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Abstract. In his 1957 paper, John Milnor introduced link invariants which measure the homotopy
class of the longitudes of a link relative to the lower central series of the link group. Consequently,
these invariants determine the lower central series quotients of the link group. This work has driven
decades of research with profound influence. One of Milnor’s original problems remained unsolved:
to extract similar invariants from the transfinite lower central series of the link group. We reformu-
late and extend Milnor’s invariants in the broader setting of 3-manifolds, with his original invariants
as special cases. We present a solution to Milnor’s problem for general 3-manifold groups, devel-
oping a theory of transfinite invariants and realizing nontrivial values.
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1. Introduction

In John Milnor’s 1954 Ph.D. thesis [23], he introduced link invariants obtained from the
lower central series of the fundamental group. Milnor’s work vastly extended the classical
linking number, and has influenced decades of fundamental research.

Roughly speaking, Milnor’s invariants inductively measure whether the fundamental
group of the exterior of a given link has the same lower central series quotients as that
of the free group [23]. Another key feature of Milnor’s invariant, due to Stallings [26],
is invariance under link concordance, and more generally under homology cobordism of
the link exterior. Invariance under homology cobordism seeds a fundamental connection
between Milnor’s invariants and the topology of 4-manifolds.

Although seldom noted, the first part of Milnor’s paper [23] concerns fundamental
groups of exteriors of links in an arbitrary 3-manifold, while the latter part of Milnor’s
paper, as well as most subsequent research of others, focuses on the special case of links
in S3.

The following problems posed by Milnor in [23] have remained unsolved for more
than 60 years.

Milnor’s Problem ([23, p. 52, Problem (b)]). Find a method of attacking the transfinite
lower central series quotients and extracting information from it.

That is, develop a transfinite lower central series version of Milnor’s invariants which
contains nonvacuous information.

Recall that the transfinite lower central series of a group G consists of subgroups G�
indexed by ordinals � and defined by

G� D

8̂̂<̂
:̂
G if � D 1,

ŒG;G��1� if � > 1 is a successor ordinal,T
�<� G� if � is a limit ordinal.

We acknowledge past progress toward a solution to Milnor’s problem. The first viable
candidate for a transfinite invariant was given in work of the second author [24]. He pre-
sented a reformulation of the original Milnor link invariants by introducing a homotopy-
theoretic approach. Papers [17, 24] answered numerous problems from [23], including
the realizability and independence of Milnor invariants. But Orr’s “transfinite” invari-
ant of links continues to resist computation. (See recent progress by E. D. Farjoun and
R. Mikhailov [10].)

J. Levine [20, 21] refined Orr’s transfinite invariant by developing the fundamental
notion of “algebraic closure of groups”. This arose, in part, from harvesting key insights
from work of M. Gutiérrez [14] and P. Vogel [28] (see also [19]). With his breakthrough,
Levine proved further realization and geometric characterization results. Unfortunately,
Levine’s refinement resists computation as well.

In particular, it remains open whether the invariants in [20, 21, 24] always vanish for
links with vanishing classical Milnor invariants!
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Our contribution. In this paper, we develop new families of transfinite invariants for
closed, orientable 3-manifolds. For one family of these invariants we find striking par-
allels to Milnor’s link invariants, leading us to name that family of invariants Milnor
invariants of 3-manifolds. The Milnor invariants we introduce are indexed by arbitrary
ordinal numbers called the length of the invariant. This allows one to extend the integer
grading in Milnor’s original work. Our invariants include classical Milnor invariants as a
special case.

We show that our invariants are highly nontrivial even at infinite ordinals. Thus, we
view these invariants as presenting a solution to Milnor’s problem within the broad con-
text of oriented closed 3-manifolds.

Indeed, we define four closely related invariants. The invariants we call the Milnor
invariants is denoted by x��.M/, where � is the length. The invariant x��.M/ has the
following features:

(i) Determination of lower central series quotients: x��.M/ inductively determine the
isomorphism classes of the lower central series quotients, as do Milnor’s link invari-
ants. Furthermore, this inductive process extends to transfinite ordinals.

(ii) Homology cobordism invariance: x��.M/ is invariant under homology cobordism,
as are Milnor’s link invariants.

(iii) Specialization to Milnor’s link invariants: x��.M/ with finite � determines Milnor’s
link invariants, when M is the 0-surgery on a link in S3.

(iv) Obstructions to gropes: like those of links, x��.M/ is an obstruction to building
gropes. Moreover, this extends to the transfinite length case, using an appropriate
notion of transfinite gropes.

(v) Realization: x��.M/ lives in a set R�.�/=�, whose elements are explicitly charac-
terized. Every element in R�.�/=� is realized as x��.M/ for some closed 3-mani-
fold M .

This shows that many fundamental characterizing properties of Milnor’s link invari-
ants generalize to our 3-manifold Milnor invariants, thereby extending Milnor’s theory
across all ordinals and 3-manifolds.

Using realizability from (v), we show the aforementioned result that the transfinite
theory is highly nontrivial even at infinite ordinals—we exhibit infinitely many explicit
3-manifolds M with vanishing x��.M/ for all finite � but having nonvanishing, pairwise
distinct x�!.M/ for the first transfinite ordinal !.

We also define and study a “universal” transfinite invariant, which generalizes
Levine’s link invariant [20] over algebraic closures to the case of 3-manifolds. We prove
that this universal invariant is highly nontrivial, even for 3-manifolds for which all transfi-
nite Milnor invariants vanish. As mentioned earlier, for links, whether Levine’s invariant
can be nonzero remains open.

We define two additional invariants central to our paper. The following section
describes all four invariants and provides precise statements of our main results as well as
applications, (i)–(v).
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The new results of this paper, especially the framework of transfinite invariants, opens
multiple avenues for future research. We discuss a small portion of these, including poten-
tial applications to link concordance and to Whitney towers, at the end of the paper.

2. Statements of main results

In this section, we describe our main results. In Section 2.1, we provide a quick review of
homology localization. In Sections 2.2–2.9, we define four invariants for 3-manifolds and
present their key features, including 3-manifold Milnor invariants. In Sections 2.10–2.11,
we discuss examples exhibiting rich information extracted from these invariants.

Throughout this paper, we consider only compact oriented manifolds unless stated
otherwise explicitly. The notation H�.�/ denotes homology with integral coefficients.

2.1. Homology localization of groups

We begin with a brief introduction to the role of locally finite homology localization of
groups, also known as algebraic closure. Readers who are already familiar with this might
prefer to skip to the last paragraph (or the last sentence) of this subsection.

The invariance of the original Milnor invariants under concordance and homology
cobordism follows from a well known result of Stallings that the lower central quotients
�1.�/=�1.�/k are preserved under homology equivalence of spaces for all k <1 [26].
(See also [3].) By contrast, the transfinite lower central quotient �1.�/=�1.�/� is not
invariant under homology cobordism (or homology equivalence): for instance, this fol-
lows from an example of Hillman [16, pp. 56–57].

To extract information invariant under concordance of links and homology cobor-
dism of 3-manifolds, we follow an approach suggested in work of Vogel [28] and Levine
[20, 21], using homology localization of groups.

In general, localization is defined for a given collection � of morphisms in a cate-
gory C . Briefly, a localization designates a functor EW C ! C equipped with a natural
transformation A D 1C .A/! E.A/ such that

(i) E.�/ is an equivalence for all morphisms � in �, and

(ii) E is universal (initial) among those satisfying (i).

A precise definition will be stated in Section 3. Observe that a homology equivalence
X ! Y of spaces gives rise to a group homomorphism �1.X/! �1.Y / which induces
an isomorphism on H1.�/ and an epimorphism on H2.�/. We call a group homomor-
phism with this homological property 2-connected. Due to an unpublished manuscript of
Vogel [28] and an independent approach of Levine [20, 21], there exists a localization,
in the category of groups, for the collection of 2-connected homomorphisms �WA! B

with A and B finitely presented. (For those who are familiar with Bousfield’s HZ local-
ization [1, 2], we remark that the key difference between Vogel–Levine and the HZ case
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is the finite presentability of A and B , which turns out to provide a crucial advantage for
applications to compact manifolds.)

We observe that Levine’s version in [20] differs slightly from what we use here. With
applications to link concordance in mind, he adds the additional requirement that the
image �.A/ normally generates B . (This reflects the property that meridians for a link
normally generate the link group �1.S3 XL/.) Levine was aware of both notions of local-
ization. The first detailed exposition of what we use can be found in [4]. We denote this
homology localization by G ! yG; see Section 3 for more details.

The following two properties of the homology localization yG are essential for our
purpose. For brevity, denote the transfinite lower central subgroup . yG/� by yG� .

(i) A 2-connected homomorphism G! � between finitely presented groups induces an
isomorphism on yG= yG� ! y�=y�� for every ordinal �.

(ii) When G is finitely presented, yG= yGk Š G=Gk for all k finite.

See Section 3, especially Corollary 3.2.
So, yG= yG� is a transfinite generalization of the finite lower central quotients G=Gk ,

which remains invariant under homology cobordism of compact manifolds for every ordi-
nal �. In this regard, yG= yG� is a correct generalization of G=Gk for studies related to
homology cobordism, concordance, and disk embedding in dimension 4. From now on,
“transfinite lower central quotient” in this paper means yG= yG� , instead ofG=G� , where yG
is the integer coefficient Vogel–Levine homology localization as constructed in [4].

2.2. Definition of the transfinite invariants

Milnor’s original work [23] compares the lower central quotients �=�k of a link group
� D �1.S

3 X L/ with that of the trivial link, namely the free nilpotent quotients F=Fk ,
inductively on k. We provide a relative theory, comparing the lower central quotients of
other 3-manifolds to that of a fixed 3-manifold we choose arbitrarily. For instance, when
studying links, we can begin with 0-surgery on a nontrivial link, and compare its lower
central series quotients to that of other links. By replacing a 3-manifold group with its
localization, we extend this theory throughout the transfinite lower central series.

Fix a closed 3-manifold Y , which will play the role analogous to the trivial link in
Milnor’s work. Denote � D �1.Y /. Suppose M is another closed 3-manifold with � D
�1.M/. Our invariants compare the transfinite lower central quotients with that of � .

Indeed, we define and study four invariants of M :

(1) a � -invariant ��.M/ defined as a 3-dimensional homology class,

(2) a reduced version of ��.M/ living in a certain “cokernel,”

(3) 3-manifold Milnor invariant x��.M/, and

(4) a universal � -invariant y�.M/.

The first three invariants are indexed by arbitrary ordinals �. In Sections 2.2–2.9, we
describe the definitions and state their key features.
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We begin with ��.M/. Fix an arbitrary ordinal �, and suppose the 3-manifold group
� admits an isomorphism f W y�=y��

Š
�! y�=y�� . The goal is to determine whether the next

stage quotient y�=y��C1 is isomorphic to y�=y��C1.
The following definition is motivated from work of the second author [25] and Levine

[20, 21]. (See also [15].)

Definition 2.1. Let ��.M; f / 2 H3.y�=y��/ be the image of the fundamental class
ŒM � 2 H3.M/ under the composition

H3.M/! H3.�/! H3.y�/! H3.y�=y��/
f�
��!
Š

H3.y�=y��/:

We call � the length of the invariant �� . We will generally write ��.M/, in order to avoid
an excess of notation, and will write �.M; f / when we need to emphasize the choice
of f .

The value of ��.M/ in H3.y�=y��/ depends on the choice of f W y�=y��
Š
�! y�=y�� , and

could be denoted ��.M; f /: We choose to omit the reference to f to simplify notation,
but we emphasize to the reader that this indeterminacy is often nontrivial.

If we choose to remove indeterminacy, we can do so by comparing possible choices
for f . Doing so, we obtain an invariant of 3-manifolds defined from ��.M/ by taking the
value of ��.M/ in the orbit spaceH3.y�=y��/=Aut.y�=y��/ of the action of automorphisms
of y�=y�� , thus providing an alternative definition of ��.M/ which is independent of the
choice of f . It turns out that both versions (with and without indeterminacy) are useful,
as we discuss below. We will refer to these invariants as the ��-invariants of M (relative
to �).

2.3. Invariance under homology cobordism

Theorem A. The class ��.M/ is invariant under homology cobordism. More precisely, if
M and N are homology cobordant 3-manifolds with � D �1.M/ and G D �1.N /, then
for every ordinal �, the following hold:

(1) There is an isomorphism �W yG= yG�
Š
�! y�=y�� . Consequently, ��.N / is defined if and

only if ��.M/ is defined.

(2) If f W y�=y��
Š
�! y�=y�� is an isomorphism, then ��.M;f /D ��.N;f ı �/ inH3.y�=y��/,

where � is the isomorphism in (1).

(3) If ��.M/ and ��.N / are defined using arbitrary isomorphisms y�=y��
Š
�! y�=y�� and

yG= yG�
Š
�! y�=y�� , then ��.M/ D ��.N / in H3.y�=y��/=Aut.y�=y��/.

We remark that the isomorphism � in (1) and (2) depends on the choice of a homology
cobordism. Statement (3) provides an invariant independent of choice.

The proof of Theorem A is given in Section 4. It is a straightforward consequence of
the definition of the invariant and basic properties of homology localization.
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2.4. Determination of transfinite lower central quotients

Define the set of homology classes which are realizable by �� to be

R�.�/ D

²
� 2 H3.y�=y��/

ˇ̌̌̌
� D ��.M/ for some closed 3-manifold M
equipped with 2�1.M/=2�1.M/�

Š
�! y�=y��

³
: (2.1)

Not all homology classes are necessarily realizable, that is, R�.�/ ¤ H3.y�=y��/ in gen-
eral. Nor is R�.�/ necessarily a subgroup. See Theorem G below, and Sections 10 and 11.

Nonetheless, one can straightforwardly verify that the projection y�=y��C1 ! y�=y��
induces a function R�C1.�/ ! R�.�/. Although Coker¹R�C1.�/ ! R�.�/º is not
well defined in the usual way because of the lack of a natural group structure, we can
define a notion of vanishing in the cokernel as follows:

Definition 2.2. We say that a class � 2 R�.�/ vanishes in Coker¹R�C1.�/! R�.�/º

if � lies in the image of R�C1.�/! R�.�/.

That is, the invariant ��.M/ vanishes in the cokernel if there is a closed 3-manifoldN
for which ��C1.N / is defined (relative to �) and the image of ��C1.N / is ��.M/ under
the quotient induced homomorphism below:

��C1.N / 2 R�C1.�/ � H3.y�=y��C1/

��.M/ 2 R�.�/ � H3.y�=y��/

We now state the second main result.

Theorem B. Suppose M is a closed 3-manifold and � D �1.M/ is endowed with an
isomorphism f W y�=y��

Š
�! y�=y�� . Then the following are equivalent.

(1) There exists a lift y�=y��C1
Š
�! y�=y��C1 of f which is an isomorphism.

(2) The invariant ��.M/ vanishes in Coker¹R�C1.�/! R�.�/º.

As stated in Theorem C below, it is possible to remove the restriction in Theorem B
that the next stage isomorphism y�=y��C1Š y�=y��C1 is a lift, by taking the value of ��.M/

modulo the action of Aut.y�=y��/, which is independent of the choice of y�=y��
Š
�! y�=y�� .

To state the result, we use the following definition: a class � vanishes in Coker¹R�C1.�/

! R�.�/=Aut.y�=y��/º if it lies in the image of the composition R�C1.�/! R�.�/!

R�.�/=Aut.y�=y��/.

Theorem C. Suppose M is a closed 3-manifold with � D �1.M/ which admits an iso-
morphism y�=y��

Š
�! y�=y�� . Then the following are equivalent:

(1) y�=y��C1 is isomorphic to y�=y��C1 (via any isomorphism not required to be a lift).

(2) The invariant ��.M/ vanishes in Coker¹R�C1.�/! R�.�/=Aut.y�=y��/º.

The proof is straightforward, using Theorem B.
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Proof of Theorem C. Suppose gW y�=y��C1
Š
�! y�=y��C1 is an isomorphism. Let g0W y�=y��

Š
�! y�=y�� be the isomorphism induced by g, and consider ��C1.M/ D ��C1.M; g/ and
��.M/ D ��.M; g0/. Then ��.M/ is the image of ��C1.M/ under R�C1.�/! R�.�/.
This shows (1))(2).

For the converse, suppose the invariant ��.M/D ��.M;f / vanishes in the cokernel of
R�C1.�/! R�.�/=Aut.y�=y��/ where f W y�=y��

Š
�! y�=y�� is an arbitrary isomorphism.

By composing an automorphism on y�=y�� with f , we may assume that ��.M/ lies in the
image of R�C1.�/. By Theorem B, there is a lift y�=y��C1

Š
�! y�=y��C1 of f .

The notion of vanishing in the cokernel generalizes to an equivalence relation� on the
set R�.�/, which we describe below. Recall that if � 2 R�.�/, we have � D ��.M/ for
some closed 3-manifoldM equipped with an isomorphism f W2�1.M/=2�1.M/�

Š
�! y�=y�� .

Let I� be the image of the composition

R�C1.�1.M//! R�.�1.M//
Š
��!
f�

R�.�/:

In Lemma 5.3 we show that ¹I� j � 2 R�.�/º is a partition of the set R�.�/. Consider
the associated equivalence relation:

Definition 2.3. Define � on R�.�/ by � � � 0 if � 0 2 I� .

We prove the following result in Section 5.2.

Corollary D. Suppose M and N are closed 3-manifolds with � D �1.M/ and G D
�1.N /, which are equipped with isomorphisms y�=y��

Š
�! y�=y�� and yG= yG�

Š
�! y�=y�� .

Then there is an isomorphism y�=y��C1
Š
�! yG= yG�C1 which is a lift of the composition

y�=y��
Š
�! y�=y��

Š
�! yG= yG� if and only if ��.M/ � ��.N / in R�.�/.

Note that for a class � 2 R�.�/, we have � � ��.Y / if and only if � vanishes
in the cokernel of R�C1.�/ ! R�.�/. Here ��.Y / is defined using the identity map
1�1.Y /=1�1.Y /� ! y�=y�� . So, Corollary D generalizes Theorem B.

2.5. Milnor invariants of 3-manifolds

Now we define Milnor invariants of 3-manifolds. It combines the features of Theorem C
and Corollary D in a natural way. Once again, we remind the reader of our hypothesis.
We fix a 3-manifold Y and let � D �1.Y /. We assume that M is a 3-manifold with � D
�1.M/, � is an ordinal, and we have an isomorphism f W y�=y��

Š
�! y�=y�� . The invariant

��.M/ 2 R�.�/ was defined in Definition 2.1. Here R�.�/ � H3.y�=y��/ is the subset
of realizable classes defined by (2.1).

The following is a coarser version of the equivalence relation � on R�.�/ in Defini-
tion 2.3.

Definition 2.4. Let � , � 0 2 R�.�/. Write � � � 0 if there is  2 Aut.y�=y��/ such that
�.�

0/ � � . That is, choosing a 3-manifold M equipped with an isomorphism f W
2�1.M/=2�1.M/�

Š
�! y�=y�� that satisfies � D ��.M/, we have � � � 0 if and only if there
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is  2 Aut.y�=y��/ such that

�.�
0/ 2 Im

®
R�C1.�1.M//! R�.�1.M//

Š
��!
f�

R�.�/
¯
:

Since � is an equivalence relation and Aut.y�=y��/ is a group, it follows that � is an
equivalence relation too.

Definition 2.5. The Milnor invariant of length � for M is defined by

x��.M/ WD Œ��.M/� 2 R�.�/=�:

Here Œ��.M/� is the equivalence class of ��.M/ 2 R�.�/ under�.

We see that � vanishes in Coker¹R�C1.�/ ! R�.�/=Aut.y�=y��/º in the sense of
Section 2.4 if and only if � � ��.Y / in R�.�/. If ��.M/ � ��.Y /, we say that x��.M/

vanishes, or M has vanishing Milnor invariant of length �.

Theorem E. Let M be a 3-manifold such that 2�1.M/=2�1.M/� Š y�=y�� . Then x��.M/

is a well-defined homology cobordism invariant, and the following are equivalent:

(1) N��.M/ vanishes.

(2) 2�1.M/=2�1.M/�C1 Š y�=y��C1 (via any isomorphism not required to be a lift).

(3) The invariant x��C1.M/ is defined.

In addition, for M and N such that 2�1.M/=2�1.M/� Š2�1.N /=2�1.N /� Š y�=y�� , the
following two conditions are equivalent:

(4) x��.M/ D x��.N / in R�.�/=�.

(5) 2�1.M/=2�1.M/�C1 Š2�1.N /=2�1.N /�C1.

Proof. The equivalence of (1)–(3) is the conclusion of Theorem C.
Suppose (4) holds. Fix an isomorphism f W2�1.M/=2�1.M/�

Š
�! y�=y�� . By definition,

��.M; f / � �.��.N; g// for some  2 Aut.y�=y��/ and gW2�1.N /=2�1.N /� Š�! y�=y�� .
Then �.��.N; g// D ��.N;  ı g/. By Corollary D, it follows that (5) holds. Conversely,
when (5) holds, let � be the induced isomorphism 2�1.N /=2�1.N /� Š�!2�1.M/=2�1.M/� .
Since � lifts, ��.M; f / � ��.N; f ı �/ by Corollary D. So (4) holds.

Examples showing the nontriviality of the 3-manifold x��-invariant of transfinite
length are given in Section 2.11 (see Theorem L).

Section 9 explains how classical Milnor invariants are special cases of the above the-
ory associated to finite ordinals (see also [17, 20, 25]).

Section 2.7 below states that the x��-invariant connects to a notion of transfinite
gropes, with details in Section 6.

2.6. A transfinite tower interpretation

Corollary D and Theorem E may be viewed as classifications of towers of transfinite
lower central quotients of 3-manifold groups. Briefly, we address the following problem:
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classify extensions of length � C 1, by 3-manifold groups, of the length � tower of the
transfinite lower central quotients

y�=y�� y�=y�! y�=y�2 y�=y�1 ¹1º

�=�2 �=�1

(2.2)

of a given 3-manifold group � D �1.Y /.
To be precise, we introduce some abstract terminology:

(i) A length � tower in a category C is a functor A of the (opposite) category of ordi-
nals ¹� j � � �º, with arrows �! �0 for �0 � � as morphisms, into C . Denote it
by ¹A.�/º��� or ¹A.�/º.

(ii) A �-equivalence between two towers ¹A.�/º and ¹A0.�/º is a natural equivalence
� D ¹��WA.�/

Š
�! A0.�/º��� between the two functors, that is, each �� is an equiv-

alence and �� is a lift of ��0 for �0 � �� �. Say ¹A.�/º and ¹A0.�/º are �-equivalent
if there is a �-equivalence between them.

(iii) A length � C 1 extension of a length � tower ¹A.�/º��� is a length � C 1 tower
¹B.�/º���C1 equipped with a �-equivalence between ¹A.�/º��� and ¹B.�/º��� .

(iv) Two length �C 1 extensions ¹B.�/º���C1 and ¹B 0.�/º���C1 of a tower of length �,
¹A.�/º��� , are equivalent if the composition B.�/ Š�! A.�/

Š
�! B 0.�/ lifts to an

equivalence B.� C 1/ Š�! B 0.� C 1/.

In this paper, towers and their extensions will always be transfinite lower central
quotient towers ¹y�=y��º��� of 3-manifold groups � . (In this case, ¹y�=y��º��� and
¹ yG= yG�º��� are �-equivalent if and only if y�=y�� and yG= yG� are isomorphic.) We define
a length � C 1 extension of (2.2) by a 3-manifold group to be a length � C 1 extension of
the form ¹y�=y��º where � D �1.M/ for some closed 3-manifold M .

For towers of 3-manifold groups, the following two problems are formulated natu-
rally:

(1) Classify length � C 1 extensions of a given fixed tower of length �, modulo equiva-
lence of extensions in the sense of (iv).

(2) Classify length � C 1 towers whose length � subtowers are �-equivalent to a given
fixed tower of length �, modulo .� C 1/-equivalence in the sense of (ii).

The following results are immediate consequences of Corollary D and Theorem E.

Corollary F. For every ordinal �, the following hold:

(1) The set of classes²
length � C 1 extensions of (2.2)

by 3-manifold groups

³�
equivalence of length

.� C 1/-extensions of (2.2)

is in one-to-one correspondence with R�.�/=�, via the invariant �� .
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(2) The set of classes²
length � C 1 towers of 3-manifold groups

with length � subtower �-equivalent to (2.2)

³ı
.� C 1/-equivalence

is in one-to-one correspondence with R�.�/=�, via the 3-manifold Milnor invari-
ant x�� .

Remark 2.6. The two classifications in Corollary F (1, 2) are indeed not identical. More
precisely, the natural surjection from the set of classes in Corollary F (1) onto that in (2), or
equivalently the surjection R�.�/=�!R�.�/=�, is not injective in general. In fact, for
the first transfinite ordinal !, Theorem I below presents an explicit 3-manifold example
for which R!.�/=� is an infinite set but R!.�/=� is a singleton.

2.7. Transfinite gropes and the invariants

In this paper, we also introduce a previously unexplored notion of transfinite gropes (see
Section 6.2), and relate them to the transfinite Milnor invariants. Once again, this extends
well known results concerning classical Milnor invariant of links and the existence of
finite (asymmetric) gropes. For instance, Freedman and Teichner [13] and Conant, Schnei-
derman and Teichner as summarized in [8], as well as work of the first author [5].

In [13], for finite k, a grope corresponding to the kth term of the lower central series
is called a grope of class k. Briefly, we extend this to the case of an arbitrary trans-
finite ordinal �, to define a notion of a grope of (transfinite) class �. We say that a
4-dimensional cobordism W between two 3-manifolds M and N is a grope cobordism
of class � if H1.M/! H1.W / and H1.N /! H1.W / are isomorphisms and the cok-
ernels of H2.M/! H2.W / and H2.N /! H2.W / are generated by homology classes
represented by gropes of class �. See Definitions 6.5, 6.6 and 6.9 for precise descriptions.

