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Abstract. We prove sharp spectral transition in the arithmetics of phase between localization and
singular continuous spectrum for Diophantine almost Mathieu operators. We also determine exact
exponential asymptotics of eigenfunctions and of corresponding transfer matrices throughout the
localization region. This uncovers a universal structure in their behavior governed by the exponential
phase resonances. The structure features a new type of hierarchy, where self-similarity holds upon
alternating reflections.
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1. Introduction

Since this paper continues the program started in [36], we advise the readers less familiar
with the subject to start with the first section of [36] or recent reviews [31,32] for general
background and useful introductory remarks. To avoid repetitions, we focus here only on
the additional introductory considerations more directly relevant to the subject at hand.

Unlike random, one-dimensional quasiperiodic operators (3) feature spectral transi-
tions with changes of parameters. The transitions between absolutely continuous and
singular spectrum are governed by vanishing/non-vanishing of the Lyapunov exponent
[19,39,45]. In the regime of positive Lyapunov exponents (also called supercritical in the
analytic case, with the name inspired by the almost Mathieu operator) there are also more
delicate transitions: between localization (point spectrum with exponentially decaying
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eigenfunctions) and singular continuous spectrum. They are governed by the resonances:
eigenvalues of box restrictions that are too close to each other in relation to the distance
between the boxes, leading to small denominators in various expansions. All known
proofs of localization are based, in one way or another, on avoiding resonances and
removing resonance-producing parameters, while all known proofs of singular contin-
uous spectrum and even some of the absolutely continuous spectrum [2] are based on
showing their abundance.

For quasiperiodic operators, one category of resonances are the ones determined
entirely by the frequency. Indeed, for smooth potentials, large coefficients in the con-
tinued fraction expansion of the frequency lead to almost repetitions and thus resonances,
regardless of the values of other parameters. Such resonances were first understood and
exploited to show singular continuous spectrum for the Liouville frequencies in [9, 10],
based on [24].1 The strength of frequency resonances is measured by the arithmetic
parameter

ˇ.˛/ D lim sup
k!1

�
ln kk˛kR=Z
jkj

(1)

where kxkR=ZD inf`2Z jx � `j. Another class of resonances, appearing for all even poten-
tials, was discovered in [38], where it was shown for the first time that the arithmetic
properties of the phase also play a role and may lead to singular continuous spectrum
even for the Diophantine frequencies. Indeed, for even potentials, phases with almost
symmetries lead to resonances, regardless of the values of other parameters. The strength
of phase resonances is measured by the arithmetic parameter

ı.˛; �/ D lim sup
k!˙1

�
ln k2� C k˛kR=Z

jkj
: (2)

In both these cases, the strength of the resonances is in competition with the exponen-
tial growth controlled by the Lyapunov exponent. It was conjectured in 1994 [28] that for
the almost Mathieu family – the prototypical quasiperiodic operator – the above two types
of resonances are the only ones that appear and the competition between the Lyapunov
growth and resonance strength resolves, in both cases, in a sharp way.

Namely, separating frequency and phase resonances, the frequency conjecture was that
for the ˛-Diophantine phases, there is a transition from singular continuous to pure point
spectrum precisely at ˇ.˛/DL;whereL is the Lyapunov exponent. The phase conjecture
was that for Diophantine frequencies, there is a transition from singular continuous to pure
point spectrum precisely at ı.˛; �/ D L:

The frequency conjecture was recently proved [8,36]. In this paper, we prove the phase
conjecture (Theorem 1.1). Moreover, our proof of the pure point part of the conjecture
uncovers a universal structure of the eigenfunctions throughout the entire pure point spec-
trum regime (Theorem 1.2), which, in the presence of exponentially strong resonances,

1According to [46], the fact that the Diophantine properties of the frequencies should play a
role was first observed in [44].
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demonstrates a new phenomenon that we call a reflective hierarchy, when the eigenfunc-
tions feature self-similarity upon proper reflections (Theorem 1.3). While the existence
of the continued fraction based hierarchy in the behavior of eigenfunctions was predicted
already in [11], the phenomenon of reflective hierarchy was not even previously described
in the (vast) physics literature, presumably because the dependence on the phase is still
underappreciated by the physics community, and in particular numerical experiments tend
to be performed for phase zero only.

This paper is both dual and complementary to the recent work [36]. There we found
a sharp way to deal with frequency resonances, leading to both the discovery of a uni-
versal hierarchical structure of eigenfunctions driven by the continued fraction expansion
of ˛ and the sharp spectral transition in frequency. We note that the sharp transition in
frequency for a.e. phase was first proved in [8], with pure point part being based on dual
reducibility, without the analysis of the eigenfunctions. In contrast, sharp transition in
phase that we prove here is not currently approachable by any other means. While several
results approaching the transition in frequency have been obtained in the last 15 years,
e.g. [6], there have been no results on the transition in phase for 0 < ı <1: Moreover,
the palindromic nature of phase resonances is fundamentally different from the repetition
nature of the frequency ones, requiring very different technical and conceptual solutions
in order to go sharp, and leading to a completely different, reflective, hierarchy.

The universality of the hierarchical structure described in Theorem 1.3 is twofold:
not only the same universal function governs the behavior around each exponential phase
resonance upon reflection and renormalization, it is the same structure for all the param-
eters involved: Diophantine frequency ˛, phase � with ı.˛; �/ < L and eigenvalue E.
Moreover, we expect this picture to be universal for a large class of potentials with
symmetry-based resonances. While the hierarchical structure governed by the frequency
resonances in [36] is conjectured to hold, for a.e. phase, throughout the entire class
of analytic potentials, the structure discovered here requires evenness of the function
defining the potential, and moreover, in general, resonances of other types may also be
present. However, we conjecture that for general even analytic potentials for a.e. fre-
quency only finitely many other exponentially strong resonances will appear, thus the
structure described in this paper will hold for the corresponding class, with ln� replaced
by the Lyapunov exponent L.E/ throughout.

The almost Mathieu operator (AMO) is the (discrete) quasiperiodic Schrödinger oper-
ator on `2.Z/:

.H�;˛;�u/.n/ D u.nC 1/C u.n � 1/C 2�v.� C n˛/u.n/; (3)

with v.�/ D cos 2��; where � is the coupling, ˛ is the frequency, and � is the phase.
It is the central quasiperiodic model for a multitude of reasons (see, e.g., [31]). In

particular, it comes from physics and attracts continued interest there. It first appeared in
Peierls [43], and arises as related, in two different ways, to a two-dimensional electron
subject to a perpendicular magnetic field. It plays the central role in the Thouless et al.
theory of the integer quantum Hall effect. For further background, history, and surveys of
results see [16, 18, 30–32, 40, 42] and references therein.
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The frequency ˛ is called Diophantine if there exist �; � > 0 such that for k ¤ 0,

kk˛kR=Z �
�

jkj�
: (4)

From now on, unless otherwise noted, we will always assume ˛ is Diophantine. When we
need to refer to (4) in a non-quantitative way, we will sometimes call it the Diophantine
condition (DC) on ˛.2

The operator H D H�;˛;� is said to have Anderson localization if it has pure point
spectrum with exponentially decaying eigenfunctions.

We have

Theorem 1.1. (1) H�;˛;� has Anderson localization if j�j > eı.˛;�/.

(2) H�;˛;� has purely singular continuous spectrum if 1 < j�j < eı.˛;�/.

(3) H�;˛;� has purely absolutely continuous spectrum if j�j < 1.

Remark. (1) We will prove part (2) for all irrational ˛; and general even Lipschitz v
in (3); see Theorem 4.2.

(2) Part (3) is known for all ˛; � [3] and is included here for completeness.

(3) Parts (1) and (2) of Theorem 1.1 verify the phase part of the conjecture in [28], as
stated there. The frequency part was recently proved in [8, 36].

Singular continuous spectrum was first established for 1 < j�j < ecı.˛;�/, for suffi-
ciently small c [38]. One can see that even with tight upper semicontinuity bounds the
argument of [38] does not work for c > 1=2: Here we introduce new ideas to remove the
factor of 2 and approach the actual threshold.

Anderson localization for Diophantine ˛ and ı.˛; �/ D 0 was proved in [29]. The
argument was theoretically extendable to j�j > eCı.˛;�/ for a large C but not beyond.
Therefore, the case of ı.˛; �/ > 0 was completely open before. In fact, the localiza-
tion method of [29] could not deal with exponentially strong resonances. The first way
to handle exponentially strong frequency resonances was developed in [6]. That method
however could not approach the threshold. An important technical achievement of [36]
was to develop a way to handle frequency resonances that works up to the very transition
and leads to sharp bounds. In this paper we develop the first, and at the same time the
sharp, way to treat exponential phase resonances.

Recently, it became possible to prove pure point spectrum in a non-constructive way,
avoiding the localization method, using instead reducibility for the dual model [8] (see
also [33]), as was first done, in the perturbative regime, in [12]. Coupled with recent
arguments [4, 5, 27, 49] that allow one to conjugate the global transfer-matrix cocycle
into the local almost reducibility regime3 and proceed by almost reducibility, this offers a

2It is rather straightforward to extend all the results to the case ˇ.˛/ D 0; without any changes
in formulations. We present the proof under condition (4) just for a slight simplification of some
arguments.

3For the Diophantine case this is Eliasson’s regime [20].
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powerful technique that led to a solution of the measure-theoretic version of the frequency
part of the conjecture of [28] by Avila–You–Zhou [8] and a corresponding sharp result for
the supercritical regime in the extended Harper model [25]. However, those methods lose
control on phases, thus are not applicable to study transitions in phase. More recently, after
the appearance of an earlier version of this paper, there has been an important achievement
in the work of Ge–You [22] who developed arithmetic Aubry duality, allowing one to
obtain localization statements for arithmetically specific sets of phases based on structural
reducibility estimates for dual operators, a method that works also in the multidimensional
case. It seems to have the potential for an alternative proof of localization in the regime
j�j > eı.˛;�/, which would be quite interesting. Conversely, the current analysis has the
potential for making certain deeper reducibility-related conclusions based on duality in
the opposite direction, as in e.g. [7].

Our proof of localization is based on determining the exact asymptotics of the gen-
eralized eigenfunctions for j�j > eı.˛;�/. Namely, exponential phase resonances lead to
a certain reflection in the exponential shape of the eigenfunction, of magnitude and at
scales determined by the strength of the resonance. Clearly, the potential cos 2�.� C n˛/
is symmetric with respect to x0 2 Z such that sin�.2� C x0˛/ D 0 and “almost” sym-
metric if sin�.2� C x0˛/ is small. It turns out that the asymptotics can be determined by
following such local minima.

