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Abstract. We give an asymptotic evaluation for the number of automorphic characters of an alge-
braic torus 7 with bounded analytic conductor. The analytic conductor is defined via the local
Langlands correspondence for tori by choosing a finite-dimensional complex algebraic representa-
tion of the L-group of T'. Our results therefore fit into a general framework of counting automorphic
representations on reductive groups by analytic conductor.

Keywords: Weyl law, analytic conductor, automorphic forms, algebraic tori, local Langlands
correspondence, Brascamp—Lieb inequality, polymatroid intersection theorem.

Contents

Lo Introduction . . ... ..ot 2442
1.1. Motivation and statement of results . . .. .. ... ... L L e 2442
1.2, EXamples . . ..o e 2446
1.3. Relation to the Manin CONJECTUIE . . . ..ot v vttt ettt e e e e et 2449
1.4. Outlineof the proof .. ... ... . . . . 2450
1.5, Index of nOtation . .. .. .. .ot i it e 2452

2. Background and nOtation . . . . . ... i it e 2454
2.1. Tori and groups of multiplicative type overafield .. ..................... 2454
2.2. L-groups of tori and representations . . ... ... .......itiiit .. 2455
2.3. Local Langlands correspondence . ...............o.iiiinenen.. 2457
24, Sometools . ... 2458

3. Local non-archimedeantheory . .. ...... ... .. ... .. 2461
3.1. Local Langlands correspondence, local conductors . ..................... 2461
3.2. Local conductor zeta function, unramifiedcase . . ... ....... ... ... 2476
3.3. Local conductor zeta function, ramifiedcase. . . ... ........ ... ... . ..... 2486

4. Local archimedeantheory . ............ ... ... ... . . .. 2489
4.1. Local Langlands correspondence, local conductors . . .................... 2489
4.2. Local conductor zeta function, archimedeancase ....................... 2497

5. Global theory . . ...t e 2511
5.1. Global analytic conductor . .. ... ... ...ttt 2511
5.2. Algebraic number theory fortori. .. ..... ... ... . ... L 2511

Ian Petrow: Departement Mathematik, ETH Ziirich, 8092 Ziirich, Switzerland;
ianpetrow @ gmail.com

Mathematics Subject Classification 2020: 11N45 (primary); 11F55, 11F66, 11531,
11R37 (secondary).


https://creativecommons.org/licenses/by/4.0/
mailto:ianpetrow@gmail.com

I. Petrow 2442

5.3. Global conductor zeta function . . . .. ... ... .. 2512
5.4. Unramified places . ... ... .t e 2514
5.5. Ramifiedplaces . . ... ... 2521
5.6. Global CONVEIZeNCE . . . . v vttt e e e e e e e e e e e 2522
6. Finalcounting . .. ... ... it e 2525
6.1. Local-to-global and proof of Theorem 1.10 ... ...... ... . ... ... ..... 2525
6.2. Proof of the last assertion of Theorem 1.1 .. ....... .. ... ... .. ......... 2528
References . . .. .o o e 2530

1. Introduction

1.1. Motivation and statement of results
A basic question in the analytic theory of automorphic forms is the following:

Question. Given a connected reductive algebraic group G over a global field k, how
many irreducible cuspidal automorphic representations of G are there?

To make sense of the Question, one needs to choose a positive real-valued invariant by
which to order the representations of G. Sarnak, Shin and Templier [35] have proposed
using the analytic conductor.

On the groups GL,,, the analytic conductor has a standard definition [22], but over
more general reductive groups it is less well understood. The most canonical (but not
necessarily the most practical) definition is through the local Langlands conjectures. Let
r : LG — GL,,(C) be a finite-dimensional algebraic representation of the complex L-
group of G. The local Langlands conjectures predict the existence of maps

Tap © Ay(G) = Ay (GLy,)

at every place v of k from the local unitary dual 4, of G to that of GL,,. One then defines
the analytic conductor ¢(7, r) of an irreducible automorphic representation 7 with respect
to r by

c(m,r) :HCU(V*,U”U)v (1.1)

where the conductors on the right hand side are the “classical” local analytic conductors
on GL,,.

The universal counting Question seems to be quite difficult at the level of generality in
which we have stated it. Only very recently has there been progress in a few special cases.
Over an arbitrary number field, the cases G = GL;, GL,, as well GL,, for n > 3 under
additional hypotheses, have been resolved in a paper of Brumley and Milic¢evi¢ [12]. The
case where G is a one-dimensional non-split torus over Q splitting over an imaginary
quadratic extension was treated in work of Brooks and the author [20], and Lesesvre has
studied the case where G is the unit group of a quaternion algebra [25].

In this paper, we present an answer to the Question for G = T, a torus over a number
field k, and r an arbitrary complex algebraic representation of its L-group. Even though
the groups we are dealing with are abelian, our results are not easy, as we work with
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a very general notion of conductor. Indeed, the difficulties involved are already evident
in the intricacy of the statement of the final result. As its reward, working with such a
general notion of conductor reveals some of the richness that any general answer to the
Question must exhibit. For example, the power of X in the asymptotic count of automor-
phic characters (see (1.4)) need not be an integer, but is rather a positive rational with
denominator at most m. Further, we find that arbitrary integer powers of log X are pos-
sible in the asymptotic count (see Example 1.8). Another interesting aspect of our results
is the resemblance of the automorphic counting question to the Manin conjecture, which
we present in Section 1.3.

We make some precise definitions in order to give the statement of our result. Let
T be an algebraic torus over a number field k. Let A(T) denote the group of continu-
ous unitary characters of T(k)\T (A), where A is the adele ring of k. We call elements
of A(T) automorphic characters; they are the basic objects of study in this paper. Let
K/k be the minimal Galois extension over which T splits, and let G = Gal(K/k).
Let X*(T) and X.(T) be the algebraic character and cocharacter lattices of 7', and
T = Hom(X.(T), C*) the complex dual torus. Each of these objects admits a natural
action of G. Let LT = T x G be the L-group of T, and pick r : LT — GL,,(C), an
algebraic representation of £ 7. Generally, we will write n = dim T and m = dimr. Pick
a Haar measure v on the locally compact group A (7).

The main goal of this paper is to give an asymptotic formula for v({y € A(T) :
c(y,r) < X}), where c(y, r) is the analytic conductor (defined in Section 5.1), as X tends
to infinity. The statement of the result requires a few more constructions. The restriction
of r to T breaks up as a direct sum of eigenspaces

rlp= @ Vi (1.2)

nex*(T)

Let M be the multi-set of coweights p of r, i.e. the underlying set of M is {u € X*(YA") :
V,. # 0} and the multiplicity of 4 € M is dim V. Let S € M denote a subset of the
coweights with multiplicity and S¢ its complement. For such an S, we define the complex
group
D)= () kerpcT. (1.3)
nese

The restriction r |4 is faithful if and only if D(&) = {1}, and in that case we let

dim D(S) + 1

A=A(T,r)= max{
S|

.S CM, D(S);é{l}}. (1.4)

Theorem 1.1. Suppose that r|z is faithful. Then there exists a non-zero polynomial P =
Pr,, and ¢ = cry > 0 such that

v({x € AT) : c(x. 1) < X})
= X4P(log X) + O, (X exp(—c(log X)*/*(loglog X)~1/%)).  (1.5)



I. Petrow 2444

If the Artin conjecture holds for the finitely many Artin L-functions specified in Theo-
rem 5.4, then the error term in (1.5) may be improved to Ot (XA7%) for some § =

81,r > 0. If 7|7 is not faithful, then the left hand side of (1.5) is infinite for some finite X .
The dependence of P and the implicit constant on v is linear, since Haar measure is
unique up to scaling. Here is a simple corollary of Theorem 1.1.

Corollary 1.2. Let T be a torus of dimension n, r an m-dimensional complex represen-
tation of its L-group, and v a Haar measure on A(T). We have

n+1
v{x € AT) s e(x.r) S X)) 1w X 7.
If r|5 is faithful, then for all ¢ > 0 we have
v({x € AT) s e(r,r) < X)) Ko X27°

Proof. By Theorem 1.1 it suffices to give uniform lower and upper bounds on A. For the
lower bound, note that D(M) = T, which gives A = ”mi For the upper bound, observe
that since r |4 is faithful, for any S € M we have dim D(S) < |S|, because dim D (@) =

and codimker u < 1 forany u € M. Therefore 4 < max{‘sllg"1 S #£ Q<2 |

We can give an expression for the degree of the polynomial P of Theorem 1.1, but
this requires a few more definitions. Since M was formed from the restriction of a repre-
sentation of LT, the group G acts on M, and also on the power set 2M = {S : § € M}.
This action preserves |S| as well as dim D(S), so G also acts on the set

_ {S;é@: dim D(S) + 1 =A} (1.6)
S|
Let
A= }qcélzl |0 (D(S))], (1.7

where 7(D(S)) denotes the group of connected components of D(S). The group
(Z/AZ)* acts on wo(D(S)) for each S € ¥ by L.y = y¢ for y € mo(D(S)) and
l e (Z/)LZ)X Let ¢y be a prlmltlve Ath root of unity, and let K = K(¢;) and G =
Gal(K / k). The enlarged group G acts on the fibered set with base given by

S ={(S,y):SeX,yem(D(S))). (1.8)
Indeed, we have inclusions
G < G x Gal(k(£3)/ k) — G x (Z/AZ)* (1.9)

given by restricting automorphisms to K and to Q(¢y). If g € G restricts to (g,y) €
G x (Z/AZ)*, then g acts on X by

g.(8.y) =(gS.gy").

Finally, let
Yo =X ~{(S,1) :dim D(S) = 0}. (1.10)

Since the deleted set is preserved by the action of C~}, we also see that G acts on io.
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Theorem 1.3. The polynomial P appearing in Theorem 1.1 satisfies
deg P = |G\Zo| — 1.

Theorems 1.1 and 1.3 settle a problem of Sarnak, Shin and Templier [35, (4)] for the
universal family of automorphic characters on a torus in the greatest possible generality.

Remarks. (1) The Weyl law for tori over number fields studied in this paper has a natural
local-to-global structure. To solve the global counting problem we first address the corre-
sponding local problem in Sections 3 and 4 of the paper. We obtain fairly complete results
in the unramified non-archimedean and archimedean cases, but only need a preliminary
result (see Theorem 3.27) in the ramified non-archimedean case for our global applica-
tion. A natural further line of inquiry would be to more comprehensively investigate the
local Weyl law for tori that have a ramified non-archimedean splitting field. Similarly,
it would be interesting to investigate the counting problem over positive characteristic
global fields.

(2) We would also like to have an interpretation of the leading constant in the asymp-
totic formula in Theorem 1.1 in terms of the geometry or arithmetic of 7. While in
principle our method yields an expression for the leading constant, it is not so easy to
write it down in explicit form. One difficulty is that we cannot exclude the possibility that
there are non-identity global units of 7' that contribute to the leading term of the poly-
nomial P (see Example 1.7). A second complication is our soft treatment of the local
counting problem at ramified primes, as indicated in the previous remark.

(3) The invariant A in Theorem 1.1 and the power of log X in Theorem 1.3 are suf-
ficiently complicated to suggest that any general answer to the Question posed at the
beginning of this paper would be quite onerous to state in full generality.

(4) A key tool in our proof of Thereom 1.1 for general r is a Brascamp-Lieb inequal-
ity due to Barthe [3]. To the author’s knowledge, this theorem from analysis has not
been used before in analytic number theory. We use the Brascamp-Lieb inequality in
two places: first in the local archimedean counting problem in Section 4.2 and then again
in the global counting problem in Section 5.6. In the first instance, the linear forms cor-
respond to the coweights u € M, and in the second instance the linear forms are rows
of the regulator matrix of 7. The use of the Brascamp-Lieb inequality suggests that the
counting problem for a general reductive group is difficult indeed, as already in the case
of tori one needs to go much beyond an explicit understanding of the local Langlands
correspondence.

(5) Another interpretation of the families of automorphic characters studied in this
paper is the following. Let T, K/ k be as above, T¥ = Hom(X(T'), G,) be the algebraic
dual torus, and § = Resg /i Gy. Given a faithful irreducible algebraic representation r
of LT, one obtains an injective morphismi : TV — S by restriction of r. Such an injective
map i gives rise to an L-homomorphism £7 — £, and so Langlands predicts that there
exists a transfer of automorphic characters i, : A(7T/ k) — A(GL; /K). Conversely, given
i: TV — S, there exists a faithful irreducible algebraic representation r of £ T extending i
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such that L(s, y,r) = L(s,ix ) for all y € A(T), where the left hand side is the Langlands
L-function and the right hand side is the Hecke L-function.

(6) The automorphic counting problem outlined at the beginning of this paper may
have applications to the Ramanujan conjecture on general reductive groups (see the sur-
veys [33,39]). Outside the case G = GL,,, the naive Ramanujan conjecture is known to be
false, but all automorphic forms for which it fails are expected to arise as functorial trans-
fers from lower rank groups. For analytic applications, one would like to show that the
Ramanujan conjecture cannot fail “too often” in a quantitative sense in terms of analytic
conductor. One way to do so would be to estimate the sizes of subfamilies of A(G) com-
ing from functorial transfers of automorphic characters of tori, and so the present paper
paves the way for putting the above program into action.

(7) The shape of the error term in Theorem 1.1 comes from Vinogradov—Korobov-
strength zero-free regions for L-functions of Hecke characters due to Coleman [16], but
these are not essential to our method. This zero-free region is merely the best currently
available result in the literature, and e.g. using instead the classical zero-free region for
Hecke L-functions one obtains an asymptotic formula in Theorem 1.1 with the weaker

error term O7.,., (X4 exp(—c+/Tog X)).

1.2. Examples

Example 1.4. Let T = GL; = G,,. Then T = C* and G is trivial. We choose r = id =
z : C* — C* as arepresentation of the L-group. Then 4A(T) is the set of primitive Hecke
characters over k, and c(y, r) is the standard notion of analytic conductor of a Hecke
character, which we denote by C(y) in all of the examples that follow. The multiset of
coweights is the singleton M = {z}, and 2%} = {@, {z}}. We have D(®) = {1} and
D({z}) = C*, so we have 4 = 2, and deg P = 0. Therefore there are ~ c; X2 primitive
Hecke characters of analytic conductor bounded by X for some constant c¢; > 0. An
inspection of Theorem 5.4 shows that the only Artin L-function relevant to Theorem 1.1
when T' = Gy, and r = id is the Dedekind zeta function of k, so we obtain a power saving
error term in the asymptotic count. For general number fields k, already this result seems
to be new. A similar result with a modified notion of analytic conductor has been given
recently in a preprint of Brumley, Lesesvre, and Milicevié [11].

Example 1.5. Let T = GL; = G, as above, but take the 1001-dimensional representation
r = z®1001 - CX 5 GL;go; (C). The set #A(T) consists of Hecke characters y as above,
whereas r assigns to y the conductor C(y)'°°!. The multiset of coweights is {z, ..., z},
where z is repeated 1001 times, and only the full set has D(S) # {1}. Thus, A = 2/1001,
and one finds that there are ~ cj_, X2/19°1 Hecke characters of r-conductor less than X.
This shows that the power of X in Theorem 1.1 can be arbitrarily small.

Example 1.6. Keep T = GL; = G, as above, but take the representation r = z2 @ z3 :
C* — GL,(C). This is a 2-dimensional faithful representation of the L-group. The
set A(T) is as in the previous two examples, but now r assigns to y the conductor
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C(x¥*)C(x?). The set of coweights is {z2, z3}, and the subsets S and groups D(S) are
S=@, {3}, {*}, {2.2°)
D(@) ={1}, D({z*})=ps, D({z’) =1, D({z%z%) =C*

Therefore A = 1, and the maximum is attained on all S # @. We have the Galois group
G = 1, but the enlarged Galois group is G >~ (Z/6Z)*. We have

=2 D, (22 63). (271, 63). (270, D, (2%), =1, (22, 2% D
S0 = {27}, 63). (27}, &), ({27}, — ). ({22, 2} D).

The group G acts on ¢ by swapping ({z2}, £3) and ({z2}, £3) and fixing ({z3}, —1) and
({z2, 23}, 1). Therefore there exists a constant ¢,3 such that

v({x € AGL1) : C(x*)C(x*) < X}) ~ c23X(log X)*.

Example 1.7. Let T = Gy, X Gy,. This torus has L-group equal to C* x C*. Take the
faithful 2-dimensional representation z; @ z,. Classically, this corresponds to counting
pairs of primitive Hecke characters (y1, y2) with conductor C(y1)C(y2). There are
~ C12X? log X pairs of Hecke characters of conductor bounded by X, for some cj, > 0.

For a general torus 7', we will see in Proposition 6.1 that there is a term which poten-
tially contributes to the main term of v({y € A(T) : c(y,7r) < X}) as X — oo for each
global unit of T'. In the example T = G, x G, over Q, there are four global units: (1, 1),
(1,-1), (=1,1) and (—1, —1). It is interesting to note that the contribution of (1, 1) is of
size X2 log X, each of (1, —1) and (—1, 1) make a contribution of size X2, and (-1, —1)
contributes a smaller power of X.

Example 1.8. Let f be an irreducible separable polynomial of degree m over a general
field k. Let « be aroot of f and let K be the splitting field of f. Then k(«)/k is a degree
m extension with Galois closure K. Let G = Gal(K/k) and T = (Resg(a)/k Gm)/Gm,
where d : Gy, — Resg(q)/kx G is the diagonal embedding. Write H = Homy (k(a), k°°P)
for the set of embeddings of k() in its separable closure that fix k. In particular, we have
| H| = m. One has an identification

X*(Resg(e)/k Gm) ~ ZH (1.11)

sending (@¢)oep to the morphism y : Resg(q)/k Gm — G that is given on k*P points by
X k(o) @ B°P)Y — (K°P)*, cQr > (l_[ o(c)“")r
oceH

(see [26, Lemma 12.61]). Here, G acts on Z* by permuting embeddings, i.e. by permut-
ing coordinates. Write

Zgl = {(ag) ezt Z ag = 0}.

oeH
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We have the following commutative diagram with exact rows and vertical maps given by
(1.11):

0 —— X*(T) —— X*(ReSk(a)/k Gm) ——— X*(Gy) — 0

0 /73 4 o Z 0

Thus the isomorphism (1.11) restricts to X *(T") >~ Zgl . The evaluation map gives a perfect
pairing X*(T) ®z X«(T) — Z between the character and cocharacter lattices, so that
Hom(X«(T),Z) ~ X*(T) and

T = Hom(X+(T),Z) ®7 C* ~ X*(T) ®z C
~ {(zg) SCOLER I ER= 1}.
oceH

See Section 2.1 for more on these standard isomorphisms.

Now let us choose an enumeration o;, i = 1, ..., m, of the embeddings H. Define
r: LT — GL,,(C) by setting 7((1, ..., 1) x o) to be the permutation matrix in GL,,(C)
defined by 0 € G € S, and

r(zxl)=
Zm

The set M of coweights is {z; }i=1,....m, Where z — z; represents projection onto the ith
coordinate. For any S € 2{%} we have

D(S):{zef:zi =1ifi € §¢ and l_[zi =1},
ieS
so that each D(S) is connected and dim D(S) = |S| — 1 if S # @. Therefore, A = 1,

Ez{SgM:SyéQ},/lzl,andsoézG,E=E,and20={S§M:|S|22}.
Suppose now that k is a number field and G >~ S,,. Then

G\So={{S:IS|=2},....{S:|S| =m}}
and so we have
v({x € AT) 1 (1) < X)) ~ err X(log X)" 2.

This is an example of logarithms arising in the asymptotic formula for natural reasons,
and answers a question of Sarnak [34, Question 1]. Also note that if e.g. [k(x) : k] = 4
and G % Sy the asymptotic is ~ c¢g X (log X )3 for some constants cg, whereas if G ~ S,
it is ~ c¢s, X(log X)?. This shows that the power of log X in the asymptotic formula is
sensitive to the arithmetic of the torus.
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1.3. Relation to the Manin conjecture

The automorphic counting Question introduced at the outset of this paper is reminiscent
of the Manin conjecture on the number of rational points of bounded height on a Fano
variety. We briefly review the latter to point out a few of its features. For a more thorough
survey of the Manin conjecture, see e.g. [30,47].

Let V be a Fano variety over k, and £ a very ample line bundle. Let s, ..., s, be
global sections of & with no common zeros, and ¢ = ¢ 5,.....s,, - V — P™ be the natural
morphism associated to these data. Let H(x) be the absolute exponential Weil height
on P (k). Then hg(x) = h(¢(x)) is a height function on V' (k) relative to &, sg. . .., Spm.
If 55, . ... s, is another choice of global sections for the same £ with ¢’ = ¢ L,y -
V — P", then hy(x) = hg/(x) + O(1) as x € V (k) varies [41, Theorem 3.1]. Following
Batyrev—Manin [4], for a Zariski open U C V' let

Ny(£,X) =#Hx e Uk) : hy(x) < X}.
Let N}(V) be the closed cone of effective divisors.

Conjecture 1.9 (Batyrev—Manin Conjecture C'). Let V be a Fano variety with canonical
bundle wy not effective. If U is sufficiently small, then

Ny (£, X) ~ X% (log X )H D1
as X — oo for some positive constant c. Here,
a(£) = inf{A € R: A[£] + [wy] € NL},
and t (&) is the codimension of the minimal face of ON j; containing a(£)[£] + [wy].

The analogy between the automorphic counting question and the Manin conjecture is
as follows, and should be viewed as an expression of the deep conjectures of Langlands.
The role of the ambient space is played by P™ (k) <> A(GL,,), into which V (k) <> A(G)
embeds. The embedding is given by the data £, sg, ..., s, on the Manin side, and
(conjecturally), on the automorphic side by r : G — GL,,(C). Indeed, &£, 50, ..., Sm
determine a morphism V' — P™ whereas the representation r (conjecturally) determines
'« . A(G) = A(GL,,). The absolute exponential Weil height H (x) for x € P (k) on the
Manin side corresponds to the analytic conductor ¢(r) for 7 € A(GL,,) on the automor-
phic side. The height function s (x) relative to ¢ corresponds to the analytic conductor
c(m, r) relative to r as in (1.1).

The invariant «(£) appearing in the Manin conjecture and the invariant A appearing
in Theorem 1.1 are both expressible in terms of combinatorial geometry problems; see
the computations with matroids in Section 4.2 of this paper.

At least in the special case of tori, Theorems 1.1 and 1.3 suggest that 7(£) on the
Manin side corresponds to the set of orbits é\io. In both cases, the power of log comes
from the possible embeddings of V or A(T) in the ambient space that are “extremal” in
the combinatorial geometry problem defining a(£) or A.
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The leading constant in Manin’s conjecture has been given a conjectural interpreta-
tion in terms of adelic volumes by Peyre [29] and Chambert-Loir and Tschinkel [15].
For a discussion of the significance of the leading constant in the automorphic counting
problem, see [12, Section 1.5].

While the analogy presented here is striking, it only goes so far. In Manin’s conjecture,
there is a canonical choice of £, that is, one takes £ = —wy, the anti-canonical bundle.
In the automorphic setting, there is apparently no canonical choice of complex repre-
sentation r of the L-group of G. Moreover, in the setting of Manin’s conjecture the set of
possible height functions corresponds to the ample cone of V', whereas in the automorphic
setting, the possible height functions correspond to the set of faithful finite-dimensional
complex representations of £ G. The latter takes into account both the finite-dimensional
representation theory of complex connected reductive groups and of global Galois groups,
so seems to afford a more intricate set of height functions. Lastly, we remark that the
invariant ¢ (£) in Manin’s conjecture is an essentially global invariant of V. On the other
hand, G\i‘o has a somewhat more local nature, as we shall see in Section 5 of this paper.

1.4. Outline of the proof

In order to make direct use of the local-to-global nature of the counting problem we work
with the global conductor zeta function Z(s) of T, r, that is we define

1
Z(s) = / dv(y).
Ay (. 1) 0
Forc > 0let R = R(c) = R(A4,c) C C be the region

C
R=R =R(A,c) = iteC: A— .
(€ =240 {”’ € C o> A log(li + 37 (log log (1] + 16))1/3}

(1.12)
The main goal of this paper is to prove the following theorem.

Theorem 1.10. Suppose that r|; is faithful. The generating series Z(s) converges abso-
lutely for Re(s) > A and extends to a meromorphic function in the open half-plane
Re(s) > A —min(2~', m™2). There exists ¢ = c¢(T,r) > 0 such that the function Z(s)

e has a pole at s = A of order |G\ S| and no other poles in R(c) (respectively, the
half-plane Re(s) > A —min(2~', m™2) if the Artin conjecture holds),

o grows slowly in R; i.e. there exist J = J(T,r) > 0and 0 < ¢’ = ¢/(T,r) < ¢ such that
forany s = o + it € R(c’) avoiding any small neighborhood U of A we have
Z(o +it) <7u (log(lt] +3))7,

e has moderate growth in a vertical strip if the Artin conjecture holds, i.e. there exists
K = K(T,r) > 0 such that for any s = o + it witho > A —min(2~', m~2) avoiding
any small neighborhood U of A we have Z(o + it) <L1rov (1+ [t)K.
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Here and throughout the paper, when we ask that the Artin conjecture holds, we mean
for the finitely many representations appearing in Theorem 5.4. Theorems 1.1 and 1.3
follow from Theorem 1.10 by an appropriate Tauberian argument (see [21, Chapter III,
Section 11] or [15, Theorem A.1]).