Transfinite gropes give another characterization of the equivalent properties in Theo-
rems C and E, as stated below.

Addendum to Theorems C and E. Suppose M is a closed 3-manifold such that the
group 2�1.M/=2�1.M/� is isomorphic to y�=y�� . Then the following is equivalent to prop-
erties (1) and (2) in Theorem C, and to properties (1)–(3) of Theorem E:

(0) There is a grope cobordism of class � C 1 betweenM and another closed 3-manifold
N satisfying 2�1.N /=2�1.N /�C1 Š y�=y��C1.

Its proof is given in Section 6.2.
As a key ingredient of the proof, we develop and use a transfinite generalization of

a well-known theorem of Stallings and Dwyer [12, 26]. Since we believe that it will be
useful for other applications in the future as well, we present the statement here.

Theorem 6.1. Let � > 1 be an arbitrary ordinal. Suppose f W� ! G is a group homo-
morphism inducing an isomorphism H1.�/

Š
�! H1.G/. In addition, if � is a transfinite

ordinal, supposeG is finitely generated. Then f induces an isomorphism y�=y��
Š
�! yG= yG�
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if and only if f induces an epimorphism

H2.y�/! H2. yG/=Ker¹H2. yG/! H2. yG= yG�/º

for all ordinals � < �.

See also Corollaries 6.3, 6.4 and 6.8 in Section 6.

2.8. Realization of the invariants

Our next result is an algebraic characterization of the classes in R�.�/. Denote by tH�.�/
the torsion subgroup of H�.�/.

Theorem G. Let � � 2 be an arbitrary ordinal. A class � 2 H3.y�=y��/ lies in R�.�/ if
and only if the following two conditions hold:

(1) The cap product

\ � W tH 2.y�=y��/! tH1.y�=y��/ Š tH1.�/

is an isomorphism.

(2) The composition

H 1.y�=y��/
\ �
��! H2.y�=y��/

pr
��! H2.y�=y��/=Ker¹H2.y�=y��/! H2.y�=y��/º

is surjective for all ordinals � < �.

We remark that the definition of R�.�/ given in (2.1) still makes sense even when �
is not a 3-manifold group. (In this case R�.�/ may be empty.) Theorem G holds for any
finitely presented group � .

Conditions (1) and (2) in Theorem G may be viewed as Poincaré duality imposed
properties of the given class � with respect to the cap product. Also note that if � is a
successor ordinal, “for all ordinals � < �” in (2) can be replaced with “for � D � � 1.”

For a finite ordinal �, Theorem G is essentially due to Turaev [27]. Our new contribu-
tion in Theorem G is to extend his result transfinitely.

The proof of Theorem G is given in Section 7. Among other ingredients, the transfinite
generalization of the Stallings–Dwyer theorem [12,26] stated above as Theorem 6.1 plays
a key role in the proof of Theorem G.

2.9. Universal � -invariant

By generalizing the approach of Levine’s work on links [20], we define and study what
we call the universal � -invariant of a 3-manifold.

Once again, fix a closed 3-manifold Y and let � D �1.Y /. Now supposeM is a closed
3-manifold with � D �1.M/ which admits an isomorphism f W y�

Š
�! y� .
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Definition 2.7. Define y�.M/ 2 H3.y�/ to be the image of the fundamental class ŒM � 2

H3.M/ under the composition

H3.M/! H3.�/! H3.y�/
f�
��!
Š

H3.y�/:

Also, define the set of realizable classes in H3.y�/ by

yR.�/ D

²
y�.M/ 2 H3.y�/

ˇ̌̌̌
M is a closed 3-manifold equipped with

an isomorphism 2�1.M/
Š
�! y�

³
:

Note that the value of y�.M/ in the orbit space yR.�/=Aut.y�/ is determined by M , inde-
pendent of the choice of the isomorphism f .

We remark that if M is equipped with an isomorphism f W y�
Š
�! y� so that y�.M/ is

defined, then f induces an isomorphism y�=y��
Š
�! y�=y�� , and thus the invariant ��.M/ is

defined for all ordinals �. Moreover, ��.M/ is the image of y�.M/ under yR.�/!R�.�/

induced by the projection y� ! y�=y�� . Since this factors through R�C1.�/, it follows that
��.M/ vanishes in the cokernel of R�C1.�/! R�.�/, or equivalently ��.M/ � ��.Y /

in R�.�/, for every ordinal �. Consequently, x��.M/ vanishes for all � if y�.M/ is defined.
It seems to be hard to prove or disprove the converse.

Similarly to the ��-invariants (see Theorem A), y�.M/ 2 yR.�/=Aut.y�/ is a homology
cobordism invariant. We prove this in Theorem 8.1. Also, we prove a realization theorem
characterizing homology classes in yR.�/, which is analogous to Theorem G.

Theorem H. A homology class � 2 H3.y�/ lies in yR.�/ if and only if the following two
conditions hold:

(1) The cap product \ � W tH 2.y�/! tH1.y�/ Š tH1.�/ is an isomorphism.

(2) The cap product \ � WH 1.y�/! H2.y�/ is surjective.

We prove Theorem H in Section 8.
We remark that Levine proved a realization theorem for his link invariant which lives

in H3.bF / [20]: for all � 2 H3. yF /, there is a link L for which his invariant is defined and
equal to � . Theorem H says that for general 3-manifolds, not all homology classes in H3
are necessarily realizable. An example is given in Section 12.

It is an open problem whether Levine’s link invariant in [20] is nontrivial. In Theo-
rem J below, for the 3-manifold case, we show that y�.M/ is nontrivial.

2.10. A torus bundle example

This section gives a complete and careful analysis of one example which illustrates the full
collection of transfinite invariants considered in this paper. For the underlying 3-manifold,
a torus bundle over a circle, the fundamental group of the fiber is a module over the group
ring of covering translations, facilitating our computation of the group localization.

We thus compute and analyze the full array of invariants under consideration—� , �
and y� . Moreover, this example illustrates several fundamental features of the invariants,
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including (i) nontriviality of �! for the first transfinite ordinal !, (ii) nontriviality of y�
even when all finite length � and � vanish, and (iii) torsion values of finite length �
and �.

Let Y be the torus bundle over S1 with monodromy
�
�1 0
0 �1

�
, that is, viewing S1 as

the unit circle in the complex plane,

Y D S1 � S1 � Œ0; 1�=¹.z�1; w�1; 0/ � .z; w; 1/º:

Let � D �1.Y / be the fundamental group of the torus bundle. In our earlier work [7], we
computed the homology localization y� . Using this, it is not hard to compute its transfinite
lower central quotients and see that y� is transfinitely nilpotent. Indeed, y�!C1 is trivial.
Our computation starts from this.

The first transfinite invariant. For the first transfinite ordinal !, we compute the homol-
ogy H3.y�=y�!/ and its subset of realizable classes R!.�/. Moreover, we completely
determine the two equivalence relations � and � on R!.�/, which were defined in Sec-
tions 2.4 and 2.5. The computation in particular tells us the following.

Theorem I. For the torus bundle group � , the following hold:

(1) The set R!.�/=� of equivalence classes of realizable values of �! is infinite. Con-
sequently, by Corollary F (1), there are infinitely many distinct equivalence classes
of length ! C 1 extensions, by 3-manifolds, of the length ! tower ¹y�=y��º��! of the
torus bundle Y .in the sense of Section 2.6/.

(2) The set R!.�/=� is a singleton. Consequently, x�!.M/ 2R!.�/=� vanishes when-
ever it is defined. Also, for all closed 3-manifold groups � such that the length !
tower ¹y�=y��º��! is !-equivalent to that of � .in the sense of Section 2.6/, the
length ! C 1 tower ¹y�=y��º��!C1 is automatically .! C 1/-equivalent to that of � ,
by Corollary F (2).

Theorem I (1) illustrates that the transfinite � -invariant of length ! provides highly
nontrivial information, even when the transfinite Milnor invariant x� of the same length
vanishes. Examples with nonvanishing transfinite Milnor invariants will be given in Sec-
tion 2.11 below (see Theorem L).

The tower interpretations in Theorem I in particular tell us the following: there are
3-manifold groups � such that there is an isomorphism y�=y�!

Š
�! y�=y�! which does not

lift to an isomorphism between y�=y�!C1 and y�=y�!C1 but y�=y�!C1 and y�=y�!C1 are iso-
morphic.

Theorem I is an immediate consequence of Theorem 11.1 and Corollary 11.2, which
presents the outcome of our computation for y�=y�! . See Section 11 for full details.

The universal invariant. We also carry out computation of the invariant y� over the homol-
ogy localization of the torus bundle group. Among consequences of the computation, we
have the following.
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Theorem J. For the torus bundle group � , the set yR.�/=Aut.y�/ of realizable values of y�
modulo the automorphism action is infinite. This detects the existence of infinitely many
distinct homology cobordism classes of closed 3-manifoldsM with � D �1.M/ such that
y� Š y� and thus ��.M/ is defined and vanishes in Coker¹R�C1.�/! R�.�/º for all
ordinals �. In particular, for every ordinal �, the Milnor invariant x��.M/ vanishes for
these 3-manifolds M .

This illustrates that the invariant y� is highly nontrivial for 3-manifolds for which all
(transfinite) Milnor type invariants vanish.

This may be compared with the case of Levine’s link invariant �.L/2H3.bF /whereF
is a free group [20]. (For 0-surgery on a link, this invariant is equivalent to J. Y. Le Dimet’s
link concordance invariant defined in [19].) The fundamental question of Levine in [20],
which is still left open, asks whether �.L/ can be nontrivial. Due to Levine’s realization
result in [20], this is equivalent to whether H3.bF / is nontrivial. Our result shows that
for general 3-manifold groups, the answer is affirmative, even modulo the automorphism
action.

Theorem J is a consequence of Theorems 12.1 and 12.2. Indeed, in Section 12, we
provide a complete computation of R.y�/ and the action of Aut.y�/.

Finite length invariants. The torus bundle example also reveals interesting aspects of the
finite length case of the Milnor type invariant. Our computation of the invariant �k for
finite k proves the following result.

Theorem K. For every finite k, the set Rk.�/ of realizable classes is finite, and thus the
set Rk.�/=� of equivalence classes is finite. Moreover,

2 � #.Rk.�/=�/ � 7 � 2
4.k�2/

C 1:

Consequently, by Corollary F (1), the number of equivalence classes of length kC 1 exten-
sions, by 3-manifold groups, of the length k tower �=�k ! � � � ! �=�1 .in the sense of
Section 2.6/ is between 2 and 7 � 24.k�2/ C 1 inclusive.

Theorem K is a consequence of Theorem 10.1 and Corollary 10.3, which provide a
more detailed description of the structure of Rk.�/ and related objects.

Remark 2.8. Recall that, for m-component links with vanishing Milnor invariants of
length < k, the Milnor invariants of length k are integer-valued, and consequently they
are either all trivial, or have infinitely many values. (Indeed, the Milnor invariants of
length k span a free abelian group of known finite rank; see [25].) However, for the torus
bundle case in Theorem K, it turns out that the finite length �k invariants live in torsion
groups, in fact, finite 2-groups. This leads us to questions related to potential applications
to link concordance, and to the higher order Arf invariant conjecture asked by Conant,
Schneiderman and Teichner. In the final section of this paper, we discuss these questions,
together with other questions arising from our work.
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2.11. Modified torus bundle examples

We now consider a family ¹Mr j r is an odd integerº of modified torus bundles to show
that transfinite Milnor invariants of 3-manifolds are nontrivial in general.

The modified torus bundles are obtained by changing just one entry in the monodromy
matrix of the previous example Y : Mr has monodromy

�
�1 r
0 �1

�
, that is,

Mr D S
1
� S1 � Œ0; 1�=¹.z�1; zrw�1; 0/ � .z; w; 1/º:

We remark that discussions with Sergei Ivanov and Roman Mikhailov led us to consider
this modification. They studied the Bousfield–Kan completion of 3-manifold groups, with
�1.Mr / as main examples [18].

Fix an odd integer d , and choose Y DMd as the basepoint manifold, to which other
manifolds Mr are to be compared. Let � D �1.Md /. We prove the following.

Theorem L. For any odd integer r , x�k.Mr / 2 Rk.�/=� is defined and vanishes for
every finite k. Moreover, 2�1.Mr /=2�1.Mr /! Š y�=y�! and thus x�!.Mr / is defined. But
x�!.Mr / D x�!.Ms/ in R!.�/=� if and only if the rational number jr=sj is a square.

In particular, the set R!.�/=� of realizable values of the 3-manifold Milnor invariant
is infinite, and there are infinitely many homology cobordism classes of 3-manifolds with
the same finite length Milnor invariants but distinct Milnor invariants of length !.

Indeed, we show that R!.�/=� is equal to Z�
.2/
D ¹a=b 2Q j a;b 2 2ZC 1ºmodulo

the (multiplicative) subgroup˙.Z�
.2/
/2 D ¹˙˛2 j ˛ 2 Z�

.2/
º. So, R!.�/=� can be natu-

rally identified with the set of odd positive integers r with no repeated primes in the factor-
ization. Such an r corresponds to the value of the length ! Milnor invariant x�!.Mrd / of
the 3-manifold Mrd (see Theorem 13.1). So, the modified torus bundles explicitly realize
nontrivial values of the transfinite Milnor invariant x�! over the group � D �1.Md /.

The following is a consequence of Theorem L combined with Corollary F (2): there
are infinitely many 3-manifold groups � such that the lower central series quotient towers
¹y�=y��º��! of length ! are mutually !-equivalent (in the sense of Section 2.6), but the
length ! C 1 towers ¹y�=y��º��!C1 are not pairwise .! C 1/-equivalent.

3. Homology localization of groups

In this section we review basic facts on the homology localization of groups, and prove
some results which will be useful in later sections. All results in this section were known
to J. P. Levine. We include these results here for completeness, since group localization
and the results herein play an essential role in this paper.

3.1. Preliminaries

We begin with the definition of the homology localization which we use. Recall that a
group homomorphism � ! G is 2-connected if it induces an isomorphism on H1.�IZ/
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and an epimorphism on H2.�IZ/. Let � be the collection of 2-connected homomor-
phisms between finitely presented groups. A group � is local with respect to�, or simply
localm if, for every ˛WA ! B in � and every homomorphism f WA ! � , there is a
unique homomorphism gWB ! � satisfying g ı ˛ D f :

A B

�

˛

f
g

A localization with respect to � is defined to be a pair .E; �/ of a functor E from the
category of groups to the full subcategory of local groups and a natural transformation
� D ¹�G WG ! E.G/º satisfying the following: for each homomorphism f WG ! � with
� local, there is a unique homomorphism gWE.G/! � such that g ı �G D f :

G E.G/

�

�G

f
g

In this paper, we denote E.G/ by yG.
It is a straightforward exercise that a localization is unique if it exists. The existence

of a localization with respect to � is due to Vogel and Levine. Indeed, in his unpublished
manuscript [28], Vogel developed a general theory of localization of spaces with respect to
homology, and its group analogue is the localization we discuss. In [21], Levine developed
an alternative approach using certain systems of equations over a group to define a notion
of “algebraic closure.” He showed that it exists and is equal to the localization with respect
to the subset of our� consisting of ˛WA! B in� such that ˛.A/ normally generates B .
Although the modified closure with respect to our � (that is, omitting the normal closure
condition) was known to Levine, this theory first appeared with proof in [4]. For a useful
overview on homology localization for geometric topologists, the readers are referred
to [6, Section 2].

The following properties of the homology localization y� are essential for our purpose.

Theorem 3.1 ([4, 20]).
(1) If � ! G is a 2-connected homomorphism between finitely presented groups, then it

induces an isomorphism y� Š
�! yG.

(2) For a finitely presented group G, there is a sequence

G D P.1/! P.2/! � � � ! P.k/! � � �

of 2-connected homomorphisms of finitely presented groups P.k/ such that the local-
ization G ! yG is equal to the colimit homomorphism G ! colimk P.k/. Conse-
quently, G ! yG is 2-connected.

Theorem 3.1 (1) is obtained by a routine standard argument using the universal prop-
erties given in the definitions. We omit the details; for instance, see [4, Proposition 6.4],
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[20, Proposition 5]. The proof of Theorem 3.1 (2) is not straightforward and uses the
actual construction of localization. See [4, Proposition 6.6], [20, Proposition 6].

Corollary 3.2.
(1) For a finitely presented groupG, the homomorphismG! yG induces an isomorphism

G=Gk ! yG= yGk for each k <1.

(2) A homology equivalence X ! Y between finite CW-complexes X and Y with � D
�1.X/ and G D �1.Y / gives rise to isomorphisms y� Š

�! yG and b�=b�� Š�! yG= yG� for
each ordinal �.

Proof. (1) From Theorem 3.1 (2), it follows that G ! yG is 2-connected. By Stallings’
theorem [26], G ! yG induces an isomorphism G=Gk ! yG= yGk .

(2) The induced homomorphism � ! G is 2-connected, since K.�; 1/ and K.G; 1/
are obtained by attaching cells of dimension � 3 to X and Y . Since X and Y are finite, it
follows that y� Š yG by Theorem 3.1 (1). Therefore y�=y�� Š yG= yG� for every �.

3.2. Acyclic equations and induced epimorphisms on localizations

J. P. Levine [22] first proved the following result, in much greater generality than stated
here. His proof involved group localization determined by closure with respect to con-
tractible equations, not acyclic equations. For this reason, we include a brief proof here.
However, this lemma was certainly known to Levine.

Lemma 3.3. If a group homomorphism �!G induces an epimorphismH1.�/!H1.G/
and if G is finitely generated, then it induces an epimorphism y� ! yG.

This proof of Lemma 3.3 depends on an equation-based approach to localization. In
what follows, we give a quick review of definitions and results we need. Fix a group G.
Following the idea of Levine [20] (see also Farjoun–Orr–Shelah [11]) consider a system
S D ¹xi D wiº of equations of the form

xi D wi .x1; : : : ; xn/; i D 1; : : : ; n;

where each xi is a formal variable and wi D wi .x1; : : : ; xn/ is an element of the free
product G � F of G and the free group F D F hx1; : : : xni on x1; : : : ; xn. A solution
¹giº

n
iD1 to the system S is defined to be an ordered tuple of n elements gi 2 G such

that gi D wi .g1; : : : ; gn/ for i D 1; : : : ; n. A group homomorphism �WG ! � induces
� � idWG �F ! � �F , which sends a system S of equations overG to a system �.S/ WD

¹xi D .� � id/.wi /º over � . If ¹giº is a solution to S , then ¹�.gi /º is a solution to �.S/.
Following [4, Definition 4.1], we say an equation xi D wi .x1; : : : ; xn/ is null-homol-

ogous, or acyclic, if wi lies in the kernel of the projection

G � F ! F ! H1.F / D F=ŒF; F �:

A group G is Z-closed if every system of acyclic equations over G has a unique solution
in G. We remark that these definitions are variations of Levine’s notion of contractible
equations and algebraic closure in [20].
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Theorem 3.4 ([4, 20]).
(1) A group G is local if and only if G is Z-closed. In particular, every system of acyclic

equations over yG has a unique solution in yG.

(2) Every element in yG is a solution of a system of acyclic equations over G. More pre-
cisely, for each g 2 yG, there is a system S D ¹xi D wiº

n
iD1 of acyclic equations over

G such that the system �G.S/ over yG has a solution ¹giºniD1 with g1 D g.

For the proof of Theorem 3.4 (1), see [4, Theorems 5.2 and 6.1, Corollary 6.3]. For
the proof of Theorem 3.4 (2), see [4, Theorem 6.1, Proposition 6.6]. We remark that these
proofs follow Levine’s approach in [20, Propositions 3 and 6].

Proof of Lemma 3.3. Suppose f W� !G induces an epimorphism f�WH1.�/!H1.G/.
Fix a finite set ¹a1; : : : ; akº which generates G. We begin by writing equations over G
which have ¹aj º as a solution. Let F D F hy1; : : : ; yki. For each aj , since f� is surjective,
aj D f .bj / � cj for some bj 2 � and cj 2 ŒG;G�. Write cj as a product of commutators
in the generators a˙1i , to choose a word uj D uj .y1; : : : ; yk/ in ŒF; F � such that cj D
uj .a1; : : : ; ak/. Let S0 be the system ¹yj D bj � uj ºkjD1 of acyclic equations over � . Then
¹aj º is a solution to the system f .S0/D ¹yj D f .bj / � uj º overG. Applying �G WG! yG,
it follows that ¹�G.aj /º is a solution to the system �Gf .S0/ over yG.

Now, to show that yf W y� ! yG is surjective, fix g 2 yG. By Theorem 3.4 (2), there is a
system S D ¹xi D wiº

n
iD1 of acyclic equations over G, with wi 2 G � F hx1; : : : ; xni,

such that the system �G.S/ over yG has a solution ¹giº with gi 2 yG, g1 D g. Substi-
tute each occurrence of the generator aj in the word wi with bj � uj , to obtain a new
word vi D vi .xn; : : : ; xn; y1; : : : ; yk/. Now consider the system S 0 D ¹xi D viº

n
iD1 [

¹yj D bjuj º
k
jD1 of n C k equations over the group � . Apply the homomorphism

�� W � ! y� to obtain the system ��.S
0/ over y� . By Theorem 3.4 (2), ��.S 0/ has a solu-

tion in y� , say ¹riºniD1 [ ¹sj º
k
jD1, that is, ri D ��vi .r1; : : : ; rn; s1; : : : ; sk/ and sj D

��bj � uj .s1; : : : ; sk/. Now, apply yf W y� ! yG to the system ��.S
0/. By the functoriality

of localization, we have yf ��.S 0/ D �Gf .S 0/, and it has ¹ yf .ri /º [ ¹ yf .sj /º as a solution
in yG. The last k equations of �Gf .S 0/ form the system �Gf .S0/. By the uniqueness of a
solution for �Gf .S0/, we have yf .sj /D �G.aj /. By the uniqueness of a solution for f .S 0/,
it follows that yf .ri / D gi . In particular, yf .r1/ D g1 D g. This proves that yf W y� ! yG is
surjective.

3.3. Transfinite lower central quotients of local groups are local

It is well known that a nilpotent group is local, or equivalently the lower central quotient
G=Gk of an arbitrary group G is local for all finite k (see, for instance, [20, p. 573]). But
it is no longer true for the ordinary transfinite lower central quotientsG=G� . For instance,
for a free group F of rank> 1, F=F! Š F and this is not local. However, for local groups
the following is true.

Lemma 3.5. If G is a local group, then G=G� is local for every ordinal � � 1. In partic-
ular, yG= yG� is local for every group G.
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Proof. To prove this, we will use the equation-based approach. Suppose that S D
¹xi D wi .x1; : : : ; xn/º

n
iD1 is a system of acyclic equations overG=G� . It suffices to show

that S has a unique solution in G=G� . For the existence, lift S to a system over G, by
replacing each element of G=G� which appears in the words wi with a pre-image in G.
Since G is local, there is a solution for the lift, and the image of the solution under the
projection G ! G=G� is a solution for S .

To prove the uniqueness, we proceed by transfinite induction. First, for �D 1,G=G� D
¹eº and thus everything is unique. Suppose � � 2 and suppose the solution of a system of
acyclic equations over G=G� is unique for all � < �. Suppose ¹xi D giº and ¹xi D g0iº
are two solutions in G=G� for a given system S of acyclic equations.

Suppose that � is a successor ordinal. Let pWG=G� ! G=G��1 be the projection.
Since ¹xi D p.gi /º and ¹xi D p.g0i /º are solutions of p.S/ overG=G��1, p.gi /D p.g0i /
by the uniqueness overG=G��1. So g0i D gici for some ci 2G��1=G� . SinceG��1=G� is
central inG=G� and the image ofwi under .G=G�/ �F !F lies in ŒF;F �, it follows that

g0i D wi .g
0
1; : : : ; g

0
n/ D wi .g1c1; : : : ; gncn/ D wi .g1; : : : ; gn/ D gi :

Now, suppose � is a limit ordinal. For �< �, let p�WG=G�!G=G� be the projection.
Since ¹xi D p�.gi /º and ¹xi D p�.g0i /º are solutions of p�.S/, it follows that p�.gi / D
p�.g

0
i / by the uniqueness of a solution over G=G�. That is, g�1i g0i 2 Kerp D G�=G� for

each � < �. Since G� D
T
�<� G�, it follows that gi D g0i in G=G� .

We remark that when � is a successor ordinal in the above proof, the existence of a
solution can also be shown under an induction hypothesis that G=G��1 is local, without
assuming thatG is local. Indeed, if ¹xi D hiº is a solution for p.S/ overG=G��1, then for
any choice of h0i 2 p

�1.hi / � G=G� , it turns out that the elements gi D wi .h01; : : : ; h
0
n/

form a solution ¹xi D giº for the given S , by a similar argument to the uniqueness proof
(see [20, Proposition 1 (c)]). On the other hand, when � is a limit ordinal, the assump-
tion that G is local is essential for the existence (and necessary—recall the example of
F Š F=F!).

3.4. Closure in the completion

For a group G, let zG D lim
 �

k<1G=Gk be the nilpotent completion. It is well known
that zG is a local group, essentially by Stallings’ theorem. Therefore, there is a unique
homomorphism yG ! zG making the following diagram commutative:

G yG

zG

Following Levine’s approach in [21], define xG D Im¹ yG ! xGº. We call xG the closure in
the completion.

It is straightforward to verify that Ker¹ yG ! xGº D yG! , that is, xG Š yG= yG! , using
Stallings’ theorem.
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For later use, we will discuss a special case of a metabelian extension. Let G be an
abelian group and A be a ZG-module. Denote the semidirect product by A Ì G. Let
�WZG ! Z be the augmentation map, and I WD Ker � be the augmentation ideal. Then
the lower central subgroup .A Ì G/kC1 is equal to I kA, so that .A Ì G/=.A Ì G/k D
.A=I kA/ÌG. It follows that AA ÌG D zAÌG, where zA WD lim

 �
k<1A=I

kA is the I -adic
completion. Also, A ÌG is residually nilpotent if and only if

T
k<1 I

kA D 0.
Let S WD ¹r 2 ZG j �.r/ D 1º, and let S�1A D ¹a=s j a 2 A; s 2 Sº be the classical

localization with respect to S . By mutiplying a and s by �1, one sees that S�1A is equal
to the localization with respect to a larger subset ¹r 2 ZG j �.r/ D ˙1º.