Namely, for any `, let x0 2 Z (we can choose any one if x0 is not unique) be such that

jsin�.2� C x0˛/j D min
jxj�2j`j

jsin�.2� C x˛/j:

Let � D 0 if 2� C x0˛ 2 Z, otherwise let � 2 .0;1/ be given by

jsin�.2� C x0˛/j D e��j`j: (5)

Define f W Z! RC as follows:

f .`/ D

´
e�j`j ln j�j if x0 � ` � 0;

e�.jx0jCj`�x0j/ ln j�je�j`j C e�j`j ln j�j if x0 � ` > 0:

We say that � 6D 0 is a generalized eigenfunction ofH with generalized eigenvalue E
if for some C <1 and all k 2 Z,

H� D E� and j�.k/j � OC.1C jkj/: (6)

For a fixed generalized eigenvalue E and corresponding generalized eigenfunction �
of H�;˛;� , let U.`/ D

�
�.`/
�.`�1/

�
. We have

Theorem 1.2. Assume ln j�j > ı.˛; �/. Then for any " > 0, there exists K such that for
any j`j � K, U.`/ satisfies

f .`/e�"j`j � kU.`/k � f .`/e"j`j: (7)

In particular, the eigenfunctions decay at the rate ln j�j � ı.˛; �/.
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Remark. � For ı D 0 we have, for any " > 0,

e�.ln j�jC"/j`j � f .`/ � e�.ln j�j�"/j`j:

This implies that the eigenfunctions decay precisely at the rate of the Lyapunov expo-
nent ln j�j.

� For ı > 0, by the definition of ı and f we have, for any " > 0,

f .`/ � e�.ln j�j�ı�"/j`j: (8)

� By the definition of ı again, there exists a subsequence ¹`iº such that

jsin�.2� C `i˛/j � e�.ı�"/j`i j:

By the DC on ˛, one has

jsin�.2� C `i˛/j D min
jxj�2j`i j

jsin�.2� C x˛/j:

Then
f .`i / � e

�.ln j�j�ıC"/j`i j: (9)

This implies the eigenfunctions decay precisely at the rate ln j�j � ı.˛; �/.

� If x0 is not unique, then by the DC on ˛, � in (5) is necessarily smaller than any � for
` large. Then

e�.ln j�jC"/j`j � kU.`/k � e�.ln j�j�"/j`j:

The behavior described in Theorem 1.2 happens around every point.4 This, coupled
with effective control of parameters at the local maxima, allows us to uncover the self-
similar nature of the eigenfunctions. Hierarchical behavior of solutions, despite significant
numerical studies and even a discovery of Bethe Ansatz solutions [1, 48], has remained
an important open challenge even at the physics level. In [36] we obtained universal hier-
archical structure of the eigenfunctions for all frequencies ˛ and phases with ı.˛; �/D 0.
In studying the eigenfunctions of H�;˛;� for ı.˛; �/ > 0 we obtain a different kind of
universality throughout the pure point spectrum regime, which features a self-similar hier-
archical structure upon proper reflections.

Assume the phase � satisfies 0 < ı.˛; �/ < ln j�j. Fix 0 < & < ı.˛; �/:
Let k0 be the position of a global maximum point of j�j.5 Let Ki be the positions of

exponential resonances of the phase � 0 D � C k0˛ defined by

k2� C .2k0 CKi /˛kR=Z � e
�& jKi j: (10)

This means that jv.� 0 C `˛/ � v.� 0 C .Ki � `/˛/j � Ce�& jKi j, uniformly in `; or, in
other words, the potential vn D v.� C n˛/ is e�& jKi j-almost symmetric with respect to
.k0 CKi /=2:

4While the required largeness K in Theorem 1.2 depends on E; the more technically relevant
local version, Theorem 5.1, only requires largeness bigger than a constant that depends only on ˛;�:

5One can take any one if there are several.
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Since ˛ is Diophantine, we have

jKi j � ce
cjKi�1j; (11)

where c depends on & and ˛ through the Diophantine constants �; �: On the other hand,
Ki is necessarily an infinite sequence.

Let � be an eigenfunction, and U.k/ D
�
�.k/
�.k�1/

�
. We say k is a local K-maximum

if kU.k/k � kU.k C s/k for all s � k 2 Œ�K; K�. We emphasize that by a “local K-
maximum” we mean, from now on, its position in Z, not the value.

We first describe the hierarchical structure of local maxima informally. There exists a
constant OK such that there is a local cKj -maximum bj within distance OK of each reso-
nance Kj . The exponential behavior of the eigenfunction in the local cKj -neighborhood
of each such local maximum, normalized by the value at the local maximum, is given
by the reflection of f . Moreover, this describes the entire collection of local maxima of
depth 1, that is, K such that K is a local cK-maximum. Then we have a similar pic-
ture in the vicinity of bj : there are local cKi -maxima bj;i , i < j; within distance OK2

of each Kj � Ki : The exponential (on the Ki scale) behavior of the eigenfunction in
the local cKi -neighborhood of each such local maximum, normalized by the value at
the local maximum, is given by f . Then we get the next level maxima bj;i;s , s < i ,
in the OK3-neighborhood of Kj � Ki C Ks and reflected behavior around each, and so
on, with reflections alternating with steps. At the end we obtain a complete hierarchical
structure of local maxima that we denote by bj0;j1;:::;js ; with each “depth s C 1” local
maximum bj0;j1;:::;js being in the corresponding vicinity of the “depth s” local maximum
bj0;j1;:::;js�1 � k0 C

Ps�1
iD0.�1/

iKji and with universal behavior at the corresponding
scale around each. The quality of the approximation of the position of the next maximum
gets lower with each level of depth, with bj0;j1;:::;js�1 determined with OKs precision, thus
it presents an accurate picture as long as Kjs � OKs :

We now describe the hierarchical structure precisely.

Theorem 1.3. Assume the sequence Ki satisfies (10) for some & > 0. Then there exists
OK.˛; �; �; &/ < 16 such that for any j0 > j1 > � � � > jk � 0 with Kjk � OK

kC1, for
each 0 � s � k there exists a local &

2 ln�Kjs -maximum7 bj0;j1;:::;js such that the following
holds:

(I) jbj0;j1;:::;js � k0 �
Ps
iD0.�1/

iKji j �
OKsC1:

(II) For any " > 0, if C OKkC1 � jx � bj0;j1;:::;jk j �
&

4 ln� jKjk j, where C is a large con-
stant depending on ˛; �; �; & and ", then for each s D 0; 1; : : : ; k;

f ..�1/sC1xs/e
�"jxs j �

kU.x/k

kU.bj0;j1;:::;js /k
� f ..�1/sC1xs/e

"jxs j; (12)

where xs D x � bj0;j1;:::;js .

6 OK depends on � through 2� C k˛; see (2).
7Actually, it can be a local . &ln� � "/Kjs -maximum for any " > 0.
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Remark 1.4. Actually (12) holds for x withC OKkC1� jx�bj0;j1;:::;jk j � .
&

2 ln��"/jKjk j

for any " > 0.

Thus the behavior of �.x/ is described by the same universal f in each &
2 ln�Kjs

window around the corresponding local maximum bj0;j1;:::;js after alternating reflections.
The positions of the local maxima in the hierarchy are determined up to errors that at all
but possibly the last step are superlogarithmically small in Kjs : We call such a structure
reflective hierarchy.

We are not aware of previous results describing the structure of eigenfunctions for
Diophantine ˛ (the structure in the regime ˇ > 0 is described in [36]). Certain results indi-
cating the hierarchical structure in the corresponding semiclassical/perturbative regimes
were previously obtained in the works of Sinai, Helffer–Sjöstrand, and Buslaev–Fedotov
(see [21, 26, 47], and also [51] for another model).

Reflective self-similarity of an eigenfunction

I II

II0 I0

Kj1

bj1

Kj0

bj0bj0;j1

0

Kj1

Fig. 1. This depicts reflective self-similarity of an eigenfunction with global maximum at 0. The
self-similarity: I0 is obtained from I by scaling the x-axis proportional to the ratio of the heights of
the maxima in I and I0. II0 is obtained from II by scaling the x-axis proportional to the ratio of the
heights of the maxima in II and II0. The behavior in the regions I0, II0 mirrors the behavior in I, II
upon reflection and corresponding dilation.

Our final main result is the asymptotics of the transfer matrices. Let A0 D I and for
k � 1,

Ak.�/ D

0Y
jDk�1

A.� C j˛/ D A.� C .k � 1/˛/A.� C .k � 2/˛/ � � �A.�/;

A�k.�/ D A
�1
k .� � k˛/;

where

A.�/ D

�
E � 2� cos 2�� �1

1 0

�
:
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Ak is called the (k-step) transfer matrix. As is clear from the definition, it also depends
on � , � and E, but since those parameters will usually be fixed, we omit them from the
notation.

We define a new function g W Z! RC as follows:

g.`/ D

8̂̂<̂
:̂
ej`j ln j�j if x0 � ` � 0 or jx0j > j`j,

e.ln j�j��/j`j C ej2x0�`j ln j�j if x0 � ` � 0 and jx0j � j`j � 2jx0j,

e.ln j�j��/j`j if x0 � ` � 0 and j`j > 2jx0j:

We have

Theorem 1.5. Under the conditions of Theorem 1.2, we have

g.`/e�"j`j � kA`k � g.`/e
"j`j: (13)

Let  .`/ denote any solution to H�;˛;� D E that is linearly independent of �.`/.
Let QU.`/ D

�
 .`/
 .`�1/

�
. An immediate counterpart of (13) is the following

Corollary 1.6. Under the conditions of Theorem 1.2, the vectors QU.`/ satisfy

g.`/e�"j`j � k QU.`/k � g.`/e"j`j: (14)

Our analysis also gives

Corollary 1.7. Under the conditions of Theorem 1.2, we have

(i)

lim sup
k!1

ln kAkk
k

D lim sup
k!1

� ln kU.k/k
k

D ln j�j;

(ii)

lim inf
k!1

ln kAkk
k

D lim inf
k!1

� ln kU.k/k
k

D ln j�j � ı;

(iii) outside a sequence of lower density 1=2,

lim
k!1

� ln kU.k/k
jkj

D ln j�j; (15)

(iv) outside a sequence of lower density 0,

lim
k!1

ln kAkk
jkj

D ln j�j: (16)

Thus our analysis presents the second, after [36], study of the dynamics of Lyapunov–
Perron non-regular points, in a natural setting. It is interesting to remark that (16) also
holds throughout the pure point regime of [36]. As in [36], the fact that g is not always
the reciprocal of f leads to exponential tangencies between contracted and expanded
directions with the rate approaching �ı along a subsequence. Tangencies are an attribute
of non-uniform hyperbolicity and are usually viewed as a difficulty to avoid through e.g.
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the parameter exclusion (e.g. [13, 15, 50]). Our analysis allows studying them in detail
and uncovers the hierarchical structure of exponential tangencies positioned precisely at
resonances. This will be explored in future work.

While many of our statements are on the surface parallel (in fact, dual) to those
of [36], the shape of the universal structure is completely different for phase vs frequency
resonances, and the treatment of symmetry-based resonances required development of
completely new techniques both for sharp small denominator analysis around the phase
resonances and sharp palindromic arguments for the lower bounds. In fact, the only two
technical ingredients that are similar to the arguments used in [36] to prove localization
in the presence of exponential frequency resonance are those presented, in universal ver-
sions, in Theorem 3.2 (a uniformity statement for any Diophantine ˛) and Theorem 3.3
(a resonant block expansion theorem for any one-dimensional operator), proved in Appen-
dices A and B respectively. Those statements can be of use for proving localization for
other models. The rest of the argument is based on new ideas specific to the phase reso-
nance situation.

