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Abstract. We introduce the wrapped Donaldson–Fukaya category of a (generalized) semi-toric
SYZ fibration with Lagrangian section satisfying a tameness condition at infinity. Examples include
the Gross fibration on the complement of an anti-canonical divisor in a toric Calabi–Yau 3-fold. We
compute the wrapped Floer cohomology of a Lagrangian section and find that it is the algebra of
functions on the Hori–Vafa mirror. The latter result is the key step in proving homological mirror
symmetry for this case. The techniques developed here allow the construction in general of the
wrapped Fukaya category on an open Calabi–Yau manifold carrying an SYZ fibration with nice
behavior at infinity. We discuss the relation of this to the algebraic vs analytic aspects of mirror
symmetry.
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1. Introduction

Toric Calabi–Yau varieties have long been a testing ground for ideas in mirror symmetry
and have generated a large literature, both in physics and mathematics. Most import-
antly for us, if one removes a smooth anti-canonical divisor D from a toric Calabi–
Yau X , one obtains a manifold M D X nD carrying a special Lagrangian torus fibration
L W M ! Rn [19], referred to later as the Gross fibration. The Gross fibration has been
used in [4,7,11] to construct an SYZ mirror toM . This setting is one of a handful in which
such an explicit construction is known. However, a full understanding of homological mir-
ror symmetry requires the wrapped Fukaya category [3]. To the author’s knowledge, the
wrapped Fukaya category has to date only been considered in connection with manifolds
that are Liouville [5] or at least conical at infinity [29]. On the other hand, the manifolds
M DX nD are generally not conical at infinity. The present paper fills this gap. We intro-
duce the wrapped Fukaya category associated with a semi-toric SYZ fibration. We then
carry out the main step towards its full computation in dimension n � 3 by computing the
wrapped Floer cohomology of a Lagrangian section. This in turn will be used in a forth-
coming paper to prove homological mirror symmetry and to intrinsically calculate the
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mirror map. A secondary aim of this paper is to illustrate the use of the techniques of [18]
in connection with SYZ mirror symmetry. While we restrict attention to the semi-toric
case, the construction should be relevant for any well behaved SYZ fibration, a notion
introduced herein.

1.1. Semi-toric SYZ fibrations

Definition 1.1. A semi-toric SYZ fibration is a pair .M;LD .�;H//whereM D .M;!/
is a 2n-dimensional symplectic manifold satisfying c1.M/ D 0 and carrying a Hamilto-
nian Tn�1 action with moment map� WM !Rn�1, andH WM !R is a smooth function
which commutes with �. We assume that the singular orbits are non-degenerate of codi-
mension 2 and of positive type.1 We say that .M;L/ is simple if the set of points with
non-trivial isotropy is connected.

Example 1.2. The Gross fibration is a simple semi-toric SYZ fibration. So is the cotan-
gent bundle of a torus. On the other hand, toric Calabi–Yau varieties with their toric
fibration over the Delzant polyhedron do not fall under Definition 1.1. As an aside, by
[18, Lemma 9.11] the Fukaya category of a toric Calabi–Yau variety is trivial. Thus, for
the purposes of mirror symmetry, semi-toric SYZ fibrations naturally follow cotangent
bundles of tori in the order of complexity.

As motivation for considering semi-toric SYZ fibrations observe that understanding
mirror symmetry requires the study of Floer theory of torus fibrations with singular fibers.
In dimension 3, a fairly general class [20] is with singularities occurring along a trivalent
graph such that, denoting the ranks of the middle homology groups by .i; j /, over the
edges the singularity is of type .2; 2/ and over the vertices it is of one of two types,
positive, or type .1; 2/, and negative, or type .2; 1/. In general, these singularities give rise
to wall crossing phenomena which significantly complicate the picture due to scattering of
walls. Semi-toric SYZ fibrations are those for which there are only positive singularities,
and moreover the local Tn�1 symmetries of the vertices are coherent. This leads to an
intermediate level of difficulty where there are wall crossing phenomena, but no scattering
of walls.

Remark 1.3. One can also consider the fibrations with only negative singularities and
with global S1 symmetry. These are precisely the mirrors of semi-toric SYZ fibrations.
Their wrapped Fukaya category have been studied in [12, 13].2 Note that the latter are
affine varieties, and in particular have no non-trivial closed Gromov–Witten invariants.

1See Definition 2.1 below. In the literature [28], such integrable systems have been referred to
as generalized semi-toric. This is due to the fact that in the SYZ setting, the moment map for the
torus action is generally not proper, even though the fibration as a whole is.

2The author apologizes for any omissions.
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1.2. The wrapped Donaldson–Fukaya category

In our formulation, the input for the wrapped Fukaya category is a semi-toric SYZ fibra-
tion .M;L/ together with a Lagrangian section � and a Landau–Ginzburg potential .�;J /
which we now define.

Definition 1.4. A Landau–Ginzburg potential for .M;L/ is a pair .�; J / where J is an
almost complex structure tamed by ! and � WM !C� � P1 is a J -holomorphic function
such that Crit.L/ � ��1.1/. A Lagrangian L is said to be tautologically unobstructed
with respect to J if L does not meet ��1.1/ and the intersection number of ��1.1/ with
any element of �2.M;L/ is 0.

In Section 3 we introduce the notion of a tame semi-toric SYZ fibration which means
that the fibration is well behaved at infinity. Henceforth, we restrict attention to the case
n � 3.

Theorem/Construction 1.1. To any tame semi-toric SYZ fibration .M;L/ there are nat-
urally associated the following data:

(a) a semigroup HL � C
1.M/;

(b) a graded unital BV algebra

SH�.M IL/ WD lim
�!

H2HL

HF �.M;H/I

(c) a connected set … of Landau–Ginzburg potentials .�; J /.

To any .�; J / 2 … and .�; J /-tautologically unobstructed Lagrangian section � we can
associate

(a) a collection A�;J of admissible Lagrangians, consisting of .�; J /-tautologically
unobstructed Lagrangians that outside a compact set arise from � by a conormal
construction;

(b) for any L0;L1 2 A�;J , a cofinal subset HL0;L1;�;J �HL and a graded vector space

HW �.L0; L1/ D lim
H2HL0;L1;�;J

HF �.L0; L1IH/I

(c) for any L0; L1; L2 2 A�;J , a composition map

HW �.L0; L1/˝HW.L1; L2/! HW �.L0; L2/

satisfying associativity and, for Li D L, unitality.

The category thus defined for a choice of �;�;J; is referred to as the wrapped Donaldson–
Fukaya category of .M;L; �; �; J /.

The proof of Theorem 1.1 is carried out in Sections 3 and 4 and wrapped up at the end
of Section 4.
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Remark 1.5. The role of the Landau–Ginzburg potential in Theorem 1.1 is to control
disk bubbling. This allows us to implement a self-contained transversality package. The
price is that we have to make a choice of LG potential. For a generic fixed admissible Lag-
rangian there are exactly two connected components of such. A fully invariant formulation
requires considering objects which are pairs of Lagrangians and bounding cochains and
applying the machinery of [15]. In that formulation, the choice of connected component
corresponds to a certain choice of local coordinates on the SYZ mirror.

By contrast, the role of � appears to be required for singling out the algebraic structure
on the mirror. It appears that it should be possible to eliminate the choice of � if one is
willing to work in the rigid analytic category. We do not pursue this here.

Remark 1.6. The A1 refinement to the wrapped Fukaya category will be discussed in a
forthcoming paper in connection with homological mirror symmetry.

1.3. Statement of the main results

Without further notice we fix the dataM;L; �;J; and �; and omit them from the notation.
Associated to a semi-toric SYZ fibration there is a generator of H 1.M IZ/ which is,

roughly, the class of a global angle coordinate defined away from the singular point of L;
see Theorem 2.3 below. Thus, there is an extra grading on SH�.M/ and HW �.L/. We
denote the degree of an element with respect to this grading by j � j. Denote by ƒnov the
universal Novikov field over C,

ƒnov D

° 1X
iD0

ai t
�i W ai 2 C; �i 2 R; lim

i!1
�i D1

±
:

By definition, M carries a Tn�1 action generated by the � component of L. Henceforth
we denote this torus by G.

Theorem 1.7. Let n � 3.

(a) There are natural isomorphisms

SH 0;0.M/ D HW 0;0.�; �/ D ƒnovŒH1.GIZ/� ' ƒnovŒu
˙1
1 ; : : : ; u˙1n�1�

and
SH 0.M/ D HW 0.�; �/:

(b) There are x; y; g 2 HW 0.�; �/ with jxj D 1, jyj D �1 and jgj D 0 such that
HW 0.�; �/ D ƒnovŒH1.GIZ/; x; y�=.xy � g/.

(c) HW i .�; �/ D 0 for i ¤ 0.

We now give a more explicit description of the Laurent polynomial g. For definiteness
take n D 3. The image of the lower-dimensional orbits under � gives rise to the toric
diagram �.Crit.L// in the plane. It is a rational balanced graph and possesses a dual
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graph denoted by ��. For ˛ 2 �� denote by f .˛/ the distance from the origin to the line
dual to ˛ in the toric diagram. This is well defined up to on overall constant in R2 .

Theorem 1.8 (Cf. [4, Theorem 8.4]). We have

g D
X
˛2��

.1C c˛/t
f .˛/u˛;

where c˛ 2 ƒnov with val c˛ > 0. More precisely,

c˛ D
X

A2H2.M IZ/; !.A/>0

nAt
!.A/

for some integers nA.

Remark 1.9. The case n D 2 of the above theorems is carried out in [26].

Remark 1.10. The numbers nA count certain configurations arising from the analytic
expansions of the closed open map. These expansions in turn arise from a particular choice
of a pair of charts coming from the LG potential. In a forthcoming paper we give a more
intrinsic formulation in terms of Gromov–Witten invariants.

Remark 1.11. Note that the choice of LG potential potentially only affects the defin-
ition of HW.�; �/, not that of SH�.M/. Thus, a posteriori, Theorem 1.7 tells us that
HW.�; �/ is independent of the choice of .�; J / up to isomorphism. If one takes on
board the theory of [15], it should follow that different choices are canonically identified
since a section is simply connected.

A particular consequence of Theorem 1.8 is thatHW 0.�; �/ is a smooth algebra over
the Novikov field. This follows because �� is the dual partition of the Newton polygon
for a smooth tropical curve; see Corollary 2.9. This fact is the key step in the proof of the
following theorem which will be given in a forthcoming paper.

Theorem 1.12 (Homological mirror symmetry). There is an A1 refinement W.M;L/

of the Donaldson–Fukaya category and we have an equivalence of categories between
D�W.M;L/ and finitely generated modules over HW.�; �/.

1.4. Comparison to previous work

This paper is closely related to and builds on [6] and the later works [4,11]. Among other
things, these works construct an SYZ mirror for M using family Floer homology. The
main contribution of the current work is to construct and compute the wrapped Fukaya
category ofM . We mention that in the case nD 2, the wrapped Fukaya category is studied
in [26]. One way to see the importance of the wrapped Fukaya category is to observe
that in Theorem 1.12 the wrapped Floer homology of a Lagrangian section gives the full
mirror, not just the mirror to the regular fibers. On the other hand, to obtain the same
in the family Floer approach, it is necessary to study family Floer theory for immersed
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Lagrangians.3 We also mention that explaining enumerative mirror symmetry, beyond
numerical verification, involves the wrapped Fukaya category [16].

We point out that there is currently no widely accepted definition of the wrapped
Fukaya category away from the conical setting. One of the contributions of the present
paper is a proposed definition and construction which is natural from the standpoint of
SYZ mirror symmetry. This is explained in the next subsection. From a more technical
standpoint, for wrapped Floer theory to be well defined in the non-exact setting we need
to develop the Lipschitz geometry associated with an SYZ fibration after an appropriate
completion. This is partly responsible for the length of this paper. An overview of this is
given at the beginning of Section 3.

Finally, Section 5, which is the main section, introduces a new approach to wall
crossing analysis which replaces the superpotential of [4, 6, 11] by certain elements of
SH 0.M IL/. Following [21], the latter are thought of as global functions on the mir-
ror M_. The evaluation of these functions on points of the mirror arises from the closed
open map SH 0.M IL/!HW 0.L;LIL/. A similar idea has been employed previously
by Pascaleff [27]. The essence of this idea is spelled out for the case n D 2 in Section 5.3
below which can be understood for the most part without reading the rest of the paper.
The upshot is that while the wall crossing could be analyzed in terms of Maslov 0 disk
bubbling in the closed open map, it can also be analyzed purely in the realm of closed
strings in terms of the appearance of non-trivial continuation trajectories in Hamiltonian
Floer cohomology upon crossing a wall (which occurs by a homotopy of .J; �/). It is for
this reason that our work, while informed by the philosophy of [15], is independent of its
foundations.

1.5. Algebraic vs analytic aspects of mirror symmetry

The principle of GAGA states that on a projective manifold, geometric and analytic
geometry are equivalent. On a quasi-projective manifold this is no longer true and the
algebraic structure, when such exists, is an additional structure. In fact, there are examples
of relevance in mirror symmetry where there exist inequivalent algebraic structures which
are analytically isomorphic. In [1, 2, 34] the SYZ mirror and the mirror functor are con-
structed in the rigid analytic category. By contrast, Theorem 1.12 is algebraic. We com-
ment on how this arises Floer-theoretically.

We show in Section 3 that if .M;L/ is sufficiently well behaved, there is a well defined
notion of a Lipschitz function with respect to the integral affine structure on the base of L.
This is the semigroup HL alluded to in Theorem 1.1. As motivation in connection with
homological mirror symmetry, consider the following toy example. Take M D T �T D
R�S1 with the standard coordinates .s; t/. Let L WM!R be defined by .s; t/ 7! s. Let �
be the section ¹t D 0º. Since there are no critical points the choice of .�;J / is superfluous.

3This has been carried out in dimension n D 2 in [30]. The higher-dimensional cases fall under
a work in progress by M. Abouzaid and Z. Sylvan.
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Then HL is the set of Hamiltonians that are proper, bounded below and such that j@sH j is
bounded. The growth condition on Lagrangians is given by a similar Lipschitz condition
in the standard coordinates. In this case (and, more generally, for T �Tn) our definition
reproduces the standard wrapped Fukaya category of the exact case. Observe now that
SH�.T �T / D CŒx; x�1�. Moreover, the filtering by the bound on j@sH j corresponds to
the filtering of Laurent polynomials by the order of pole at ¹0;1º. Our definition of the
wrapped Fukaya category for the semi-toric case reproduces the algebraic structure on the
mirror in a similar way. The question for more complicated SYZ fibrations awaits further
exploration.

To put this into the general context note that it was observed in [18] that there are
two different flavors of symplectic cohomology on an open manifold. On the one hand,
denoting by C.M/ � C1.M/ the additive group of smooth exhaustion functions, let
H � C.M/ be a semigroup admitting a cofinal sequence ¹Hiº. One then obtains an
algebra by considering

SH�.M IH / D lim
�!
i

HF �.Hi /:

On the other hand, one can associate a ring SH�.M jK/ with the structure of a Banach
space to a precompact setK �M . This is formally the Floer cohomology of the function
which is 0 on K and 1 on M n K. One then obtains a ring associated with the entire
space by considering

SH�c .M/ D lim
 �
Ki

SH�.M jKi /

for an exhaustion of M by the precompact sets ¹Kiº. Note that the latter construction is a
purely symplectic invariant while the first construction depends on the semigroup. There
are a number of examples showing that this dependence is non-trivial. We expect that
the choice of semigroup is relevant to determining an algebraic structure on the mirror. It
is believed that the second construction when applied to invariant sets of an SYZ fibra-
tion gives rise to the sheaf of analytic functions. Such a sheaf is studied in [35], and, in
connection with mirror symmetry, in a forthcoming joint work with U. Varolgunes. The
open string version of this latter construction is explored in a forthcoming joint work with
M. Abouzaid and U. Varolgunes.

2. Geometric setup

2.1. Semi-toric SYZ fibrations

Let .M;!/ be a symplectic manifold of dimension 2nD 6. Let B D R3. Let L WM ! B

be a proper surjective map whose fibers are Lagrangian. Let Breg � B be the set of regular
values of L. By the Arnold–Liouville theorem, the generic fibers are Lagrangian tori.
Moreover, the local functions on a neighborhood of a point b 2Breg whose induced flow at
b is 1-periodic give rise to a canonical integral latticeƒ� � T �Breg. The sheaf of sections
of this integral lattice, which we also denote by ƒ�, is naturally isomorphic over Breg to
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the cohomology sheaf R1L�.Z/ and its sections over any simply connected U � Breg are
given byH1.L�1.U /IZ/. The isomorphism on the stalk at b 2 Breg is given by  7! dI
where  2 H1.LbIZ/ and I W Breg � U ! R maps x 2 U to the integral of ! over the
cylinder traced by moving  from b to x. We will use this identification freely. Dually, we
have an integral lattice ƒ � TBreg, giving rise to an integral affine structure on Breg.

For the following definition we recall the terminology of [20] for singular fibers in s-
dimensional torus fibrations. A singular fiber F is said to be of type .i; j / if rkH 1.F IZ/
D i and rkH 2.F IZ/ D j .

Definition 2.1. L is called a semi-toric SYZ fibration with a section if the skeleton � WD
B n Breg is a trivalent graph, and, in the terminology of [20], the following are satisfied:

(a) The singular fibers over the edges of � are of type .2; 2/ and the singular 1-dimen-
sional orbits are non-degenerate in the sense of [25].

(b) The singular fibers over the vertices are of type .1; 2/.

(c) The set of critical points of L is a union of submanifolds whose tangent spaces span
TpM at each fixed point p of L.

(d) There is a subsheaf � of ƒ� which is a rank 2 local system with trivial monodromy.

(e) There is a Lagrangian section � which is disjoint from the critical points of L. Such
a section is referred to as admissible.

.M;L/ is said to be simple if � is connected.

Henceforth .M;L/ is a simple semi-toric SYZ fibration with an admissible section � .
To justify the terminology note that the assumption about monodromy implies there

is a pair of Hamiltonians .HF1 ; HF2/ which factor through L and generate a T2 action.
Namely, pick two generators 1; 2 of � over b0, and define HFi D Ii ıL. Henceforth,
we denote the 2-torus by G. Then � is naturally identified with the integral lattice in the
Lie algebra g. The action of G has a moment map � W M ! g� which under the choice
of basis for G above is just � D .HF1 ; HF2/. By construction, � factors through L. We
will denote this by � D f� ıL. Thus f�.�/ is a graph in g�.

Example 2.2. Consider M D C3 n ¹z1z1z3 D 1º and let

HB D � ln k1 � z1z2z3k; HFi D jzj
2
i � jzj

2
3; i D 1; 2:

The Hamiltonians HFi and HB commute with each other. The fibers of L D

.HB ;HF1 ;HF2/ are Lagrangian tori on which the holomorphic volume form

� WD
dz1 ^ dz2 ^ dz3

1 � z1z2z3

has constant phase. The HFi induce commuting Hamiltonian circle actions. The skeleton
is given by the union of rays

� D ¹HF1 D 0;HF2 � 0º [ ¹HF2 D 0;HF1 � 0º [ ¹HF1 D HF2 � 0º:
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In fact, locally, near the singular points lying over vertices of� there are T2 equivari-
ant neighborhoods which are symplectomorphic to corresponding neighborhoods of the
singularity in the last example (see [9]). Further examples are given by the complements
of anti-canonical divisors in toric Calabi–Yau. These are described below in Section 2.3.

Henceforth, we use the notation Lb WD L�1.b/ for b 2 B .

Theorem 2.3. (a) There is a generator of H 1.M IZ/ whose restriction to H 1.LbIZ/
coincides with a lift of a global section of ƒ=��.

(b) c1.M/ D 0.

(c) The Maslov class of the regular torus fibers vanishes.

(d) Pick an almost complex structure J which is compatible with !. Then L determ-
ines a canonical homotopy class of sections � of ƒ3CT

�M by the requirement that
arg.�jTL�1.b// be exact for any b 2 Breg.

Proof. (a) Dual to the two global action coordinates there exists a global angle coordinate
defined on the complement of the singular fibers. Indeed, on Breg we have a globally
defined vector field @=@x3 defined as being in the kernel of the globally defined 1-forms
dx1; dx2 and normalized so that dx3.@=@x3/ D 1. The latter condition is well defined,
since dx3 is well defined up to addition of a linear combination of dx1 and dx2. Choosing
a Lagrangian section we can lift to a vector field V on L�1.Breg/. We thus obtain a 1-form
�3 D �V !. This 1-form depends of course on the choice of lift, but its restriction to any
fiber of L does not. The 1-form �3 extends at least continuously to M n Crit.L/. Indeed,
dx3 diverges logarithmically [9] near a singular value, so @=@x3 approaches 0 on any
sequence converging to a non-singular point of L. But, due to the singularity at Crit.L/,
�3 does not extend continuously to all of M . However, the integral of �3 vanishes on any
loop contained in a small enough neighborhood of Crit.L/. Thus, using Mayer–Vietoris,
the cohomology class of �3 extends across M . The 1-form �3 has the required property.

