless slice i has the form V1, which is equivalent to the
path configuration of color a having form P1 in V/, that is, color a being vertical in V.
In that case, the contribution to the spin equals the number of ribbons R that appear in
slice i but whose head/tail triangles do not. One can show that this equals the number
of smaller colors b < a that exits V to the right plus the number of larger colors b > a
that enter V' from the left.

From this we conclude

Spin(T) = Z Z la is vertical in V' * ( Z 1b exits V to the right + Z lb enters V' from the left>

b<a b>a

a<b

a<b
a<b
where V' varies over the vertices in 8(7") and a and b vary over the colors. [
g(k)

We are now ready to relate £s 2/ u A

Proposition 5.9. Let A /p be the k-quotient of A/ . Then
25 i Yo ) = (7G50 (Xs Vs £112)

for some half-integer O € %Z. In fact, in any configuration of the lattice Sy m(A /1),

a<b

*Zi( ‘ﬁ)‘
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Proof. Recall the bijection 8: SRTy(A/u) = LC(Sn,m(A/p)). It is enough to show
that weight(9(T')) = ¢7¢spin(T) yweight(T) y,weigh(T) for a]] T e SRT(A/ ), for some
half-integer O that does not depend on 7. Fix a super ribbon tableaux 7" € SRTx (A /1)
and let C = 6(T) € LC(Sy,m(A/p)) be the corresponding path configuration. It is
clear that the x weights (y weights) match, since each ribbon labeled a € +4 (a’ € A)
in T corresponds to a path taking a step to the right in the a-th white (purple) row
of C. We are left to consider the powers of . From the previous lemmas, we see that

spin(T) = Z(#— o —+# +# J—)

a<b

a<b

_Z(z# :+# +# )

a<b

a<b

= 2coinv(C) — Z ( —# )

a<b

a<b

coinv(C) = Z (# —+# J—)

where

a<b

is the power of ¢ coming from the white boxes in C and

coinv'(C) = ; (#. + #.)

is the power of ¢ coming from the purple boxes in C. Thus

1
3 spin(T) + 0 = coinv(C) + coinv’(C),

a<b

+a§( _#ﬁ )

where
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If we can show that O is independent of the configuration C, then the result follows.
It is enough to check this for two colors. This can be shown with a standard corner
flipping argument, which we verified with a computer. ]

6. Cauchy identity

Recall from [1, 13,21] that the LLT polynomials satisfy a Cauchy identity. We would
like to prove a similar theorem for the supersymmetric LLT polynomials. We will do
so in the style of [13,30].

We will need the following change of variables for the L and L’ weights, which
we represent as a gray face and a pink face, respectively:

K

J . L:=xk®L®Ou J.K. L),
1
K

_ k
J| X L:=ka’1(/;(1,J;K,L).

Here
1

x[k -1
This change of variable is chosen in part so that the gray face, in which every color
appears as a horizontal path, and the pink face, in which every color appears as a

cross, have weight one,
. B 1’ - 1‘

It will also be useful to define Pl(lkgz, for 0 < /1,1, < 0o, to be the set of k-tuples of

partitions with /; parts whose largest part is less than or equal to /5.

X =

6.1. Single rows

In order to construct our Cauchy identity, we will employ infinitely long rows of
vertices. For the white and purple vertices, it is relatively easy to define a row of
infinite length. We start by defining the following finite length rows, where the allowed

states on the top and bottom boundaries are indexed by partitions Pl(lkgz.
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Pictorially these are given by

i o

<~ — el «~ I - <~ —

Each row has length /; + /5, and we explicitly mark the zero content line. We can
increase /; by extending the partitions indexing the boundary states with zero parts;
similarly, we can increase /5 by adding empty faces to the right. Note that increasing /;

T-®

on the left, while increasing /, adds faces of the form

- 1

on the right; since these vertices have weight 1, increasing /; and /; does not change

adds faces of the form

the weight of the row. In fact, we may take /1, /; — oo and allow the boundary states
to be indexed by partitions with infinitely many parts as long as only finitely many
parts are non-zero.

For the gray and pink vertices, we must be slightly more careful. Note that

.=th(1§), .= 1’ ) 1’ :'Xk.

For the gray faces, we consider a row of finite length, such that the allowed states
on the bottom are indexed by partitions in Pl(lkgz, and the allowed states on the top are
indexed by partitions in Pl(lk_)1 I We draw this as

<~ - <~ —

The boundary condition on the right allows us to increase /, by adding faces where
every path is horizontal without changing the weight of the row. However, increas-
ing /; by adding zero parts to the partitions does affect the weight since faces where
all the paths are vertical have a non-trivial contribution due to the change of vari-
able.
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For the pink faces, we consider a row of finite length such that the allowed states

on the bottom are indexed by partitions in Pl(lk;z’ and the allowed states on the top are
indexed by partitions in Pl(lkll, =1 We draw this as
<~ - <~ —

In this case, we can increase /; by adding zero parts to the partitions without changing
the weight of the row, as this amounts to adding faces on the left, where every color
is a cross. However, increasing /, by adding empty faces on the right does affect the
weight. We will see later that the contribution to the weight coming from increasing /4
in the case of the gray faces, and the contribution to the weight coming from increas-
ing [, in the case of the pink faces, cancels out in the Cauchy identity, allowing us to
circumvent this issue.

Remark 6.1. Suppose the bottom boundary of a row is indexed by p while the top
boundary is indexed by A. Recall that, for the white faces, in order for the row to have
a non-zero weight, A must be obtained from u by adding a horizontal strip. Similarly,
for the purple faces, A must be obtained from g by adding a vertical strip. For the
gray faces, A must be obtained from g by removing a horizontal strip. For the pink
faces, A must be obtained from g by removing a vertical strip.

6.2. Some partition functions

Here we will construct certain lattice models using the single rows above, whose
partition functions will be used in our Cauchy identities. In what follows, we will
always consider our partitions A and u to be k-tuples of partitions, each of which with
a infinitely many parts, only finitely many of which are non-zero. We will truncate the
partitions, removing only zero parts, to limit the number of parts as needed.

Given A and u, choose positive integers /1, /> such that each partition has at
most /; non-zero parts and largest part at most /5. Truncate A and g so that they are
. Recall from Section 3 that for the white faces, we have

5

A

Xm

i i
LawXmit) = o :
+ i

X1

<~ > " <]
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and for the purple faces, we have

<~ > " ]

where both are independent of the choice of /; and /,. In particular, the limit as
l1,1; — oo of these partition functions is well defined.