Moreover, we mention that the methods developed in this paper have made it possible
to determine the exact exponent of the exponential decay rate in expectation for the two-
point function [35], the first result of this kind for any model. In particular, even despite a
remarkable progress in arguments based on quantitative dual reducibility, the lower bound
is not currently accessible by other means [23]. Methods of this paper have also recently
led to the first ever example of dynamical localization in absence of SULE [37].

The rest of this paper is organized as follows. We list the definitions and standard
preliminaries in Section 2. Section 3 is devoted to the upper bound on the generalized
eigenfunction in Theorem 1.2, establishing sharp upper bounds for any eigensolution in
the resonant case.

In Section 4 we prove the sharp transition in Theorem 1.1, and a lower bound on the
generalized eigenfunctions in Theorem 1.2. The part on the singular continuous spectrum,
in particular, requires a new approach to the palindromic argument in order to remove a
factor of 4 inherent in the previous proofs, and the sharp lower bound in the localization
regime requires an even more delicate approach. In Section 5, we use the local version
of Theorem 1.2 and establish reflective hierarchical structure of resonances to prove the
reflective hierarchical structure in Theorem 1.3. In Section 6, we study the growth of
transfer matrices and prove Theorem 1.5, and Corollaries 1.6 and 1.7. Except for the
(mostly standard) statements listed in the preliminaries and Lemma A.1, this paper is
entirely self-contained.

2. Preliminaries

Without loss of generality, we assume � > 1 and ` > 0. If 2� 2 ˛ZCZ, then ı.˛; �/D 0,
in which case Theorem 1.2 follows from [34] and Theorem 1.3 by vacuousness. Thus in
what follows we always assume 2� … ˛ZC Z.
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For any solution of H�;˛;�' D E' we have, for any k;m,�
'.k Cm/

'.k Cm � 1/

�
D Ak.� Cm˛/

�
'.m/

'.m � 1/

�
: (17)

The Lyapunov exponent is given by

L.E/ D lim
k!1

1

k

Z
R=Z

ln kAk.�/k d�: (18)

The Lyapunov exponent can be computed precisely for E in the spectrum of H�;˛;� . We
denote the spectrum by †�;˛ (it does not depend on � ).

Lemma 2.1 ([17]). For E 2 †�;˛ and � > 1, we have L.E/ D ln�.

Recall that we always assume E 2 †�;˛ , so by upper semicontinuity and unique
ergodicity, one has

ln� D lim
k!1

sup
�2R=Z

1

k
ln kAk.�/k; (19)

that is, the convergence in (19) is uniform with respect to � 2 R. More precisely, for all
" > 0,

kAk.�/k � e
.ln�C"/k for k large enough: (20)

We start with the basic setup going back to [29]. Let us denote

Pk.�/ D det.RŒ0;k�1�.H�;˛;� �E/RŒ0;k�1�/;

where RŒa;b� is the coordinate restriction to Œa; b� � Z:
It is easy to check that

Ak.�/ D

�
Pk.�/ �Pk�1.� C ˛/

Pk�1.�/ �Pk�2.� C ˛/

�
: (21)

For any interval I � Z, define the Green’s function as

GI D
�
RI .H�;˛;� �E/RI

��1
if RI .H �E/RI is invertible. We remark that GI depends on E; �; ˛ and � .

By Cramer’s rule for given x1 and x2 D x1 C k � 1, with y 2 I D Œx1; x2� � Z, one
has

jGI .x1; y/j D

ˇ̌̌̌
Px2�y.� C .y C 1/˛/

Pk.� C x1˛/

ˇ̌̌̌
; (22)

jGI .y; x2/j D

ˇ̌̌̌
Py�x1.� C x1˛/

Pk.� C x1˛/

ˇ̌̌̌
: (23)

By (20) and (21), the numerators in (22) and (23) can be bounded uniformly with respect
to � . Namely, for any " > 0,

jPk.�/j � e
.ln�C"/k (24)

for k large enough.
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Definition 2.2. Fix � > 0. A point y 2 Z will be called .�; k/ regular if there exists an
interval Œx1; x2� containing y, where x2 D x1 C k � 1, such that

jGŒx1;x2�.y; xi /j < e
�� jy�xi j and jy � xi j �

1

40
k for i D 1; 2:

It is easy to check that for any solution of H�;˛;�' D E',

'.x/ D �GŒx1;x2�.x1; x/'.x1 � 1/ �GŒx1;x2�.x; x2/'.x2 C 1/; (25)

where x 2 I D Œx1; x2� � Z.

Definition 2.3. We say that the set ¹�1; : : : ; �kC1º is �-uniform if

max
x2Œ�1;1�

max
iD1;:::;kC1

kC1Y
jD1; j¤i

jx � cos 2��j j
jcos 2��i � cos 2��j j

< ek�: (26)

Let Ak;r D ¹� 2 R j Pk.� C
1
2
.k � 1/˛/j � e.kC1/rº with k 2 N and r > 0. We have

the following lemma.

Lemma 2.4 ([6, Lemma 9.3]). Suppose ¹�1; : : : ; �kC1º is �1-uniform. Then there exists
some �i in ¹�1; : : : ; �kC1º such that �i … Ak;ln��� if � > �1 and k is sufficiently large.

3. Localization

Let ˛ be Diophantine and ı.˛; �/ be given by (2).
Recall that for � a generalized eigenfunction and E the corresponding generalized

eigenvalue ofH�;˛;� , we denote U.`/ D
�
�.`/
�.`�1/

�
. In this part we will prove the localiza-

tion part of Theorem 1.1 and the upper bound of Theorem 1.2.

Theorem 3.1. Suppose ln�> ı.˛;�/. For any " > 0 and any generalized eigenfunction �
there exists K such that for any j`j � K, U.`/ satisfies

kU.`/k � f .`/e"j`j: (27)

In particular,H�;˛;� satisfies Anderson localization, and the following upper bound holds
for the generalized eigenfunction:

kU.`/k � e�.ln��ı�"/j`j: (28)

By Schnol’s Theorem [14] if every generalized eigenfunction of H decays exponen-
tially, then H satisfies Anderson localization. Therefore, in order to prove Theorem 3.1,
it suffices to prove only its first part.

Without loss of generality assume j�.0/j2 C j�.�1/j2 D 1. Let  be any solution of
H�;˛;� D E linearly independent of �, i.e., j .0/j2 C j .�1/j2 D 1 and

�.�1/ .0/ � �.0/ .�1/ D c;

where c ¤ 0.
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Then by the constancy of the Wronskian, one has

�.y � 1/ .y/ � �.y/ .y � 1/ D c: (29)

We will also denote by ' an arbitrary solution, so either  or �, and denote U '.y/ D
. '.y/
'.y�1/

/. Let U.y/ D . �.y/
�.y�1/

/ and QU.y/ D .  .y/
 .y�1/

/.
Below, " > 0 is always sufficiently small and pn

qn
is the nth convergent of the continued

fraction expansion of ˛.
We will make repeated use of the following two theorems that can be useful also in

other situations. The first theorem is an arithmetic statement that holds for any Diophan-
tine ˛.

Theorem 3.2 (Uniformity Theorem). Let I1; I2 be two disjoint intervals in Z such that
#I1 D s1qn and #I2 D s2qn, where s1; s2 2 ZC. Suppose jj j � Csqn for any j 2 I1 [ I2
and s � qCn , where s D s1 C s2. Let  > 0 be such that

e�sqn D min
i;j2I1[I2

jsin�.2� C .i C j /˛/j: (30)

Then for any " > 0, ¹�j D � C j˛ºj2I1[I2 is  C "-uniform if n is large enough .not
depending on /.

The second theorem holds for any one-dimensional (not necessarily quasiperiodic or
even ergodic) Schrödinger operator. It is the technique to establish exponential decay with
respect to the distance to the resonances. Let H W `2.Z/! `2.Z/ be given by

.Hu/.n/ D u.nC 1/C u.n � 1/C vnu.n/; (31)

Fix  > 0. For a generalized eigenfunction ' ofH we set r'y WD maxj� j�10 j'.y C �k/j.
We have

Theorem 3.3 (Block Expansion Theorem). Suppose y1;y2 2Z are such that y2�y1D k.
Suppose there exists some � > 0 such that for any y 2 Œy1C k;y2 � k�, y is .�;k1/ reg-
ular for some 

20
k < k1 �

1
2

min ¹jy � y1j; jy � y2jº. Then for large enough k .depending
on � and /,

r'y � max
®
r'y1 exp¹��.jy � y1j � 3k/º; r'y2 exp¹��.jy � y2j � 3k/º

¯
(32)

for all y 2 Œy1 C 10k; y2 � 10k�.

These two theorems are similar in spirit to the statements in [36], with the ones related
to Theorem 3.2 being in turn modifications of the ones appearing in [6]. While these
techniques were developed specifically to treat the non-Diophantine case, these ideas turn
out to be relevant for the case of phase resonances as well. Theorem 3.3 is essentially
the block-expansion technique of multiscale analysis, coupled with certain extremality
arguments, an idea used also in [36]. We expect Theorem 3.2 to be useful for various one-
frequency quasiperiodic problems, and Theorem 3.3 for general one-dimensional models.
We present the proofs in Appendices A and B respectively.
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Now we return to H�;˛;� . The following lemma establishes the non-resonant decay
for any Diophantine ˛ and any �:

Lemma 3.4. Suppose k0 2 Œ�2Ck; 2Ck� is such that

jsin�.2� C ˛k0/j D min
jxj�2Ck

jsin�.2� C ˛x/j;

where C � 1 is a constant. Let ; " be small positive constants. Let y1 D 0; y2 D k0; y3 2
Œ�2Ck; 2Ck�. Assume y 2 Œyi ; yj � with jyi � yj j � k and ys … Œyi ; yj � for s ¤ i; j . Sup-
pose jyi j; jyj j � Ck and jy � yi j � 10k and jy � yj j � 10k. Then for large enough k,

r'y � max
®
r'yi exp¹�.L � "/.jy � yi j � 3k/º; r'yj exp¹�.L � "/.jy � yj j � 3k/º

¯
:

(33)

Remark 3.5. We note that this lemma establishes, in particular, almost localization in the
sense of [7] with decay rate ln� � " for any " > 0; � 2 R; � > 1; and ˛ in DC.

Proof of Lemma 3.4. By the DC on ˛, there exist � 0; �0 > 0 such that for any x ¤ k0 and
jxj � 2Ck,

jsin�.2� C x˛/j � � 0=k�
0

: (34)

Fix y0. For any p satisfying jp � y0j � k, jpj � k and jp � k0j � k, let

dp D
1
10

min ¹jpj; jp � k0j; jp � y0jº:

Let pn
qn

be the nth convergent of the continued fraction expansion of ˛. Let n be the largest
integer such that

2qn � dp;

and let s be the largest positive integer such that 2sqn � dp . Notice that 2qnC1 > dp and
by the Diophantine condition on ˛, we have s � qCn .