An application of Poisson summation (Lemma 2.14) decomposes Z(s) as a sum over
global units x € U(T') of generating series Z(s, x) that factor over places v of k, i.e.

Z(s) = Z Z(s,x) with Z(s,x) = 1_[ Ag, (s, x) 1_[ N, (s, x) (1.13)
xeU(T) v|oo v{oo
for certain local archimedean and non-archimedean generating series Ag, = Ag, (s, x)
and Ng, = N, (s, x). See Proposition 6.1 for the precise statement, which is a minor
modification of (1.13).

The location and order of the rightmost pole of each Z(s, x) only depends on all but
finitely many of the Ng, (s, x), in particular, only on those v < oo which are unramified in
the extension K/ k splitting 7. A main idea of this paper is to perform the analysis of Ay,
and N, on the Galois side of the local Langlands correspondence for tori [24], which is
particularly simple when the torus splits over an unramified extension of non-archimedean
local fields; see Proposition 3.15.

An outline of the argument in this paper is then as follows.

(1) Show for each place v of k that the local series Ng, and Ay, converge absolutely for
Re(s) > A —m~2; see Sections 3.3 and 4.2.

(2) Compute Ny, for v unramified finely enough to obtain a group-theoretic description
of its leading terms as a local Dirichlet series; see Section 3.2.

(3) Compare the product over unramified places [ [, 45 Nk, with a finite product of global
Artin L-functions and apply the Brauer induction theorem or Artin conjecture; see
Section 5.4.

(4) Show that the leading Laurent series coefficients of Z(s, x) at s = A are positive for
all x € U(T); see Theorem 4.4 (3), Theorem 5.3 (4,5), and Lemma 5.11.

(5) Show that the sum over U(T) in (1.13) converges absolutely; see Section 5.6.

As previously remarked, the Brascamp-Lieb inequality (Theorem 2.10) enters the picture
in step (1) for archimedean places, and leads to a problem in combinatorial optimiza-
tion of convex polyhedra. To resolve this problem, we use the theory of matroids; see
Section 4.2.2, especially Theorem 4.17.

Step (2) is the heart of the paper. Here we use the detailed conductor analysis from
Section 3.1, group theory, some algebraic geometry, and Lang—Weil bounds. The group-
theoretic description of the unramified terms thus obtained is crucial in their collection
into Artin L-functions in step (3).

The most difficult part of step (4) again turns out to be the archimedean places, see
Section 4.2.4. Tt is important for our method that the function x — (1 + |x|)™ on R
(among others) has a non-negative Fourier transform, where the 1 4 |x| arises from the
Iwaniec—Sarnak definition of the archimedean analytic conductor; see Lemmas 4.21, 4.22
and 4.23.
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The Brascamp-Lieb inequality is used a second time in step (5) of the proof, where it
is applied in a global context with respect to the regulator matrix of 7.

1.5. Index of notation

Notation Definition Location

k a general field in §2, a number field in §1, 5 and 6 §1.1,2.1

A F the ring of adeles of a number field k, a local field §1.1,2.3
T,n an algebraic torus over k or F' of dimension n §1.1, §2.1
A(T), v the Pontryagin dual of T(k)\7 (A), a Haar measure on it  §1.1
X*(T), X«(T) groups of algebraic characters and cocharacters of T §1.1,82.1
K, L G the splitting field of T over k, or over F, its Galois group §1.1, §2.1

T the complex dual torus: Hom(Xx«(7), C*) §1.1,(2.5)
Lt the L-groupof T: T x G §1.1, Def. 2.4
r,m an m-dimensional complex algebraic representation of LT §1.1, §2.1
c(x,r) the (local or global) analytic conductor with respect to r ~ Defs 3.1, 4.1, 5.1
w, M a coweight of r, the multi-set of coweights of r (1.2), Def. 2.5
S, oM a subset of M, the set of all subsets of M §1.1,82.2
D(S) a complex diagonalizable subgroup of T (1.3), §2.2
A the power of X in the main theorem (1.4)

b set of non-zero S € M which attain 4 (1.6)

A lemges [7o(D(S))] (L.7)

K,G K adjoin the Ath roots of unity, Gal(K/k) §1.1

by a fibered set with base X and fiber 7o (D(S)) (1.8)

o $ with the subset {(S, 1) : dim D(S) = 0} deleted (1.10)

C(y) the analytic conductor of a Hecke character y §1.2

Resg /i restriction of scalars, i.e. “Weil restriction” §1.2

R(c) = R(A,c) aregion of analytic continuation for Z(s), Y(s) or U(s,x) (1.12)

k5P, Gy, a separable closure of k, the absolute Galois group of k §2.1

X1 xs X2 the fiber product of schemes X1, X» over a base S §2.1

AN the Pontryagin dual of a locally compact abelian group A  §2.3

Wr. WL/ F Weil group and relative Weil group of a local field §2.3,(2.7)
o the canonical map Wy, — Gal(L/F) (2.8)

) a cohomology class and a Langlands parameter ¢ = § xo §2.3

D(T) the set of Langlands parameters of T §2.3

Hyy a polytope in Rgo given by an m X n matrix M (2.13), (2.14)
qF the cardinality of the residue field of F §3.1.1

c(0), ¢(0) the Artin and abelian conductors of a representation o Def. 3.2,3.5
cg(0) the conductor of a representation ¢ w.r.t. a filtration ¥ Def. 3.3
c(x,r) “abelian” local analytic conductor Def. 3.6
Ofr,0r,p,B, f.{ integers, maximal ideals, and residue fields of F and L §3.1.2

GY, wy IF higher ramification groups with upper-numbering §3.1.1

U, OIEU) the standard filtration on 02‘ §3.1.1
YE/F-PE/F the Hasse—Herbrand functions, see [38, Chapter IV, §3] §3.1.1

T the canonical integral model of a torus 7" over a local field §3.1.2

N the norm map, i.e. the product of Galois conjugates 3.4)

H" (G, M) Tate cohomology groups of a G-module M §3.1.2
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Notation Definition Location
R the restriction to 97 map out of H Ywy, JF>T) (3.8)
Hi(G,M) 1st group homology group of a G-module M (3.11)
NF (s, x) local generating series for a non-archimedian field (3.21)
N the non-negative integers §3.2
P<(c) a finite subgroup of Homg (OF, 7) (3.24)
P—(c) a “sharp” subset of P<(c) (3.25)
MM<(c, x), IT=(c, x) character sums over P<(c) and P=(c) (3.26)
Dy (c) a generalization of D(S) (3.29)
p(V) the set of geometric components of a variety V' §3.2
a(S,x) the number of Frobenius-fixed components of o ™1 (x) (3.36)
a(s) a(S, 1); the number of Frobenius-fixed points of 7o (D(S)) (3.38)
Sted the maximal Galois-stable subset of S (3.40)
T,ny, na, n3 T(F) ~T = (R¥)" x (§1)"2 x (C*)"3, F arch. local (4.1)
™ TA = (iR™ x (Z/2Z)") x 22 x (iR"3 x 7"3) 4.3)
((w,€),a, (w',a’)) atypical element of TN §4.1
(a,c,(b,b")) an element of §4.1
Xa(Gm)™! x X« (S1)"2 x Xx(Resc/g Gm)"?
M a matrix with entries in Z encoding the coweights of r §4.1
A;,C, B, B;t subblock matrices of the coweight matrix M §4.1
AF(s,x) local generating series for an archimedean field “4.21)
Boos Boo,1/2 inf {||x|loo : X € Hps}, a variant involving a factor of 1/2  (4.27), (4.28)
(N, d), r(S) a matroid, its rank function Def. 4.10, 4.12
Py, Pg the matroid polytope and matroid base polytope Def. 4.14
Fe(f) Fourier transform of a measure f on an abelian group G =~ §4.2.4
v, w a valuation of k and a unique valuation of K extending it ~ §5.1
Too [Tvjoo T(kv) §6.1
NTy [Totoo NT(Ow) §6.1
Tna Too x NTy (5.3)
Un(T) T (k) N Ty,a, the global norm-units of T 54
Cly(T) T(k)Tn A\T(A), the norm-class group of 7 (5.5)
VA {x € T]G,A :x(x) = 1forall x € Uy(T)} 6.2)
VL {Xoo € TL : foo(x) = 1forall x € Uy (T)} 6.7)
B set of places of k with (g, ,A) # 1 or v ramified §5.2
Ts an auxiliary torus attached to S € oM §3.2,54
a~1(x) fibers of a map of tori o : Ty — T, see also Lemma 2.6 ~ §3.2,5.4
K,L,T field of def. of components of &~ (x) for all x, Gal(K’/ k) §5.4
B’, Dy, Dy a prime of K’ above B, decomposition groups of B, B’ §5.4
~ equal up to an absolutely convergent Euler product Def. 5.6
C a conjugacy class of I' (5.13)
pIRY subset of X fixed by Dy (5.14)
ac(S,x) the number of C-fixed components of a1 (x) (5.16)
Zab set of § € 2M such that dim D(S) = a and |S| = b (5.19)
ia,b similar to ¢, but with respect to X p (5.21)
Vo =P; Vieamo’i permutation rep. of an orbit @ of I" acting on ia b (5.22)
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2. Background and notation

2.1. Tori and groups of multiplicative type over a field

In this subsection we let k denote an arbitrary field. We take an algebraic k-group to be
as in [26, Definition 1.1].

Definition 2.1. An algebraic k-group T is called a torus if there exists a field K D k such
that the base change 7' x; Spec K of T is isomorphic to a finite product of copies of Gy,
ie. T x; Spec K ~ G , for some non-negative integer 7.

Definition 2.2. An algebraic k-group is called diagonalizable if it is isomorphic over k
to a finite product of copies of G, and groups of roots of unity p,. More generally, an
algebraic k-group U is said to be of multiplicative type if there exists a field K 2 k such
that the base change U xj Spec K is isomorphic to a diagonalizable group over K.

Tori are the smooth connected groups of multiplicative type [26, Section 12.f]. If a
field K D k is such that U xj Spec K is diagonalizable over K, then we say that U splits
over K. In fact, any k-group of multiplicative type splits over a finite separable extension
of k [26, Corollary 12.19] and we call the minimal Galois extension of k over which U
splits the splitting field of U.

Let k*°P be a separable closure of k and G = Gal(k*P/k’) for any k C k’ C k*°P.
For any group U of multiplicative type over k, let X *(U) = Hom(U, Gy,) be the group of
algebraic characters of U and X, (U) = Hom(G,, U) be the group of algebraic cochar-
acters of U. They are finitely generated abelian groups admitting continuous actions
of Gy. These actions on X *(U) and X« (U) factor through the action of the finite group
G = Gal(K/k), where K is the splitting field of U. A group of multiplicative type U is
an affine scheme with coordinate ring k*P[X*(U)]%* = K[X*(U)]°.

Lemma 2.3. The functor X* is a contravariant equivalence of categories from the cat-
egory of algebraic k-groups of multiplicative type to the category of finitely generated
abelian groups equipped with a continuous action of Gy. The functor X* is exact, i.e. it
sends short exact sequences to short exact sequences.

Proof. See [26, Theorem 12.23]. ]

The equivalence of categories from Lemma 2.3 given by the exact functor X * restricts
to an equivalence of categories from the category of k-tori to the category of finitely gen-
erated free Z-modules equipped with a continuous action of G (see [26, Remark 12.5]).

For any k C k' C k*P and any k-group U of multiplicative type we have

U(k') ~ Homg,, (X*(U), (k**)*) 2.1

(see [26, Remark 12.26]). The map in (2.1) takes a continuous G/-equivariant homomor-
phism £ : X*(U) — (k*P)* and extends it to a k-algebra homomorphism u* : O(U) =
(k*P)[X*(U)]% — k', which defines the k’-point u : Speck’ — U of U.
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Let T be a k-torus. The evaluation pairing
() X(T) @z Xu(T) > Z (2.2)

given by y o A : z > z{0A) is a perfect pairing between the character and cocharacter
lattices.

The perfect pairing (2.2) gives us another description for the k-rational points
of a torus. Indeed, we have X,(T) >~ Hom(X*(T),Z) and so X.(T) ®z K* =~
Hom(X*(T),Z) ®z K*. There is an isomorphism

¢ : Hom(X*(T),Z) ®z K* ~ Hom(X™*(T), K*) (2.3)

given on pure tensors by ¢p(A ® z) = (y +— z20)) for y € X*(T). (More generally,
Hom(P, R) ® M ~ Hom(P, M) for any R-module M and finitely generated projective
R-module P.) Combining these maps with (2.1) we have

T(K)~ X«(T)®z K* and T(k) =~ (X«(T) ®z K¥)°. (2.4)

2.2. L-groups of tori and representations

For any k-torus 7" the group

T := Hom(X«(T), C*) ~ X*(T) ®z C* (2.5)

A~

is called the complex dual torus of T. As a group, T >~ (C*)" and carries an action of
G = Gal(K/ k) through the Galois action on the cocharacter lattice X, (7"). We shall also
use the unit complex dual torus

T, = Hom(X+(T),S') ~ X*(T) ®z S'.

The affine k-scheme TV = Spec K[X(T)]€ is called the algebraic dual torus of T
There is a natural isomorphism X, (7)) >~ X*(T") sending A € X«(T) tothe y € X*(T")
defined by y* = (X +— 1) on coordinate rings y* : kP[X, X 1] — k*P[X,(T)] (see e.g.
[26, Section 12.a, Lemma 12.4]). If k is a subfield of C, then T = TV (C) and

X*(T) := Home(T, C*) = Hom(TV, Gp) = X*(TV),
so in this case we obtain a natural identification X * (?) ~ X, (T).

Definition 2.4. Let T be a k-torus with splitting field K. We call the external semidirect
product X7 = T x G the L-group of T, where G = Gal(K/ k).

The L-group of T is a complex algebraic group. We call the subgroup L T, := T.xG
of LT the unit L-group of T. Caution: more commonly in the literature on the Langlands
correspondence the L-group is defined using the absolute Galois group G in lieu of the
finite group G. While these two definitions are ultimately equivalent, we work with finite
Galois groups mainly because Langlands so does in his paper on the correspondence for
tori [24], and some computations in group co/homology become simpler when we work
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with finite groups. Of course, the cost of working with finite G is having to keep track of
the splitting field of 7.

Let 7 : LT — GL(V) be a finite-dimensional complex algebraic representation of L T.
The restriction of r to 7' admits a weight space decomposition

rlp= @ Vi (2.6)

neX*(T)
where V), is the eigenspace of V' with character p.

Definition 2.5. The multi-set M = M, with underlying set { € X *(TA") : V # 0} and
multiplicity of u € M equal to dim V), is called the set of coweights of r.

Let S € M be a subset of coweights with multiplicity. Recall the definitions of D(S)
and A from (1.3) and (1.4), which make sense for general base fields.

The group G acts on the set of coweights M via its action on X«(7T') (or YA") In the
case that k is an archimedean local field, we will, after choosing coordinates on 7 (k)
and r, associate to M an m X n matrix (where m = dimr and n = dim 7T'), which we also
write M .

In this paper a k-variety is a reduced, separated k-scheme of finite type. In particular,
we do not assume that varieties are irreducible.

Lemma 2.6. Let a : Ty — T, be a map of tori over a field k of characteristic zero. The
number of geometric components of a~'(x) is constant on {x € T>(k) : a~1(x) is non-
empty}. For any finitely generated subgroup A of T»>(k), every component of = (x) for
all x € A is defined over a single finite extension of k.

Proof. For the first assertion, if @~!(x) is empty, there is nothing to show, so suppose
otherwise.

Recall [26, Remark 12.5] that the tori T}, T as well as the group of multiplicative type
ker « are all reduced k-schemes, since k has characteristic zero. If k is a perfect field and
A and B are reduced k-algebras, then A ®; B is a reduced k-algebra (see [7, Chapter V,
Section 15, 5. Theorem 3 (¢) and 2. Proposition 5]). Since 7 and 7> are affine, it follows
that @~!(x) is reduced, hence a closed subvariety of 7;. As we have already remarked,
the algebraic group ker « is reduced, thus y(ker «) is also a closed subvariety of 77 for
any fixed geometric point y € @~ !(x)(K) for any finite extension K /k.

For any fixed algebraic closure k / k it is easy to check that a™! k) = y(ker a)(k), so
that by e.g. [26, Corollary 1.18], ! (x) = y(kera) as closed subschemes of T;. Then,
since y(kera) ~k kera (see e.g. [26, Proposition 5.24]) and the formation of the group
of connected (equivalently, irreducible) components 77y commutes with base change [26,
Proposition 2.37 (c)], we see that the number of components of a~!(x) is independent
of x.

For the second assertion, say xy, ..., X, are generators of A. Since 7T is abelian, all
of the irreducible components of a~!(x) for x € A are defined over the finite extension
of k obtained by adjoining the coordinates of the y; corresponding to x; (if they exist)
from the previous paragraph to the field of definition of (ker «)°. ]
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2.3. Local Langlands correspondence

For a topological abelian group A, we henceforth denote by Hom(A, C*) the group of
continuous complex characters of 4, and by A" the subgroup of unitary characters, that
is the Pontryagin dual. For M a G-module, H'(G, M) denotes the first cohomology
group defined using continuous cocycles.

In this section we suppose that 7 is a torus over a local field F' with splitting field L
and Galois group G = Gal(L/F).

Following [6], we define the local analytic conductors c¢(y, r) associated to a character
% : T(F) — C* and a representation r of ©T by passing through the local Langlands
correspondence and taking the conductors from the Galois representation associated to y
and r. To that end, we now review the local Langlands correspondence for tori.

Recall the Weil group of a local field [43, Section 1.1], which is a triple (W, ¢, {rg}),

and the relative Weil group
Wy p Wr Q2.7)
L/F ‘= ——————- .
/ (WL, WL]
The group Wy, r has Wi‘b as a subgroup and so can be thought of as a group extension
of G by L™, i.e. there is a short exact sequence

1> S wyrS6—1 (2.8)

(see [43, Section 1.2]). If L, F are non-archimedean local fields, then the map rz is the
Artin reciprocity map of class field theory [43, (1.4.1)].

Following [24], we define a Langlands parameter to be a continuous group homo-
morphism ¢ : Wy, p — LT for which the diagram

WL/F (0_> LT

BN

G

is commutative. Two Langlands parameters are said to be equivalent if they are f—conju-
gate. We write ®(T') for the set of equivalence classes of Langlands parameters of 7" as
in [6, Section 8]. The local Langlands correspondence (LLC) for tori asserts that there is
a canonical bijection

Hom(T (F), C*) «— ®(T). 2.9)

Given a Langlands parameter ¢ corresponding to y € Hom (7T (F), C*), the composition
rog: W r— GL(V)

only depends on the equivalence class of ¢. We have thus associated a complex Galois
representation to the character y and the L-group representation r. We define the local L
and e-factors associated to finite-dimensional complex Galois representations as in [43,
Section 3]. Later, we will define local analytic conductor c¢(y, ) in terms of the e-factor
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of r o ¢ if F is non-archimedean (see Definition 3.1), and in terms of the L-factor of r o ¢
if F is archimedean (see Definition 4.1).

To make (2.9) more explicit, we recall the cohomological interpretation of the LLC
for tori. Given a Langlands parameter ¢, we write ¢(z) = §(z) x o(z) for z € Wy F,
£(z) € T,and 6(z) € G. One sees that ¢ and ¢’ are equivalent if and only if £ and &’ are
cohomologous, i.e. we have a bijection

&(T) < H Wy r,T), (2.10)

where Wy, r acts on T via the map o : Wy, — G of (2.8). Langlands proved [24,
Theorem 1] that there is an isomorphism

Hom(T'(F),C*) ~ H'(Wyr, T) (2.11)
and moreover (2.11) restricts to
T(F)" ~ H' Wy, To), (2.12)

where fu = X.«(T)™. We will use (2.12) when F is an archimedean local field.

Let dx be a Haar measure on F, ¢ a non-trivial additive character of F, and dx’
the dual Haar measure relative to 1. Given a finite-dimensional complex representation
(0, V) of WF, Tate [43, Section 3] defines the e-factor

e(V,¥,dx) = €(o, ¥, dx)

attached to these data. When we give the definition of the local analytic conductors in Sec-
tions 3.1 and 4.1, we will encounter the factor (§()dx/dx’)¥™V . This factor is explained
in [43, Section 3.4] and we do not need to elaborate on it for the purposes of this paper.

2.4. Some tools

Let f denote an algebraic closure of a finite field f, and let V' C f " be a variety over f
of dimension r and degree d. The following is [23, Theorem 1].

Theorem 2.7 (Lang—Weil). If V is defined over f and irreducible as a variety over f
then

VO = 1f" + Onar(fIT7?).

In fact, Lang and Weil give a more explicit bound on the implied constant in their
Theorem 1, but we do not need this. We also have the following result of Lang and Weil
under weaker hypotheses [23, Lemma 1].

Lemma 2.8 (Lang—Weil). If V is defined over f, then
|V(f)| <<n,d,r |f|r

We need the following standard variant of the Lang—Weil bound that relaxes the geo-
metric irreducibility, definability over f, and reducedness hypotheses.
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Corollary 2.9 (Lang—Weil, alternative form). Let V be a separated ]7 -scheme of finite
type. Then

VO = (p(V) + Ona (117 PNISI

where p(V) is the number of geometrically irreducible components of V of dimension
r = dim V that are invariant with respect to the Frobenius endomorphism x > x|
associated to f.

If in fact the dimension of V' is zero, it is not hard to see that |V (f)| = p(V).

Proof sketch following the blog post “The Lang—Weil bound” of T. Tao. We may assume
without loss of generality that V' is an f -variety by working with the underlying reduced
closed subscheme V.4, which is an f -variety and satisfies Viea(f) = V(f), since f has
no nilpotents.

Decompose the variety V' into geometrically irreducible components | J; V;. For
any V; of dimension < r we apply Lemma 2.8 to subsume these components into the
error term. If V; is geometrically irreducible but not defined over f, then it is not fixed by
the Frobenius endomorphism Fr. In this case, V; N Fr(1;) is a proper closed subvariety of
the irreducible V;, so is of strictly lower dimension. Since all the f-points of V; are con-
tained in (V; N Fr(V;))(f), we again use Lemma 2.8 to subsume these components into
the error term. Lastly, each of the components V; that remain are geometrically irreducible
and defined over f, to which we apply Theorem 2.7 to conclude the proof. ]

Let M € M,,x,(R) be an m x n matrix with real entries, m = n. Let us write a;,
i =1,...,m, for the rows of M. We define a convex polytope Hys € RZ, by the following
conditions:

m
> xi=n, (2.13)
i=1
Zx,' < dimspan({a; : i € S}) (2.14)
ieS
for every subset S C {1,...,m}. Note that Hys is non-empty if and only if M is full-rank.
The following Brascamp-Lieb inequality is due to Barthe [3] and was restated in the
form below by [13, Section 4]. We use it in a crucial way in Section 4.2.1 and then again
in Section 5.6.

Theorem 2.10 (Brascamp-Lieb inequality). Letf ay, ..., a, be non-zero vectors in R"
which span R", and let M be the m x n matrix whose rows are a;. Let p = (p7', ..., pyt)

.....

R — Rxy. Then

/R TG ) dx < [T 1l

i=1 i=1
ifand only if p € Hy C RZ,. Here the implied constant depends on m,n, M, p, but not

on f.
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We also have the following convenient version of the Brascamp-Lieb inequality
on finitely generated abelian groups due to Bennett, Carbery, Christ and Tao [5, Theo-
rem 2.4].

Theorem 2.11 (Discrete Brascamp-Lieb inequality). Let G and {G; : 1 <i < m} be
finitely generated abelian groups. Let ¢; : G — G; be homomorphisms. Let p; € [1, o).
Then
rank(H) < Z pi_l rank(@; (H)) for every subgroup H of G (2.15)
4

if and only if there exists a constant C < oo such that

Yo IIeenm <l Ifillriy forall fi - Gi —[0,00).  (2.16)

yeGi=1
We next recall some analytic results on L-functions of Hecke characters in z-aspect.

Lemma 2.12. For any Hecke character y over a number field there exists an effective
constant c(y) > 0 such that L(s, y) # 0 forall s € R(1,c(x)).

Proof. A more general result of Coleman [16, Theorem 2] asserts that the lemma holds
apart from a possible exceptional real zero when the archimedean component of y is
trivial and y? = 1. However, Stark’s effective lower bounds on L(1, y) [42, Theorem 1']
bound such a potential exceptional zero away from s = 1 in terms of the discriminant of
the field of definition of y, so that by adjusting the value of ¢ () accordingly one obtains
the lemma without exceptions. ]

Lemma 2.13. For any Hecke character y over a number field,

- log(|7] + 3))*/3(log log(J7| + 16))'/3 2.17
oty < toalel +3)*oglog(le| + 16) @17)
uniformly for o + it € R(1,c'(x)) with an effective 0 < ¢'(y) < c(y).