(b) We show below that the underlying symplectic manifold of a simple semi-toric
SYZ fibration with a section contains a deformation retract which is symplectomorphic
to an open subset of a toric Calabi–Yau.

(c) We first recall the definition of the Maslov class � W �2.M; L/! Z for a Lag-
rangian submanifold L in a symplectic manifold M . For a map u W .D; @D/! .M;L/ it
is defined by

�.u/ D �.u�TM; @u�TL/

where the right hand side is the Maslov index of the Lagrangian loop defined by the
subbundle u�TL � u�TM along u.@D/. At first sight this requires fixing a choice of
trivialization of u�TM along u.@D/. But up to homotopy there is a unique one which
extends to D (see [23, Appendix C]). In particular, when @u is contractible we have
�.u/ D c1.u

�TM/ where without loss of generality, u is taken to be a map from the
sphere.

Proceeding with the situation at hand, call a class in �2.M; Lb/ basic if it is repres-
ented by a disk which is foliated by vanishing cycles of some edge of �. Then �2.M;L/
is generated over �2.M/ by the basic disks. Having established the vanishing of c1.M/
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it suffices to verify the vanishing of the Maslov class on the basic disks. Given a basic
diskDe;b in Lb corresponding to an edge e, we may move b arbitrarily close to e without
changing the Maslov index. By the equivariant local normal form theorem we have an
equivariant identification of a neighborhood of a point x on e with R4 �R2 together with
a linear S1 action on R4 with weights .1;�1/. This identification takes x to 0 and the
boundary of the disk to an S1 orbit. The claim is now clear.

(d) Pick a section �0 and consider the 1-form ˛ D d arg�0jTLb . Then the class of ˛
maps to the Maslov class under the coboundary map ı WH 1.LIZ/!H 2.M;LIZ/. Since
ı.˛/D 0 by the previous item, ˛ lifts to a class ˇ 2H 1.M IZ/, which can be represented
as the class d� for some map � W M ! R=Z. The section � D e�i��0 satisfies what is
required.

2.2. Monodromy and the dual graph

In this subsection we will show that f�.�/ is a smooth tropical curve and we will interpret
its dual graph, abusively denoted ��, in terms of monodromy. This will be important in
the computation of symplectic cohomology.

The monodromy �e around any edge e of � is unipotent; see, e.g., (3.2) below. By
our assumption it follows further that �e � Id is a primitive lattice element of ƒ˝ � . In
other words, choosing an integral basis �1; �2 for �b � ƒ�b and extending it to an integral
basis of ƒ�

b
, the monodromy around an edge is given by a matrix of the form0@1 0 a

0 1 b

0 0 1

1A ; (2.1)

where the vector a�1 C b�2 depends on the edge e and gcd.a; b/ D 1.

Lemma 2.4. For an edge e 2 � and an x 2 L�1.�/ \ Crit.L/, let Gx � G be the
stabilizer of x. Let  2 �1.Breg; b0/ be a loop around e. Then under the identification
� D gZ, �./� Id surjects unto gx;Z, the integral lattice in gx . In particular,Gx depends
only on e.

Proof. For g 2ƒ� we see that .�./� Id/g 2 � and so it vanishes when transported to e.
Thus the group element corresponding to �./ � Id stabilizes x. Moreover, the stabilizer
group is 1-dimensional by the slice theorem. By our assumptions, the image of �./ � Id
contains a primitive element. The claim follows.

Lemma 2.5. The tangent space to any point p in the edge f�.e/ is the annihilator go of
the stabilizer ge . In particular, f�.�/ has rational slopes.

Proof. This is standard.

The monodromy representation gives rise to a dual graph �� � � � g as follows.
First define �� as an abstract graph with a vertex corresponding to each face of f�.�/
and an edge connecting vertices corresponding to adjacent faces. We now show that we
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can canonically embed �� up to a translation into g so that the vertices land in gZ D � .
More precisely, under this embedding, the edge connecting faces ˛; ˇ will be a primitive
generator of the annihilator of the edge in � separating the two faces. For this assign an
element of � to each directed edge in�� as follows. LetW � B be a hypersurface which
contains� and maps diffeomorphically to R2 under f�. Pick a basepoint b0 2Breg and an
element g ofƒ�

b0
whose projection toƒ�

b0
=� is a primitive generator. For ˛ 2�� denote

by F˛ the corresponding face. To the directed edge ˛ˇ associate the loop ˛ˇ based at b0
going through F˛ and back through Fˇ . Let

v˛ˇ WD .�.˛ˇ / � Id/g 2 �:

We have
v˛ˇ D �vˇ˛: (2.2)

Also, if ˛; ˇ;  are vertices corresponding to a triple of faces meeting at a vertex in�, we
have the relation

v˛ˇ C vˇ C v˛ D 0: (2.3)

But trivalence of � implies that �� is a triangulation. Thus for any loop in ��, the sum
of the vectors v˛ˇ along the loop vanishes. We can now embed�� into g as follows. Pick
a spanning tree T in �� and pick a vertex ˛0 to be the root. Map ˛0 to 0, and map each
vertex ˇ0 to the sum of the vectors v˛ˇ along the directed path in T connecting ˛0 to ˇ0.
The relations above show this is independent of the choice of T .

The choices made in constructing �� have the following effect. Changing the ˛0
amounts to a translation of �� and thus will be of no concern to us. Changing either the
generator of ƒ�

b0
=� or the connected component of B nW containing b0 has the effect

of multiplying �� by �1. The following lemma singles out a choice and summarizes the
above discussion.

Fig. 1. The diagram � (red), and its dual �� (blue).

Lemma 2.6. For any ˛; ˇ 2 �� the monodromy of g0 for the loop based at b0 around
the dual edge which passes through the face ˇ and then through ˛ is given by g0 7!
g0 C .ˇ � ˛/. Moreover, g0 can be chosen to satisfy the following. For any ˛ 2 ��

corresponding to the face F , the vectors to ˛ from its adjacent vertices generate the
dual cone to F over Z. The latter can be characterized as the set of elements  2 � such
that either  D 0 or for any sequence wn 2 F we have h;wni !1 if the distance of wn
to the closed set @F goes to infinity. Here h�; �i denotes the natural pairing g � g� ! R
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and the distance is the one induced by some norm on g� ' R2 with respect to some inner
product.

Remark 2.7. The significance of the characterization of the dual cone to a face given in
the lemma will be made clear during the discussion at the end of Section 5.2 leading to
the proof of Theorem 1.8. See in particular Lemma 5.18.

Proof of Lemma 2.6. Pick a basis of g to identify g with g�. Then the edges of �� are
orthogonal to the edges of �. The claim is that after possibly multiplying by �1, the
directed edges emanating from any v 2 �� corresponding to a face F , point into F . We
have already observed that�� is a triangulation of a polygon. For each triangle the vectors
either all point inwards or all outwards by (2.3). If they all point inwards for one vertex,
they do so for all vertices by (2.2).

To see the characterization of the dual cone, note that the distance from @F to a
sequence wn of points of F goes to infinity precisely when the distance to each com-
ponent of @F goes to infinity. It is thus clear that the covectors whose value on all such
sequences goes to infinity are precisely the non-negative non-trivial combinations of the
inward pointing normals to the components of @F .

For each vertex v 2� let��v � V be the triangle formed by the vertices corresponding
to the face containing V .

Lemma 2.8. ��v has area 1=2.

Proof. This follows since the sides of ��v are all primitive. Thus, they can be mapped to
the standard 2-simplex by an element of SL.2IZ/.

Corollary 2.9. f�.�/ is a smooth tropical curve.

We have shown that any simple semi-toric SYZ fibration gives rise to a smooth trop-
ical curve. The converse construction is described in the next subsection.

2.3. Toric Calabi–Yau manifolds and the Gross fibration

Definition 2.10. A toric Calabi–Yau manifold is a symplectic manifold constructed
as follows. Let k 2 N and let G0 ' Tn be a closed subtorus of TnCk�1 embed-
ded in SU.n C k/ acting on CnCk as the group of diagonal matrices. Denote by
�G0 W CnCk ! g0� the moment map and let c 2 g0� be a regular value of �G0 . Let
X WD ��1G0 .c/=G

0. Then X carries an action G00 D TnCk=G0.

The assumptionG0 ,! SU.n/ implies that the canonical bundle ofX is trivial. Indeed,
there is an induced nowhere vanishing complex volume form onX defined as follows. Let
�0 D dz1 ^ � � � ^ dz

nCk be the standard holomorphic volume form on C. Pick a basis
g1; : : : ; gn of g0. Let

x� WD �g1;:::;gn�0:

Then x� descends to a holomorphic volume form � on the quotient X .
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The embedding G0 ,! SU.n/ implies that X is non-compact. Indeed, let v DP
ei 2 RnCk . Then identifying the Lie algebra of the standard torus with RnCk we

have hu; vi D 0 for any component u of �G0 . Thus, identifying RnCk with its dual,
�TnCk .�

�1
G0 .c// contains an affine ray parallel to the one generated by v.

Let G � G00 D TnCk=G0 be the n C k � 1-dimensional torus which preserves the
complex volume �. The toric diagram of X is the image under �G of the 1-dimensional
orbits of G D TnCk=G0.

X is also a complex variety since it can be realized as a GIT quotient. Denote its
complex structure by J . On X there is a globally defined function

f W Œz1; : : : ; znCk � 7! z1 � : : : � znCk ; (2.4)

which is well defined since G0 preserves complex volume. Picking any regular value c
of f , we obtain an SYZ fibration by considering M WD X n f �.c/ and HB D

ln kc � f k [19]. We refer to this as the Gross fibration.

Theorem 2.11. Let X be a toric Calabi–Yau 3-fold. Then M D X nD with the Gross
fibration L WD .�G ;HB/ is a semi-toric SYZ fibration with a section.

Proof. We start by studying the singularities of L. These correspond to the fixed points
of the torus action � which occur when � is on the toric diagram (the image of the 1-
skeleton of the moment polyhedron under the projection which forgets the scaling action)
and HB D ln c. This gives � which is a trivalent graph, projecting to the toric dia-
gram when forgetting HB . Topologically, the singular fiber over a generic point of the
graph is of type .2; 2/. Namely, at an edge e it is the product of an S1, generated by an
S1 action which is transverse to e, with a nodal torus generated by HB and the circle
action which is fixed on e. We need to show that it is non-degenerate. This means that,
denoting by V � TxM the fixed subspace at some singular point x, the subalgebra of
sp.V / generated by d2HB ; d2HF is Cartan. This is equivalent [8] to the fact that they
are linearly independent and that there exists a linear combination �d2HB C �d2HF
with four distinct eigenvalues. This property is stable under symplectic quotient so it suf-
fices to verify this condition for the pair of functions H1.z1; : : : ; zn/ D jz1j2 � jz2j2 and
H2.z1; : : : ; zn/ D Re.z1 : : : zn/. The property is invariant under the action of the torus,
so we can verify it at a point for which Im.z2 : : : zn/ D 0. The claim is now verified by a
straightforward computation.

2.4. The local normal form

We conclude our discussion of basic geometric setup with a local description near the crit-
ical points Crit.L/. We will use this to show in Theorem 2.12 that while (semi-)globally
there is an infinite-dimensional space of symplectically inequivalent germs of toric SYZ
fibrations with the same skeleton f�.�/, an equivariant (with respect to .HF1 ; HF2/)
neighborhood of Crit.L/ is determined up to equivariant symplectomorphism by the skel-
eton. This will be important in the construction of LG potentials.
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Theorem 2.12 (Equivariant local normal form). Suppose .Mi ;Li / are simple semi-toric
SYZ fibrations with discriminant loci �i for i D 1; 2 and suppose that f�1.�1/ can be
mapped to f�2.�2/ by an element A of SL.2;Z/. Then there are neighborhoods Vi of
f�i .�i / in g and Ui of L�1i .�i /\ Crit.Li / inMi projecting onto Vi and a commutative
diagram

U1

��

// U2

��

V1 // V2

where the upper horizontal map is an equivariant symplectomorphism and the lower one
is the linear map A.

Proof. First observe that there exists a local equivariant symplectomorphism as in the
theorem near each fixed point x. Indeed, germs of such neighborhoods are classified up
to equivariant isomorphism by the weights of the torus action Gx on TxM . But these
weights are determined by the requirement on the critical points in the definition of a
semi-toric SYZ fibration.

We extend this to a diffeomorphism in a neighborhood of the 1-dimensional orbits
as follows. First, we define the map on the union of 1-dimensional orbits equivariantly
and in a way that preserves the moment map. The condition on f�.�/ guarantees that
this is possible. This guarantees that the !i once restricted to the tangent directions are
intertwined. We now extend to a diffeomorphism � that further intertwines the symplectic
forms along these 1-dimensional orbits in the normal directions. This can be done locally
by the slice theorem and any two such local diffeomorphisms can be patched together
equivariantly without changing anything along the 1-dimensional orbits. The claim now
follows from the equivariant Darboux theorem.

The above local normal form involves only the 2-torus action. We will also be inter-
ested in another normal form which also involves the local behavior of the third Hamilto-
nian HB near a 1-dimensional orbit. We refer the reader to [9] for the proof.

Theorem 2.13 ([9,25]). Let O be a 1-dimensional orbit of L. Let V D D4 � .0; 1/ � S1

with canonical coordinates .x1; y1; x2; y2; r; �/. Let

q1 D x1y1 C x2y2; q2 D x1y2 � x2y1; q3 D r: (2.5)

Then there is a neighborhood U of O and a symplectic embedding

 O W U ! V

which sends fibers of L to fibers of the map L0 D .q1; q2; q3/.

We call U a normal neighborhood of O and the maps . ;L0/ a normal form near O.
Examining the proof in [25] we strengthen this as follows.
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Lemma 2.14. For each edge e of� there is a neighborhoodUe of Crit.L/je; a symplectic
ball D4 � R4; and a symplectomorphism  e such that  e symplectically embeds Ue in
D4 � f�.e/ � S

1 intertwining LjUe with L0. Moreover,  e can be made to agree on any
closed interval e0 � e with any normalizing  already defined on a neighborhood of the
endpoints of e0.

Proof. See [25, proof of Lemma 4.2].

Remark 2.15. Observe that the local normal form is not unique. However [36], its germ
is determined up to a sign change, a map on the base which is tangent to the identity at
the origin, i.e, it differs from the identity by a map with derivatives at the origin vanishing
to all orders, and a Hamiltonian isotopy flowing in the fibers.

Theorem 2.16. For any simple semi-toric SYZ fibration M there is a toric Calabi–Yau
3-fold XM , unique up to equivariant symplectomorphism, such that f�.�M / is the toric
diagram ofXM . Moreover, there exists a map  embedding a neighborhood of Crit.LM /

into a neighborhood of Crit.LXM / locally intertwining LM and LXM .

Proof. The first half is a standard construction in toric geometry. The second half is an
immediate consequence of Theorem 2.12.

3. Tame SYZ fibrations

3.1. Overview

In [4, 6, 11] Floer theory for M is developed using bordered curves which are strictly
holomorphic with respect to the J induced from the GIT construction of X . This holo-
morphicity implies a maximum principle which plays a key role both in establishing the
necessary C 0 estimates and in carrying out the wall crossing analysis. In our approach,
however, we need to consider the inhomogeneous Floer equation for which we do not
have an obvious maximum principle. Beyond this technical problem, to construct Floer
theory in a non-ad-hoc manner in the non-exact setting, we apply the approach of [18] to
Floer theory on an open manifold.

The latter approach requires at the very least that the underlying manifoldM DX nD
be geometrically bounded, and in particular complete. For this, it is necessary that we
inflate the symplectic form near D. It turns out, according to Theorem 3.16, that there is
a natural way, unique up to equivariant symplectomorphism, to do this.

Once that is done, the approach of [18] requires further that we specify a growth con-
dition at infinity with respect to which wrapping is done. It turns out that to get a growth
condition which could induce an “order of pole” filtration as described in the introduction,
we need that the action coordinates together with a Lagrangian section induce a uniform
structure at infinity. The growth condition is that our Hamiltonians are Lipschitz in the
uniform structure. This gives rise to finite-dimensional increasing filtrations in wrapped
Floer cohomology.
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The existence of such a uniform structure translates into a simple requirement on the
behavior of the semi-global invariant at infinity. An L satisfying this is called tame. Given
this Lipschitz structure, there exist compatible almost complex structures on M which
are geometrically bounded. In Appendix B we spell out the details of how to obtain C 0

estimates for the wrapped Fukaya category with Lipschitz Floer data. Thus, a priori, the
input for the wrapped Fukaya category in general is a geometrically bounded symplectic
manifold with a tame Lagrangian torus fibration.

So far we have talked about the construction of the wrapped Fukaya category. To go
beyond this and actually compute the wrapped Fukaya category, or merely to control disk
bubbling, we need Landau–Ginzburg potentials .�;J /with J compatible with the uniform
structure induced by L and � . This is significantly harder. It is not known to the author
whether there is a way to inflate the symplectic structure near D so that the GIT complex
structure remains geometrically bounded. For example, if one inflates by pulling back a
form supported near �.D/, one easily constructs a sequence of loops in a fixed homology
class with length going to 0. Thus, we are forced to construct a Landau–Ginzburg potential
“by hand”. This issue is responsible for the technical difficulty of Appendix A.

3.2. Uniform isoperimetry

Definition 3.1. An !-compatible almost complex structure J is said to be uniformly iso-
perimetric if the associated metric gJ is complete and there are constants ı and c such
that injgJ .M/ < ı and any loop  satisfying `./ < ı can be filled by a diskD satisfying
Area.D/ < c`./2: If J is merely !-tame, we add the requirement that, for some c > 1,

1

c
<

ˇ̌̌̌
!.Jx; Jy/

!.x; y/

ˇ̌̌̌
< c:

We refer to almost complex structures satisfying the latter condition as uniformly !-tame.

Remark 3.2. The criterion is satisfied for J compatible if gJ is geometrically bounded,
that is, the sectional curvature is bounded from above and the radius of injectivity is
bounded from below.

Remark 3.3. It is clear from the definition that if gJ0 is uniformly isoperimetric and
gJ1 is metrically equivalent to gJ0 then gJ1 is also uniformly isoperimetric. Metric equi-
valence here means there are constants c; C such that for any non-zero tangent vector
v 2 TM we have

c <
gJ1.v; v/

gJ2.v; v/
< C:

Lemma 3.4. Let J0; J1 be !-tame almost complex structures and write Z D J0J
�1
1 .

Call J0 and J1 equivalent if Z and Z�1 both have bounded norm with respect to gJ0
.and therefore gJ1/. Then any equivalence class is contractible.

Remark 3.5. Observe that equivalence in the sense of the last theorem entails equivalence
of the associated metrics. Moreover, if both almost complex structures are compatible, it
is the same as equivalence of the associated metrics.
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Proof. The Cayley transform  W Z 7! .Id�Z/.IdCZ/�1 maps the set of positive def-
inite matrices to the ball kW k < 1. Now, the space of tame almost complex structures J 0

maps diffeomorphically to a convex subset of the unit ball under the composition of  
with the map sending J 0 toZD J0J 0�1 (see [24, Proposition 2.5.13, Proof 3]). Moreover,
J0 is equivalent to J1 if and only if there is an " > 0 for which k .Z/k< 1� ". The claim
follows.

As we will see below, geometric boundedness in the sense of Definition 3.1 is the
key to C 0 estimates in Floer theory. Combining the observation in Remark 3.3 with
Lemma 3.4 we see that in order to define Floer-theoretic invariants associated to L, we
need to be able to specify a canonical metric up to equivalence. In the rest of the section
we will show that if .M;L/ satisfies a certain tameness condition then any Lagrangian
section gives rise to an equivalence class of metrics. To formulate this precisely we need
to first study the invariants of an SYZ fibration.

3.3. The semi-global invariant

Definition 3.6. Semi-toric SYZ fibrations with section .Mi ;Li WMi ! Bi ; �i /, i D 0; 1,
are said to have the same germ if there exist neighborhoods Vi of �i , a diffeomorphism
� W V0! V1 and a symplectomorphism WL�10 .V0/!L�11 .V1/, commuting with the Li

and the �i . This is an equivalence relation. We refer to the equivalence class of .M;L; �/
as its germ.

Remark 3.7. Observe that the information about the section is redundant. Namely, any
two admissible sections in a small enough neighborhood of � are easily seen to be
Hamiltonian isotopic.

Theorem 3.8. The fibrations .Li ; Bi ; �i / are symplectomorphic if and only if they have
the same germ and there is an integral affine isomorphism B0;reg ! B1;reg.