Case 1: 0 � k0 < p. We define intervals

I1 D Œ�2sqn;�1�; I2 D Œp � 2sqn; p C 2sqn � 1�:

Case 2: 0 � p < k0. If p � k0=2, we set

I1 D Œ�2sqn; 2sqn � 1�; I2 D Œp � 2sqn; p � 1�:

If p > k0=2, we set

I1 D Œ�2sqn; 2sqn � 1�; I2 D Œp; p C 2sqn � 1�:

Case 3: p < k0 � 0. We set

I1 D Œ0; 2sqn � 1�; I2 D Œp � 2sqn; p C 2sqn � 1�:

Case 4: k0 < p < 0. If p � k0=2, we set

I1 D Œ�2sqn; 2sqn � 1�; I2 D Œp � 2sqn; p � 1�:
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If p > k0=2, we set

I1 D Œ�2sqn; 2sqn � 1�; I2 D Œp; p C 2sqn � 1�:

Case 5: k0 � 0 < p. We set

I1 D Œ0; 2sqn � 1�; I2 D Œp � 2sqn; p C 2sqn � 1�:

Case 6: p < 0 � k0. We set

I1 D Œ�2sqn;�1�; I2 D Œp � 2sqn; p C 2sqn � 1�:

Using the small divisor condition (34) and the construction of I1; I2, we have in any case

min
i;j2I1[I2

jsin�.2� C .i C j /˛/j � � 0=k�
0

:

By Theorem 3.2, for any " > 0, we see that in each case ¹�j D � C j˛ºj2I1[I2
is "-uniform. Hence by Lemma 2.4, there exists some j0 2 I1 [ I2 such that �j0 …
A6sqn�1;ln��".

We have the following simple lemma, to be used repeatedly in the rest of the paper.

Lemma 3.6. Let an !1 and 0 < t < 1: Then for sufficiently large n and jj j < tan we
have �j D � C j˛ 2 A2an�1;ln��":

Proof. Assume �j … A2an�1;ln��" for some jj j < tan.
Let I D Œj � an C 1; j C an � 1� D Œx1; x2�. We have x1 < 0 < x2 and

jxi j > .1 � t /an: (35)

By (22)–(24), one has

jGI .0; xi /j � e
.ln�C"/.2an�1�jxi j/�.2an�1/.ln��"/:

Using (25), we obtain

j�.�1/j; j�.0/j �
X
iD1;2

e"an j'.x0i /je
�jxi j ln�; (36)

where x01 D x1 � 1 and x02 D x2 C 1. Because of (35), the inequality (36) implies
j�.�1/j; j�.0/j � e�.1�t�"/ ln�an . This contradicts j�.�1/j2 C j�.0/j2 D 1.

Lemma 3.6 implies that j0 must belong to I2.
Set I D Œj0 � 3sqn C 1; j0 C 3sqn � 1� D Œx1; x2�. By (22)–(24) again, one has

jGI .p; xi /j � e
.ln�C"/.6sqn�1�jk�xi j/�.6sqn�1/.ln��"/ � e"sqne�jp�xi j ln�:

Notice that jp � x1j; jp � x2j � sqn � 1. Thus for any p 2 Œyi C k; yj � k�, p is
.6sqn � 1; ln� � "/ regular. Block expansion (Theorem 3.3) now implies the lemma.
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Remark 3.7. Recall that U '.y/ D . '.y/
'.y�1/

/. By (17) and (20), we have

Ce�.ln�C"/jk1�k2jkU '.k2/k � kU
'.k1/k � Ce

.ln�C"/jk1�k2jkU '.k2/k: (37)

Thus (33) implies

kU '.y/k � max
®
kU '.yi /k exp¹�.ln� � "/.jy � yi j � 14k/º;

kU '.yj /k exp¹�.ln� � "/.jy � yj j � 14k/º
¯
: (38)

Lemma 3.8. Fix 0 < t < ln�. Suppose

jsin�.2� C ˛K/j D e�t jKj: (39)

Then for large jKj .depending on �, � and t /,

kU '.K/k � max ¹kU '.0/k; kU '.2K/kº e�.ln��t�"/jKj: (40)

Proof. Without loss of generality assume K > 0. By the DC on ˛, we have

jsin�.2� C ˛K/j D min
jxj�8K

jsin�.2� C ˛x/j:

Furthermore, there exist � 0; �0 > 0 such that for any x ¤K and jxj � 8K ,

jsin�.2� C x˛/j � � 0=K�0 :

Let  be any small positive constant and define r'y Dmaxj� j�10 j'.y C �K/j. Let pn
qn

be
the nth convergent of the continued fraction expansion of ˛. Let n be the largest integer
such that �

t C C"

ln� � t � C"
C 1

�
qn �

K

2
;

where C is a large constant depending on �; t . Let s be the largest positive integer such
that sqn � 1

2
K . Then s > tCC"

ln��t�C" . Since also .s C 1/qn � 1
2
K , we obtain

2s
qn

K
>

t

ln�
C C": (41)

We define intervals

I1 D Œ�sqn; sqn � 1�; I2 D ŒK � sqn;K C sqn � 1�:

Let �j D � C j˛ for j 2 I1 [ I2. The set ¹�j ºj2I1[I2 consists of 4sqn elements.
By Theorem 3.2 and (39), the set ¹�j ºj2I1[I2 is . tK

4sqn
C "/-uniform. In view of

Lemma 2.4, there exists some j0 2 I1 [ I2 such that �j0 … A4sqn�1;ln�� tK
4sqn

�"
.

First assume j0 2 I2.
Set I D Œj0 � 2sqn C 1; j0 C 2sqn � 1� D Œx1; x2�. By (22)–(24), one has

jGI .K; xi /j � e
.ln�C"/.4sqn�1�jK�xi j/�.4sqn�1/.ln��

tK
4sqn

�"/:
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Using (25), we obtain

j'.K � 1/j; j'.K/j �
X
iD1;2

e.tC"/K j'.x0i /je
�jK�xi j ln�; (42)

where x01 D x1 � 1 and x02 D x2 C 1.
Fix small  D "=C , where C is a large constant depending on �; t .
If x0i 2 Œ�10K; 10K�, x0i 2 ŒK � 10K;K C 10K� or x0i 2 Œ2K � 10K;

2K C 10K�, we bound '.x0i / in (42) by r'0 , r'
K

or r'
2K

respectively. In other cases,
we bound '.x0i / in (42) with (33) using k0 DK; y D x0i and y0 D �K; 2K or 3K . Then
we have

j'.K � 1/j; j'.K/j

� max
®
r
'

K˙2K
exp¹�.2 ln� � t � C � "/Kº; r'

K˙K
exp¹�.ln� � t � C � "/Kº;

r
'

K
exp¹�.ln� � "/2sqn C .t C C/Kº

¯
:

However, by (41), the inequality

j'.K � 1/j; j'.K/j � r
'

K
exp¹�.ln� � "/2sqn C .t C C/Kº � e�"Kr

'

K

cannot happen, so we must have

j'.K�1/j; j'.K/j � exp¹�.ln�� t�C�"/Kºmax ¹r'
K˙K

; e�K ln�r
'

K˙2K
º: (43)

Notice that by (37), one has

r
'

K˙2K
� e.ln�CC/Kr

'

K˙K
:

Then (43) becomes

kU '.K/k � exp¹�.ln� � t � C � "/Kºmax ¹r'0 ; r
'

2K
º:

By (37) again, one has

r'y e
�.ln�C"/10K

� kU '.y/k � r'y e
.ln�C"/10K :

Thus

kU '.K/k � max ¹kU '.0/k; kU '.2K/kº e�.ln��t�C�"/jKj

� max ¹kU '.0/k; kU '.2K/kº e�.ln��t�"/jKj: (44)

This implies (40). Thus in order to prove the lemma, it suffices to exclude the case j0 2 I1.
Suppose j0 2 I1. Notice that I1CK D I2 (i.e., I2 can be obtained from I1 by moving

by K units). Following the proof of (44), we get (move �K units in (44))

kU '.0/k � max ¹kU '.�K/k; kU '.K/kº e�.ln��t�"/jKj:

This contradicts kU �.0/k D 1.
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Proof of Theorem 3.1. Without loss of generality, assume ` > 0.
For any " > 0, let  D "=C > 0, where C is a large constant that may depend on �

and ı. Let x00 (we can choose any one if x00 is not unique) be such that

jsin�.2� C x00˛/j D min
jxj�4j`j

jsin�.2� C x˛/j:

Let �0 2 .0;1/ be given by the equation

jsin�.2� C x00˛/j D e
��0j`j: (45)

Case 1: jsin�.2� C x00˛/j ¤ jsin�.2� C x0˛/j. This implies jx00j > 2`. In this case for
any " > 0, we have � � " if ` is large enough by the Diophantine condition. Let y D `,
C D 2, k D 2`, and y0 D 2` in Lemma 3.4. Then k0 D x00 and we obtain

j�.`/j; j�.` � 1/j � e�.ln��C/`:

This implies the right inequality of (7) in this case.

Case 2: jsin�.2� C x00˛/j D jsin�.2� C x0˛/j, so � D �0. If x0 � 0, let y D `, C D 2,
k D 2` and y0 D 2` in Lemma 3.4. Then Theorem 3.1 holds by (33).

Now we consider the case x0 > 0. We split the proof into two subcases.

Subcase (i): ��  . Fix some y 2 Œ`;2`� `�. Let n be such that qn� 1
20

min¹y;2`� yº
< qnC1, and let s be the largest positive integer such that sqn � 1

20
min ¹y; 2` � yº. We

set
I1 D Œ�2sqn; 2sqn � 1�; I2 D Œy � 2sqn; y � 1�:

By the definition of �0; � and of I1; I2, we have

min
i;j2I1[I2

jsin�.2� C .j C i/˛/j � e��
0`
D e��`:

By Theorem 3.2, the set ¹�j D � C j˛ºj2I1[I2 is 2 -uniform. As in the proof of
Lemma 3.4, there exists some j0 2 I2 such that �j0 … A6sqn�1;ln��3 . Thus y is
.ln � � 3; 6sqn/-regular. By block expansion (Theorem 3.3 with y1 D 0; y2 D 2`; � D
ln� � 3 ), we get

j�.`/j; j�.` � 1/j � e�.ln��C/`;

This implies the right inequality of (7).

Subcase (ii): � �  . By the definition of ı.˛; �/ and the fact that ı.˛; �/ < ln�, we must
have



ln�
` � jx0j � 2`: (46)

Applying Lemma 3.8 with K D x0 to the generalized eigenfunction �.k/, we have

kU.x0/k D kU
�.x0/k � e

�.ln��"/jx0je�`: (47)

Applying Lemma 3.4 with y D `, k D 2`, C D 2, y0 D 2`, k0 D x0, ' D �, considering
` > x0 and ` � x0 separately, and using (47), we obtain Theorem 3.1.
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Remark 3.9. By (20), we have

kU.`/k � kA`k
�1
kU.0/k � e�.ln�C"/`:

This already implies the left inequality of (7), except for Subcase (ii).