Proof. Given [16, Theorem 1 and Section 5] the proof essentially follows that of [44,

Theorem 3.11] with ¢ () = c(x) loglog(|¢| + 16) where ¢, () is as in [16, Theorem 1]

and 0(r) = ¢/ () (“822UEH9)/3 (cf 119, Lemma 11 and Remark 3]). -

Lemma 2.14 (Poisson summation). Let H < G be locally compact commutative groups
such that the quotient G/H is compact. Let f € L'(G) and write f for its Fourier trans-
form

fw) = [ reieds.
If
(1) the restriction of f to (G/H)" is integrable,
(2) for all x € G the function y — f(xy) is integrable on H,
(3) the map x — [y f(xy)dy is continuous on G,



The Weyl law for algebraic tori 2461

then for all x € G we have

Yo fvx).

ve(G/H)"

/H fehydh = GoGm

Proof. See [9, Chapter II, Section 1, 7. Corollary], which does not assume that G/H is
compact. This latter hypothesis is only used to write the integral over (G/H)" as a sum
above. ]

Remark. There is also a more general version of Lemma 2.14 without the hypothesis
that G/H be compact or hypotheses (2) and (3), but in which the conclusion only holds
for almost every x € G: see [9, Chapter II, Section 1, 7. Proposition 15].

3. Local non-archimedean theory

3.1. Local Langlands correspondence, local conductors

We now restrict our attention to non-archimedean local fields F.

3.1.1. The Artin conductor. Let T be an F-torus and (Wr, ¢, {rg}) a Weil group for
F.Letr : LT — GL(V) be a finite-dimensional complex representation of the L-group
of T as in Section 2.2. Recall the e-factors attached to finite-dimensional complex Galois
representations of Wr from Section 2.3.

Definition 3.1. If ¢ € ®(T') corresponds to y € Hom(7' (F), C*) under the local Lang-
lands correspondence (2.9), then the quantity

c(x,r) = le(rog, ¥, dx)?
is called the local analytic conductor of x with respect to r.

Tate [43, Section 3.4.2] shows that e(V, ¥, dx) is additive, and in particular only
depends on the isomorphism class of V. If (o, V) is a unitary representation we have
(see [43, Section 3.4.7])

le(V, ¥, dx)|? = ¢5@ (5(y)dx /dx") ™V . 3.1)

In particular, since e(V, ¥, d x) only depends on the isomorphism class of (o, V), it suffices
for (3.1) to hold that (o, V') be unitarizable. Here g is the cardinality of the residue field
of F and c(p) is the Artin conductor of the representation (o, V).

In light of (3.1) we next review the definition of the Artin conductor c(p) of a
finite-dimensional complex representation o : W — GL(V') of the Weil group of a
non-archimedean local field. The classical Artin conductor is an invariant of a finite-
dimensional complex representation of a finite Galois group Gal(E/F). For more
discussion of the classical Artin conductor see [38, Chapter VI] or [48, Section 4]. We give
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a slightly non-standard definition of the Artin conductor of a finite-dimensional complex
representation of Wy, r following [48] (this goes back at least to [17]).

Let ¢ : Wg < GF be the inclusion given as part of the data of a Weil group (see
[43, Section 1.4.1]). For any v € [—1, 00), let W2 be the inverse image of the (upper-
numbering) higher ramification group G} by ¢ (see Serre [38] for definitions, especially
Chapter IV, Section 3, Remark 1). Let L/ F be a finite extension and W}’ IF be the image
of Wy by the canonical projection Wg —> Wy, r. The groups W IF therefore define a
descending filtration of Wy ,r with index set [-1, 00).

Proposition/Definition 3.2. For a finite-dimensional complex representation
o WL/F —> GL(V),

the number
o0 v
clo) = / codim Ve, #) gy

-1
is called the Artin conductor of (0, V). The value of c(0) only depends on Q|WB/F’ and

extends the notion of Artin conductor for complex representations of finite Galois groups.

Proof. Since there are no breaks in the upper-numbering filtration between —1 and 0, and
the upper-numbering is left-continuous (see [38, Chapter 4, Section 3]), it follows that the
Artin conductor ¢(g) only depends on the restriction of o to WL0 F
Since WI? /F is compact and profinite and GL(V') has no small subgroups, it follows
_ . . . 0
that H = kerQ|W£/F is a finite index open subgroup of W, /F- We know that Q|W£/F then

factors through the finite quotient WL0 /P /H . From this, the inverse image of H in W}’ also
has finite index, and contains [Wy, W], thus (see Tate [43, Section 1.4.5]) H = WLO/ E
for some finite extension L*/E/F. By Serre [38, Chapter IV, Proposition 14] we have

0 0
W r _ Wy pH _ Wi/ F
H H WL/E

0
) ~ Gal(E/F)°

and indeed, for all v € (—1, 00),

Wi r N We rH . (WL/F

HOWYp —  H  \Wye

)U ~ Gal(E/F)".

Therefore to Q|W£/F there is associated a finite extension E/F with E C L®, and o

factors through the representation ¢’ : Gal(E/F) — GL(V) given by composing with
the isomorphisms above. It is shown in [48, Section 4] for finite-dimensional complex
representations of finite Galois groups that the standard definition of the Artin conductor
matches the one given in Proposition/Definition 3.2 with the higher ramification groups
GY(E/F) in place of the Weil group and ¢’ in place of o. |

The Artin conductor is a special case of the following more general notion of conduc-
tor.
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Definition 3.3. For G a group endowed with a descending filtration ¥ = (G")ye(~1,00)
and ¢ : G — GL(V) a finite-dimensional complex representation, we call

o0
cg(0) = /1 codim V2" gy

the conductor of (0, V') with respect to ¥ .

With G = Wy,r and F given by the upper-numbering filtration, c# (@) is the Artin
conductor of (o, V).

Next, we introduce an “abelian” conductor ¢ (). The Artin conductor of a represen-
tation (g, V') is controlled by the abelian conductor, and when the representation factors
through Wy, for L/ F an unramified extension, the abelian conductor is identical to the
Artin conductor.

We define for any v € (—1, co) the groups

(9(,)) _ 1 +7T£v-|(9L ifv > 0,
£ O if—1<v<0.

In particular, the function v (92’) is locally constant on (—1, c0) — Z, and satisfies
limy—s,— (QIEU) = 02") for n € Z, where lim,_,,,— denotes the one-sided limit from below.

Let g, r and ¢, F be the Hasse—Herbrand functions for an extension £/ F of non-
archimedean local fields (see [38, Chapter IV, Section 3]). Recall the short exact sequence
(2.8) expressing Wi, as a group extension of G = Gal(L/F).

Lemma 3.4. For any real number v > —1, the following diagram commutes and the
horizontal rows are short exact sequences:

1 (91(41//L/F(U)) WLU/F GV 1
1 L — W2 — G ——1

Proof. The Artin reciprocity homomorphism r; maps the subgroup (921) C L* onto the
vth higher ramification group Wzb’v of W]'jb in the upper-numbering (see Serre [38, Chap-
ter XV, Theorem 2]). We shall need an analogue of [38, Chapter IV, Proposition 2] for the
upper-numbering filtration of WLab, so we work with the Hasse—Herbrand functions. By
definition of the upper-numbering filtration and the transitivity of the function ¥ under
field extensions (see [38, Chapter IV, Proposition 15]), we have
ab ¥ F(v) _ 1rrab _ i7ab
WL - WL:‘/fLab/LOVfL/F(v) - WL,'/fLab/F(U)'

By [38, Chapter IV, Proposition 2] and converting back to the upper-numbering filtration,
we have

ab ab ab
WI:i,WLah/F(v) = WL/FyWLab/F(U) n Wil = Wll,)/F N WE :
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Therefore, (92/'” ) Wzb’w” ) C W}, p» Where the first > is the Artin map, so the
left hand square in the statement of the lemma commutes and all four maps are injections.
Next we compute the cokernel. By the foregoing,

ab
Wiir . Wi r N We r Wi
WLabﬂ//L/F(v) WLU/F N WLab - WLab

We apply [38, Chapter IV, Proposition 14] with G = Wy, and H = WL"lb to see that
WY Wi

~ ab
W WL/r/WEP)".

Finally, by the third group isomorphism theorem and [43, Section 1.1] we conclude that
Woir/ Wi ~ GY,
since the canonical inclusion ¢ : Wr — GF has dense image. ]

We are ready to give a definition of the abelian conductor ¢ ().

Definition 3.5. Let (0, V') be a finite-dimensional complex representation of Wz,

WI?/ p» L™, or Of, where the last two groups are viewed as subgroups of W, r as in

Lemma 3.4. Let U be the descending filtration defined by (QIEU))UE(_l,OQ). Then
¢(o) = culo)
is called the abelian conductor of (o, V).

Remark. The abelian conductor ¢ is additive in the sense that if o = 01 @ 02, then
c(e) = ¢(e1) + ¢(o2).

Definition 3.6. The abelian local analytic conductor ¢(y, r) attached to y, r is the com-
plex number

&) = 45" G /dxy ™
where ¢ € ®(T) corresponds to y € Hom(T (F), C*) under the LLC for tori (2.9).

Finally, we note that the abelian conductor controls the Artin conductor and vice versa.
Let vg = inf{v : G’(L/F) = {1}}. For example, if L/ F is unramified then vy = —1.

Lemma 3.7. We have

(o) <c(o) <c(o) + (vo+ 1)dim V.
eL/F

In particular, if L/ F is unramified, then ¢(0) = c(0).

Proof. For the first inequality, we deduce from Lemma 3.4 that

. Wrp ) F W) . v
codim Ve©L ) < codim VeWL/r),
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Then, by [38, Chapter IV, Propositions 12, 13] we have

SN < / % codim Ve@r)
C NS _—

o o
(0) du = / ¢, (u) codim V2L gy
er/F 1 (Go:Gy) _y HIF

Sl g,/ F @)
= / codim V°©L ) dv < ¢(0).
-1

For the second inequality, we use the fact that if v > v¢ then

W F W)
codim V2L ) = codim VeWL/F),

‘We have

(%) ; 0o )
<) = / codim VeWL/ ) dy 4 / codim VeWL/F gy
-1 v
o Wp)F )
< (vo + 1) codim Veirr) 4 / codim V2©r ) dv
vo
o Wr/F @)
< (v + 1) codim V*MEre) 4 / codim V@2 ) gy
-1
0 % codim V@)
= (vg + 1) codim yeWL, p) +/ codim V7L 7 1
-1 (Go : Gy)

< (vo + 1)dim V + ¢(o). [
Corollary 3.8. Forr, x,vg as above and m = dimr we have

S )L ey, r) [ gty ).

In particular, if L/ F is unramified then ¢(y,r) = c(x,r).

The reason we prefer the abelian conductor is the following. Recall from Section 2.2
the set of coweights M associated to the representation r : T — GL(V') of dimension .

Proposition 3.9. Let ¢ be a Langlands parameter of T. Then ¢|@Z € Homg (O}, 7A")
depends only on the equivalence class of ¢ and writing & = (p|(gz, we have

drog)= ) c(uof).

neM

where on the right hand side ¢ = cy as in Definition 3.3 with U being the standard
filtration of OF.

Proof. We know that @ C L maps to the trivial element of G (see (2.8)), so @) acts
trivially on T. By definition of a Langlands parameter <p|(9z takes valuesin 7 x 1 € LT,
ie. <p|@z = ‘§|@Z forthe £ € H' (W F, f‘) corresponding to ¢ under the bijection (2.10).
Since O acts trivially on T, wehave H! (OF, T) = Homg (07, T) and the first assertion
of the proposition follows.
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By definition, the abelian local analytic conductor of r o ¢ only depends on the restric-
tion to @ . We have

rogloy =rlzoploy = €D motloy.
neM
so that the second assertion of the proposition follows by the additivity of the abelian
conductor. |

3.1.2. The canonical integral model of a torus and the norm map. We begin with a brief
discussion of the work of Voskresenskii [49, Section 10.3] on the canonical integral model
of a torus T over a non-archimedean local field F. Let L be the splitting field of 7" with
G = Gal(L/F). Let Of, O, f, 1 be the rings of integers and residue fields in F, L,
respectively.

Lemma 3.10 (Voskresenskii Theorem 1). Given an F-torus T, there exists a faithfully
flat O F-algebra A of finite type endowed with a Hopf algebra structure such that T :=
Spec A is an O f -integral model for T, i.e. T x@,. Spec F >~ T.

The affine group scheme 7 of Lemma 3.10 is called the canonical integral model
of T. Voskresenskii showed that 7 is the unique integral model of 7' that may be con-
structed by choosing an F-linear embedding T < GL(V) and an @Fp-lattice in the
finite-dimensional F-vector space V' that is stable by the action of the unique maxi-
mal compact subgroup of T'(F). Moreover, for any finite extension £/ F one finds that
T (OF) is the unique maximal compact subgroup of 7'(E), in particular

T(OL) ~Hom(X*(T),0r) and T (Of) ~ Homg(X*(T),0OpL). (3.2)
Compare (3.2) with (2.1). We introduce the following abuse of notation: define
T(OL):=T7(Or) and T(Of):=T(OF). (3.3)

It is not in general true that the special fiber 7 x, Spec f is itself a torus over f.
Nonetheless, we do have the following result.

Lemma 3.11 (Voskresenskii Theorem 2). If T splits over an unramified extension L] F,
then the canonical integral model T = Spec A of T is given by A = Or[X*(T)]¢ and
Tr =T x@ Spec f is a torus over f.

If T splits over an unramified extension, we commit the abuse of notation 7'( f) :=
T (f)=T(f).

Lemma 3.12. Let 71, T be two tori over a non-archimedean local field F both splitting
over some common unramified extension L/F with Galois group G. Let o : Ty — T,
and x € T>(OF) be an integer-valued point of T». Then the fiber a~'(x) € Ty admits an
Or -integral model a1 (x)y.

Proof. The G-equivariant map o™ : X *(T3) — X *(T}) extends to a map of O -algebras
OLIX*(T2)]% — OL[X*(T1)]°.
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Since L/F is unramified, by the explicit description of the canonical model in Lem-
ma 3.11, the map « : 77 — T, extends to a map of the integral models « : 77 — T
over Or. The scheme-theoretic fiber =1 (x)g of @ : 71 — 5 over x € T2(OF) is an
integral model for a1 (x). [

The local-to-global decomposition of Z(s) in Section 6.1 will lead us to restrict the
local Langlands correspondence (2.11) to a compact subgroup of 7 (F) which has finite
index in the maximal compact subgroup 7 (O r). As we will soon see in Section 3.1.3, the
natural choice is to restrict the Langlands correspondence to the image of the norm map

N :T(OL) — T(OF) (3.4)

defined by the product of Galois conjugates.
We will next prove an important lemma describing the image of N, which we write
NT(Or). We begin with a preliminary but crucial result.

Lemma 3.13. Suppose L/ F is unramified. The map N : T(Or) — T(OF) is surjective.
Proof. See [1, Corollary of Theorem 1]. [

Lemma 3.13 will be used to deduce the last assertion of Proposition 3.15 from the
previous ones. More generally, we have the following result.
Lemma 3.14. We have
T(F)
NT(L)

dim T
S€r/F

’

‘ T(OF)
NT(0y)

where ey F is the ramification index of L/ F. Both quotients are finite groups.
Proof. Applying the functor Hom(X *(T"), —) to the valuation exact sequence

1-0f—>L"—>7Z—0

yields
1 —T(Or) > T(L) - Hom(X*(T),Z) — 0, (3.5)

since X*(T) is a free abelian group, i.e. a projective Z-module (see e.g. [50, Lem-
ma 2.2.3]).
Taking G-invariants in (3.5) and using (3.2) we have

1 — T(Of) — T(F) — Homg(X*(T),Z) — H'(G,T(Or))

and a commutative diagram

1 —— T(OL) T(L) Hom(X*(T),Z) — 0

v| | [

1 —— T(OF) T(F) Homg (X*(T), Z)
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The rightmost map N above is given by

N :Hom(X*(T).Z) —» Hom(X*(T).Z). £+ Y (°,

oeG
where £9(y) = £(x°"'). Let

K =ker(N :Hom(X*(T),Z) - Hom(X *(T).Z)) = {Z €Hom(X*(T),Z): Z 0= 0}.
oeG
The middle map N (recall (2.1)) is given by
N : Hom(X*(T), L*) — Homg(X*(T), L*). v+ [] v°.

0eG
where ¥ is given by ¥ (x) = ¥ (3° ' )°. Let
Ty = ker(N : T(L) > T(F)) = {¢ € Hom(x*(T), L) : [T v* =1}.
0eG

Define the valuation map
v:Ty = &K ¥ o),

where v(¥)(x) = v(¥(x)). The snake lemma gives us the exact sequence

T'(OF) T'(F)

v §
7,5 R .
VTN T NTOn) T NT(L)

(3.6)

We claim that
K

v(Ty)
Indeed, let £ € K be arbitrary. We claim that ez /£ € v(T7). The first claim follows from

this second claim on letting £ run through a Z-basis for &, so it suffices to show this. Now
we show the second claim. Choose a uniformizer 7w g for F. For £ € K let

dim T
SepF -

V¢ € Hom(X*(T),L™), ¥u(x) = ”f?(X)'

Note that
[Tveeo = TTverr ) = [[ o D = ake @ =z =1
oeG oeG oeG

since £ € &. Therefore Y, € T7. Note also that

V(W) (1) = vW (1) = v(AeP) = ersr - £(2).

Thus we have shown that for all £ € & we have ey ;¢ € v(T1), as claimed.
By the exact sequence (3.6) we have
' T(OF) K
NT(Or) v(T1)

T(F)
NT(L)|

dim 7T

< Ser/r

<

T(F)
' ‘ NT(L)
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For the second assertion, recall the definition of the Tate cohomology groups H" from
e.g. [38, Chapter VIII]. We have

T(F)
NT(L)

= H°(G,T),

and by the Nakayama-Tate theorem (see e.g. [31, Theorem 6.2])
H°(G,T) ~ H*(G, X*(T)).

Since X *(T) is a finitely generated abelian group, by e.g. [2, Section 6, Corollary 2] we
have
|H*(G, X*(T))| < oo,

and so it follows that | NT}'(VL)) | is finite. |

3.1.3. The Langlands pairing. The goal of this section is to restrict (2.11) to the com-
pact subgroup NT(Or) of T(F). To do this, we reformulate the Langlands correspon-
dence [24] as a perfect pairing

T(F)® H'(Wyyr,T) - C, 3.7)

which we call the Langlands pairing. We write G° for the inertia subgroup of G. The
following is the main result of this section.

Proposition 3.15. Write R(H") for the image of the restriction to O map
R:H Wy r,T) — Homg (O], T). (3.8)

The subgroup R(H') of Homg (O}, YA") is of index at most |H(G°, YA")| - |H?(G°, YA")|
The Langlands pairing restricts to a perfect pairing

NT(OL)® R(H') — C*.
In particular, if L/ F is unramified, the Langlands pairing restricts to a perfect pairing
T(OF) ® Homg (O, T) — C*. (3.9)
Corollary 3.16. The abelian local analytic conductor ¢(y, r) only depends on x|nT(0,)-
Lemma 3.17. H'(G°, f) is a finite group for alli = 1.

Lemma 3.17 follows from a result of Cartan and Eilenberg, which we recall now since
it will also be useful for other purposes later. Recall the Tate cohomology groups H, (see
e.g. [38, Chapter VIII]).

Theorem 3.18 (Duality Theorem). Let G be a finite group, A a G-module and C a divis-
ible abelian group. For any i € Z there exists a perfect pairing

U: H (G, A) ® H~'(G,Hom(4, C)) — C.
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Proof. See [14, Chapter XII, Theorems 4.1 and 6.4]. |

Proof of Lemma 3.17. In Theorem 3.18 we take G = GO A= f, and C = C* to find
fori = 1 that
H'(G°, T)® H;(G°, X.(T)) - C* (3.10)

is a perfect pairing. Now, by [2, Section 6, Corollary 1], H*(G°, T) is a group of finite
exponent. Furthermore, X, (7)) is a finitely generated G°-module, so by [2, Section 6,
Corollary 2], H;(G°, X«(T)) is a finite group. The result now follows from the duality
theorem. ]

In the unramified case, we also have the following version of the Langlands corre-
spondence over finite fields.

Proposition 3.19. If L/ F is unramified, then the Langlands pairing restricts to a perfect
pairing
T(f) ® Homg(£*,T) — C*.

We give the proof of Proposition 3.19 at the end of this section after first proving
Proposition 3.15.

To prepare for the proof of Proposition 3.15, we review the proof of the Langlands
correspondence (2.11). To do so, we recall the following explicit descriptions of group
cohomology and homology (the same exposition appeared in the appendix of [20]).

For this subsection, let G be a group and M a left G-module. Computing via the
inhomogeneous resolution gives the usual description of group cohomology

{6:G > M|&(gh) =§&(g) +g&E(h)}
{£:G —> M|&(g) =gm—mforsomem € M}’

HYG, M) =

If g N is a direct sum of copies of an abelian group N indexed by a set S, let
8s(n) € @Pg N be the element which is n in the sth entry and 0 elsewhere. Computing via
the inhomogeneous resolution then gives the following description of group homology:

{(mg)eec | Zg(g_lmg —mg) = 0}
d(@gxc M) ’

where d(8g 5(m)) = 8,(g7 m) — 8gn(m) + 8g(m). If G is abelian and acts trivially
on M, then we have H; (G, M) ~ G ®z M.

If G’ < G is a finite index normal subgroup, there is an action of G/ G’ on H1(G’, M)
by the rule g * 8¢/ (m) = 844151 (gm). There also exists a natural map

H(G,M) =

@3.11)

Trace : H(G, M) — H(G’, M)G/G/’

which may be computed as follows. Pick coset representatives g1, ..., g, for G/G’. Then
any g € G determines a permutation t € S, by the rule g;g = g'g.;) (Where g’ € G),
and

Trace(§g (m) = D8y, go=t (gim)-
i
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Now we return to our review of the Langlands correspondence (2.11). In particular,
G = Gal(L/ F) again. Since L™ is abelian and acts trivially (recall (2.8)) on X«(T), from
the “standard isomorphisms” (2.1) and (2.3) and the above explicit description of group
homology we have

T(L) ~ H{(L*, X(T)) and T(F)~ Hi(L*, X+(T))°. (3.12)

Langlands proves the following mild extension of the Duality Theorem 3.18. Let
a € Wryr and y € X«(T) be such that 6,(x) is a cycle representing a class in
Hy(WL F. X«(T)). Let & be a cocycle representing a class in H' (W, F., 7A"). Langlands
[24, pp. 233-234] shows that the pairing

U: HiWir, Xo(T) @ H' Wy p, T) = €%, §4(1) @ £ > (@),  (3.13)

is a perfect pairing.
The difficult part of Langlands’s proof of his correspondence (2.11) is that the map

Trace : Hy(Wr r, X«(T)) — Hy(L*, X«(T))° (3.14)

is an isomorphism. Combining (3.12)—(3.13), we obtain the Langlands pairing (3.7).
We now discuss the connection between the Langlands pairing and the norm map. The
Artin map (see (2.8)) induces a map

Lt Hi(L™, Xo(T)) — Hi(Wy ., X«(T)) (3.15)

so that the triangle

Hi(L*, X4(T)) —X— Hy(L*, X+(T))®
Hi (Wi r, X«(T))

commutes. Here N is the norm map defined as a product of Galois conjugates, and the
vertical map is the trace map (3.14). Composing with the isomorphisms (3.12), we see that
the norm map N : T'(L) — T (F) factors through the homology group Hi(Wr,r. X«(T)):

T(L) —Y 5 T(F)

T: (3.16)

Hi (WL r, X«(T))
Proof of Proposition 3.15. Let
Ann(NT(Op)) € H' Wy T)

be the annihilator of N7 (1) with respect to the Langlands pairing (3.7). To prove the
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proposition, it suffices to compute Ann(N 7 (Or)), and show that

H Wy p.T) N

1
Am(NT(O1)) — R,

is as described in the statement of the proposition.

Lemma 3.20. Let
R:H'Wyp,T) — Homg(OF,T) (3.17)

be the restriction to O map (recall O acts trivially on f) Then
Ann(NT(Or)) = ker R.

Proof. Lett : H{(Wr/F, X«(T)) — T(F) be the isomorphism obtained by composing
the trace map (3.14) with the isomorphism (3.12). The first step is to give an explicit
description for the inverse image "' (NT(Or)) < Hi(Wy,F, X«(T)). Later, we use the
explicit description for the cup product pairing (3.13) to compute Ann(N 7 (Or)).

The main trick to compute ¢~ (N7T(01)) is to use the commuting triangle (3.16), as
the trace map is difficult to work with directly. Restricting (3.16) to the maximal compact
of T (L) we obtain

T(O1) —X— NT(Op)

o~ |

"/ (NT(OL))

where all arrows are surjective. Since we understand the diagonal arrow much better than
the vertical one, this yields a description for t "1 (N T(01)). In the above explicit descrip-
tion for group homology, it is the subgroup of H(Wr,r, X«(T')) generated by sums of
all possible homology classes 84 () as o runs over o € O C Wy F.
We now use the description 1 (NT(OL)) = (84 (X))aecgz and compute the annihi-
lator
Ann(NT(Or)) = Amn(t~ (NT(OL))) € H'(Wyr, T)

with respect to (3.13).

First we prove Ann(NT(Or)) 2 ker R. Let £ represent a class in ker R. Then £ van-
ishes on O by definition, and we have & U 84 (y) = 1 for all 84 (y) with @ € O by the
definition (3.13) of U. It follows from the description t "' (NT(O1)) = (8 (X))ae(g;f that
£Ux = 1forall 1-cycles x € t 1 (NT(Or)). Therefore ker R € Ann(t "' (NT(OL))).