Theorem 3.6. Suppose
T
k<1 I

kA D 0. Then A ÌG D S�1A ÌG.

Theorem 3.6 is due to Levine [22, Proposition 3.2]. Indeed, he gave a proof (of a more
general statement) for the localization defined in [20,21], but just by modifying it slightly,
his argument applies to the localization we use (which is defined in [4]) as well.

For concreteness and for the reader’s convenience, we provide a quick proof.

Proof of Theorem 3.6. By [7, Theorem A.2], S�1A Ì G is a local group, since S�1A is
the Cohn localization of the ZG-module A andG is abelian and thus local. It follows that
there is a unique homomorphism 1A ÌG ! S�1A Ì G making the following diagram
commutative:

A ÌG 1A ÌG

S�1A ÌG

We claim that 1A ÌG! S�1AÌG is surjective. To show this, it suffices to verify that
every a=s 2 S�1A lies in the image of 1A ÌG. Observe that x D a=s is a solution of the
equation x Dw.x/, wherew.x/D aC .1� s/x. Write 1� s D

P
i nigi , ni 2Z, gi 2G.

Then, in multiplicative notation, w.x/ D a
Q
i gix

nig�1i , a word in .A Ì G/ � F hxi.
Since �.s/D 1, we have

P
i ni D 0. That is, the equation x Dw.x/ overAÌG is acyclic.

Therefore, there is a solution z 2 1A ÌG for x Dw.x/, and z must be sent to a=s 2 S�1A,
since a=s is a solution for x D w.x/ in the local group S�1A ÌG. This proves the claim.

We claim that A ! zA D lim
 �

k<1A=I
kA factors through S�1A. To show this, it

suffices to prove that every s 2 S is invertible in eZG D lim
 �

k<1ZG=I k . Indeed, this is a
known fact verified by an elementary argument as follows. Since �.s/D 1, 1� s 2 I . So,
writing .1 � s/k D 1 � rk � s with rk 2 ZG, we have rk � s � 1 mod I k . Also, rkC1 �
rk mod I k , so .rk/ 2 lim

 �
k<1ZG=I k is a multiplicative inverse of the given s.

By the second claim, there is a natural homomorphism S�1AÌG! zA ÌGD AA ÌG.
Since

T
I kAD 0, the mapA! zA is injective, and thus S�1A! zA is injective. It follows

that S�1A ÌG ! AA ÌG is injective.
Now, consider

1A ÌG ! S�1A ÌG ! AA ÌG:
The first arrow is surjective by the first claim, and the second arrow is injective, so
S�1A ÌG is the image of 1A ÌG in AA ÌG. That is, S�1A ÌG D A ÌG.
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4. Invariance under homology cobordism

In this section we give a proof of Theorem A, which says that �� is invariant under homol-
ogy cobordism. Indeed, it is a straightforward consequence of the definition and the key
property of the homology localization. We provide details for concreteness.

Definition 4.1. Two closed 3-manifolds M and N are homology cobordant if there is
a 4-manifold W such that @W D M t �N and the inclusions induce isomorphisms
H�.M/ Š H�.W / Š H�.N /. Such a 4-manifold W is called a homology cobordism.

Fix a group � and an ordinal �. Recall that for a closed 3-manifold M with � D
�1.M/ which is equipped with an isomorphism f W y�=y��

Š
�! y�=y�� , the invariant ��.M/

is defined to be the image of the fundamental class of M under

H3.M/! H3.�/! H3.y�/! H3.y�=y��/
f�
��! H3.y�=y��/:

Proof of Theorem A. Suppose M and N are homology cobordant closed 3-manifolds
with � D �1.M/, G D �1.N /. Theorem A (1) asserts that there is an isomorphism
�W yG= yG�

Š
�! y�=y�� . Let W be a homology cobordism between M and N . Then, by

Corollary 3.2 (2), the inclusions of M and N into W induce isomorphisms y�=y�� Š
2�1.W /=2�1.W /� Š yG= yG� . Let �W yG= yG�

Š
�! y�=y�� be the composition. This is the

promised isomorphism.
Suppose f W y�=y��

Š
�! y�=y�� is an isomorphism. Let ��.M/ and ��.N / be the invari-

ants defined using the isomorphisms f and f ı �. Theorem A (2) asserts that ��.M/ D

��.N / in H3.y�=y��/. To show this, consider the commutative diagram

H3.M/ H3.y�=y��/

H3.W / H3.2�1.W /=2�1.W /�/ H3.y�=y��/

H3.N / H3. yG= yG�/

i� Š
Š

f�

Š

j� Š
Š

.f ı�/�

Since the fundamental classes satisfy i�ŒM � � j�ŒN � D @ŒW � D 0 in H3.W /, we have
��.M/ � ��.N / D 0 in H3.y�=y��/.

From this, it also follows that ��.M/ D ��.N / in H3.y�=y��/=Aut.y�=y��/ even when
��.M/ and ��.N / are defined using arbitrarily given isomorphisms y�=y��

Š
�! y�=y�� and

yG= yG�
Š
�! y�=y�� (not necessarily the above f and f ı �), since the orbit of ��.�/ under

the action of Aut.y�=y��/ is independent of the choice of the isomorphism. This shows
Theorem A (3).

5. Bordism and transfinite lower central quotients

The goal of this section is to prove Theorem B and Corollary D.
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5.1. Proof of Theorem B

Recall that Theorem B says that if M is a closed 3-manifold with � D �1.M/ endowed
with an isomorphism f W y�=y��

Š
�! y�=y�� , the following are equivalent:

(1) There exists a lift y�=y��C1
Š
�! y�=y��C1 of f which is an isomorphism.

(2) The invariant ��.M/ vanishes in Coker¹R�C1.�/! R�.�/º.

In our proof, it is essential to use the fact that H3.�/ is isomorphic to the oriented
bordism group �SO3 .�/, to obtain a 4-dimensional bordism from condition (2). More
specifically, for another closed 3-manifoldN withGD�1.N / equipped with gW yG= yG�

Š
�!

y�=y�� , we have ��.N / D ��.M/ in H3.y�=y��/ if and only if there is a 4-dimensional
bordism W between .M; f / and .N; g/ over the group y�=y�� . The core of the proof of
Theorem B consists in careful analysis of the relationship of such a bordism W and the
fundamental groups involved.

We begin with a general lemma, for which 4-dimensional duality plays a crucial role.

Lemma 5.1. Suppose W is a 4-dimensional cobordism between two closed 3-manifolds
M and N , that is, @W D N t �M . Suppose A is an arbitrary abelian group. Let
@WH2.W; @W I A/ ! H1.@W I A/ be the boundary homomorphism of the long exact
sequence of .W; @W /. If the composition

Im ,! H1.@W IA/ D H1.M IA/˚H1.N IA/� H1.M IA/

of the inclusion and the projection p is injective, then

Ker¹H 2.W IA/! H 2.M IA/º � Ker¹H 2.W IA/! H 2.N IA/º:

Proof. Consider the following diagram:

H 2.W IA/ H 2.@W IA/ H 2.M IA/˚H 2.N IA/ H 2.M IA/

H2.W; @W IA/ H1.@W IA/ H1.M IA/˚H1.N IA/ H1.M IA/

k� i�

@

PDW Š PD@W Š

p

PDM˚PDN Š PDM Š

Here i� and k� are inclusion-induced, and PD� denotes the Poincaré duality isomorphism,
that is, PD�1� .c/D c \ Œ�� where Œ�� is the fundamental class. The left and middle squares
commute since @ŒW �D Œ@W �D ŒM �˚ ŒN �. The right square commutes since i� is equal
to the projection onto the first factor.

We have

Ker¹H 2.W IA/
i�k�

���! H 2.M IA/º D PDW .Kerp ı @/ by the diagram,

D PDW .Ker @/ since pjIm @ is injective.
(5.1)

Apply the same argument to N in place of M to obtain

Ker¹H 2.W IA/! H 2.N IA/º D PDW .Ker q ı @/ � PDW .Ker @/ (5.2)
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where
qWH1.@W IA/ D H1.M IA/˚H2.N IA/! H1.N IA/

is the projection onto the second factor. From (5.1) and (5.2), the conclusion follows
immediately.

Theorem B will be proven as a consequence of the following result.

Theorem 5.2. Suppose � � 2 andM andN are closed 3-manifolds with � D �1.M/ and
G D �1.N / which are endowed with isomorphisms f W y�=y��

Š
�! y�=y�� and gW yG= yG�

Š
�!

y�=y�� . Define ��.M/ and ��.N / using f and g. If ��.M/ D ��.N / in H3.y�=y��/, then
the isomorphism

f �1gW yG= yG�
Š
��! y�=y��

lifts to an isomorphism
yG= yG�C1

Š
��! y�=y��C1:

Proof. Since H3.y�=y��/ is equal to the oriented bordism group �SO3 .y�=y��/, there exists
a 4-dimensional bordismW , over y�=y�� , betweenM and N . We begin with some claims.

Claim 1. For any abelian group A, the inclusions i WM ,! W and j WN ,! W induce
injections i�WH1.M IA/! H1.W IA/ and j�WH1.N IA/! H1.W IA/.

To show this, consider the commutative diagram

H1.M IA/ D H1.� IA/ H1.y� IA/ H1.y�=y�� IA/ H1.y�=y�� IA/

H1.W IA/ D H1.�1.W /IA/

Š

i�

Š

f�

Š

When A D Z, the leftmost horizontal arrow is an isomorphism by Theorem 3.1, and the
middle horizontal arrow is an isomorphism too since � � 2. The rightmost horizontal
arrow, f�, is an isomorphism since so is f . Therefore, the composition H1.M IA/ !
H1.y�=y�� IA/ is an isomorphism for A D Z, and consequently it is an isomorphism for
an arbitrary A by the universal coefficient theorem. From this and the above diagram, it
follows that i� is injective. The injectivity of j� is shown in the same way, using N in
place of M . This proves Claim 1.

Claim 2. For any abelian group A,

Ker¹H 2.W IA/
i�

��! H 2.M IA/º D Ker¹H 2.W IA/
j�

��! H 2.N IA/º:

To show this, use notations of Lemma 5.1. Let @WH2.W; @W IA/!H1.W IA/ be the
boundary map, and let p and q be the projections ofH1.W IA/DH1.M IA/˚H1.N IA/
onto the first and second factor respectively. By Lemma 5.1, it suffices to show that the
restrictions pjIm @ and qjIm @ are injective. In our case,

Im @ D Ker¹H1.@W IA/! H1.W IA/º

D ¹.x; y/ 2 H1.M IA/˚H1.N IA/ j i�.x/C j�.y/ D 0º
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where i�WH1.M IA/!H1.W IA/ and j�WH1.N IA/!H1.W IA/. So, for .x;y/ 2 Im@,
if 0 D p.x; y/ D x, then j�.y/ D �i�.x/ D 0, and thus y D 0 since j� is injective
by Claim 1. This shows that pjIm @ is injective. The same argument shows that qjIm @ is
injective. This completes the proof of Claim 2.

Let A D y��=y��C1, and realize the short exact sequence

0! A ! y�=y��C1 ! y�=y�� ! 1

as a fibration B.y�=y��C1/! B.y�=y��/ with fiber B.A/. We will use the following basic
facts from obstruction theory. A map f WX ! B.y�=y��/ of a CW-complex X gives an
obstruction class oX 2 H 2.X I A/ which vanishes if and only if there is a lift X !
B.y�=y��C1/. In our case, the coefficient system ¹Aº is untwisted on B.y�=y��/ since the
abelian subgroup A D y��=y��C1 is central in y�=y��C1. So, oX determines a homotopy
class of a map �X WX ! K.A; 2/, which is null-homotopic if and only if f lifts. Con-
versely, �X determines oX . Namely, oX is the image of idA under

Hom.A;A/ D Hom.H2.K.A; 2//; A/ D H 2.K.A; 2/IA/
.�X /

�

����! H 2.X;A/:

By the naturality of the obstruction class oX , �X is the composition

X
f
��! B.y�=y��/

�
��! K.A; 2/

where � D �B.y�=y��/ is the map associated to the identity of B.y�=y��/.
Consider the following specific lifting problem, which is for X D N :

B.y�=y��C1/

N B. yG= yG�/ B.y�=y��/ K.A; 2/

W B.y�=y��/

j

'

f �1g

g '

�

f �1
'

Here the bottom row is obtained from W being a bordism over y�=y�� .

Claim 3. There exists a lift N ! B.y�=y��C1/.

To prove this, note that the obstruction oN is the image of idA under the composition

Hom.A;A/ H 2.K.A; 2/IA/ H 2.B.y�=y��/IA/ H 2.N IA/

H 2.B.y�=y��/IA/ H 2.W IA/

.f �1/� j�
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Thus, oN vanishes if and only if the image of idA in H 2.W IA/ lies in the kernel of

the map H 2.W IA/
j�

�! H 2.N IA/. To show that this is the case, consider the following
lifting problem for M in place of N :

B.y�=y��C1/

M B.y�=y��/ K.A; 2/

W B.y�=y��/

i

�

f �1'

Since M ! B.�/! B.y�/! B.y�=y��C1/ is obviously a lift, the obstruction oM van-
ishes. On the other hand, by the above argument applied to this case, oM vanishes if and

only if the image of idA in H 2.W IA/ lies in the kernel of H 2.W IA/
i�

�! H 2.M IA/.
By Claim 2, it follows that the image of idA is contained in the kernel of H 2.W IA/!

H 2.N IA/ as well, that is, the obstruction oN vanishes too. This proves Claim 3.

Claim 4. There is a lift ˛W yG= yG�C1 ! y�=y��C1 of f �1g:

yG= yG�C1 y�=y��C1

yG= yG� y�=y��

˛

f �1g

Š

To show this, first take the homomorphism G ! y�=y��C1 induced by the lift N !
B.y�=y��C1/ in Claim 3. It is a lift of f �1gW yG= yG�

Š
�! y�=y�� . Since y�=y��C1 is local by

Lemma 3.5, G ! y�=y��C1 induces a homomorphism yG ! y�=y��C1. It induces a desired
homomorphism ˛W yG= yG�C1 ! y�=y��C1, since yG�C1 � yG is sent into .y�=y��C1/�C1 D
y��C1=y��C1 D ¹eº.

Our goal is to show that the lift ˛ in Claim 4 is an isomorphism. For this purpose,
exchange the roles of M and N and apply the same argument to obtain a lift of g�1f W
y�=y�� ! yG= yG� , and call it ˇW y�=y��C1 ! yG= yG�C1.

Claim 5. The composition ˛ˇW y�=y��C1 ! y�=y��C1 is an isomorphism.

To prove this, consider the following diagram:

1 y��=y��C1 y�=y��C1 y�=y�� 1

1 y��=y��C1 y�=y��C1 y�=y�� 1

˛ˇ jy��=y��C1 ˛ˇ id
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Here, the right square commutes since ˛ and ˇ are lifts of f �1g and g�1f and thus ˛ˇ
is a lift of the identity. By the five lemma, if the left vertical arrow y��=y��C1 ! y��=y��C1
is an isomorphism, then ˛ˇ is an isomorphism too. We will indeed show that ˛ˇ restricts
to the identity on the (larger) subgroup y�2=y��C1. Suppose g 2 y�2=y��C1. Write g as a
product g D

Q
i Œai ; bi � of commutators, where ai , bi 2 y�=y��C1. Since ˛ˇ is a lift of the

identity of y�=y�� , we have ˛ˇ.ai /D aiui and ˛ˇ.bi /D bivi for some ui , vi 2 y��=y��C1.
Since y��=y��C1 is central in y�=y��C1, Œaiui ; bivi � D Œai ; bi �. It follows that

˛ˇ.g/ D
Y
i

Œ˛ˇ.ai /; ˛ˇ.bi /� D
Y
i

Œaiui ; bivi � D
Y
i

Œai ; bi � D g:

This completes the proof of Claim 5.

Now, by Claim 5, ˛ is injective and ˇ is surjective. Exchange the roles of ˛ and ˇ and
apply the same argument to conclude that ˛ is surjective and ˇ is injective. Therefore ˛
and ˇ are isomorphisms. This completes the proof of Theorem 5.2.

Proof of Theorem B. Suppose M is a closed 3-manifold with � D �1.M/, which is
endowed with an isomorphism f W y�=y��

Š
�! y�=y�� . Suppose f lifts to an isomorphism

Qf W y�=y��C1
Š
�! y�=y��C1. Then ��C1.M; Qf / is sent to ��.M; f / under R�C1.�/ !

R�.�/. Therefore ��.M/D ��C1.M; Qf / vanishes in the cokernel of R�C1.�/!R�.�/.
For the converse, suppose ��.M/D ��.M;f / vanishes in the cokernel of R�C1.�/!

R�.�/. This means that there is a closed 3-manifold N with G D �1.N / which is
endowed with an isomorphism QgW yG= yG�C1

Š
�! y�=y��C1 such that ��C1.N; Qg/ is sent to

��.M; f / under R�C1.�/ ! R�.�/. Let gW yG= yG�
Š
�! y�=y�� be induced by Qg. Then

��.N; g/ D ��.M; f /, and thus it follows that g�1f lifts to an isomorphism y�=y��C1
Š
�!

yG= yG�C1, by Theorem 5.2. Compose this lift with QgW yG= yG�C1
Š
�! y�=y��C1 to obtain an

isomorphism y�=y��C1
Š
�! y�=y��C1 which is a lift of f .

5.2. Proof of Corollary D

Recall from Definition 2.3 that the equivalence relation� on R�.�/ is defined as follows.
For � 2R�.�/, there is a closed 3-manifoldM with � D �1.M/ which is equipped with
an isomorphism f W y�=y��

Š
�! y�=y�� such that ��.M/ D � . Let I� be the image of

R�C1.�/! R�.�/
�
��!
f�

R�.�/: (5.3)

Lemma 5.3. The set I� is well defined, and I� D I� whenever � 2 I� .

From Lemma 5.3, it follows that the sets I� form a partition of R�.�/. On R�.�/,
we write � � � if I� D I� .

Proof of Lemma 5.3. Let � 2 R�.�/ and .M; f / be as above, and suppose N is a
closed 3-manifold with G D �1.N / equipped with an isomorphism gW yG= yG�

Š
�! y�=y��

such that ��.N; g/ lies in the image of the map (5.3). Then there is an isomorphism
lift Af �1gW yG= yG�C1 Š�! y�=y��C1 of f �1gW yG= yG�

Š
�! y�=y�� , by Theorem B applied
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to .N; f �1g/. The induced functions on R�.�/ form the following commutative dia-
gram, where all horizontal arrows are bijective:

R�C1.G/ R�C1.�/

R�.G/ R�.�/ R�.�/

�g
.f �1g/�

�

g�

�

f�

Indeed, if P is a closed 3-manifold equipped with zhW 1�1.P /=1�1.P /�C1 Š�! yG= yG�C1
which induces hW 1�1.P /=1�1.P /� Š�! yG= yG� , then the images of ��C1.P; zh/ 2 R�C1.G/

under the arrows in the above diagram are given by several � -invariants of the same P , as
shown below:

��C1.P; zh/ ��C1.P;
B.f �1g/ ı zh/

��.P; h/ ��.P; gh/ ��.P; f
�1gh/

g
.f �1g/�

g� f�

As an immediate consequence of the commutativity, we have

Im¹R�C1.G/! R�.G/! R�.�/º D Im¹R�C1.�/! R�.�/! R�.�/º: (5.4)

Now, writing � D ��.N;g/, the left and right hand sides of (5.4) are I� and I� , respec-
tively. This shows the assertion I� D I� . Also, when ��.N; g/D � , (5.4) shows that I� is
well defined, independent of the choice of .M; f /.

Once we formulate the above setup, it is rather straightforward to obtain Corollary D,
which asserts the following: Suppose M and N are closed 3-manifolds with fundamental
groups � D �1.M/ andG D �1.N /, which are equipped with isomorphisms f W y�=y��

Š
�!

y�=y�� and gW yG= yG�
Š
�! y�=y�� . Then f �1g lifts to an isomorphism G= yG�C1

Š
�! y�=y��C1

if and only if ��.M/ � ��.N / in R�.�/.

Proof of Corollary D. Let f�WR�.�/! R�.�/ be the induced bijection. By definition,
��.N / lies in the subset I��.M/ of R�.�/ if and only if f �1� ��.N / 2 R�.�/ lies in
the image of R�C1.�/ ! R�.�/; in other words, f �1� ��.N / D 0 in the cokernel of
R�C1.�/!R�.�/. It is the case if and only if f �1g lifts to an isomorphism yG= yG�C1

Š
�!

y�=y��C1, by applying Theorem B to .N; f �1g/.

6. Transfinite Stallings–Dwyer theorem and transfinite gropes

The goal of this section is to provide transfinite generalizations of a well known result
of Stallings [26] and Dwyer [12], and relate it to a notion of transfinite gropes which we
define in this section too. In Section 6.2, we prove the Addendum to Theorems C and E,
as stated in Section 2.7. The transfinite generalizations of the Stallings–Dwyer theorem
will also be used in the proof of realization theorems in Section 7.
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6.1. Algebraic statements

Theorem 6.1 (Transfinite Stallings–Dwyer). Let � > 1 be an arbitrary ordinal. Suppose
f W� ! G is a group homomorphism inducing an isomorphism H1.�/

Š
�! H1.G/. If �

is an infinite ordinal, suppose G is finitely generated. Then f induces an isomorphism
y�=y��

Š
�! yG= yG� if and only if f induces an epimorphism

H2.y�/! H2. yG/=Ker¹H2. yG/! H2. yG= yG�/º (6.1)

for all ordinals � < �.

Note that if � is a successor ordinal, then the homomorphism (6.1) is surjective for
all � < � if and only if it is surjective for � D � � 1. In particular, if � is finite, then by
Corollary 3.2 (1), Theorem 6.1 specializes to the Stallings–Dwyer theorem [12, 26]: for a
homomorphism f W� ! G which induces an isomorphism H1.�/

Š
�! H1.G/, f induces

an isomorphism �=�k Š G=Gk if and only if f induces an epimorphism

H2.�/! H2.G/=Ker¹H2.G/! H2.G=Gk�1/º:

Before proving Theorem 6.1 in Section 6.3, we record some consequences. We will
use the following notation, which is a transfinite generalization of the notation used in
Dwyer [12, p. 178].

Definition 6.2 (Transfinite Dwyer kernel). SupposeG is a group, and � > 1 is an ordinal.
The transfinite Dwyer kernel is defined by

 �.G/ D

´
Ker¹H2.G/! H2.G=G��1/º if � is a successor ordinal,T
�<�  �.G/ if � is a limit ordinal.

More generally, for a space X with � D �1.X/, define  �.X/ by

 �.X/ D

´
Ker¹H2.X/! H2.�/! H2.�=���1/º if � is a successor ordinal,T
�<�  �.X/ if � is a limit ordinal.

That is,
 �.BG/ D  �.G/:

Corollary 6.3. Suppose f W � ! G induces an isomorphism H1.�/! H1.G/, � > 1,
and suppose G is finitely presented if � is transfinite. If

H2.y�/
Of�
��! H2. yG/! H2. yG/= �. yG/ (6.2)

is surjective, then f induces an isomorphism y�=y��
Š
�! yG= yG� .

Note that Corollary 6.3 assumes the surjectivity of a single homomorphism (6.2),
instead of the surjectivity of infinitely many homomorphisms (6.1) in Theorem 6.1, for
the limit ordinal case.
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Proof of Corollary 6.3. If � is a successor ordinal, the codomain of (6.2) is equal to
that of (6.1), and thus the corollary follows from Theorem 6.1. If � is a limit ordinal,
H2. yG/= �. yG/ surjects onto H2. yG/=Ker¹H2. yG/ ! H2. yG= yG�/º for all � < �. From
this and Theorem 6.1, the corollary follows.

In practice, it may be difficult to verify the hypothesis that (6.1) or (6.2) is surjective,
since localizations are involved. The following variation does not involve localizations in
the hypothesis.

Corollary 6.4. Suppose f W� ! G induces an isomorphism H1.�/! H1.G/. Suppose
� > 1 and G is finitely presented. If

H2.�/
f�
��! H2.G/! H2.G/= �.G/

is surjective, then f induces an isomorphism y�=y��
Š
�! yG= yG� .

Proof. Consider the commutative diagram

H2.�/ H2.G/ H2.G/= �.G/

H2.y�/ H2. yG/ H2. yG/= �. yG/

Since G is finitely presented, the middle vertical arrow is surjective by Theorem 3.1 (2),
and consequently the right vertical arrow is surjective. It follows that the bottom horizontal
composition is surjective if the top horizontal composition is surjective. So Corollary 6.3
implies Corollary 6.4.

6.2. Transfinite gropes

In this subsection we relate transfinite lower central quotients to a transfinite version of
gropes, using the results in Section 6.1. The main statement is Corollary 6.8. This is
a transfinite generalization of the finite case approach of Freedman and Teichner [13,
Section 2].

We begin with new definitions. In what follows, a symplectic basis on a surface of
genus g designates a collection of simple closed curves ai , bi (i D 1; : : : ; g) such that ai
and bi are transverse and intersect exactly once for all i and .ai [ bi / \ .aj [ bj / D ;
for i ¤ j .

Definition 6.5 (Transfinite gropes).
(1) Suppose†!X is a map of a connected surface†with connected or empty boundary

to a space X . For a successor ordinal � > 1, we say that the map †! X supports a
grope of class �, or briefly supports a �-grope, if there is a symplectic basis ¹ai ; biº
on† such that ai bounds a .� � 1/-grope inX , in the sense defined below, for each i .