4. Palindromic arguments

4.1. Singular continuous spectrum

We first show that if 0 < ln j�j < ı.˛; �/, then H�;˛;� has purely singular continuous
spectrum, which is the second part of Theorem 1.1:

Theorem 4.1. LetH�;˛;� be an almost Mathieu operator with j�j > 1. For any irrational
number ˛ and � 2 R, define ı.˛; �/ 2 Œ0;1� by (2). Then H�;˛;� has purely singular
continuous spectrum if ln j�j < ı.˛; �/.

Actually, we can prove a more general result.

Theorem 4.2. Let Hv;˛;� be a discrete Schrödinger operator,

.Hv;˛;�u/.n/ D u.nC 1/C u.n � 1/C v.� C n˛/u.n/;

where v W T ! R is an even Lipschitz continuous function. For any irrational number ˛
and � 2 R, define ı.˛; �/ 2 Œ0;1� by (2). Then Hv;˛;� has no eigenvalues in the regime
¹E 2 R W L.E/ < ı.˛; �/º, where L.E/ is the Lyapunov exponent.

Theorem 4.1 follows directly from Theorem 4.2, Lemma 2.1 and Kotani theory
[39, 41].

By the definition of ı.˛; �/, for any " > 0 there exists a sequence ¹kiº1iD1 such that

k2� C ki˛kR=Z � e
�.ı�"/jki j: (48)

Without loss of generality assume ki > 0.

Proof of Theorem 4.2. Suppose not and let u be an `2.Z/ solution, i.e., Hv;˛;�u D Eu,
with L.E/ < ı.˛; �/. Without loss of generality assume

kuk2
`2
D

X
n

ju.n/j2 D 1:

We let ui .n/ D u.ki � n/, V.n/ D v.� C n˛/ and Vi .n/ D v.� C .ki � n/˛/. Then
by (48), evenness and Lipschitz continuity of v one has, for all n 2 Z,

jV.n/ � Vi .n/j � Ce
�.ı�"/jki j: (49)

We also have

u.nC 1/C u.n � 1/C V.n/u.n/ D Eu.n/; (50)

ui .nC 1/C ui .n � 1/C Vi .n/ui .n/ D Eui .n/: (51)
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Let W.n/ D W.f; g/ D f .nC 1/g.n/ � f .n/g.nC 1/ be the Wronskian, as usual, and
let

ˆ.n/ D

�
u.n/

u.n � 1/

�
; ˆi .n/ D

�
ui .n/

ui .n � 1/

�
:

By a standard calculation using (49)–(51), we have

jW.u; ui /.n/ �W.u; ui /.n � 1/j � jV.n/ � Vi .n/j ju.n/ui .n/j

� Ce�.ı�"/jki jju.n/ui .n/j:

This implies, for any m > 0 and n,

jW.u; ui /.nCm/ �W.u; ui /.n � 1/j � Ce
�.ı�"/jki j

m�1X
jD0

ju.nC j /ui .nC j /j

� Ce�.ı�"/jki j; (52)

where the second inequality holds because kuk`2 D kuik`2 D 1:
Notice that

P
n jW.u; ui /.n/j � 2. Thus for some n,

jW.u; ui /.n/j � Ce
�.ı�"/jki j:

By (52), we must have
jW.u; ui /.n/j � Ce

�.ı�"/jki j (53)

for all n.
Now we split the discussion into the cases of ki odd or even.

Case 1: ki is even. Let mi D ki=2. Then

ˆ.mi / D

�
u.mi /

u.mi � 1/

�
; ˆi .mi / D

�
u.mi /

u.mi C 1/

�
:

Applying (53) with n D mi � 1, we have

ju.mi /j ju.mi C 1/ � u.mi � 1/j � Ce
�.ı�"/jki j:

This implies
ju.mi /j � Ce

� 12 .ı�"/jki j (54)

or
ju.mi C 1/ � u.mi � 1/j � Ce

� 12 .ı�"/jki j: (55)

If (54) holds, by (50) we also have

ju.mi C 1/C u.mi � 1/j � Ce
� 12 .ı�"/jki j: (56)

Putting (54) and (56) together, we get

kˆ.mi /Cˆi .mi /k � Ce
� 12 .ı�"/jki j: (57)
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If (55) holds, we have

kˆ.mi / �ˆi .mi /k � Ce
� 12 .ı�"/jki j: (58)

Thus in Case 1 there exists � 2 ¹�1; 1º such that

kˆ.mi /C �ˆi .mi /k � Ce
� 12 .ı�"/jki j:

Let T 1i and T 2i be the transfer matrices with potentials V and Vi respectively, taking
ˆ.mi /; ˆi .mi / to ˆ.0/;ˆi .0/.

By (20), (49), the usual uniform upper semicontinuity and telescoping, one has

kT 1i k; kT
2
i k � Ce

.L.E/C"/mi ; kT 1i � T
2
i k � Ce

.L.E/�2ıC"/mi :

Then

kˆ.0/C �ˆi .0/k D kT
1
i ˆ.mi /C �T

2
i ˆi .mi /k

D kT 1i ˆ.mi /C �T
1
i ˆi .mi / � �T

1
i ˆi .mi /C �T

2
i ˆi .mi /k

� kT 1i kkˆ.mi /C �ˆi .mi /k C kT
1
i � T

2
i k kˆi .mi /k

� e�.ı�L.E/�"/mi C e.L.E/�2ıC"/mi

� 2e�.ı�L.E/�"/mi : (59)

This implies kˆ.0/k � kˆ.2mi C 1/k ! 0, which is impossible because u 2 `2.Z/:

Case 2: ki is odd. Let Qmi D
ki�1
2

. Then

ˆ. Qmi C 1/ D

�
u. Qmi C 1/

u. Qmi /

�
; ˆi . Qmi C 1/ D

�
u. Qmi /

u. Qmi C 1/

�
:

Applying (53) with n D Qmi , we have

ju. Qmi /C u. Qmi C 1/j ju. Qmi / � u. Qmi C 1/j � Ce
�.ı�"/jki j:

This implies
ju. Qmi /C u. Qmi C 1/j � Ce

� 12 .ı�"/jki j

or
ju. Qmi C 1/ � u. Qmi /j � Ce

� 12 .ı�"/jki j:

Thus in Case 2, there also exists � 2 ¹�1; 1º such that

kˆ. Qmi C 1/C �ˆi . Qmi C 1/k � Ce
� 12 .ı�"/jki j;

and by the arguments of Case 1, we can also get a contradiction.

4.2. Lower bound on the eigenfunctions

Now we turn to the proof of the left inequality in (7). Our key argument for the lower
bound is
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Lemma 4.3. Suppose for some K > 0 and 0 < t < ln�,

k2� CK˛kR=Z D e
�tK :

Then for any " > 0 we must have, for large K ,

kU.K/k � e�.ln��tC"/K : (60)

Proof. We define O�.n/ D �.K � n/, V.n/ D 2� cos 2�.� C n˛/ and OV .n/ D 2�

� cos 2�.� C .K � n/˛/. Then by the assumption one has, for all n 2 Z,

jV.n/ � OV .n/j � Ce�tK : (61)

We also have

�.nC 1/C �.n � 1/C V.n/u.n/ D E�.n/; (62)

O�.nC 1/C O�.n � 1/C OV .n/ O�.n/ D E O�.n/: (63)

Let
OU.n/ D

�
O�.n/
O�.n � 1/

�
:

Suppose for some small � > 0,

kU.K/k � e�.ln��tC�/K :

By Lemma 3.4 and (37) (k0 DK; y D n; y0 D 2n), for any K � jnj � CK we have

kU.n/k � e�jn�Kj ln�e"jnjkU.K/k C e�.ln��"/jnj

� e�.ln��"/jnje.t��/K :

By Lemma 3.4 again, for jnj �K we have

kU.n/k � max ¹e�jnj ln�; e�jn�Kj ln�
kU.K/j jº e"K C e�.ln��"/jnj

� e�jnj ln�e"K C e�.2K�jnj/ ln�e.t��C"/K :

This implies, for jnj � CK ,

j O�.n/j j�.n/j D j�.K � n/j j�.n/j � e�.ln��tC��"/K C e�.ln��"/K :

By a standard calculation using (61)–(63), for any jnj � C jKj we have

jW.�; O�/.n/ �W.�; O�/.n � 1/j � jV.n/ � OV .n/k�.n/ O�.n/j

� e�tK j�.n/ O�.n/j � e�.ln�C�
0�"/K ;

where � 0 D min ¹�; tº. This implies, for any 0 < m � CK and jnj � CK ,

jW.�; O�/.nCm/ �W.�; O�/.n � 1/j �

m�1X
jD0

e�.ln�C�
0�"/K

� e�.ln�C�
0�"/K : (64)
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By (28), for some n0 D CK we must have

j�.n0/j; j�.n0 � 1/j � e
�.ln��ı�"/n0 � e�.ln�C�

0/K :

This implies
jW.�; O�/.n0/j � e

�.ln�C� 0/K :

Combining this with (64), we must have

jW.�; O�/.n/j � e�.ln�C�
0�"/K (65)

for all jnj � CK .
Now we split the discussion into the cases of odd or even K .

Case 1: K is even. Let m DK=2. Then

U.m/ D

�
�.m/

�.m � 1/

�
; OU.m/ D

�
�.m/

�.mC 1/

�
:

Applying (65) with n D m � 1, we have

j�.m/j j�.mC 1/ � �.m � 1/j � e�.ln�C�
0�"/K :

This implies
j�.m/j � e�

1
2 .ln�C�

0�"/K (66)

or
j�.mC 1/ � �.m � 1/j � e�

1
2 .ln�C�

0�"/K : (67)

If (66) holds, by (62) we also have

j�.mC 1/C �.m � 1/j � e�
1
2 .ln�C�

0�"/K : (68)

Putting (66) and (68) together, we get

kU.m/C OU.m/k � e�
1
2 .ln�C�

0�"/K : (69)

If (67) holds, we have

kU.m/ � OU.m/k � e�
1
2 .ln�C�

0�"/K : (70)

Thus in Case 1 there exists � 2 ¹�1; 1º such that

kU.m/C � OU.m/k � e�
1
2 .ln�C�

0�"/K :

Let T and OT be the transfer matrices associated to potentials V and OV , takingU.m/; OU.m/
to U.0/; OU.0/ respectively.

By (20), (61), the usual uniform upper semicontinuity and telescoping, one has

kT k; k OT k � e.ln�C"/m: kT � OT k � e.ln��2tC"/m:
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By the right inequality of (7) (` D m; x0 DK), it is easy to see that

k OU.m/k � e�.ln��"/m: (71)

Then, as in (59), we have

kU.0/C � OU.0/k � kT k kU.m/C � OU.m/k C kT � OT k k OU.m/k

� e.ln�C"/me�
1
2 .ln�C�

0�"/K
C e.ln��2tC"/me�m ln�:

This implies kU.0/k � kU.2mC 1/k ! 0, which is impossible because � 2 `2.Z/:

Case 2: K is odd. Let Qm D K�1
2

. Then

U. QmC 1/ D

�
�. QmC 1/

�. Qm/

�
; OU. QmC 1/ D

�
�. Qm/

�. QmC 1/

�
:

Combining this with (65), we have

j�. Qm/C �. QmC 1/j j�. Qm/ � �. QmC 1/j � e�.ln�C�
0�"/K :

This implies
j�. Qm/C �. QmC 1/j � e�

1
2 .ln�C�

0�"/K ;

or
j�. QmC 1/ � �. Qm/j � e�

1
2 .ln�C�

0�"/K :

Thus in Case 2, there also exists � 2 ¹�1; 1º such that

kU. QmC 1/C � OU. QmC 1/k � Ce�
1
2 .ln�C�

0�"/K :

As before, we also get a contradiction.