Now we prove Ann(NT(01)) € ker R. Suppose £ € H (W /F, T) does not represent
any class in ker R. Then there exists a # € @ for which £(8) # 1. Since £(B) # 1 there
exists y € X«(T) not vanishing on £(8) € T. Since OF acts trivially on X«(T'), we see
that x g is a cycle, and thus represents a homology class. Thus §g(x) € :"}(NT(OL)) and
EUSg(x) # 1,508 & Ann(t~ ' (NT(OL))). Therefore (ker R)* € Ann(t "' (NT(Opr)))",
so we have ker R = Ann(t~'(NT(OLr))). n



The Weyl law for algebraic tori 2473

By Lemma 3.20 we have shown that

H'\Wyp,T)
Bl AN
ker R

NT(Op) ® c

is a perfect pairing. It now suffices to show that

H' Wy p.T)

~ R(H") < H < T
oL R (H") <Homg (09f.,T)

is of index at most |H'(G°, T)| - |H?(G°, T) |, as in the statement of Proposition 3.15.
Consider the inertia group WL0 IF acting on T, and the exact sequence

1—>(9i‘—>WL(’/F—>G°—>1

as in Lemma 3.4. We take the inflation-restriction-transgression exact sequence (see e.g.
[27, (1.6.7) Proposition]) attached to these data

1 - HY(GY, T) 5 H'\ WP, . T) 5 Homgo (0. ) & H2(GO.T).  (3.18)
These give
L= HY(GO.T) S HI WP . T) 5 kerg — 1,

where ker g is a subgroup of Homgo (07, T) of index at most | H?(GP, 7A")| We take
Frobenius invariants of this to obtain a sequence

~ i’ ~ r ~
1= HYGT)? — H' (WD) o, T)F — (kerg)* — H'(Z, H' (G, 1)),
where 1 € Z acts by arithmetic Frobenius on T.Since a cocycle is determined by its value
on a generator, we have
|H' (2, H'(G°.T)| < |H'(G°. 7).

Therefore r’(Hl(WLO/F, T)%) has index at most |[H'(G°, T)| in (ker g)%, and ker g has
index at most | ?(G°, T)| in Homgo h T), so (ker )% has index at most |H?(GO, 7:”)|
in Homg (O, T). Thus ' (H! (W]?/F, T)%) has index at most | H 1 (G°, T)| - |[H*(G°,T)|
in Homg (OF, T). .

Consider again Wy, acting on T, and take the exact sequence

L= W)p = Wyr >Z— 1.

Taking the inflation-restriction exact sequence associated to these data, we have

1> HYZ. 7)Y 5 'y e, T) 5 HY W T > 1.



I. Petrow 2474

Here the term H?(Z, TA”GO) vanishes because the cohomological dimension of Z is 1 (see
[10, Chapter VIII, Section 2]). We have R(H') = (r' o r")(H (WL F, f)) and by the
above remarks we conclude that R(H ') has index at most | H'(G°, T)| - |H?(G°, T)| in
Homg ((92, T) as was to be shown.

When L/F is an unramified extension, we have G° = {1}, so that the first part
of Proposition 3.15 gives R(H') = Homg (O}, f) We have NT(Or) = T(OF) by
Lemma 3.13, so that the Langlands pairing restricts to the perfect pairing (3.9). ]

Proof of Proposition 3.19. We again use the description of the local Langlands correspon-
dence in terms of group homology described above. First, recall [28, Proposition 2.3.1]
that we have an exact sequence

1 - Homg (X*(T),1+BL) > T(Of) > T(f) — 1.

By the standard isomorphisms (3.2), the left half of this exact sequence can be reinter-
preted in terms of group homology. That is, we have the following commutative diagram:

Homg (X*(T), 1+ PBr) —— T'(OF)

- E

Hy(1+ 1. X+ (T))® —— H1(OF. X(T))°
Recall that in the course of the proof of Lemma 3.20 we showed that there is a commuting
triangle

Hy (O], X(T)) = H1(0F, X4 (T))C
:TTrace (319)

(8 (X))ae@i

where (g (X))(XE@Z is the subgroup of Hy (W, r, X«(T)) generated by sums of all pos-
sible homology classes 84 ()) as « runs over @7, N is the norm map, Trace is the map
defined in (3.14), and r « is induced by the Artin reciprocity map r7, (see (3.15)). Since
L/ F is unramified by hypothesis, N is surjective by Lemma 3.13.

We determine the inverse image of the subgroup H; (1 + Bz, X«(T))? by the trace
map. Set

H(T) = <8a(X))ael+§BL C H; (WL/F,X*(T))

to be the subgroup of H(Wr,F, X«(T)) generated by sums of all possible homology
classes 84 () as « runs over 1 + 7. We find that

N7 H{ (1 4+ PBL. X(T)%) = Hi(1 + P, X«(T))
since L/ F is unramified [, Proposition 1], so that
Trace : Hy{(T) — Hi(1 + Pr, X«(T))°

is an isomorphism by chasing the diagram (3.19).
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In summary, we have a short exact sequence
1> H(T) > T(OF) > T(f)— L (3.20)

By exactness of the dual functor, we have the short exact sequence “on the automorphic
side” of the local Langlands correspondence

1 = T(f)" = T(Op)" — Hom(H;(T),CX) — 1.

The strategy of the proof is now to write down another exact sequence “on the Galois
side” of the local Langlands correspondence, and by the five lemma, conclude the local
Langlands correspondence over finite fields. We start with the short exact sequence

1 -1+ - Of >0 — 1.

Since 7 is a divisible group, the functor Hom(—, T) is exact [50, Corollary 2.3.2, Lem-
ma 2.3.4] and we obtain the short exact sequence

1 — Hom(£*, f) — Hom(0O5, T) — Hom(1 + ., YA") — 1.

Taking the long exact sequence in cohomology we get

1 - Homg (¢%,T) — Homg (OF, 7) LS Homg (1 + Bz, 7).

Our goal now is to show that the image of the map R is isomorphic to
Hom(H{(T), C*). Recall the annihilator

Ann(H;(T)) := {€ € Homg (0}, T) : x UE = 1 forall x € Hy(T)}.
where U is Langlands’s cup product pairing (3.13). We claim that
Ann(H{(T)) = ker R.

Indeed, if £ is in the kernel of R, then £ is trivial on 1 + Pz, and then for any cycle of
the form 8§, (y) with o € 1 + 1, we have £(a) = 1, so of course y(£(x)) = 1 for all
X € X«(T),1.e. £ € Ann(H{(T)). On the other hand, if £ € Ann(H{(T')),thenx U& =1
for all x € Hy(T), so in particular y(§(«)) = 1 foralla € 1 + P and y € X*(T) This
can only be the case if £(¢) = 1 foralla € 1 + Py, i.e. £ € ker R.

By the perfect pairing T (O ) ® Homg (O, T) — C* of Proposition 3.15, we have

Homg (OF, T)
Ann(H(T))

Thus, we have a commutative diagram

Hom(H,(T),C*) ~ ~ R(Homg (O}, T)) € Homg (1 + P, 7).

|l ———T(f/)* ————— T(Op)" ———— Hom(H{,C*) —— 1
1 — Homg (£%, T) — Homg (0}, T) —— R(Homg (OF,T)) — 1

with short exact rows, where the first vertical 2~ is Proposition 3.15 and the second = is
the one just established. The proposition now follows from the five lemma. ]
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3.2. Local conductor zeta function, unramified case

In this section, T is a torus over a non-archimedean local field F with splitting field L and
Galois group G = Gal(L/ F'). Let 8 be the prime ideal of @1, £ the residue field of L, and
char(€) its characteristic. We assume throughout this section that the representation r |z
is faithful.

Let 6 be a character of T'(F') that is trivial on the subgroup NT(Or) and x e NT(OL).
In this section and the next, we consider the (twisted) generating series

NrGx) = Y 0 3.21)
c(x6,r)"
XENT(OpI)N
Now, and for the rest of Section 3.2, we assume that the extension L/F is unram-
ified. Thus, the results of Section 3.1 afford us several immediate reductions. We have
NT(Or) = T(Of) (Lemma 3.13), ¢(x0,r) = ¢(x8, r) (Corollary 3.8), and ¢(y6,r) =
¢(x, r) (Corollary 3.16), so that

Nr(s,x) = Z x(x)

(eI (@)~ c(x.r)®

Recall the local Langlands isomorphism on integral points from Proposition 3.15,
Homg (O, T) ~ T(OF)", £+ ge. (3.22)

Proposition 3.9 then gives us a more hands-on way of working with the abelian conductor
¢(x, r) in terms of characters on the Galois side of the integral local Langlands isomor-
phism. Changing variables by (3.22) we have

- (of)
Nr(s.x) = (@)dx/dx) 3 e =0 (.3)
g€Homg (0F,T)
Recall the set M of coweights of r from Definition 2.5. Recall the set of non-negative
integers N, and let us index the coordinates of N by € M. For each ¢ = (cp)pem eNM |
consider the following sets of Langlands parameters (restricted to @;):

P<(c) = {€ € Homg (O, T):c(uof) < cy forall u € M}, (3.24)
P—(c) = {& € Homg(OF.T) : c(uo&) =c, forall u € M}. (3.25)
Since p : T — C* is a group homomorphism g o (£1.62) = (1 0 &1).(u 0 &) and P<(c)
is an abelian group. Since r|; is faithful, the abelian group P<(c) is finite and so the

subset P—(c) is finite as well. Indeed, if £ € P<(c) then p o £(1 + L) = 1 for all
U € M, so that

rof(l4+ 9™ %) = [T pof+Pm) = 1.
neM

Since r|z is faithful, we must have §(1 + ") = 1 for all § € P<(c). Then P<(c) is
finite as (@ /P™**#)* is finite and T has only finitely many elements of order dividing

[(Or/Bmw)].
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We consider the character sums over P<(c) and P=(c),

M<(c,x) = Z xe(x) and Il-(c,x) = Z xe(x). (3.26)
§€P<(c) §€P=(c)
For example, I1<(c, 1) = | P<(c)| and [1=(c, 1) = | P=(c)|-
Writing |c| = ZM ¢, the sums IT_(c, x) are the coefficients of N (s, x) as a local
Dirichlet series, i.e.

NE(s,x) = ((Y)dx/dx'y" Y #lcc\m

ceNM F

(3.27)

We begin our analysis with the sums I1<(c, x) in order to make use of the group
structure of P<(c). The two functions I1<(c, x) and I1=(c, x) are related by inclusion-
exclusion:

Oo(c.x)= Y (-HPM<((c-b).x). (3.28)

be{o,1}M
Recall that the set M of coweights admits an action of G. We also let G act on NM
by permuting coordinates and let Dy (c) be the complex diagonalizable group defined by

Di(c)= (| kerpcT, (3.29)

neM
cu<k

i.e. Di(c) = D(S) for S ={u € M : ¢, > k}. If ¢ is G-fixed then Dy (c) admits an
action of G. Note that Dy (c) is monotonic in ¢, i.e. if ¢ < ¢ coordinatewise then for any
k = 0 we have

Dy (c") € Dy (o).

The main result of this section is the following.

Proposition 3.21. Suppose r|z is faithful, ¢ € NM is G-fixed, L/ F is unramified, and
(gr,A) = 1 If xe(x) =1 forall § € P<(c), then

o0
M<(c.x) = [Homg (€%, Do(c))| [ | char(e)t™ P (@,
k=1
and if there exists § € P<(c) such that yg(x) # 1 then Il<(c,x) = 0.

Proof. Suppose that y¢(x) = 1 forall £ € P<(c). Then I1<(c, x) = | P<(c)| and it suffices
to count the latter set. Since |4 is faithful, we have Dy (c) = {1} for sufficiently large
k € N, and so there exists

ko = ko(c) = min {k € N: Dr(c) = {1}}.

Thus the product in the statement of the proposition is finite, running up to kg — 1.
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We have
P<(e) = () {§ € Homg(O7. T) s c(uo§) < cu)
neM
= () () {€ € Homg(OF. T): pok(l +P*) =1}
HeM

= () () & € Homg (0F. T) : (1 + B¥) < ker 1)
k=0é/,e£€

= [ {& € Homg (07, T) : £(1 + B¥) € Di(0)}.
k=0

That is, £ € P<(c) if and only if £(1 + R¥) € Dy (c) for all k € N. In particular, every
£ € P<(c) is trivial on 1 + B¥0. We inductively construct all of the £ € P<(c) by extending
the trivial homomorphism 1 + %0 — T backwards along the standard filtration.

Consider two base cases: kg = 0 and ko = 1. If ¢ is such that kg = 0 then Dy (c¢) = {1}
for all k € N and P<(c) = {1}, so the formula in the statement of the proposition holds. If
¢ is such that kg = 1 then £(1 + P) = {1} for all £ € P<(c), and the possible extensions
of £ to O are parameterized by

Homg (OF /(1 + ), Do(c)) = Homg (%, Do(c)).

So the formula in the statement of the proposition holds.
Now suppose as the induction hypothesis that

ko—1
| P<(c)| = [Homg (€%, Do(c))| [ | [Homg (€, Dy (c)))| (3.30)
k=1
for all ¢ such that kg < K. Consider ¢ such that kg = K + 1. Then all £ € P<(c) sat-
isfy £(1 + BE+1) = {1}, and the possible extensions the trivial map 1 + PE+! — T to
elements of Homg (1 + BX, Dk (c)) are parameterized by

Homg ((1 + P$X)/(1 + PXTY), Dg(c)) =~ Homg (¢, Dk (c)),

since L/ F is unramified. Therefore (3.30) holds for ¢ such that kg = K + 1. By induction,
(3.30) holds for all c € NM .
By the normal basis theorem, there exists « € £ such that

{a, QlF QTF . aq%ﬂ_l}

is a basis for £ over the residue field of F. A G-equivariant homomorphism in
Homg (¢, D (c)) is determined by its value on o, which is of additive order char £ in £.



The Weyl law for algebraic tori 2479

Since (gr,A) = 1, the element @ cannot map non-trivially into the component group of
any Dy (c). There are
(Char K)dim Dy (c)

elements of order dividing char £ in the connected component of the identity of Dy (c).
Hence
|Homg (£, D (c))| = (char £)4m Px(©)

and we have shown the first part of the Proposition.
If there exists § € P<(c) such that yg(x) # 1, then it immediately follows from orthog-
onality of characters that [1<(c, x) = 0, giving the second part of the proposition. ]

Proposition 3.21 is only valid for G-fixed ¢ € NM (since otherwise Dy (c) is not a
G-module, and G-equivariant homomorphisms into Dy (¢) do not make sense). However,
we can always reduce to the case that ¢ is G-fixed by the following lemma.

Lemma 3.22. Ifc € N™ jsnot G-fixed, then TI_(c, x) = 0.

Proof. Suppose c is not fixed by G, so that |M | = 2. Without loss of generality suppose
there exists 0 € G such that u% = u’ but that ¢,y > ¢,,. Suppose for a contradiction that
there exists £ € Homg (075, T) such that c(noé)=cypandc(u of) =cp.Ifz € Of
then the Galois equivariance of £ says

poé(oz) = ' o&(2).

If z € 1 4+ P°~, then we also have 0z € 1 + P, But then c¢(u o §) < ¢, implies that
c(pokoo)<cy,andc(p/ o§) =c(npoéoo),sothatcy = c(u o§) < cy, acontra-
diction. -

Before moving on, we include one more auxiliary result, which will be used in Sec-
tion 5.4 to show that only those ¢ € N™ with all entries either 0 or 1 will matter for the
location and order of the rightmost pole of the global generating series Z(s). For more
details, see Lemma 5.8.

Lemma 3.23. If ¢ = (c,) € NM s such that max cu =2 and Tl—(c, x) # 0 then
dim Di(c) = 1 forallk =0,...,max, c, — 1.

Proof. Let us choose an ordering of the u € M, say 1, ..., (tm, and write ¢; = ¢,;. We
choose the ordering such that ¢; is maximal among ¢y, ..., ¢y, thus ¢ = 2. By (3.28),
M=(c,x) = Z . Z /L(Zdz) ...M(zdm)
dr<c> dm<cm

X (Hs(c‘ — (0, dz, . ,dm),x) — Hg(C — (1, dz, ey dm),x)).
Since T1=(c, x) # 0, there exist da, ..., dy € {0, 1} such that

M<(c — (0,da,....dw).x) # T<(c — (1, da, ....dm), x). (3.31)
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By Proposition 3.21 we have

o0

M<(c,x) = [Hompg, ((OL/P)*, Do(e)] [ | (char @ /p)*m Pr).
k=1

Thus, since ¢; = 2 we have

N<(c —(0.d2,....dm))

— (char© dim Dcl—l (c—(0,d>,...,dn))—dim DL-I—I (c—(,d>,..., dm)).
Hg(c_(l’ dZa--‘adm)) ( /p)

(3.32)
By (3.31) the quantity in (3.32) is # 1. Since Dy (c¢) is monotonic in ¢, we have
(char © /p)dim Dey—1(€=(0.d2,.cosdm)=dim Doy —1 (= (Ldzoeedm)) 5
from which we conclude
1 <dim D¢ —1(c = (0,d2,...,dn)) —dim D¢ —1(c — (1. d2,...,dn))
<dim D¢, —1(c — (0,d>,...,dn)) <dim D¢, _1(c) < dim Dg(c)
foralll <k <c;—1. ]

We focus on the case where all the entries of ¢ are 0 or 1 for the rest of the section.
Under this condition on ¢, Dy (c) = {1} for all k = 1 by the faithfulness of r|z. Therefore
we restrict our attention to the case k = 0. We make a change of variables, and instead
consider subsets S € M as in the introduction. The change of variables is given by the
G-equivariant bijection

{0,1}" ~2M (3.33)
ce S={u:c, =1}, (3.34)

with G acting on 2™ as in the introduction. Define the quantities TT<(S,x) and T (S, x)
via the above bijection ¢ <> § in terms of I1<(c, x) and IT=(c, x), and define D(S) =
Dy(c) as in the introduction.

Let Fr € G denote the Frobenius element. By Lemma 3.22, it is no loss of generality
to suppose that Fr S = S. Define an F-torus Ts by taking its cocharacter lattice to be
Z!5°! with coordinates indexed by . € S€¢, and G acting by permuting these. We define a
map of F-tori @ : Ts — T by the map of cocharacter lattices

o 1 25V S X (T), (0,....1,...,0) — L, (3.35)

where the 1 is in the p-slot and the other coordinates are all 0; see Lemma 2.3 and (2.2).
The construction of Ts and « is compatible with a global construction that we will intro-
duce in Section 5.

Let x € T(OF) and take the scheme-theoretic fiber @~ !(x) of o above x. By Lem-
ma 3.12, the fiber @ ~!(x) has an integral model over @, which we write ™! (x)o. We
may take the base change of o~ !(x)o to the residue field f of F to obtain a separated
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f-scheme of finite type o~ (x) 7 (which may fail in general to be reduced). Let us abuse
notation by writing &~ (x)(f) = &~ !(x)#(f) and recall the abuses of notation T'( /') and
Ts(f) from Section 3.1.2. Note that by (2.1) we also have T(f) >~ Homg (X*(T), £*)
and Ts(f) ~ Homg(X*(Ts), £*) since X*(T) ~ X*(Tr) with the same action by
Gal(L/F) ~ Gal({/ f), and similarly for Ts.

Let A be a finitely generated subgroup of 7(OF). (Later in Section 5.4, we will take A
to be a finite index subgroup of the global units of a torus over a number field.) Let L'/ F
be a Galois extension with L € L’ such that all geometric components of o~ !(x) for
all x € A are defined over L’. Let p(a~!(x)) be the finite set of geometric components.
There is a continuous action of Gal(L’/F) on p(a~'(x)). Let Fr' € Gal(L’/F) denote a
Frobenius automorphism, and write

a(S,x) =#{y e pl(x):F'y=y} (3.36)

The number a(S, x) does not depend on the choice of Fr/, since the inertia subgroup of
Gal(L'/ F) acts trivially on a1 (x).

Lemma 3.24. Suppose Fr S = S. Then

@(S,x) + Orr(gz *Ngg" P if dim D(S) = 1,

Hg(S,X) = { . s .
a(S, x) if D(S) is finite.

Proof. By definition of 7" and T’s, we have exact sequences
1—>D(S)—>f—>fs,
1 — Homg (¢%, D(S)) — Homg (¢%, T) — Homg (£*, Ts).
By Pontryagin duality applied to « : Ts(f) — T(f) we have an exact sequence

1= (T(f)/aTs(SIN = TH" = Ts(S)H)" .

The local Langlands correspondence for tori over finite fields (Proposition 3.19) asserts
that
T(f)" ~ Homg (X, T),

and likewise for T, since they both split over L/ F, which is unramified. Therefore we
have a commutative diagram

1 — Homg (£%, D(S)) —— Homg (¢X, T) —— Homg (¢%, Ts)
1 —— (T()/a(Ts (/I T(HN Ts(/H)"

By the five lemma, we conclude that

Homg (€%, D(S)) = (T(f)/e(Ts(fIN".
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By orthogonality of characters we have

M<(S,x) = Yo kW
£€Homg (£, D(S))
_ { [Homg (¢, D(S))|  if x € a(T5(f)) C T(f),
0 if x & a(Ts(/).

If x € a(Ts(f)), then

T _ 1T
a(Ts ()~ [Ts(]

In either case, of x € «(Ts(f)) or not, we have

Me(s.x) = D101 (3.37)

ITs ()

We use the Lang—Weil theorem in the form of Corollary 2.9 to count the number of
points on &~ (x) over finite fields. The quantities 7, r, and d associated to @~ (x) s as in
Theorem 2.7 are bounded uniformly as x varies over T (O F ), in terms of the degree of the
equations cutting out 7s and ¢, and dim 7" and dim r. Since there are only finitely many
possibilities for S for a given T, r, the error term in our application of Corollary 2.9 only
dependson 7, r.

By e.g. [26, Theorem 1.72, Definition 1.73], « factors as o : Ts — «(Ts) — T, with
the first map faithfully flat and the second a closed immersion. For any x € a(Ts), by e.g.
[26, Theorem A.73] we have

<(S,x) = [Homg (£, D(S))| = |ker(e : Ts(f) = T())I.

dima ™! (x) + dima(Ts) = dim T,
and by [26, Remark 5.42],
dim D(S) =dim T — dima(Tys).
Combining these, we have
dim T — dim Ts + dimoa ! (x) = dim D(S).
Applying the Lang—Weil theorem (Corollary 2.9) to (3.37), we conclude the proof. |

In the special case x = 1 we state the leading constant in Lemma 3.24 in a more
convenient fashion. Let Fr € G and

a(S) = {y € mo(D(S)) : Fry?" = y}|. (3.38)
Lemma 3.25. Suppose FrS = S. Then

a($)gim PO (1 4 0r,(q7")  if dim D(S) = 1,

a(S) if D(S) is finite.
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Proof. We give an alternative computation of |Homg (£, 7A")| Let x denote a generator
for the cyclic group £*. Then Homg (€%, D(S)) is in bijection with the set {z € D(S) :
Frz = z9F} of possible images of x in D(S). This set is equal to the kernel J of the
G-equivariant homomorphism

qF

D(S) = D(S), z > —.
Frz

We have an exact sequence of G-modules
X*(D(S)) > X*(D(S)) > X*(J) — 1.

The map ¢ is given by ¢(x) = qr y — ¥, where we have written X *(D(S)) in additive
notation. Our goal is to compute the cardinality of X *(J), which equals the cardinality
of J itself.

Write X = X*(D(S)), X; for the torsion subgroup, and Xy = X/X;. The map ¢ :
X — X induces maps X; — X; and Xy — Xy, both of which we also denote ¢. We
write Q = X*(J) for the cokernel of ¢ : X — X, Q, for the cokernel of ¢ : X; — X,
and Qy for the cokernel of ¢ : Xy — Xy. In summary, we have a commutative diagram

1 X; X Xs 1
(OJ l(ﬂ l(ﬂ
1 X, X —"= Xy 1
| )
o

0r—— Q0 —— 0y

The map ¢ is surjective since 7 and g are both surjective.

We show that the top right ¢ is injective. Indeed, let y € X satisfy ¢(y) = 0. Since ¢
is G-equivariant, we also have ¢(x™) = 0 for all i. Since ¢(y) = 0 we have gr x = x',
and so ™ = 0 (mod ¢F). But similarly, since ¢(x) = 0 we have yF* = 0 (mod q%).
Therefore y = 0 (mod qllg;l). Repeating this process ad infinitum, we conclude that y =
0 € Xy, so the top right ¢ is injective.

Then by the snake lemma we see that Q; < @, and so the bottom row of the diagram
is an exact sequence of finitely generated abelian groups. We deduce that Q is finite if
both Q; and Qf are, and in this case |Q| = |Q;||Qr].

Let us begin with Q. The map ¢ on Xy is given in matrices by g/ — A, where A
is some matrix of integers for which A/¢! = I. Putting ¢z I — A in Smith normal form
grl — A =UDV with U,V € GLgm p(s)(Z), we have

V/ Z

Of ~ — X oo X ————
F =4z dgim D($)Z

with each d; equal to g % 1, and so |Qf| = q;i,imD(S)(l + O(gz")) if dim D(S) = 1
and |Qy| = 1 if dim D(S) = 0.
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Now we compute |Q;|. For any endomorphism f : A — A of a finite abelian group,
we have |ker f| = |coker f|. Let J; be the kernel of ¢ : X; — X;, which therefore has
the same cardinality as Q,. But the cardinality of J; is exactly the quantity a(S) defined
above the statement of the lemma.