For the gray faces, fix the number of variables m. This time, given A and u,
choose positive integers /1, [ such that each partition of A has < /; non-zero parts,
each partition of g has < /; — m non-zero parts, and each partition of both tuples has

largest part < /5. Truncate the partitions so that A € Pl(lkgz and u € Pl(lk_)m I Define

We have the following proposition.

Proposition 6.2. We have
L5 10 Xmi1) = (61 ) 7K (oo @m0 E) (4O 2 (X, 1),

where d(A, p) and &£/, are independent of Iy and l,. Furthermore, d(A, p) is giv-
en by

.. . b) .
A p) =Y #i j | w® —j>u? -}
a<b
. . b) .
3w 1A > -y,
a<b
The proof is essentially identical to that of [13, Proposition 6.11], for which this
is a slight generalization. (We can recover [ 13, Proposition 6.11] by taking 4 = 0 and
[y = m = n.) Note that £* is independent of /,, and we may take [, — oco.
For the pink faces, again fix the number of variables m. Given A and p, choose
positive integers /1, /; such that the number of non-zero parts of each partition of
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both tuples is < /1, the largest part of every partition in A is < /5, and the largest part
of every partition in w is < I — m. Truncate the partitions so that A € Pl(lk;z’ and

Q)
JIS Pl]-i-m,lz—m‘ Define

n
Xl @ +
&PV Kmit) = 19 i
xile +

<~ - <~ —
A

We would like to be able to write (£%)* in terms of £%. In order to do so, we will
prove a series of lemmas.

Definition 6.3. Let N, n, k be non-negative integers. Given a partition A with n non-
negative parts, each of which is < N, we define its complement in an n x N box to
be the partition

A= —A,,...,N —1y).

Given A € P,f, we define its complement in an N X n box to be the k-tuple of parti-
tions A = ((A)D, ..., (A¢)®)), where

(A.c)(l) — ()L(k_i))c.
In other words, we complement each partition and reverse their order in the tuple.

Lemma 6.4. Fix A € Pl(lk,;z and p € Pl(lk,;z—m' Let it € Pl(lk,;z be the tuple of partitions
one gets by adding m to every part of every partition in . Then

2L Xmit) = 1P OB LL o (Xi),

where complements are taken in an l; X Iy box and dp(A, u) = d(A, p) is indepen-
dent of 11, [5.

Proof. There is a bijection between configurations with bottom boundary A and top
boundary i and configurations with bottom boundary ¢ and top boundary A€, given
by rotating 180 degrees and reversing the order of the colors. For example, with

A=(2,1,0,(,1,1)), p=(1,0,0),(1,1,0), L =m=3, I[,=4,
we have

A€ =1((3,3,3),(4,3,2), m=1((43,3),(4,4,3), g°=((1,0,0),(1,1,0)).
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For a particular configuration, we would map

A ne

It is easy to show that under this bijection the x weight does not change, up to
switching x; and x,,—;+1, as horizontal steps in row i become horizontal steps in row
m —i + 1. A corner flipping argument shows that the difference in the power of ¢
before and after the mapping does not depend on the configuration. This shows that

£ Xmit) = 192 AR el o (e x1i0) = 1P AR L (X1,

where the last equality uses the symmetry of £%. Note that increasing /; by adding
zero parts to A and parts of size m to ft does not change the power of ¢ on either side
of the bijection as this only adds paths that staircase (i.e., take one step to the right
in each row). Similarly, increasing /, by adding empty columns does not affect the
power of ¢ on either side. Thus dp (A, ) is independent of /; and /5. As shown in the
next lemma, dp (A, u) = d(A, ). ]

Lemma 6.5. Let A, i be as in the previous lemma. Then

dp(eop) =Y #ij 1w —j > u? =iy =Y #i I = > A" i),
a<b a<b
Proof. Firstlet us assume that g = 0 and k = 2. In this case, every part in i equals m.
We can calculate dp (A, ) using any choice of configuration. We will pick the config-
uration 7" of jt /A such all the paths are as low as possible. In this case, each path will
begin as a staircase going right until it reaches the column in which it ends, and will
then travel vertically to its endpoint. Consider a single path of the first color (blue)
corresponding to the j-th row of the skew shape. For it to contribute a power of 7,
a path of the second color (red) must travel vertically in a face in which the blue path
exits right. Suppose we have such a red path, corresponding to the i-th row. As a path
travels vertically only in the column in which it ends, the blue path must end to the
right of the red path, i.e., j < i. Further, in order for the red path to cross the blue
path while traveling vertically its staircase must be weakly below the blue staircase,
so the blue path must start weakly to the left of the red path, i.e., )LJ(.I) —j < AIQ) —1i.
We see that
coinv'(T) = #{j <i | A" —j <2 —i},

where coinv’(T) is the power of 7 in the configuration 7.
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Using our mapping, the configuration 7 gets mapped to a configuration 7’ of
A¢/m€ in which all the paths are as high as possible. In this case, the paths all begin
traveling vertically and then staircase to their endpoint. Similar reasoning shows that
for the j-th blue path to exit right while the i-th red path is vertical, the blue path
must begin weakly to the left of the red path, and the blue path must end to the right
of the red path. This gives

coiny'(T") = #j 2 i | (A" —j > AP —iy =#j =1 | ]V~ j > 4P~}
From this we find
dpA,0) =#j <i |20 —j <2@ —iv—#j =i 20— j>2P — i)
—#j<i |20 —j 2@ iy r#<i 20— >0 -0y
—#j <i 10— = 2P sy =i A0 - > a0 - 0)
=#{j <i)—#i.j |A}”—j > 2@ —i),

Noting that #{i, j | /Lj(- —j> :“z —i}=#{j <i}when u =0, we get the result
in the case p = 0 and k = 2. Summing over all pairs of colors a < b gives the result
in the case p = 0 and k general.

To prove the general case, let A and u be as in the statement of the lemma. Con-
sider a lattice with n 4+ m rows. Let v = 0, so that every part of ¥ equals n 4+ m. From
the above calculation, we know that

dp(A.0) = #j <i} = > #ij | AP —j>2P i)
a<b a<b

This can be calculated using any configuration of A /v. Let us choose a configuration
such that the top boundary of the m-th row is given by . Then the contribution to the
change in power of ¢ from the rows above the m-th row is given by

dp(fi.0) =Y #j <i}— Y #ij | B —j > g —i},
a<b a<b

while the contribution from the m-th row and below is given by dp (A, ). Since the
contribution from the two pieces must equal the overall change in power of 7, we see
that

dp(A,p) =dp(X,0) —dp(.0)

b i .o . b .