Proof of the left inequality of (7). The left inequality of (7) already follows except for
Subcase (ii) in the proof of Theorem 3.1, by Remark 3.9.

Thus we only need to consider the case when ��  D "=C . Letting t D �j`j=jx0j and
K D x0 in Lemma 4.3, we obtain

kU.x0/k � e
�.ln�C"/jx0je�j`j:

Together with (37), this completes the proof.

5. Universal reflective hierarchical structure

We first present the local version of Theorem 1.2. The definition of f .`/ in Theorem 1.2
depends on � and ˛. Thus sometimes we will write f˛;� .`/ to make clear what � is used.
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Theorem 5.1. Fix ı with 0 < ı < ln �. Suppose ˛ is Diophantine. Let " > 0 be small
enough. Then there existsL0DL0.�;˛; ı; OC/ 8 such that if for all k withL1 � jkj �C j`j
we have

k2� C 2s0˛ C k˛kR=Z � e
�.ıC"/jkj; (72)

and the solution ofH� DE� satisfies (6) for all k with jk � s0j �C j`j and kU.s0/k D 1,
where C D C.˛; ı; �/ is a large constant and L0 � L1 � j`j=C , then the following
statement holds:

Let x0 .we can choose any one if x0 is not unique/ be such that

jsin�.2� C 2s0˛ C x0˛/j D min
jxj�2j`j

jsin�.2� C 2s0˛ C x˛/j:

Then if jx0j � L1, we have

f˛;�Cs0˛.`/e
�"j`j
� kU.`/k � f˛;�Cs0˛.`/e

"j`j: (73)

If jx0j � L1, we have

e� ln�j`je�"j`j � kU.`/k � e� ln�j`je"j`j: (74)

Proof. Case 1: jx0j � L1. In Sections 3 and 4, we completed the proof of Theorem 1.2.
It is immediate that if we shift the operator by s0 units9 and replace the definition of
the generalized eigenfunctions � with the assumption of (6) only on the scale C j`j, our
arguments will hold for (73) directly. In order to avoid repetition, we omit the proof.

Case 2: jx0j � L1. In this case (74) follows directly from Lemma 3.4 by shifting the
operator by s0 units.

Remark 5.2. In order to obtain (73), we only need condition (72) for j`j=C � jkj � C j`j
and condition (6) for jkj � C j`j. Moreover, if we assume that condition (72) also holds
for jkj � L1, then (73) holds in both cases.

We will now prove Theorem 1.3.

Theorem 5.3. Fix &1 > 0, 0 < ı < ln � and s0 2 Z. Then there exists a constant L0 D
L0.˛; �; ı; &1/ such that the following statement holds. Let L1 � L0. SupposeK satisfies
jKj � CL1 and

k2� C 2s0˛ CK˛kR=Z � e
�&1jKj; (75)

and for all k with L1 � jkj � C jKj,

k2� C 2s0˛ C k˛kR=Z � e
�.ıC"/jkj; (76)

8We omit the dependence on " whenever " is (implicitly) present in the statement.
9Given s0 2Z and an operatorH1 on `2.Z/, we callH2 D U�1H1U the s0 shift ofH1, where

U is the unitary operator on `2.Z/ given by .Uf /.n/ D f .n � s0/; f 2 `2.Z/.
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and s0 is a CK-local maximum, where C D C.˛; �; ı; &1/ is a large constant. Then there
exists a 3&1

4 ln�K-local maximum10 bK such that

jbK �K � s0j � 2L1: (77)

Proof. By shifting the operator, we can assume s0 D 0. Let � be such that

k2� C 2s0˛ CK˛kR=Z D e
��jKj:

Then &1 � � � ı C ".
By Theorem 5.111 with ` D x0 D K, one has

e�.ln���C"/jKj �
kU.s0 CK/k

kU.s0/k
� e�.ln����"/jKj: (78)

By Theorem 5.1 again, one has

sup
jkj�"jKj

kU.K C k/k D sup
jkj�

3&1
4 ln� jKj

kU.K C k/k: (79)

Thus there exists a 3&1
4 ln� jKj-local maximum bK such that

jbK �Kj � "jKj: (80)

Suppose (77) does not hold. Then there exists k0 with 2L1 � jk0j � "K such that

kU.K C k0/k D sup
jkj�"jKj

kU.K C k/k D sup
jkj�

3&1
4 ln� jKj

kU.K C k/k: (81)

where L1 is such that (75) and (76) hold.

Case 1: minjkj�2jk0j k2� C k˛kR=Z � e
�"jk0j. Let pn

qn
be the nth convergent of the con-

tinued fraction expansion of ˛. For  > 0 (we will let  D "=C ), let n be the largest
integer such that

2qn �  jk0j;

and let s be the largest positive integer such that 2sqn �  jk0j.
We define intervals I1 D Œsqn; sqn � 1� and I2 D ŒK C k0 � sqn;K C k0 C sqn � 1�.

Claim 1. We have

min
i;i 02I1[I2

k2� C .i C i 0/˛kR=Z � e
�"jk0j (82)

and for any distinct i; i 0 2 I1 [ I2,

k.i � i 0/˛kR=Z � e
�"jk0j: (83)

103=4 can be replaced with 1 � " for any " > 0.
11s0 is a local maximum so that OC in (6) is 1, thus the largeness in Theorem 5.1 does not depend

on OC :
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By Theorem 3.2 and the DC condition on ˛, ¹�iºi2I1[I2 is "-uniform. In view of
Lemma 2.4, there exists some i0 with i0 2 I1 [ I2 such that �i0 … A4sqn�1;ln��". By
Lemma 3.6, i0 cannot be in I1 so must be in I2. Set I D Œi0 � 2sqnC 1; i0C 2sqn � 1�D
Œx1; x2�. By (22)–(24) again, one has

jGI .K C k0; xi /j � e
.ln�C"/.4sqn�1�jKjCk0�xi j/�.4sqn�1/.ln��"/

� e"sqne�jKCk0�xi j ln�:

Notice that jK C k0 � x1j; jK C k0 � x2j � sqn � 1. By (25) and (81),

j�.K C k0/j � e
�.ln��"/sqn.j�.x1/j C j�.x0/j/ � e

�.ln��"/sqnkU.K C k0/k:

Similarly,
j�.K C k0 � 1/j � e

�.ln��"/sqnkU.K C k0/k:

The last two inequalities imply that

kU.K C k0/k � e
�.ln��"/sqnkU.K C k0/k: (84)

Since 2.s C 1/qn �  jk0j and jk0j � 2L1, (84) is impossible.

Case 2: minjkj�2jk0j k2� C k˛kR=Z � e
�"jk0j for some " > 0. In this case we define, as

before, intervals I1 around 0 and I2 around K C k0.
Suppose i 2 I1. For i 0 2 I2, we have

k2� C .i C i 0/˛kR=Z � k.i C i
0
�K/˛kR=Z � k2� CK˛kR=Z

� k.i C i 0 �K/˛kR=Z � e
��jKj (85)

and

k.i � i 0/˛kR=Z � k2� C .i � i
0
CK/˛kR=Z � k�2� �K˛kR=Z

� k2� C .i � i 0 CK/˛kR=Z � e
��jKj: (86)

Suppose i 2 I2. For i 0 2 I1, we have

k2� C .i C i 0/˛kR=Z � k.i �K C i
0/˛kR=Z � k2� CK˛kR=Z

� k.i �K C i 0/˛kR=Z � e
��jKj (87)

and

k.i � i 0/˛kR=Z � k2� � .i �K � i
0/˛kR=Z � k2� CK˛kR=Z

� k2� � .i �K � i 0/˛kR=Z � e
��jKj: (88)

For i 0 2 I2, we have

k2� C .i C i 0/˛kR=Z � k�2� C .i �K C i
0
�K/˛kR=Z � k4� C 2K˛kR=Z

� k2� � .i �K C i 0 �K/˛kR=Z � 2e
��jKj (89)
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and

k.i � i 0/˛kR=Z D k.i �K � .i
0
�K//˛kR=Z: (90)

Conditions (85)–(90) imply that the small divisor conditions on �i C �i 0 and �i � �i 0 get
swapped upon shifting the elements in I2 by K units.

Let jx0j � 2jk0j be such that k2� C x0˛kR=Z � e�"jk0j.

Case 2.1: jk0C x0j � "jk0j. In this case let Œx1; x2�D ŒK C k0 � "jk0j;K C k0C "jk0j�.
By the small divisor conditions (85)–(90) and following the proof of (33), and (38), we
get

kU.K C k0/k � e
�.ln��"/jx1�K�k0jkU.x1/k C e

�.ln��"/jx2�K�k0jkU.x2/k

� e�.ln��"/"jk0jkU.x1/k C e
�.ln��"/"jk0jkU.x2/k

� e�.ln��"/"jk0jkU.K C k0/k; (91)

where the third inequality holds becauseKC k0 is the local maximum. (91) is also impos-
sible for jk0j � 2L1.

Case 2.2: jk0 C x0j � "jk0j. In this case, jx0j � 1
2
jk0j � L1 so that condition (76) holds

for all jkj � jx0j. By the small divisor conditions (85)–(90) again, and following the proof
of (40), we get (using (81))

kU.K C k0/k � kU.K C k0/ke
�.ln��ı�"/jk0j:

This is also impossible.

Proof of Claim 1. Without loss of generality assume i 2 I1. For i 0 2 I2, by the DC con-
dition on ˛ we have

k2� C .i C i 0/˛kR=Z � k.i C i
0
�K/˛kR=Z � k2� CK˛kR=Z � e

�"jk0j

and

k.i � i 0/˛kR=Z � k2� C .i � i
0
CK/˛kR=Z � k�2� �K˛kR=Z � e

�"jk0j:

For i 0 2 I1, the proof is trivial.

Proof of Theorem 1.3. Without loss of generality, assume k0 D 0. Let OK D L0.˛;�; ı; &/
in Theorem 5.3.

By Theorem 5.3 with s0 D 0, K D Kj0 , &1 D & and L1 D OK, there exists a local
3&
4 ln�Kj0 -maximum bj0 such that jbj0 �Kj0 j � 2 OK. Let bj0 �Kj0 D b

0
j0

with jb0j0 j � 2
OK.