We have shown that |Q;| = a(S) and

Q)] = gImPS (1 4 0@gpY))  if dim D(S) = 1,
A if dim D(S) = 0.
Since |Q| = |Q¢||Q|, we conclude the proof. |

Finally, we apply the foregoing results on I1<(S, x) to derive the final results for
TI-(S, x). Let

1 ifi €T,
ieTl)=
m ) {—1 ifi eT.
The main tool is (3.28), which we restate for the sets S as
N=(S.x)= Y pu(l€T)-pume T)<(S - T.x). (3.39)
TCS

For a set S we denote
Seea ={neS:oneSforalo e G}. (3.40)
The set Sieq is now G-fixed, and by (3.39) and Lemma 3.22 we have
M<(S, x) = M<(Sted, X). (3.41)
Recall from (1.4) that for faithful r|3 we defined

s {dimD(S)+l

5| SCM, D(S);é{l}}.

Lemma 3.26. Forany @ # S C M such that Fr S = S and
dim D(S) + 1 -

/A7
S|
we have
II-(S, x)
@(S,x) + 01, (qp"*)gamP® i dim D(S) > 1,
=3 a(S,x)—1 if dim D(S) = 0and D(S) # {1}, (3.42)
0 if D(S) = {1}.

If x = 1 then instances of a(S, 1) in (3.42) may be replaced by a(S).
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Proof. Suppose first that dim D(S) = 0 and a(S, x) # 0. Then for any 7 € S we also
have dim D(T") = O since D(T) € D(S). By (3.39) and (3.41) we have

N-(S.x)= ) u(l€T)-pu(m € TIN<((S = Trea. ).
TCS

Since a(S, x) # 0, by Lemma 3.24 and Proposition 3.21 we deduce that y¢(x) = 1 for
all £ € P<(S). Then for any S” € S we also have yg(x) = 1 for all £ € P<(S’). Using
Proposition 3.21 and Lemma 3.24 again, we have
H-(S,x) =a(S,x) + Z peT)---puimeT)a((S — T)req, X).
PATCS
Forany @ # T < S,
dim D(T) + 1 1 1 dim D(S) + 1
dmb@MH+1 _ 1 1 _dmDS+1
17| Tl ISI S|
thus D(T) = {1} by definition of A. For all T # &, we have (S — T)ea & S. Thus, if

(S — T)ieqa # D, then D((S — T)ea) = {1}. On the other hand, if (S — T'),eq = I, then
also D((S — T)rea) = {1} by the faithfulness of r|#. Therefore

N-(S.x)=a(S.x)+ » pleT)-umeT)
PATCS

=a(S.x)—1+ Y p(eT)umeT)=a(S.x)—1,
TCcS

since we assumed S # &. Note that a(S, 1) = a(S) by Lemmas 3.24 and 3.25 when
dim D(S) = 0.

Now suppose that dim D(S) = 1 and a(S, x) # 0. As above, by (3.39), (3.41), Propo-
sition 3.21 and Lemma 3.24 we have

N-(S.x) = ) p eT)--um € TY<((S = T)rea X)

TcS
=q5" PP+ 0@
X > u(d eT)---pum e T)a((S — Tea, x). (3.43)

TCS
dim D((S—T)req)=dim D(S)

If x = 1 then we may use Lemma 3.25 in lieu of Lemma 3.24 to obtain (3.43) with
a((S — T)req) in lieu of a((S — T )req, 1).
Suppose that T is such that dim D((S — T')eq) = dim D(S). If (S — T)eq = I, then

1 <dim D(S) = dim D((S — T)req) = 0,

which contradicts the faithfulness of r| 7. Therefore we may assume that (S — T')req # &
If T # @ then

dim D((S — T)red) + 1 dim D(S) + 1 . dimD(S) +1 _ A
|(S - T)redl |(S - T)red| |S| -
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Therefore D((S — T )rea) = {1}, which contradicts dim D((S — T )eq) = dim D(S). Thus,
the only 7 C S which satisfies dim D((S — T')eq) = dim D(S) is T = @, from which
we deduce the statement of the lemma.

Now suppose a(S, x) = 0, in particular x # 1. If dim D(S) = 1 then by (3.39),
Lemma 3.24 and the triangle inequality, the statement of the lemma holds.

To finish the proof of the lemma, it remains to consider the case dim D(S) = 0. If
D(S) = {1}, then we must have a(S, x) # 0, so suppose dim D(S) = 0and D(S) # {1}.
Suppose |S| = 2 and S is maximal such that dim D(S) = 0 and D(S) # {1}. There exists
uw &S, since D(M) = T. We claim that dim D(S U p) = 1. Indeed, by maximality,
either dim D(S U u) = 1 or D(S U ) = {1}. But the latter case cannot happen since
D(S) # {1} already, and D(-) is monotonic. So dim D(S U ) = 1. But then

dlmD(SU/L)—i-IZ 2 >i;A,
1SV IST+1 [S]
since |S| = 2. This contradicts the definition of A. Hence, |S| = 1. Then
M=(S.x) =) w1l €T)--pu(m € TIN<((S — Trea. )
TCS
= Hs(S,x) — Hg(@,x) =—1.

Here, I1< (S, x) = 0 by the assumption that there exists § € P<(S) with y¢(x) # 1, and
I[I<(@, x) = 1 since only the trivial character appears in the definition of [1<(Z,x). =

3.3. Local conductor zeta function, ramified case

In this section, 7" is a torus over a non-archimedean local field F and splitting over a
finite Galois extension L with ramification index e = ey, not necessarily equal to 1. Let
G = Gal(L/F) be the corresponding group. Let p, B be the maximal ideals of O, O,
and choose a uniformizer 7 of Of. Let NT(O1) be the image of the norm map N :
T(Or) — T(OF). Recall the definition of Ng (s, x) from (3.21).

Theorem 3.27. Suppose that r|z is faithful. For any x € NT(OL) and character 6 of

T (F) that is trivial on NT(Op), the series N (s, x) converges absolutely and uniformly

on compacta in the region

dim D(S)
S|

where S and D(S) are as in Section 2.2 and in formula (1.3).

Re(s) > max{ 1 D(S) # {1}}’

Proof. By Corollary 3.8, Corollary 3.16, and Proposition 3.9 we have

1 1
Neols Y e Y
®/ Re(s)/
renT@pn [CQO- D oy~ [EOL TR

< @@)dx/dx)y" Y q;Re@) Ty cuod)fe

geHomg (OF,T)

(3.44)
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The conductor ¢ appearing in the last line of (3.44) is in fact ¢ = cq; of Definition 3.3,
where U is the standard filtration on (92 (see Definition 3.5). Next, we construct yet
another filtration and compare it to U.

By the normal basis theorem, there exists an element « € L such that {«8 : g € G} is
a basis for L/ F. The {«®} all have the same valuation (e.g. [38, Chapter 2, Corollary 3]),
so by clearing numerators or denominators, there exists 8 € @/ such that {88 : g € G}
is a basis for L. We define an injective map of @ g [G]-modules

f 1 OF[G] = OL
by f(1) = B. Its image has finite index in @y, since {$¥} span L.
Let v = 1 be sufficiently large so that the -adic exponential function
exp : B — 1 + P

is well-defined and an isomorphism. Then let g : Of[G] < O} be defined as the com-
position of the following sequence of injective O g [G]-module homomorphisms:

g;(QF[G]c_>(9Li>§p€Vi>1+i]39Vc_>(QZ,
f xmV exp

The homomorphism g has finite cokernel. Let V" = g(p" O [G]) and V = (V") be the
corresponding filtration of O . For all n > 0 we have

yn c glevten, (3.45)

Indeed, if x € p"OFf[G] then we write x as
=Y a
geG
with ag € p" forall g € G. So we have
F() =" agp® ep” =",
geG

so that f(p"OF[G]) C P°".
Now let us consider the conductor ¢y of a character y of @ with respect to the
filtration 'V (see Definition 3.3) and compare cq and cy. If x| 0 = 1 then cq(y) < n,
L

and if x|y # 1 then cy(x) = n + 1. Similarly, if y|y» = 1 then cy(x) < n, and if
L
xlyn # 1then cy(y) = n + 1. Therefore by (3.45) we have

cy(y) = ecy(y) +ev—e+ 1.

Then

q—RE(S) > cv (uof)

Z q;Re(S) > cu (o) /e < q;Re(x)m(u—H—l/e) Z -

geHomg (0F,T) geHomg (OF,T)
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But now the summand only depends on the restriction of £ to V. We have an exact
sequence

1 — Homg (9f/V°, T) - Homg(OX,T) — Homg (VO, T) — --- .

The kernel is a finite group, since O/ V9 is a finite group and T has only finitely many
points of order dividing the cardinality of this group. Thus

Z q;Re(S) Zu ¢y (uof) < |H0mG ((92/ VO, f)| Z q;Re(S) Z,U. CV(MOS)'
geHomg (OF,T) geHomg (VO,T)

But also
Homg (V°, T) ~ Homg (O [G], T) ~ Hom(Of, T).

If ¢ < v € Hom(OF, 7A”) under this isomorphism, then cy (i o §) = cyw (i o ), where the
latter is the conductor with respect to the filtration W = (p™) of the additive group OF.
Therefore

__INrGs. )|
(8(y)dx/dx"ym
< q;Re(s)m(u—1+1/e) IHomg ((92/ VO, f)| Z q;Re(S) >u 6w(uor).
rGHom(Op,f')

Then one computes as in Section 3.2. Let (cf. (3.24))
H<(c) = |{r € Hom(Op,T) : cyw(po1) < cy forall p e M}|.

Recall the complex diagonalizable groups Dy (c) from (3.29). If | is faithful and ¢ eNM
is G-fixed then

o0 o0
— im Dy
M<(c) = [ ] Hom(p*~!/pk. Di(el = [] q3™ .
k=0 k=0

By the faithfulness of |z, the product is actually a finite product.
Hence we have

INF (s, x)|
(6(y)dx/dx")m
R 1—[00 qdika(c)
< q;‘Re(s)m(fo»l/e)|H0mG((92</V()’ T)|(1 _ q;Re(s)/e)m Z k=0Re(§‘)IC|
ceNM dF

Therefore, Ry (s, x) converges absolutely and uniformly on compacta for

Re(s) > limsup|c|™" ) " dim Dy (c).

ceNM k=0
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Now, recall that for any positive real a, a’, b, b’ with say a/b < a’/b’ we have a/b <
(@a+a)/(b+b") <a'/b'. Forany c € NM we write

le] = ZCMZZ#{,[LICM>]€}.

neM k=0
Then
dim Dy (¢
le[™' > " dim Dy (c) = Lz dim Dy c)
>0 D kso M e >k}
3 Di(e) _  DUu:ie,>kY)
<max ——————— =max ——.
k2o #H{u:cy >k} k=0 #{u:c, >k}
Thus,
dim D(S
limsup |c| ™! Zdika(c) < max {1m—() :D(S) # {1}} |
ceNM k=0 |S|

4. Local archimedean theory

4.1. Local Langlands correspondence, local conductors

We assume in this section that F, L are archimedean local fields, and T is an F-torus
splitting over L. Let I'r(s) = 7~%/2I'(s/2) and T¢(s) = 22n)~*T(s). If (0. V) is a
complex Galois representation of the group Wr, then the L-factor of (o, V') is of the form

L(s.V) = [[TF (s + x0.).
i

where each F; isRor C,dimV =) ;[F; : F],and k,; € C (see [18, Section 3.7]). Recall
the discussion of the local Langlands correspondence for tori from Section 2.3.

Definition 4.1. Suppose F is an archimedean local field. If ¢ is the Langlands parameter
associated to y € Hom(7'(F), C*) by (2.9), then the quantity

c(t.r) = [ [Ukrog.il + DFRS(y)dx/dx) ™

is called the archimedean local analytic conductor of y with respect to the finite-dimen-
sional complex representation 7 of LT,

Note that our definition differs slightly from the standard definition in that the +1
above is sometimes replaced by a 42 or 43. The reason some authors prefer +2 or +3 is
to ensure that as dim V' varies, there are only a finite number of representations of bounded
conductor. Since we will always consider dim r to be fixed in this paper, we prefer +1 as
it makes some of the computations in Section 4.2 more elegant.

The definition of the L-factor L(s, V') for archimedean places is given in [43, Sections
3.1.1, 3.1.2 and 3.3.1] in terms of the classification of the finite-dimensional irreducible
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representations of Wr given in Section 2.2.2 there. Therefore, we must make explicit
parameterizations of the possible Langlands parameters ¢ : Wy, — LT, as well as the
possible representations r : LT — GL(V'), in order to be able to find their compositions
among the classification [43, Section 2.2.2].

We assume until further notice that ' = R and briefly discuss the easier case F' = C
at the end of this section.

An F-torus splits over a quadratic extension L ~ C, and so G = Gal(L/ F) is a group
of order 2, whose elements we write {1, t}. Let us recall the explicit description of the
Weil groups for archimedean local fields. We have

Wr=L*UL"j and W, =L",

where we write elements of W as words in z and j and we have the rules jzj ! = 7z

and j2 = —1. We also have
7 Wp/p = W;,lszX,

where the isomorphism 7 is given by

|2

w(z) = |z and 7(j)=-—1.

Also note that
WL/F = WF .

Now we choose isomorphisms L ~ C and
T(F)~T=R)" x (§H)"2 x (C*)"3 4.1

so that dim 7 = n = n; 4+ ny + 2n3. By computing with the inflation-restriction exact
sequence and using facts about the group cohomology of finite cyclic groups, we have
an explicit parameterization of the L-equivalence classes of Langlands parameters ¢ :
Wy/r — LT,. They are given by

p(z) =

g any o} —af
(|Z|“”,...,|z|w"1 , (H) (H) : ((H) |z, (ﬂ) |z|"’?“3),
z z z z
a;13 —a;,3
. ((H) |Z|w;'3_°"/13’ (H) |z|w’/’3_a;’3)) x1l (4.2
V4 z

0() = (=D, ..., (=D, 1. L (1 (=D)®), ..., (1, (=1)3)) x .

Here, w; € iR, ¢; € {0,1},0; € Z, o € Z, and w; € C with w, — a € iR. We write

and

TN = (iR" x (Z/22)"") x "2 x (iR™3 x Z3), 4.3)

so that Langlands parameters may be parameterized by ((w, €), o, (w’, &’)) € T".
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We also need an explicit description of the representation r. The representation r
decomposes into irreducible representations, and we can parameterize all irreducible rep-
resentations of T by the set of orbits G\ X *(T) using Mackey theory (see [37, Sec-
tion 8.2]). We now study this parameterization explicitly. Corresponding to (4.1) we have
an isomorphism of G-modules

X*(T) > X = Xa(Gm)" X Xu(SH"? x X«(Resc/r Gm)™,

Ux < X,

(4.4)

where X«(Gn) = Z with G acting trivially, X«(S') = Z with t € G acting by sending
—1to 1, and X«(Resc/r Gm) = Z? with T € G acting by swapping the two factors. Each
x € X is contained in a G-orbit of size 1 or 2. We have the following three types of
isomorphism classes of irreducible representations of T

(la) If x is fixed by G, i.e. is in an orbit of size 1, then u, is an irreducible representation
of LT.
(1b) If x is fixed by G, i.e. is in an orbit of size 1, then u, ® (sign) is an irreducible
representation of £ T
(2) If x is not fixed by G, i.e. is in an orbit of size 2, then Vy = Ind;T Wy is an irreducible

representation of dimension 2 of £7. It only depends on the orbit of x. That is,
Vi >~ Vi and this representation is not isomorphic to any other Vy/, x” # x, Tx.

Therefore we get a decomposition

rler = @Mx, & @(Mx ® (sign)) EB@V//

i=1 i=1
for some x;, xl’. which are fixed by G and some xi which are not fixed by G, and where
my +mo +2m3 =m =dimr.

To work out the archimedean L-factor for each Langlands parameter ¢ (as in (4.2))
and each irreducible representation of LT (as in (1a), (1b), (2), above), we must com-
pute these representations of Wr explicitly enough to be able to recognize them in the
classification of irreducible representations given in [43, Section 2.2.2].

(1a) Suppose x is fixed by G. Then
X =:(al,...,anl,O,...,O,(bl 1) ( n3» ng)) (4.5)

The representation of Wy, associated to iy, ¢ is

nj

n3
(x 0 9)(2) = [ 12142 T 12PP@imeD = (r(z))3 Dimr aiwi+Xidi biwj=ap,
i=1 i=1

(s 0 @)(J) = (~) =iz @+ X2 b — () it et o2y eib,
As a character of F'* this is

i= %Ef+zt l
(m) L 1 |y|2 ik ajwi+Y 2, bi(w]—a))
y
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Following [43, Section 3.1.1], the L-function of this character of Wy, F is

L(s, pux o @)

_FR(s+ Za,w,—}—Zb (w; —ot)—i—(Za,e,—}—Zotb (mod2)))

i=1
Here and below, by (n (mod 2)) we mean the integer 0 or 1 according to the value of n
modulo 2.

(1b) Suppose x is fixed by G. Then x is as in (4.5), and we have the characters
of WL/F

(1x ® (sign) 0 ¢)(2) = 1‘[ |z 1‘[ |z[2i (0

i=1
(JT(Z))Z = 1a1w7+21 L bi (wf —otl)

(x ® (sign) 0 9)(j) = —(~D) Xt @&t N2 eibi — (g (j))1+ Rt aiei X2 o
As a character of F* this is
1+Zz ai €’+Zl 1 n n
(M) l 1 |y|% YLy aiwi 32 b (wi—e)
y

Following [43, Section 3.1.1], the L-function of this character of Wy, F is

L(s, px ® (sign) o @)
1 n n3 nj n3

= FR(S + > Za,-w,- + Zbi(w; —a)) + (1 + Zaiei + Za;bi (mod 2))).
i=1 i=1 i=1 i=1
(2) Suppose x is not fixed by G. Then

x=(ala'"aan17cl""’cn»(bl»b/l)» (bi’lga n3))

where ¢; # 0 at least one i or one of the b; # b; for at least one i. Then

(o0 0
(Vxop)(z) = ( 0 (Uex © w)(z)) ’

(o 9) () 0 01
(on@(n—( 0 (erosﬂ)(j)) (1 0)'

In order to find this representation in the classification of [43, Section 2.2.2], we must
recognize it as the induction of some character. We have

(hx 0 9)(z) = 1_[ |z|@iwi l‘[z—azc, || HZ ~a} (bi=b}) | w} (bi+b)~2bla]

i=1 i=1

(,Uvrx O(p)(Z) l_[ |Z|a,w, l_[Za,c, |Z| —a;cq HZal(b —b’ )|Z|w (bj +b))—2b;a}

i=1 i=1
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The power of z in (uy o ¢)(2) is

n2 n3

2 : 2 : I /
— o;C; — Oli(b,' _bi)

i=1 i=1

and the power of z in (f¢x © @)(2) is

n n
Zl:aici + i:oz;(bi — bl/)

i=1 i=1

Exactly one of these two is negative. Following Tate, the rule for recognizing which char-

acter this representation is induced from is: choose (tx © ¢)(z) or (ix © ¢)(z) according

to which has a negative power of z. Then the representation is induced from that character.
The power of |z| in (ux o ¢)(2) is

Zlaiwi+zza,~c, Zw(b + b)) — 2Zb’ !
i=1 i=1
and the power of |z| in (it¢x © ¢)(2) is
Za w; — Za,cl—l—Zw(b + b)) — 22[90{.
i=1

Note that
Zaici—ZZbg l{=<Zaici+zal{(bi_b1{)>_zaz{b Zat i
— Y we =2 i) = (= Y aser = Y b — b)) = Y ajhi — Y by,

Therefore if the power of z in (i © ¢)(z) is negative then the power of |z| in it is

Zaw,—i—Zw(b +b)+‘Za,c,+Za(b Za(b + b)),

i=1 i=1 i=1 i=1 i=1

and if the power of z in (urx © ¢)(z) is negative then the power of |z]| in it is given
by exactly the same formula. So the representation Vy o ¢ of Wi, is induced from the
character of Wy, given by z~%|z|? where

c,—i—Za(b
i=1
Za,wl +Z(w —a))(bi + b)) + ‘Za,c, —i—Za (b; —

i=1 i=1

a =

Then by [43, Section 3.3.1] we conclude that

L(s,o, V)—Fc(s+2a,w,+2(w —a})(b; +b)+‘2a,c,+2a (b; —

i=1 i=1 i=1

)
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We now collect the above results in a more compact form. Given a representation r
we determine a 3 x 3 block matrix M = M (r) as follows. Take a decomposition

m] myp m3
rler = @ nx & €D (1y ® (sign) & P Vir, (4.6)
i=1 i=1 i=1

where each x;, x; € X are fixed by the action of G and each x' € X is in a G-orbit of
cardinality 2. We may write explicitly

X; = (ail»aiZ’~~,ain170’~~-v0’ (bil’bil)""’(bin3’bin3))’ (47)
and similarly for x;. Likewise we may write
" / /
xi = (ailvaiZa-'~7ain1’ci17""Cin2’(bil’bil)""’(bin3’bin3))’ (48)

with at least one ¢;; # 0 or bj; # b];. Now define the matrix

A1 0 B
M=Mr)=|4, 0 B, (4.9)
A; C Bs

where A1 € My, xn, (Z) is given by A1 = (ai;) with a;; asin (4.7), By € My, xn5(Z) is
given by By = (b;;) where b;; is also as in (4.7). Next, A, and B, are defined similarly
to Ay and B, but using the coordinates for x; instead of those of x; as in (4.7). Finally,
A3z € My,xn, (Z) is given by (a;;) where a;; are taken from (4.8), C € M;3xn,(Z) is
given by C = (c;;) where c;; are taken from (4.8), and B3 € M,y;xn5(Z x Z) is given by
Bs = ((bij, bj;)), where (bij, bj;) is also taken from (4.8).

We can write the elements ¢ as length ny + n, + n3 block column vectors, i.e. as

(w, €)
o € (C" X (Z/2)") x Z"2 x (C"* x 7"3).
(w'.a’)

We define block-matrix multiplication as follows. Matrices of the form A multiplied by
an element (w, €) € (iR)"! x (Z/2)"1 are defined to be

Aj(w,e) = %Alw + (A€ (mod 2)),
Ax(w.€) = L A0 + (¢ (mod 2),
Az(w,€) = Azw,

where the products on the right hand sides are the usual matrix products. A matrix of the
form C multiplied by an element («) € Z"2 is defined to be the standard matrix prod-
uct Ca. For (w’, &) € C"3 x Z"3 we also define the product By (w’, ') = By (w’ — ')
where on the right hand side we have the usual matrix product. We also define the multi-
plication of B, in exactly the same way. So, in summary,
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(w, €)
(A1|O|Bl) o = %A1w+B1(w’—oe')
e L (Are + Byod (mod 2)) € (iR x {0, 1})™ (4.10)
and
(w,€)
(A2[0| B2) o = 14w+ By(w' — o)
WD) L (A + Bao (mod 2)) € (R x {0.1)"™. (411

Finally, we define the multiplication of (45|C|B3) by ((w, €), «, (w’, «’)) as follows.
Let B3+ € Mp,xn;(Z) be the matrix (b;; + bl’.j) formed from the entries of B3 and B; €
M5 xn5 (Z) the matrix with entries (b;; — b j). Then we define

(w, €)
(A3|C|B3) o = Asw+ Bf (W' — o)+ Ca + By (/) e (RxZ)"3.  (4.12)
(w',a)

The above multiplication rules for M define a continuous group homomorphism

M : TN — (iR x {0, 1})™1F™2 » (iR x Z)™3,

(w,€) Ar 0 By (w, €)
o > Mp=]A4, 0 B, o . 4.13)
(w', o) As C Bz (w',a’)

Let |- [(mod2) : IR X Z — C be defined by

it if n is even,

it,n =
G2 1) oaz) {it—i—l if n is odd.

Let |- | : iR X Z — C be defined by |(it,n)|. = it + |n|. If M = M(r) is as above,
and ¢ is a Langlands parameter in the explicit form (4.2), let (M ¢); be the ith entry of
Mg asin (4.13).