Proof. We use the section to define a symplectomorphism over Breg. Namely, the section
together with any simply connected local affine chart on V � Breg defines an identific-
ation of L�1i .V / with V � Tn. This induces a symplectomorphism over Breg. Note that
this symplectomorphism is the unique one intertwining the sections. Since the Li have
the same germ, there is also a symplectomorphism over a neighborhood of �. Since
the overlap between Breg and a neighborhood of � is a subset of Breg and all the sym-
plectomorphisms involved intertwine sections, these symplectomorphisms agree on the
overlap.

To make the germ a little more concrete, we describe the behavior of L and its period
lattice near the critical points and singular values of L. This is a summary of results of
[9, 10] (which build upon results on the focus-focus singularity also appearing in [36]).
Let e be an edge of�. In a small neighborhood Ve �B of e there is a (multi-valued) basis
¹�1; �2; �3º of the period lattice ƒ�Z restricted to Ve n e in which the monodromy is given
as in (2.1). Using normal coordinates we identify Ve with the product D � e where D is



Y. Groman 2390

a 2-disk and there is a neighborhood Ue of Crit.L/je projecting to Ve for which there
is a local normal form as in Lemma 2.13. The functions q1; q2; q3 describing L in the
local normal coordinates extend uniquely to L�1.Ve/: (In particular, they give rise to a
Hamiltonian flow on Ue .) We consider their values as defining local coordinates b1; b2; b3
on Ve . Semi-global invariants for L near e are obtained by expressing the period lattice
in these coordinates.

Theorem 3.9. There is a smooth function h W D � e ! R such that writing

�0 D � ln jb1 C ib2jdb1 C arg.b1 C ib2/db2; (3.1)

the period lattice is given by

�1 D �0 C dh; �2 D 2�db2; �3 D dr: (3.2)

Conversely, we have the following result.

Theorem 3.10. For every smooth function h on Ve there is a Lagrangian torus fibration
over Ve for which the periods are given by (3.2).

The normal coordinates are only unique up to certain changes of coordinates. These
can be factored as a discrete choice of a symplectomorphism which is non-isotopic to the
identity (i.e., the sign inversions leaving (2.5) invariant) following one that differs from
the identity by a map that vanishes with all its derivatives along the critical points. The
discrete choice affects the definition of �1. Accordingly, it turns out that the germ of h
along e, modulo functions that vanish to all orders along e, and considered as a function
on Ve D D � e, is independent of any choices up to a global constant.

Theorem 3.11. The germs of a pair of Lagrangian torus fibrations L1;L2 over Ve are
symplectomorphic if and only if writing

�1 D �0 C dhi ; i D 1; 2;

the derivatives to all orders of h1 � h2 vanish along e.

The data of the germ of h along each edge e modulo flat functions is the semi-global
invariant referred to in the title of this subsection.

We refer the reader to [9, 10] for the proofs of the above theorems. Functions whose
derivatives vanish to all orders at a point p 2 Rn are called flat.

Definition 3.12. Let .M;L/ be a semi-toric SYZ fibration. We denote by L� the data
of the smooth tropical curve f�.�/ together with the germ modulo flat functions He;L W
Ve ! R for each edge e.

In the following denote by�R the set f �1� .f�.�//; it is diffeomorphic to the product
� �R.

Definition 3.13. We say that the affine structure on Breg is complete if every sequence
of points of Breg contained in an affine chart with bounded coordinates has a convergent
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subsequence in B . We say that it is nice if there is a choice of global action coordinates
on f �1� .f�.�// defining an embedding into R3.

Remark 3.14. We comment on the niceness condition. Note that the components of f�
are integral affine. The assumption of niceness is that there is a choice of a transverse
integral affine coordinate bn which is injective on lines satisfying f�D const. An example
where this does not hold can be constructed by starting withB such that the integral affine
structure on Breg is nice and considering the universal cover zB of the complement of a
properly embedded affine line contained in Breg. The induced integral affine structure on
the regular part of zB cannot be completed. A proof of this can be adapted from a very
similar situation considered in [14, Chapter 7, Example 4].

The main consequence of these assumptions is as follows. Let L be complete and nice
and let B0 D B n�R. Then B0 is a union of integral affine polyhedra each of which is
a product of R with a (not necessarily closed) polygon. Moreover, these are embedded
densely in R3 with its affine structure.

Theorem 3.15. There is a bijection between germs of semi-toric SYZ fibrations and com-
plete semi-toric SYZ fibrations which are nice. Moreover, any nice semi-toric SYZ fibration
over an open set in R3 can be uniquely completed so that it remains nice.

Proof. Let L be a germ of a fibration, let � W f�.�/! R be the 0th order term of L�.
Then � � B D R3 can be thought of as the graph of � . For each edge of f�.�/ let

Pe WD ¹.x; t/ 2 e �R j t � �.x/º � R3:

Let U D R3 n
S
e Pe where the union is over the closed edges of �. We glue the com-

ponents of U together across Pe according to the monodromy matrix associated in the
dual graph �� to the dual edge. This defines Breg with its integral affine structure. There
is a unique Lagrangian torus fibration Lreg with this integral affine structure [9]. Con-
sider a small enough neighborhood V of L� such that the action coordinates on any open
and simply connected set of L�.V / define an embedding. Picking a Lagrangian section
for Lreg we can now glue it to the admissible section on the germ in a unique way to give
the required SYZ fibration.

For a germ ı denote the fibration constructed this way by Lı . By Lemma 3.8 and by
construction this is an injection. We now show it is a surjection. Namely, let L W M !

B be a complete nice semi-toric SYZ fibration with section and let ı be its germ. We
need to show that L is symplectomorphic to L0 D Lı . By assumption, there is an affine
diffeomorphism between B0 and B 00. Moreover, the monodromy, which is determined
by f�.�/, uniquely determines how the integral affine structure extends across �R. The
claim now follows by Lemma 3.8.

Theorem 3.16. Let Li D Mi ! B for i D 1; 2 be a pair of complete semi-toric SYZ
fibrations such that f�1.�1/ is related to f�2.�2/ by an element of SL.2;R/. Then the
fibrations are equivariantly symplectomorphic.
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Remark 3.17. Note that equivariant symplectomorphism is weaker than symplecto-
morphism which intertwines the torus fibrations. Indeed, the former involves only the
components of L which generate periodic actions. A similar observation to Theorem 3.16
in the 2-dimensional case is made in [33, Corollary 5.4], though the equivariance is not
stated.

Proof of Theorem 3.16. First observe that by the previous theorem, the equivariant dif-
feomorphism type of a complete semi-toric SYZ fibration is determined by the combinat-
orial structure of f�.�/. If the condition of the current theorem is satisfied we can find an
equivariant diffeomorphism which in addition intertwines the moment maps. Moreover,
for the preimage under � of a compact setK � R2, we may assume that the Li are inter-
twined outside of a compact set. The assumption on f�i .�i / implies that  �!2 � !1 is
exact. Moreover, denote by V �M the ends where  �!2 � !1 is assumed to be identic-
ally 0. Then we may further assume that !1 and  �!2 are cohomologous relative to V .
Indeed, this is nothing but the intertwining of the action coordinates near the ends. We can
therefore pick a primitive � such that for eachK �R2 we have � D 0 on the complement
of a compact set in ��1.K/. Moreover, by averaging, � can be taken to be T2 invariant.
Let !t D !1 C td� and let Xt be the !t dual of � . Then Xt is invariant, preserves the
moment map �, and vanishes where � does. In particular, the flow exists for all times.
Moser’s trick now implies the claim.

3.4. Tame SYZ fibrations

Before stating the following definition we recap the following point from the previous
subsection. Given an edge e of�, we can make a choice of equivariant normal coordinates
as in Theorem 2.12 identifying e with a subset of g and a neighborhood V of e with the
product of e and the standard disk in R2. In these coordinates we obtain a smooth function
He;L featuring in (3.2). Moreover, the germ ofHe;L modulo flat functions is independent
of the choice of equivariant normal coordinates. Note that e is identified with a subset of
g up to integral affine transformations. Thus we can talk about the C k norms of He;L
along a half-infinite edge e being bounded or not without introducing any choices.

Definition 3.18. We say that L is tame if it is complete, nice, and, for any k, dHe;L is
uniformly bounded in C k along e for any half-infinite edge e.

Theorem 3.19 (The uniform structure on B). Let L be tame. There exists a global
coordinate system .x1;x2;x3/ WB!R3 with the following properties. For i D 1;2 denote
by Ii the action coordinates associated with some basis for the periods in � � ƒ�. Fix
a simply connected open and dense set V � Breg and choose a complementary action
coordinate I3 on V .

(a) For any ı > 0 there is a bi-Lipschitz equivalence between the coordinates x1; x2; x3
and I1; I2; I3 on V n Bı.�/ with Lipschitz constants depending only on ı and the
chosen basis.

(b) The functions I1; I2 are Lipschitz on B in the coordinates ¹xiº.
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(c) For small enough ı > 0, for any edge e and any x 2 Bı.e/ n�, we haveˇ̌̌̌
ln
1

c
d.x;�/

ˇ̌̌̌
< jrIn.x/j < jln cd.x;�/j:

Any such coordinate system is determined uniquely up to bi-Lipschitz equivalence.

Remark 3.20. We may take xi D Ii for i D 1; 2. We may also assume � is contained in
the plane ¹x3 D 0º.

Proof of Theorem 3.19. For each half-infinite edge e of � let Ve D D2 � e. Let he W
Ve! R whose germ at e � ¹.0; 0/º isHe;L. Then jdhe.t; 0; 0/j < C for t 2 e. Thus there
is an open neighborhood of e � ¹.0;0/ºwhere the same inequality holds. By appropriately
deforming h outside of an even smaller neighborhood we may assume without loss of
generality that the same inequality holds on all of Ve . Moreover, we may assume that h
satisfies uniform estimates of all derivatives on all of Ve . By Theorem 3.10 there exists an
SYZ fibration for which the sets Ve describe the local normal coordinates. By taking the
diskD2 to be small enough we may assume that the corresponding action coordinates are
embeddings on simply connected sets. Thus, after completing as in Theorem 3.15, this is
the unique (up to symplectomorphism) complete nice SYZ fibration with the same germ
as the one we started with.

To define the coordinate x3 observe first that the difference between two successive
branches of dI3 is a bounded function of .I1; I2; I3/. We may thus define a new func-
tion J3 by interpolating two branches on a neighborhood of some cuts in such a way that
the system ¹I1; I2; I3º is bi-Lipschitz equivalent to the system ¹I1; I2; J3º on any simply
connected subset of Breg. Fix a constant C such that jdH�;Lj � C . Then by taking D2

to be the disk of radius e�C we can interpolate CJ3 with the normal coordinate b1 in such
a way that the requirements are satisfied.

Definition 3.21. For L tame, call a local normal form  on a neighborhood V of Crit.L/
L-tame if, with respect a metric as in Theorem 3.19, V projects under L onto a uniform
tubular neighborhood of � and the functions q1; q2; q3 defined by  as in (2.5) factor
as Qq ıL with Qq Lipschitz with respect to the said metric. Given a Lagrangian section �
which does not meet Crit.L/ we say that the local normal form is .L; �/-tame if, further,
� is uniformly disjoint from Crit.L/ in the coordinates defined by  .

Definition 3.22. Let .X; gX /; .Y; gY / be Riemannian manifolds. A submersion f W

X ! Y is quasi-Riemannian if there is a constant C > 1 such that for each p 2 Y and
each q 2 f �1.p/, denoting by gq the metric on TpY induced from the quotient metric on
TqX=ker df ' TpY , for each v 2 TpY we have

1

C
gq.v; v/ < gY .v; v/ < Cgq.v; v/: (3.3)

Theorem 3.23 (The uniform structure on M ). Suppose L is tame. For each section �
of L which does not meet Crit.L/ there is an !-compatible almost complex structure J�
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such that the associated metric gJ� has a finite cover by uniformly bi-Lipschitz coordinate
systems for any ı > 0 as follows:

(a) Preimages under L of simply connected open subsets ofB nBı.�/ with action-angle
coordinates for which � is the zero section.

(b) L�1.Bı.�// n Bı.Crit.L// with coordinates given on base as in Theorem 3.19 and
on the fiber coordinates t 2 Œ�T; T �n giving the time-t Hamiltonian flow of the base
coordinates with initial condition � .

(c) Bı.Crit.L// with .�;L/-tame local normal coordinates.

Any two almost complex structures J1 and J2 satisfying this condition give rise to equi-
valent metrics. With respect to such a metric, L is a quasi-Riemannian submersion on the
complement of Bı.Crit.L// and � is a uniformly Lipschitz embedding.

Proof. We start by taking an open cover by coordinate systems as in the statement inter-
preting Bı.Crit.L// as the ball with respect to some .L; �/-tame local coordinates.

We remark that to obtain a � -tame local normal form we can start with an arbitrary
tame local normal form, which exists by the tameness assumption and Theorem 3.19, and
modify by flowing � to the section x1 D x2 D ı; � D 0. Here we are referring to the
normal coordinates introduced in Theorem 2.13.

Observe also that for a given ı which is small enough there is a fixed T such that the
sets of the last two types are a cover of L�1.Bı.�//. To see this, note that jdhj as in (3.2)
is roughly the time it takes for a point moving out of the normal neighborhood to hit it
again under the Hamiltonian flow of the local normal coordinate on the base. See [36].
Tameness of L thus guarantees uniform boundedness of this time for fixed ı.

We need to show that on the overlaps the coordinates are bi-Lipschitz equivalent.
We comment on this for the overlap between the second and third type of coordinate
system, the others being the same. Observe first that in both systems, L is a uniformly
quasi-Riemannian submersion on the overlap and � is a uniformly Lipschitz embedding.
The map from Poisson coordinates .I1; : : : ; In; t1; : : : ; tn/ to local normal coordinates
.x; y; r; �/ involves L; �; and the differential of the Hamiltonian flow of the functions
q1; q2; r . On the overlaps, the gradients of these functions are bounded above and below.
Moreover, their Hessians are uniformly bounded since they are r-independent. From this
it is straightforward to deduce the desired bi-Lipschitz equivalence.

Using these coordinates, we may pick uniformly bounded compatible almost complex
structures on each coordinate neighborhood. On the overlaps, the various almost complex
structures induce equivalent metrics. By Lemma 3.4 they may be glued together while
preserving the equivalence.

For the second statement note that both the Poisson coordinates corresponding to the
coordinate system of Theorem 3.19 and a tame local normal form are determined uniquely
up to bi-Lipschitz equivalence given those coordinates and a Lagrangian section.

Finally, the claims about � and L are immediate in each of these coordinate systems,
so the claim follows by the bi-Lipschitz equivalence of the coordinate systems on the
overlaps.
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Definition 3.24. An almost complex structure as in Theorem 3.23 is called .L; �/-adap-
ted.

Theorem 3.25. The metric associated with any .L; �/-adapted almost complex structure
is uniformly isoperimetric in the sense of Definition 3.1.

Proof. On the complement of Bı=2.Crit.L// the metric is locally uniformly equivalent to
the Euclidean metric on Rn � Tn. On

Bı=2.�/.Crit.L//

the metric is up to bi-Lipschitz equivalence translation invariant outside of a compact set.
The claim follows by the remark after Definition 3.1.

The following lemma will be used in Appendix A in the course of the proof of The-
orem 3.27.

Lemma 3.26. There exists a Lipschitz function � WM !S1 with the following properties:

(a) � is G-invariant.

(b) d� generates H 1.M IZ/.

(c) For any ı > 0 the restriction of L � � to M n Bı.Crit.L// is a quasi-Riemannian
submersion.

Proof. On M nL�1.Bı.�// we pick a global angle function �3 to S1 as in the proof of
Theorem 2.3 (a) so that � is mapped to 1. Note that as ı goes to 0 the differential d�3 goes
to 0 except at the critical points where it converges to1. We renormalize as follows. On
U1 DL�1.Bı.�// nBı.Crit.L// consider the function Q�3 obtained from the vector field
f .b/@x3 normalized so as to mapU1=G onto the upper half-circle. LetU2 WDBı.Crit.L//.
Then U2 \U1 has two connected components. Thus we can extend Q�3 smoothly to U2 so
that it maps to the lower half-circle. In this procedure we have no control from below on the
gradient of Q�3 in the region Bı.Crit.L//, but outside that region Q�3 is a quasi-Riemannian
submersion. We can now glue together �3 and Q�3 to obtain a function as required.

3.5. Landau–Ginzburg potentials and walls

Recall Definition 1.4 of a Landau–Ginzburg potential for L and a tautologically unob-
structed Lagrangian. In Appendix A we will prove the following theorem.

Theorem 3.27. If L is tame then for each Lagrangian section � of L there is a Landau–
Ginzburg potential .�; J / such that J is .L; �/-adapted. Moreover, there is a canonical
contractible set of such adapted Landau–Ginzburg potentials.

Remark 3.28. If we drop the requirement that J is .L; �/-adapted, it is not hard to
come up with a Landau–Ginzburg potential. The difficulty in proving Theorem 3.27 is in
constructing a .�; J / such that J is geometrically bounded and tamed by !.

The significance of an LG potential is shown by the following theorem.
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Theorem 3.29. Fix a Landau–Ginzburg potential .J; �/. Then any J -holomorphic
sphere is contained in ��1.1/. Furthermore, suppose L � M is a tautologically unob-
structed Lagrangian submanifold. Then there are no non-constant J holomorphic disks
with boundary on L.

The proof of Theorem 3.29 relies on the following theorem.

Theorem 3.30. Let .M;J / be an almost complex manifold, let V � Cn be an open tubu-
lar neighborhood of a properly embedded complex hypersurface and let f W M ! Cn

be a smooth map such that the restriction of f to U WD f �1.V / is J -holomorphic.
Then any closed J -holomorphic curve u in M meeting a point p 2 U satisfies u �
f �1.f .p// � U . Moreover, if u is a J -holomorphic map from a compact surface with
boundary such that u intersects U but @u �M n U , then f .@u/ represents a non-trivial
class in H1.Cn n V IZ/.

Proof of Theorem 3.29. By Theorem 3.30 every J -holomorphic sphere is contained in a
fiber of � . The regular fibers of � have the homotopy type of tori and are thus aspherical.
The first part of the claim follows.

Suppose u W .D; @D/! .M;L/ is J -holomorphic. The function � can be considered
as a function f W M ! C by adding either ¹0º or ¹1º to C� in such a way that f� W
H1.LIZ/! H1.C n ¹1ºIZ/ is trivial. Then the image of u must intersect f �1.1/ if u
is non-constant. Indeed, otherwise, if @u is contractible in L, we have

R
u�! D 0. This

follows since M n f �1.1/ is topologically aspherical being a torus fibration over Breg

which has the homotopy type of a punctured Riemann surface. If @u is non-contractible
in L, then it is also non-contractible in M n f �1.1/. Either way, u meets f �1.1/. On
the other hand, @u � L, so by assumption, f .@u/ is homologically trivial in C n ¹1º.
Moreover, there is a neighborhood V of 1 such that @u�M n ��1.V /. The claim follows
by Theorem 3.30.

Proof of Theorem 3.30. The case n > 1 can be reduced to the case n D 1. Indeed, the
complex analytic hypersurface in Cn is the zero locus of a global analytic function g [17],
so the hypothesis with nD 1 will be satisfied by the function g ı f . So assume from now
on n D 1. Pick an exact form !V with support in V , positive at p and non-negative
everywhere with respect to the standard complex structure on C. This can obviously be
done in C since every 2-form is closed and therefore exact. The pullback f �!V is again
an exact form. Thus

R
u�f �!V D 0. But f ı u meets p and is holomorphic on the

preimage of V , so unless d.f ı u/� 0 we find that u�f �!V is everywhere non-negative
and positive somewhere. This contradiction proves the first part of the claim. For the
second part, note that the same argument as above implies

R
u�f �!V ¤ 0. Let ˛ be such

that d˛ D !V . By assumption, d˛ D 0 on Cn n V soZ
u�f �!V D

Z
f .@u/�˛:

The latter is only non-zero if @u is a non-trivial class in H1.Cn n V IZ/.
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Remark 3.31. Observe that a Landau–Ginzburg potential is a flexible structure. Namely,
given one such, we are free to deform � away from Crit.L/ as long as the fibers remain
symplectic. We can then extend J from a neighborhood of Crit.L/ by arbitrarily extend-
ing to the vertical bundle determined by the symplectic fibration, and then uniquely
extend by the condition of J -holomorphicity and horizontality. Note also that carefully
examining the proof of Theorem 3.29 it becomes evident that one only needs to require
J -holomorphicity of � for the preimage of a neighborhood of 0.

3.6. Admissible Lagrangians

Consider the Lagrangian torus fibration L W M ! B and the section � of L. Let b be a
regular value of L and let pD �.b/. WriteLb WDL�1.b/. There is a natural isomorphism
� W TpLb D T

�
b
B . This arises from the short exact sequence

0! T �b B ! T �pM ! T �p L! 0;

and the identification of TpLb with the kernel of T �M ! T �L via !. Note that conor-
mality also makes sense over singular values of L since � is disjoint from the critical
points of L.