(2) A loop  in X bounds a grope of class �, that is, bounds a �-grope, if either
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(a) � D 1,

(b) �> 1 is a successor ordinal and there is a map of a surface toX which is bounded
by  and supports a �-grope, or

(c) � is a limit ordinal and  bounds a �-grope for each � < �.

Definition 6.6 (The grope class of a second homology class). Let � > 1. A homology
class � 2 H2.X/ is represented by a �-grope, or is of class �, if either

(1) � is a successor ordinal and � is represented by a map of a closed surface supporting
a �-grope, or

(2) � is a limit ordinal and � is represented by a �-grope for every � < �.

We remark that for finite k, if †! X supports a k-grope in our sense, then a map
of a k-grope in the sense of [13, Section 2] is obtained by stacking the inductively given
surfaces along basis curves, and vice versa.

Proposition 6.7.
(1) For � � 1, a loop  in X bounds a �-grope if and only if Œ� 2 �1.X/� .

(2) For � > 1, a class � 2 H2.X/ lies in the transfinite Dwyer kernel  �.X/ if and only
if � is represented by a �-grope.

For finite �, Proposition 6.7 (2) appeared earlier in [13, Lemma 2.3].
The following is an immediate consequence of Corollary 6.4 and Proposition 6.7.

Corollary 6.8. Suppose � > 1 is an arbitrary ordinal and f WX ! Y is a map of a
space X to a finite CW-complex Y which induces an isomorphism H1.X/

Š
�! H1.Y /. If

Coker¹H2.X/! H2.Y /º is generated by classes represented by �-gropes in Y , then f
induces an isomorphism

1�1.X/=1�1.X/� Š
��! 1�1.Y /=1�1.Y /� :

Proof of Proposition 6.7. From the definitions, (1) follows straightforwardly by transfi-
nite induction. To prove (2), we proceed by transfinite induction too. Since �1.X/1 D
�1.X/, every � 2 H2.X/ lies in  2.X/, and is represented by a 2-grope. So, (2) holds
for � D 2.

Suppose � > 2 and (2) holds for all ordinals less than �. If � is a limit ordinal, then by
definition, � 2H2.X/ is in  �.X/ if and only � 2  �.X/ for all � < �. By the induction
hypothesis, it holds if and only if � is represented by a �-grope for all � < �. By the
definition, it holds if and only if � is represented by a �-grope. This shows that (2) holds
for �.

If � > 2 is a successor ordinal, the finite case argument given in [13, proof of
Lemma 2.3] can be carried out. We provide details for the reader’s convenience. Let
� D �1.X/. Suppose � 2 H2.X/ is represented by a �-grope, that is, � is the class
of a map †! X of a surface admitting a geometrically symplectic basis ¹ai ; biº such
that each ai bounds a .� � 1/-grope in X . By (1), Œai � 2 �1.X/��1, and so ai is null-
homotopic in B.�=���1/. By surgery on † along the ai , it follows that the image
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of � in H2.B.�=���1// is a spherical class, and thus trivial. This shows that � lies
in  �.X/. For the converse, suppose a class represented by a map †! X of a surface †
lies in  �.X/. Attach 2-cells to X along generators of ���1, and attach more cells of
dimension � 3, to construct B.�=���1/. Since† is null-homologous in B.�=���1/ (and
since H3 D �SO3 ), †! X ,! B.�=���1/ extends to a compact 3-manifold R bounded
by †. We may assume that the center of each cell which we attached to X is a regu-
lar value of R ! B.�=���1/. Remove, from R, tubular neighborhoods of the inverse
images of the centers. This gives a bordism overX between†! X and a map of a union
of tori and spheres. Spheres support a �-grope by definition. Since the meridian of each
torus bounds a disk in B.�=���1/, the meridian bounds a .� � 1/-grope in X by (1). By
definition, it follows that the tori support a �-grope. This completes the proof.

As an application, we give a proof of the Addendum to Theorems C and E stated in
Section 2.7. We first define a notion used in the statement. Recall that a cobordism W

between M and N is an H1-cobordism if inclusions induce isomorphisms H1.M/ Š

H1.W / Š H1.N /.

Definition 6.9. Let � be an ordinal. An H1-cobordism W between M and N is a grope
cobordism of class � if each of Coker¹H2.M/!H2.W /º and Coker¹H2.N /!H2.W /º

is generated by homology classes in H2.W / represented by �-gropes.

Now, the Addendum to Theorems C and E says the following: Let � be a group and �
be an arbitrarily given ordinal. SupposeM is a closed 3-manifold with � D �1.M/which
is equipped with an isomorphism y�=y��

Š
�! y�=y�� . Then the following are equivalent:

(0) There is a grope cobordism of class � C 1 betweenM and another closed 3-manifold
N satisfying 2�1.N /=2�1.N /�C1 Š y�=y��C1.

(1) y�=y��C1 is isomorphic to y�=y��C1.

(2) The invariant ��.M/ vanishes in Coker¹R�C1.�/! R�.�/=Aut.y�=y��/º.

Proof. We have already shown that (1) and (2) are equivalent in Section 2.4. Suppose
(1) holds. Then M � Œ0; 1� is a grope cobordism of class � C 1, and thus (0) holds.
For the converse, suppose W is a grope cobordism of class � C 1 given in (0). Since
Coker¹H2.M/ ! H2.W /º and Coker¹H2.N / ! H2.W /º are generated by .� C 1/-
gropes and H1.M/ Š H1.W / Š H1.N /, we have

y�=y��C1 Š2�1.W /=2�1.W /�C1 Š2�1.N /=2�1.N /�C1
by Corollary 6.8. It follows that (1) holds.

6.3. Proof of the algebraic statement

Now, we prove the main algebraic statement of this section.

Proof of Theorem 6.1. First, we assert that the surjectivity of H1.�/! H1.G/ implies
that y�=y�� ! yG= yG� is surjective. Indeed, if � is finite, then the assertion is a well known
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fact obtained from a standard commutator identity. For the reader’s convenience, we
describe an outline of the argument. If ai � bi mod G2, then we have

Œa1; Œa2; : : : ; Œak�1; ak � : : : �� � Œb1; Œb2; : : : ; Œbk�1; bk � : : : �� mod GkC1:

From this it follows that �k=�kC1 ! Gk=GkC1 is surjective for all finite k. The sur-
jectivity of �=�k ! G=Gk is obtained by applying the five lemma, inductively, to the
diagram

1 �k�1=�k �=�k �=�k�1 1

1 Gk�1=Gk G=Gk G=Gk�1 1

When � is an infinite ordinal, since G is assumed to be finitely generated, y� ! yG is
surjective ifH1.�/!H1.G/ is surjective, by Lemma 3.3. It follows that y�=y��! yG= yG�
is surjective.

Therefore, under the assumption that y�=y�� ! yG= yG� is surjective, it suffices to prove
that the following two conditions are equivalent:

(i)� y�=y�� ! yG= yG� is injective, or equivalently is an isomorphism.

(ii)� H2.y�/! H2. yG/=K�. yG/ is surjective for all � < �, where

K�. yG/ WD Ker¹H2. yG/! H2. yG= yG�/º:

We proceed by transfinite induction on the ordinal �. For � D 2, (i)� holds since
y�=y�2 D H1.�/ Š H1.G/ D yG= yG2, and (ii)� holds too, since H2. yG/=K1. yG/ is trivial.

Fix an ordinal � � 3, and let f W y� ! yG be a homomorphism which satisfies the
hypothesis of Theorem 6.1. Suppose that (i)�0 and (ii)�0 are equivalent for all �0 < �.

If � is a successor ordinal, then we proceed similarly to the original argument of
Stallings and Dwyer [12, 26], as described below. First, note that (ii)� holds for all � < �
if and only if (ii)��1 holds, when � is a successor ordinal. Recall that, for a normal sub-
groupN of a group � , the Lyndon–Hochschild–Serre spectral sequence for the short exact
sequence 1! N ! � ! �=N ! 1 gives rise to an exact sequence

H2.�/! H2.�=N/! H0.�=N IH1.N //! H1.�/! H1.�=N/

which is called Stallings’ exact sequence [26]. Apply this to .�; N / D .y�; y���1/ and
. yG; yG��1/ to obtain the following diagram with exact rows:

0 H2.y�/=K��1.y�/ H2.y�=y���1/ y���1=y�� 0

0 H2. yG/=K��1. yG/ H2. yG= yG��1/ yG��1= yG� 0

If (i)� holds, then (i)��1 holds too. If (ii)� holds, then (ii)��1 holds too and consequently
(i)��1 holds by the induction hypothesis. So, in either case, we may assume that (i)��1
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holds. Then the middle vertical arrow of the diagram is an isomorphism. By the snake
lemma, it follows that

Ker¹y���1=y�� ! yG��1= yG�º Š Coker¹H2.y�/=K��1.y�/! H2. yG/=K��1. yG/º: (6.3)

Since y�=y���1 Š yG= yG��1 by (i)��1, (i)� holds if and only if the left hand side of (6.3) is
trivial. Also, (ii)� holds if and only if the right hand side of (6.3) is trivial. It follows that
(i)� and (ii)� are equivalent.

Now, suppose that � is a limit ordinal. Suppose (i)� holds. For each � < �, since � is
a limit ordinal, �C 1 < �. So (i)� implies (i)�C1. By the induction hypothesis, it follows
that (ii)�C1 holds. In particular, H2.y�/! H2. yG/=K�. yG/ is surjective. This shows that
(ii)� holds.

For the converse, suppose (ii)� holds. For each � < �, (ii)� implies (ii)�, and thus (i)�
holds by the induction hypothesis. That is, f induces an isomorphism y�=y��

Š
�! yG= yG�.

Therefore, if g 2Ker¹y�=y��! yG= yG�º, then g 2Ker¹y�=y��! y�=y��º for all �< �. Since
y�� D

T
�<� y��, it follows that g is trivial. This proves that y�=y�� ! yG= yG� is injective,

and thus (i)� holds.
This completes the proof of Theorem 6.1.

We remark that the above proof of the equivalence of (i)� and (ii)� indeed shows the
following statement (just by replacing y� and yG with P and Z below), which we record
as a lemma for later use.

Lemma 6.10. Suppose � > 1 and f WP !Z is a group homomorphism which induces an
epimorphism P=P�!Z=Z� and an isomorphismH1.P /

Š
�!H1.Z/. Then the following

are equivalent:

(i) f induces an isomorphism P=P� ! Z=Z� .

(ii) f induces an epimorphism H2.P /! H2.Z/=K�.Z/ for all � < �, where

K�.Z/ WD Ker¹H2.Z/! H2.Z=Z�/º:

7. Realization of transfinite invariants

In this section, we prove Theorem G stated in Section 2.8, which characterizes the realiz-
able classes � in H3.y�=y��/. In the proof of Theorem G, we will use the following three
lemmas. The first lemma provides a finitely generated approximation of the transfinite
lower central quotients of the localization, along the lines of Theorem 3.1 (2).

Lemma 7.1. Suppose G is a finitely presented group, � > 1 is an ordinal, and H is
a finitely generated subgroup in yG= yG� . Then H is contained in a finitely generated sub-
groupQ in yG= yG� such that the inclusion induces an isomorphismH1.Q/!H1. yG= yG�/.

Proof. Since H is finitely generated, there is a 2-connected homomorphism P ! yG

of a finitely presented group P such that the image of P ! yG ! yG= yG� contains H ,
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by Theorem 3.1 (2). Let Q be the image of P ! yG= yG� . Since P ! Q is surjective,
H1.P /!H1.Q/ is surjective. Since the composition P !Q! yG= yG� induces an iso-
morphism on H1, H1.P /! H1.Q/ is injective, and consequently H1.P / Š H1.Q/ Š
H1. yG= yG�/ under the induced homomorphisms.

Lemma 7.2. Consider any ordinal �. Suppose � is finitely generated, G is finitely pre-
sented, and f W � ! yG= yG� is a group homomorphism which induces an epimorphism
H1.�/! H1. yG= yG�/ D H1.G/. Then f induces an epimorphism y� ! yG= yG� .

Proof. Since yG= yG� is trivial for � D 1, we may assume that � � 2. Recall from Lem-
ma 3.5 that the transfinite lower central quotient of a local group is local. So, in our case,
yG= yG� is local, and thus there is an induced homomorphism y� ! yG= yG� by the universal
property of y� :

� y�

yG= yG�

f

To show that y� ! yG= yG� is surjective, it suffices to prove that every finitely generated
subgroup H in yG= yG� is contained in the image of y� ! yG= yG� . Since H and � are
finitely generated, there is a finitely generated subgroup Q in yG= yG� such that the inclu-
sion induces an isomorphismH1.Q/

Š
�!H1. yG= yG�/ and bothH and f .�/ are contained

in Q, by Lemma 7.1. Consider the commutative diagram

� Q yG= yG�

y� bQ

f

Since H1.�/! H1. yG= yG�/ is surjective, it follows that H1.�/! H1.Q/ is surjective.
Therefore, by Lemma 3.3, y� ! bQ is surjective. Since the given subgroup H � yG= yG�
is contained in Q, it follows that H is contained in the image of y� . This completes the
proof.

Another key ingredient of our proof of Theorem G is the following “homology
surgery” result for 3-manifolds over a finitely generated fundamental group, due to
Turaev [27]. As in Section 2, we denote the torsion subgroup of H�.�/ by tH�.�/.

Lemma 7.3 (Turaev [27, Lemma 2.2]). Suppose gWN ! X is a map of a closed 3-
manifold N to a CW-complex X with finitely generated �1.X/ such that the cap product

\g�ŒN �W tH
2.X/! tH1.X/

is an isomorphism. Then .N; g/ is bordant, over X , to a pair .M; f / of a closed 3-mani-
fold M and a map f WM!X which induces an isomorphism f�WH1.M/

Š
�!H1.X/.
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Now we are ready to start the proof of Theorem G. Recall from Section 2.4 that the
set R�.�/ of realizable classes is defined to be the collection of � 2 H3.y�=y��/ such that
� D ��.M/ for some closed 3-manifold M with � D �1.M/ equipped with an isomor-
phism y�=y��

Š
�! y�=y�� . Here, � is a fixed finitely presented group. Let � � 2. Theorem G

says that � 2 R�.�/ if and only if the following two conditions hold:

(1) The cap product

\ � W tH 2.y�=y��/! tH1.y�=y��/ Š tH1.�/

is an isomorphism.

(2) The composition

H 1.y�=y��/
\ �
��! H2.y�=y��/

pr
��! H2.y�=y��/=K�.y�=y��/

is surjective for all � < �, where K�.y�=y��/ D Ker¹H2.y�=y��/! H2.y�=y��/º.

Proof of Theorem G. For the “only if” direction, suppose � 2 R�.�/. Choose a closed
3-manifoldM with � D �1.M/ and an isomorphism f W y�=y��

Š
�! y�=y�� such that ��.M/

D � . That is, � D ��ŒM � where ��WH3.M/!H3.y�=y��/ is induced by the composition

�WM ! B� ! B y� ! B.y�=y��/
f
��!
'

B.y�=y��/:

Then the following diagram is commutative:

tH 2.M/ tH 2.y�=y��/

tH1.M/ tH1.y�=y��/

\ ŒM�

��

\ �

��

The cap product \ ŒM � is an isomorphism by Poincaré duality. The bottom arrow ��
is an isomorphism since H1.M/ D H1.�/ D H1.y�=y��/ and f W y�=y�� ! y�=y�� is an
isomorphism. From this it also follows that the top arrow �� is an isomorphism, since
tH 2.�/ D Ext.H1.�/;Z/. Therefore, \ � is an isomorphism. This shows that (1) holds.

To show that (2) holds, suppose � < � and consider the commutative diagram

H 1.M/ H 1.y�=y��/

H2.M/ H2.y�=y��/ H2.y�=y��/=K�.y�=y��/

H2.�/ H2.y�/ H2.y�=y��/

\ ŒM� \ �
prı.\ �/

��

�� pr
(7.1)

By Poincaré duality, \ ŒM � is an isomorphism. Since H 1.�/ D Hom.H1.�/;Z/ and
H1.M/ D H1.y�=y��/! H1.y�=y��/ is an isomorphism, the top arrow �� is an isomor-
phism. Also, the assumption that f W y�=y�� ! y�=y�� is an isomorphism implies that the
composition H2.y�/! H2.y�=y��/! H2.y�=y��/=K�.y�=y��/ is surjective, by applying
Lemma 6.10 to the composition y� ! y�=y��

Š
�! y�=y�� . Since H2.M/ ! H2.�/ and
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H2.�/ ! H2.y�/ are surjective (see Theorem 3.1 (2) for the latter), it follows that the
composition pr ı .\ �/ in (7.1) is surjective. This proves that (2) holds.

It remains to show the “if” direction. Suppose that (1) and (2) hold for a given class
� 2 H3.y�=y��/. Since H3 D �SO3 , there is a map  WN ! B.y�=y��/ of a closed 3-
manifold N such that  �ŒN � D � .

We wish to invoke Turaev’s homology surgery for 3-manifolds (Lemma 7.3) to
alter .N;  /. Note that y�=y�� is not finitely generated in general, and thus Lemma 7.3
does not apply directly over B.y�=y��/. So we proceed as follows, using a finitely gen-
erated approximation. Apply Lemma 7.1 to choose a finitely generated subgroup Q

in y�=y�� such that the inclusion induces an isomorphism H1.Q/
Š
�! H1.y�=y��/ and

�1.N / ! y�=y�� factors through Q. Let  0WN ! B.�1.N // ! B.Q/ be the compo-
sition, and consider the commutative diagram

tH 2.Q/ tH 2.y�=y��/

tH1.Q/ tH1.y�=y��/

\ 0�ŒN �

Š

Š \ �ŒN �D\ �

Š

The two horizontal arrows and the right vertical arrow \ � are isomorphisms, by
our choice of Q, by the fact tH 2.�/ D Ext.H1.�/; Z/ and by the hypothesis (1).
So \  0�ŒN � is an isomorphism too. Now apply Lemma 7.3 to .N;  0/ to produce a
closed 3-manifold M endowed with a map M ! B.Q/ which induces an isomorphism
on H1. Let �WM ! B.Q/! B.y�=y��/ be the composition. It induces an isomorphism
H1.M/

Š
�! H1.Q/ Š H1.y�=y��/. Also, since .M; �/ is bordant to .N;  /, we have

��ŒM � D  �ŒN � D � .
Let � D �1.M/, and consider � ! y�=y�� induced by �. It gives rise to a homo-

morphism y� ! y�=y�� since y�=y�� is local by Lemma 3.5. Consider the diagram (7.1)
again. Now, the composition pr ı .\ �/ is surjective by hypothesis (2). Note that this
surjection is equal to the composition of the six arrows along the counterclockwise out-
most path from H 1.y�=y��/ to H2.y�=y��/=K�.y�=y��/ in (7.1). So, the map H2.y�/ !
H2.y�=y��/=K�.y�=y��/, which is the last one applied in the composition, is surjective.
By applying Lemma 6.10 to y� ! y�=y�� , it follows that � induces an isomorphism
y�=y��

Š
�! y�=y�� . Therefore � D ��ŒM � lies in R�.�/. This completes the proof of Theo-

rem G.

8. Universal �-invariant

We begin by recalling the definition of the universal � -invariant from Definition 2.7. As
before, let � be a finitely presented group. Suppose M is a closed 3-manifold with � D
�1.M/ equipped with an isomorphism f W y�! y� . Motivated from Levine’s link invariant
in [20], define y�.M/ 2 H3.y�/ to be the image of ŒM � 2 H3.M/ under

H3.M/! H3.�/! H3.y�/
f�
��!
Š

H3.y�/:
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The value of y�.M/ depends on the choice of f , while its image in H3.y�/=Aut.y�/ is
independent of the choice of f .

The following is analogous to Theorem A. We omit the proof, since the argument is
exactly the same as that of Theorem A.

Theorem 8.1. The invariant y�.M/ is invariant under homology cobordism in the follow-
ing sense:

(1) IfM andN are homology cobordant 3-manifolds with � D �1.M/ andG D �1.N /,
then there is an isomorphism �W yG

Š
�! y� , and consequently y�.M/ is defined if and

only if y�.N / is defined.

(2) When y�.M/ and y�.N / are defined using an isomorphism f W y�
Š
�! y� and the compo-

sition f ı �, we have y�.M/ D y�.N / in H3.y�/.

(3) When y�.M/ and y�.N / are defined using arbitrary isomorphisms y� Š�! y� and yG Š
�! y� ,

we have y�.M/ D y�.N / in H3.y�/=Aut.y�/.

Let yR.�/ be the collection of classes � 2H3.y�/ such that there exists a closed 3-man-
ifoldM with �D�1.M/ endowed with an isomorphism y� Š�! y� for which y�.M/D� . We
now give a proof of Theorem H stated in Section 2.9. For the reader’s convenience, we
recall the statement: a homology class � 2H3.y�/ lies in yR.�/ if and only if the following
two conditions hold:

(1) The cap product \ � W tH 2.y�/! tH1.y�/ Š tH1.�/ is an isomorphism.

(2) The cap product \ � WH 1.y�/! H2.y�/ is surjective.

Proof of Theorem H. We will first prove the “only if” part, using an argument almost
identical to the proof of Theorem G. SupposeM is a closed 3-manifold with � D �1.M/

and f W y� Š�! y� is an isomorphism. Let � D y�.M/ 2H3.y�/, that is, � is the image of ŒM �

under the map induced by the composition �WM ! B� ! B y�
f
�! B y� . Consider the

commutative diagram

tH 2.M/ tH 2.y�/

tH1.M/ tH1.y�/

\ ŒM�

��

\ �

��

By Poincaré duality,\ ŒM � is an isomorphism. The arrow �� is an isomorphism since f is
an isomorphism. Using tH 2.�/ D Ext.H1.�/;Z/, it follows that �� is an isomorphism.
So, by the commutativity, \ � is an isomorphism. This shows that (1) holds.

To show that (2) holds, consider the commutative diagram

H 1.M/ H 1.y�/

H2.M/ H2.y�/

\ ŒM� \ �

��

��
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The arrow �� is an isomorphism since f is an isomorphism, and\ ŒM � is an isomorphism
by Poincaré duality. Since H2.M/! H2.�/ and H2.�/! H2.y�/ are surjective, �� is
surjective. So \ � is surjective, that is, (2) holds.

Now, we will prove the “if” part. Our argument will be different from the proof of
Theorem G. Suppose � 2 H3.y�/ is a homology class satisfying (1) and (2). Choose a
sequence of 2-connected homomorphisms of finitely presented groups

� D P.1/! P.2/! � � � ! P.`/! � � �

such that y� D colim` P.`/, by using Theorem 3.1 (2). Since H3.y�/ is the colimit of
H3.P.`//, the class � lies in the image of H3.P.`0// for some `0. Let P D P.`0/ for
brevity. Denote P ! y� by �, and write � D ��.�/, where � 2 H3.P /.

We claim that we may assume that ��WH2.P /! H2.y�/ is an isomorphism. To prove
this, first recall that H2.P /! H2.y�/ is surjective by the choice of the sequence ¹P.`/º.
LetN be the kernel ofH2.P /!H2.y�/. SinceP is finitely presented,H2.P / is a finitely
generated abelian group, and thus N is finitely generated. Since H2.y�/ is the colimit of
H2.P.`//, it follows that the image of N under H2.P /! H2.P.`1// is trivial for some
`1 � `0. Since H2.P /! H2.P.`1// is surjective, we have H2.P.`1// Š H2.P /=N Š
H2.y�/. Replacing P by P.`1/, we obtain the claim.

We will use Turaev’s homology surgery over the finitely presented group P . Choose
a map  WN ! BP of a closed 3-manifold N such that  �ŒN � D � , using the fact that
�SO3 .P / D H3.P /. Consider the commutative diagram

tH 2.P / tH 2.y�/

tH1.P / tH1.y�/

\�

��

\ �

��

By condition (1), \ � is an isomorphism. The arrows �� and �� are isomorphisms
since H1.P / ! H1.y�/ is an isomorphism by the choice of ¹P.`/º and tH 2.�/ D

Ext.H1.�/; Z/. So, \ � is an isomorphism. Apply Turaev’s Lemma 7.3, to obtain a
map �WM ! B.P / of a closed 3-manifold M with � D �1.M/ such that .M; �/
is bordant to .N;  / over P and ��WH1.M/ ! H1.P / is an isomorphism. We have
��ŒM � D  �ŒN � D � in H3.P /. Consider the diagram

H 1.M/ H 1.P / H 1.y�/

H2.M/ H2.P / H2.y�/

\ ŒM� \�

��

\ �

��

�� ��

By condition (2),\� is surjective. The arrows �� and �� are isomorphisms by the choice of
¹P.`/º and by the claim. The arrow �� is an isomorphism since � induces an isomorphism
on H1. By Poincaré duality, \ ŒM � is an isomorphism. From these facts, it follows that
��WH2.M/!H2.P / is surjective. So, by Theorem 3.1 (1), ��W� D�1.M/!P induces
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an isomorphism y� Š
�! bP . Since � induces bP Š

�! y� , it follows that ��WM ! y� induces an
isomorphism y� Š

�! y� . Since ��ŒM � D � , we have y�.M/ D ����ŒM � D ��� D � . This
shows that � 2 yR.�/.

9. The free group case and Milnor’s link invariant

In this section we discuss the case when � is a free group, and show that our invariants
of finite length applied to the 0-surgery manifold of a link are equivalent to Milnor’s link
invariants and Orr’s homotopy-theoretic reformulation of the Milnor invariant. Most of
the results from this section appear in [17,20,21,25]. However, relating prior work to the
results herein seems nontrivial. This section will highlight and clarify new perspectives
on Milnor’s link invariants.

We proceed as follows. Fix a positive integer m, and as the “basepoint” manifold, let
Y be the connected sum of m copies of S1 � S2. Then �1.Y / D F , the free group on m
generators. In this case, we have the following useful property.

Lemma 9.1. For finite k � 2, Rk.F / D H3.F=Fk/.