Proposition 4.2. Let F be a real archimedean local field. With notation and definitions
as above, the archimedean local Langlands L-function L(s, x,r) associated to a repre-
sentation r and a unitary character y € Hom(T (F), S1) is given in explicit terms by

mq mi+mo
L(s,roq) = H Tr(s + [(M@)i| (moa2)) 1_[ Tr(s 4+ [(M@)i + (0,1)] (moa2))
i=1 i=mi+1

mi+mpa+ms3

x 1—[ Ce(s + [(M@)ile),  (4.14)

i=mi4+my+1

where @ is the Langlands parameter corresponding to y by the local Langlands corre-
spondence for tori (2.9).
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Let x € T(F'), which according to the isomorphism (4.1) can be expressed as

X (s Xy XX ) € (R X (SH"2 x (C*)3,
where x; € R* for j = 1,...,ny, xj’- € S for j =1,...,n,, and x]'/ € C* for j =
1,...,n3.If y € T(F)" corresponds to the Langlands parameter ¢ with parameterization

(4.2) under the Langlands correspondence (2.12), then y is given explicitly by

/o
X(x) = (sgn ) - (sgn ) |xa [P0 o [P0 X e x,
IRNCE N
X 1 |x n3 N
x (—' 3,) lxi’lwi‘“i---(—’,’f) Xy s (4.15)
xl xn3

We briefly discuss the case where F is a complex archimedean local field. We have
Wrp = F> and Wg/p = Wj;b = WF. Let us choose isomorphisms F' >~ C and T(F) >~
(C*)". The Langlands parameters ¢ : Wg — T, are given explicitly by

(z) = ((H) l|Z|w‘_°“,..., (E) n|z|w”_°‘”) (4.16)
z z

for some w; € C and «; € Z with w; — o; € iR. We write T" = (iR x Z)", so that
Langlands parameters are parameterized by (w, ) € T”. The irreducible algebraic rep-
resentations are merely the characters of T,ie. X*(f) ~ X = Xu(G)" =Z". 1 r|5
decomposes as

m
rlz = P wx 4.17)
i=1
for x; = (bi1,...,bin) € X, then define the m x n matrix M = (b;;). Then M is a
continuous group homomorphism M : T* — (iR x Z)™ given by

n n
(wﬂﬁeM¢=Mwmm=<Xpﬂw—ﬂﬂ+§:%%Lﬂ ..... INCATY
Jj=1 j=1
Proposition 4.3. Let F' be a complex archimedean local field. With notation and defini-
tions as above, the archimedean local Langlands L-function L(s, x,r) associated to a
representation r and a unitary character y € Hom(T (F), S') is given in explicit terms
by

m
L(s.rog) =[] Tecls + [(M@)il). (4.19)

i=1
where @ is the Langlands parameter corresponding to y by the local Langlands corre-

spondence for tori (2.9).

Let x € T(F) correspond to (x1,...,Xx,) € (C*)" by the chosen isomorphism 7'(F)
~ (C)". If y € T(F)" corresponds to a Langlands parameter ¢ with parameter (w, &)
under the Langlands correspondence (2.12), then y is given by

1(x) = o(x), (4.20)

where the latter is expressible in explicit terms by (4.16).
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4.2. Local conductor zeta function, archimedean case

In this section, F' denotes an archimedean local field and 7 and F-torus. Choose a Haar
measure v on the Pontryagin dual 7' (F)”. Let

_ x(x)
Afp(s,x) = /T(F)A ) dv(y). 4.21)

We assume that F' ~ R until further notice and briefly discuss the simpler case F ~ C
at the end of the section. Recall (4.1) that we have chosen an isomorphism

T(ky) =T = (R)" x (1) x (C*)",

/ "
x»—>(...,xj,...,xj,...,xj,...),

(4.22)

with x; € Rx,x} e S and xJ’/ e C*.
Theorem 4.4. Suppose that r|z is faithful.
(1) The integral Af (s, x) converges absolutely and uniformly on compacta in the domain

dim D(S)
N

(2) For s in the above region of absolute convergence, we have

Re(s)>00:max{ :dim D(S) = 1}.

1 1
AF(S,X) <<T,r,s l_[ 1+‘10g|x]|| 1—[ 1+2‘10g|xj//|”

1<j<n; 1<j<n3
with at most polynomial growth in s in vertical strips.

(3) Forany real oy < 0 <2, Af (0, x) is non-negative real.
From part (1) of Theorem 4.4 we extract the following corollary.

Corollary 4.5. Let F be an archimedean local field and v a Haar measure on the Pon-
tryagin dual T (F)" of the archimedean torus T (F). Suppose that r |4 is faithful. For any
& > 0 we have

v({x € T(F)" 1 c(x,7) < X}) LTorie xoote, (4.23)

The proof of Theorem 4.4 will occupy the remainder of Section 4.2. In Section 4.2.1
we reduce assertion (1) to a problem in combinatorial geometry (see Proposition 4.8).
The main input in the proof of assertion (1) is a Brascamp-Lieb inequality (see Theo-
rems 2.10 and 2.11). In Section 4.2.2, we give some background information on matroids
and polymatroids, and in Section 4.2.3 we solve the combinatorial geometry problem.
Assertion (2) follows immediately. Finally, in Section 4.2.4 we prove assertion (3) of
Theorem 4.4.

Recall that in Section 4.1 we worked out explicitly the local Langlands correspon-
dence for tori over archimedean local fields. Specifically, in (4.2) we explicitly param-
eterized (with respect to choices K,, >~ C and (4.22)) equivalence classes of Langlands
parameters ¢ : Wy p — LT, by

(w, ), a, (W, o)) € (R™ x (Z/2Z)") x 2" x (iR"™> x Z"3) =T,  (4.24)
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Recall the definition (4.9) of the matrix M = M(r), which gives by (4.13) a map M :
A — (iR x {0, 1})™11™2 x (iR x Z)™3. By Definition 4.1, (4.14), and (4.15), for some
constant @ depending only on the choice of v we have

AF(s,x) =
Xw.eaw o (X) /
a f/ e dwdw',
agz EE{OXE}”] werk [T (M) D8 T 1 (|(M ) | +1)2
o' €L R (4.25)

where )y ¢.q.w o is the unitary character of T = (R*)"! x (S1)"2 x (C*)"3 that was
given explicitly in terms of w, €, &, w’, &’ in (4.15).

4.2.1. Convergence. We apply the triangle inequality to A (s,x).Fori=1,...,m+m>,
we have (M¢); € iR x {0, 1} by inspection of (4.10), (4.11). For such i we apply the

inequality
1 1

Vx2 141 |>C|+1

Then we make the change of variables w; > iw; and w — a] =i w ,sothat y € T'(ky)"
unitary implies that w;, w e R.

We introduce some nbtation to record the result (see (4.26)) of the aforementioned
manipulations of Af (s, x). Let M, denote the (my + my + m3) x (n; + n3) matrix

A1 By
Mre = A2 BZ s
As B

where A;, A, Az, By, Bs, B3+ were defined in Section 4.1. Such a matrix acts on w =
(w,w’) € R*"1"3 by the usual multiplication of matrices. Let also

M, = (C Bg,_),

where C and B} were also defined in Section 4.1. The integral m3 X (n -+ n3) matrix
My acts on & = (o, ') € Z"27"3 by the usual multiplication of matrices.
The result of our inequalities and changes of variable is

mi+mo
Afr(s,x) K f/
FeR< ) [ ARy
gezm2 i oy
mj+mo+ms3 1

X — — dw. (4.26)
,-=mll:!,,2+1 (M)} + (Min@)7)'/? + 1)2Re®)

Before proceeding with the estimation of (4.26), we first describe a result in combi-
natorial geometry. Let M € M,,x,(R) with m = n.
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Definition 4.6. For any « = 8 = 1 we say that M is («; §)-biased if there exist o rows
of M such that any basis of R” formed from rows of M contains at least 8 of the distin-
guished o rows.

For example, any full-rank m x n matrix is (m; n)-biased.
We also have the following minor variation on («; 8)-bias.

Definition 4.7. Let M be an m x n matrix with real entries along with a partition R; LI R,
of its rows. For any o1,y = 0 and 8 satisfying o1 + ap = B = 1, we say that M is
(a1, ap; B)-biased if there exist o rows from R; and «, rows from R; such that any
basis of R” formed from rows of M contains at least B of the distinguished oy + a»
TOWS.

Recall the convex polytope Hjs associated to a matrix M from Section 2.4. Write
Il - lloo for the L°°-norm on R™, i.e. for x € R™ we set

[xlloo = max(lxs],.... |xXm]).
The norm || - || i8 a convex and piecewise-linear function on R”. Let
Boo = Boo(M) = inf{||x||co : X € Hpr}. 4.27)

Proposition 4.8. Let M be any full-rank m x n matrix with real entries. Then
Boo = max{f/a : M is («; B)-biased}.

The proof of Proposition 4.8 will be given in Section 4.2.3.

We also need a version of Proposition 4.8 for (a1, az; 8)-bias, and now spell this out
in detail. For x € R™ and a partition of the coordinates of R” into two subsets Ry LI R,
let

IxXllo0,1/2 = max({|xi| : i € Ri}U{31x;]: j € Ra}).

The function | - ||o0,1/2 is @ convex and piecewise-linear function on R™. Let
Boo,1/2 = Boo,1/2(M) = inf{||x|[oo,1/2 : x € Hy}. (4.28)

Proposition 4.9. Let M be any full-rank m x n matrix with real entries equipped with a
partition Ry U R, of its rows. Then

B

m M is (ay, a; ﬂ)-biased}.

Boo,1/2 = max {

We now give the proof of assertion (1) of Theorem 4.4, assuming Propositions 4.8

and 4.9. We begin to estimate AF (s, x) by applying the Brascamp-Lieb inequality (see

Section 2.4) to the integral over w in (4.26). Let m = my + my + ms3, n = ny + n3 and

M = M,.. Partition the rows of M into the first m; + m, and the last m3 rows, as in

Definition 4.7 and Proposition 4.9. The polytope Hjy,, is compact and non-empty, so the
infimum in (4.28) is attained, say by B = (By, ..., By +mytms) € Hy,,.
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We apply the Brascamp—Lieb inequality of Theorem 2.10 to the interior integral of
(4.26) with a; equal to the rows of M = My, p = B,

1
S1(xX) == fmy4my (x) = W’
1

((x2 + (Min@)7) /2 + 1)2Re®)

fori =my +my+1,...,my +my + ms.

filx) =

With these choices, Theorem 2.10 shows that

mi+mp
AF (5.%) <r1 1—{ (el + D7 o
=
mi+mp+m3
< 2 I 2+ @) 2+ 2O o 429)
gezn2tn3 i=mi+ma+1

R)

Next we use the discrete Brascamp-Lieb inequality (Theorem 2.11) to bound the sum
over & in (4.29). Since Mjy, is full-rank, the infimum in (4.27) is attained, say by B’ =
(B,/nl+m2+1, e, B,/nl+m2+m3) € Hpyp,,. Leta;, i = 1,...,m3, denote the rows of Miy,.

We find that x € Hyy,, if and only if
ms3
> xi=ny+ns. (4.30)
i=1
in < rank(spany({a; : i € §})) forall S € {l,...,ms}, (4.31)

ieS

by tensoring with R. Let ¢; : Z"27"3 — Z be given by x > {a;, x). The discussion in
[5, p. 649] shows that (4.30) and (4.31) imply that

m3
rank(H) < Z x; rank(g; (H)) for every subgroup H of Z"27"3, (4.32)

i=1
We apply Theorem 2.11 with G = 72113 G, =7, ¢; as above, p; = Bi’_l, and

1
H( /x2 + a2 + ])2Re(s)
to deduce from (4.29) that

Jilx) =

fori =1,...,ms,

Bl .
Lomptmp+i R)

mi+my
A (s, %) <rr ]_[1 (el + D7 o
i=
mi+ma+ms3

< J1 e +a+ 2o,

i=mi+my+1

R)

M ® ||£Bl_1 o (4.33)
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The right hand side converges as long as

2

s
i=1,...mi+my i=mi+mo+1,..mi+mo+m3

Re(s) > max( max  (B;) max L max(B;, B,’))
= max(Boo,l/Z(Mre)’ %Boo(Minl))- (4.34)

Since r|Tw is faithful, the matrices M. and M, are full-rank and so by Propositions
4.8 and 4.9, AF (s, x) converges absolutely when

Re(s) >

1
max | max L : My is (a1, ap; B)-biased ¢, — max ﬁ : My is (a; B)-biased ).
a1 + 20, 2 o
(4.35)

Let
Ay O B, B

Ay 0 B, B,
As C Bf +By Bf -B;5
As —-C BF —By B +Bj

We claim that

o1 + 2z

max(max {L T M is (a; ﬂ)—biased}, % max {g s My is (a; ﬂ)-biased})
< Boo(M').  (4.36)

Indeed, suppose the first maximum on the left hand side is larger. Then there are @ =
o + oy distinguished rows of M., o; of which are among the first m; + m, rows, and
ay are among the last m3 rows. Choose the corresponding oy rows of M’ among the first
mi + my rows, and the corresponding 2a, rows, i.e. ay pairs of rows of M’ from among
the last 2m3 rows. This set of a7 + 2a5 rows of M’ shows that M’ is (a1 + 2a3; B)-
biased. So by another application of Proposition 4.8,

T {L - My is (o ﬂ)-biased} < Boo(M).
oy + 2o

Similarly, suppose the second maximum on the left hand side of (4.36) is larger. Then

there are o distinguished rows of Mj,, and we choose the corresponding 2« rows, i.e.

« pairs of rows from among the last 2m3 rows of M’. This distinguished set of 2« rows
of M’ shows that M’ is (2«; 8)-biased. So

1 max {B/a : Miy is (: B)-biased} < Boo(M'),

which finishes the proof of (4.36).
Finally, there is a bijection between the rows of M’ and the coweights of r via the
isomorphism (4.4). Under this isomorphism, sets of rows of M’ correspond bijectively to
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subsets S € M of coweights of r, and |S| = « and dim D(S) = B. This concludes the
proof of assertion (1) of Theorem 4.4.

Assertion (2) now follows immediately. Indeed, returning to (4.25), we integrate by
parts once in each variable w;, w}, and apply part (1) of the theorem. We artificially insert
the factor of 2 on the complex places as | - |2 is the natural absolute value on them from the
point of view of algebraic number theory. This factor of 2 serves to make the computations
for final estimate in Section 5.6 more elegant.

Before moving on to the purely matroid-theoretic Sections 4.2.2 and 4.2.3, we remark
that Theorem 4.4 (1,2) also holds when k, >~ C is a complex place upon taking n; =
np, =0andm; =my =0,andn = n3 =dim7 and m = m3 = dimr. Indeed, by (4.19)
and (4.20) in place of (4.14) and (4.15), the generating series A (s, x) is equal to the
expression in (4.25) with n; = ny = 0 and m; = m, = 0, the matrix M as defined
between (4.17) and (4.18).

Continuing as above, the integral that we need to bound is given by (4.26) with M, =
My = M, ny = ny =0, m; = myp = 0. Following the same steps as above, we have
absolute convergence when s satisfies (4.34) with m; = m, = 0, which simply equals
%Boo (M). Since r|7 is faithful, the matrix M is full-rank, so Proposition 4.8 implies that
AF (s, x) converges absolutely whenever

Re(s) > max {f/a : M is («; B)-biased}).

Since there is a bijection between the rows of M and the coweights of r via the isomor-
phism
X*(T) = X«(Gp)" = 7"

(see the penultimate paragraph of Section 4.1), we deduce the first assertion of Theorem
4.4, as before. Note that we did not need to use the “variations” in Definition 4.7 or
Proposition 4.9, nor the paragraph containing the definition of M in the case k, >~ C.

4.2.2. Background on matroids and polymatroids. The key observation in the proof of
Proposition 4.8 is that the definition of («, §)-bias makes sense more generally for
matroids, and Hys is exactly the matroid base polytope associated to the matroid M. To
this end, we next recall some background on matroids and polymatroids. The following
exposition was communicated to the author by R. Zenklusen.

Definition 4.10 (Matroid). A matroid is a pair (N, d) where N is a finite set and 4 C 2V
is a family of “independent” subsets of N satisfying the following axioms:

(1) 4 # 2.

) If Il edand J C I then J € d.

(3) If I,J € J and |J| > |I| then there exists e € J ~ [ such that I U {e} € J.
Example 4.11 (Linear matroid). If N is a finite set of vectors spanning a vector space,

and d is the set of linearly independent subsets of N, then (N, d) is a matroid. One calls
such a matroid a linear matroid.
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If (N, d) is a matroid, then the set of bases B C J is the set of maximal subsets of d,
ordered by inclusion. If (N, d) is a linear matroid, then B consists of subsets of vectors
which form a basis.

Definition 4.12. The rank function of a matroid is the function r : 2V — Z- given by
r(S)y=max{|I|:1€d,ICS}.

If (N, d) is a linear matroid, then r(S) is the dimension of the space spanned by the
vectors in S. By the definitions of 8 and r we have

B={Ied:r()=r(N).

Lemma 4.13. The rank function of a matroid (N, 4) satisfies the following properties:
o r:2N 57
e r is submodular:
r(A) +r(B)=r(AU B) +r(AN B).
e r is monotone: r(A) = r(B) forall B C A C N.
e r is non-negative: r(A) = 0 forall A C N.
r(AU{e}) <r(A)+ 1forall AC N ande € N.

If r : 2V — Z is any function enjoying these five properties, then there exists a unique
d C 2V such that (N, d) is a matroid whose rank function is .

Proof. See [36, Section 39.7]. [

Let (N, d) be a matroid and let 1; € {0, 1}V be the indicator function of 1. If S is a
finite set of points in RY, then we write conv(S) for its convex hull.

Definition 4.14. The matroid polytope of (N, d) is
Py =conv({l; : I € d}) c RV
and the matroid base polytope is
Pg =conv({lz : B € 8}) c RV.

We can also express the matroid polytope and matroid base polytope in terms of the
rank function as follows. Let x € RIZVO, e € N and x, be the eth component of x. For
asubset S C N we set x(S) = ) _,cg Xe. In terms of x(S), we have (see [36, Corol-
lary 40.2b])

Py ={x e RY,: x(S) <r(S)forall S C N}.

Then Pg is one face of the matroid polytope Py given by a supporting hyperplane, i.e.
(see [36, Corollary 40.2d])

Pg=Pyn{x eRY :x(N)=r(N)). (4.37)
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Theorem 4.15 (Matroid intersection). Let (N, d1) and (N, d,) be two matroids on the
same ground set. Then

max{|/]|: 1 € dyNdy} =£Iéilr\1’{r1(A) + (N ~ A)}.

Proof. See [36, Theorem 41.1]. [
In fact, we shall need the following polyhedral generalization of matroids.
Definition 4.16 (Polymatroid). A polymatroid on N is a polytope
Py ={x e RY) : x(S) < f(S) forall S C N}
where f : 2V — Ry is a submodular and monotone function.

Theorem 4.17 (Polymatroid intersection). Let fi, f> : 2Y — Rxq be two submodular
and monotone functions. Then

sup{x(N) : x € Py, N Py, } =£Iéilr\1’{f1(A) + f2(N ~ A)}.

Proof. See [36, Corollary 46.1b]. ]
The following definition generalizes Definition 4.6 from linear matroids to matroids.

Definition 4.18 ((«; §)-bias for matroids). We say a matroid (N, d) is («; B)-biased if
there exists S € N with |S| = « such that

|[BNS|=p forall bases B S N.

Similarly, if N is equipped with a partition N = R; U R,, then we say that a matroid
(N, d) is (a1, an; B)-biased if there exists S € N with [SN Ry| = a1, [SN Ry| = ap
and |[B N S| = g forall bases B € N.

Lemma 4.19. A subset S C N satisfies r(N) —r(N ~ S) = B if and only if for any basis
B € N we have |[BN S| = B.

Proof. “Only if”: Let B C N be any basis. By the submodularity of the rank function,
r(BNS)+r(N~S)=r((BNS)U (N ~9)).
Since BC (BN S)U (N ~ S), we have
r((BNS)YU(N ~S)) =r(N).
However, B N S is independent, so
[ BNS|=r(BNS)=r(N)—r(N~S)=8.

“If”: Suppose that B € B is such that |B N S| is minimal as we range over all bases.
Equivalently, B is such that | B ~ S| is maximal. We claim that B ~ § is under by inclu-
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sion among independent sets which are disjoint from S. From this claim it follows by
definition of the rank function that

|IB~S|=r(N~S9),

andsor(N)—r(N~S)=|BnNS|=§.
If the claim were false, then there would exist e ¢ S U B such that the set

(B~S)Ufep=(BU{ep)~(BNS)

is independent, by matroid axiom (3). Since the set (B ~ §) U {e} is independent and
r(B U{e}) = r(N), we can complete (B ~ §) U {e} to abasis B C B U {e}. But then

(BU{e)~(BNS)=B~S,
from which it follows that
IB~S|=|(BU{e})~(BNS) =|B~S|+1.

This contradicts the minimality of | B N S| among all bases B € B. Therefore the claim
is true. |

Corollary 4.20. A matroid (N, d) is («; B)-biased if and only if there exists S € N with
|IS| =aandr(N)—r(N ~ S) = B. A matroid (N, d) with a partition N = Ry U R; is
(a1, an; B)-biased if and only if there exists S € N with |[S N Ry| = a1, [S N Ry| = an
andr(N)—r(N ~ S) = 6.

4.2.3. Proofs of Propositions 4.8 and 4.9. We begin with the proof of Proposition 4.8.
Considering the level sets of the L°° norm, B, defined in (4.27) becomes

Boo = inf{A = 0: PgN[0,A]" # &}.

(Aside: compare this and (4.37) to the discussion of the Manin conjecture in Section 1.3.)
From the description (4.37) of the matroid basis polytope in terms of the rank function,
we have

Boo = inf{A = 0:sup{x(N):x € PyN[0,A]Y} = r(N)).

Now we re-interpret [0, A]" as the polymatroid defined by the function
f 2V S Rso, f(S) = AlS].
Then, by the polymatroid intersection theorem (Theorem 4.17), we have

sup{x(N):x € Pyn[0, AN} = min{r(4) + f(N ~ A)} = min{r(4) +2IN ~ AJ}

Since this last min is always < r(N), to characterize B it suffices to find the smallest
A = Osuchthatforall A C N,

r(A) + AN ~ A| = r(N), (4.38)
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that is,
Boo =inf{A = 0:7(A) + A|N ~A| = r(N) forall A C N}.

It changes nothing to swap A with N ~ 4, so
Boo =inf{A=0:r(N~A) +AlA| =r(N)forall A C N}.
If A = @ then the inequality is satisfied for all A, so suppose not. Then by Corollary 4.20,

{r(N) —r(N ~A)
|A]

Boo = max

max T A F# @} = Tigx {B/a : (N,d)is (a; B)-biased}.

This concludes the proof of Proposition 4.8.
The proof of Proposition 4.9 is identical, with the following substitutions. The poly-
tope [0, A]"V should be replaced by the polytope

H[O,cek], where ¢, =

eeN

1 ifee Ry,
2 ife e R,.

The corresponding function f : 2V — Rxg is given by f(S) =AY ccs Ce. Instances of
|A| or [N ~ A| should be replaced by D, 4 Ce OF D, cn 4 Ce, Tespectively.

4.2.4. Positivity. To prove assertion (3) of Theorem 4.4 we first establish one-variable
versions of the result.

Lemma 4.21. For all real 0 < o < 2 the Fourier transforms of the following functions
are positive or +00:
1 1 1
W E I (T VA Ve T
Proof. When £ > 0 we have by contour shifting

P e e(—§x)
F® = [m (VxZF1+1)° dx

fx) =

— —2méx 1 _ 1 )d

l/1 ¢ ((ix/x2—1+1)" Cive—i+1 )
oo ,—2méx

i/l e’ (VX2 =T+ 1)7 — (Va2 — 1+ 1)%) dx

x20

x > 0.

xO’

_ 2/°° sin(o arctan v/ x2 — l)e—2n.§x J
1

The value f (0) is clearly positive if it converges, and if £ < 0 we follow the same steps
as above, shifting the contour up instead of down.
Now we show g (&) is positive or +o0. For a real parameter 0 < 8 < 1 define

PO e(—£x)
gp) = /_oo Ny I dx, (4.39)
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so that g(§) = go(§) — 81(§). We have

R _ 0 d R _ 1 o0 e(_gx)
g(é)—/1 @gﬂ(s)dﬂ—o/o ﬂ/m NNy TNy dxdp. (4.40)

Suppose that £ > 0. The inner integral has a branch cut from —if to —ioco. To evaluate
the integral, we shift the contour around this branch. We have

/°° e(—£x) "
oo X2+ BA(VXE 4 B2+ D7

— —2méx 1 1 )d
/ﬁ ¢ (\/xz—ﬂz(i\/xz—ﬂ2+1)"+1+\/xz—ﬂz(—i\/xz—ﬂ2+1)°+l .
oo —2n$x
=2 s e ,32+1)i cos((o +1) arctan(/x2—2)) dx
/2 e—ZnE/\/tanz 0+pB2
=2 — (cos6)° Lcos((c+1)6) db.

0 V/tan2 6 + 82
Now we return to (4.40), change the order of integration, and change variables

Vtan2 6 + B2 — y to find

/2 psecl
g = 2(7/ / e 72" dy (cos 0)° ! cos((o + 1)6) 6.
tan 6

Let i, () be the anti-derivative of (cos #)°~! cos((o + 1)6). By integrating by parts we

have
/2

1
g(%‘) = _20[ —0((8111 9)8—2n§‘se09 _ e—2n§‘tan9)ha(9) do.

o  cos?

Observe that (sin §)e27Esect _ o—278nd < while hy(0) = 0 for all 0 < o < 2 and
0 <60 <m/2. Thus g(&§) = 0 for & > 0. The case £ = 0 is obvious and £ < 0 follows by
a similar calculation. [ ]
It follows from Lemma 4.21 that the Fourier transforms of
1 d 1 n 1
————  an
(x| + 1) (Ix[+ 17 (Vx2+14+1)°

are also everywhere positive or +00.