=Y i I A - > AP =i =Y #i A - > AP -0
a<b a<b

.. . b . .. . b .

A1 T I S R TV I YR
a<b a<b

as desired. [
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Lemma 6.6. Let A, ., m, [y, [ be as in Lemma 6.4. Then

+

+ + = (%1 )OO G P (1),

+

n

<~ - <~ —
A

Proof. We start with Lemma 6.4. To change from purple faces to pink faces, for each
i € [m], we take x; > % and multiply every face in the i-th row by x{‘. This gives
the desired equation. ]

Lemma 6.7. Let A, u, m, 1, [ be as in the previous lemma, except now consider i

p

as an element of (i.e., add m more parts equal to 0). Then

li+m,l>
"
x,le +
9 + = (11 ... xp)KOFEED AP G g P (XL,
xrle +
«~ Il - <~ I -
A

Proof. Starting with the lattice from the previous lemma, we add a path of each color
on the left edge of each row. The paths entering from the left must end packed to the
left at the top. This, along with the shift to the right by m of the zero content line,
means that the top boundary is now given by p. Adding the paths entering from the
left changes the weight by the factor (x; ... xm)¥. ]

Finally, we must relate the LLT polynomial of a skew partition with that of its
complement.

Lemma 6.8. Let A € Pl(lk,;z and ju € Pl(lk,;z—m' Let jt € Pl(lk,;z be the tuple of partitions

one gets by adding m to every part of every partition in p. We have

5 Xmit) = (1 -xm) L e (X 0).

Proof. We construct a bijection SSYT(A/u) — SSYT(A¢/u¢) as follows. For each
skew partition in A /p, draw it inside an /; X [, box. Given any SSYT of the skew
shape, go from left to right, row-by-row, and fill the cells of the box with the largest
available integer not already used in that row. After rotating by 180 degrees, the newly
filled cells of the box are a SSYT of the corresponding skew partition in A€ /€. For
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example, let A = (3,3,1,0), u = (1,0,0,0), [y = m = 4,1, = 6. Then we have
A€ =(6,5,3,3) and i€ = (2,2,2, 1). Consider the filling
3121 314
214|131 1
— —
3 31401 1
1]2 1]2]4]3 1 4 \

Note that under this map the x weights transform as x7 > (xq ... xp)*1 (xT)~1.
We are left to determine what happens to the powers of 7. It is easy to check that,
in terms of lattice paths, flipping a corner of color @ up (down) on one side of the
bijection corresponds to flipping a corner of color k — a + 1 down (up) on the other
side. As the space of configurations on both sides is connected under corner flips,
a corner flipping argument shows the difference in the powers of ¢ does not depend on
the configuration. Thus there is some overall power of ¢ difference, call it d, p(A, 1),
so that

L8 Kmit) = (x1..xp) 1P G W el (X1 0).

We need only to compute the difference in the power of ¢ for a specific choice of
configurations to compute dp (A, w). A similar argument to the one used in the proof
of Lemma 6.5 shows dp (A, u) = 0. [

Combining all the above lemmas leads to the following proposition.

Proposition 6.9. We have
(&)} Kmi 1) = (x1 .. xp) AV AP G2 R (X0 1),

where the whole thing is independent of 11, and dp (A, ) and éﬁf Jp are also inde-
pendent of [5.

6.3. Cauchy identities
Using the above, we will now prove several Cauchy identities for £ and £7 .

Proposition 6.10. Let y and v be tuples of partitions, each with infinitely many parts
only a finitely many of which are non-zero. Then

Y BRI 2 Vi DLE 3 (Xui 1)
A

k—1
= (l_[ [Ja+ Xiyjfl)_l) D 1Ol (X )La sy Ymi ).
)

i,j 1=0
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Proof. Given p and v, choose positive integers /1 and /» such that maximum number
of non-zero parts of a partition in v is less than /; — m and the largest part of any
partition in v is less than /; + m. Note that this ensures that /; is greater than the
maximum number of non-zero parts of a partition in g and that /, is greater than
the largest part of any partition in . Truncate the partitions so that p € Pl(k) and

N3
) . . .. . 1
v e Pll— modytm® Consider the following partition function:

v

Xn

X1

This can be split into three pieces as follows:

«~li—m-o<—Ilh+m—

From the previous subsection, in particular Proposition 6.2, every piece is independent
of [, so we may take [, — oo. Here the crosses have weight one. Using the YBE to
move the crosses to the other side gives

v

n

Since we have taken I, — oo and paths cannot travel horizontally across a purple face,
we know that the paths originating from the bottom boundary must exit from the gray



A. Gitlin and D. Keating 626

faces at the right boundary. Splitting this into parts, we get

<~ — <~ -

Equating the two sums results in

Sk ViDL, (Xait)
A

k—1
= (TTTT0 5™ ) 2 i 025, i)
A

i,j 1=0
where the prefactor on the right-hand side comes from the crosses. Using Proposi-

tion 6.2, we get

_ o v(k
S 01y T (pomylm@L=m=DG) AWM £ (Vi) EE ) (Xai)
A

k—1
= (]_[ []a+ xiyjt’)“) D reee ym) TR (P
A

i,j 1=0
o k
s Gl OB g (L (i)
Many terms (in particular, all the terms involving /;) cancel, and we can then take
[1 — oo, giving the proposition. ]

An analogous proof, using white boxes in place of purple boxes and white crosses
in place of yellow crosses, gives the following proposition.

Proposition 6.11. Let p and v be tuples of partitions, each with infinitely many parts
only finitely many of which are non-zero. Then

D BN,y (X)L yya (Vmit)

)
k-1
=TT =xiyitH DY " L0 (Xn: )L py (Y 0).
i,j 1=0 )

This is a slight generalization of [13, Proposition 6.12] (which we can recover by
taking v = 0, setting m = n, and swapping X and Y).
Using the white faces and the pink faces, we have the following.
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Proposition 6.12. Let p and v be tuples of partitions, each with infinitely many parts
only finitely many of which are non-zero. Then

k—1
(]"[ o+ x,-yjz’rl) S PG V2L (X )
A

i,j 1=0

= thP(“’“:leM (Xn; 1)Ly 2 Ym:1).
2

Proof. Given p and v, choose positive integers /1, /> such that /; is greater than or
equal to the number of non-zero parts in w and v, /, is greater than or equal to the
largest part in w, and [, — n is greater than or equal to the largest part in v. Consider
the following partition function:

This can be split as

" T
P ro

> <« <~ h+n<=>bh-n—
n A

xl_1

From the previous subsection, in particular Proposition 6.9, every piece is independent
of /1, so we may take /1 — 0o. We can use the YBE to move the crosses to the other
side to get

Lol ol olololo
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which we split into

Lol ol o
X
Lol o1 o

«~ I > <—Alz—>

(Sufficiently far to the left in the white faces, every column is dense with vertical
paths, so the paths from the cross must enter in the pink faces.) Setting this equal to
the other sum gives

k—1
(TTTTO+ 505 ) o asm i (i
A

i,j 1=0

= Z(:CP);*L/A(XM DLy Ym:t),
)

where the prefactor on the left-hand side comes from the crosses. Using Proposi-
tion 6.9, we have

k—1
(H o+ xiyjr’)—l) S o MDA G gy 2l (X
A

i,j 1=0
=Y (1) CAV AP BRI LR (X )Ly 3 Vs ).
A

Canceling the terms involving /, gives the proposition. |

Changing the white faces to purple faces, a similar computation to the above leads
to the following assertion.

Proposition 6.13. Let . and v be tuples of partitions, each with infinitely many parts
only finitely many of which are non-zero. Then

k—1
(H [Ta- x,-y,-rl)) D rAMLD Vi) 25 ), (Xnit)
i,j 1=0 A
=) 1@l (XuiDEL, Ymsit).
A

(One must be careful to only consider terms with finite degrees in y; this forces
the paths to only travel from the south-west to the south-east on the cross.)

Combining these identities, we now come to the main result of this section:
a Cauchy identity for the supersymmetric LLT polynomials.
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Theorem 6.14. Let p and v be tuples of partitions, each with infinitely many parts
only finitely many of which are non-zero. Fix positive integers n, m, p, q. Then

th(u’l)xf/l (Xn. Yom: t)ii/),(Wp’ Zy; 1)
A

I—0ii'=1)'=1aa/=1 .8/=1 (1 +ija/tl)(1 —|—x,/zﬁtl)

x Y 1AV ES (Xn Y DES ), (Wp., Zg:1).
A

Proof. We can rewrite the left-hand side as
Lhs.= Y &F (Ymi)Lp/a (Xn: )P @ LE, (Z,:019CP 245 (Wyi),
A,o,p
where we use the fact that
d(p.A) =dp(p,0) +d(o, ).
Applying Proposition 6.11 to the sum over A with the second and fourth LLT polyno-
mials gives

k—1 n

Lh.s. = HHH(]—xlwat)

=0i=1a=1

x 3 EF Vi )L ) (X 1P B L, (Zy:0)19RP 53, (Wp: ).
A,o,p

Applying Proposition 6.10 on the sum over p with the first and fourth LLT polynomi-
als results in

k=1 n m

e = [T [T et

I=0i=1j=1a,a/'=1
x Y Ly, n)zm(xn;z)rd"(""')x,’:/,,<zq;z)zd@’")x,,/v(vvp;z).
A, 0.0

Applying Proposition 6.12 on the sum over ¢ with the second and third LLT polyno-
mials gives

k—lon m P 4 1 — x;jwet!
_H U l_[al_[: E[1(1+ija/tl)(1+xi'2ﬂfl)

1=0i,i’'=1j=1

x Y Ly Vi) Lo pu (X POV LE  (Zgi 01O Ly, (W),
A,0,0
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Finally, applying Proposition 6.13 on the sum over A with the first and third LLT
polynomials leads to

k-1 n m 4 q 1 l
(1 — X; Wyl )(1 _yj/Z,B’t )

Lh.s. =
1_[ 1_[ 1_[ 1_[ l_[ (1+ yjwetH(1 +x,~/zﬁll)

1=0i,i'=1j,j'=1a,0/=1B,8/=1

X Z cff/,, (Ym§ t)cfa/u(Xn; t)tdp(l’p)cff/p(zq; t)td(pjv)ip/v (Vpr [)
A,o,p

which can be combined into
k—1
Jhus. — i
1=0i,i'=1j,j'=1aa'=18,8'=1 (I + yjwert")(1 + xirzgt")

« th(x,v)xi/ﬂ(xn’ Ym§f)$§/v (Wp, Zg;t) = r.hs.,
A

where we again use the fact that

d(A,v) =dp(A,p)+d(p,v). [

Appendices
A. Proof of Lemma 2.16

Throughout this section, whenever we consider a skew shape o/ 8, we assume « and
have the same number of parts £(«/ ). Moreover, using Remark 2.6, we can take the
Maya diagrams of « and B to have the same length. Also let fz(«/B) denote the
k-quotient of o/ 8.

Let A/ be a skew shape, and let A /p = (A@/p© . A%=D /=1y pe jts
k-quotient. Let

T € SSRT (A/p) < T = (T@,....,T* D) e SSSYT, (A /1)

via the Littlewood k-quotient map. We want to prove the following two claims:

(1) Aribbon in T labeled i corresponds to a cell labeled i in T, so the number of
ribbons in T labeled i equals the number of cells labeled i in T .

(2) Two ribbons R, R’ in T whose tails u, u’ have the same content modulo k
correspond to two cells v, v’ of the same shape in T'. Moreover, in this case,

c(u) —c()

Z =c() —c®).
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We begin by discussing Maya diagrams and content lines. Let o/ be a skew shape,
and let (ag, ..., das—1), (bo,...,bs—1) be the Maya diagrams of «, 8, respectively.
Given a cell u in o/, we define its adjusted content to be

ac(u) :=c(u)+L(a/B)—1,

where c(u) is its content. The following facts are straightforward:

(A) The skew shape o/ consists of a single cell u if and only if a; = bj+1 = E,
ait+1 =b; = S,anda; = b; for j #i,i + 1 for some i. In this case, if u is
the single cell in &/, we have ac(u) = i.

(B) The skew shape o/ consists of a single ribbon if and only if a; = b; 1y = E,
ai+k = b;i = S,and a; = bj for j #i,i 4 k for some i. In this case, if u is
the tail of the single ribbon in &/, we have ac(u) = i.

The claims will follow from the next lemma.

=1
Let u be the tail of the ribbon in A/, and let v be the cell in A /. Write ac(u) =
gk + r, where 0 < r < k. Then v appears in A7) /u") and has adjusted content
ac(v) =q.

Proof of Lemma A.1. Let u be the tail of the ribbon A/u. Let (ao, ..., as—1) and
(bo, ..., bs—1) be the Maya diagrams of A and u, respectively. By Remark 2.6, we
may assume that ¢t = s/k is an integer. By fact (B), for some i, we have

acu) =i, ai=biyx=E, aiqx=b; =S, a; =b; forj #ii+k.