Given a locally affine submanifold C � Breg, the conormal C?p � TpLb of C at p is
defined to be the annihilator of TbC under �. The image of the right inverse �� W TbB !
TpM is isotropic. Therefore Im � C C?p � TpM is Lagrangian. If C has rational slopes,
C?p defines a subtorus of Lb going through p of dimension complementary to C . This
subtorus is also referred to as the conormal of C . We thus obtain a Lagrangian submani-
fold of M fibering over C with fiber over c 2 C the conormal subtorus through �.c/.

For M connected, with a fixed almost complex structure J , a Hamiltonian H is said
to be Lyapunov if there are constants c; � such that for any pair of points x0; x1 2M and
any t > 0 we have

1

c
d.x0; x1/e

��td. tH .x0/;  
t
H .x1// � cd.x0; x1/e

�t ;

the distance measured with respect to J . The Lyapunov property is invariant under equi-
valence of metrics.

Definition 3.32. A properly embedded Lagrangian submanifold L � M is .L; �/-
adapted if after applying a Hamiltonian isotopy  generated by a Lipschitz Lyapunov
Hamiltonian,  .L/ is as follows. There is a compact subset K �M and an N � B such
that in affine coordinates, N \ Breg is locally affine with rational slopes and  .L/ nK is
the conormal of �.N /.

Definition 3.33. Fix a Landau–Ginzburg potential .�; J /. A Lagrangian submanifold L
is said to be admissible if

(a) L is uniformly disjoint of ��1.1/,

(b) L is .L; �/-adapted,



Y. Groman 2398

(c) L is spin,

(d) arg.�jTL/ is exact.

These give a grading on Hamiltonian chords, and orientation of the moduli spaces of
disks with boundary on the Lagrangian, and, as we shall see, compactness of the moduli
spaces. Henceforth we fix an LG potential .�;J /D .�LG; JLG/ and consider admissibility
with respect to it.

Examples. (a) For any regular value b 2 B , L�1.b/ is L-admissible.

(b) Lagrangian sections � W B ! X which do not meet Crit.L/ can be made admissible
by a Hamiltonian isotopy.

(c) Conormals which are constructed out of a section � as before and a submanifold of B
which is contained in a single affine chart and have linear slopes near infinity.

Definition 3.34. Let J be uniformly isoperimetric. A properly embedded Lagrangian
submanifoldL is said to be uniformly isoperimetric if there are constants ı and c such that
any loop inL of diameter less than cı is contractible inL and for any chord  W Œ0;1�!M

with endpoints on L and of length � ı there is a disk D � M and a path Q W Œ0; 1�! L

of length � cı such that @D D  [ Q and Area.D/ � c`./2.
L is said to be Lipschitz if there exist constants r and C such that denoting by dL the

induced distance on L, the following hold:

(a) For x;y 2 L such that dM .x;y/ < r we have dL.x;y/ < CdM .x;y/. In other words,
on balls Br .x/ \ L, the two distance functions are equivalent uniformly in x 2 L.

(b) For any x 2 L, Br .x/ \ L is contractible in L.

Lemma 3.35. If L is Lipschitz and M is uniformly isoperimetric with respect to some J
then L is also uniformly isoperimetric with respect to J .

Proof. Given a small enough chord  in M with endpoints in L, the Lipschitz condition
guarantees it can be completed to a closed loop by concatenating a chord Q contained inL
and such that `. Q/ � C`./. Making `./ even smaller, we can fill  [ Q by a disk of
area

� c`. [ Q/2 � c.1C C/2`./2:

Lemma 3.36. An admissible Lagrangian L is Lipschitz and therefore uniformly isoperi-
metric.

Proof. First observe that both the property of being Lipschitz and of being admissible
are invariant under equivalences of metrics and are thus preserved under the flow of a
Lyapunov Hamiltonian. Thus we may assume that outside of a compact set, L is the
conormal with respect to � of a locally affine submanifold of Breg. Since � is uniformly
disjoint from Crit.L/, we can find a finite cover of Breg such that with respect to any
metric as in Theorem 3.23, L is covered by components equivalent outside of a compact
set to an affine subspace of Ui � Œ�Ti ; Ti �n.
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4. Wrapped Floer cohomology

4.1. Admissible Floer data and C 0 estimates

Henceforth we fix an admissible Lagrangian section � and a .�;L/-tame LG potential
.�LG; JLG/. We allow .�LG; JLG/ to be time dependent.

Definition 4.1. LetL0 andL1 be admissible Lagrangians. A time dependent Hamiltonian
H is said to be admissible if H is proper, bounded below, Lipschitz and Lyapunov. It is
said to be .L0;L1/-admissible if there is a compact setK and an " > 0 such that, denoting
by  H the time-1 flow ofH , we have d.L1 nK; H .L0// > ". A time dependent almost
complex structure Jt is said to be admissible if Ji D JLG for i D 0; 1 and Jt is .L; �/-
adapted. A pair .H; J / of time dependent Floer data is called .L0; L1/-admissible if
H and J are each admissible and J is compatible with ! in the neighborhood of any
Hamiltonian chord running from L0 to L1.

Lemma 4.2. (a) Let L0; L1 be a pair of admissible Lagrangians, one of which is closed
or both are Lagrangian sections. For any Lipschitz Hamiltonian H0 which is proper
and bounded below there is an .L0; L1/-admissible H such that H > H0.

(b) If H is admissible for .L0; L1/, there is an " > 0 such that any Hamiltonian H 0

satisfying kdH � dH 0k < " outside of a compact set is also admissible.

Remark 4.3. It should not be hard to prove the claim for arbitrary pairs of admissible
Lagrangians. We do not use this so we do not try to prove it.

Proof of Lemma 4.2. (a) We first point out that the claim is trivial if one of the Lagrangi-
ans is closed. Indeed, in that case, if H0 is admissible, so is aH C c for any a > 0 and
c 2 R.

For non-closed Lagrangians we restrict to the caseL0DL1, the adjustment to the case
where L0 is the image of L1 under the flow of a Lipschitz Lyapunov Hamiltonian being
trivial. Hamiltonians which factor through L give rise to rotations in the torus fibers. Let
x1; x2; x3 be as in Theorem 3.19. Let h WRC!RC be a Lipschitz function which is linear
of slope n 2N at infinity and equals x2 near 0. The flows of the functions a

P3
iD1 h.jxi j/

displace � outside of a compact set by a uniform distance whenever a 62 Z. Note that this
utilizes the fact that � \Crit.L/D;. Thus h ıL is admissible. SinceH0 is Lipschitz with
respect to the uniform structure induced by the integral affine coordinates, if we choose n
large enough we haveH0 <h ıLCC forC some constant. So, we takeH D h ıLCC .

(b) Immediate from the definition.

Let .H; J / be .L0; L1/-admissible and suppose all the time-1 Hamiltonian chords
ofH fromL0 toL1 are non-degenerate. Denote by�.L0;L1/ the space of paths fromL0
to L1. Given Hamiltonian chords �; C and a homotopy class A of paths in �.L0; L1/,
let

M..H; J /; �; C; A/
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be the set of solutions u to Floer’s equation

@suC J.@tu �XH / D 0

such that Œu� D A and limt!˙1 ut D ˙. Write E.u/ WD 1
2

R1
�1
j@suj

2 ds:

Lemma 4.4. There exists a compact set K D K.E/, depending additionally on H; J;
L0; L1, such that u.R � Œ0; 1�/ � K for any Floer solution u with E.u/ < E.

Proof. This is a particular instance of the global estimate of Theorem B.12 in the
appendix. For the sake of exposition we spell out the proof for this particular case. We first
rule out the possibility of a sequence ti !1 such that uti !1. Let AD Œt0; t1� � Œ0; 1�
and suppose u.A/ �M nK 0 whereK 0 is the set such that d. H .L1 nK 0/;L0/ > " > 0.
By Lemma B.10 the Lyapunov condition produces a ı > 0 such that E.ut / � ı for any
t 2 Œt0; t1�. Since E.u/D

R
E.ut / dt it follows that t1 � t0 � E.u/=ı. On the other hand,

by Cauchy–Schwarz we have the inequality

d.ut0 ; ut1/
2
� .t1 � t0/E.uI Œt0; t1� � Œ0; 1�/:

Combining these inequalities we see that we cannot have a sequence ti !1 such that
uti !1. That is, there is a compact set QK.E/ such that ut meets QK.E/ for every t 2R. It
remains to estimate the diameter of ut for any t . Here we apply the domain-local estimate
(Theorem B.8) which is based on the monotonicity estimate of [32] with respect to any
admissible J and in particular satisfies the monotonicity inequality. Namely, we cover ut
by a pair of half-disks to find for the constant R D R.E/ of Theorem B.8 that ut is
contained in the compact set K.E/ D B2R. QK.E//.

4.2. Regularity

Given an admissible Floer datum we introduce the following moduli spaces. For a homo-
logy class A 2 H2.M IZ/ and a time dependent admissible almost complex structure Jt
let

M�.¹Jtº; A/ D ¹.t; u/ 2 .0; 1/ � C
1.S2;M/ j @Jtu D 0; Œu� D A; u is simpleº;

the moduli space of simple J -holomorphic spheres. For a pair of Hamiltonian chords
1; 2 denote by C.L0;L1; 0; 1/ the space of smooth maps u W .�1;1/� Œ0; 1�!M

with boundaries in L0; L1 respectively, and asymptotics 0 and 1 respectively. For a
homotopy class A of maps in C.L0; L1; 0; 1/, let

M..H; J /; 0; 1; A/ WD ¹u 2 C.L0; L1; 0; 1/ j Œu� D A; .du �XHt /
0;1
D 0º:

A pair .H; J / of a time dependent admissible Hamiltonian and an almost complex struc-
ture is said to be regular if the following conditions hold:

(a) The Hamiltonian chords going from L0 to L1 are all non-degenerate.
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(b) For all A 2 H2.M IZ/, the moduli space M�.¹Jtº; A/ is smooth of the expected
dimension.

(c) For any 0; 1 of index difference 1 or 2, the moduli spaces M..H; J /; 0; 1; A/ are
smooth of the expected dimension.

(d) There is no .t; u/ 2M.¹Jtº; A/ with v 2M..H; J /; 0; 1; A/ and s 2 R such that
A ¤ 0 and v.s; t/ 2 u.S2/.

Theorem 4.5. The space of regular admissible Floer data is of the second category in
the space of all admissible Floer data.

Proof. We emphasize that our regularity assumption does not involve any statement con-
cerning disks. Thus the statement of the present theorem is proven in, e.g., [22] albeit
without the admissibility condition. We comment on the adaptation that is necessary due
to this additional condition. The requirement of L-adaptedness is open and thus has no
effect in this regard. It remains to discuss the condition Ji D JLG for i D 0; 1. First note
that the generic smoothness of the smooth part of the moduli spaces of Floer trajectories
is unaffected by the restriction on Ji . Indeed, transversality can be achieved by perturb-
ing Jt for t in any compact subset of .0; 1/. The generic smoothness of the moduli spaces
M�.¹Jtº; A/ is slightly different than usual. Namely, we do not assume that J0; J1 are
regular for spheres, and correspondingly require smoothness of the space M�.¹Jtº; A/

only for t 2 .0; 1/. Sphere bubbling at any interior point of a strip is prevented by the
usual argument. Namely, the proof that the evaluation map

ev WM�.¹Jtº; A/ �M..H; J /; 0; 1; A/ � S
2
�R � .0; 1/!M �M � .0; 1/

is transverse to the identity goes through. Sphere bubbling at the boundary is prevented
by Theorem 3.30. Namely, all spheres are contained in ��1.0/, which by definition does
not meet an admissible Li . Note we only assume J D JLG at the endpoints, so as to allow
perturbations, which is why we do not invoke Theorem 3.30 to rule out sphere bubbling
at interior points.

4.3. The Floer complex

Let .H; J / be an admissible Floer datum for L0; L1. We define the Floer complex as fol-
lows. Denote by P the set of Hamiltonian chords going from L0 to L1. Our Lagrangians
are graded, so denote by P i � P the chords of index i . Letƒnov be the universal Novikov
field over K,

ƒnov D

° 1X
iD0

ai t
�
i

ˇ̌̌
ai 2 K; �i 2 R; lim

i!1
�i D1

±
:

Define
CF i .L0; L1/ D

M
2Pi

ƒnovhi:
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Note that by admissibility and non-degeneracy, the set of chords is always finite. For an
element u 2M..H; J /; 0; 1; A/, define the topological energy

Etop.u/ WD

Z
u�! C

Z
ŒHt .1.t// �Ht .0.t//� dt:

The topological energy depends onA only, so we will also writeEtop.A/. Define the Floer
differential by

h�10; 1i WD
X
A

tEtop.A/#M.0; 1; A/=R

Theorem 4.6. For any regular admissible .H; J / the Floer differential is well defined
and satisfies �1 ı �1 D 0.

Proof. First note that by Lemma 4.4, we have an energy diameter estimate and thus
Gromov–Floer compactness for moduli spaces of Floer trajectories in a given homo-
topy class. Now, since by Theorem 3.29 and admissibility, L0; L1 bound no J0; J1-
holomorphic disks respectively, the identity �1 ı �1 D 0 is standard.

4.4. Continuation maps

Let .H i ; J i / be .L0; L1/-admissible and regular for i D 0; 1. Suppose H 1 � H 0 is
bounded from below. A family .H s; J s/ of admissible Floer data is admissible if @sH s

is Lipschitz and bounded from below.
If i is a Hamiltonian chord of H i for i D 0; 1, denote by

M.¹.H s; J s/º; 0; 1; A/

the moduli space of Floer solutions, and set

M�.¹J st ; Aº/ D ¹t; s; u j @Jt;su D 0; Œu� D A; u is simpleº:

We say that the homotopy .H s; J s/ is regular if the following hold:

(a) For all A 2 H2.M IZ/, the moduli space M�.¹J st º; A/ is smooth of the expected
dimension.

(b) For any 0; 1 of index difference 0 or 1, the moduli spaces M..H; J /; 0; 1; A/ are
smooth of the expected dimension.

(c) There are no .s; t; u/ 2 M.¹J st º; A/ and v 2 M.¹.H s; J sº/; 0; 1; A/ such that
v.s; t/ 2 u.S2/.

(d) There are no trivial solutions, i.e., s-independent solutions, to Floer’s equation.

Theorem 4.7. The space of regular admissible homotopies is of the second category in
the space of all admissible homotopies.

Proof. This is also proven, without the admissibility condition, in [22]. Namely, the only
difference from the discussion in the proof of Theorem 4.5 is that the dimension of
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M�.¹J st º; A/ is raised by 1 because of the additional s-dependence. This is offset by
the requirement that a sphere bubble at the point .s; t/ has to be Js;t -holomorphic, so that
sphere bubbling remains codimension 2.

Define the map � W CF �.H 0; J 0/! CF �.H 1; J 1/ by

h�0; 1i WD
X
A

tEtop.A/#M.¹.H s; J s/; 0; 1; A/: (4.1)

Here Etop.A/ is defined just as before.

Theorem 4.8. The map � is well defined given .H s; J s/ and is a chain map over the
Novikov field.

Proof. The bound on @sHs implies an a priori estimate on the geometric energy on a
homotopy class of Floer solutions with fixed asymptotic conditions. The C 0 estimate is
given in Theorem B.12. Sphere bubbling in the interior is ruled out by regularity. Disk
and sphere bubbling on the boundary are ruled out by Theorem 3.29. The claim is now
standard.

The following theorem is, in light of existing literature, only a slight variation on the
previous claims and is thus stated without proof.

Theorem 4.9. (a) Different choices of homotopy give rise to chain homotopic definitions
of �. In particular, the map on homology is independent of the choice.

(b) � is functorial at the homology level with respect to concatenations.

(c) If jH 0 �H 1j is bounded, � induces an isomorphism on homology.

4.5. Wrapped Floer cohomology

For a pair of admissible Lagrangians L1; L2 denote by FL.L1; L2/ the set of .L1; L2/-
admissible data. The abundance of such data is guaranteed by Lemma 4.2. Moreover, it
is an easy consequence of Lemma 4.2 that FL.L1; L2/ admits a cofinal sequence with
respect to the relation

.H1; J1/ � .H2; J2/ ” H2 �H1 > C > �1 (4.2)

for some constant C . Given a pair .H1; J1/ � .H2; J2/ 2 FL.L1;L2/, Theorems 4.8 and
4.9 guarantee the existence of a canonical map

HF �.L1; L2IH1; J1/! HF �.L1; L2IH2; J2/:

We can thus make the following definition.

Definition 4.10. We define

HW �JLG
.L1; L2/ WD lim

�!
.H;J /2FL.L1;L2/

HF �.L1; L2IH;J /:
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We shall omit JLG from the notation henceforth, but note that the definition possibly
depends on the choice of Landau–Ginzburg potential.

4.6. Composition and the unit

Definition 4.11. A Floer datum F D .¹Jzº;H/ is called admissible if

(a) Jz are all .L; �/-adapted,

(b) denoting by ULG an open neighborhood of ��1LG .0/, for any z 2 @† we have

JzjULG D JLG;

(c) H takes values in admissible Hamiltonians,

(d) H satisfies the positivity condition (B.1) of Appendix B,

(e) the Floer data are of the formHidt on the strip-like ends forHi which are .Li ;LiC1/-
admissible.

Consider a triple of admissible L1; L2; L3 and correspondingly admissible and regu-
lar .H12; J12/; .H23; J23/; and .H13; J13/ such that H13 � 2max ¹H12; H23º. Assume
further that no endpoint of an H12 chord is the starting point of any H2;3 chord. Denote
by D1;2 the disk with one positive puncture and two negative ones.

Theorem 4.12. For a generic choice of admissible interpolating datum .H; J / on the
disk D1;2, the corresponding Floer moduli spaces give rise to an operation

�2 W CF �.L1; L2IH12; J12/˝ CF
�.L2; L3IH23; J23/! CF �.L1; L3IH13; J13/:

The induced operation on cohomology is independent of the choice of interpolating
datum, is associative and commutes with continuation maps.

Proof. The definition of regularity for a Floer datum on D1;2 is an obvious variation on
the previous case, as is the proof that a generic Floer datum is regular. The C 0 estimate is
given in Theorem B.12 and, for relations such as associativity, in the discussion following
it.

Similarly, let D1;0 have one positive puncture. A Floer datum .H; J / is admissible if
it satisfies the same condition as in Definition 4.11. We then have the following theorem
whose proof requires no new ideas and is thus omitted.

Theorem 4.13. For generic admissible choices we get a map eL W ƒ! HF 0.L;LIH/,
which commutes with continuation maps. The induced map eL W ƒ! HF �.L; L/ gives
rise to a unit by 1L WD eL.1/.

The set of admissible Lagrangians with Hom spaces given by wrapped Floer cohomo-
logy thus defines a category WH L which we refer to as the wrapped Donaldson–Fukaya
category.
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4.7. The PSS homomorphism

Let L be an admissible Lagrangian and let f W L! R be a proper Morse function. Let
g be a metric on L such that .f; g/ is Morse–Smale. Let .H; J / be an .L;L/-admissible
Floer datum. Denote by .CM �.f; g/; dM Iƒ/ the Morse complex. We define a chain map

fPSS W CM
�.f; g/! CF �.H; J /

as follows. Let D0;1 be the disk with one positive strip-like end. Let F be an admissible
Floer datum on D0;1 with H; J on the strip-like end. On D0;1 there is a distinguished
marked point obtained as follows. First note that D0;1 can be compactified to a disk xD0;1
with a marked point q so that the cylindrical end is defined on a punctured neighborhood
of q. The cylindrical end at the puncture induces a tangent direction v at q by considering
the tangent to the ray .0;1/ � ¹1=2º: Call a biholomorphism of xD0;1 with the upper
hemisphere in the Riemann sphere admissible if q is mapped to 0 and v is mapped to
the imaginary axis. Different admissible biholomorphisms are related by scaling which
does not affect the point at 1. Thus there is a unique point on @D0;1 which is mapped
to 1 under any admissible biholomorphism. Denote this point by pd . Given a critical
point p 2 CM �.f; g/ and a chord x 2 CF �.h; J / let M.f; g; H; J; x; p/ be the space
of configurations consisting of pairs .u; / where u is a Floer solution onD0;1 with Floer
datum F and  W .�1; 0�! L is a half gradient line for .f; g/. For a configuration .u; /
define the energy byEtop.u;/ WDEtop.u/. The virtual dimension of M.f;g;H;J;x;p/ is
the difference iMorse.p/� iCZ.x/ of Morse and Conley–Zehnder indices. Thus, for generic
admissible choices, this is a 0-dimensional smooth oriented manifold. Define the degree 0
map

hfPSS.p/; xi WD
X

.u;/2M.f;g;H;J;x;p/

tEtop.u/:

The following theorem is standard if one takes into account that there are no J -holo-
morphic disks on an admissible Lagrangian and is thus stated without proof.