Proof. Recall that H2.F=Fk/ D Fk=FkC1 by Hopf’s theorem. Thus the projection
induces a zero homomorphism H2.F=Fk/! H2.F=Fk�1/. From this and the fact that
H1.F / D Zm is torsion free, it follows that Rk.F / D H3.F=Fk/, by Theorem G.

So, Rk.F / is an abelian group, and consequently Coker¹RkC1.F /! Rk.F /º is an
abelian group too. We remark that the structure of this cokernel was computed in [17,25].
The cokernel Coker¹RkC1.F /! Rk.F /º D Coker¹H3.F=FkC1/! H3.F=Fk/º is a
free abelian group of rank mR.m; k/ �R.m; k C 1/ where

R.m; n/ WD
1

n

X
d jn

�.d/ �mn=d

and �.d/ is the Möbius function.
The following is another useful feature of the case of the free group F .

Lemma 9.2. Suppose � is a group. Then, for finite k � 2, every isomorphism f W�=�k
Š
�!

F=Fk lifts to an isomorphism �=�kC1
Š
�! F=FkC1 if and only if there exists an isomor-

phism �=�kC1
Š
�! F=FkC1.

Proof. The “only if” part is trivial. For the “if” part, observe that a homomorphism
F ! F induces an isomorphism F=Fk! F=Fk if and only if it induces an isomorphism
H1.F / ! H1.F /, by Stallings’ theorem [26], since H2.F / D 0. It follows that every
automorphism of F=Fk lifts to an automorphism of F=FkC1 for k � 2. The conclusion is
a straightforward consequence of this: if QgW�=�kC1

Š
�! F=FkC1 is an isomorphism, then

choose an automorphism lift Q�W F=FkC1 ! F=FkC1 of the automorphism � D fg�1,
where gW�=�k

Š
�! F=Fk is the induced isomorphism. Then the composition Q� ı Qg is an

isomorphism which is a lift of fg�1 ı g D f .
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Using the results stated in Section 2 and the above lemmas on the free group, we
compare the lower central quotients �=�k of a 3-manifold group � D �1.M/ with the
free nilpotent quotient F=Fk . For the initial case k D 2, �=�k is isomorphic to F=Fk if
and only if H1.�/ Š Zm. The following theorem deals with the induction step.

Theorem 9.3. Suppose M is a closed 3-manifold with � D �1.M/, equipped with an
isomorphism f W�=�k

Š
�! F=Fk , k � 2. Then the following are equivalent:

(1) The given f lifts to an isomorphism �=�kC1
Š
�! F=FkC1.

(2) There is an isomorphism �=�kC1 Š F=FkC1 .which is not necessarily a lift/.

(3) The invariant �k.M; f / vanishes in Coker¹RkC1.F /! Rk.F /º.

(4) The invariant �k.M/ vanishes in Coker¹RkC1.F /! Rk.F /=Aut.F=Fk/º.

(5) The invariant �k.M; g/ vanishes in Coker¹RkC1.F / ! Rk.F /º for any isomor-
phism gW�=�k

Š
�! F=Fk .

Proof. (1) and (2) are equivalent by Lemma 9.2; (1) and (3) are equivalent by Theorem B;
and (2) and (4) are equivalent by Theorem C. It follows that (2) implies (3) for any iso-
morphism f . In other words, (2) implies (5). Finally, (5) implies (3) obviously.

Now, we apply the above to links. For an m-component link L in S3, let ML be
the 0-surgery manifold of L. Note that if L is the trivial link, then ML is equal to the
3-manifold Y that we use in this section.

In [23], Milnor defined his concordance invariants, which we now call Milnor’s
numerical invariants. These invariants arise as coefficients of the Magnus expansion eval-
uated on homotopy classes of longitudes of a link. More precisely, for an m-component
link L, the Magnus expansion is defined by sending the �th meridian to 1C t� and extend-
ing it multiplicatively, and for a sequence �1; : : : ; �k of integers �j 2 ¹1; : : : ; mº, Milnor’s
numerical invariant of length k, N�L.�1; : : : ; �k/, is the coefficient of t�1 � � � t�k�1 in the
Magnus expansion of the �k th longitude of L. Milnor’s numerical invariants of length k
are well defined as integers for L if all Milnor’s numerical invariants of length < k vanish
for L. One can find details in [23].

Theorem 9.4. SupposeL is a link withm components. For any finite k � 2, the following
are equivalent:

(1)k There is an isomorphism �1.S
3 X L/=�1.S

3 X L/kC1 Š F=FkC1.

(2)k The zero linking longitudes of L lie in �1.S3 X L/k .

(3)k There is an isomorphism �1.ML/=�1.ML/k Š F=Fk .

(4)k Milnor’s numerical invariants of length k C 1 are well defined for L as integers.

If the above (1)k–(4)k hold, then (1)kC1–(4)kC1 and the following (5)kC1–(8)kC1 are
equivalent:

(5)kC1 Milnor’s numerical invariants of length k C 1 vanish for L.

(6)kC1 For some f W�1.ML/=�1.ML/k
Š
�! F=Fk , the invariant �k.ML; f / vanishes in

Coker¹RkC1.F /! Rk.F /º.
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(7)kC1 For all f W �1.ML/=�1.ML/k
Š
�! F=Fk , the invariant �k.ML; f / vanishes in

Coker¹RkC1.F /! Rk.F /º.

(8)kC1 The invariant �k.ML/ vanishes in Coker¹RkC1.F /! Rk.F /=Aut.F=Fk/º.

From Theorem 9.4, it follows that all Milnor invariants of length k C 1 are defined
without ambiguity if and only if �k.ML/ is defined, and all Milnor invariants of length
k C 1 vanish if and only if �k.ML/ vanishes in Coker¹RkC1.F /! Rk.F /º.

Proof of Theorem 9.4. The equivalence of (1)k–(4)k is a folklore consequence of Mil-
nor’s theorem [23]:

�1.S
3
X L/=�1.S

3
X L/kC1 Š hF j FkC1; Œw1; x1�; : : : ; Œwm; xm�i

where xi and wi correspond to a meridian and zero linking longitude of the i th compo-
nent of L, respectively. Indeed, since F=FkC1 is Hopfian, the right hand side, which is
a quotient of F=FkC1, is isomorphic to F=FkC1 if and only if Œwi ; xi � 2 FkC1 for all i .
A standard application of the Magnus expansion, or the Hall basis theorem, shows that
Œwi ; xi � 2 FkC1 if and only if wi 2 Fk . Also, since �1.ML/ is the quotient of �1.S3 XL/
by the normal subgroup generated by the longitudes, we have

�1.ML/=�1.ML/k Š hF j Fk ; w1; : : : ; wmi

by Milnor’s theorem. Thus �1.ML/=�1.ML/k Š F=Fk if and only if wi 2 Fk , and this
is the case if and only if �1.S3 X L/=�1.S3 X L/kC1 Š F=FkC1 by the above. Also,
it is known that Milnor’s invariants of length k C 1 are well defined integers without
ambiguity if and only if wi 2 Fk [23]. This shows that (1)k–(4)k are equivalent. Milnor
also showed that his invariants of length k C 1 vanish if and only if wi 2 FkC1 [23]. It
follows that (5)kC1 is equivalent to (1)kC1–(4)kC1.

By Theorem 9.3, each of (6)kC1–(8)kC1 is equivalent to (3)kC1. This completes the
proof.

In what follows we discuss the relationship of our invariants and the link invariant
defined in [25].

Let L be a link for which Milnor’s invariants of length � k vanish. Let EL be the
exterior of L, and G D �1.EL/ D �1.S

3 X L/. Let Kk be the mapping cone of the
inclusion

Wm
S1 D B.F /! B.F=Fk/, and let j WB.F=Fk/! Kk be the inclusion. By

Milnor’s result [23] (or by Theorem 9.4), there is an isomorphism F=F`
Š
�! G=G` which

takes generators of F to meridians, for ` � k C 1. When ` D k, this gives rise to a map

EL ! B.G/! B.G=Gk/
'
��! B.F=Fk/

j
��! Kk

which sends meridians to null-homotopic loops. So this extends to a map  W S3 ! Kk .
Denote the homotopy class of this extension by �k.L/D Œ � 2 �3.Kk/. This is the invari-
ant defined and studied in [25].

Recall from the proof of Theorem 9.4 that G=Gk
Š
�! F=Fk induces an isomorphism

f W�1.ML/=�1.ML/k
Š
�! F=Fk . Consider �k.ML/ D �k.ML; f /.
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To compare �k.L/ with �k.ML/, we will use arguments which are already known to
experts.

Let hW�3.Kk/!H3.Kk/ be the Hurewicz homomorphism. Note that the inclusion j
induces an isomorphism j�WRk.F /DH3.F=Fk/!H3.Kk/, sinceKk is obtained from
B.F=Fk/ by attaching 2-cells. We claim that our �k.ML/ and Orr’s �k.L/ are identical
in H3.Kk/. That is, �k.ML/ D j

�1
� h.�k.L//.

The claim is verified as follows. Attach m 2-handles to S3 � Œ0; 1� along the zero-
framing of the linkL� S3D S3 � 1, to obtain a 4-dimensional cobordismW between S3

andML. Let �WML! B.F=Fk/ be the map induced by the above f W�1.ML/=�1.ML/k
Š
�! F=Fk . Since � restricts to  WEL ! B.F=Fk/ and since W is obtained by attaching

m dual 2-handles to ML � Œ0; 1� along meridians, ML

�
�! B.F=Fk/

j
�! Kk extends to a

map W ! Kk which restricts to  WS3 ! Kk . This gives us the following commutative
diagram:

ML W S3

B.F=Fk/ Kk

�  

j

From the diagram, the assertion j�.�k.ML// D h.�k.L// follows.
In addition, �k.ML/ D 0 in the cokernel of H3.F=Fk/ ! H3.F=Fk/ if and only

if �k.L/ D 0 in the cokernel of �3.KkC1/! �3.Kk/. It follows immediately from the
above and from the known fact that the composition j�1� hW�3.Kk/!H3.F=Fk/ induces
an isomorphism between the cokernels [17, 25].

Consequently, the equivalence of (5)–(7) in Theorem 9.4 subsumes the following
result of Orr [25]: for a link L, the Milnor invariants of length k C 1 vanish if and only if
�k.L/ D 0 in Coker¹�3.KkC1/! �3.Kk/º.

We remark that the same argument shows that Levine’s link invariant �.L/ 2 H3.bF /
defined in [20] can be identified with our final invariant y�.ML/ of the 0-surgery mani-
fold ML.

Remark 9.5. Results of this section for general closed 3-manifolds and 0-surgery mani-
folds of links hold for transfinite ordinals k if one uses yG= yGk instead ofG=Gk forG D F
and G D �1.ML/, as we always do in this paper. More precisely, we have the following:

(1) Lemma 9.2 is true for transfinite k. To prove this, one uses our Theorem 6.1 instead
of Stallings’ theorem in the above proof of Lemma 9.2 (and use that H2.bF / D 0).

(2) Theorem 9.3 is true for transfinite k. To prove this, one uses the transfinite version of
Lemma 9.2 instead of Lemma 9.2 in the above proof of Theorem 9.3.

(3) Theorem 9.4 is true for transfinite k if one removes conditions (1)k , (2)k , (4)k
and (5)kC1. The proof is the same as in the finite case given above.

On the other hand, for links, we do not know whether the transfinite case of the full
version of Theorem 9.4 is true. In particular, the following question seems interesting:
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are our invariants of the 0-surgery manifold ML determined by the homotopy class of the
longitudes of L, relative to the transfinite lower central series of the group localization?
(See condition (2)k in Theorem 9.4.)

We also note that in [17], Milnor’s link invariants are interpreted as a spanning set for
the set of cocycles in H 3.F=Fk/, allowing one to compute Milnor’s numerical invariants
from the Milnor invariants defined and studied in this paper. Explicit formulae for these
cocycles are derived and evaluated on an Igusa Picture representing the homology class
�k.ML/. So, we may also ask: can one read the homotopy class of the longitudes using
3-dimensional cocycles in H 3.bF=bF �/ for any ordinal �, thus establishing a numerical
formulation for transfinite Milnor invariants of links?

These problems remain open for transfinite ordinals, and possibly hinge on obtaining a
deeper computational understanding of the transfinite lower central series of local groups,
and especially free local groups.

10. Torus bundle example: invariants of finite length

Let Y be the torus bundle with monodromy hWT 2 ! T 2 given by
�
�1 0
0 �1

�
, that is,

Y D T 2 � Œ0; 1�=¹.h.x/; 0/ � .x; 0/º: (10.1)

Let � D �1.Y / be the fundamental group. The group � is an HNN extension Z2 Ì Z of
�1.T

2/ D Z2 by Z D hti, which acts on Z2 by t .a; b/t�1 D .�a;�b/.
The goal of this section is to study the invariant �k of finite length over the torus bundle

group � . The cases of transfinite length invariants and the final invariant are investigated
in Sections 11, 12 and 13. Readers eager to see the transfinite case may wish to skip this
section on a first reading.

The following theorem summarizes the result of our computation of finite length
invariants. In what follows, Zd D Z=dZ denotes the finite cyclic group of order d , and
Z�
d
D ¹r 2 Zd j gcd.r; d/ D 1º denotes the multiplicative group of units in Zd .

Theorem 10.1. For finite k � 2, the following hold:

(1) The third homology is given by H3.�=�k/ D .Z2k�1/
4.

(2) The set of realizable classes in H3.�=�k/ is given by

Rk.�/ D

´
¹.a; b; c; r/ 2 .Z2/4 j ac C b C r D 1º for k D 2;

.Z2k�1/
3 � Z�

2k�1
for 3 � k <1:

(3) The map RkC1.�/! Rk.�/ induced by the projection �=�kC1 ! �=�k is given
by

.Z4/
3
�Z�4 ! ¹.a; b; c; r/ 2 .Z2/

4
j acCbCr D 1º; .a; b; c; r/ 7! .0; 0; 0; r/;

for k D 2, and

.Z2k /
3
� Z�

2k
! .Z2k�1/

3
� Z�

2k�1
; .a; b; c; r/ 7! .2a; 2b; 2c; r/;

for 3 � k <1.
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(4) For every automorphism � on �=�k , the induced bijection ��WRk.�/ ! Rk.�/

sends Im¹RkC1.�/ ! Rk.�/º onto itself. Consequently, � 2 Rk.�/ vanishes in
the cokernel of RkC1.�/ ! Rk.�/ if and only if � vanishes in the cokernel of
RkC1.�/! Rk.�/=Aut.�=�k/.

From Theorem 10.1 (4) and Theorems B and C, the following corollary is immediately
obtained.

Corollary 10.2. Let k � 2 be finite. Suppose M is a closed 3-manifold with � D �1.M/

and f W�=�k
Š
�! �=�k is an isomorphism. Then f lifts to an isomorphism f W�=�kC1

Š
�!

�=�kC1 if and only if there is an isomorphism �=�kC1
Š
�!�=�kC1 .which is not required

to be a lift/.

Using Theorem 10.1 (4), we can also obtain the following estimate of the number of
isomorphism classes of the .k C 1/st lower central quotients of 3-manifold groups with
the same kth lower central quotient as that of the torus bundle.

Corollary 10.3. For each finite k � 2,

2 � #
�²
�=�kC1

ˇ̌̌̌
� D �1.M/ for a closed 3-manifold

M such that �=�k Š �=�k

³ı
isomorphism

�
� 7 � 24.k�2/ C 1:

Proof. By Theorem 10.1 (3, 4), there is a class � 2 Rk.�/ which does not vanish in the
cokernel of RkC1.�/ ! Rk.�/=Aut.�=�k/. From this, it follows that there exist at
least two isomorphism classes of �=�kC1 with � D �1.M/ for some closed 3-manifold
M such that �=�k Š �=�k , by Theorem C. This proves the lower bound in the statement.

By Theorem 10.1 (2, 3), we have

#Rk.�/ D .2
k�1/3 � 2k�2; # Im¹RkC1.�/! Rk.�/º D .2

k�2/4:

By definition, � 2 Rk.�/ is equivalent to �k.Y / if and only if � lies in the image of
RkC1.�/. So, it follows that

#.Rk.�/=�/ � #Rk.�/ � # Im¹RkC1.�/! Rk.�/º C 1 D 7 � 2
4.k�2/

C 1:

By Corollary F (2), the number of isomorphism classes of �=�kC1 featuring in the
statement is bounded above by #.Rk.�/=�/ � #.Rk.�/=�/. From this, the desired
upper bound is obtained.

Indeed, by Corollary F (1), and by the upper bound of #.Rk.�/=�/ in the last step of
the above proof, it follows that Theorem K holds, which asserts that

2 � #
²

equivalence classes of
length k C 1 extensions of ¹�=��º��k

³
� 7 � 24.k�2/ C 1:

We remark that the estimates in Corollary 10.3 (and that in Theorem K) are not sharp.
Further investigation of the equivalence relation and automorphism action on Rk.�/ gives
us improved bounds. We do not address this here.
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The rest of this section is devoted to the proof of Theorem 10.1. We begin with the
lower central quotient computation. For .a; b/2Z2�� , we have Œt; .a; b/�D .�2a;�2b/.
By using this equation inductively, it follows that the kth lower central subgroup of � is

�k D 2
k�1Z2 � Z2 � �: (10.2)

Consequently, the lower central quotient is given by

�=�k D .Z2k�1/
2 Ì Z;

where Z D hti acts on .Z2k�1/
2 by t .a; b/t�1 D .�a;�b/.

In Section 10.1, we compute the homology of �=�k and prove Theorem 10.1 (1). In
Section 10.2, we study the cap product structure on �=�k and prove Theorem 10.1 (2, 3).
In Section 10.3, we study the action of Aut.�=�k/ on Rk.�/ and prove Theorem 10.1 (4).

10.1. Cell structure of B.�=�k/ and homology

To compute homology of �=�k , we will use cellular chain complexes. Although spectral
sequences provide an alternative approach for HNN extensions, the cellular method turns
out to be more efficient for our purpose. We will use the following standard facts:

(1) For the finite cyclic group Zd D hg j g
d i of order d , B.Zd / has a cell structure with

exactly one i -cell ei in each dimension i � 0. The boundary operator of the cellular
chain complex C�.B.Zd /IZŒZd �/ is given by

@e2iC1 D .1 � g/e2i ; @e2i D .1C g C � � � C gd�1/e2i�1:

(2) Let G D A Ì Z be an HNN extension of an abelian group A determined by an auto-
morphism hWA!A, that is, ZDhti acts onA by tat�1D h.a/. For a given cell struc-
ture of B.A/, we may assume that h is realized by a cellular map hWB.A/! B.A/.
Then B.G/ has an associated cell structure, whose n-cells are of the form ep � �q

with p C q D n, q D 0; 1, ep a p-cell of B.A/ and �q (q D 0; 1) an abstract q-cell.
The boundary operator of C�.BGIZG/ is given by

@.ep � �0/ D .@ep/ � �0;

@.ep � �1/ D .@ep/ � �1 C .�1/p.t � ep � �0 � h.ep/ � �0/:

Let d D 2k�1 and write Z2
d
D .Zd /

2 for brevity. Take the product B.Z2
d
/D B.Zd /�

B.Zd / of the cell complex in (1), and construct B.�=�k/ D B.Z2d Ì Z/ using (2). Cells
of dimension n in B.�=�k/ are of the form ei � ej � �q with i C j C q D n, q D 0; 1.
The negation homomorphism h.g/ D g�1 on Zd induces (the chain homotopy class of)
the chain map C�.Zd IZŒZd �/! C�.Zd IZŒZd �/ given by

h.e2k�1/ D .�1/kg�1e2k�1; h.e2k/ D .�1/ke2k :
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and the monodromy hWB.Z2
d
/! B.Z2

d
/ is given by h.ei � ej / D h.ei / � h.ej /. Using

this together with the above (1), (2) and the product boundary formula, it is straight-
forward to compute the cellular chain complex C�.�=�k IZŒ�=�k �/. Applying the aug-
mentation ZŒ�=�k �! Z, it is seen that C�.�=�k/ D C�.�=�k IZ/ has the following
boundary operators in dimension � 4:

@1W e
1 � e0 � �0 7! 0;

e0 � e1 � �0 7! 0;

e0 � e0 � �1 7! 0;

@2W e
2 � e0 � �0 7! d � e1 � e0 � �0;

e1 � e1 � �0 7! 0;

e0 � e2 � �0 7! d � e0 � e1 � �0;

e1 � e0 � �1 7! �2e1 � e0 � �0;

e0 � e1 � �1 7! �2e0 � e1 � �0;

@3W e
3 � e0 � �0 7! 0;

e2 � e1 � �0 7! d � e1 � e1 � �0;

e1 � e2 � �0 7! �d � e1 � e1 � �0;

e0 � e3 � �0 7! 0;

e2 � e0 � �1 7! d � e1 � e0 � �1

C 2 � e2 � e0 � �0;

e1 � e1 � �1 7! 0;

e0 � e2 � �1 7! d � e0 � e1 � �1

C 2 � e0 � e2 � �0;

@4W e
4 � e0 � �0 7! d � e3 � e0 � �0;

e3 � e1 � �0 7! 0;

e2 � e2 � �0 7! d � e1 � e2 � �0

C d � e2 � e1 � �0;

e1 � e3 � �0 7! 0;

e0 � e4 � �0 7! d � e0 � e3 � �0;

e3 � e0 � �1 7! 0;

e2 � e1 � �1 7! d � e1 � e1 � �1;

e1 � e2 � �1 7! �d � e1 � e1 � �1;

e0 � e3 � �1 7! 0:

The homology groups Hi .Z2d Ì Z/ .i � 3/ are immediately obtained from this:

H1.Z
2
d Ì Z/ D Z22; (10.3)

H2.Z
2
d Ì Z/ D Z22 � Zd ; (10.4)

H3.Z
2
d Ì Z/ D Z4d : (10.5)

This shows Theorem 10.1 (1). In addition, the four Zd factors ofH3.Z2d ÌZ/ are respec-
tively generated by

�1 D e
3
� e0 � �0;

�2 D e
2
� e1 � �0 C e1 � e2 � �0;

�3 D e
0
� e3 � �0;

� D e1 � e1 � �1:

(10.6)

Here, the basis element � 2 H3.�=�k/ is the image of the fundamental class ŒY � 2
H3.Y / under H3.Y /! H3.�=�k/. In other words, �k.Y / D �. To verify this, observe
that Y is a subcomplex of B.�=�k/ consisting of the cells ei � ej � �q with i; j; q 2
¹0; 1º. By computing Hi .Y / using this subcomplex, it is seen that e1 � e1 � �1 generates
H3.Y / D Z.

Also, viewingB.Z2
d
/ as a subcomplex ofB.Z2

d
ÌZ/, it is seen that the subgroup gen-

erated by �1, �2 and �3 is the isomorphic image of H3.Z2d / under the inclusion-induced
map.
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The above chain level computation also enables us to compute the projection-induced
homomorphism H3.�=�kC1/! H3.�=�k/. First, consider the projection Z2d ! Zd .
Abuse notation by denoting the i -cells of B.Zrd / and B.Zd / by the same symbol ei .
A routine computation shows that the induced chain map C�.Z2d /! C�.Zd / is given by
ei 7! 2bi=2c � ei . (For instance, e1 7! e1 while e2 7! 2e2.) From this, it follows that the
projection

�=�kC1 D Z22d Ì Z! �=�k D Z2d Ì Z

induces the chain map C�.�=�kC1/! C�.�=�k/ given by

ei � ej � �q 7! 2bi=2cCbj=2c � ei � ej � �q :

Therefore, H3.�=�kC1/! H3.�=�k/ is the homomorphism

�i 7! 2 � �i for i D 1; 2; 3; � 7! �: (10.7)

10.2. Realizable classes

Now we compute the realizable classes inH3.�=�k/. Fix � 2H3.Z2d ÌZ/DH3.�=�k/
where d D 2k�1 with k � 2 as before. To apply Theorem G, we will investigate the cap
product maps

\ � W tH 2.Z2d Ì Z/! tH1.Z
2
d Ì Z/; (10.8)

\ � WH 1.Z2d Ì Z/! H2.Z
2
d Ì Z/=Kk�1.�=�k/: (10.9)

Here, Kk�1.�=�k/ is the kernel of H2.Z2d Ì Z/ D H2.�=�k/! H2.�=�k�1/.

Case 1: Suppose k � 3, that is, d D 2k�1 is divisible by 4. Recall thatH3.Z2d ÌZ/ has the
basis ¹�1; �2; �3; �º described in (10.6). Let � 2 H3.Z2d Ì Z/ be a class which is a linear
combination of �1, �2 and �3. Since each �i is of the form � � � � �0 in (10.6), �i lies in
the image of the inclusion-induced map i�WH3.Z2d /!H3.Z2d ÌZ/. Write � D i�.z/ for
some z 2 H3.Z2d /. Consider the commutative diagram

Z22 D tH
2.Z2

d
Ì Z/ tH1.Z2d Ì Z/ D Z22

Z2
d
D tH 2.Z2

d
/ tH1.Z2d / D Z2

d

\�

i�

\z

i�

Here, tH1.Z2d Ì Z/ D Z22 by (10.3), H1.Z2d / D Z2
d

obviously, so that tH 2.Z2
d
Ì Z/ D

Ext.H1.Z2d ÌZ/;Z/DZ22 and tH 2.Z2
d
/DZ2

d
. Let c 2 tH 2.Z2

d
ÌZ/. Since 2c D 0 and

all order 2 elements in tH 2.Z2
d
/ D Z2

d
are multiples of d=2, i�.c/ is a multiple of d=2.