Lemma 4.22. Forallreal 0 < 0 <2, a € Z>; and & € R/Z, the Fourier series
Z e(B§)
~ (1 +alf])”

is positive or +00.
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Proof. Recall the Dirichlet and Fejér kernels

n—1
D,(x) = Z e(nx) and F,(x)= ’1—12 Dy (x).
k=0

|n|<u

By summing by parts twice we have

e(B)
2 T+ iy

[ee} 1 | .
- Z((a(n R T | S | P 1)0)(" + D Fpt1(8).

n=0

The factor inside the parentheses above is positive by the mean value theorem. The Fejér
kernel is also positive, and therefore the sum of the series is positive whenever the series
converges. |

Lemma 4.23. Forallreal 0 < 0 <2, a € Zx; and § € C*, the function

% e(—|E]x)
Z(f) /R( x2+(aﬂ)2+1)"dx

BeZ

is positive or +00.

Proof. By summation by parts twice and the positivity of the Fejér kernel, it suffices to
show that the second forward difference in 8 of

_ e(=[&1x)
6.5 = /R( X2+ (aP)? + 1)°

is positive. Recall the definition of gg (&) from (4.39), in terms of which we have

B+1 4 v+l g R
fB+2-2f@ 10+ /6.0 = [ L[ gl daay
8 Y Jy do
As in the proof of Lemma 4.21, we have

JB+2.8)-2f(B+ 1.5+ f(B.§)

_ Prla ret % e(—I£lx)
= —0a — ao dxdady
g dv )y —o0 /X2 + (ac)?2(y/x2 + (aa)? +1)o+1
B+1 g4 /2 paftan2 0+(ay+1)2
20/ —_— /
B dy Jo J/tan2 0+(ay)?
n/2 pB+1 (ay+l)e_2”‘§‘““a“2 O+(ay+1)2 aye—anfg'l«/tan26+(ay)2
= —20a/ [ ( — ) dy
0 B Vtan2 6 + (ay +1)2 Ytan? 6 + (ay)?

x (cos 8)° ! cos((o + 1)8) d6.

e 2" gy (cos 8)° " cos((o +1)0) d6 dy
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Recall /1, (6) = 0 is defined to be the anti-derivative of (cos #)° ! cos((o + 1)6). Let also

B+1 d ((ay—i— 1)6—2ﬂ\$\«/tan2 0+(ay+1)2 aye—ZnISI«/tan29+(ay)2) y
— —_— V.
do Vtan2 0+ (ay +1)2 Vtan? 0 + (ay)?

Hp.0.6= [
B
Then, by integrating by parts,

/2
JB+2.6)-2fB+ 1.5+ f(B.§) = 20&/0 H(p.,0.5)hs(0)do.

To prove the lemma, it suffices to show that H(f, 6, §) is non-negative for all 8 € N,
a€Zz,E€C*and0 <6 < /2. Set

2 tan2 6 2 1
Ny, 0,8) = pe 2 EN@2 0477 0 g o2 . 7T|§|\/ani+y3+
Jtan2 0 + y2
so that
B+1
H(ﬁ’ef):/ﬁ (N(ay.6.6) — N(ay + 1.6.)) dy

A/ tan2 6+ (aB+1)2 A/ tan? 0+(a(ﬁ+1)+1)2)

=a_1tan95e029-( —
/tan2 8+ (ap)? /tan2 6+(a(B+1))2

2 1
x e—2”'$'y—”|§|§ . (4.41)
y
Note that 2l
—2T
ie—Zﬂ\é'ly.z]ﬂElz_i_l _ e y7
dy y y

so that the difference of integrals in (4.41) equals, by the mean value theorem,

Y2

e-zﬂsmw(2n|swtan29 Futl_ o ) (442)

tan2 6 + u? Jtan2 6 + u?

for some y, € [af,af + 1] and y; € [a(B + 1),a(B + 1) + 1]. Since the function of u
in (4.42) is decreasing for all u > 0, we conclude that

Y1

H(B,6,&) = 0. (]
We assume that &, is real until further notice. Consider the Fourier dual pair
T = (R)" x (S1)"2 x (C*)"3 < (iR" x (Z/2Z)"") x 2" x (iR"> x Z"3) = T

and the spaces $'(T) and S’(T”) of tempered distributions. Recall M and Mg from
Section 4.1. Let 0 < 0 < 2 and f; € 8'(T") be given for i = 1,...,m; + my by the

function .

filw,e,a,w’,a) = (M) + 1)
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and fori =my +mp +1,...,m; + my + m3 by the function

1
(I(Me)i] + 1)2”

where (M ¢); denotes the ith entry of M (see (4.13)).

Let $6(f) denote the Fourier transform of a bounded measure f on a locally com-
pact abelian group G following [9, Chapter II, Section 1, 2. Definition 3]. The Fourier
transform Fpa (f;) of each of the functions f; € 8'(T”) is also a tempered distribution,
ie. Fr~(f;) € 8'(T). Recall that a tempered distribution L € §’(T) is called positive
if for all non-negative-valued ¥ € §(T) one has L(y¥) = 0. We shall next show that
Frr(fi) € 8'(T) are positive distributions.

Let K C T” be the kernel of the homomorphism

filw,e,o,w’,a) =

iRx{0,1} ifi=1,....my +ma,

(Mg); : T" — .
iIRxZ ifi=mi+my+1,...,my +my + ms.

Then, for any non-negative-valued ¢ € §(T) we have
For (f)(P) = / [ @) Fr() () dg = / £@) / Fa(0) (k) dk d.
T TA/K K

LetTg :={x € T: k(x) =1 for all k € K} so that by Poisson summation (see the remark
following Lemma 2.14), for almost every ¢ € T"/K we have

/ Fa () (k) dk = [ VOFD i = Fry (0)(@).
K Txg

Now let us consider the group T/ K. It is canonically isomorphic to the dual of Tg by
Pontryagin duality; also the map (M ¢); identifies T”/ K with a subgroup of i R x {0, 1} or
iR x Z. The Fourier transform ¥y, ( f;) may then be considered as a tempered distribu-
tion on Tk. Since | f; (¢)| < 1 forall g € T"/K, we have |Frr/x (fi)(g)| < ||gllLoo (1)
forall g € $(Tk). By the Hahn—Banach theorem Fr~  x ( f;) extends to a linear functional
on Co(Tk) (the continuous functions vanishing at infinity) satisfying |Fpr/x (fi)(g)| <
llgllLoo(rg) for all g € Co(Tk). By the Riesz—Markov—Kakutani theorem (see e.g. [32,
6.19 Theorem]), the tempered distribution Fp, g (f;) is given by integration against a
regular Borel measure on Tk, which we continue to write FpA,x(f;). Lemmas 4.21—
4.23 now show that the measure F1~,x (f;) is non-negative and has total mass 1. By the
Plancherel theorem (see [9, Chapter I, Section 1, 5. Proposition 13]) we have

For () (P) = /T PP 47 = /T For s OV (@) dr.

Therefore, the tempered distribution % ( f;) itself is a positive distribution.

By applying the Hahn-Banach and Riesz—Markov—Kakutani theorems again to
Fr~(fi), we obtain a regular non-negative Borel measure p; on T foreachi =1,...m; +
my + m3 such that Fra (f;)(g) = [; g(x) dpi(x) for all g € S(T). By Theorem 4.4 (1)
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and formula (4.25) for Af (s, x), the (m; + my + m3)-fold convolution of the measures
;i is given by a function and in particular we have

mi+mo+m3
Arex) =a( kK w)w
i=1

for all x € T, where a is the positive real factor appearing in (4.25). Since the convolution
of non-negative measures is non-negative, A (o, x) takes non-negative values for oy <
o <2andall x € T(ky), as was to be shown.

The case k, ~ C follows in an identical way by taking n; = n, = m; = my = 0,
n3 =dim7T, and m3 = dimr.

5. Global theory

5.1. Global analytic conductor

In this section, we return to the notation of the introduction. That is, we are given a num-
ber field k and a k-torus T with splitting field K and Galois group G = Gal(K/k). We
choose a finite-dimensional complex algebraic representation r of the L-group L7 (see
Section 2.2 for definitions). Let v be a place of k and denote by k, the completion of k
at v. Let T, = T xj Spec k, be the base change of T to k,. For each v there exists a
valuation w of K extending v such that K, is the splitting field of 7;,,. We know that
X*(Ty) = X*(T) as abelian groups, but the Galois action on X *(T}) is given by restrict-
ing the action of G to the embedded copy of Gal(Ky, / k). Thus, we obtain an embedding
of L-groups LT, < LT for each place v of k. The representation 7 of ©'T" then determines
representations of each £ T}, by restriction.
An automorphic character y € A(7T) admits a factorization

X = ® Xv
v
in which all but finitely many of the y, are trivial on the maximal compact subgroup
of T'(ky).

Definition 5.1. The analytic conductor c¢(x,r) is an invariant of 4(7T") defined by

c(t.r) = [Jeolrv-rler,). (5.1)

where ¢y ()v, r|z,) are local analytic conductors (see Definitions 3.1 and 4.1), all but
finitely many of which are equal to 1.

5.2. Algebraic number theory for tori

We next review the standard theorems of algebraic number theory in the context of tori.
Let Oy, and O, be the rings of integers in K, and k,. Let S, be the set of archimedean
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places of k. Recall the notation

Tp = ]_[ T (ky) % ]_[ T(0,)

VESo VE€Soo
and the global units U(T') of the torus T defined by
U(T) :=T(k) N Ty.

According to Dirichlet’s units theorem [40], the abelian group U(T) is finitely generated.
We also have a short exact sequence of locally compact Hausdorff abelian groups

1 - T(k)Tx — T(A) - CI(T) — 1, (5.2)

where the cokernel is by definition the (finite) class group of 7" [28, Theorem 3.1].
Instead of U(T') and CI(T'), we need the following minor variants of these objects.
Let NT(Oy) be the image of the norm map N : T(Oy) — T(Oy). Let

Tva:= [] Ttko) x [ NT(Ow). (5.3)
VESso VE€So0
We call the set
Un(T):=Tk)NTya (5.4)

the global norm-units of the torus T. Recall that for all unramified non-archimedean
places of k we have
NT(Ow) =T(Oy)

by Lemma 3.13, and for all ramified non-archimediean places N 7(0y,) is a finite index
subgroup of 7(0,) by Lemma 3.14. Thus, the global norm-units Uy (T) is a finite index
subgroup of the global units U(T') and thus a finitely generated abelian group itself. We
also have the short exact sequence

1 — T(k)Tya — T(A) — Cly(T) — 1 (5.5)

with finite cokernel Cly (7). We call Cly (T') the norm-class group of T .

5.3. Global conductor zeta function

Recall the (twisted) local generating series Nr and Af from (3.21) and (4.21). Let

1
Y(s) := T > o T At [T Ney(s.x). (5.6)

0eCly (TH)N xeUpnN(T) vESso DEAYSY

In Section 6.1 we will prove that Y (s) equals the global generating series Z(s) of Theo-
rem 1.10 up to a constant depending only on the choices of Haar measures on #A(7) and
T (ky)" for v archimedean.

Recall A, C~;, io, m = dimr from Section 1.1 and R = R(c) from (1.12). The goal
of this section is to prove the following theorem (cf. Theorem 1.10).
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Theorem 5.2. Suppose that r|; is faithful. The series Y(s) converges absolutely for

Re(s) > A and extends to a meromorphic function in the open half-plane Re(s) >

A —min(2~Y, m™2). There exists ¢ = c(T,r) > 0 such that the function Y (s)

e has a pole at s = A of order |G\ Xo| and no other poles in R(c) (respectively, in the
half-plane Re(s) > A —min(2~!, m™2) if the Artin conjecture holds),

o grows slowly in R, i.e. there exist J = J(T,r) > 0and 0 < ¢’ = ¢/(T,r) < ¢ such that
forany s = o + it € R(c’) avoiding any small neighborhood U of A we have

Y(o +it) <rru (log(lt| +3))7,

o has moderate growth in a vertical strip if the Artin conjecture holds, i.e. there exists
K = K(T,r) > 0 such that for any s = o + it witho > A —min(2~', m~2) avoiding
any small neighborhood U of A we have Z(o + it) <L1rov (1 + [t)K.

Convention: In Theorem 5.2 and throughout the paper, whenever we say “the Artin
conjecture holds”, we mean that the finitely many (depending on 7, r) Artin L-functions
associated to the complex Galois representations in the hypothesis of Theorem 5.4 are
entire (except that a pole at s = 1 is possible when the representation is trivial).

Following Tate [43, Section 3.5] we take i to be a non-trivial additive character of
A/ k and dx the Haar measure on A such that | Jk dx = 1. Let yr, be the local component
of ¥ ataplace v, dx = [[, dx, be any factorization of dx into a product of local measures
such that the ring of integers (O, at all but finitely many v gets measure 1, and §(v/,) be
the function defined in [43, Section 3.4.5].

Recall the positive integer A from (1.7). Denote by B the set of finite places v of k for
which either

e v isramified in K/k, or

* (A, qr,) # 1.
Let

Us,x) =[] G@w)dxu/dx))*™ Ny, (s, x),

v¢BUSo

Ris,x)= > []6®)dx,/dx})™ N, (s, x),

6eCly (T)N veB

As.x) = [ (Ww)dxy/dx,)™ A, (s, x).

VESco

Recalling (3.23) that Ng, (s, x) does not depend on 6, when v is unramified, we see by
definition that

1 I\—Sm
Y(s):W]:[(S(wv)dxv/dxv) XGUZN:(T)A(s,x)U(s,x)R(s,x). (5.7)

By [43, Section 3.5] the product
[ [(6(w)dx,/dx))

v
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does not depend on the factorization of the global dx, nor on the choice of global additive
character v, but only on k. To determine the analytic properties of Y (s), it suffices there-
fore to determine the analytic properties of A(s, x), U(s, x), and R(s, x), and to show that
the sum over x € Uy (T) in (5.7) converges absolutely.

5.4. Unramified places

Set
Unax(s) ==  sup |U(s, x)|.
xeUn (T)
Theorem 5.3. Suppose that r|; is faithful.

(1) The series U(s, x) converges absolutely and uniformly on compacta in the right
half-plane Re(s) > A. It admits a meromorphic continuation to {s : Re(s) >
A —min(27Y, m™2)} and Upnax(s) is finite whenever s is not equal to a pole of some
U(s, x) for any x € Uy (T).

(2) There exists an effective constant 0 < ¢ < min(2~', m™2) depending on r, T but inde-
pendent of s, x such that the only pole of U(s, x) in the region R(c) is at s = A.

(3) There exist effective constants J > 0and 0 < ¢’ < ¢ depending onr, T but independent
of s such that for all s € R(c') avoiding a small neighborhood N surrounding A we
have

Unx(8) < (log([Im(s)] + 3)).

(4) The series U(s, 1) has a pole at s = A of order |G\ | with positive leading constant
in its Laurent series expansion.

(5) The possible pole of U(s, x) at s = A is of order < |(~;\§0|, has positive leading
coefficient, and Laurent series expansion bounded by that of U(s, 1) at s = A.

Theorem 5.4. Suppose that r|z is faithful and that the Artin L-functions of the irre-
ducible representations V; of T = Gal(K'/k) that arise in (5.22) are entire up to a
possible pole at s = 1, where K' is given in Definition 5.5.

(1) The only pole of U(s, x) when Re(s) > A —min(2~ ', m™2) isat s = A.

(2) There exists K = K(T,r) > 0 such that for all s with Re(s) > A —min(2~!, m~2)
and avoiding a small neighborhood N surrounding A we have

Umax(s) <<T,r,N,Re(s) (1 + |Im(s)|)K

We devote the rest of this section to proving Theorems 5.3 and 5.4.

First, let us reintroduce some of the structures of Section 3.2 in our global context. Let
M be the multi-set of coweights of r (recall Definition 2.5) and S be a subset of M. Let
Gs = Stabg S € G = Gal(K/k). Then Gg acts on S, and also on its complement S°.
Let Ks be the intermediate field in the extension K/k corresponding to Gs under the
Galois correspondence.
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Define the K g-torus Ts by taking its cocharacter lattice to be Z!IS“!, where the coordi-
nates are indexed by u € S¢ with Gy acting by permuting these. Let o : Ts — T be the
map of Kg-tori given by the map of cocharacter lattices

o 1 25V S X (T), (0,....1,...,0) — L, (5.8)

where the 1 is in the pth entry and the other coordinates are all O (see Lemma 2.3 and the
evaluation pairing (2.2)). Given a K g-point x of T, let @~ ! (x) be the fiber of & over x and
let p(a~1(x)) denote its set of irreducible components. Recall the constant A from (1.7).

Definition 5.5. Let K’/ k be the minimal Galois extension over which all geometric com-
ponents of ! (x) for all S and x € Uy (T) are defined and which contains the Ath roots
of unity.

Note that Lemma 2.6 guarantees the existence of K’, and that the Galois extension
K= K(uy) is contained in K’, where K is the splitting field of 7 and u is the group
of Ath roots of unity. Let I' = Gal(K’/ k). The finite group I acts on the set p(a~!(x))
of irreducible components for any x. We will show later that if x = 1, the action of I on
p(a~1(1)) = mo(kera) factors through T — G.

Now let us consider a place v of k, which we assume for the rest of this section
satisfies v € Seo U B. To each such place there is associated a prime ideal p of k, and we
have gx, = N(p), the absolute ideal norm of p. The valuation w extending v introduced
in Section 5.1 determines a unique prime ¥ of K lying over p. If Frg € G fixes S, then
since p is unramified we may base change the Kg-tori Ts and T to k,, so that the results
of Section 3.2 apply to Ts x,, Tk, and @~ (x)g, with the decomposition group Dy € G
at p playing the role of the local Galois group Gal(L/F).

For each such 8 we also choose a prime " of K’ lying over 3. The decomposition
group Dy C T at p plays the role of the local Galois group Gal(L’/ F) from Section 3.2.
All of the geometric components of &~ !(x), for all x € Uy (T) are defined over Ogy
and can be base-changed to the finite residue field of the completion K{B,.

We have the restriction map I' — G under which Fryys = Frg . When x =1 € Un(T)
we will also use the map

G — G x Gal(k(£2)/k), Fry = (Frg, N(p)), (5.9)

where N(p) € Gal(k({))/ k) denotes the automorphism of k({;) sending a primitive Ath
root of unity £, to Eiv(p) (see (1.9)). In particular, the value of N(p) modulo A is deter-
mined by Frg/ € G.
By (3.27) we have
I=(c,x)
U(s,x) l_[ Z (p)s\cl

PE€B ceNM

Definition 5.6. If F;(s) and F,(s) are meromorphic functions defined in Re(s) > oy,
i = 1,2 and there exists an analytic function G(s) given by an absolutely and uniformly
convergent Euler product in Re(s) > o¢ such that F;(s) = G(s) F»(s), then we say that
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Fy equals F, up to an absolutely convergent Euler product in Re(s) > oo and write
Fi; ~ F, in Re(s) > op.
Lemma 5.7. Suppose Fy and F, are as in Definition 5.6.

(1) If F1 = F, in Re(s) > 0y, then Fy admits a meromorphic continuation to Re(s) >
max(ogp, min(oy, 03)).

(2) The relation = defines an equivalence relation on meromorphic functions on Re(s) >
max(ogy, min(oy, 03)).

(3) If F1 =~ F, inRe(s) > 0y, then F; and F, have the same poles of the same orders in
the domain Re(s) > max (o, min(oy, 03)).

The proofs are easy exercises, so we omit them. Since we do not give an expression
for the leading constant in Theorem 1.1, it suffices to study U(s, x) up to &~ equivalence.
Recall the change of variables ¢ <> S given by (3.33), (3.34), and let

IM=(S, x)
UO(S9x) 1_[ Z N(p)sm
p€B SCM
Lemma 5.8. U(s, x) ~ Uy(s, x) inRe(s) > A — (2m)~ L.
Proof. 1Tt suffices to show that the product

> eenm (e, X)N(p)~*°!
Zce(O,l)M H:(C,x)N(p)—slcl

(5.10)
p¢B

converges absolutely and uniformly on compacta in Re(s) > A — 2m
Consider p ¢ B with N(p) sufficiently large. The factor of the product (5.10) at p is

II—(c, x IM—(c,x IM—(c,x
1+ > €.x) > H-(e.x) > LLIGEIA P (5.11)

N(p)lel N(p)sle! N(p)sle!

ceNM ceNM cef{o, 3
maxcMZZ max ¢y =2 c#0
We may assume that any ¢ € NM appearing in one of the sums in (5.11) is Dg-fixed,
since otherwise I1=(c, x) = 0 by Lemma 3.22. We have the trivial bounds |[T1=(c, x)| <
IMM=(c,1) < <(c, 1) and by Proposition 3.21 and Lemma 3.24 the bound

oo
Me(c. 1) <z [ [ N Px©.
k=0

Note that
o0
el =Y HueM:c,>kll.
k=0
SO
M=(c, x)

00

dim Dy (c)—s|{p: cpu>k}|

Ny € []Nw :
k=0
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Therefore, e.g. for the first sum in (5.11) we have

H o0
Z —(c,x) < Z l_[N(p)dimDk(c)—s\{uzcu>k}|.

slel
N(p) cimaxcy =2 k=0
max ¢y =2 I=(c,x)#0

By Lemma 3.23 the product here has at least two non-one factors for each ¢ in the outer
sum. Now we take the product of (5.11) over p ¢ B, and find that (5.10) converges abso-
lutely and uniformly on compacta in the region

dim D(Sy) + -+ +dim D(S;) + 1

Re(s) > sup max { :D(S)) # {1}}. (5.12)

isp 1SS |S1] =+ -+ [Si
s
Lemma 5.9. Let i = 2. For any real numbers ay, .. .,a;, andany 1 <cy,...,¢; <m,
a4+ da; +1 a; +1 _
1 ! < max — —@m)~".
c1+ - +c J=1,..i Ci
Proof. It suffices to handle the case i = 2. Suppose without loss of generality that —“ICTI =
“ijl,i.e. c2ay1 —c1az + ¢2 = c1. Then
ar+1 ar+ax+1  ctacx—caz a !
_ — Z 2 P n
c1 a1t ci(cr +¢2) ciler+e2) = 2m

By Lemma 5.9, we conclude that (5.10) converges absolutely and uniformly in the
region Re(s) > A — (2m)~L. ]

We arrange the product Uy (s, x) over (finitely many) conjugacy classes C C I':

Uss.x) =[] [T D O=S.x)N@) 5. (5.13)
CCI' pgB SCM
FrgB/GC

Lemma 5.10. Let

dim D(S) + 1
Egnz{SgM:S;é@,FmS:S,%;A}. (5.14)
Then
U0~ [T TT (1+ X m=s, 0N =)
CcTl' p¢B Sex®
FrsB/EC

inRe(s) > A —min(2~1, m2).

Proof. By Lemma 3.22,if Frg $ # S then I1— (S, x) = 0. Consider the sets @ # S € M
which satisfy Frg S = §, and take

M <{o)Pr = 2P L 2P,
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Let
Fe=T] TT (1+ X n=s.oNvm™s),
Ccl' p¢B Sex®
Frqy €C
Be=T] ] (1+ 3 Hz(s,x)N(p)—S‘Sl).
Ccl' p¢B Sex B¢
Frgy €C
By Lemma 5.9,

[T IT 2 0= 0N®~P~ Fi(s)F(s)
O e S

in Re(s) > A — (2m)~!. Note that for any S € =% we have

— % >m2, (5.13)

since A and % are two elements of the Farey sequence of order m. By the estimate

[TI=(S,x)| < <(S, 1), Lemma 3.24, and (5.15) we find that F,(s) converges absolutely
and uniformly in the region Re(s) = A — min(2™!, m~2). Thus, Up(s, x) ~ Fi(s) in
Re(s) > A —min(2~!, m™2). |

Recall the quantity a(S, x) from (3.36). Similarly, let

ac(S,x) =#{y € pl@™(x)) : Fry y = y}, (5.16)

which only depends on the conjugacy class C C I' of Frgqy. Likewise, recall a(S) from
(3.38) and let
ac(8) = #y € 7o(D(S)) : Frg y¥® =y}, (5.17)

which also only depends on the conjugacy class C € I' of (Fry, N(p)) via (5.9). By
Lemmas 5.8, 5.10 and 3.26 we have

im s ac(S,x) if dim D(S) =1
v~ T T (1+ X N2 'S'{ L
CCT peB Senp ac(S,x)—1 if dimD(S) =0

Fhec (5.18)

in Re(s) > A — min(2~!, m~2), where we may replace ac (S, 1) by ac(S) when x = 1.
Note that if % > A then D(S) = {1} by the definition of A, and so ac(S,x) =1
and the term corresponding to S above vanishes.

We split up the sum in (5.18) over the possible values of (dim D(S), |S|). The param-
eter space is

1
P={(a,b):0$a§n,l$b$m,az =A}.
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Since the case a = 0 is different in (5.18), we also introduce

1
Py = {(a,b):l$a$n,1$b$m,a—bl— =A}.

If A =1,then P = Py U{(0, 1)}, and otherwise P = Py. Let also
Yap =4S € £:dim D(S) =a, |S| = b}, (5.19)

so that

Y= |_| Sab

(a,b)eP

Note that X ;,4 is non-empty only if A = 1. With this notation, we have

U(s, x)
~ H l_[ Z (1I+ N(p)_s)aC(S’x)_l H Z 1+ N(p)a—bs)ac(S,x)
CCI' pgB SeZo (a,b)ePy SE€Tq 4

Frop/ eC Frg S=S Frp S=S (520)

in Re(s) > A —min(2~!, m™2), with optionally ac (S) in place of ac (S, 1) if x = 1. Let

(5.21)

ab —

s _ {{(&y) 18 €S0y y € pla” ()} if (a.b) # (0. 1).
{(S.9):8 € Zor. y € pla* ). y # 1} if (@.b) = (0.1).