Theorem 4.14. fPSS is a chain map. The cohomology level map commutes with the con-
tinuation maps in both Floer and Morse cohomology. In particular, we have a canonical
map

fPSS W H
�.LIƒ/! HW �JLG

.L;L/:

Moreover, fPSS is a unital algebra homomorphism.

Theorem 4.15. If L is a compact admissible Lagrangian, then fPSS is an isomorphism
of ƒ-algebras.

Proof. First we prove that for a compact Lagrangian, the continuation maps occurring in
the definition of HW �JLG

.L; L/ are all isomorphisms. For this note that the Floer homo-
logy HF �JLG

.L; L/ only depends on the slope at infinity. In defining the continuation
maps between different slopes we can choose Hamiltonians which coincide on arbitrar-
ily large subsets. By compactness, changing the slope at infinity does not introduce any
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new chords. Thus the continuation map is arbitrarily close to the identity and thus is the
identity.

Since L is compact, we can find compactly supported Hamiltonians H such that the
time-1 flow of L intersects L transversely. Using such compactly supported Hamiltoni-
ans we can define the inverse to the PSS homomorphism. The continuation map from
compactly supported Hamiltonians to those which have positive slope at infinity is an
isomorphism by the same argument as in the previous paragraph. The claim follows.

4.8. The closed string sector

We define the set of closed-string admissible Hamiltonians HL;closed to be thoseH which
are admissible as per Definition 4.1 and in addition there exists an " > 0 and a compact
set K such that

d.p; H .p// > " whenever p 62 K.

The distance here is taken with respect to the metric induced by the fixed almost complex
structure JLG.

We denote by FL;closed the set consisting of pairs .H; J / where H 2 HL;closed has
Morse–Bott non-degenerate flow and J is an almost complex structure which is metrically
equivalent to JLG and is regular for the definition of Floer cohomology. Any element of
FL;closed is dissipative in the sense of [18]. Thus given an admissible Hamiltonian H ,
we define the Floer homology HF �.H/ in the usual way. We omit J from the notation
since for different choices we get isomorphic Floer homologies. The set FL;closed is a
bidirected system with respect to the relation� described in (4.2). Given a pair .H1;J1/�
.H2; J2/ 2 FL;closed there is a canonical continuation map HF �.H1/! HF �.H2/.

We thus define
SH�.M IL/ WD lim

�!
H2FL;closed

HF �.H/:

The set HL is a monoidal indexing set in the sense of [18]. This means that for
any H1; H2 2 HL we can find an H3 2 HL such that for each x 2 M we have H3 �
2max ¹H1.x/;H2.x/º. When this holds for a tripleH1;H2;H3, there is a canonical oper-
ationHF �.H1/˝HF �.H2/!HF �.H3/which commutes with the continuation maps.
Thus we get an algebra structure on SH�.M IL/ over the Novikov field. Using standard
constructions, SH�.M IL/ is in fact a unital BV algebra over the Novikov field.

On the other hand, taking the inverse limit of the system FL;closed, it is shown in [18]
that there is a natural isomorphism

H�.M Iƒ/! lim
 �

H2FL;closed

HF �.H/

induced by the PSS map. Composing with the natural map from the inverse limit to the
direct limit we obtain a unital map

H�.M Iƒ/! SH�.M IL/:
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4.9. The closed open map

For any admissible Lagrangian L, there is a unital map of algebras

CO W SH�.M IL/! HW �.L;LIL/;

arising as follows. Let .H1; J1/ be admissible and let .H2; J2/ be .L; L/-admissible.
Then we define an operation

CO W CF �.H1; J1/! CF �.L;LIH2; J2/

by choosing an admissible interpolating form on T 11 withH1 on the interior puncture and
H2 on the boundary puncture.

Theorem 4.16. For generic choice of interpolating data this gives rise to a degree 0 chain
map. At the cohomology level it commutes with the continuation maps and the product�2,
and is unital.

Thus the induced map CO W SH�.ML/ ! HW �.L; LIL/ is a unital ƒ-algebra
morphism.

4.10. Proof of Theorem 1.1

Good behavior at infinity is given in Definition 3.18. The set HL is the set of Hamiltonians
H WM ! R which can be squeezed between a pair of functions of the form h ıL where
h is proper, bounded below, and Lipschitz with respect to any of the equivalent metrics
on the base B described in Theorem 3.19. The construction of … is given in Appendix
A. Admissible Lagrangians are given in Definition 3.33. Admissibility of Floer data is
described in Definition 4.1. The construction of the wrapped Donaldson–Fukaya category
has been carried out in the present section.

5. The Floer cohomology of a Lagrangian section

Let � W B ! M be an admissible Lagrangian section of L. Our aim in this section is to
compute HW �.�; �/. Let �n WM ! S1 be a global angle coordinate representing the 1-
form given in Theorem 2.3 (a). Assume without loss of generality that �nD const along � .
For any chord  W Œ0; 1�!M starting and ending on � , let j j D

R

d�n.

Lemma 5.1. j � j induces on HW �.�; �/ the structure of a Z-graded algebra.

Proof. We have d�n � 0 along � . So, j j 2 Z. In fact, j j is the number of times
�n ı  winds around S1. In particular, for any admissible H , j � j defines a grading on
CF �.�; �;H/. For topological reasons, given any surface asymptotic to chords on � , the
total grading on the inputs must match that on the outputs. In particular, the differential,
continuation maps and product respect the grading.
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We denote byHW 0;0.�;�/�HW 0.�;�/ the subalgebra generated by the elements x
such that jxj D 0, i.e., the contractible elements. We similarly define the subalgebras
HW 0;�0.�; �/ and HW 0;�0.�; �/. In the following, let G be the n � 1-torus acting
on M and preserving �.

Theorem 1.7 in the introduction is a consequence of the following lemma. We abbre-
viate ƒ WD ƒnov.

Lemma 5.2. (a) HW 0;0.�; �/ D ƒŒH1.GIZ/�.

(b) There is an x 2HW 0.�;�/ .resp. y 2HW 0.�;�//with jxjD 1 .resp. jyjD�1/ such
that HW 0;�0 ' HW 0;0.�; �/˝ƒŒx� .resp. HW 0;�0 ' HW 0;0.�; �/˝ƒŒy�/.

Before proving Lemma 5.2 we show how it implies Theorem 1.7.

Proof of Theorem 1.7. Since HW 0.�; �/ is a graded algebra with respect to j � j, there is
a surjective map

f W HW 0;�0.�; �/˝HW 0;0.�;�/ HW
0;�0.�; �/! HW 0.�; �/:

Let g WD xy 2 HW 0;0.�; �/. Then ker f is generated as an ideal by x ˝ y � g. Indeed,
by Lemma 5.2, x and y algebraically generate HW 0;�0 and HW 0;�0 respectively over
HW 0;0. Thus, since HW 0 is graded, we must have ker f � HW 0;0Œx ˝ y�. Moreover,
f .x ˝ y � g/ D 0. Any element of a 2 HW 0;0Œx ˝ y� can be written as the sum of
an element b in the ideal generated by x ˝ y � g and an element c 2 HW 0;0. This
holds in particular for a 2 ker f but this time we can take c 2 HW 0;0 \ ker f . But f is
tautologically an isomorphism when restricted toHW 0;0 �HW 0;�0 ˝HW 0;0 HW 0;�0.
So, c D 0. Part (b) of Theorem 1.7 now follows from Lemma 5.2. Part (c) will follow in
the course of the proof of Lemma 5.2 by the fact that we compute the Floer homology
using Hamiltonians with chords of Maslov degree 0 only.

Before proceeding to the proof of Lemma 5.2 we introduce the family of � -admissible
Hamiltonians we will be using. Denote by HFi the components of the moment map �.
Let HB D xn as in Theorem 3.19. We assume the discriminant locus is contained in the
level set ¹xn D 0º. Denote by HB the set of Hamiltonians of the form

H D
X
i

fi ıHFi C g ıHB ;

where fi and g are proper, convex, bounded below and linear near infinity with non-
integer slope. We denote by HB˙ � HB the subset consisting of those for which the
unique minimum of g is attained at some t > 0 .t < 0/. Note also that the sets HB˙

are each cofinal in the set of all L-admissible Hamiltonians. Moreover, there is a cofinal
sequence which is � -admissible. We assume for simplicity that �LG is of the form �LG D

exp .xn C i�n/ where �n WM ! S1 is the G-invariant function as in Lemma 3.26. Let

U˙ WD ¹˙Re Log� > 0º:
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Lemma 5.3. Fix an " > 0 and let U˙;" WD ¹˙Re Log� � "º. There are proper Lipschitz
functions f˙;" W Rn�1 ! R such that UC;" is integral affine isomorphic to the region

VfC;" WD ¹.x1; : : : ; xn/ j xn � fC.x1; : : : ; xn�1/º

with an analogous statement holding for U�. In particular, L�1.U˙;"/ is symplecto-
morphic to Vf˙;" � Tn � T �Tn.

Proof. This follows from Theorem 3.18. Namely, we can pick as fundamental domain V
the complement of the product of � with the negative half-line. Then UC;" � V n B".�/
where the ball is taken with respect to the coordinates x1; : : : ; xn as in Theorem 3.18.
In particular, Theorem 3.18 says that on UC;" we have a bi-Lipschitz map between the
coordinates x1; : : : ; xn and the action coordinates I1; : : : ; In. Moreover, we may take
xi D Ii for 1 � 1 � n � 1 since these are global integral affine functions. It follows that
on V we can write xn D f .I1; : : : ; In/ with @xn=@In > 0, and in fact the derivative is
uniformly bounded away from 0. Thus along the hypersurface f .I1; : : : ; In/ D " we can
find a Lipschitz function fC;" such that In D fC;".I1; : : : ; In�1/. The claim follows.

The following is an immediate consequence and is used repeatedly throughout the
section.

Corollary 5.4. There is a constant C > 0 such that for any real numberR there exists a c
such that for any point p in the region ¹xn > cº \ ¹

Pn�1
iD1 x

2
i � Rº the ball BR.p/ �M

is symplectomorphic to the ball BCR.x/ � T �Tn for any point x. Here the metric on
T �Tn is the standard one induced from the flat metric on Tn.

Proof of Lemma 5.2. We show the claim forHW 0;�0, the other half being the same. Pick
a cofinal sequence of Hamiltonians Hj 2 HBC. We take gj such that near HB D 0, g0j is
sufficiently small so that under the Hamiltonian flow  j of Hj , the Lagrangian  j .�/
stays out of a fixed uniform neighborhood of ��1.0/ and thus remains admissible. Let
Jj and J 0j be admissible time dependent almost complex structures. Denote by  Ht the
time-t flow of the Hamiltonian H . For any j let Aj D CF �.�; � IHj ; Jj / and Bj D
CF �.�;  

Hj
1 .�/I 0; J 0j /. Then there is a quasi-isomorphism, in fact, a canonical isomor-

phism of complexes, fj W Aj ! Bj . Indeed, let QJj be the time dependent almost complex
structure defined by QJj;t D  

Hj ;�
t Jj . There is a tautological isomorphism between Aj

and the complex Cj D CF �.�;  
Hj
1 .�/I 0; Jj;t /. The desired quasi-isomorphism is then

obtained by composing with the continuation map from QJj to J 0j . The latter map may
appear to be ill defined at first sight since, strictly speaking, QJj;t is not admissible because
� is not necessarily QJj;1-holomorphic. However, � ı Hj1 is QJj;1-holomorphic. Moreover,
using the Hamiltonian isotopy there is a path .�s; Js/ of Landau–Ginzburg potentials
for which L is admissible and which connects both Landau–Ginzburg potentials. This is
sufficient for defining continuation maps. By the same token, the maps fj commute up to
homotopy with the continuation maps

�ij W CF
�.�; �;Hi /! CF �.�; �;Hj /:
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Finally, the fi intertwine the product up to homotopy, where the product on the right is
defined by counting J 0j -holomorphic triangles. Finally, observe that since all the chords
are concentrated in degree 0, continuation maps are isomorphisms and are independent of
any choices already at the chain level.

We now pick an almost complex structure J such that � is Jt -holomorphic for all
t 2 Œ0; 1�. Assume at first that such a Jt can be chosen with sufficient genericity for
the definition of the Floer differential and product. Since � is J -holomorphic, all the
holomorphic polygons satisfy a maximum principle with respect to Re Log � . On the
other hand, all the relevant intersection points are contained in the L-invariant region
UC WD ¹Re Log� > 0º. Thus all the relevant Floer solutions are contained in UC. Since
UC is simply connected, and there are no singularities of L inUC, we can use action-angle
coordinates to embed UC into T �G � T �S1 in such a way that the functionsHFi become
the standard action coordinates on T �G. Write this as � W UC! T �G � T �S1. Let V D
�.UC/. The function HB ı ��1 extends from V to a function Hn on all of T �G � T �S1

satisfying @nHn < 0 on the complement of V . Indeed, @nHn < 0 on @V . Similarly, �
extends to a section � 0 of the standard torus fibration on T �G � T �S1. Finally, �; J
extend so that � is J -holomorphic. On T �G � T �S1 we have a grading , still denoted
by j � j, given by the winding around the last factor. This intertwines under � with the
grading j � j. The sequence of functions H 0j thus computes CF 0;�0.� 0; � 0/. Moreover, all
the relevant solutions are contained in V . Thus we have set up a graded isomorphism ofƒ-
algebrasHW 0;�0.�; �/DHW 0;�0.� 0; � 0/. But � 0 is the cotangent fiber in the cotangent
bundle of G. By invariance of the wrapped Floer cohomology under Hamiltonian isotopy
which is generated by linear-at-infinity Hamiltonian isotopy, we find that

HW 0;0.� 0; � 0/ D ƒŒH1.GIZ/�;

and for an appropriate generator x,

HW 0;�0.� 0; � 0/ D HW 0;0.� 0; � 0/˝ƒŒx�: (5.1)

One way to prove this is to rely on a well known computation of the wrapped Floer
cohomology of the cotangent fiber � in T �S1 according to which

HW 0.�/ D ƒŒx; x�1�; (5.2)

and
HW 0;�0.�/ D ƒŒx�: (5.3)

The claim (5.1) follows from (5.2) and (5.3) by the Künneth formula.
It remains to remove the assumption of regularity of J . For this, note that for any

fixed E and ı > 0 and fixed j1; : : : ; jn there is an " > 0 such that if kJ 0 � J k < "

in C k for some sufficiently large k, then the image of any J 0-holomorphic polygon with
boundaries in j .�/ is contained in the "-neighborhood of a J -holomorphic polygon with
the same boundary conditions. Using this, the argument above works for Floer homology
HF �.�IƒE / over the ringƒE Dƒ�0=ƒ�E . Moreover, the isomorphisms commute with
the natural isomorphisms HF �.�IƒE

0

/ ! HF �.�IƒE / for E 0 > E. Thus we get the
isomorphism claim for HF �.�; ƒ/ D lim

 �
HF �.�; ƒE /˝ƒ. The claim follows.
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5.1. Symplectic cohomology

Our next goal is to work out the Laurent polynomial g. We will use the following result.

Theorem 5.5. Let � WRn!M be an admissible Lagrangian section of L. Then the map

CO W SH 0.M IL/! HW 0.�; � IL/

is an isomorphism of rings.

To prove Theorem 5.5 and to compute SH 0 we will again use the set HB of Hamilton-
ians as above. By definition,H D

P
i fi ıHFi C g ıHB . We first work out what are the

contractible orbits of H . For this recall that the cohomology H 1.M IZ/ is generated by
the 1-form d�n. Now, d�n.XHB / � 0 with equality only at the points where XHB D 0.
On the other hand, d�n.XHFi / D 0. Therefore, since the functions HFi ; HB commute
with one another, the set of contractible 1-periodic orbits of H is a union P1 [P2 where
P1 D P1.H/ is the set of periodic orbits of HF within the critical locus of HB and
P2 D P2.H/ is the set of periodic orbits in the fiber over the unique minimum of g. The
non-contractible periodic orbits will be analyzed later.

The proof of Theorem 5.5 will rely on the following lemma.

Lemma 5.6. (a) The periodic orbits contributing to CF 0 are all in P2.

(b) For any H 2 HBC the Floer differential on CF 0;�0.M IH/ vanishes.

We now prove Theorem 5.5 given Lemma 5.6.

Proof of Theorem 5.5. First note that there is a bijection between the periodic tori in P2
and the Hamiltonian chords in the computation of the Lagrangian Floer homology of
� where each chord maps to the periodic torus on which it lies. Consider the bases for
CF 0.L;LIH/ and CF 0.H/ given by the chords and the generator of the 0th homology
of the corresponding critical tori. Then the leading order term in the closed open map with
respect to these bases is the identity. To see this note that by energy considerations as in
Lemma B.14 the lowest energy contributions to the closed open map are contained in a
small neighborhood of the periodic tori. Such a neighborhood is symplectomorphic to a
neighborhood inside the cotangent bundle of a torus. There, by exactness, the only Floer
solutions contributing to the closed open map are the local ones. Moreover, the closed
open map is an isomorphism by the generation criterion.

It follows that at the chain level, CO is an isomorphism of ƒ-vector spaces. Since the
differential in both complexes is 0, and there are no generators in degree �1, it follows
that this induces an isomorphism on homology.

The rest of the section is devoted to the proof of Lemma 5.6.

Lemma 5.7. Fix an H 2 HB . The non-trivial orbits of H which are in P1.H/ have
Conley–Zehnder index � n� 1. The fixed points of H which are in P1.H/ have Conley–
Zehnder index � 2.
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Proof. We first consider the fixed points. For them, the Conley–Zehnder index equals
the Morse index of H . We may choose the functions fi so that their critical points occur
away from the fixed points. Moreover, this choice can be made so thatH D

P
fi .HFi /C

g.HB/ has a non-degenerate critical point at each fixed point. Since HB is independent
of ¹HFi º away from the critical points, we may assume its critical points contain those of
Crit.L/ (and in fact coincide with them). There are local coordinates whereHB is the real
part of the function z1 : : : zn. So, in case n� 3 we see in particular that the Hessian ofHB
vanishes at each fixed point. Therefore, the Morse index of the fixed points is determined
by the HFi . In equivariant normal coordinates these are the functions jz0j2 � jzi j2 for
i D 1; : : : ; n � 1. Each of the functions jzi j2 D x2i C y

2
i has even index. Since the fixed

points are not minima, the claim follows for n � 3. When n D 2, the quadratic part of H
is in local coordinates a.jz1j2 � jz2j2/C bRe.z1z2/ for some constants a; b. One readily
computes that each eigenvalue of the Hessian of this last function has even multiplicity
for any choice of a; b.

We now consider the contribution of the non-trivial periodic orbits. Let ˛ be a periodic
orbit in an edge e. Let  t denote the flow of HF and �t the flow of HB . Since the
horizontal and vertical flows commute, the Conley–Zehnder index of ˛ is, after shift by n,
the Robin–Salamon index of the concatenation of d t and d�td 1. The Robin–Salamon
index of the second part is zero since it has no crossings. Thus we need to compute
iRS.d t /. One can homotope the linearization d t of the flow to a concatenation of paths
of matrices AtB1 and Bt where Bt is in the representation of G and A is a matrix of the
form 0@ 1 0 0

at 1 0

0 0 Id2n�2

1A
We have iRS.B/ D 0 since Bt is unitary of fixed complex determinant. Thus

iRS.˛/ D iRS.AB1/ D �1=2:

The orbits are transversely non-degenerate (because of the presence of HB ). So, after
adding a time dependent perturbation we get iCZ.˛/ 2 ¹0;�1º. After adding n, the claim
follows.

We now prove the vanishing of the differential.

Lemma 5.8. The differential vanishes on CF 0;0.H IJ /.

Lemma 5.8 will follow from the next two lemmas. Fix a collection a D

.a0; a1; : : : ; an�1/ of non-integer slopes. Let g and fi be convex functions with slope
at infinity equal respectively to a0 and ai . Suppose the minimum of g occurs at s D 0. For
each s 2R let gs.t/ WD g.t � s/: LetHa;s WD gs ıHB C

P
fi ıHFi . The periodic orbits

come in families, each family being a torus. Moreover, for s > 0 these tori are labeled by
their homology classes in H1.UCIZ/, where UC D ¹Re Log � > 0º. Let  be the non-
contractible periodic orbit of HB which generates H1.UCIZ/ and winds positively with
respect to �n. Then we can label the periodic orbits by H1.GIZ/˚ Zhi. Note that the
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splitting is not canonical since HB can be altered by adding a Lipschitz function of the
coordinates on the fiber F . Denote by P0;a;s the set of tori of contractible periodic orbits
of Ha;s . For s; s0 > 0 we identify P0;a;s D P0;a;s0 in the obvious way.

Lemma 5.9. For any s0; s1 > 0 the natural continuation map

fs0;s1 W CF
�;0.Ha;s0/! CF �;0.Ha;s1/

is a valuation preserving isomorphism of complexes.