So, i�.i�.c/ \ z/ D c \ � is a multiple of d=2, which is a multiple of 2 since d D 2k�1

with k � 3. It follows that c \ � D 0, since it lies in tH1.Z2d ÌZ/D Z22. This shows that
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the cap product (10.8) is zero. Also, the cap product (10.9) is zero sinceH 1.Z2
d
/D 0 and

the following diagram commutes:

H 1.Z2
d
Ì Z/ H2.Z2d Ì Z/

0 D H 1.Z2
d
/ H2.Z2d /

\�

i�

\z

i�

Now, consider a class of the form � D r� with r 2 Z. Since � is the image of the
fundamental class ŒY � 2 H3.�/, it is realizable, that is, � 2 Rk.�/. By Theorem G, the
cap product (10.8) is an isomorphism for � D �. From this it follows that (10.8) is an
isomorphism for � D r� if and only if r is odd, since tH1.Z2d ÌZ/ is a 2-group by (10.4).
Also, the cap product (10.9) is surjective for the realizable class � D � 2 Rk.�/, by
Theorem G. From this it follows that (10.9) is surjective for � D r� if r is odd, since
H2.Z2d Ì Z/ is a 2-group.

Combine the above conclusions to obtain the following: for an arbitrary class

� D a�1 C b�2 C c�3 C r� 2 H3.Z
2
d Ì Z/;

(10.8) is an isomorphism and (10.9) is surjective if and only if r is odd. Applying Theo-
rem G, this proves Theorem 10.1 (2) for k � 3.

Case 2: Suppose kD 2, that is, d D 2k�1D 2. In this case, first note that �=�k�1D�=�1
is trivial by definition, and thus the cap product (10.9) is onto the trivial group. So, it
suffices to determine when the cap product (10.8) is an isomorphism.

Observe that the semidirect product Z22 Ì Z is equal to the ordinary product Z22 � Z
since�aD a in Z2. This enables us to compute the cap product directly using the standard
product cell structures. To prevent confusion with the semidirect product case, denote the
i -cell ofB.Z/D S1 by ui (i D 0;1), while the cells ofB.Z2/ are denoted by ei as before.
It is well known that

�.ei / D
X

pCqDi

.�1/pqep � eq; �.ui / D
X

pCqDi

up � eq

are cellular approximations of the diagonal maps B.Z2/! B.Z2/�B.Z2/ and B.Z/!
B.Z/ � B.Z/, and thus the chain level cup products of B.Zd / and B.Z/ defined using
them are given by

.ei /� [ .ej /� D .�1/ij � .eiCj /�; .ui /� [ .uj /� D .uiCj /�:

Here and in what follows, for brevity, we use the convention that ei D 0 for i < 0 and
ui D 0 for i … ¹0; 1º. Using this notation, the cap product is given by

.ei /� \ ej D .�1/i.j�i/ � ej�i ; .ui /
�
\ uj D uj�i :
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Therefore, the cap product on the product B.Z22 � Z/ is as follows:

.ei � ej � up/� \ .ek � e` � uq/ D .�1/jkCpkCpl � ek�i � e`�j � uq�p: (10.10)

Note that the product cell structure we use here is different from the HNN exten-
sion cell structure we used in Case 1. To compute the cap product for the basis elements
in (10.6) which are expressed in terms of the cells ei � ej � �q , we need to rewrite them
in terms of the product cells ei � ej � uq . The three basis elements �1, �2 and �3 in (10.6)
are already in this form, since �0 is identical with u0. To make the computation for
� D e1 � e2 � �1 simpler, consider the projection Z2 Ì Z ! Z22 Ì Z D Z22 � Z. It is
straightforward to verify that this induces the homotopy class of a chain map

C�.B.Z
2 Ì Z/IZŒZ2 Ì Z�/! C�.B.Z

2
2 � Z/IZŒZ22 � Z�/

which is given by ei � ej � �q 7! ei � ej � uq in dimension i C j C q � 1 and by

e1 � e0 � �1 7! e1 � e0 � u1 � e2 � e0 � u0;

e0 � e1 � �1 7! e0 � e1 � u1 � e0 � e2 � u0;

e1 � e1 � �1 7! e1 � e1 � u1 � e1 � e2 � u0 � e2 � .g � e1/ � u0

in dimensions 2 and 3. So, applying the augmentation, � D e1 � e1 � �1 is expressed in
the product complex C�.B.Z22 � Z/IZ/ as

� D e1 � e1 � u1 � e1 � e2 � u0 � e2 � e1 � u0: (10.11)

Now we are ready to compute the cap product (10.8). By a routine computation,

H 2.Z22 Ì Z/ D Z22 with basis ¹.e2 � e0 � u0/�; .e0 � e2 � u0/�º;

tH1.Z
2
2 Ì Z/ D Z22 with basis ¹e1 � e0 � u0; e0 � e1 � u0º:

Let � D a�1 C b�2 C c�3 C r� 2 H3.Z22 Ì Z/. From (10.10) and (10.11), it follows that
the cap product \ � in (10.8) is given by�

a b � r

b � r c

�
with respect to the above basis. It follows that \ � is an isomorphism if and only if ac C
b C r is odd. This completes the proof of Theorem 10.1 (2) for k D 2.

Once Rk.�/ is computed as above, Theorem 10.1 (3) follows immediately from the
description of the projection-induced homomorphism in (10.7).

10.3. Automorphism action on the realizable classes

As above, let d D 2k�1, and write �=�k D Z2
d
ÌZ. Suppose �WZ2

d
ÌZ! Z2

d
ÌZ is an

automorphism. It induces an automorphism ��WH3.�=�k/!H3.�=�k/, which restricts
to a bijection ��WRk.�/! Rk.�/. Our goal is to show Theorem 10.1 (4), which says
that �� sends Im¹RkC1.�/! Rk.�/º onto itself bijectively.
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As the first step, we claim that � sends the subgroup Z2
d
� Z2

d
Ì Z isomorphically

onto Z2
d

itself. To see this, observe that Z2
d

is the kernel of the horizontal composition in
the following diagram:

Z2
d
Ì Z H1.Z2d Ì Z/ D Z2

d
� Z H1.Z2d Ì ZIQ/ D Q

Z2
d
Ì Z H1.Z2d Ì Z/ D Z2

d
� Z H1.Z2d Ì ZIQ/ D Q

� �� ��

Since vertical arrows are automorphisms, the claim follows from the commutativity of the
diagram.

Recall from Section 10.1 that the subgroup h�1; �2; �3i is the (isomorphic) image of
H3.Z2d / inH3.Z2d ÌZ/. So, by the claim, ��h�1; �2; �3i is equal to h�1; �2; �3i. From this
it follows that

��h2�1; 2�2; 2�3i D h2�1; 2�2; 2�3i: (10.12)

In addition, recall from Section 10.1 that � 2H3.Z2d ÌZ/DH3.�=�k/ is the image
of the fundamental class ŒY � 2 H3.�/. The quotient homomorphism � ! �=�k factors
through �=�kC1, and ŒY � is sent into RkC1.�/ by definition. From this, it follows that �
lies in the image of RkC1.�/. By Theorem 10.1 (3),

Im¹RkC1.�/! Rk.�/º D ¹�C r� j � 2 h2�1; 2�2; 2�3i; r 2 2ZC 1º:

So, ��.�/D �0C r0� for some �0 2 h2�1; 2�2; 2�3i and some odd r0. Now, for an arbitrary
�C r� 2 Im¹RkC1.�/! Rk.�/º with � 2 h2�1; 2�2; 2�3i and r odd, we have

��.�C r�/ D ��.�/C r�0 C rr0�:

Here, ��.�/C r�0 2 h2�1; 2�2; 2�3i by (10.12), and rr0 is obviously odd. This shows that
�� sends Im¹RkC1.�/!Rk.�/º into itself. Since �� is one-to-one and Im¹RkC1.�/!

Rk.�/º is a finite set, it follows that �� restricts to a bijection of Im¹RkC1.�/!Rk.�/º

onto itself. This completes the proof of Theorem 10.1 (4).

11. Torus bundle example: invariants of transfinite length

In this section, we study transfinite invariants over the torus bundle Y defined in (10.1):

Y D T 2 � Œ0; 1�=¹.h.x/; 0/ � .x; 0/º

where h D
�
�1 0
0 �1

�
. As before, let � D �1.Y /. Denote the ring of integers localized at

the prime 2 by
Z.2/ D ¹a=b j a 2 Z; b 2 2ZC 1º:

Let Z�
.2/
D ¹a=b j a; b 2 2ZC 1º be the multiplicative group of units.

The following theorem summarizes our computation of transfinite invariants over the
torus bundle.
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Theorem 11.1. For transfinite ordinals �, the following hold:

(1) The third homology of y�=y�� is given by

H3.y�=y��/ D

´
Z.2/ for � D !;

.Z.2/=Z/ � Z for � � ! C 1:

(2) The set of realizable classes in H3.y�=y��/ is given by

R�.�/ D

´
Z�
.2/

for � D !;

.Z.2/=Z/ � ¹˙1º for � � ! C 1:

(3) The map R�C1.�/! R�.�/ induced by y�=y��C1 ! y�=y�� is given by

.Z.2/=Z/ � ¹˙1º ! Z�.2/; .x; �/ 7! �;

for � D !, and

.Z.2/=Z/ � ¹˙1º ! .Z.2/=Z/ � ¹˙1º; .x; �/ 7! .x; �/;

for � � ! C 1.

(4) On R!.�/DZ�
.2/

, the equivalence relation� is given by r � r 0 if and only if r D˙r 0.
On R�.�/ with � � ! C 1, r � r 0 for all r , r 0 2 R�.�/.

(5) The automorphism group Aut.y�=y�!/ acts on R!.�/ transitively. Consequently,
R!.�/=� is trivial.

Combining Theorem 11.1 (4, 5) with Corollary F (1) and Theorem C respectively, the
following statements are immediately obtained. Recall that the notion of extensions of
a transfinite lower central quotient tower and their equivalence were introduced in Sec-
tion 2.6.

Corollary 11.2.
(1) The set²

length ! C 1 extensions, by 3-manifolds,
of the length ! tower y�=y�! ! � � � ! �=�1 D ¹1º

³�
equivalence of

length ! C 1 extensions

is in one-to-one correspondence with the infinite set

.Z�.2//>0 WD ¹a=b j a; b 2 2ZC 1; a; b > 0º:

(2) IfM is a closed 3-manifold with � D �1.M/ such that y�=y�! Š y�=y�! , then y�=y�� Š
y�=y�� for every ordinal � � ! C 1.

This illustrates that the classification of tower extensions from length ! to ! C 1 may
have a completely different nature from the determination of the isomorphism class of the
.! C 1/st lower central quotient for a given !th lower central quotient. For the case of
the torus bundle group � , Corollary 11.2 (1) tells us that the former has infinitely many
solutions, while the latter has a unique solution by Corollary 11.2 (2). In particular, over � ,
x��.M/ is trivial for all infinite ordinals � whenever x��.M/ is defined.
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We remark that our proof of Theorem L in Section 13 presents modified torus bundle
groups over which there are infinitely many 3-manifolds M with nontrivial x�!.M/.

The remaining part of this section is devoted to the proof of Theorem 11.1. In Sec-
tion 11.1, we describe the homology localization y� and its transfinite lower central
series. It turns out that the transfinite lower central series stabilizes at length ! C 1 with
y�!C1 D ¹1º. In Section 11.2, we study the homology and cap product structure of y�=y�!
and prove Theorem 11.1 (1, 2) for � D !. In Sections 11.3 and 11.4, we study the homol-
ogy and the cap product structure of y� , respectively, and prove Theorem 11.1 (1, 2) for
� � ! C 1 and Theorem 11.1 (3). In Section 11.5, we study the equivalence relation� on
R!.�/ and prove Theorem 11.1 (4, 5).

11.1. Homology localization of the torus bundle group

We start by reviewing the computation of the homology localization y� of the torus bundle
group � from our earlier work [7]. The result expresses y� as a colimit of finitely presented
groups. (Such a colimit expression of the localization exists for any finitely presented
group by Theorem 3.1 (2), but finding an explicit description is nontrivial in general.)

For a positive odd integer `, let

�.`/ D hu; v; t j tut�1u; tvt�1v; Œu; v�`
2

; ŒŒu; v�; u�; ŒŒu; v�; v�; ŒŒu; v�; t �i: (11.1)

It is straightforward to see that �.1/ D � and the map �.`/! �.r`/ sending t , u,
and v to t , ur , and vr respectively is a well defined inclusion for all odd r , ` � 1. The
groups �.`/ with these inclusions form a direct system.

Theorem 11.3 ([7, Theorem 3.1]). The homology localization of � is given as

� ! y� D colim
` odd

�.`/:

Observe, from the presentation (11.1), that Œu; v� 2 �.`/ generates a finite cyclic
subgroup of order `2, which is normal in �.`/, and the quotient of �.`/ by this cyclic
subgroup is isomorphic to the semidirect product Z2 Ì Z, where Z2 is generated by
u, v and Z is generated by t which acts on Z2 by negation. Note that the restric-
tion of �.`/! �.r`/ to the cyclic subgroup generated by Œu; v� is the homomorphism
Z`2 ! Z.r`/2 given by 1 7! r2, and �.`/! �.r`/ induces a map Z2 ÌZ! Z2 ÌZ on
the quotients, which is given by .a; b; c/ 7! .ra; rb; c/. So, if we identify Z`2 with

1
`2

Z=Z WD
�
1
`2

Z
�
=Z D

®
a
`2

ˇ̌
a 2 Z

¯
=Z;

under Œu;v� 7! 1
`2

and identify Z2 ÌZ with .1
`
Z/2 ÌZ under u 7! .1

`
; 0; 0/, v 7! .0; 1

`
; 0/,

t 7! .0; 0; 1/, then we obtain the following commutative diagram with exact rows:

1 1
`2

Z=Z �.`/ .1
`
Z/2 Ì Z 1

1 1
.r`/2

Z=Z �.r`/ . 1
r`

Z/2 Ì Z 1

id id (11.2)
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Taking colimit, we obtain the central extension

1! Z.2/=Z! y� ! Z2.2/ Ì Z! 1: (11.3)

Using this, we can compute the transfinite lower central subgroups of y� .

Lemma 11.4. The first transfinite lower central subgroup y�! is equal to Z.2/=Z. For
� � ! C 1, y�� is trivial.

Proof. We claim that
�.`/! D

1
`2

Z=Z:

To prove this, we will first verify �.`/! � 1
`2

Z=Z. Recall from (10.2) that the r th lower
central subgroup .Z2 ÌZ/r of � D Z2 ÌZ is equal to .2r�1Z/2. So Z2 ÌZ is residually
nilpotent, that is, .Z2 Ì Z/! is trivial. From this and (11.2), it follows that �.`/! �
1
`2

Z=Z.

For the reverse inclusion, first verify that u2
r�1
2 �.`/r by induction, using the

identity Œt; u2
r�1
� D u�2

r
. So Œu2

r�1
; v� D Œu; v�2

r�1
lies in �.`/rC1. Since Œu; v� has

order `2 and ` is odd, it implies that Œu; v� 2 �.`/rC1. Since this holds for all r , it fol-
lows that Œu; v� 2 �.`/! . In other words, 1

`2
Z=Z � �.`/! . This shows the claim that

�.`/! D
1
`2

Z=Z.
From the claim, the promised conclusion y�! D Z.2/=Z is obtained by taking colimit.
Since Œu; v� is central, �.`/!C1 is trivial, and thus �.`/� is trivial for all � � ! C 1.

Take colimit to find that y�� is trivial for all � � ! C 1.

11.2. Third homology and realizable classes for � D !

The goal of this subsection is to investigate the homology and cap product structure of
y�=y�! and prove Theorem 11.1 (1, 2) for � D !.

We begin with homology computation for y�=y�! . By (11.3) and Lemma 11.4, we have
y�=y�! D Z2

.2/
Ì Z where Z acts on Z2

.2/
by negation. The Lyndon–Hochschild–Serre

spectral sequence for the HNN extension

1! Z2.2/ ! y�=y�! ! Z! 1

gives the Wang exact sequence

H3.Z
2
.2//! H3.y�=y�!/! H2.Z

2
.2//

1�t�
���! H2.Z

2
.2//

! H2.y�=y�!/! H1.Z
2
.2//

1�t�
���! H1.Z

2
.2// (11.4)

where t�WHi .Z2.2// ! Hi .Z2.2// is the map induced by negation .a; b/ 7! .�a; �b/

on Z2
.2/

. Using the fact that Z2
.2/

is the colimit of . 1
d

Z/2 Š Z2, it is straightforward to
compute the following homology groups of Z2

.2/
:

H3.Z
2
.2// D 0; H2.Z

2
.2// D Z.2/; H1.Z

2
.2// D Z2.2/:
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Moreover, 1 � t� on H2.Z2.2// is zero, while 1 � t� on H1.Z2.2// is multiplication by 2.
From this and (11.4), it follows that

H3.y�=y�!/ D H2.Z
2
.2// D Z.2/;

H2.y�=y�!/ D H2.Z
2
.2// D Z.2/;

H1.y�=y�!/ D Z22 � Z:

(11.5)

This shows Theorem 11.1 (1) for � D !.
Now we investigate cap products to compute the set R!.�/ of realizable classes. First

note that � D 1 2 Z.2/ DH3.y�=y�!/ is the image of the fundamental class ŒY � 2H3.�/,
and thus it lies in R!.�/ by definition. So, by Theorem G, for � D 1,

\ � W tH 2.y�=y�!/ D Z22 ! tH1.y�=y�!/ D Z22 (11.6)

is an isomorphism. Also,

\ � WH 1.y�=y�!/ D Z! H2.y�=y�!/=Ker¹H2.y�=y�!/! H2.y�=y�k/º (11.7)

is surjective for all finite k. That is, Im¹\ 1º D H2.y�=y�!/=Ker.
Consider an arbitrary � WD a=d 2 Z.2/ D H3.y�=y�!/ with d odd. Then, since the

codomain of (11.6) is a finite abelian 2-group, the cap product \ � D ad � .\1/ in (11.6)
is an isomorphism if and only if a is odd. Moreover, if a is odd, then the cap product
in (11.7) satisfies

Im¹\ a=dº D .a=d/ � Im¹\ 1º D .a=d/ � .H2.y�=y�!/=Ker/ D H2.y�=y�!/=Ker

where the last equality holds since a=d is invertible in H2.y�=y�!/ D Z.2/.
So, by applying Theorem G, � D a=d 2 H3.y�=y�!/ lies in R!.�/ if and only if a is

odd. This proves Theorem 11.1 (2) for � D !.

11.3. Third homology for � � ! C 1

The goal of this subsection is to investigate the homology of y� and prove Theorem 11.1 (1)
for � � ! C 1.

Recall that y�=y�� D y� for � � ! C 1 by Lemma 11.4, and that y� D colim �.`/ by
Theorem 11.3, where �.`/ is the group defined by (11.1). We restate (11.1) for the reader’s
convenience:

�.`/ D hu; v; t j tut�1u; tvt�1v; Œu; v�`
2

; ŒŒu; v�; u�; ŒŒu; v�; v�; ŒŒu; v�; t �i (11.1)

To understand the homology of y� , it is useful to consider an HNN extension described
below. Let A.`/ be the subgroup of �.`/ generated by u and v, following [7]. From the
presentation (11.1), it is immediately seen that A.`/ is a normal subgroup of �.`/, and
�.`/=A.`/ is the infinite cyclic group generated by t :

1! A.`/! �.`/! Z! 1 (11.8)
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Note that �.`/! �.r`/ induces an isomorphism

�.`/=A.`/
Š
��! �.r`/=A.r`/ D Z

sending t to t . Let A D colimA.`/, and take the colimit of (11.8) to obtain

1! A! y� ! Z! 1:

The Lyndon–Hochschild–Serre spectral sequence for this HNN extension gives the fol-
lowing Wang exact sequence:

� � � ! Hi .A/
1�t�
���! Hi .A/! Hi .y�/! Hi�1.A/

1�t�
���! Hi�1.A/! � � � (11.9)

where t� is induced by the conjugation by t on A.
To compute the homology of y� using (11.9), we first compute the homology of A.

From (11.1), it follows that Œu; v� 2 A.`/ generates a finite cyclic normal subgroup of
order `2, and A.`/ is a central extension of this, by the free abelian group of rank 2
generated by u and v. Since u 7! ur , v 7! vr and Œu; v� 7! Œur ; vr � D Œu; v�r

2
under

�.`/! �.r`/, we have the commutative diagram

1 Z`2 A.`/ Z2 1

1 Z.r`/2 A.r`/ Z2 1

� r2
� r (11.10)

Consider the Lyndon–Hochschild–Serre spectral sequence of the top row of (11.10),

E2p;q D Hp.Z
2/˝Hq.Z`2/ H) Hn.A.`//: (11.11)

The E2 and E1 D E3 pages for q � 3 are as follows:

E2 D

Z`2 Z2
`2

Z`2

0 0 0

Z`2 Z2
`2

Z`2

Z Z2 Z

d2
2;0

E1 D E3 D

Z`2 Z2
`2

Z`2

0 0 0

0 Z2
`2

Z`2

Z Z2 `2Z

(11.12)

All entries in (11.12) are immediately obtained from (11.11), except possibly E3p;q for
.p; q/ D .2; 0/ and .1; 0/. To verify these, observe that E10;1 D E

3
0;1 must vanish since

H1.A.k// D Z2 and E11;0 D E
2
1;0 D Z2. From this it follows that the differential d22;0 is

surjective, so its kernel E30;1 is the subgroup `2Z of Z.
From the E1 page, it follows that H2.A.`// is an extension of Z2

`2
D H1.Z2/ ˝

H1.Z`2/ by `2Z � Z D H2.Z2/. From (11.10), it follows that H1.Z2/ ! H1.Z2/
induced by A.`/ ! A.r`/ is multiplication by r , while H2.Z2/ ! H2.Z2/ D Z and
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H1.Z`2/! H1.Z.r`/2/ are multiplication by r2. So (11.10) gives rise to the diagram

H1.Z2/˝H1.Z`2/ Z D H2.Z2/

0 Z2
`2

H2.A.`// `2Z 0

0 Z2
.r`/2

H2.A.r`// .r`/2Z 0

H1.Z2/˝H1.Z.r`/2/ Z D H2.Z2/

[

� r3 � r2Š

\

(11.13)

The top row of (11.13) for ` D 1 provides an isomorphism H2.A.1// D H2.Z2/
Š
�! Z.

The colimit map Z D 12Z! colim `2Z is an isomorphism, since the map � r2 in (11.13)
is an isomorphism for all r . On the other hand, since the map � r3WZ2

`2
! Z2

.r`/2
is zero

for all large r divisible by `2, colim Z2
`2

vanishes. So, by taking the colimit of (11.13), we
obtain an isomorphism

Z D H2.A.1//
Š
��! colim

`�1 odd
H2.A.`// D H2.A/: (11.14)

Moreover, since t on A.1/ D Z2 is the negation, t� on H2.A/ D Z is the identity.
To compute H3.A/, first observe that the E1 page in (11.12) tells us that H3.A.`//

is an extension of H3.Z`2/ D Z`2 by H2.Z2/ ˝ H1.Z`2/ D Z`2 . Recall the fact that
Hi .Z`2/ D Z`2 ! Hi .Z.r`/2/ D Z.r`/2 induced by the injection � r2WZ`2 ! Z.r`/2 is
multiplication by r2 for i D 1; 3. Also, � r WZ2 ! Z2 induces multiplication by r2 on
H2.Z2/. From this, it follows that (11.10) gives rise to

H3.Z`2/ H2.Z2/˝H1.Z`2/

0 Z`2 H3.A.`// Z`2 0

0 Z.r`/2 H3.A.r`// Z.r`/2 0

H3.Z.r`/2/ H2.Z2/˝H1.Z.r`/2/

� r2 � r4 (11.15)

Since the vertical map � r4 in (11.15) is trivial if r is divisible by `, the colimit of them is
trivial. So, by taking the colimit of (11.15), we obtain an isomorphism

Z.2/=Z D colim
`�1 odd

Z`2 D colim
`�1 odd

H3.Z`2/
Š
��! H3.A/: (11.16)

Note that the action of t on Z`2 � A.`/ is trivial, since t Œu; v�t�1 D Œu�1; v�1� D Œu; v�.
It follows that t� on H3.A/ D Z.2/=Z is the identity.
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Now, use (11.14), (11.16) and the fact that 1 � t� D 0 on both H2.A/ and H3.A/, to
extract the following exact sequence from the Wang sequence (11.9):

0 Z.2/=Z H3.y�/ Z 0

H3.A/ H2.A/

(11.17)

So, H3.y�/ is isomorphic to .Z.2/=Z/ � Z. To provide a fixed identification, we use a
splitting described below. Recall that �.1/ D � , soH3.�.1// D H3.�/ D H3.Y / where
Y is the torus bundle. Compare (11.17) with the Wang sequence associated to the exact
sequence (11.8) for ` D 1 to obtain the commutative diagram

0 H3.Y / H2.A.1// 0

0 H3.A/ H3.y�/ H2.A/ 0

Š

Š

From this, it is straightforward to see that the composition of the inverses of the two
isomorphisms and H3.Y /! H3.y�/ is a splitting. It gives an identification

H3.y�/ D .Z.2/=Z/ � Z (11.18)

such that .0; 1/ 2 .Z.2/=Z/ � Z represents the image of the fundamental class ŒY �. This
shows Theorem 11.1 (1) for � � ! C 1.

For use in the next subsection, we computeH2.y�/ here. By taking the abelianization,
it is straightforward to see that H1.A/ D Z2

.2/
and t� on H1.A/ is the negation. So, from

the Wang sequence (11.9), it follows that

H2.y�/ D H2.A/ D H2.A.1// D H2.Z
2/ D Z: (11.19)

11.4. Realizable classes for � � ! C 1

In this subsection, we study the set R�.�/ of realizable classes for � � ! C 1 to prove
Theorem 11.1 (2) for � � ! C 1 and Theorem 11.1 (3).