The group I' acts on each ia,b through G on S and through its Galois action on
p(a~1(x)). If x = 1, the action factors through the action of (g,y) € G x (Z/AZ)* on
elements (S, y) with y € mo(D(S)) and is given by (g, y).y = gy?.

Let us further decompose the action of I" on ia,b into orbits, ia,b =]]0. Let Vg
be the permutation representation of I" acting (transitively) on @. Let Yo be its character
and C a conjugacy class of I'. Then ¢ (C) is the number of Frgq-fixed points on @. In
these terms, we have

U(s, x) ~ l_[ l_[ 1_[ H (1 4+ N(p)*bs)vo(©),

CcT' p¢B (a,b)eP 9c%,,
Frqy €C '

Now we decompose Vg into irreducible representations V; of I" so that

Vo =@V and Yo =) movi (522)
i i

for some mg,; € N, where ; is the character of V;. Then

v~ [T TT T T TT0+wne )™

C<I' p¢B (ab)eP 9cS,, i
Fryyr€C -

in Re(s) > A —min(2~1, m™2).
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Moving the products over C and p to the inside, we have

Us.x)~ [] T1 [T1L®®s—a viyme: (5.23)

(a,b)eP Ogia.h i

in Re(s) > A —min(2~!, m™2), where L®) (bs — a, V;) denotes the Artin L-function
attached to V; with archimedean primes and primes in B omitted.

By Lemma 2.6, the group I is finite and does not depend on x € Uy (T). Therefore
there are only finitely many irreducible representations V; of I', and so the product over i
in (5.23) has finitely many factors, bounded uniformly in terms of x. By the first part
of Lemma 2.6, the dimension of Vg is uniformly bounded in terms of x. Therefore, the
multiplicities me ; as well as the degree and conductor of the (partial) Artin L-functions
on the right hand side of (5.23) remain uniformly bounded as x varies over Uy (T') (but
depend on r and T, of course).

By the Brauer induction theorem and class field theory, for each V; there exist finitely
many intermediate fields k € K; C K’, Hecke characters y ; of K; and multiplicities
mj €Z,j=1,2,...,such that

L(s. Vi) = [ L. x)™. (5.24)

Part (1) of Theorem 5.3 now follows from the analytic continuation of Hecke L-functions
and the uniformity statements of the preceding paragraph.

Although it is expected that the critical zeros of any L(s, y;) appearing in (5.24)
with m; < 0 cancel with the critical zeros of some L(s, ;) in (5.24) with m;» > 0 (the
Artin conjecture), at present we cannot exclude the possibility that those j with m; <0
contribute infinitely many poles to L(s, V;) inside the critical strip. The hypothesis in
Theorem 5.4 asserts that precisely such a possibility does not occur, in which case asser-
tion (1) of Theorem 5.4 is immediate.

Applying (5.24) to (5.23), assertion (2) of Theorem 5.3 follows from the zero-free
region for Hecke L-functions in Lemma 2.12 upon taking

1
min min c()(j) 271 _2}, (5.25)

¢ =mm {(a byep b(logh 1 1) O jimy<

which is in particular independent of x. Moreover, applying the lower bounds of
Lemma 2.13 to any L(s, x;)"™ with m; < 0 and the upper bounds of [16, Theorem 1]
to any L(s, ;)™ with m; > 0 in (5.24), we obtain assertion (3) of Theorem 5.3 with ¢’
constructed from ¢’(y;) as in (5.25).

Since L(1, y) # 0 for any Hecke characters y (see Lemma 2.12), the number of poles
at s = A appearing in (5.23) is equal to the number of trivial representations appearing
among the representations V;, counted with multiplicity. By e.g. Serre [37, Section 2.3,
exercise 2.6], the number of trivial characters is equal to the number of orbits

> IN\Easl-

a,beP
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If x = 1 then this matches |G\ £¢| as defined in the introduction. Thus we have established
part (4) of Theorem 5.3.
For s with Re(s) > A we have |U(s, x)| < U(Re(s), 1). Therefore

3 IN\Eas] < 16\l
a,beP

for any x € Uy (T'), and the Laurent series expansion of U(s, x) around s = A is bounded
in absolute value by that of U(s, 1). By e.g. (5.20), the leading constant in the Laurent
expansion is positive real. This establishes part (5) of Theorem 5.3.

Lastly, if the Artin conjecture holds, the Phragmén—Lindel6f convexity principle
applied to the strip —1 < Re(s) < 2, say, asserts that the L-functions L(s, V;) have at
most polynomial growth in their critical strips. Therefore, there exists K = K(r,T) > 0
independent of x such that when s has Re(s) > A — min(2~', m~2) and s avoids a small
neighborhood N around s = A, we have

U(s, x) <L T,r,N,Re(s) 1+ |Im(s)|)K, (5.26)

establishing assertion (2) of Theorem 5.4.

5.5. Ramified places

Lemma 5.11. Suppose that r |4 is faithful. The function R(s, x) converges absolutely and
uniformly on compacta in the region Re(s) > A —m™2. It takes a positive value at the
point s = A.

Proof. Recall that

Rs.x)= > []GWwdx,/dx,)™ Ni,(s.x). (5.27)

6eCly (T)N veB

We saw in Section 3.3 for each v € B that (8(yy)dxy/dx))*™ N, (s, x) converges abso-
lutely and uniformly on compacta in

dim D(S)

Re(s) > max{ 5|

D) £ = A=,
a region which includes the point s = A. Since the sum over class group characters in
(5.27) is finite and B consists of finitely many places, the function R(s, x) converges
absolutely absolutely and uniformly on compacta in the region Re(s) > A — m~2. The
first statement of (5.11) holds.

We now show the second assertion of Lemma 5.11. The product over v € B is a finite
product. Let us enumerate the places appearing as vy, ..., Us. Let us denote by

c||BI%

the set of all positive integers ¢ of the form q,'c'i .- q,':; forny,...,ns € N. In this section,
1 s
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we write ((d) for the Mobius function defined with respect to numbers d | | B|°°, that is,
where g, plays the role of the primes. For ¢ | |B|*® we let

S
r( U'GU‘)
HE = {0, for. - 20)) € Cly (D) x [T NT(0u)" : g = c},

veEB i=1

where c; is the Artin conductor associated to y,; 6, via r. We also define

s
r(Xv; Ov;)
H. = {(6,)(1,1,...,)(%) € Cly(T)" x l_[ NT(Oy)" : q,ivix R c}.
vEB i=1

The set H, is a group. We have the relations
He=|JH; and H} =|Ju(d)Hea.
dlc dlc

where the unions are over integers d | | B|* which also divide ¢, and u(d) is defined as
before.
In terms of these definitions, we have

Re= Y & X e

cllBI®  (8,xvy s Xvg)EHE

YT Y @

c||B|*>® dlc (G,lea~-~axvs)€Hc/d
1\7! 1
=X ) X = D ), ().
c||B|>® cllBI*® — (8,xvy s Xvs)EHe

The first factor is evidently positive real for all s > 0, since it is a product over finitely
many “primes”. By orthogonality of characters, the second is a Dirichlet series with non-
negative integer coefficients, hence it takes a positive real value wherever it converges
absolutely. [ ]

5.6. Global convergence

In this section, we prove Theorem 5.2. First we show that the sum in (5.7) converges
absolutely and uniformly on compacta in Re(s) > A — min(2~1, m~2).
Foreach v € S, let

(R*)" x (12 x (C*)"3  if v is real,

oy :Tk)—>T=
(cH" if v is complex,

be the corresponding embedding. Let S o and Sz o be the sets of real and of complex
archimedean places, respectively. By formula (5.7), Theorems 4.4, 5.3, and Lemma 5.11,
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for any s not coinciding with any pole of any U(s, x) and with Re(s) > 4 —min(2~!,m~2)
we have

Y(s) Krro D UG X)||R(s.x)|x
xeUnN(T)
ni+nx+n3

1_[ 1_[1+|10g|(c7vx)j|| 1_[ 1+2|10g|(0vx)j|| 1_[ 1_[1-1-2|10g|(crvx)j||

VES] 0o j=ni1+ny+1 VES? oo j=1
(5.28)

Let J denote the set of pairs (v, j) appearing on the right hand side of (5.28), i.e.

J= J . j):j=1...nuni+na+1.....n +ny+ns}

UESLOO

u |J {ep:j=1...nh.

vGSz'oo

For any (v, j) € J, we set

R* ifveSieoandj=1,...,nq,
E;-):pl‘jOO'UZT(k)—) (ks ifveSl,ooandj=n1+n2+1,...,n1+n2+n3,
C* ifveSycandj=1,...,n,

to be the composition of ¢, with the projection to the jth entry of T.

Since R(s, x) is a finite sum, we have the bound |R(s, x)| < R(o, 1), where s = o + it.
By positivity, we extend the sum over Uy (T') in (5.28) to U(T'). Since roots of unity have
absolute value 1, the summand only depends on U(T')/ U(T )rs, S0 We reduce to this at
the cost of a factor depending only on 7. Thus for s with Re(s) > A — min(2~!, m~2),

1
Y(s) <rTw Unan (R 1) > I1 AT (5.29)
X€U(T)UT)on .y - 108157 0

The set {SJ’-’ : (v, j) € J} forms a basis for [[,cs X*(T)C*v . Following standard
notation, we write ro, = |J| for the rank of this finite-rank free abelian group, i.e.

roo = rank( [T X*(1)%) = 37 rank(X*(1)%) = |1 el (n1 +12) + |S2,celn.

vVESso VESso

Similarly, let ry = rank X *(T)Gk . By Dirichlet’s units theorem for tori [40], we have
rank U(T') = roo — rg. Accordingly, let {€1, ..., €, —r, } be a Z-basis for U(T) / U(T )iors.
The roo X (Foo — F) matrix

@ = (log & () v)w.jyes.i=1....reo—rx

is called the regulator matrix of T .
It is a key fact in what follows that any choice of ro — 1y rows among the r, rows of
the regulator matrix ® yields a non-singular square matrix. As observed by M. H. Tran in
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his thesis [45, Definition 7.2.2], this fact follows from the proof of Dirichlet’s units theo-
rem for tori [40], and goes back to [28, Section 3.8] in the case k = Q. The absolute value
of the determinant of any such square submatrix of ® is by definition the regulator Rt
of T as appears in the class number formula for 7' [46, Theorem 1.3].

Writing @;-’ for the (v, j)th row of the regulator matrix ®, the bound (5.29) becomes

Y(s) <1 Unax(8)R(0, 1) Z ]_[ - (5.30)

v
nezroo—rk (U,j)EJ 1 + |(¢]5n>|

with (-, -) the standard inner product on R"e "%

If T is anisotropic, then U(T) is finite so the sum/product in (5.30) is trivial, and the
first assertion of Theorem 5.2 follows immediately.

Suppose then that T is isotropic. For x € R one has (1 4+ |x|)™' < (1 4+ x2)"/? and
the latter is smooth. Since the summand

1
w.nes J1+ (P}, n)?

has well-controlled partial derivatives, we may bound the sum in (5.30) by an integral to

obtain |
Y(s) <1 Unax(s)R(0, 1) _ (5.31)

XERTOTR () hyes 4/ 1+ (@], x)?

Now, we are in a position to apply the Brascamp-Lieb inequality to (5.31). We apply
Theorem 2.10 with m = roo, B = roo — g, the matrix M = ® the regulator matrix with
rows a? = ®?, and f(x) = (1 + x?)7"/2 forall (v, j) € J. Recall the definition of the
polytope He from (2.13) and (2.14). Since @ is full-rank, He is compact. Then, there

exists a point in He, say (d;))(v’j)ej € Hg, for which the infimum
Boo(®) = inf{|[x[loc : x € Ho}

is attained (recall (4.27)). Applying Theorem 2.10 with p = (d JV)(v, jes and the other
parameters chosen as above, we obtain

/ [1 : I1 ( / 1 )djv (5.32)
— <71 S — .
xeR/ oo~ Tk 1 + (q)}),x)z r R (1 + x2)1/(2d_/)

(v,j)eJ (,7))eJ

Now, to show that the sum over Uy (T) in (5.7) converges absolutely it suffices now
to show that min{l/d;’ :(v,j) e J} > 1.Since min{l/d]?’ :(v,J) €J} = Boo(®)" ! by
definition of (d )@, j)eJ it suffices to show that Boo (P) < 1. We have (recall Proposition
4.8 and Definition 4.6)

Boo(®) = max {B/a : ®is («; B)-biased}.

Suppose that o, 8 are such that ® is («; B)-biased, i.e. there is a distinguished set, say 4,
of rows of ® with |A| = « such that any basis of R">~"% contains at least 8 of the «
distinguished rows. We aim to show that 8 < « for any such configuration.
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If o > roo — 1, then we would have o > roo — 1 = . Suppose o < roo — ri. We shall
construct a basis of R"~"% from the rows of @ that uses at most max(0, @ — ;) rows
in A. Thus, we will have § < max(0,« — r¢), and since T is isotropic we get B < «. Recall
the key fact that any ro, — ¢ rows of the regulator matrix ® form a basis for R">~"% . So,
to construct the promised basis, choose the min(reo — 1, r'oo — ) rows of ® that are not
in A along with any roo — ry — min(reo — rg, feo — @) = max(0, @ — ri) rows from A.
This proves the first assertion of Theorem 5.2 in the isotropic case.

By Theorem 4.4 (3), Theorem 5.3 (4,5), and Lemma 5.11, the leading coefficient
in the Laurent series expansion of U(s, x) R(s, x) A(s, x) at s = A is positive for each
x € Un(T). Therefore, there can be no cancellation in the leading order Laurent coeffi-
cients in the sum over Uy (T') in formula (5.7). The assertion in the first bullet point of
Theorem 5.2 follows from this along with Theorems 5.3 (2) and 5.4 (1).

The second and third bullet points of Theorem 5.2 follow from Theorems 5.3 (3) and
5.4(2), and the previously established absolute convergence of the integral in (5.32).

6. Final counting

6.1. Local-to-global and proof of Theorem 1.10

Proposition 6.1. Suppose that r |4 is faithful. There exists ¢ € R~ depending only on
choices of Haar measures such that

1
Z(s) = A oy P

c
~ Vol(Un(T)N) > 2 I A6 [T MoGx)

0eCly (T)N xeUpn (T) vESco ve€S00

for all s with Re(s) sufficiently large, where Ay, (s, x) and Ny, (s, x) are local archimed-
ean and non-archimedean generating series defined in (4.21) and (3.21), respectively.

Proof. Recall (see Section 5.2) the short exact sequence of locally compact Hausdorff
topological abelian groups

1 = UN(T)\Ty.a — T()\T(A) - Cly(T) — 1. (6.1)

Let
VA ={x eTya: x(x) = 1forall x € Uy(T)}. (6.2)

By Pontryagin duality, we have the dual short exact sequence
1 - Cly(T)N > A(T) > VN — 1. (6.3)

Recall that we have chosen a Haar measure v on 4(7T'). The finite group Cly (T)” nat-
urally takes the counting measure, so these determine a quotient Haar measure v on V”.
Let us write Too = T(koo) =[] T(ky)and TQ = T(koo) =] T (ky)".

vESso vESso
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We work a bit more generally than necessary for the time being. Let ¢ be an inte-
grable function on +A(7) that satisfies the following factorization property: there exist
functions co, on T and ¢ on T (Ag,)” such thatif y = xoo @ 7 With yoo € T(Foo)
and x5 € T(Asn)", then

c(0) = cr(xf)coo(Xoo)-
For such a function ¢ we decompose its integral over 4(7') using the quotient measure,
i.e. we apply e.g. [8, Chapter VII, Section 2, 7. Proposition 10] with G = A(T), G' =
Cly(T)", G” = V", & the restriction map 7 : A(T) — V*, @ = v, &’ equal to the
counting measure, and «” = v to obtain

[y c0av0=[, ¥ cendmn. (64

9eCly (THN

Let
=, cp,

eCly (THN

which only depends on 7 () € V. Since 6 is trivial on T3 (see (5.5)), for y = Yoo ® xr
by the factorization property of ¢ we have

C) = coolito) Y cr(Oxs) =t coolXo0)Tr (). (6.5)
OeCiy (TN

Now let NTfA = [lytoo NT(Oy)". It is a discrete group, so we give it the counting
measure. We decompose the integral of ¢ over V* as an iterated integral

f O dv(y) = / 00 dv(0)
A(T) | 7283

Y g [ e cmle)dim) 60
XrENTS Xf Xoo(x)=1VxeUN(T)

where ¥ is the quotient Haar measure of v by the counting measure on N TfA. Let
VS ={foo € TS : xoo(x) = 1forall x € Uy(T)} 6.7)

so that
X7 VE = {foo €TL : Xfxoo(x) = 1forall x € Uy(T)}, (6.8)
where on the left hand side of (6.8), )(171 means any element of 72 that takes the same

values as )(j?l on all x € Uy (T). Then, by a change of variables (using the invariance of
the Haar measure) we have

/. D=3 G0 / el e ). (69)

XreNTR

We want to apply Poisson summation (Lemma 2.14) to the inner integral on the right hand
side of (6.9). We have the following two dual short exact sequences of locally compact
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Hausdorff topological abelian groups:

1 > UN(T) > Too > VL =1
and by Pontryagin duality

1> VL —>TL - Un(T" - 1.

Recall (Section 5.2) that Uy (T') is discrete so that Un (T)” is compact. It is also conve-
nient to note that the integral on the right hand side of (6.9) only depends on the image of
)(;1 € TL in Un(T)".

Now we invoke Lemma 2.14 with G = TS, H = VJ, f = coo, Where

1
Coo(fo0) := ———— for yoo = Xvs
oo\ Ao vgloo Cv(Xv’r|LTv)s o) vi@;() v
and x = )(JTI € Un(T)". Note that coo € L'(TZ) by Theorem 4.4 (1).
We check hypotheses (1)—(3) of Lemma 2.14. In Section 5.6 we only used the trivial
bounds U(s, x) < (log(|¢| + 3))” and |R(s, x)| < R(o, 1), so that the proof there in fact
shows that

xeUn (T)

< o0

| ettt e

o0

for all s € C with Re(s) sufficiently large and any choice of Haar measure, so that hypoth-
esis (1) of Lemma 2.14 is satisfied. Next, recall that T (k,)" ~ T" where T" is given
explicitly in (4.3). Then, indexing several copies of T" by v € Soo, T is isomorphic to
[uj0o Ty and V5 is a subgroup of this with compact quotient. For x" € T,

/;//\ |Coo(XooX/)|d‘~)(Xoo) (6.10)

is an integral of the form [ [,cg_ Ak, (0, 1) with o € R- sufficiently large and A, (o, 1)
given as in (4.25), but with the integration restricted to the aforementioned compact quo-
tient coset isomorphic to x'VJ. Applying the inequality (1 + |x|)~! < (1 4+ x2)~V/2 if
necessary, one sees that the integrand has well-controlled derivatives, and thus (6.10) con-
verges for any y’ € T by comparison with the integral over 7y and Theorem 4.4 (1), so
hypothesis (2) of Lemma 2.14 is satisfied. Lastly, hypothesis (3) of Lemma 2.14 follows
directly from hypothesis (2) by the dominated convergence theorem since ¢ is itself a
continuous function on 72.
The result of Lemma 2.14 is that

—1 ~ c [
o) [ (o) A ——— A s 11
/ LU 0 = gy ] Ao @1

for some constant ¢ depending only on the choices of the Haar measures involved. Finally,
the function ¢(y, )™ on A(T) given in Definition 5.1 clearly satisfies the factorization
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property and is integrable for Re(s) sufficiently large by the convergence of (6.11), The-
orem 5.3 (1), Lemma 5.11, and (6.9). Combining (6.11) and formula (6.9), rearranging
and pulling the finite sum over Cly (7') to the outside, we obtain the formula in Proposi-
tion 6.1. |

Finally, Proposition 6.1 and Theorem 5.2 together imply Theorem 1.10, which in turn
implies the first assertion of Theorem 1.1 following [21, Chapter III, Section 11] with
instances of —% (s) replaced by Z(s) and [21, Theorem 20] replaced by the second bullet
point of Theorem 1.10. The second assertion of Theorem 1.1 on the power-saving error
term follows from Theorem 1.10 by [15, Theorem A.1].

6.2. Proof of the last assertion of Theorem 1.1

Theorem 6.2. If r|4 is not faithful, then v({y € A(T) : c(x,r) < X}) = oo for some
finite X.

Proof. We use the notation introduced in the course of the proof of Proposition 6.1. Recall
the exact sequence (6.3), and in particular the cokernel

V" ={(Xoos Xf) : Xoo(X)xs(x) = 1forall x € Uy(T)},

where yoo € TZ and xr € N Tf/\. To prove Theorem 6.2 it suffices to construct a subset
of V* of infinite Haar measure on which the analytic conductor remains bounded.

By hypothesis, {1} < kerr|z. Let So denote the set of unramified places of k& which
split completely in K/ k, and for which gk, = 1 (mod |mo(kerr|z)|). By the Chebotarev
density theorem, |Sp| = co. For any v € Sy, by Lemma 3.13 and Proposition 3.15 we
have

NT(0y,)" = T(O,)" ~ Homg(OX.T).
Write € for the residue field of Ky,. By construction of Sy, [Homg (£, kerr|7)| = 2 for
any v € So, and so [Homg (O, kerr|z)| = 2 as well. All £ € Homg (0. kerr|z) €
Homg (O, YA") have r o ¢ of trivial Artin conductor, where ¢ € ®(T) is such that
£ = ¢lx as in (2.10). For any v € Sp let T(9y); be the subset of T(9y)" corre-

sponding to Homg (O, ker r|7) under the restricted Langlands perfect pairing (3.9). Let
NTH C NT} be given by

£0
NT/y =[] T@e x ] (1.
veSy v€SoUSoo
Then N Tffo is an infinite set such that every yr = (Yv)vgse € N Tf’,\0 satisfies
l_[ co(yw,r) = 1.
v€S00
To construct a subset of V" of infinite measure on which c(y, r) is bounded, it suffices

to extend each yr € N Tf/,\o to V(T'). Recall the notation

X7 VE = {Hoo € TS : xoo(X) g7 (x) = 1forall x € Uy(T)}.
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Lemma 6.3. There exist constants K, s > 0 and a subset X(xy) C X}IVOQ for each
Xf € NTf/‘ such that v(X(xr)) > € and

sup{ l_[ co(fv.7) : Yoo € X()(f)} <K forall yy € NT;.

VESco

Proof. We give an explicit description of the sets y7' V2 in terms of the corresponding
Langlands parameters under (2.12). Let x1, ..., x5 be generators for Uy (T). Recall T
from (4.1). For v € S let oy : Un(T) < T (ky) >~ T be the corresponding embedding.
As in Section 4.1, we write

I "
OyX; = (...,xvij,...,xvij,...,xvij,...),

where x,;; € R*, x,,; € ST, and x];, € C*.

Let us index several copies of T” (see (4.3)) by v € S, so that T =~ ]_[v|oo T,.
Consider the image of )(;1 V4 under the map
]‘[ T (ky)" — ]‘[ T, (6.12)

vESso VE€Soo

We write elements of ]_[U‘oo T, as ((wy, €y), @y, (W), @))ves.,. Then the image of
)(171 V2 under (6.12) is an affine hyperplane in [ [, T; cut out by

v|oo
n no n3 |X”~ “;)j
. . Qy vij w! . —a . -1
TT TTsemus® o™ T 05" H( 7 ) ey ™ = o (xi)
VES j=1 j=1 j=1 vij
(6.13)

for all generators x;, i = 1,...,s, of Uy(T). Since yr(x;) € St for all xr and Xx;,
the affine hyperplane in ]_[vloo T} described by (6.13) intersects a fixed (independent
of yr) compact set around the origin, say Up, in a set of positive measure bounded below
independently of xr.

For each v € Soo, the set {y € T'(ky)" : ¢y (), 7) < X} is in bijection under the local
Langlands correspondence with

mi+mop mi+ma+m3
Ho={o: [T (enl+1 [ (Meul+D*<x} 614
i=1 i=m|+moy+1
by the results of Section 4.1. Let
Ly(X) =
mi+mo mi+mo+ms3
fo: D0 AMeul+1) > (M@ +1) < (ny-+ma-ma) x omsmatmay,
i=1 i=m|+moy+1

By the am-gm inequality, we have L, (X) € H,(X). If X is sufficiently large, then L, (X)
contains any fixed compact set in T”, and in particular Uy C [],c 5o, Lv(X). Taking
K = X‘S°°‘, the lemma is proved. [
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The fibered set N TfA0 x X(xr) € V” is our candidate for a set of infinite measure
and bounded analytic conductor. By Lemma 6.3 and additivity of measure we have

V(NTFy x X(xp)) = V(U{(Xom X)) Xoo € X(Xf)})
Xr

D (Koo Xf) t Xoo € X(x)}) = 00,
Xf

yet ¢(yx, ) is uniformly bounded for any y = (xoo, Xr) € NTf’\0 x X(xr). |
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