Remark 5.10. Note the continuation from Ha;s0 to Ha;s1 is not strictly monotone. That
is, we do not have the pointwise relation Ha;s0.x/ � Ha;s1.x/ for all x 2M; as opposed
to relation (4.2) which does hold. We emphasize that in this paper we are concerned with
computing Floer theory over the Novikov field, which is why relation (4.2) is the relevant
one. However, the proof of Lemma 5.8 requires to momentarily study Floer homology
over the Novikov ring. In general, continuation maps are defined over the Novikov ring
only if there is strict monotonicity. Thus the claim of Lemma 5.9 is rather non-trivial.

Proof of Lemma 5.9. Each family of periodic orbits is contained in a Lagrangian torus.
In particular, the action

AH ./ WD �

Z
D

! �

Z
t

H ı 

is independent of the choice of periodic orbit within the family. We claim first that the
identification � W P0;a;s0 D P0;a;s1 preserves the action. Indeed, let  2 P0;a;s0 . Then
Ha;s0 j is constant and preserved by �. Let D be a disk filling  . To obtain a disk filling
�./ we can use a homotopy which has zero flux since  is a contractible orbit. Thus

AHa;s1
.�/ D AHa;s0

./:

On the other hand, when js0 � s1j is small, we claim that the continuation map of (4.1)
can be written as � C O.t"/4 for some " > 0. To see this, let � W R ! Œs0; s1� be an
increasing function whose derivative is compactly supported. Consider a homotopy s 7!
Hs WDHa;�.s/. This is a non-monotone homotopy. However, the derivative j@sHsj can be
estimated by � js0 � s1j. From this we deduce that for any solution u contributing to the
continuation map we have Etop.u/ > �jO.s0 � s1/j. We use this now to show that for
each s > 0 there is a ı > 0 such that if s0; s1 > s and js0 � s1j < ı there is no continuation
trajectory with negative topological energy. First observe that ! is exact in the region
UC D ¹xn > 0º and in fact UC is symplectomorphic to an open subset in T �Tn. Fixing
such a symplectomorphism we can thus take ı > 0 to be the minimal action difference of
the periodic tori of Ha;s with the action defined using the Liouville form on T �Tn. Note
that it makes no difference which s we choose by the flux considerations above. Moreover,
for fixed a there are a finite number of such tori, so ı can indeed be taken to be positive.
Thus if we take js0 � s1j < ı, a continuation trajectory with negative topological energy

4Here, O.t"/ denotes an element of the Novikov ring whose valuation is at least ".



Y. Groman 2414

cannot be contained in UC. By Gromov compactness, for fixed s0; s1 there is a minimum,
still denoted by ı, such that any continuation trajectory fromHa;s0 toHa;s1 which reaches
outside of UC must have geometric energy more than ı. Moreover, by Corollary 5.4, this
ı can be taken to be the same for all s0; s1 > s.

To complete the argument, note that Egeo � Etop CO.s0 � s1/. So for js0 � s1j < ı
there are no negative energy solutions. Moreover, the contribution from zero energy solu-
tions is exactly the map �. It follows that for js0 � s1j < ı the continuation map is � C
O.t"/, and in particular, valuation preserving and invertible. For js0 � s1j arbitrary we
can subdivide Œs0; s1� into segments of length < ı and write a continuation map which is
a composition of a large but finite number of valuation preserving isomorphisms.

Lemma 5.11. For any E there is an s0 such that for any s > s0, the differential in
CF �.Ha;s/ vanishes modulo E: Namely, val.d/ � val./ �E:

Proof. First observe that there is a constant c such that, in the terminology of Defini-
tion B.11 below, for any fixed admissible J , the Floer datum .J;Ha;s/ is c-admissible on
UC WD H

�1
B .0;1/ and for s large enough. It follows by the target-local, domain-global

estimate of Lemma B.14 that for large enough s0, any Floer trajectory of energy E is
contained in UC. But distinct periodic orbits represent distinct homotopy classes in UC.
Thus, the only Floer trajectories are those starting from and ending on the same periodic
orbit. The restriction of ! to H�1B .0;1/ is exact. So the only Floer trajectories starting
from and ending on the same periodic orbit are the trivial ones. The claim now follows by
standard Morse–Bott considerations.

Proof of Lemma 5.8. This is an immediate consequence of the previous two lemmas.

The vanishing of the differential on CF 0;>0 is easier.

Lemma 5.12. For H 2 HBC .resp. H 2 HB�/ the differential vanishes on CF 0;>0

.resp. CF 0;<0/.

Proof. For " > 0 let g" W RC ! RC be a proper convex function which is equal to 0 on
Œ0; "� and to Id near infinity. Write

Ha;";s WD g" ı gs ıHB C
X

fi ıHFi :

The function Ha;";s is Morse–Bott non-degenerate for non-contractible periodic orbits.
For any Floer trajectory u, the projection � ı u is holomorphic for the region ¹Re Log� 2
Œ0; "�º. Thus no solution with asymptotes in ¹Re Log� > 0º can intersect it. So all Floer
solutions are contained in ¹Re Log� > 0º. It follows that the differential on CF �.Ha;";s/
vanishes.

To conclude we need to show that the continuation map CF �.Ha;";s/! CF �.Ha;s/

is an isomorphism of complexes. For this, note that the continuation map induces an
isomorphism on homology, since the asymptotic behavior at infinity of both Hamiltonians
is the same. Since both chain complexes have the same dimension as vector spaces over
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the Novikov ring, the vanishing of the differential on one complex thus implies it for the
other complex.

Proof of Lemma 5.6. The first part is Lemma 5.7, and the second part is Lemmas 5.8
and 5.12.

As a consequence of the preceding discussion, we find that for Hamiltonians H 2
HBC with slope at infinity given by a, CF 0.H/DHF 0.H/ has a basis naturally labeled
by a subset of H1.UCIZ/ which we identify as above with H1.GIZ/˚ Zhi. The fol-
lowing theorem states that the continuation maps respect this labeling up to multiplication
by a diagonal matrix with values in ƒnov. Denote by H˙1 .U˙IZ/ the elements on which
�3 is non-negative and non-positive respectively.

Theorem 5.13. There is a natural isomorphism

SH 0;0.M IL/ D ƒnovŒH1.GIZ/�;

and an isomorphism

SH 0;˙.M IL/ ' ƒnovŒH
˙
1 .U˙IZ/� ' SH

0;0.M IL/˝ƒnovŒu
˙ �;

which is natural up to scaling of the basis elements by scalars in ƒnov. Moreover, there
is a cofinal collection of Hamiltonians H 0

B˙
� HB˙

such that for any ˛ 2 Zhi n ¹0º,
ˇ 2 H1.GIZ/, and H 2 H 0

B˙
with sufficiently large slopes .depending on ˛; ˇ only/

the class in SH 0;˙ corresponding to .˛; ˇ/ is given by an element cı 2 CF �.H/ where
c 2 ƒnov and  is a periodic orbit of H representing .˛; ˇ/ in U˙.

Proof. Relying on Lemma 5.9, consider for a HamiltonianH of slope a the valued vector
space

eCF 0;0.H/ WD lim
�!
s!1

CF 0;0.Hs/:

Then eCF 0;0.H/ has a natural basis labeled by elements ofH1.GIZ/. For a pairH1 �H2
the induced continuation map

eCF 0;0.H1/!eCF 0;0.H2/
respects this labeling by the proof of Theorem 5.11 Namely, otherwise we would have a
continuation trajectory of bounded energy reaching the critical locus of L and connecting
orbits that are arbitrarily far from Crit.L/. The first natural isomorphism proclaimed by
the lemma is induced from the maps CF 0;0.H/!eCF 0;0.H/.

For the rest of the claim consider Hamiltonians as in the proof of Lemma 5.12 and
argue that there are no Floer trajectories connecting non-contractible periodic orbits and
reaching the critical locus.

5.2. The Laurent polynomial

In the rest of this section we prove Theorem 1.8.
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Recall the definition of the universal Novikov ring,

ƒnov WD

° 1X
iD0

ai t
ri W ai 2 C; ri 2 R; lim

i!1
ri D1

±
:

It carries a valuation defined by

val
� 1X
iD0

ai t
zi

�
D min
¹i Wai¤0º

ri :

A function f W Rn!ƒnov is said to be a monomial if f .x1; : : : ; xn/D ct
P
uixi for some

c 2 ƒnov; ui 2 Z. We write this monomial as cuzu. For a precompact open set U � Rn

define the valuation on the space of monomials by

valU .czu/ D inf
x2U

�
val c C

X
uixi

�
:

This is the same as the logarithm of the sup-norm with respect to the norm e� val. A sum
of monomials X

u2Zn

cuz
u

is said to converge on U if valU .cuzu/!1 as u!1. Note that a sum of monomials
which converges on U defines a function U ! ƒnov. A function f is said to be analytic
on an open set U if it is locally a convergent sum of monomials. The key property of
analytic functions for us is the following.

Lemma 5.14. A formal sum of monomials converging on an open set U and which van-
ishes identically as a function on an open set V � U is the zero sum. In particular, the
local expansion of an analytic function is unique. Moreover, the coefficients of the expan-
sion are fixed on every component of the domain of definition.

Proof. Indeed, the leading term with respect to valV is a polynomial. By choosing a gen-
eric point in V and restricting to a smaller subset, the leading term is a monomial for
which the claim is obvious.

So far we have endowed subsets of Rn with the structure of a ringed space. For
U � Rn let us denote the structure sheaf by OU . It is clear that this construction is
functorial with respect to integral affine isomorphisms and thus can be stated as an assign-
ment of a sheaf OU to abstract integral affine manifolds U . In this formulation, after
picking a basepoint b 2 U , elements u of the integral lattice in T �

b
V give rise to local

monomials zu which on picking integral affine coordinates centered at u are given by
.x1; : : : ; xn/ 7! t

P
uixi .

By definition, the analytic functions of V are the global sections of OV . In particular,
for any simply connected open set V � Breg the integral affine structure induces a ringed
structure on V . Let AV be the space of analytic functions on V . For any b 2 V we have
an identification of the period lattice in T �V with H1.LbIZ/. We thus get a collection of
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monomial functions described explicitly as follows. For any b 2V and any ˛ 2H1.LbIZ/
let fb;˛;V be the affine linear function whose value at x 2 V is

R
I
! where I is the cylinder

traced by moving a representative of ˛ along any path connecting b and x. Denote the
corresponding monomial by zb;˛;V WD tfb;˛;V 2 AV . Note that zbCc;˛;V D t h˛;cizb;˛;V .
In the following write V˙ � Breg for the subsets L.U˙/ where as before UC D ¹HB > 0º
�M and U� D ¹HB < 0º �M .

We note that for any basepoint b, the rings AV are certain completions of the group
algebra over the Novikov field of H1.LbIZ/. Picking a basis for H1.LbIZ/ identifies
them with a certain completion of the ring of Laurent polynomials over the Novikov field.

In the following, for a Lagrangian L we denote by 1L the unit of HW �.L; L/ and
by COL the closed open map SH�.M/! HW �.L; L/. For each s 2 SH 0.M/ denote
by h˙.s/ the unique (a priori discontinuous) function Rn ! ƒnov satisfying

COLb .s/ D h˙.s/.b/1Lb ; 8b 2 V˙: (5.4)

Clearly, the map s 7! h˙.s/ defines aƒnov-algebra homomorphism from SH 0.M/ to the
functions R3 ! ƒnov.

Theorem 5.15. For any s the functions h˙.s/ are analytic, that is, h˙ 2 AV˙
:

Proof. LetH 2HL be such that s is represented by an element ofHF 0.H/, still denoted
by s, and assume for simplicity that s is represented by a single periodic orbit  of H .
The more general case follows by linearity. Fix some b 2 B . Choose an Hb � H which
has non-degenerate chords for Lb . For simplicity assume CF 0.L; LIHb/ is generated
by a single chord xe which is a critical point of Hb . This can be achieved by appropriate
choice of Hb . Then the unit of HF �.Lb; LbIHb/ is represented uniquely by the chainX

ue2Me

tu
�
e!CHb;t .xe/xe;

where Me is the moduli space of Floer solutions onD1;0 with boundary on L and asymp-
totic output on xe . For a relative homotopy class A 2 �2.M;L/ let

Me.A/ WD ¹u 2Me j Œu� D Aº:

We can then rewrite the expression for the unit as

1Lb D t
Hb.xe/

X
A2�2.M;L/

#Me.A/t
!.A/xe DW t

Hb.xe/ge;Hbxe:

On the other hand, the closed open map is defined by closed open trajectories uco

weighted by

tEtop.uco/ D t�
R 1
0 Ht ..t// dtCHb.xe/Cu

�
co! :

Denote by �2.M;LI0/ the homotopy classes of once punctured disks with boundary
onL and puncture asymptotic to 0. For anyA 2 �2.M;LI0/ denote by MCO.AIH;Hb/
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the moduli space of closed open trajectories u such that Œu�DA. We omitH andHb from
the notation when there is no ambiguity. Let

gCO./ WD
X

A2�2.M;LI0/

#MCO.A/t
!.A/xe:

Then
CO. IH;Hb/ D t

�
R 1
0 Ht ..t// dtCHb.xe/gCO./xe

Thus,
hC.s/ D t

�
R 1
0 Ht ..t// dtg�1e;HbgCO./:

Note that the numbers ge; gCO each depend on numerous choices. However, the ratio
weighted appropriately is well defined independently of any choices (aside from the fixing
of Landau–Ginzburg potential and the class s 2 SH 0.M IL/). Indeed, it can be expressed
in terms of Floer-theoretic invariants which depend only possibly on JLG. Define an equi-
valence relation on �2.M; LbI 0/ as follows. For b0 2 VC identify �2.M; LbI 0/ D
�2.M;Lb0 I 0/ by concatenating cylinders contained in VC. Then

A � B iff @A D @B and !.A/ D !.B/

for all b0 2 VC. Then we can write

g�1e;HbgCO;H;Hb ./ D
X

A2�2.M;Lb ;0/=�

nA;bt
!.A/: (5.5)

We need to show that this expansion holds on a fixed neighborhood of b. That is, there
is a neighborhood of b independent of A on which nA;b is independent of b. Assume
the .H; J / chosen for the Hamiltonian Floer homology is regular. For a fixed generic
choice of Floer data on D1;1 defining CO and coinciding with .H; J / near the interior
puncture, there is a neighborhood UA of b such that all the moduli spaces going into the
computation of nA;b are smooth. In particular, nA;b is constant over that neighborhood.
On the other hand, the numbers nA;b are independent of any of these choices. To see this,
let nA;b.F / correspond to the choice of Floer datum F . After slightly perturbing b 2 UC
so that nA;b.F1/ and nA;b.F2/ remain well defined, we may assume that A is the unique
class with value !.A/. So nA;b is the coefficient of t!.A/CAH .Œ Wu0�/ in h˙.s/ which is
independent of any choices. Since nA;b is well defined and locally constant, it is constant.
We have thus presented h˙.s/ locally as a convergent sum of monomials.

Remark 5.16. Note that the numbers nA defined in (5.5) are in fact integers. For this
observe first that the moduli spaces for the unit and for the closed open maps have fun-
damental cycles defined over the integers. Second, the leading term in ge;Hb has 1 as its
coefficient, corresponding to the trivial disk mapping to xe . Thus the inverse of ge;Hb is
a Taylor series with integer coefficients.

Our aim now is to analyze the behavior of the invariants nA occurring in the analytic
expansion of h˙.s/ as introduced in (5.5).
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Lemma 5.17. Let x 2 SH 0;C correspond under the isomorphism of Lemma 5.13 to an
element Œ� 2 H1.UCIZ/. Fix some basepoint bC 2 VC. Then

hC.x/ D t
EzŒ�;bC;VC

for some real number E depending on x. The corresponding claim holds for SH 0;�, V�
and h�.

Proof. We continue with the notation of the proof of Theorem 5.15. Fix a class A 2
�2.M; Lb; /. It determines a choice of a class in �2.M; Lb0.// for each b0 2 VC
which we still denote by A. For simplicity take x to be a non-contractible class; the
contractible case requires an easy adjustment (which we leave to the reader) when we
invoke Theorem 5.13. Assume we have chosen a Hamiltonian H 2 H 0

BC
as introduced

in Lemma 5.13 and such that  occurs on Lb . Associated with A is a coefficient nA in the
expansion of hC.x/ which is a sum of weighted configurations containing among other
things a closed open trajectory uco with  on the interior puncture and with boundary on
Lb . The topological energy of uco is given by

Etop.uco/ D �

Z 1

0

Ht ..t// dt C

Z 1

0

Hb;t .xe/ dt C u
�
co!:

Moreover, if we take Hb;t > Ht we can choose non-negative interpolating data on D1;1
so that Z

D1;1

kdu0;1co k
2
� Etop.uco/:

We can further choose jHb;t � Ht j to be arbitrarily small. So the geometric energy is
essentially controlled by the term u�co!. Since @.u�co/ � Lb , we can deform Œuco� into a
connected sum of the loop  with some element B 2 �2.M; Lb/ without changing the
integral of !. Thus the geometric energy is essentially controlled by !.B/. If we apply a
continuation map to another HamiltonianH 0 2HBC then by Lemma 5.13, x is represen-
ted by tE 0 where E is some real number and  0 is a periodic orbit occurring on Lb0 for
some other b0 2 VC and such that  0 corresponds to  under the identification Lb � Lb0
by a path in VC. The coefficient corresponding to nA can thus be represented as a count
of configurations containing a closed open trajectory u0co occurring on Lb0 and homotopic
to the concatenation of  0 and a class B 0. The class B 0 is obtained from B by concat-
enating the cylinder obtained by transporting  to  0 along a path in VC. We can move
b !1 inside VC while keeping the coordinates .HF1 ; HF2/ constant. For such paths,
the term !.B 0/ which controls the geometric energy remains constant. Finally, for any R,
and for b such that d.b; W / > 2R, we may choose H so that it satisfies a bound of the
form d. H1 .x/; x/ > " for all x 2 L�1.BR.b/ n BR=2.b// while keeping H uniformly
Lipschitz and Lyapunov and without introducing new periodic orbits. ForR large enough,
this guarantees by Lemma B.14 that

u0co � L�1.BR.b//: (5.6)
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We deduce from this, first, that B must be constant. In particular,

hC.˛/ D cz;b;VC :

Second, we use this to show that c D t�
R 1
0 Ht ..t// dt . For this, embed L�1.BR.b// into

T �G using action-angle coordinates, and extend the Floer data to all of T �G as in the
proof of Lemma 5.2 while preserving all geometric bounds on the Floer data and without
introducing new orbits. By (5.6) it now suffices to show the corresponding claim about c
for T �G. For this observe that CO W SH 0.T �G/! HW 0.G/, where G is embedded as
the zero section, is a unital algebra map and that working with Z coefficients (which we
can, since the zero section is exact) x is invertible in SH 0.T �G/ over Z.

We now consider y 2 SH 0;<0 and study the expansion of hC.y/. We fix an H 2
HB� with large enough slope so that y is represented by the periodic orbit  for some
Œ0� 2 H1.U�IZ/ occurring at the fiber over some b 2 V�. Let W D Breg n .VC [ V�/.
Observe that the map f� W B ! g� restricts to an open and dense embedding of W
into g�. For each ˛ 2�� letW˛ be the corresponding component ofW n�. Write V˛ WD
V� [W˛ [ VC. Fix a point b� 2 VC. Each ˛ singles out an element A˛ of �2.M;LbI /
by the requirement that it can be represented by a cylinder contained in U˛ WD L�1.V˛/.
Note that �2.M;LbI / is a torsor over �2.M;Lb/. Each ˛ also singles out a semigroup
C˛ � �2.M;Lb/ consisting of elementsD for which, under the identification �2.M;Lb0/
D �2.M;Lb/ for any b; b0 2 V˛ , we find that if D is non-trivial, then fb;@D;V˛ .w/!1
as the distance from w to the closed subset @W˛ � W goes to 1. Here we endow W

with a metric by identifying it with g� using the map f� and choosing any inner product
on g�. Note that C˛ is invariant under the action of �2.M/ on �2.M;Lb/.

Lemma 5.18. Write hC.y/ D
P
A2�2.M;Lb I0/

cAt
!.A/zb;@A;VC : If cA ¤ 0 then

A 2
\
˛2��

.A˛ C C˛/:

Proof. The argument is very similar to that of Lemma 5.17. This time, for each b 2 VC
near the wall W˛ , we choose an H with representative  of x which lies on a Lagrangian
Lb� for some b� 2 V� such that b� and b have the same .HF1 ; HF2/ coordinates and
d.b�; W / is uniformly bounded. For any closed open trajectory uco, we can then deform
the class Œuco� to the connected sum of a cylinder C obtained by transporting  from b�
to b and some class B 2 �2.M; L/. As before, for fixed A, the class B is fixed as we
move b around in VC. If we keep b at a fixed distance to the wall W , the topological
energy will be controlled by !.B/. Thus B must have the property that !.B/!1 as
d.b; @W /!1 or otherwise be trivial. The claim now follows as in Lemma 5.17.