Let (a(] ). at ) s (b(j ). b(’ ) be the Maya diagrams of A1), () respectively,
for each j. By the definition of the k-quotient map, we have

al(j) =ajk4+; and bl(j) = bipyj
for each j and /. Since a; = b; for j #i,i +k,
@, ....aP) =Y. b)) forj £,

and thus AY) = () for j # r. Since a; = bivk =E,a;j4+x =b; = S,anda; = b;
forj #i,i +k,

a;’) = bf]:zl =E, af{ll = b(g’) =S, and a(r) = bJ(.r) for j #q,q + 1.

Therefore, by fact (A), A7) /u) consists of a single cell v with adjusted content
ac(v) =q. [
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We now prove claim (1) using Lemma A.1. Suppose that there are m ribbons
Ry,..., R, labeled i in T. Then we can construct a series of partitions

«©® — Q™ —

ASi—l ) IR — A<
such that «) /qU~1 = R;j for each j € [m]. Using the lemma,

| fiAsi/A<i—)| = | fi (@™ /a®)]

=D el /a0 =31 fe(R) =31 =m.
j=1 =1 Jj=1

However, by the definition of the Littlewood k-quotient map, fx(A<i/A<i—1) (lying
inside A /) consists of exactly the cells labeled i in T, so there are m cells labeled i
inT.

We now prove claim (2) again using Lemma A.1. Write ac(u) = gk + r and
ac(u’) = ¢’k +r’, where 0 < r,r’ < k. Since u and u’ have the same content mod-
ulo k, they have the same adjusted content modulo k, hence r = r’. Thus, by the
lemma, both v and v’ appear in the same shape in T, namely 7) = T") Moreover,
again using the lemma, we obtain

c(u)—c@') ac(u)—ac@') _ ,
K k -1
=ac(v) —ac®) =c)—c@).

B. Other formulations of LLT polynomials

We describe the relationship between coinversion LLT polynomials (Definition 2.3)
and other formulations of LLT polynomials that appear in the literature.

Remark B.1. The inversion LLT polynomial, as in [17], is given by
ey = Y DT
TEeSSYT(A/n)

We have the relationship
LajuX;0) ="YX,
where

m = # triples in A = max coinv(U) + min inv(U
P /K UeSSYT(A/n) ) UeSSYT(A /1) )

= min  coinv(U) + max inv(U).
UeSSYT(A/p) TeSSYT(A/p)

More explicit formulae for m are given in [13, Section 5].
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Remark B.2. Define the sp LLT polynomial by

sp(T) ,.T
X = Y Dy,
T eSSRT; (A/11)
where ) )
spin(7') ) spin(U)
sp(T) = — min .
2 U€SSRTy (A/ 1) 2

If A/ is the k-quotient of A/, then

La/u(X:t) =" LF (Xo0),
where
e = max inv(U), m—e = min coinv(U).
UESSYT(A/n) UeSSYT(A/n)

Remark B.3. The spin LLT polynomial, as in [9, 15,21], is given by

ey = Y0 ey
T €SSRTy (A/ 1)

If A/ is the k-quotient of A/u, then
Laju(Xit) =" LI (X 12),

where

spin(U)
k = min .
U €SSRTy (A/ 1) 2

It is clear from the definitions that

Lm (k) ..
A‘}M(X t) = ﬁA/M(X, 1 1).

Remark B.4. Define the cosp LLT polynomial by

1117”;1;(}( l) _ Z tcosp(T)xT’
T €SSRTy (A/ )

where

T) spin(U)  spin(T)

cos = max — .

P UeSSRTy (A/ 1) 2 2

Historically, this was the original formulation of LLT polynomials [22]. If A /u is the

k-quotient of A/, then
Laju(Xit) = eI (X,
where

spin(U)
T = max .
U eSSRTy (A/ 1) 2
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C. Proofs of Propositions 3.3 and 3.4

We adopt the notation of [1] throughout this section, except we use ¢ in place of g.
In particular, we let W,(A,B; C,D | r, s) be the vertex weights from [1, Defini-
tion 5.1.1] with ¢ in place of g.

The proofs of Propositions 3.3 and 3.4 utilize [1, Proposition 5.1.4], which states

> Wy Jiila o | 1) Wy (Ky. Ja: Ko J3 | 11
I>,J5,K>
= > Wy(KiIi: Ko L | s.00Wy-(Kp. J1: K3, Ty | r.1)
I,,J>.K>
forall y,y,z,r,s,t € C for any choice of boundary conditions Iy, J1, K1, I3, J3, K3 €
{0, 1}%.

Proof of Proposition 3.3. Fix S,Y,x,y € C andleta = —S? and B = SY /2. Sub-
stituting y =x,y =a, z =a, r = (x/a)/?, s = Sy~"2, and t = SY /2 into (C.1)
gives
Y WaaU Jii Do, Iy | (xfe)'/?, 5y712)
1>,J5,K>
X Wyja (K1, J2; K, J3 | (x/a)"/?, SY"1/?)
x Wi (K, I; K3, I | Sy~ /2, sy 1/2)
= Z Wi(K1, 11: K>, I, | Sy=Y/2, 8Y1/?)
I>,J>,K>
X Wyjo(K2, J1: K3, J3 | (x/a)' /2, SY1/?)
X Wyja(I2, J2; 13, J3 | (x/a)/2, 8y~

Multiplying both sides by (—a)!/3/(SY 1/2)=21/3ly =113l Jeads to

> W Ji: Lo, Ty | (x/e)!/?, Sy=12) ()3l (s Y 1/2) 7215
I>,J3,K>
S Wx/«x(Kl, Jo; Ko, J3 | (x/()l)l/z, SY_l/z)
x YIBIW (Ky, I K3, I3 | Sy™V/2, SY1?)
= Z YIRlwy (Ky, 1 Ko, I | Sy™V2, SY V2 (—a)l 2l (57 1/2) 212l
I>,7>,K>
X Wy o (Ka, J1; K3, Jy | (x/a)V/?, SYV2)(—a)l/3I=1 2l g 2105142102
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where we have used |I| + |J2| = |I3] 4 |J3]| by path conservation on the right-hand
side. Substituting @ = —S2 and B = SY /2 gives

Z Weso(It, Iy I, Jo | (x/@)V2, (=y Ja)712) (—a) 31 g=2105]
I>,J>,K>

X Wx/a(Kla Jz;Kz, J3 | (x/a)l/z,,B)Y_|I3|

x Wi(K», I: K3, 15 | Sy™V/2,SY1/?)