Shifting the operator H�;˛;� by bj0 units, we get H�;˛;�Cbj0˛ . By the conditions of
Theorem 1.3, � < ı C " < ln�; we have

k2.� C bj0˛/C k˛kR=Z � k2� � .2b
0
j0
˛ C k˛/kR=Z � k4� C 2Kj0˛kR=Z

� k2� � .2b0j0˛ C k˛/kR=Z � 2e
�.&C"/jKj0 j

� e�.ıC"/.jkjC4
OK/
� e�.ıC"/jkj (92)
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for all 1
2
OK2 � jkj � &

ln� jKj0 j. Similarly,

k2.� C bj0˛/C .�Kj1 � 2b
0
j0
/˛kR=Z � k2� CKj1˛kR=Z C k4� C 2Kj0˛kR=Z

� k2� CKj1˛kR=Z � 2e
�.&C"/jKj0 j

� e
� 34& j�Kj1�2b

0
j0
j
: (93)

By Theorem 5.3 with s0 D bj0 , K D �Kj1 � 2b
0
j0

, &1 D 3
4
& and L1 D 1

2
OK2, there

exists a local 9&
16 ln�Kj�1-maximum bKj0 ;Kj1

such that

jbj0;j1 � bj0 � .�Kj1 � 2b
0
j0
/j � OK2:

This implies bj0;j1 D Kj0 � b
0
j0
�Kj1 C b

0
j1

with jb0j1 j �
OK2.

Shifting the operator H�;˛;� by bj0;j1 units, we get H�;˛;�Cbj0;j1˛ . Thus

k2.� C bj0;j1˛/C k˛kR=Z

� k2� � 2b0j0˛ C 2b
0
j1
˛ C k˛/kR=Z � 2k2� CKj0˛kR=Z � 2k2� CKj1˛kR=Z

� k2� C .�2b0Kj0
C 2b0j1 C k/˛/kR=Z � 4e

�.&C"/jKj1 j

� e�.ıC"/.jkjC2
OKC2 OK2/

� e�.ıC"/jkj (94)

for all 1
2
. OK C OK2/ OK � jkj � &

ln� jKj�1j. Similarly,

k2.� C bj0;j1˛/C .Kj�2 C 2b
0
Kj
� 2b0j1/˛kR=Z � k2� CKj2˛kR=Z C 2e

�.&C"/jKj1 j

� e
� 34& jKj2C2b

0
j0
�2b0

j1
j
: (95)

By Theorem 5.3 with s0 D bj0;j1 , K D Kj2 C 2b
0
j0
� 2b0j1 , &1 D 3

4
& and L1 D

1
2
. OK2 C OK3/, there exists a local 9&

16 ln�Kj2 -maximum bj0;j1;j2 such that

bj0;j1;j2 D Kj0 C b
0
j0
�Kj1 � b

0
j1
CKj2 C b

0
j2

with jb0j2 j �
OK2 C OK3.

Define an D OK2. OK C 1/n�2 for n � 2 and a1 D OK. Then an D OK
Pn�1
iD1 ai . Notice

that by (11),
sX
iD0

k2� CKji˛kR=Z �

sX
iD0

e�.&C"/jKji j � 2e�.&C"/jKjs j: (96)

We will prove that for any 1 � s � k there exists a local 9&
16 ln�Kjs -maximum bj0;j1;:::;js

such that

bj0;j1;:::;js D

sX
iD0

Œ.�1/iKji C .�1/
i�sb0ji � (97)

with jb0ji j � aiC1 by induction on s:
Assume that (97) holds for s. We will prove that it holds for s C 1.
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Shifting the operator H�;˛;� by bj0;j1;:::;js units, we get H�;˛;�Cbj0;j1;:::;js˛ . Arguing
as in (94) we have

k2.� C bj0;j1;:::;js˛/C k˛kR=Z

�

2� C �2 sX
iD0

.�1/iC1b0ji

�
˛ C .�1/sC1k˛


R=Z
� 2

sX
iD0

k2� CKji˛kR=Z

�

2� C �2 sX
iD0

.�1/iC1b0ji

�
˛ C .�1/sC1k˛


R=Z
� 2

sX
iD0

e�.&C"/jKji j (98)

� e�.ıC"/.jkjC2
PsC1
iD1

ai /

� e�.ıC"/jkj (99)

for all 1
2
asC2 � jkj �

&
ln� jKjs j, since

PsC1
iD1 ai D

1
OK
asC2. Similarly to (93), we have2.� C bj0;j1;:::;js˛/C �.�1/sC1KjsC1 C 2 sX

iD0

.�1/sCiC1b0ji

�
˛


R=Z

� k2� CKjsC1˛kR=Z C 4e
�.&C"/jKj1 j

� e
� 34& j.�1/

sC1KjsC1C2
Ps
iD0.�1/

sCiC1b0
ji
j
: (100)

By Theorem 5.3 with s0 D bj0;j1;:::;js , K D .�1/
sC1KjsC1 C 2

Ps
iD0.�1/

sCiC1b0ji ,
&1 D

3
4
& and L1 D 1

2
asC2, there exists a local 9&

16 ln�KjsC1 -maximum bj0;j1;:::;jsC1 such
that

bj0;j1;:::;jsC1 D bj0;j1;:::;js C .�1/
sC1KjsC1 C 2

sX
iD0

.�1/sCiC1b0ji C b
0
jsC1

D

s�1X
iD0

Œ.�1/iKji C .�1/
i�s�1b0ji �

with jb0jsC1 j � asC2.
Since ˇ̌̌

bj0;j1;:::;js �

sX
iD0

.�1/iKji

ˇ̌̌
�

sX
iD0

jb0ji j �

sC1X
iD1

ai � . OK C 1/
sC1;

the proof of item (I) of Theorem 1.3 is complete.
Now we start to prove (II). Fix some 0 � s � k. Let us consider a local 9&

16 ln�Kjs -
maximum bj0;j1;:::;js and shift the operator by bj0;j1;:::;js units. We get the operator
H�;˛;�Cbj0;j1;:::;js˛

. As in (98), we also have

k2.� C bj0;j1;:::;js˛/C k˛kR=Z

�

2� C �2 sX
iD0

.�1/iC1b0ji

�
˛ C .�1/sC1k˛


R=Z
C 2

sX
iD0

e�.&C"/jKji j (101)

for all asC2 � jkj �
&

ln� jKjs j.
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Actually, the definition of f .`/ in Theorems 1.2 and 5.1 depends on � and ˛. Thus
we will use f˛;� .`/ with j`j � CasC2. Let `0 be such that

jsin�.2� C 2bj0;j1;:::;js˛ C `0˛/j D min
jxj�2j`j

jsin�.2� C 2bj0;j1;:::;js˛ C x˛/j:

By (98) and (101), for j`0j � asC2 we have

e�"j`jf˛;� ..�1/
sC1`/ � f˛;�Cbj0;j1;:::;js˛

.`/ � f˛;� ..�1/
sC1`/e"j`j: (102)

If j`0j � asC2, we have

e�"j`je� ln�j`j
� f˛;� .`/ � e

� ln�j`je"j`j; (103)

since j`j � CasC2.
Let xs D x � bj0;j1;:::;js . If jxsj 2 ŒCasC2; 1C

&
ln� jKjs j�, assertion (II) of Theorem 1.3

follows from Theorem 5.1 and (102) and (103).
If jxsj 2 Œ 1C

&
ln� jKjs j;

&
4 ln� jKjs j�, (II) follows from Lemma 3.4 and the fact that

bj0;j1;:::;js is a local 9&
16 ln�Kjs -maximum. Notice that in this case

e�"jxs je� ln�jxs j � f˛;� ..�1/
sC1xs/ � e

� ln�jxs je"jxs j:

6. Asymptotics of the transfer matrices

Proof of Theorem 1.5. Without loss of generality, we consider ` > 0. First assume x0 < 0
or � �  D "=C : By Theorem 1.2, in those cases, one has

kU.`/k � e�.ln��"/`:

By (17), we have
kA`k � kU.`/k

�1
� e.ln��"/`:

Combining this with (20), the conclusion follows.
Now we turn to the case when x0 > 0 and � >  . We will assume ` > 0 is large

enough. By (46), x0 > 0 is large enough. Thus below we always assume x0 is large.

Theorem 6.1. Under the above assumptions, let k be such that jx0 � k < .j C 1/x0
with k � x0=8, where j D 0; 1. Then

kAkk � max ¹e�jk�jx0j ln�kAjx0k; e
�jk�.jC1/x0j ln�kA.jC1/x0kº e

"k ; (104)

kAkk � max ¹e�jk�jx0j ln�kAjx0k; e
�jk�.jC1/x0j ln�kA.jC1/x0kº e

�"k : (105)

Proof. Apply (38) with k0 D x0; y D k y0 D 2x0 and ' D  . For jx0 � k < .j C 1/x0
with k � x0=8, we have

k QU.k/k � max ¹e�jk�jx0j ln�k QU.jx0/k; e�jk�.jC1/x0j ln�k QU..j C 1/x0/kº e"k : (106)
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By Last–Simon’s arguments [41, (8.6)], one has

kAkk � kAk QU.0/k � ckAkk: (107)

Then (104) holds by (107) and (106).
(105) holds directly by (20).

Lemma 6.2. For any 2x0 � k � Cx0,

e�"x0kA2x0ke
ln�jk�2x0j � kAkk � e

"x0kA2x0ke
ln�jk�2x0j:

Proof. The right inequality holds directly. It suffices to show the left inequality.
By (40) and noting t � ı C ", we have

k QU.x0/k � max ¹e�.ln��ı�"/x0k QU.0/k; e�.ln��ı�"/x0k QU.2x0/kº:

Clearly, k QU.x0/k � e�.ln��ı�"/x0k QU.0/k cannot happen: otherwise, since kU.x0/k �
e�.ln��ı�"/x0kU.0/k, we must have

j�.x0/ .x0 � 1/ � �.x0 � 1/ .x0/j � e
�.ln��ı�"/x0 ;

contrary to (29).
Thus we must have

k QU.x0/k � e
�.ln��ı�"/x0k QU.2x0/k: (108)

The lemma holds directly if k � 2x0 C "
C
x0. If k � 2x0 � "

C
x0, by (38) again (k0 D

x0; y D 2x0; y
0 D k;  D "=C ) one has

k QU.2x0/k � max ¹e�.ln��"/x0k QU.x0/k; e�.ln��"/jk�2x0jk QU.k/kº:

Combining this with (108), we must have

k QU.k/k � e.ln��"/jk�2x0jk QU.2x0/k:

In view of (107), we get the left inequality.