To determine realizable classes in H3.y�=y��/ D H3.y�/ for � � ! C 1, consider the
cap product

\ � W tH 2.y�/! tH1.y�/ D tH1.�/ D Z22: (11.20)

If � 2 H3.y�/ D .Z.2/=Z/ � Z lies in the subgroup Z.2/=Z, then k� D 0 for some odd
k > 0. Since tH1.y�/ is a 2-group, it follows that (11.20) is zero for � 2 Z.2/=Z. On the
other hand, � D .0; 1/ 2H3.y�/D .Z.2/=Z/�Z lies in R�.�/ since � is the image of the
fundamental class ŒY �. So (11.20) is an isomorphism for � D .0; 1/ by Theorem G. Since
tH1.y�/ is a finite abelian 2-group, it follows that (11.20) is an isomorphism for � D .0; r/
if and only if r 2 Z is odd. Combining these observations, it follows that (11.20) is an
isomorphism for � D .x; r/ 2 H3.y�/ D .Z.2/=Z/ � Z if and only if r 2 Z is odd.
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Now consider the cap product

\ � WH 1.y�/! H2.y�/=Ker¹H2.y�/! H2.y�=y�!/º: (11.21)

By (11.19), H2.y�/ D H2.Z2/ D Z. By (11.5), H2.y�=y�!/ D H2.Z2.2// D Z.2/. Since

Z2 ,! Z2
.2/

induces the standard inclusion on these H2, Ker¹H2.y�/! H2.y�=y�!/º is

trivial, and thus the codomain of (11.21) is equal to H2.y�/ D Z. From this, it follows
that the cap product (11.21) is zero for � D .x; 0/ 2 H3.y�/ D .Z.2/=Z/ � Z, since x is
torsion. By Theorem G, the cap product (11.21) is surjective for � D .0; 1/, since this �
lies in R�.�/. So, for a general class � D .x; r/ 2H3.y�/D .Z.2/=Z/�Z, (11.21) is sur-
jective if and only if r D˙1. By Theorem G, it is the case if and only if � 2R�.�/. This
proves Theorem 11.1 (2) for � D ! C 1. For � > ! C 1, the computation proceeds along
the same lines. The only exception is that we need to replace Ker¹H2.y�/! H2.y�=y�!/º

in (11.21) by Ker¹H2.y�/ ! H2.y�=y��/º with � < �. But, since the kernel is already
trivial for � D ! by the above computation, the same argument applies to the case of
� > ! C 1 as well. This completes the proof of Theorem 11.1 (2) for � � ! C 1.

To compute the map R!C1.�/!R!.�/ induced by the projection y� D y�=y�!C1!
y�=y�! , recall from (11.18) that H3.y�/ D .Z.2/=Z/ � Z where the Z factor is identi-
fied with H2.A/ D H2.Z2/ via the Wang sequence (11.9). Also, recall from (11.5) that
H3.y�=y�!/DH2.Z.2//D Z.2/. So,H3.y�/D .Z.2//�Z!H3.y�=y�!/D Z.2/ is given
by .a; r/ 7! r , and R!C1.�/! R!.�/ is the restriction. This shows Theorem 11.1 (3)
for � D !. Since y�=y�� D y� for � � ! C 1, Theorem 11.1 (3) for � � ! C 1 is obviously
true.

11.5. Equivalence relation and automorphism action for � D !

In this subsection, we investigate the equivalence relation � on R!.�/ and prove Theo-
rem 11.1 (4, 5).

Recall that R!.�/ D Z�
.2/
� H3.y�=y�!/ D Z.2/ by Theorem 11.1 (1, 2). Fix � D

p=q 2 R!.�/, where p, q 2 2ZC 1.
To determine the equivalence class of � as a subset of R!.�/, we will use an auto-

morphism of y�=y�! , which is equal to Z2
.2/
Ì Z by Lemma 11.4. Define

�p=q WZ
2
.2/ Ì Z! Z2.2/ Ì Z by �p=q.a; b; r/ D ..p=q/ � a; b; r/

for a; b 2 Z.2/, r 2 Z. It is straightforward to verify that �p=q is an automorphism with
inverse ��1

p=q
D �q=p . We claim that �p=q induces 1 7! p=q D � onH3.Z2.2/ ÌZ/D Z.2/.

To see this, observe that the restriction of �p=q to the subgroup Z2
.2/

induces an automor-
phism ofH2.Z2.2//DZ.2/ given by 1 7! p=q. SinceH3.Z2.2/ ÌZ/DH2.Z2.2// by (11.5),
the claim follows from this.

To avoid confusion, for a closed 3-manifold M with � D �1.M/ equipped with an
isomorphism f W y�=y�!

Š
�! y�=y�! , denote the invariant �!.M/ by �!.M; f / temporar-

ily. Then, for M D Y , the above claim implies that �!.Y; �p=q/ D � , since 1 2 Z.2/ D
H3.y�=y�!/ represents the image of the fundamental class ŒY �. So, by definition, the equiv-
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alence class I� D ¹� 0 j � 0 � �º of � in R!.�/ is equal to the image of the composition

R!C1.�/ R!.�/ R!.�/

.Z.2/=Z/ � ¹˙1º Z�
.2/

.�p=q/�

Here, the projection-induced map R!C1.�/ ! R!.�/ is .a; ˙1/ 7! ˙1 by Theo-
rem 11.1 (3). From this, it follows that I� D ¹�; ��º. This completes the proof of
Theorem 11.1 (4).

In addition, using the above argument, it is straightforward to show Theorem 11.1 (5),
which asserts that the action of Aut.y�=y�!/ on the set R!.�/ of realizable classes is
transitive. Indeed, for an arbitrary � D p=q 2 Z�

.2/
D R!.�/, since the above automor-

phism �p=q on y�=y�! satisfies �p=q.1/ D � , it follows that � and 1 have the same orbit.

12. Torus bundle example: the universal �-invariant

We continue the study of the localization of the fundamental group � of the torus bundle Y
defined in (10.1). The goal of this section is to understand the final invariant y� defined
over y� and prove Theorem J, which we state again below for the reader’s convenience.
Recall that yR.�/ is the set of realizable values of y� . Theorem J says: yR.�/=Aut.y�/ is
infinite. This detects the existence of infinitely many distinct homology cobordism classes
of closed 3-manifolds M with � D �1.M/ such that y� Š y� , and thus ��.M/ is defined
and vanishes in Coker¹R�C1.�/! R�.�/º for all ordinals �. In particular, for every
ordinal �, the Milnor invariant x��.M/ vanishes for these 3-manifolds M .

We begin with computation of realizable classes in H3.y�/. Recall that H3.y�/ D
.Z.2/=Z/ � Z by Theorem 11.1 (1).

Theorem 12.1. yR.�/ D .Z.2/=Z/ � ¹˙1º � H3.y�/.

Proof. In the argument used to prove Theorem 11.1 (1) in Section 11.4, we have shown
that a homology class � 2 H3.y�/ D .Z.2/=Z/ �Z lies in .Z.2/=Z/ � ¹˙1º if and only if
\� W tH 2.y�/! tH1.y�/ is an isomorphism and\� WH 1.y�/!H2.y�/ is an epimorphism.
By Theorem H, it follows that yR.�/ D .Z.2/=Z/ � ¹˙1º.

The next theorem describes the action of Aut.y�/ on H3.y�/ and yR.�/. To state the
result, we use the following notation. For a group G, denote its abelianization by Gab.
Recall from Section 11.3 that y� is an HNN extension of a subgroup A such that
Aab D Z2

.2/
with basis ¹u; vº. We will show in Lemma 12.3 that if f W y� ! y� an auto-

morphism, then f induces an automorphism fA 2 GL.2;Z.2// on Aab D Z2
.2/

satisfying

detfA D ˙1, and f induces an automorphism fZ on the quotient y�=A D Z. Define

ıf WD detfA 2 ¹1;�1º; �f WD fZ.1/ 2 ¹1;�1º:
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One readily sees that Aut.y�/!¹�1;1º2ŠZ22 given by f 7! .ıf ; �f / is a surjective group
homomorphism onto the Klein 4-group. Indeed, for a given pair .ı; �/ 2 ¹1;�1º2, the
automorphism � ! � defined by u 7! uı , v 7! v, t 7! t� gives rise to an automorphism
f W y� ! y� satisfying .ıf ; �f / D .ı; �/.

Theorem 12.2. Suppose f is an automorphism on y� . Then the induced automorphism f�
onH3.y�/D .Z.2/=Z/�Z is given by f�.a; n/D .ıf � a; ıf � �f � n/. Consequently, there
are bijections

H3.y�/=Aut.y�/ � ¹.a; n/ 2 Z.2/ � Z j 0 � a < 1=2; n � 0º;

yR.�/=Aut.y�/ � ¹a 2 Z.2/ j 0 � a < 1=2º:

The first statement says that the natural map Aut.y�/! Aut.H3.y�// factors through
the Klein 4-group ¹1;�1º2, via f 7! .ıf ; �f /. The two bijections in Theorem 12.2 are
immediately obtained from the first statement.

The first sentence of Theorem J, which asserts that yR.�/=Aut.y�/ is infinite, is an
immediate consequence of Theorem 12.2. Also, from this, the second statement of Theo-
rem J follows immediately by Theorems 8.1.

The remaining part of this section is devoted to the proof of the first statement of
Theorem 12.2.

Recall that �.`/ is the subgroup of y� given by (11.1), �.1/ D � , and y� is the colimit
of �.`/. If f W y� ! y� is an automorphism, then for each odd ` � 1, f .�.`// � �.r`/ for
some odd r � 1, since �.`/ is finitely generated. The restriction f W�.`/! �.r`/ induces
isomorphisms on H1 and H2, since so does the colimit inclusion �.`/! y� for every `.
So f W�.`/! �.r`/ is 2-connected. Conversely, if f W�.`/! �.r`/ is 2-connected, then
it induces an automorphism f W y� D b�.`/ Š�! 1�.r`/ D y� , by Theorem 3.1 (1).

This leads us to investigate 2-connected homomorphisms f W�.`/! �.r`/. We begin
with a characterization. Recall from the presentation (11.1) that �.`/ has generators u, v
and t . Let A.`/ be the subgroup generated by u and v, as done in Section 11.3.

Lemma 12.3. A homomorphism f W�.`/! �.r`/ is 2-connected if and only if f is given
by

f .t/ D t�upvqŒu; v�j ;

f .u/ D uavbŒu; v�m;

f .v/ D ucvd Œu; v�n;

(12.1)

where �; a; b; c; d; j;m; n are integers satisfying

� D ˙1; ad � bc D ˙r2;

2m � aq � bp C ab; 2n � cq � dp C cd mod .r`/2:
(12.2)

Often we will abuse the notation, denoting by f the automorphism of y� induced by
a 2-connected map f W �.`/! �.r`/. Note that if f is given by (12.1), then it induces
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automorphisms 1
r
Œ a cb d � on H1.A/ D Z2

.2/
and 1 7! � on Z D y�=A. So, we have

ıf D
ad � bc

r2
; �f D �: (12.3)

Proof of Lemma 12.3. Observe that any g 2 �.`/ can be written as gD t�upvqŒu;v�j , by
using the defining relations in (11.1). Also, t�upvqŒu; v�j lies in the subgroup A.`/ if and
only if � D 0. We claim that f sends A.`/ to A.r`/. From the claim, it follows that f .t/,
f .u/ and f .v/ are of the form of (12.1) for some exponents (without enforcing (12.2) for
now).

To show the claim, consider the first rational derived subgroup of a group G, which
is defined to be the kernel of the natural map G ! H1.G/˝Q. That is, it is the minimal
normal subgroup of G such that the quotient is abelian and torsion free. It is straightfor-
ward to see that the first rational derived subgroup is characteristic. In our case, for �.`/,
the first rational derived subgroup is equal to A.`/. So f .A.`// � A.r`/, as claimed.

Next, we claim that a map of the free group on t , u and v to �.r`/ given by (12.1)
kills relations of �.`/ if and only if ad � bc � 0 mod r2 and

2m � aq � bp C ab; 2n � cq � dp C cd mod .r`/2:

The claim is shown by a routine computation. The map sends the relation tut�1u to

t�upvqŒu; v�j � uavbŒu; v�m � .t�upvqŒu; v�j /�1 � upvqŒu; v�` D Œu; v�2m�aqCbpCab;

which is trivial in �.r`/ if and only if .r`/2 divides 2m� aqC bpC ab. Similarly .r`/2

divides 2n � cq C dp C cd if and only if tvt�1v is sent to the identity. Also the relation
Œu; v�`

2
of �.`/ is sent to Œuavb; ucvd �`

2
D Œu; v�`

2.ad�bc/, which is trivial if and only if
r2 divides ad � bc, since Œu; v� has order .r`/2 in �.r`/. This proves the claim.

Recall that H1.�.`// D .Z2/2 � Z where the factors are generated by u, v, and t
respectively. So, when f is the homomorphism given by (12.1), f�W H1.�.`// !
H1.�.r`// is represented by 24a c p

b d q

0 0 �

35 :
Therefore, f induces an isomorphism on H1 if and only if � D ˙1 and ad � bc is odd.

To investigate the induced map on H2, first note that A.`/ab is equal to Z2 generated
by u and v. We will use the fact thatH2.�.`// can be identified with the subgroup `2Z �
Z D H2.A.`/ab/. This can be proven by investigating the Wang sequence for the HNN
extension (11.8). An alternative proof is as follows. Recall that H2.�/ D H2.y�/ D Z
by (11.19). Since � D �.1/ ! �.`/ and �.`/ ! y� are 2-connected, it follows that
H2.�.`// is equal to H2.�.1//, which is equal to H2.A.1// D H2.Z2/ by (11.19). Note
that Z2 D A.1/! A.`/ab D Z2 is scalar multiplication by `. So, H2.�.`// is the sub-
group `2Z � Z D H2.A.`/ab/.

Now, observe thatH2.A.`/ab/DZ!H2.A.r`/ab/DZ induced by f given by (12.1)
is equal to multiplication by ad � bc. From this, it follows that f induces an epimorphism
H2.�.`//! H2.�.r`// if and only if ad � bc D ˙r2.
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Using Lemma 12.3, we will investigate the action of Aut.y�/ on the torsion part
of H3.y�/.

Lemma 12.4. Suppose f W y� ! y� is an automorphism. Then the induced automor-
phism f� on the torsion subgroup tH3.y�/ D Z.2/=Z is multiplication by ıf 2 ¹˙1º.

Proof. Fix an arbitrary odd ` � 1. By Lemma 12.1, the given automorphism f on y�
restricts to a 2-connected homomorphism f j�.`/W�.`/! �.r`/ for some odd r � 0, and
f j�.`/ is of the form of (12.1). We have

f j�.`/.Œu; v�/ D Œu
avb; ucvd � D Œu; v�ad�bc D Œu; v�ıf � r

2

:

Recall from Section 11.3 that Œu; v� 2 �.`/ generates a subgroup that we identified
with Z`2 . So, f j�.`/ induces Z`2 ! Z.r`/2 given by 1 7! ıf � r

2. It induces the inclu-
sion H3.Z`2/ D Z`2 ! H3.Z.r`/2/ D Z.r`/2 given by 1 7! ıf � r

2. This is the map
1
`2
7! ıf �

1
`2

when H3.Z`2/ D Z`2 and H3.Z.r`/2/ D Z.r`/2 are regarded as sub-
groups of Z.2/=Z using (11.16). By (11.17) and (11.16), it follows that the induced map
f�W tH3.y�/! tH3.y�/ D Z.2/=Z is multiplication by ıf .

By (11.18), the Z factor of H3.y�/ D .Z.2/=Z/ � Z is generated by the image of the
fundamental class ŒY � 2 H3.Y / D H3.�/. The rest of this section is devoted to under-
standing the action of Aut.y�/ on this generator. Since every automorphism of y� is induced
by a 2-connected map f W� D �.1/! �.r/, it suffices to investigate f�ŒY � 2H3.�.r//.

Our strategy is to simplify f given in Lemma 12.3 without altering f�ŒY �. We begin
with elimination of the Œu; v�j factor in f .t/ in the general form (12.1).

Lemma 12.5. Let f W�.1/! �.r/ be a 2-connected map given by (12.1). Let f 0W�.1/!
�.r/ be the map

f 0.t/ D t�upvq; f 0.u/ D uavbŒu; v�m; f 0.v/ D ucvd Œu; v�n: (12.4)

Then f is 2-connected, and f and f 0 induce the same homomorphism f� D

f 0�WH3.�.1//! H3.�.r//.

Proof. By Lemma 12.3, the assignment (12.4) gives a well defined 2-connected homo-
morphism, since the conditions in (12.2) do not involve the exponent j .

Recall that B�.1/ D Y D T 2 � Œ0; 1�=¹.h.z/; 0/ � .z; 1/º where hW T 2 ! T 2 D

S1 � S1 is the monodromy h.�; �/ D .��1; ��1/. Here S1 is regarded as the unit circle
in C. Use .1; 1; 0/ as a basepoint of B�.1/. Choose maps B�.1/! B�.r/ realizing f
and f 0, and denote them by f and f 0, abusing the notation.

Let T 3 D T 2 � S1, and use .1; 1; 1/ 2 T 3 as a basepoint. Denote by x, y the standard
basis of �1.T 2/ D Z2, and denote by s the generator of �1.S1/ D Z, so that x, y and s
form a basis of �1.T 3/. The element Œu; v� 2 �.r/ is central by (11.1), and f .u/, f .v/ 2
�.r/ commute since u, v 2 �.1/ commute. It follows that there is a map gWT 3! B�.r/

which induces �1.T 3/DZ3!�.r/ given by x 7! f .u/�1, y 7! f .u/�1 and s 7! Œu;v�j .
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By homotopy if necessary, we may assume gjT 2�1 is equal to f 0jT 2�1, since f D f 0 on
u and v. Define F WB�.1/! B�.r/ to be the composition

F WB�.1/ DD T 2 � Œ0; 1�=¹.h.z/; 0/ � .z; 1/º

��!
q

�
T 2 �

�
0; 1
2

�
=
®
.h.z/; 0/ �

�
z; 1
2

�¯�
[

T 2�
1
2

�
T 2 �

�
1
2
; 1
�
=
®�
z; 1
2

�
� .z; 1/

¯�
DD Y [

T 2
T 3

f 0[g
���! B�.r/

where q is the quotient map induced by .z; t/ 7! .z; t/. Observe that the induced map
F W �.1/! �.r/ satisfies F.u/ D f 0.u/ D f .u/, F.v/ D f 0.v/ D f .v/, and F.t/ D
f 0.t/g.s/ D f .t/. It follows that f and F are homotopic. Therefore, on H3, we have

f�ŒY � D F�ŒY � D f
0
�ŒY �C g�ŒY � 2 H3.�.r//:

So it suffices to prove that g�WH3.T 3/!H3.�.r// is zero. To show this, first observe
that gW�1.T 3/! �.r/ sends �1.T 3/ D Z3 to the subgroup A.r/. In addition, it induces
a morphism of central extensions:

0 Z Z3 Z2 0

0 Zr2 A.r/ Z2 0

�j g Œa cb d � (12.5)

Here the top row corresponds to the trivial fibration S1 ,! T 3! T 2, and the bottom row
is the exact sequence in (11.10). The leftmost and rightmost vertical maps are multiplica-
tion by j and Œ a cb d �, by the definition of g and description (12.1) of f . The map g induces
a morphism of the spectral sequences. In particular, on E22;1, g induces a map

Z D H2.Z
2/˝H1.Z/! H2.Z

2/˝H1.Zr2/ D Zr2 : (12.6)

This is scalar multiplication by .ad � bc/j , by the above descriptions of the vertical maps
in (12.5). By Lemma 12.3, ad � bc D ˙r2. It follows that (12.6) is a zero map. Since
E22;1 for Z3 is equal to H3.T 3/, it follows that g�WH3.T 3/! H3.A.r// is zero.

The next step of our reduction is described by the following lemma.

Lemma 12.6. Suppose f W� D�.1/!�.r/ is a 2-connected homomorphism. Then there
is a 2-connected homomorphism f 0W � ! �.r/ such that f 0.t/ D t�f , ıf D ıf 0 and
f� D f

0
� on H3.�/.

Proof. Let � D �f , and apply Lemmas 12.3 and 12.5 to assume

f .t/ D t�upvq; f .u/ D uavbŒu; v�m; f .v/ D ucvd Œu; v�n: (12.7)

We claim that we may assume that both p and q are even in (12.7). To show this, con-
sider �W�! � given by �.t/D tu, �.u/D u, �.v/D v. It is a well defined 2-connected
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homomorphism by Lemma 12.3. Moreover, it induces the identity on H3.�/ D Z. This
can be seen geometrically, by inspecting the fundamental class ŒY � under an appropriate
map xB� D Y ! Y realizing �. Alternatively, use the Wang sequence for the extension
1 ! A.1/ ! � ! Z to identify H3.�/ with H2.A.1// D H2.Z2/ D Z, and use the
fact that �jA.1/ is the identity. Now, since �� D id on H3, it follows that f� D .f ı �/�
on H3.�/. Similarly, define a 2-connected homomorphism �0W � ! � by �0.t/ D tv,
�0.u/ D u, �0.v/ D v. Then f� D .f ı �0/� on H3, too. We have

.f ı �/.t/ D f .tu/ D t�upvq � uavbŒu; v�m D t�upCavqCbŒu; v�m�aq;

.f ı �0/.t/ D f .tv/ D t�upvq � ucvd Œu; v�m D t�upCcvqCd Œu; v�m�cq :

By (12.2), ad � bc is odd. We assume a and d are odd, and b is even, since arguments
for other cases are identical. Then composition with � alters the parity of p and preserves
the parity of q, and composition with �0 alters the parity of q (while the parity of p is
left uncontrolled). So, by composition, we may assume that both p and q are even. Note
that a, b, c, d and � are left unchanged. Finally, apply Lemma 12.5 to obtain the form
of (12.7). This proves the claim.

Now, define  W �.r/ ! �.r/ to be  .g/ D ugu�1. Since conjugation induces the
identity on H� (see e.g. [29, p. 191]), we have . ı f /� D f� on H3. Also, we have

. ı f /.t/ D u � t�upvq � u�1 D t�up�2vqŒu; v�q;

. ı f /.u/ D u � uavbŒu; v�m � u�1 D uavbŒu; v�mCb;

. ı f /.v/ D u � ucvd Œu; v�n � u�1 D ucvd Œu; v�nCd :

Apply Lemma 12.5, to eliminate Œu; v�q in . ı f /.t/. This changes p to p � 2, without
altering a, b, c, d , � and q (butm and n are allowed to be altered). Using  0.g/D u�1gu
in place of  , p can also be changed to p C 2. Similarly, q can be changed to q ˙ 2.
Applying this repeatedly, we can arrange p D q D 0. This gives us a homomorphism
f 0W� ! �.r/ of the promised form, which satisfies f� D f 0�. Since �, �0,  and  0 used
above have �� D 1 and ı� D 1, we have �f 0 D �f and ıf 0 D ıf .

As the final step of our analysis, we investigate the special case of 2-connected homo-
morphisms in Lemma 12.6. Let i W � D �.1/ ! colim �.`/ D y� be the colimit map,
and i�WH3.�/ ! H3.y�/ be the induced map. Recall that the Z factor of H3.y�/ D
.Z.2/=Z/ � Z is generated by the image i�ŒY � of the fundamental class ŒY � 2 H3.�/ D
H3.Y / D Z.

Lemma 12.7. Suppose f W� D �.1/! �.r/ is a 2-connected homomorphism such that
f .t/ D t�f . Then the induced map f�WH3.�/! H3.y�/ is given by

f� D ıf � �f � i�:

Proof. Consider the subgroup of �.`/ generated by u, v and t2, which corresponds a
double cover. Since Œt2; u� D Œt2; v� D 1, this subgroup is the internal direct product
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A.`/ � 2Z, where A.`/ is generated by u and v and the infinite cyclic group 2Z is gen-
erated by t2. The colimit A � 2Z D colim.A.`/ � 2Z/ is an index 2 subgroup of y� .
Since f sends A.1/ to A.r/, f lifts to a homomorphism gWA.1/ � 2Z! A.r/ � 2Z.
Compose them with the colimit maps A.r/ � 2Z! colim.A.`/ � 2Z/ D A � 2Z and
�.r/! colim` �.`/ D y� , and take H3, to obtain the diagram

H3.A.1/ � 2Z/ H3.A.r/ � 2Z/ H3.A � 2Z/

H3.�.1// H3.�.r// H3.y�/

g� colim

f� colim

(12.8)

We will compare the composition of the top row with the homomorphism induced by
the colimit i jA.1/�2ZWA.1/� 2Z!A� 2Z. The key property, which is a consequence of
the hypothesis f .t/D t�f , is that the lift g can be written as a product: gD .gjA.1//� .� �/
where gjA.1/ is equal to the restriction f jA.1/WA.1/! A.r/, and � �W 2Z! 2Z is mul-
tiplication by � WD �f . So, the induced map g� on H3 is determined by gjA.1/ and � by
the Künneth formula. More precisely, since A.1/ D Z2, the composition of the top row
of (12.8) is equal to the composition

H3.A.1/ � 2Z/ D H2.A.1//˝H1.2Z/
.gjA.1//�˝.��/
���������! H2.A.`//˝H1.2Z/

colim˝.��/
������! H2.A/˝H1.2Z/

�
��! H3.A � 2Z/:

By (11.13) and (11.14), H2.A/ is identified with the subgroup r2Z � Z D H2.A.r/ab/.
In our case, the homomorphismH2.A.1//D Z!H2.A.r/ab/D Z induced by gjA.1/ D
f jA.1/ is multiplication by the determinant of A.1/D Z2! A.r/ab D Z2, which is equal
to ıf � r2 by (12.3). From this, it follows that the composition of the top row of (12.8) is
equal to ıf � � � .i jA.1/�2Z/�.

Consequently, the composition of the bottom row of (12.8), which is the induced
homomorphism f�WH3.�/!H3.y�/, is equal to ıf �� � i� on the image of H3.A.1/�2Z/
! H3.�.1// D H3.Y /. Since B.A.1/ � 2Z/ ! B�.1/ D Y is a double cover of the
3-manifold Y , the image is the subgroup generated by 2ŒY � 2 H3.Y /. So,

2 � f�ŒY � D 2 � ıf � � � i�ŒY � in H3.y�/:

Since H3.y�/ D .Z.2/=Z/ � Z by Theorem 11.1 (1), 2� D 0 implies � D 0 for every
� 2 H3.y�/. It follows that f�ŒY � D ıf � � � i�ŒY �. This completes the proof.