= Y Y RW(K L Ko L | Sy T2 SY V) (—a) 2l g2
I>,J3,K>
X Wyja(K2, J1; K3, J> | (x/a)2, B)
X Wyja(La, J2 I3, I3 | (x/@)?, (=y/a)™V/3).

Taking § — 0and ¥ — 0 (hence also« = —S2 — Oand 8 = SY /2 — 0) and then
applying Lemma 3.1 leads to the desired YBE

> R (I Jv: L, )L (Ky, Jo: Ky, J3) L (Ko, Ip: K3, 1)
1,J3.K>
= Z L,(K1, 11; K2, 1) Lx (K2, J1; K3, J2)R, (12, 25 15, J3). ®
I>,J5.K>

Proof of Proposition 3.4. Fix S,Y,x,y € C andleta = —S% and B = SY /2. Sub-
stituting y = 1,y =1,z =1,r = Sx /2, s = Sy~Y2 andt = SY /% into (C.1)
gives
S Wy Jii L, o | SxTV2 Sy T WKy Jo: Ko J5 | SxTH2 SYT?)
I,J>,K>
x Wi(Ka2, Io: K3, I3 | Sy™'/2,SY1/?%)
= > Wi(Ki.Ii: Ky I | Sy~'2,. 87"
I5,J5,K>
X Wi(Ka, J1: K3, Jo | Sx™V2, SYV2 YWy (L, Jo; I3, J5 | Sx™V/2,8y71/?).
Multiplying both sides by Y ~Hs1=13] pegults in
Y Wil Ji I, Jo | SxTH2, sy )y T
I>,J2,K>
x Wi (K1, Jo: Kp, J5 | Sx™V/2, sy ~1/2)y Il
X Wi(Ka, I>; K3, I3 | Sy™'/2,5Y1/?)

= > Y RIw(K. Ky I | Sy, sy 2y T2
I>,J>,K>

X Wi(Ky, J1: K3, Jy | Sx7V2, SYVHYW (I, Jo: I3, J5 | Sx™V/2,8y71/2),



A. Gitlin and D. Keating 636
where we have used |I| + |J2| = |I3| + |J3| by path conservation on the right-hand
side. Taking S — 0 and ¥ — 0 and then applying Lemma 3.1 gives the desired YBE

S R (h v Lo Jo) Ly (Ky. Jo: Ko, J3) Ly (Ko, i K3, 13)
I>,J2,K>

= Z L,(K1, 11 Kz, )L (K2, J1; K3, )R (12, J2; 13, J3). w
I>,J3.K>

D. Example computations of £5 and §

D.1. Example 1
The 2-quotient of A = (4,2) is A = ((1), (2)),

'} b O3

Therefore, by Proposition 5.9, we must have

o

ii(xl;yl;t) - tmgﬂfz)(xl§y1§tl/2)

for some half-integer O € %Z. To compute é‘ii (x1; y1:t), we note that there are 4
configurations of the lattice S1,1(4),

Y1 Y1 Y1 Y1
X1 X1 X1 X1
| ] [ [
x2y; x1y? tx3 tx3y
Therefore,

ff(xl;yl;t) = X%YI +x1yf + txf + txfyl.

To compute 5/{2) (x1; y13 1/ 2), we note that there are 4 super 2-ribbon tableaux of
shape A in the alphabet {1 < 1'},

I Iy 1]1 1]1

) || v K [

xTyi x1y7 2x} 2xiy

Therefore, ﬁf)(xl; V1 tl/z) = X%YI + x1y12 + tzxf + tzxfyl. (The way we have
ordered the lattice configurations and the super ribbon tableaux agrees with the bijec-
tion 6 from Section 5, so that the i-th lattice configuration corresponds to the i-th
super ribbon tableaux via 6.) We see that

£5 G yit) = 82 (xns yis 112,
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so in fact 0 = 0 in this case. This agrees with the fact that the quantity

a<b

*E,( ‘ﬁ)

is equal to O in each of these 4 configurations.

D.2. Example 2
The 3-quotient of A = (8,7,3) is A = ((1), (3), (2)),

o

b
Therefore, by Proposition 5.9, we must have

L3 (v yii0) = 1962 (xps yist'/?)

for some half-integer 0 € %Z. We can thus compute ﬁf’) (x1: y1;1'/?) by computing
éﬁi (x1;y1;t) and 0. To compute :Ci (x1;y1;t), we note that there are 8 configurations
of the lattice S1,1(4),

1
X1

3x3y1
Y1
x1
xtyt
Therefore,
L5 yt) = 33y + 2xtyE + xS+ 1ty + 3xty?

—|—t2xfy13 +1° xly —l—t“xi‘yl2

We can also observe that the quantity

a<b

+a§( _#ﬁ)
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is equal to % in each of these 8 configurations, so O = % We can now compute

9 (s ynit) = 72985 (v yiit?) = Oxfy + 2y + xS

+ t7xfy1 + tsxfyf + t3x13y13 + tgxfyl + t7xfy12.

We see this agrees with the result obtained from explicitly computing all the super
3-ribbon tableaux of shape A in the alphabet {1 < 1’},

111 1)1

1 1/
I\L‘ I\L‘ 1\_‘ 1\% 1 I\L‘ 1\_‘ ]
1 1
t

~

Sx$yy 3542 £9x9 x5

U U
I\L‘ 1\% 1/\_‘ 1\% 1 I\L‘ 1'\_‘ ]
Il 1

4.2 3.3 4.2
t3xty? 3x3y3 2x3y1 t7xty?

(Again, the way we have ordered the lattice configurations and the super ribbon
tableaux agrees with the bijection 6 from Section 5.)

Acknowledgments. The authors would like to thank Sylvie Corteel for many helpful

discussions during the course of this work.

Funding. The authors were partially supported by the National Science Foundation,
Grants DMS-1600447 and DMS-2054482.