Lemma 6.3. The following holds:

e.ln��"/x0 � kAx0k � e
.ln�C"/x0 ; (109)

e.ln��"/2x0e��` � kA2x0k � e
.ln�C"/2x0e��`: (110)

Proof. We first prove (109). The right inequality holds by (20) directly. Thus it suffices
to show the left one. By (38), for any x0=8 � k < x0, one has

kU.k/k � max ¹e�k ln�; e�jk�x0j ln�kU.x0/kº e
"k :

Clearly
kAkk � kU.k/k

�1; (111)
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so by (104) we must have, for any x0=8 � k < x0,

max ¹e�k ln�; e�jk�x0j ln�kAx0kº e
"k
� .max ¹e�k ln�; e�jk�x0j ln�kU.x0/kº/

�1 e�"k :

(112)
Recall that by (47) and (60),

e�.ln���
0C"/x0 � kU.x0/k � e

�.ln���0�"/x0 ; (113)

where �0 D `
x0
�. Let

k0 D x0 �
�0

2 ln�
x0:

One has k0 � x0=2, so by (113),

max ¹e�k0 ln�; e�jk0�x0j ln�kU.x0/kº � e
�.ln���0=2/x0e"k0 :

Combining this with (112), one has

max ¹e�k0 ln�; e�jk0�x0j ln�kAx0kº � e
.ln���0=2/x0e�"k0 :

This implies
kAx0k � e

.ln��"/x0 :

Now we prove (110). By (7) (` D 2x0), one has

e�.ln�C"/2x0e�
0x0 � kU.2x0/k � e

�.ln��"/2x0e�
0x0 : (114)

Combining this with (111), one has

kA2x0k � e
.ln��"/2x0e��

0x0 :

Thus it remains to prove the right inequality of (110). By [41, (8.5) and (8.7)] we have

kAkU.0/k
2
� kAkk

2m.k/2 C kAkk
�2; (115)

where

m.k/ � C

1X
pDk

1

kApk2
: (116)

If k � Cx0 (C may depend on ln�; ı), by Theorem 1.2 we have

kAkk � kU.k/k
�1
� e.ln��ı�"/k (117)

and by (20) we have
kA2x0k � e

.ln�C"/2x0 :

Combining this with (117), we obtain

kAkk � kA2x0ke
ln��ı
2 k (118)

for k � Cx0, where C is large enough.
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If 2x0 � k � Cx0, by Lemma 6.2 we have

kAkk � kA2x0ke
.ln��"/jk�2x0je�"x0 : (119)

Thus by (116), (118) and (119),

m.2x0/ � kA2x0k
�2e"x0 : (120)

Let k D 2x0 in (115). Then

kU.2x0/k �
e"x0

kA2x0k
:

Thus by (114), we obtain
kA2x0k � e

.2 ln���0�"/x0 :

Theorem 1.5 for the remaining case (� �  D "=C and x0 > 0) now follows directly
from Theorem 6.1 and Lemmas 6.2 and 6.3.

Proof of Corollary 1.6. The corollary follows from Theorem 1.5 and (107).

Proof of Corollary 1.7. (i) and (ii) follow from Theorem 1.5 and Corollary 1.6 directly.
Fix some small "1; "2 > 0. By the definition of ı, there exists a sequence nj (assume

nj > 0 for simplicity) such that

e�.ıC"1/nj � k2� C nj˛kR=Z � e
� ı2nj :

By the Diophantine condition on ˛, we have

njC1 � e
nj =C :

We prove (15) first. By Theorem 1.2, for any jkj 2 Œ"2njC1; njC1=2� one has

kU.k/k � e�.ln��"1/jkj:

This implies (15) by the arbitrariness of "1; "2.
Now we turn to the proof of (16). By Theorem 1.5, for any jkj 2 Œ"2njC1; njC1� one

has
kAkk � e

.ln��"1/jkj:

This implies (16).

Appendix A. Uniformity

The following lemma is critical when we prove Theorem 3.2.

Lemma A.1 ([6, Lemma 9.7]). Let ˛ 2 RnQ, x 2 R and 0 � k0 � qn � 1 be such that
jsin�.xC k0˛/j D inf0�k�qn�1 jsin�.xC k˛/j. Then for some absolute constant C > 0,

�C ln qn �
qn�1X

kD0; k¤k0

ln jsin�.x C k˛/j C .qn � 1/ ln 2 � C ln qn: (121)
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Proof of Theorem 3.2. Let i0; j0 2 I1 [ I2 be such that jsin �.2� C .i0 C j0/˛/j D
mini;j2I1[I2 jsin �.2� C .i C j /˛/j. By the Diophantine condition on ˛, there exist
� 0; �0 > 0 such that for any i C j ¤ i0 C j0 and i; j 2 I1 [ I2,

jsin�.2� C .i C j /˛/j �
� 0

.sqn/�
0 : (122)

Also for all distinct i; j 2 I1 [ I2, we have

jsin�.j � i/˛j �
� 0

.sqn/�
0 : (123)

In (26), let x D cos 2�a, k D sqn � 1 and take the logarithm. Then

ln
Y

j2I1[I2; j¤i

jcos 2�a � cos 2��j j
jcos 2��i � cos 2��j j

D

X
j2I1[I2; j¤i

ln jcos 2�a � cos 2��j j �
X

j2I1[I2; j¤i

ln jcos 2��i � cos 2��j j:

First, we estimate
P
j2I1[I2; j¤i

ln jcos 2�a � cos 2��j j. Obviously,X
j2I1[I2; j¤i

ln jcos 2�a � cos 2��j j

D

X
j2I1[I2; j¤i

ln jsin�.aC �j /j C
X

j2I1[I2; j¤i

ln jsin�.a � �j /j C .sqn � 1/ ln 2

D †C C†� C .sqn � 1/ ln 2:

Both †C and †� consist of s terms of the form of (121), plus s terms of the form

ln min
jD0;1;:::;qn

jsin�.x C j˛/j;

minus ln jsin�.a˙ �i /j. Thus, using (121) s times for †C and †� respectively, one hasX
j2I1[I2; j¤i

ln jcos 2�a � cos 2��j j � �sqn ln 2C Cs ln qn: (124)

If a D �i , we obtainX
j2I1[I2; j¤i

ln jcos 2��i � cos 2��j j

D

X
j2I1[I2; j¤i

ln jsin�.�i C �j /j C
X

j2I1[I2; j¤i

ln jsin�.�i � �j /j C .sqn � 1/ ln 2

D †C C†� C .sqn � 1/ ln 2; (125)

where

†C D
X

j2I1[I2; j¤i

ln jsin�.2� C .i C j /˛/j; †� D
X

j2I1[I2; j¤i

ln jsin�.i � j /˛j:
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We will estimate†C. Set J1D Œ1; s1� and J2D Œs1C 1; s�, which are two adjacent disjoint
intervals of length s1; s2 respectively. Then I1 [ I2 can be represented as a disjoint union
of segments Bj ; j 2 J1 [ J2; each of length qn. Applying (121) to each Bj , we obtain

†C � �sqn ln 2C
X

j2J1[J2

ln jsin� O�j j � Cs ln qn � ln jsin 2�.� C i˛/j; (126)

where
jsin� O�j j D min

`2Bj

jsin�.2� C .`C i/˛/j: (127)

By (30) and (122), we haveX
j2J1[J2

ln jsin� O�j j � �sqn � Cs ln sqn: (128)

Putting (128) in (126), we get

†C � �sqn ln 2 � sqn � Cs ln sqn: (129)

Similarly, replacing (30), (122) with (123), and arguing as in the proof of (129), we obtain

†� > �sqn ln 2 � Cs ln sqn: (130)

From (125), (129) and (130), one hasX
j2I1[I2; j¤i

ln jcos 2��i � cos 2��j j � �sqn ln 2 � sqn � Cs ln sqn: (131)

By (124) and (131), we have

max
i2I1[I2

Y
j2I1[I2; j¤i

jx � cos 2��j j
jcos 2��i � cos 2��j j

< esqn.CC
ln sqn
qn

/:

By the assumption s � qCn we get, for any " > 0 and large n,

max
i2I1[I2

Y
j2I1[I2; j¤i

jx � cos 2��j j
jcos 2��i � cos 2��j j

< esqn.C"/:

This completes the proof.

Appendix B. Block Expansion Theorem

Proof of Theorem 3.3. For any Oy 2 Œy1 C k; y2 � k�, by the assumption there exists
an interval I. Oy/ D Œx1; x2� � Œy1; y2� such that Oy 2 I. Oy/ with 

20
k � jI. Oy/j �

1
2

dist.y; ¹y1; y2º/, and

dist. Oy; @I. Oy// �
1

40
jI. Oy/j �



800
k (132)
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and
jGI. Oy/. Oy; xi /j � e

�� j Oy�xi j; i D 1; 2; (133)

where ¹x1; x2º D @I. Oy/ is the boundary of I. Oy/. For z 2 @I. Oy/, let z0 be the neighbor
of z (i.e., jz � z0j D 1) not belonging to I. Oy/.

If x2 C 1 � y2 � k or x1 � 1 � y1 C k, we can expand '.x2 C 1/ or '.x1 � 1/
using (25). We can continue this process until we arrive at z such that z C 1 > y2 � k
or z � 1 < y1 C k, or the number of iterations reaches b1600=c. Then, by (25),

'.y/ D
X

sIziC12@I.z
0
i
/

GI.y/.k; z1/GI.z0
1
/.z
0
1; z2/ � � �GI.z0s/.z

0
s; zsC1/'.z

0
sC1/; (134)

where in each term of the summation one has y1 C k C 1 � zi � y2 � k � 1, i D
1; : : : ; s; and either zsC1 … Œy1C kC 1;y2C k � 1� and sC 1 < b1600=c, or sC 1D
b1600=c. We should mention that zsC1 2 Œy1; y2�.

If zsC1 2 Œy1; y1 C k� and s C 1 < b1600=c, this implies

j'.z0sC1/j � r
'
y1
:

By (133), for such terms we have

jGI.y/.y; z1/GI.z0
1
/.z
0
1; z2/ � � �GI.z0s/.z

0
s; zsC1/'.z

0
sC1/j

� r'y1e
��.jy�z1jC

Ps
iD1 jz

0
i
�ziC1j/ � r'y1e

��.jy�zsC1j�.sC1//

� r'y1e
��.jy�y1j�k�1600=/: (135)

If zsC1 2 Œy2 � k; y2� and s C 1 < b1600=c, by the same arguments we have

jGI.y/.y; z1/GI.z0
1
/.z
0
1; z2/ � � �GI.z0s/.z

0
s; zsC1/'.z

0
sC1/j � r

'
y2
e��.jy�y2j�k�1600=/:

(136)
If s C 1 D b1600=c; using (132) and (133) we obtain

jGI.y/.y; z1/GI.z0
1
/.z
0
1; z2/ � � �GI.z0s/.z

0
s; zsC1/'.z

0
sC1/j � e

�� 
800kb1600=cj'.z0sC1/j:

(137)

Notice that the total number of terms in (134) is at most 2b1600=c and jy � y1j; jy � y2j �
10k. By (135)–(137), we have

j'.y/j � max
°
r'y1e

��.jy�y1j�3k/; r'y2e
��.jy�y2j�3k/; max

p2Œy1;y2�
e��kj'.p/j

±
: (138)

Now we will show that for any p 2 Œy1; y2�, one has j'.p/j � max ¹r'y1 ; r
'
y2º. Then (138)

implies Theorem 3.3. Otherwise, by the definition of r'y1 and r'y2 , if j'.p0/j is the largest
j'.z/j with z 2 Œy1C 10kC 1;y2 � 10k � 1�, then j'.p0/j>max ¹r'y1 ; r

'
y2º. Applying

(138) to '.p0/ and noticing that jp0 � y1j; jp0 � y2j � 10k, we get

j'.p0/j � max ¹e�7�kr'y1 ; e
�7�kr'y2 ; e

��k
j'.p0/jº:

This is impossible because j'.p0/j > max ¹r'y1 ; r
'
y2º.
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