Now we are ready to prove Theorem 12.2, which asserts that the action of f 2Aut.y�/
on H3.y�/ D .Z=Z.2// � Z is given by f�.a; n/ D .ıf � a; ıf � �f � n/.

Proof of Theorem 12.2. By Lemma 12.4, the restriction of f� to tH3.y�/ D Z.2/=Z
is multiplication by ıf . So it remains to investigate f� on the generator .0; 1/ 2
.Z.2/=Z/ � Z. By Lemmas 12.6 and 12.7, we may assume that the map H3.�/ !

H3.y�/ induced by f sends the fundamental class ŒY � to ıf � �f � i�ŒY �. Since .0; 1/ 2
.Z.2/=Z/ � Z is the image of ŒY �, it follows that f�.0; 1/ D .0; ıf � �f /.
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13. Nontrivial transfinite Milnor invariants

The goal of this section is to prove Theorem L stated in Section 2.11, which gives an
infinite family of 3-manifolds with vanishing Milnor invariants of finite length, but distinct
nontrivial transfinite Milnor invariants of length !. As mentioned in Section 2.11, we do
so by using a family of 3-manifolds, ¹Md j d 2 2ZC 1º: Md is defined to be the torus
bundle T 2 � Œ0; 1�=¹.hd .z/; 0/ � .z; 1/º, with monodromy hd D

�
�1 d
0 �1

�
. Note that Md

is obtained from the original torus bundle Y studied in the previous sections, by modifying
the .1; 2/-entry of the monodromy from 0 to d .

Fix an odd integer d . We will use Md as the basepoint manifold to which other 3-
manifoldsMr are compared. That is, let � D �1.Md /. Our main goal of this section is to
prove Theorem L, which asserts the following:

(1) For every odd integer r , x�k.Mr / is defined and vanishes for all finite k. Moreover,
2�1.Mr /=2�1.Mr /! Š y�=y�! , so x�!.Mr / is defined.

(2) But, for odd r and s, x�!.Mr / D x�!.Ms/ if and only if jr=sj is a square in Z�
.2/

. In
particular, x�!.Mr / is nontrivial if and only if jr=d j is not a square.

(3) Indeed, the set of realizable values of the Milnor invariant of length !, R!.�/=�, is
in 1-1 correspondence with Z�

.2/
=˙.Z�

.2/
/2.

Here ˙.Z�
.2/
/2 WD ¹˙˛2 j ˛ 2 Z�

.2/
º. For every a=b 2 Z�

.2/
with a, b 2 2ZC 1, we

have a=b � jabj mod ˙.Z�
.2/
/2 (multiplicatively), and in the prime factorization of the

integer jabj, one can assume that each prime has exponent at most 1, modulo square. So
R!.�/=� is bijective to the set of odd positive integers which have no repeated primes
in the factorization.

To show Theorem L, we will compute the realizable classes and the equivalence
relations � and � for the modified torus bundle case. In fact, both the arguments for
computation and their outcomes are very close to the original torus bundle d D 0 case.
However, the modified case has a small but important difference: the action of Aut.y�=y�!/
on R!.�/ turns out to have smaller orbits. See Theorem 13.1 (2) below and compare it
with Theorem 11.1 (5). From this the nontriviality of the length ! Milnor invariants will
be obtained.

More specifically, we will show the following.

Theorem 13.1. Let � D �1.Md / as above, d odd. Then the following hold:

(1) Each ofH3.y�=y�!/,H3.y�=y�!C1/, R!.�/, R!C1.�/, the map R!C1.�/!R!.�/

and the equivalence relation � on R!.�/ is identical with that given in Theo-
rem 11.1: that is,

H3.y�=y�!/ D Z.2/; H3.y�=y�!C1/ D .Z.2/=Z/ � Z;

R!.�/ D Z�.2/; R!C1.�/ D .Z.2/=Z/ � ¹˙1º:

The map R!C1.�/! R!.�/ is .x; �/ 7! �, and on R!.�/ D Z�
.2/

, � � � 0 if and
only if � D ˙� 0.
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(2) The orbits of the action of Aut.y�=y�!/ on R!.�/ D Z�
.2/

is given by: �.�/ D � 0 for

some � 2 Aut.y�=y�!/ if and only if �=� 0 is a square.
Consequently, on R!.�/, � � � 0 if and only if �=� 0 D ˙˛2 for some ˛ 2 Z�

.2/
.

(3) For every odd integer r , there is an isomorphism f W 2�1.Mr /=2�1.Mr /!
Š
�! y�=y�!

such that �!.Mr / D �!.Mr ; f / D r=d 2 Z�
.2/
D R!.�/. So x�!.Mr / D r=d D rd

and x�!.Mrd / D r in Z�
.2/
=˙.Z�

.2/
/2 D R!.�/=�.

Theorem L follows immediately from Theorem 13.1 (2, 3).
The remaining part of this section is devoted to the proof of Theorem 13.1. In Sec-

tion 13.1, we compute the transfinite lower central quotients y�=y�! and y�=y�!C1. In
Section 13.2, we prove Theorem 13.1 (1). In Section 13.3, we prove Theorem 13.1 (2, 3).

13.1. Transfinite lower central series quotients of the localization

The group � D �1.Md / is the semidirect product Z2 Ì Z D Z2 Ìhd Z, where the gen-
erator t of Z acts on Z2 by hd D

�
�1 d
0 �1

�
. In what follows, we will compute y�=y�! and

y�=y�!C1.
Recall that the group AD colim` oddA.`/was defined at the beginning of Section 11.3.

One can write
A D ¹x˛yˇ Œx; y� j ˛; ˇ 2 Z.2/;  2 Z.2/=Zº

where the group operation is given by

x˛yˇ Œx; y� � x�y�Œx; y�� D x˛C�yˇC�Œx; y�C��ˇ�:

The group A has Z2 as a subgroup, generated by x and y. (Note that Œx;y� is trivial in A.)
Also, Z.2/=Z D ¹Œx; y�

º � A is a central subgroup, and A=.Z.2/=Z/ D Z2
.2/

.

Recall that, for d D 0, we proved that y� D y�=y�!C1 is equal to the semidirect product
A Ìh0 Z, where the generator t of Z acts on A by h0 D

�
�1 0
0 �1

�
, that is, t � x D x�1,

t � y D y�1 (see Section 11.3).
We will prove a similar result for the modified torus bundle case.
For this purpose, we need to extend the action of t D hd on Z2 to A. Being an exten-

sion, t � xn D x�n, t � yn D xdny�n must be satisfied for every integer n, but it can be
seen that a naive attempt to define t � x1=n D x�1=n, t � y1=n D xd=ny�1=n does not give
a group homomorphism t WA! A.

Instead, we use the following lemma, which can be verified by a direct computation.
To state it, we need the fact that multiplication by 2, Z.2/=Z

2�
�! Z.2/=Z, is an isomor-

phism, so =2 2 Z.2/=Z is well defined for every  2 Z.2/=Z.

Lemma 13.2. The map t WA! A defined by

t � .x˛yˇ Œx; y� / D x�˛Cdˇy�ˇ Œx; y�Cdˇ
2=2

is a group isomorphism which extends t D hd WZ2 ! Z2.



Transfinite Milnor invariants for 3-manifolds 3039

Define a semidirect product A ÌZDA Ìhd Z by using the action of t in the lemma.
The subgroup Z.2/=Z is central in A Ì Z, and the quotient .A Ì Z/=.Z.2/=Z/ is the
semidirect product Z2

.2/
Ì Z D Z2

.2/
Ìhd Z, which is defined using the action of t D hd

on Z2
.2/

. In what follows, we omit hd in the semidirect product notation.

Theorem 13.3. y�=y�! D Z2
.2/
Ì Z and y�=y�!C1 D A Ì Z. The natural maps of � D

Z2 Ì Z into y�=y�! and y�=y�!C1 are the inclusions.

Indeed, it can also be shown that y� D A Ì Z and y�!C1 D ¹1º, by modifying the
arguments used in [7]. Since we do not use this stronger fact, we will just provide a proof
of Theorem 13.3.

Proof of Theorem 13.3. First, we will compute y�=y�! using Theorem 3.6. For this, we
need to compute the classical module localization S�1Z2, where S D ¹s.t/ 2 ZŒt˙1� j
s.1/ D ˙1º. As a ZŒt˙1�-module, Z2 is presented by the matrix tI � hd D

�
tC1 �d
0 tC1

�
.

So, Z2 is annihilated by the determinant, t2 C 2t C 1. Observe that for each s.t/ 2 S ,
s.t/s.t�1/ 2 S . So, S�1Z2 is equal to T �1Z2, where T D ¹˙s.t/s.t�1/ j s.t/ 2 Sº. An
element p.t/2 T satisfies p.t/Dp.t�1/, so p.t/D a0C

P
i>0 ai .t C t

�1/i with p.1/D
a0C

P
i>0 2

i � ai D˙1. Since t C t�1 acts on Z2 by multiplication by�2, it follows that
multiplication by p.t/ on Z2 is equal to multiplication by a0 C

P
i>0.�2/

i � ai , which
is an odd integer. Conversely, an arbitrary odd integer r can be written as r D ˙1C 4k,
so multiplication by r on Z2 is equal to multiplication by s.t/ WD ˙1 � k.t C t�1 � 2/,
which lies in S . It follows that S�1Z2 D .2ZC 1/�1Z2 D Z2

.2/
.

Also, for the augmentation ideal I D ¹p.t/ 2 ZŒt˙1� j p.1/ D 0º, an element
p.t/ 2 I 2k is of the form p.t/ D .t � 1/2kq.t/ D .t C t�1 � 2/k � tkq.t/. Since
t C t�1 acts on Z2 by multiplication by �2, it follows that I 2kZ2 � 4kZ2, and henceT
k<1 I

kZ2 D 0. So � D Z2 Ì Z is residually nilpotent. For later use, note that the
same argument proves that Z2

.2/
Ì Z is residually nilpotent too.

Now, by Theorem 3.6, the closure in the completion is given by

y�=y�! D Z2 Ì Z D S�1Z2 Ì Z D Z2.2/ Ì Z:

This proves the first conclusion.
To compute y�=y�!C1, we claim the following:

(1) H2.A Ì Z/ D H2.A/ D H2.Z2/ D H2.Z2 Ì Z/ D Z,

(2) .A Ì Z/! D Z.2/=Z D ¹Œx; y�
º, .A Ì Z/!C1 D ¹1º.

Here, the equalities between H2.�/ are induced by the inclusions of the groups.
Before proving the claims, we will derive the second conclusion of the theorem. Since

Z.2/=Z is a central abelian subgroup of A Ì Z and the quotient .A Ì Z/=.Z.2/=Z/ D
Z2
.2/
Ì Z is a local group, A Ì Z is local, by [7, Theorem A.2, Lemma A.4]. So, the

inclusion � D Z2 Ì Z ,! A Ì Z induces y� ! A Ì Z. We will apply the standard
Stallings argument to y� ! A Ì Z. We have already shown that y�=y�! D Z2

.2/
Ì Z.

Combining this with claim (2) above, it follows that y�=y�! Š .A Ì Z/=.A Ì Z/! .
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Since the composition H2.�/! H2.y�/! H2.A Ì Z/ is an isomorphism by the first
claim, H2.y�/ ! H2.A Ì Z/ is surjective. So, by Stallings’ work [26], y�=y�!C1 Š
.A Ì Z/=.A Ì Z/!C1. By the second claim, it follows that y�=y�!C1 Š A Ì Z.

Therefore, to complete the proof, it remains to show the claims. We begin with the
first claim, which concerns H2. In fact, H�.A Ì Z/ can be computed using the Wang
sequence

� � � ! H2.A/
1�t�
���! H2.A/! H2.A Ì Z/! H1.A/

1�t�
���! H1.A/! � � � (13.1)

similarly to Section 11.3. (Our (13.1) here is analogous to (11.9).) By (11.14), H2.A/ D
H2.Z2/ D Z. Since hd has determinant 1, t� D id on H2.A/ and thus 1 � t� D 0. Also,
H1.A/D Z2

.2/
, and t� onH1.A/ is given by hd . So, 1� t� D

�
2 �d
0 2

�
onH1.A/ and this

is injective. Therefore, from (13.1), it follows that

H2.A Ì Z/ D H2.A/ D H2.Z
2/ D Z: (13.2)

We remark that while our monodromy hd (d odd) is different from the d D 0 case,
H2.A Ì Z/ remains the same as in the d D 0 case given in (11.19).

For the second claim, we proceed similarly to the proof of Lemma 11.4. We have
already shown that .AÌZ/=.Z.2/=Z/DZ2

.2/
ÌZ is residually nilpotent. So, .AÌZ/! �

Z.2/=Z. For the reverse inclusion, observe that Œxˇ ; t � D x�2ˇ , so by induction x2
kˇ 2

.A Ì Z/kC1. Thus Œx; y�2
kˇ D Œx2

kˇ ; y� lies in .A Ì Z/kC2 for all ˇ 2 Z.2/. For every
 2 Z.2/, there is ˇ 2 Z.2/ such that 2kˇ �  mod Z, since 2 is invertible in Z.2/=Z. It
follows that Œx; y� D Œx; y�2

kˇ 2 .A Ì Z/kC2. Since it holds for every k, it follows that
Œx; y� 2 .AÌZ/! . This shows that .AÌZ/! D Z.2/=Z. Finally, since Œx; y� is central
in A Ì Z, .A Ì Z/!C1 D ¹1º. This completes the proof of the claims.

13.2. Homology and realizable classes

We will prove Theorem 13.1 (1). To compute H3.y�=y�!/, we use the Wang sequence for
y�=y�! D Z2

.2/
Ì Z, similarly to Section 11.2. Indeed, the Wang sequence was already

given in (11.4):

0 D H3.Z
2
.2//! H3.y�=y�!/! H2.Z

2
.2//

1�t�
���! H2.Z

2
.2//! H2.y�=y�!/

! H1.Z
2
.2//

1�t�
���! H1.Z

2
.2//! H1.y�=y�!/! Z! 0:

Here, the difference from Section 11.2 is that t� is induced by hd D
�
�1 d
0 �1

�
. So, 1 � t�

on H2.Z2.2// D Z.2/ is zero, and 1 � t� on H1.Z2.2// D Z2
.2/

is
�
2 �d
0 2

�
. It follows that

H3.y�=y�!/ D H2.Z
2
.2// D Z.2/;

H2.y�=y�!/ D H2.Z
2
.2// D Z.2/;

H1.y�=y�!/ D Z4 � Z:

(13.3)
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Note that Hi .y�=y�!/ remains the same as that of the original torus bundle in Sec-
tion 11.2 for i D 2; 3, while H1.y�=y�!/ is altered since d is odd (compare 13.3
with (11.5)). But H1.y�=y�!/ is still a finite abelian 2-group. Consequently, the analy-
sis of the cap products (11.6) and (11.7) (which uses Theorem G) in Section 11.2 applies
to our case without any modification. This shows that R!.�/ D Z�

.2/
.

To compute H3.y�=y�!C1/, we proceed similarly to Section 11.3. For y�=y�!C1 D
A Ì Z, we have the Wang sequence (11.9)

� � � ! Hi .A/
1�t�
���! Hi .A/! Hi .y�=y�!C1/! Hi�1.A/

1�t�
���! Hi�1.A/! � � �

where t� is again induced by hd D
�
�1 d
0 �1

�
. We have H3.A/ D H3.Z.2/=Z/ D Z.2/=Z

by (11.16). Since the subgroup Z.2/=Z � A is generated by Œx; y� on which our t acts
trivially, t� on H3.A/ is the identity. Also, since H2.A/ D H2.Z2/ D Z by (11.14),
t� on H2.A/ is the identity too. It follows that H3.y�=y�!C1/ D .Z.2/=Z/ Ì Z, as
in (11.18) in Section 11.3.

Also, for � 2 H3.y�=y�!C1/, the analysis of the cap products (11.6) and (11.7) in
Section 11.4 is carried out for our case

\ � W tH 2.y�=y�!C1/! tH1.y�=y�!C1/ D tH1.�/;

\ � WH 1.y�=y�!C1/! H2.y�=y�!C1/=Ker¹H2.y�=y�!C1/! H2.y�=y�!/º

without modification, using the fact that tH1.�/ D Z4 is a finite abelian 2-group. This
shows that R!C1.�/ D Z.2/=Z � ¹˙1º � H3.y�=y�!C1/.

Note that we have shown that R!.�/ and R!C1.�/ are the same as those in the
original torus bundle case (d D 0). So, by the argument in the last paragraph, R!C1.�/!

R!.�/ is also the same as in the original torus bundle case.
To complete the proof of Theorem 13.1 (1), it remains to determine the equivalence

relation � on R!.�/ D Z�
.2/
� H3.y�=y�!/ D Z.2/.

Let � D a=b 2 R!.�/ D Z�
.2/

with a, b odd integers. To compute the equivalence
class of � , we will first find a 3-manifold realizing � . Recall that Md is the modified
torus bundle, with monodromy hd D

�
�1 d
0 �1

�
, and that � D �1.Md /. For another odd

integer r which will be specified later, consider the 3-manifold Mr . By Theorem 13.3
aplied to r instead of d , we have 2�1.Mr /=2�1.Mr /! DZ2

.2/
Ìhr Z. Because the following

observation will also be used later, we state it as a lemma.

Lemma 13.4. Let ˛; ˇ 2 Z�
.2/

. Then � D �˛;ˇ W Z
2
.2/
Ìhr Z ! Z2

.2/
Ìhd Z given by

�.a; b; n/ D .˛ � a; ˇ � b; n/ is a group isomorphism if and only if dˇ D r˛. In that
case, the induced isomorphism

��WH3.2�1.Mr /=2�1.Mr /!/ D Z.2/ ! H3.y�=y�!/ D Z.2/

is multiplication by ˛ˇ.

Proof. Since the monodromies are hd D
�
�1 d
0 �1

�
and hr D

�
�1 r
0 �1

�
and � D

�
˛ 0
0 ˇ

�
on Z2

.2/
, our � is an isomorphism between the semidirect products if and only if the
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matrix identity hd� D �hr holds. From this, the first conclusion follows immediately,
using the condition d ¤ 0.

Since H3.2�1.Mr /=2�1.Mr /!/ D H2.Z2.2// D Z.2/ by (13.3) and since the restriction
�jZ2

.2/
is
�
˛ 0
0 ˇ

�
, the induced map �� on H3 is multiplication by det�jZ2

.2/
D ˛ˇ.

For our purpose, let r D abd , ˛ D 1=b and ˇ D a. By Lemma 13.4, � D �˛;ˇ is
an isomorphism, and �� on H3 is multiplication by a=b. Since the fundamental class
ŒMr � is equal to 1 2 Z.2/ D .2�1.Mr /=2�1.Mr /!/, it follows that the value of the invariant
�.Mr / D �.Mr ; �/ defined using the isomorphism � is equal to the class � D a=b 2

R!.�/. Therefore, the equivalence class of � with respect to � is equal to the image of
the composition

R!C1.�1.Mr // R!.�1.Mr // R!.�/

.Z.2/=Z/ � ¹˙1º Z�
.2/

Z�
.2/

Š

��

by Definition 2.4. Since the first arrow is .x;˙1/ 7! ˙1 and the second arrow is multi-
plication by � D a=b, it follows that � � � 0 if and only if � 0 D ˙� . The completes the
proof of Theorem 13.1 (1).

13.3. Automorphism action and Milnor invariants

Recall that � D �1.Md / where d is fixed. We will prove Theorem 13.1 (2).
Suppose �W y�=y�! ! y�=y�! D Z2

.2/
ÌZ is an automorphism. Similarly to the proof of

Lemma 12.3, we see that � restricts to an automorphism on the subgroup Z2
.2/

, since Z2
.2/

is the first rational derived subgroup of y�=y�! . Write �jZ2
.2/
D Œ ˛ ˇ ı � 2 GL.2;Z.2//. For

the generator t of the Z factor of Z2
.2/
Ì Z, we have �.0; t/ D .v; t�/ for some v 2 Z2

.2/

and � 2 ¹˙1º, since � is an automorphism on the quotient .y�=y�!/=Z2.2/ D Z. Since �
is a group homomorphism on the semidirect product with respect to the monodromy hd ,
the matrix identity �hd D h�

d
� must be satisfied. By comparing the matrix entries, it

implies that �jZ2
.2/
D
�
˛ ˇ
0 �˛

�
. (Here one uses the assumption that d is nonzero!) From

this, it follows that the induced automorphism �� on H3.y�=y�!/ D H2.Z2.2// D Z.2/ is
equal to multiplication by � � det�jZ2

.2/
D ˛2. Note that ˛ 2 Z�

.2/
since �jZ2

.2/
is invertible

over Z.2/.
Conversely, the above computation also shows that for any square ˛2 2 Z�

.2/
, there is

an automorphism � on y�=y�! D Z2
.2/
ÌZ such that �� onH3 is multiplication by ˛2. For

instance, by setting ˇ D 0 and � D 1, the automorphism � given by �jZ2
.2/
D
�
˛ 0
0 ˛

�
and

�.0; t/ D .0; t/ has that property.
From the above, Theorem 13.1 (2) follows immediately: for � , � 0 2 Z�

.2/
D R!.�/,

�.�/ D � 0 for some � 2 Aut.y�=y�!/ if and only if �=� 0 is a square in Z�
.2/

. By the above
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computation of the equivalence relaiton� and by Definition 2.4, it also follows that � � � 0

in R!.�/ if and only if �=� 0 D ˙˛2 for some ˛ 2 Z�
.2/

.
Finally, we will prove Theorem 13.1 (3). Recall that d is the fixed odd integer. Let r

be an arbitrary odd integer. Let � D r=d 2 R!.y�=y�!/ D Z�
.2/

. Apply Lemma 13.4, for
.˛; ˇ/ D .1; r=d/, to obtain the isomorphism

� D �˛;ˇ W 2�1.Mr /=2�1.Mr /! ! y�=y�! :

Furthermore, Lemma 13.4 says that �� onH3 is multiplication by ˛ˇD r=d 2Z�
.2/

. Since
the fundamental class is ŒMr �D 1 2Z.2/, we have �!.Mr /D �!.Mr ; �/D ��.1/D r=d .
This completes the proof of Theorem 13.1, the last theorem of this paper.

14. Questions

We list some questions which naturally arise from this work.

(1) Can one interpret the invariants �k.M/ and x�k.M/ of finite length (i.e. k <1) as
Gusarov–Vassiliev finite type invariants in an appropriate sense?

We remark that �k.M/ and x�k.M/ are invariant under Habiro–Gusarov clasper
surgery, which is now often called Yk-equivalence. More precisely, the following hold.

Fix a closed 3-manifold group � , and let M and M 0 be two closed 3-manifold which
are Yk�1-equivalent. Then �k.M/ is defined if and only if �k.M 0/ is defined, and when
they are defined, �k.M/D �k.M

0/ in Rk.�/=Aut.�=�k/ ifM andM 0 are Yk-equivalent.
The following three questions are relevant.

(2) Can one extract the invariants �k.M/ and x�k.M/ of finite length from (some variant
of) the Kontsevich integral, or related quantum invariants?

(3) Our results strongly suggest that there should be a notion of transfinite type invariants.
Can one interpret the transfinite length invariants ��.M/ and x��.M/ as a finite type
invariant? If not, can one generalize the notion of finite type invariants of 3-manifolds
to a suitable notion of “transfinite type” invariants, so that the invariants ��.M/ of
transfinite length can be viewed as invariants of transfinite type?

(4) Can we extend the definition of the Kontsevich integral (of 3-manifolds or links) to a
transfinite version?

The following addresses the (non)triviality of the transfinite invariants of a given
length.

(5) For every (countable) ordinal �, is there a closed 3-manifold group � for which the
sets R�.�/=� and R�.�/=� have more than one element?

Milnor’s original work [23] combined with Orr’s result [25] tells us that the answer
to (5) is affirmative for finite �. See also Theorem K in this paper. Theorems I and L show
that the answer is affirmative for � D !.
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(6) Is there a countable ordinal $ such that if � is a 3-manifold group and M is a
3-manifold equipped with an isomorphism 2�1.M/=2�1.M/$ ! y�=y�$ for which
x�$ .M/ vanishes (over �), then x��.M/ is defined and vanishes (over �) for every
� > $?

(7) Do �� and x��.M/ (with � either finite or transfinite) reveal new information on link
concordance?

Regarding (7), consider the following. Fix rational numbers a1=b1; : : : ; am=bm 2 Q.
For a given m-component link L, perform Dehn filling on the exterior of the link, with
slopes ai=bi , to obtain a closed 3-manifold. Call it ML. Fix a link L0, and let Y DML0 ,
� D �1.Y /. To compare a given link L with the link L0, consider the invariants ��.ML/

and x��.M/, over the group � , as link invariants.
It seems particularly interesting whether �� and x�� of transfinite length gives a new

nontrivial link invariant in this way.
In addition, the finite length case may also have some interesting potential appli-

cations. Recall from Section 10 that there are examples for which the finite length
invariants �k live in finite abelian groups, and thus have torsion values.

(8) Do �k and x�k of finite length give new torsion-valued link concordance invariants?

The following is closely related to (8). In [9] (see also the survey [8] of a series of
related papers), Conant, Schneiderman and Teichner proposed a higher order version of
the classical Arf invariant for links. It may be viewed as certain 2-torsion-valued informa-
tion extracted from Whitney towers and gropes in 4-space. A key conjecture in the theory
of Whitney towers is whether the higher order Arf invariants are nontrivial.

(9) Are the invariants �k and x�k related to the higher order Arf invariants? More specif-
ically, can one show the conjectural nontriviality of the higher order Arf invariants
using these invariants (of certain 3-manifolds associated to links)?

Also, the existence of transfinite Milnor invariants suggest the existence of transfinite
Arf-invariants.

(10) Do transfinite Arf invariants of links and 3-manifolds exist?

(11) If so, are these determined by the invariants �� , or some analogue thereof?
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