References

(1]

(2]

(3]

(4]

(5]

A. Aggarwal, A. Borodin, and M. Wheeler, Colored fermionic vertex models and sym-
metric functions. Comm. Amer. Math. Soc. 3 (2023), 400-630 Zbl 07751005

MR 4628347

A. Ayyer, O. Mandelshtam, and J. Martin, Multispecies TAZRP and modified Macdonald
polynomials. Sém. Lothar. Combin. 85B (2021), article no. 56 Zbl 1505.05125

MR 4311937

R. J. Baxter, Exactly solved models in statistical mechanics. Academic Press, London,
1982 Zbl 0538.60093 MR 690578

V. V. Bazhanov and A. G. Shadrikov, Trigonometric solutions of triangle equations. Simple
Lie superalgebras. Theoret. and Math. Phys. 73 (1987), no. 3, 1302-1312

Zbl 0659.58021 MR 939786

A. Berele and A. Regev, Hook Young diagrams with applications to combinatorics and to
representations of Lie superalgebras. Adv. Math. 64 (1987), no. 2, 118-175

Zbl 0617.17002 MR 884183


https://doi.org/10.1090/cams/24
https://doi.org/10.1090/cams/24
https://zbmath.org/?q=an:07751005
https://mathscinet.ams.org/mathscinet-getitem?mr=4628347
https://zbmath.org/?q=an:1505.05125
https://mathscinet.ams.org/mathscinet-getitem?mr=4311937
https://zbmath.org/?q=an:0538.60093
https://mathscinet.ams.org/mathscinet-getitem?mr=690578
https://doi.org/10.1007/BF01041913
https://doi.org/10.1007/BF01041913
https://zbmath.org/?q=an:0659.58021
https://mathscinet.ams.org/mathscinet-getitem?mr=939786
https://doi.org/10.1016/0001-8708(87)90007-7
https://doi.org/10.1016/0001-8708(87)90007-7
https://zbmath.org/?q=an:0617.17002
https://mathscinet.ams.org/mathscinet-getitem?mr=884183

(6]

(7]

(8]

(91

(10]

(11]

[12]

[13]

[14]

[15]

[16]

(171

(18]

[19]

[20]

(21]

(22]

A vertex model for supersymmetric LLT polynomials 639

A. Borodin and M. Wheeler, Colored stochastic vertex models and their spectral theory.
Astérisque 437 (2022), ix+225 pp. Zbl 07649036 MR 4518478

A. Borodin and M. Wheeler, Nonsymmetric Macdonald polynomials via integrable vertex
models. Trans. Amer. Math. Soc. 375 (2022), no. 12, 8353-8397 Zbl 1506.05209

MR 4504641

B. Brubaker, V. Buciumas, D. Bump, and H. P. A. Gustafsson, Colored vertex models and
Iwahori Whittaker functions. 2020, arXiv:1906.04140

B. Brubaker, V. Buciumas, D. Bump, and H. P. A. Gustafsson, Vertex operators, solvable
lattice models and metaplectic Whittaker functions. Comm. Math. Phys. 380 (2020), no. 2,
535-579 Zbl 1456.82097 MR 4170287

B. Brubaker, V. Buciumas, D. Bump, and H. P. A. Gustafsson, Colored five-vertex models
and Demazure atoms. J. Combin. Theory Ser. A 178 (2021), article no. 105354

Zbl 1458.05257 MR 4165627

B. Brubaker, D. Bump, and S. Friedberg, Schur polynomials and the Yang—Baxter equa-
tion. Comm. Math. Phys. 308 (2011), no. 2, 281-301 Zbl 1232.05234 MR 2851143

V. Buciumas, T. Scrimshaw, and K. Weber, Colored five-vertex models and Lascoux poly-
nomials and atoms. J. Lond. Math. Soc. (2) 102 (2020), no. 3, 1047-1066

7Zbl 1462.05348 MR 4186121

S. Corteel, A. Gitlin, D. Keating, and J. Meza, A vertex model for LLT polynomials. Int.
Math. Res. Not. IMRN 2022 (2022), no. 20, 15869-15931 Zbl 1502.05238

MR 4498167

S. Corteel, O. Mandelshtam, and L. Williams, From multiline queues to Macdonald poly-
nomials via the exclusion process. Sém. Lothar. Combin. 82B (2020), article no. 97

Zbl 1435.05204 MR 4098318

M. J. Curran, C. Frechette, C. Yost-Wolff, S. W. Zhang, and V. Zhang, A lattice model for
super LLT polynomials. 2022, arXiv:2110.07597

A. Garbali and M. Wheeler, Modified Macdonald polynomials and integrability. Comm.
Math. Phys. 374 (2020), no. 3, 1809-1876 Zbl 1436.82006 MR 4076089

J. Haglund, M. Haiman, and N. Loehr, A combinatorial formula for Macdonald polyno-
mials. J. Amer. Math. Soc. 18 (2005), no. 3, 735-761 Zbl 1061.05101 MR 2138143

J. Haglund, M. Haiman, N. Loehr, J. B. Remmel, and A. Ulyanov, A combinatorial for-
mula for the character of the diagonal coinvariants. Duke Math. J. 126 (2005), no. 2,
195-232 Zbl 1069.05077 MR 2115257

K. Iijima, A g-multinomial expansion of LLT coefficients and plethysm multiplicities.
European J. Combin. 34 (2013), no. 6, 968-986 Zbl 1285.05173 MR 3037982

P. P. Kulish, N. Yu. Reshetikhin, and E. K. Sklyanin, Yang—-Baxter equations and repre-
sentation theory: I. Lett. Math. Phys. 5 (1981), no. 5, 393-403 Zbl 0502.35074

MR 649704

T. Lam, Ribbon tableaux and the Heisenberg algebra. Math. Z. 250 (2005), no. 3, 685-710
Zbl 1066.05145 MR 2179617

A. Lascoux, B. Leclerc, and J.-Y. Thibon, Ribbon tableaux, Hall-Littlewood functions,
quantum affine algebras, and unipotent varieties. J. Math. Phys. 38 (1997), no. 2, 1041-
1068 Zbl 0869.05068 MR 1434225