Lemma 5.19. For any ˛ identify the classes �2.M; LbI 0/ on both sides of the wall
by transport through V˛ . Then, under this identification, the coefficient cA˛ defined in
Lemma 5.18 is globally constant on VC [ V�.
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Proof. For any b 2 W˛ , we may chooseH so that  is so close to Lb that the topological
energy associated with the B corresponding to A˛ is less than the energy of the smallest
disk with boundary on b. Thus the coefficient cA˛ is well defined on W˛ and is locally
constant on a neighborhood thereof. Since cA˛ is also locally constant on the complement
of W˛ , it is globally constant on V˛ .

Corollary 5.20. For any ˛ 2 �� we have cA˛ D tE for some number E independent
of ˛.

Proof. Combine Lemmas 5.17 and 5.19.

We proceed to compute the intersection\
˛2��

.A˛ C C˛/:

We have a map @ W �2.M; L/! H1.M IZ/ defined by taking the boundary. The image
of @ is � � H1.M IZ/. For the torus G we have the isomorphism i W � ! gZ. Denote by
g˛ � g the cone generated over N [ ¹0º by the vectors from ˛ to its adjacent vertices.

Lemma 5.21. There is an A 2 �2.M;LbI 0/ such that\
˛2��

.A˛ C C˛/ D AC .i ı @/
�1��:

In other words, the support of hC.y/ is a shift of �� under obvious identifications.
First we prove

Lemma 5.22. We have A˛ C C˛ D AC .i ı @/�1.˛ C g˛/.

Proof. Unwinding the definitions, the function fb;@D;V˛ .w/ is, up to a constant, just the
evaluation of f�.w/ on i ı @D. So, by Lemma 2.6 we have i ı @C˛ D g˛ . Moreover,
Lemma 2.6 implies that for an appropriate A independent of ˛, we have i ı .@A˛ � @A/
D ˛. To see this, note that A˛ and Aˇ are related by monodromy. The claim of the lemma
now follows by the invariance of C˛ under the action of ker @ D �2.M/.

Proof of Lemma 5.21. Let ��0 be the vertices ˛ for which the cone emanating from ˛ is
strictly convex. Then by convexity we have

�� D
\
˛2��

0

.˛ C C˛/:

Intersecting further with the cones which are not strictly convex has no effect. Indeed, for
interior vertices the cone is the entire plane. For vertices in the interior of the edges, the
cone is a half-plane bordered by the given edge.

Before proceeding to the proof we recap what we have established so far.
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� We have constructed, using the closed open map, a pair of injective homomorphisms
h˙ from the unknown algebra SH 0.M IL/ to the algebras AV˙

. The latter algebras
are known. They are each isomorphic to some completion of the algebra of Laurent
polynomials over the Novikov ring. A choice of isomorphism is induced by picking a
basis for H1.Lb˙ IZ/ for b˙ 2 V˙ any basepoint.

� While we have not directly computed the homomorphisms h˙ on all of SH 0.M IL/,
we have computed their restrictions to SH 0;˙ respectively and found these to be the
inclusion of the polynomial algebra into the Laurent polynomials. In particular, given
generators x; y for SH 0;C and SH 0;� respectively over SH 0;0, the key to finding the
Laurent polynomial xy is to compute either h�.x/ or hC.y/. Indeed, we will be able
to determine xy from the equation hC.xy/ D hC.x/hC.y/:

� WithinH1.LbIZ/ there is a distinguished rank 2 submodule corresponding to elements
which are contractible inM . This submodule is canonically identified with the integral
lattice in g. Under this identification, the Newton polygon of the polynomial h�.x/ is,
up to a shift, given by the dual graph ��. To understand this, note that the vertices
of �� are in bijection with components of the wall W . Moreover, for each component
W˛ of the wall we obtain an identification

i˛ W H1.Lb� IZ/ D H1.LbC IZ/

by parallel transport across W˛ . This induces for each ˛ a separate identification
between the algebras AVC and AV� , and in particular a separate way to compare
hC.x/ and h�.x/. From this we deduce in the proof below the claim concerning the
Newton polygon: On the one hand, for each component of the wall we get a non-zero
monomial in the expansion of h�.x/ by constancy of the leading term across each wall;
see Lemmas 5.17 and 5.19 for the precise argument. On the other hand, Lemma 5.21
establishes that there can be no other monomials in the expansion. Namely, for any ele-
ment  2H1.LbIZ/ which is contractible inM and does not lie on the given polygon,
we can make the distance from b to the discriminant locus arbitrarily large while the
flux of  is kept constant. But by energy diameter considerations there can be no such
contribution to the closed open map.

Proof of Theorem 1.8. Pick any generator x of SH 0;C over SH 0;0. Using a Hamiltonian
HC 2HC, there is a periodic orbit  which generatesH1.M IZ/ such that x is represented
by tEChi for some constant EC. By Lemma 5.17, there is a bC 2 VC for which without
loss of generality

hC.x/ D t
ECzbC;Œ�;VC :

Pick y as follows. Consider �� with a choice of a distinguished vertex ˛0 corresponding
to a component W˛0 of W . Pick a b� 2 V� and a Hamiltonian H� generating a peri-
odic orbit ı on b� such that Œı� D �Œ� as classes in H1.L�1.VW˛0 /IZ/. Let y be the
corresponding element in SH� such that

h�.y/ D t
E�zb�;Œı�;V� :
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By the last three lemmas,

hC.y/ D t
E�

X
˛2��

X
A2�2.M;LbC Iı/; Œ@A�D˛CŒı�2H1.LbC IZ/

nAt
!.A/;

where the nA are introduced in (5.5) and are integers (see Remark 5.16). We can write
A D AW˛#BA for some BA 2 H2.M IZ/. Then !.BA/ � 0 by the proof of Lemma 5.19.
Moreover,

t!.A/ D t!.BA/zb�;Œı�;V˛ and zb�;Œı�;V˛ D t
f .˛/zb�;Œı�C˛;V˛0 ;

where f .˛/ D h˛; vb;˛i. Here, vb;˛ 2 g� is any vector from the projection of b� onto g�

to the edge e of � annihilated by ˛.
Thus we can rewrite

hC.y/ D t
E�

X
˛2��

tf .˛/
X

B2H2.M IZ/; !.B/�0

nAW˛ #B t
!.B/zb�;Œı�C˛;V˛0 :

After appropriately rescaling x and y, we get

hC.y/ D
X
˛2��

tf .˛/
X

B2H2.M IZ/; !.B/�0

nAW˛ #B t
!.B/zbC;˛;V˛0 :

By Lemma 5.17 we can find generators u˙1 ; u
˙
2 of SH 0;0 such that hC.ui / D zbC;i ;VC

for i generating the kernel of H1.LbIZ/! H1.LbIM/. Thus, we have

hC.xy/ D
X
˛2��

tf .˛/
X

B2H2.M IZ/; !.B/�0

nAW˛ #B t
!.B/hC.u

˛/:

By Corollary 5.20 the coefficients nAW˛ are equal to 1. Note that f .˛/ is well defined
up to multiplying by a function of the form t h˛;vi for an arbitrary vector v 2 g�. This
ambiguity can be absorbed by a rescaling of u˙i . Since hC is injective, the claim follows.

5.3. Worked example: The focus-focus singularity

We illustrate the proof of Theorem 1.8 in the case of n D 2 with a single critical point of
focus-focus type. This case has been treated by Pascaleff [26] using a different method.

In this case, B D R2 as depicted in Figure 2. There is a single critical point. The
wall consists of two components W0 and W1 emanating from the critical value b0 and
transverse to the horizontal lines. Note that the walls are not necessarily affine straight
lines. The horizontal axis is monodromy invariant and the lines parallel to it are affine. In
fact the horizontal lines are characterized as those along which the flux of the homology
classes of L that are contractible in M is constant. The flux of a non-contractible gen-
erator locally defines a transverse affine coordinate, but it is not globally defined due to
monodromy around b0.
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A0

b

W1
b′

A1

W0

Fig. 2

According to Theorems 5.2 and 5.5 we have the following description of SH 0.M/.
The part generated by contractible orbits, SH 0;0, is the ring of Laurent polynomials over
ƒ with a basis of monomials ui , i 2 Z. We then have generators x; y corresponding to
the two generators of the homology of M . For elementary topological reasons it follows
that SH 0 D ƒŒx; y; u; u�1�=.xy � g.u// where g is some Laurent polynomial. Our goal
is to show that, for appropriately chosen generators, we have

g D 1C u:

We will deduce this relation from the homomorphisms

h˙ W SH
0.M IL/! AV˙

;

defined by (5.4). The Floer homology is defined with respect to a J for which b is not
on a wall. With this choice, the closed open map is defined without choosing a bounding
cochain.

On each side of the wall we have the affine coordinates .b1; b2/ and the corresponding
generators .z1; z2/ D .tb1 ; tb2/ of AV˙

. The coordinate b2 is well defined globally. We
choose b1 so that it is continuous across the upper wall W1. The affine continuation of
b1 across the lower wall gives the coordinate b1 C b2 corresponding to the wall crossing
transformation z1 7! z1z2. Pick a non-contractible periodic orbit  whose flux on VC
measures the coordinate z1 up to a constant and denote the corresponding element of
SH 0;C by x. Suppose x is supported on a fiber Lb and that x via the closed open map
is evaluated on a nearby fiber Lb0 . Note that the closed open trajectory can be deformed
to a connected sum of the cylinder transporting the homology class of  from b to b0 and
some disk with boundary on L0

b
. We represent the cylinder by a line from b to b0 and the

disk by a line from b0 to the origin. Now observe that the symplectic energy is roughly the
sum of d.b; b0/ and the flux of the disk. Therefore, keeping the distance between b and
b0 fixed while moving b0 horizontally to infinity, the energy stays constant. Thus, by the
energy-diameter estimate (Lemma B.14), there can only be the solution corresponding to
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a segment from b and b0. Such a solution necessarily exists by comparison to the case
of TT2�. Thus up to a constant, the element x evaluates on VC as the coordinate z1.
Similarly y can be taken to evaluate as the coordinate z�11 on V�.

Now evaluate x on a b0 2 V�. Because of wall crossing, we expect there to be addi-
tional closed open solutions. This time, if we wish to keep d.b; b0/ fixed, we can only
move vertically. Consider b; b0 in the upper half-plane. In the notation of the previous
section, A1 in Figure 2 corresponds to the segment from b to b0. By moving vertically
upwards and applying the same energy-diameter argument, we see that the only possible
contributions to x at b come from gluing a non-negative multiple of a disk to A1. Let
C1 � �2.M;Lb0/ be the cone of disks on which ! is non-negative. The preceding discus-
sion can be summarized by the statement that the wall W1 imposes the constraint that x
acts by a polynomial corresponding to an element of A1 C C1. In the coordinates .z1; z2/
this is the same as the polynomials generated by z1zi2; i � 0. Repeating the same reas-
oning for the lower half-plane we find that it must be in A0 C C0 D A0 � C1. Since A0
crosses the negative y-axis, there is a monodromy correction. The monomial correspond-
ing to it is z1z2. Thus we obtain the additional constraint that x evaluates to a polynomial
generated by z1z1�i2 ; i � 0. Combining the two conditions, we find that x on V� is gen-
erated by z1 and z1z2. Moreover, by moving b and b0 to 1 (resp. �1) in the vertical
direction, we see that A1 (resp. A0) has a unique local solution, since an arbitrarily large
neighborhood is symplectomorphic to an arbitrarily large neighborhood of the zero sec-
tion in T �T2. Thus xy D 1C z2 on V�. Let u be given by the periodic orbit measuring
the flux z2. Then u evaluates to z2 on V� since  can be taken to occur in V�. We thus
obtain the desired relation xy D 1C u.

Appendix A. Tame LG potentials

The aim of this appendix is to prove Theorem 3.27.

Definition A.1. A Landau–Ginzburg function is a function of the form � D eHCi� W

M ! C together with a diffeomorphism  LG from a neighborhood U0 of Crit.L/ to a
neighborhood U1 of the skeleton in XM from Theorem 2.16 such that

(a) H D h ıL and is independent of the functions HFi away from L�1.�/ � B ,

(b) � W M ! S1 is invariant under the action of G, d� generates H 1.M I Z/ and
�.L�1.�// D const,

(c) �M jU0 D �X ı  and  �JX is tamed by !.

Lemma A.2. Let V be a symplectic vector space and let W � V be a symplectic hyper-
plane. Then the set of all complex structures on V which are tamed by ! and which
preserve W is contractible.

Proof. Let J preserve W and let x 2 W ! n ¹0º. Then Jx splits as Jx D yh C yv where
yh 2 W

! and yv 2 W . We claim that J is tamed by ! if and only if for all � 2 Œ0; 2��
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we have
!.w; cos � yv � sin � Jyv/2 < 4!.w; Jw/!.x; yh/;

!.w; Jw/ > 0; !.x; yh/ > 0;
(A.1)

for all w 2 W . To see this, note that tameness is equivalent to the inequality

!.y0v; w/ < !.w; Jw/C !.x
0; y0h/ (A.2)

for all x0 2 W ! and w 2 W . Note that the inequality implies that the right hand side is
always positive. Therefore, the left hand side may also be assumed positive by replacing x0

with �x0 if necessary. Note that y0
h
; y0v are functions of x0. Fixing x0 D x, considering the

degree of homogeneity on each side of (A.2) as a function of w we obtain the equivalent
inequalities in (A.1) with � D 0. Allowing x0 to vary is equivalent to taking x0 D cos�xC
sin �yh for � 2 Œ0; 2��, which gives (A.1) by a straightforward computation. Thus, fixing
an x ¤ 0, an almost complex structure as required is determined by a choice of tame
almost complex structures on W;W ! respectively, and adding a mixed term determined
by the projection yv of Jx toW in such a way that (A.1) is satisfied. The latter is invariant
under yv 7! tyv for t 2 Œ0; 1�. The condition is thus contractible.

Lemma A.3. For any Landau–Ginzburg function � there is an !-tame almost complex
structure J such that � is J -holomorphic.

Proof. We use the map  LG to pull back an !-tame complex structure on a neighborhood
U of Crit.L/ so that � is J -holomorphic on U . Now observe that onM n Crit.L/, � is a
symplectic fibration. Indeed, in local action-angle coordinates we have

! D

n�1X
iD1

dHFi ^ d�i C dHn ^ d�n:

Since dH is independent of the dHFi and � is invariant under the flows ofXHFi D @=@�i ,
the claim follows.

The set of all !-tame fiberwise almost complex structures is non-empty and contract-
ible. By Lemma A.2 each one has a contractible set of extensions to an almost complex
structure for which � is J -holomorphic. We can thus extend J from U to all ofM so that
� remains J -holomorphic.

Lemma A.4. Consider the Gross fibration LXM of Theorem 2.16. The symplectic form !
and the fibration LXM , restricted to a sufficiently small, open normal neighborhoodUX of
Crit.LXM / � XM , can be deformed to a symplectic form !X

5 and Lagrangian fibration
LX on UX , such that !X tames the standard complex structure J jUX and the following
conditions are satisfied:

5There is no claim that the deformed symplectic form !X can be made to agree with the initial
! outside UX .
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(a) There is a compact set K � xUX such that .UX n K; !X / is, as a symplectic man-
ifold, identified with the product ZC � j̀ B

4.rj / where ZC WD RC � S1 is the
half-infinite cylinder equipped with the symplectic form ds ^ dt , and j̀ B

4.rj / is
a disjoint union of symplectic 4-balls. Thinking of ZC as a submonoid of the cylin-
der R � S1, there is an action of ZC on .UX n K by symplectomorphisms, which
is given by .s0; t0/ � ..s; t/; w/ 7! ..s C s0; t C t0/; w/ under the previous product
decomposition.

(b) LX , J and the LG potential �X are all invariant under the symplectic action of the
half-infinite cylinder of the previous part on UX nK.

The complex structure J may be deformed near the boundary ofUX to an !X -tame almost
complex structure J 0 which near @UX is compatible with !X and such that � is still J 0-
holomorphic and J 0 is still invariant under the action of the half-cylinder.

Proof. Let K � XM be a precompact open set containing all the compact components
obtained by the intersection of any two distinct toric divisors. Denote by !0 the standard
Kähler form restricted toK. We obtain !X by extending !0 to a neighborhood of the pre-
image of the entire 1-skeleton as follows. Fix a half-infinite edge e of the skeleton of X
and let p 2 L�1.e/ \K. Pick a transverse circle action at e generated by a Hamiltonian
HF and let c D HF .p/. Construct a normal form on a neighborhood Up of p. This gives
rise to a symplectomorphism

 symp W Up ! S � .�"; "/ � S1

such that LjUp is a product of the standard focus-focus singularity on S with the projec-
tion to .�"; "/. Let Xsymp be the vector field generating translations of the interval. Note
that the flow of Xsymp preserves LX and we have dHF .Xsymp/ D 1.

Consider the vector field JXF . It generates the real part of the C� action whose ima-
ginary part isXF . It therefore commutes with the other actions, and moreover it preserves
the global function �X . Thus JXF preserves theG action. Moreover, dHF .JXF / is con-
stant along any orbit of XF . After multiplying by a constant (which we assume to be 1),
it satisfies dHF .JXF / D 1 along the orbit through p. Let UX be the non-negative time
flow of S under XF and JXF . Then we have a diffeomorphism

 hol W UX ! S �RC � S
1:

Note that along the XF orbit through the critical point p the vector fields JXF and Xsymp

coincide. Thus, taking S and " small enough we find that  hol and  symp are arbitrarily
close in C 1.

Let g W R ! R be a smooth function such that g0 vanishes on the complement of
.c � "=2; c C "=2/, g D 0 near �1 and g D 1 nearC1. Consider the vector field

Xhyb WD .1 � g ıHF /Xsymp C .g ıHF /JXF :

Then Xhyb preserves the G action. Indeed, both Xsymp and JXF preserve the G action.
Since g ıHF also has this property, so does Xhyb.
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Let
 W Up ! S � .�"; "/ � S1

be the diffeomorphism induced by the flows of Xhyb and XF . Then  is also arbitrarily
C 1-close to  symp. Define a symplectic form on UX as

!X D  
�p�1!0jS C  

�.ds ^ d�/:

Then !X smoothly extends !0. Moreover, it tames J along s 2 .c � "; c C "/ since it
is C 1-close to !0 there. Since Xhyb preserves both J and !X this tameness holds every-
where. Extend L smoothly to UX by requiring it to be invariant under the action of Xhyb.
Note that L and �X are invariant under G. Thus �X is an LG potential with respect to J .

Since the space of tame almost complex structures deformation retracts to that of
compatible ones and since �X is a symplectic fibration away from the critical points, and
moreover all our constructions are translation invariant at infinity, the final part of the
claim is clear.

In the following, fix UX and !X as in Lemma A.4 once and for all for each toric
Calabi–Yau 3-fold X . Let L W M ! R3 be a tame SYZ fibration and fix a Lagrangian
section � which is disjoint from the critical points of L.

Definition A.5. We say that an LG function � D eHCi� is admissible if the following are
satisfied:

(a)  LG is a bi-Lipschitz equivalence between a .�;L/-tame local normal neighborhood
of Crit.L/ and the metric on UXM determined by !XM and JXM of Lemma A.4.
Moreover,  �LGJXM is uniformly tamed by !M .

(b) There is an " > 0 such that with respect to some .�;L/-adapted metric, for any x 2M
we have

hrH;rHFi i

krHkkrHFi k
< 1 � ": (A.3)

(c) For a .�;L/-adapted metric, � is a quasi-conformal map. This means there is a
constant C such that for any p 2 M n Crit.L/ and any pair of orthogonal vectors
v;w 2 ker d�?p we have

1

C
<
jd�.v/j

jd�.w/j
< C:

Remark A.6. Note that if � is an LG function satisfying the conditions with respect to
one .L; �/-tame J , it satisfies them with respect to any such.

Lemma A.7. Suppose � W M ! C is an admissible LG function. Then there exists a
.�;L/-tame almost complex structure J onM with respect to which � is J -holomorphic.

Proof. We show this first on M n Crit.L/. Suppose � satisfies conditions (b) and (c)
of Definition A.5 with respect to some compatible almost complex structure J which is
.�;L/-adapted. We construct a new almost complex structure J 0 as follows. Consider the
splitting TM D V ˚H with respect to the symplectic fibration � WM nCrit.L/!C. Let
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pH ;pV denote the horizontal and vertical projections respectively. Pick a global orthonor-
mal frame ¹v1; : : : ; vn�1º of the tangent fibers to the torus orbits. Define J 0 fiberwise by

J 0vi WD pV Jvi C
X
j<i

!.pHJvi ; pHJvj /vj ;

and extend uniquely by the condition d� ı J 0 D J 0 ı d� . Then J 0 is !-compatible and
� is J 0-holomorphic. Moreover, (A.3) and the quasi-conformality guarantee that J 0 is
equivalent to J . Namely, (A.3) bounds how farH and V are from being orthogonal. This
in particular guarantees equivalence of the induced metrics on V . The quasi-conformality
guarantees equivalence of the induced metrics on H . Taken together, we get equivalence
of the total metrics.

Observe now that if we find an !-tame almost complex structure J 00 on a neigh-
borhood of Crit.L/ which is equivalent to J and satisfies inequality (A.3) and the quasi-
conformality condition, we can interpolate it in the space of !-tame almost complex struc-
tures with J 0 while preserving equivalence with J . But these conditions are necessary.
Indeed, suppose J0 is equivalent to J and � is J0-holomorphic. Since � is equivariant
with respect to the Hamiltonian flow of HFi , we find that rJ0H ? XHFi and therefore
rJ0H ? J0XHFi

. Since J is equivalent to J0, this implies (A.3). The quasi-conformality
condition follows in the same way. Taking J0 D  �LGJX , the claim follows by part (a) of
Definition A.5.

Proof of Theorem 3.27. We fix a tame local normal form and equivalence class of met-
rics as guaranteed by Theorem 3.23. We use it to pull back � and JU from UX as in
Lemma A.4 to a small uniform neighborhood U 0 of Crit.L/. This defines  LG. Note that
it satisfies condition (a) of Definition A.5. Furthermore, since � is JU -holomorphic, the
other inequalities of Definition A.5 are satisfied on the current domain of definition of � .

Our goal is to extend � to all of M in such a way that the inequalities of Defini-
tion A.5 are satisfied. The function H D Re Log � factors as h ı L for some function
h W L.U 0/! R. Identifying B with Rn via coordinates as in Theorem 3.19 and relying
on Theorem 3.23 we find that inequality (A.3) translates intoPn�1

iD1.@ih/
2

.@nh/2
< C: (A.4)

By the above, this inequality holds on a neighborhood of �. Similarly, dh ¤ 0 every-
where in a neighborhood of �. To see this, observe that �U is given by (2.4), and on the
complement of the ends, LU is arbitrarily close to the Gross fibration given explicitly
in Theorem 2.11, while on the ends Lemma A.4 guarantees translation invariance. This
implies the stronger statement

1=c < jrhj < c (A.5)

for some c > 1.
We claim that we can extend any function satisfying inequalities (A.4) and (A.5) from

a neighborhood of � to all of R3 in such a way that both these inequalities are preserved.
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We may assume without loss of generality that there is a neighborhood W� � ¹xn D 0º
such that h is initially defined on W� � .�"; "/. Using an appropriate Urysohn function
f W Rn�1 ! R with bounded derivative supported on a neighborhood of @W� let h D
.1� f / QhC f x3 on Rn�1 � .�"; "/. The resulting function satisfies both inequalities and
can now be extended in the same way to all of Rn.

We now proceed to define � so that the resulting map � is a quasi-conformal submer-
sion. For this consider the map L� �0 WM !B � S1 given in Theorem 3.26 and identify
with Rn � S1 so that in these coordinates L� �0 is a quasi-Riemannian submersion away
from a uniform tubular neighborhoodUı of Crit.L/ projecting to a uniform tubular neigh-
borhood of � � ¹0º. By G-equivariance, � factors trough L � �0, so we consider h as
a function on B D Rn and � as a function of B � S1 with coordinates x1; : : : ; xn; t .
The quasi-conformality in these coordinates translates, away from L � �0.Uı/, into the
conditions

1=c <
jd�.@t /j

jdh.@xn/j
< c and

jd�.@xn/j

jdh.@xn/j
< c:

The function � is initially defined on a neighborhood of � � ¹0º � Rn � S1 and these
inequalities are satisfied with uniform constants at least near the boundary of that neigh-
borhood. It is straightforward by (A.5) that � can be appropriately extended to satisfy the
inequalities.

We have thus extended � in an admissible manner. Lemma A.7 now guarantees a
.�; L/-tame J for which � is J -holomorphic. It remains to show contractibility. The
choices going into the construction in Theorem A.4 are evidently in a contractible set.
The same is true for the choice of a tame local normal form since any two such are related
by a flat Lipschitz diffeomorphism in the base and a Lipschitz Hamiltonian isotopy in
the fiber. The choice of admissible � is evidently contractible. Finally, the extension of J
so that � is J -holomorphic is contractible by Theorem A.2. The additional condition of
tameness relative to L; � maintains the contractibility.

Appendix B. Energy and C 0 estimates for Lipschitz Floer data

Let .M; !/ be a symplectic manifold. Fix an !-compatible almost complex structure J0.
For z 2 D WD B1.0/ � C let Jz be a tame almost complex structure such that for some
C > 1 independent of z and for all tangent vectors v we have

1

C
<
gJz .v; v/

gJ0.v; v/
< C:

When this holds we say gJz is C -equivalent to gJ0 . Suppose Jz depends smoothly on z.
Let

H WD Fzds CGzdt

be a 1-form with values in smooth Hamiltonians. Suppose

@sGs;t � @tFs;t � 0: (B.1)
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Suppose further that for fixed z D s C i t the functions F;H; @tF; @sG are all Lipschitz
functions on M with Lipschitz constants uniform in z with respect to gJ0 and therefore,
for any z 2 D, with respect to gJz . Such Floer data are referred to as admissible. We will
use the term C -admissible when the Lipschitz constants are bounded by C .

Remark B.1. We comment that in the usual definition of the wrapped Fukaya category
of a Liouville domain, the Floer data are not Lipschitz with respect to the chosen almost
complex structure. We hasten to ensure the reader that this causes no incompatibility.
Namely, using a zig-zag homotopy argument as in [18, Theorem 4.6], one can show that as
long as one uses geometrically bounded almost complex structures, the choice of almost
complex structure is inconsequential. The only thing that is of consequence is the asymp-
totic growth rate of the Hamiltonians. In this respect, the Lipschitz condition is merely a
softening of the usual linear-at-infinity condition.

For a 1-form  on † with values in u�TM write

0;1 WD 1
2
. C J ı  ı j†/:

A Floer solution on D with this data is a map u W D !M satisfying Floer’s equation

.du �XH.u//
0;1
D 0: (B.2)

The geometric energy of u on a subset S � D is defined as

EH;J .uIS/ WD
1

2

Z
S

kdu �XHk
2
J ds ^ dt:

We denote the geometric energy by Egeo when the datum H; J is clear from the context.
Given an admissible Floer datum .H; J / define a 2-form on D � M by !H WD

��2! C dH. Given a Floer solution u W D!M denote by Qu D id � u W D! D �M its
graph.

Lemma B.2. For any .H; J /-Floer solution u W D !M satisfying (B.1) we have

Egeo.uIS/ � sup j¹F;GºArea.D/j �
Z
D

Qu�!H:

The expression on the right is called the topological energy and denoted by Etop.u/.

Proof. Using the Floer equation and denoting by d 0 the exterior derivative in the M dir-
ection, we get

kdu �XHk
2ds ^ dt D !.@tu �XG ; XF � @su/ds ^ dt

D u�! C .d 0G.@su/ � d
0F.@tu/ � !.XG ; XF //ds ^ dt

D u�! C dH � ..@sG � @tF � ¹F;Gº/ ı u/ds ^ dt

� u�! C dHC j¹F;Gºjds ^ dt:

Denote the Floer datum .H; J / by F. Consider the almost complex structure

JF.z; x/ WD

�
j†.z/ 0

XH.z; x/ ı j†.z/ � J.z; x/ ıXH.z; x/ J.x/

�
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on D �M . Then the graph of a solution to the Floer equation determined by F is JF-
holomorphic. Fix an area form !† on † and for a > 0 write

Q!a WD !H C a!†:

Lemma B.3. For a > sup j¹Gz ; Fzºj, the almost complex structure JF is tamed by the
form Q!a.

Proof. See [18, Lemma 5.1 and Remark 5.2]. Alternatively, examine (B.3) below and
apply (B.1). Note that by the Lipschitz condition, ¹Gz ; Fzº is indeed bounded.

Fix a large enough and denote the corresponding metric by gF.

Lemma B.4. Fix a point p0 2M . Denote by g the product metric on D �M . There are
constants c1 < 1 < c2 such that for any R > 0, any p 2 BR.p0/ and any v 2 R2 ˚ TpM
we have

c1kvkg � kvkgF
� c2
p
Rkvkg :

Proof. Let ˛; ˇ be the 1-forms on M giving the gJ inner product with XF and XG
respectively. Then we have6

gJF
D gJ � ˛ds � ˇdt C gJ .XF ; XG/dsdt

C kXF k
2dt2 C kXGk

2ds2

C .@sGs;t � @tFs;t � ¹Fs;t ; Gs;tº C a/.ds
2
C dt2/: (B.3)

Let g0 D .@sGs;t � @tFs;t /.ds2 C dt2/ and g1 D gF � g0. Then g1 is uniformly equi-
valent to the metric g once a is chosen large enough relative to the Lipschitz constants of
F and G. To see this let g2 be obtained from g1 by subtracting the cross term

g3 D �˛ds � ˇdt C gJ .XF ; XG/dsdt:

Note that kXF k; kXGk are O.1/. In particular, a can be taken large enough to dominate
the ¹F;Gº term. So, the change from g to g2 amounts to rescaling the vectors @t ; @s by an
amount which is bounded above and below. Making a large enough, we can also bound
the ratio g3.v;w/

jvjg1 jwjg1
away from 1 , so g is also uniformly equivalent to g1.

On the other hand, let A 2 Hom.Tpv; Tpv/ be the map

IdC
1

k@tkg1
g0.�; @t /˝ @t C

1

k@skg1
g0.�; @s/˝ @s :

Then gF D g1.�; A�/. Since A is O.R/, the claim follows.

Definition B.5. We say that a metric g is .ı; c/-isoperimetric at a point p 2M if for any
closed curve  contained in Bı.p/ there is a disk D bordered by  and such that

Area.D/ � c`./2:

Similarly, a point p 2 L is .ı; c/-isoperimetric with respect to g if, in addition, for any

6The juxtaposition of two 1-forms denotes their symmetric product.
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chord  W Œ0; 1�! M with endpoints on L and contained in Bı.p/ there is a half-disk
bordered by  and a path Q � L such that

Area.D/ � c`./2:

Lemma B.6. Suppose g; L are .ı; c/-isoperimetric at some p 2 M and let g0 be such
that for some a1; a2 > 1 we have

1

a1
k � kg � k � kg0 � a2k � kg :

Then g0; L are .ı=a1; a21a
2
2c/-isoperimetric.

Proof. This follows from the inequalities

1

a2
`g0 � `g � a1`g0 and Area.g0/ � a22 Area.g/:

We first recall the monotonicity inequality for J -holomorphic curves with Lagrangian
boundary. The following lemma and its proof are taken from [32]. We include them here
to emphasize the dependence on parameters.

Lemma B.7 (Monotonicity [32]). Suppose J is such that gJ is .ı; c/-isoperimetric at p.
Then any J -holomorphic curve u passing through p and with boundary in M n Bı.p/
satisfies

E.uIu�1.Bı.p/// �
ı2

2c
:

If p 2 L and J; L are .ı; C /-isoperimetric, the same holds if we require instead of
Bı.p/ \ u D ; that @u \ Bı.p/ � L.

Proof. For t 2 Œ0; ı� let A.t/ WD E.uIu�1.u\Bt .p///. Then A.t/ is absolutely continu-
ous and A0.t/ D `t almost everywhere. So,

.
p
A/0 D

A0

2
p
A
D

`t

2
p
A
�

1

2
p
c
:

Integrating from 0 to ı and squaring both sides gives the claim.

Theorem B.8 (Domain-local estimate). Let L be a Lipschitz Lagrangian, let K be a
compact set and let F be an admissible Floer datum. For any E > 0 there is an R D
R.E;K;L;F/ such that the following hold. Denote by D1=2 � D the disk of radius 1=2.

(a) Let u be a solution to Floer’s equation on D and suppose that E.uID/ � E and
u.D1=2/ \K ¤ ;: Then

u.D1=2/ � BR.K/:

(b) Denote by DC the intersection of the disk with the upper half-plane. Let u W
.DC; @DC/! .M; L/ be a solution to Floer’s equation such that E.uIDC/ � E
and u.DC

1=2
/ \K ¤ ;: Then

u.DC
1=2
/ � BR.K/:
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Proof. Using the Gromov trick we consider u as a J -holomorphic curve for which the
monotonicity inequality applies. In the case of a general Floer datum, the constants of the
monotonicity inequality are not uniformly bounded due to the presence of the derivatives
@sG;@tF in the expression (B.3) for the metric gJF

. But since the geometry of the under-
lying manifold is uniformly bounded, Lemmas B.4 and B.6 imply that the monotonicity
constant for gJF

grows at most as the distance. This means that the geometry of gJF
is

i-bounded in the terminology of [18]. The proof is now essentially the same as that of
[18, Theorem 4.10].

We now turn to the global situation. Let Dk;l be a disk with k interior and l bound-
ary punctures and a fixed conformal structure. Denote the set of punctures by P D
Pe [ Pi decomposed into boundary and interior punctures respectively. Order Pe coun-
terclockwise and label the components @i of @Di;k n Pe by their left boundary point.
Further, decompose Pe; Pi into subsets Pe;˙; Pi;˙ designating inputs and outputs. Near
the j th puncture fix strip-like coordinates "j W Œ0; 1� � .�1; 0/! Dk;l for inputs and
"j W Œ0; 1� � .0;1/ for outputs. Define cylindrical ends similarly. Our convention is S1 D
Œ0; 1�=¹0 � 1º. As before, fix a geometrically bounded J0. Label the components @i of
@Di;k n Pe by Lagrangians Li which are Lipschitz with respect to J0. Let H be a 1-form
on Dk;l with values in Lipschitz Hamiltonians. Assume there are Hamiltonians Hi for
i 2 P such that near the i th puncture, we have "�i H D Hidt . In particular, ¹H;Hº is
compactly supported on D n ¹Pe [ Piº.

For Lagrangians L0; L1 we say that a Hamiltonian H ı-separates L0 from L1 near
infinity if there is a ı > 0 such that

d.L1 nK; Hi .L0// > ı: (B.4)

Similarly, we say that H ı-separates the diagonal if

d.p; H .p// > ı

for any p 2M nK. Here  H is the time-1 flow of H .
The main ingredient needed to go from the local estimate to a global one is the fol-

lowing.

Lemma B.9. Suppose u W Œa; b� � Œ0; 1�!M is a solution to Floer’s equation

@suC J.@tu �XH / D 0

for a Lyapunov Hamiltonian H: Then

d.u.a; �/; u.b; �//d.u.�; 1/;  H .u.�; 0// < cEgeo.uI Œa; b� � Œ0; 1�/

for some constant c depending on H .

The proof relies on the following estimate.



The wrapped Fukaya category for semi-toric Calabi–Yau 2435

Lemma B.10. SupposeH is Lyapunov. Then there is a C D C.H/ > 0 such that for any
path  W Œ0; 1�!M we have

d
�
.1/;  1H ..0//

�2
< C

Z 1

0

k 0.t/ �XH ı k
2 dt:

Proof of Lemma B.9. We start by observing that

b � a �

R 1
0
d.u.a; t/; u.b; t//2 dtR b

a
k@suk2 dt

:

which follows from Cauchy–Schwarz and the inequality

d.u.a; t/; u.b; t// � `.u.Œa; b� � ¹tº// D

Z b

a

k@suk dt:

Write ı WD d.u.�; 1/;  H .u.�; 0///. Then by Lemma B.10 we have

min
s2Œa;b�

k Pus �XHk
2
� cı:

Thus

Egeo.u/ � c.b � a/ı
2
� cı2

d.ua; ub/
2

Egeo
:

The last inequality relies on the fact that u solves Floer’s equation. Rearranging and taking
square roots produces the desired estimate.

Proof of Lemma B.10. By Cauchy–Schwarz,

k 0 �XH ı kL1 � k
0
�XH ı kL2 :

Let r be such that .Œ0; 1�/ is covered by charts ¹Ui �M ,  i W B2r .0/! Uiº which
are bi-Lipschitz with Lipschitz constant 2. Moreover, the cover has Lebesgue number r .
By compactness of .Œ0; 1�/, there is a K such that for any i the vector field d �1i XH
considered as a map Bri .0/! R2n is K-Lipschitz.

Let
g.t/ D k 0.t/ �XH ı .t/k

and let f .t/ D
R t
0
g.s/ ds. Let

�t � r min
²
1

K
;

1

sup kXHk
;

1

maxg.t/

³
:

Suppose N WD 1
�t

is an integer. Suppose �t is made smaller still so that f .t/ has an
approximation by a piecewise linear function h.t/ such that

g.t/ < h0.t/;

and such that h is linear of slope "i on the intervals Œ i
N
; iC1
N
�. Let ti WD i

N
, i .t/ WD

 tH ..ti // and xi WD i .1� i�t/. Then tH ..0//D x0 and .1/D xN . Denoting�xi WD
d.xi ; xi�1/ for i D 1; : : : ; N , we have the obvious estimate d.x0; xN / �

P
�xi . Let
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yi D .ti / and zi D  �tH .yi�1/. Then by the Lyapunov condition,

�xi � Ce
z.1�i�t/d.yi ; zi /:

On the other hand, we have a standard ODE estimate

d.yi ; zi / �
"i

K
.eK�t � 1/:

The last expression is � 2"i�t since �t � 1=K. So,

d.x0; xN / �

NX
iD1

2C"ie
z.1�i�t/�t:

The last expression approximates the integral

2C

Z 1

0

h0.t/ez.1�t/ dt:

The Cauchy–Schwarz inequality

2C

Z 1

0

h0.t/ez.1�t/ dt � 2C

sZ 1

0

.h0.t//2 dt

sZ 1

0

e2z.1�t/ dt

now produces the required estimate.

Definition B.11. We call F D .H; J / admissible if F is Lipschitz and for each end j ,

(a) Hj is Lyapunov,

(b) Hj separates the diagonal for any j 2 Pi ,

(c) Hj separates Lj from LjC1 for any j 2 Pe;� and LjC1 from Lj for j 2 Pe;C,

(d) Hj satisfies the monotonicity condition

dH � 0: (B.5)

For a real number c > 0we will say that the datum is c-admissible if all the constants such
as Lipschitz, Lyapunov, and separation data, are appropriately bounded in terms of c.

Theorem B.12 (Domain-global estimate). Fix an admissible Floer datum F and a com-
pact setK. Then there is a monotone functionRDRF WRC!RC such that any solution
to Floer’s equation on Dk;l which intersects K satisfies

Diam.u/ � R.Egeo.u// � R.Etop.u/C C/;

where C is a constant depending on F.

Proof. Let A � Dk;l be open, connected, precompact and such that Dk;l n A consists of
ends. Assume first that u.A/ \K ¤ ;. Covering A by a finite number of disks and half-
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disks, the domain-local estimate provides an R0 D RA;H such that u.A/ � BR0.K/. By
admissibility, Lemma B.9 produces an R1 D R1.ı; E/ such that for any end ei and any
t 2 R˙ we have u."i .¹tº � .0; 1/// \ BR1.BR0.K// ¤ ;. Applying the domain-local
estimate again, we obtain an R2 such that u is entirely contained in BR2CR1CR0.K/.
If u intersects K in a point u.x/ for some x 62 A then x is on some end, and we may
write x D "i .s0; t0/. The domain-local estimate bounds the diameter of us0 . Thus we can
apply Lemma B.9 to obtain an a priori estimate for the distance d.K; u.A//. We can now
proceed as before.

For the right hand estimate, note that ¹F;Fº is assumed to be supported on a compact
subset A�Dk;l . The Floer data is assumed to be Lipschitz with some constant c. Lemma
B.2 implies that for any Floer solution u we have Egeo.u/ � Etop.u/C c

2 Area.A/.

Remark B.13. We have formulated the admissibility condition and the global estimate
for a punctured disk with fixed conformal structure. In general, e.g. in the proof of asso-
ciativity, we need to allow the conformal structure to vary. It is then required to choose
Floer data for the entire moduli space. As is spelled out in detail in [31], this involves,
among other things, choosing a thick-thin decomposition near the boundary of the moduli
space and assigning strip-like and cylindrical coordinates on the thin part. The extension
of the condition of admissibility to this setting is the obvious one: the Lipschitz estimates
should be uniform on the moduli space, and (B.4) should hold for each thin component.
The uniform global estimate for the entire family is then an obvious variant.

Examining the proof of the global estimate we obtain the following useful variant.

Lemma B.14 (Target-local, domain-global estimate). There is a function R D R.c; E/
with the following significance. Let .H; Jz/ be a c-admissible Floer datum on a Riemann
surface with cylindrical ends. Then any Floer solution of energy at mostE has diameter at
most R. Moreover, suppose the Floer datum .H; Jz/ satisfies inequality (B.5) everywhere,
and Jz induces a complete metric, but the other conditions for c-admissibility hold only
on BR.p/. Then any Floer solution u meeting p is contained in BR.p/.
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