https://zbmath.org/?q=an:07649036
https://mathscinet.ams.org/mathscinet-getitem?mr=4518478
https://doi.org/10.1090/tran/8309
https://doi.org/10.1090/tran/8309
https://zbmath.org/?q=an:1506.05209
https://mathscinet.ams.org/mathscinet-getitem?mr=4504641
https://arxiv.org/abs/1906.04140
https://doi.org/10.1007/s00220-020-03842-w
https://doi.org/10.1007/s00220-020-03842-w
https://zbmath.org/?q=an:1456.82097
https://mathscinet.ams.org/mathscinet-getitem?mr=4170287
https://doi.org/10.1016/j.jcta.2020.105354
https://doi.org/10.1016/j.jcta.2020.105354
https://zbmath.org/?q=an:1458.05257
https://mathscinet.ams.org/mathscinet-getitem?mr=4165627
https://doi.org/10.1007/s00220-011-1345-3
https://doi.org/10.1007/s00220-011-1345-3
https://zbmath.org/?q=an:1232.05234
https://mathscinet.ams.org/mathscinet-getitem?mr=2851143
https://doi.org/10.1112/jlms.12347
https://doi.org/10.1112/jlms.12347
https://zbmath.org/?q=an:1462.05348
https://mathscinet.ams.org/mathscinet-getitem?mr=4186121
https://doi.org/10.1093/imrn/rnab165
https://zbmath.org/?q=an:1502.05238
https://mathscinet.ams.org/mathscinet-getitem?mr=4498167
https://zbmath.org/?q=an:1435.05204
https://mathscinet.ams.org/mathscinet-getitem?mr=4098318
https://arxiv.org/abs/2110.07597
https://doi.org/10.1007/s00220-020-03680-w
https://zbmath.org/?q=an:1436.82006
https://mathscinet.ams.org/mathscinet-getitem?mr=4076089
https://doi.org/10.1090/S0894-0347-05-00485-6
https://doi.org/10.1090/S0894-0347-05-00485-6
https://zbmath.org/?q=an:1061.05101
https://mathscinet.ams.org/mathscinet-getitem?mr=2138143
https://doi.org/10.1215/S0012-7094-04-12621-1
https://doi.org/10.1215/S0012-7094-04-12621-1
https://zbmath.org/?q=an:1069.05077
https://mathscinet.ams.org/mathscinet-getitem?mr=2115257
https://doi.org/10.1016/j.ejc.2013.01.007
https://zbmath.org/?q=an:1285.05173
https://mathscinet.ams.org/mathscinet-getitem?mr=3037982
https://doi.org/10.1007/BF02285311
https://doi.org/10.1007/BF02285311
https://zbmath.org/?q=an:0502.35074
https://mathscinet.ams.org/mathscinet-getitem?mr=649704
https://doi.org/10.1007/s00209-005-0771-3
https://zbmath.org/?q=an:1066.05145
https://mathscinet.ams.org/mathscinet-getitem?mr=2179617
https://doi.org/10.1063/1.531807
https://doi.org/10.1063/1.531807
https://zbmath.org/?q=an:0869.05068
https://mathscinet.ams.org/mathscinet-getitem?mr=1434225

(23]

(24]

[25]

[26]

[27]

(28]

[29]

(30]

A. Gitlin and D. Keating 640

D. E. Littlewood, Modular representations of symmetric groups. Proc. Roy. Soc. London
Ser. A 209 (1951), 333-353 Zbl 0044.25702 MR 49896

I. G. Macdonald, Symmetric functions and Hall polynomials. Oxf. Math. Monogr., The
Clarendon Press, Oxford University Press, New York, 1998 Zbl 0899.05068

MR 553598

E. Moens, Supersymmetric Schur functions and Lie superalgebra representations. Ph.D.
thesis, 2007, Ghent University

S. Pfannerer, A refinement of the Murnaghan—Nakayama rule by descents for border strip
tableaux. Sém. Lothar. Combin. 85B (2021), no. 2, article no. 37 Zbl 1505.05148

MR 4311918

N. Reshetikhin, Lectures on the integrability of the six-vertex model. In Exact methods
in low-dimensional statistical physics and quantum computing, pp. 197-266, Oxford Uni-
versity Press, Oxford, 2010 Zbl 1202.82022 MR 2668647

D. W. Stanton and D. E. White, A Schensted algorithm for rim hook tableaux. J. Comb.
Theory Ser. A 40 (1985), no. 2, 211-247 Zbl 0577.05001 MR 814412

N. V. Tsilevich, Quantum inverse scattering method for the g-boson model and symmetric
functions. Funct. Anal. Appl. 40 (2006), no. 3, 53—65 Zbl 1118.81041 MR 2265685

M. Wheeler and P. Zinn-Justin, Refined Cauchy/Littlewood identities and six-vertex model
partition functions: III. Deformed bosons. Adv. Math. 299 (2016), 543-600

Zbl 1341.05249 MR 3519476

Communicated by Adrian Tanasa

Received 25 October 2021; revised 23 June 2022.

Andrew Gitlin
Department of Mathematics, University of California, Berkeley, 970 Evans Hall, Berkeley,
CA 94720-3840, USA; andrew_gitlin@berkeley.edu

David Keating
Department of Mathematics, University of Wisconsin-Madison, 480 Lincoln Drive, 213 Van
Vleck Hall, Madison, WI 53706, USA; dkeating3 @wisc.edu


https://doi.org/10.1098/rspa.1951.0208
https://zbmath.org/?q=an:0044.25702
https://mathscinet.ams.org/mathscinet-getitem?mr=49896
https://zbmath.org/?q=an:0899.05068
https://mathscinet.ams.org/mathscinet-getitem?mr=553598
https://doi.org/1854/11331
https://zbmath.org/?q=an:1505.05148
https://mathscinet.ams.org/mathscinet-getitem?mr=4311918
https://zbmath.org/?q=an:1202.82022
https://mathscinet.ams.org/mathscinet-getitem?mr=2668647
https://doi.org/10.1016/0097-3165(85)90088-3
https://zbmath.org/?q=an:0577.05001
https://mathscinet.ams.org/mathscinet-getitem?mr=814412
https://doi.org/10.1007/s10688-006-0032-1
https://doi.org/10.1007/s10688-006-0032-1
https://zbmath.org/?q=an:1118.81041
https://mathscinet.ams.org/mathscinet-getitem?mr=2265685
https://doi.org/10.1016/j.aim.2016.05.010
https://doi.org/10.1016/j.aim.2016.05.010
https://zbmath.org/?q=an:1341.05249
https://mathscinet.ams.org/mathscinet-getitem?mr=3519476
mailto:andrew_gitlin@berkeley.edu
mailto:dkeating3@wisc.edu

	1. Introduction
	2. LLT polynomials, super ribbon functions, and the Littlewood quotient map
	2.1. Tuples of skew shapes and coinversion LLT polynomials
	2.2. Ribbon tableaux and the Littlewood quotient map
	2.3. Extending the Littlewood quotient map to super tableaux

	3. Vertex models, Yang–Baxter equations, and partition functions
	4. Identities of supersymmetric LLT polynomials
	4.1. The factorization property
	4.2. Swapping single rows

	5. Relating L^S to G
	6. Cauchy identity
	6.1. Single rows
	6.2. Some partition functions
	6.3. Cauchy identities

	Appendices
	Appendices
	A. Proof of Lemma 2.16 
	B. Other formulations of LLT polynomials
	C. Proofs of Propositions 3.3 and 3.4 
	D. Example computations of L^S and G
	D.1. Example 1
	D.2. Example 2

	References

