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Abstract. We establish connections between the maximum likelihood degree (ML-degree) for lin-
ear concentration models, the algebraic degree of semidefinite programming (SDP), and Schubert
calculus for complete quadrics. We prove a conjecture by Sturmfels and Uhler on the polynomi-
ality of the ML-degree. We also prove a conjecture by Nie, Ranestad and Sturmfels providing an
explicit formula for the degree of SDP. The interactions between the three fields shed new light on
the asymptotic behaviour of enumerative invariants for the variety of complete quadrics. We also
extend these results to spaces of general matrices and of skew-symmetric matrices.
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1. Introduction

Maximum likelihood degree and quadrics

Although this paper is mainly about enumerative geometry and symmetric functions, the
main motivations come from algebraic statistics and multivariate Gaussian models. These
are generalizations of the well-known Gaussian distribution to higher dimensions. In the
one-dimensional case, in order to determine a Gaussian distribution on R, one needs to
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specify its mean i € R and its variance o € R~ ¢. In the n-dimensional case, the mean is a
vector i € R”, and the second parameter is a positive definite n X n covariance matrix X.
The corresponding Gaussian distribution on R” is given by

1
J Q) det T

where T denotes the transpose. Equivalently to determining it by ;1 and X, one may repre-
sent the distribution by w and the concentration matrix K := X1, which is also positive
definite. Our primary interest lies in linear concentration models, i.e. statistical models
which assume that K belongs to a fixed d-dimensional space £ of n x n symmetric
matrices. These were introduced by Anderson half a century ago [1]. In particular, this
means that ¥ should belong to the set £~! of inverses of matrices from &£.

In statistics, typically one gathers data as sample vectors x1, ..., xs € R". This allows
one to estimate the mean w as the mean of the x;’s. Furthermore, each x; provides a
matrix X; := (x; — u)(x; — 1)T. Next, one considers the sample covariance matrix S,
that is, the mean of the X;’s. Note that in most situations, it is not true that S € £7!.
The aim is then to find X that best explains the observations. From the point of view of
statistics, it is natural to maximize the likelihood function

Juz(x1) . fu=(xs),

that is, to find a positive definite matrix ¥ € £~! for which the above value is maxi-
mal. Classical theorems in statistics assert that the solution to this optimization problem
is essentially geometric [4, Theorems 3.6, 5.5], [23, Theorem 4.4]. Namely, under mild
genericity assumptions, the optimal X is the unique positive definite matrix in £~! that
maps to the same point as S under projection from £+.

S DU R G

fu,E(x) =

This is one of the main reasons why the complex variety that is the Zariski closure
of £~ (which abusing notation we also denote by £~!) and the rational map 7 defined
as the projection from £ are intensively studied in algebraic statistics. Note that for
generic £, and after projectivization, = becomes a finite map. The following is the central
definition of the article.

Definition 1.1 (ML-degree). The ML-degree of a linear concentration model represented
by a space £ is the degree of the projection from the space £+ restricted to the vari-
ety £71.

The ML-degree is the basic measure of the complexity of the model. When &£ is
a generic space, the ML-degree only depends on the size n of the symmetric matrices
and on the (affine) dimension d of £. By a theorem of Teissier [39,40] (cf. [22, Corol-
lary 2.6]) or Sturmfels and Uhler [38, Theorem 1], the ML-degree equals the degree of
the variety £1. Following Sturmfels and Uhler [38] we denote it by ¢ (1, d). We refer
algebraists interested in statistics to [10] for more information.

Definition 1.2. Forn € Z-gand 1 < d < (";’1), we define ¢(n, d) to be the degree of
the variety £~1, where £ is a general d-dimensional linear subspace of S2C”.
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Thus, our main result concerns a very basic algebro-geometric object: the degree of
the variety obtained by inverting all symmetric matrices in a general linear space. In Sec-
tion 4, we confirm the following conjecture of Sturmfels and Uhler [38, p. 611], [22, Con-
jecture 2.8]. This theorem is actually a corollary of a similar polynomiality result for the
algebraic degree of semidefinite programming, which will be discussed in the next section.

Theorem 1.3. For any fixed positive integer d, the ML-degree ¢ (n, d) is polynomial in n.

Astonishingly, it appears that the numbers ¢ (n, d) were studied for the last 150
years! In 1879 Schubert presented his fundamental results on quadrics satisfying various
tangency conditions [31]. His contributions shaped the field of enumerative geometry,
inspiring many mathematicians for centuries to come. A nondegenerate quadric being
given, the set of its tangent hyperplanes (its projective dual, in modern language) is noth-
ing other than the inverse quadric. This implies that ¢ (n, d) is also the solution to the
following enumerative problem:

What is the number of nondegenerate quadrics in n variables, passing through

("erl) — d general points and tangent to d — 1 general hyperplanes?

In modern language, such problems can be solved by performing computations in the
cohomology ring of the variety of complete quadrics. This is now a classical topic with
many beautiful results [7-9, 16,20, 32,34,41-43]. In particular, the cohomology ring has
been described by generators and relations, and algorithms have been devised that allow
one to compute any given intersection number. But this only applies for n fixed. Algebraic
statistics suggested changing the perspective and fixing d instead of n. This explains, in
a way, why the polynomiality property of ¢(n, d) is only proved now.

Semidefinite programming and projective duality

The second domain of mathematics that inspired our research is semidefinite program-
ming (SDP), an important subject in optimization theory. The goal is to study linear
optimization problems over spectrahedra. This subject is a direct generalization of lin-
ear programming, that is, optimization of linear functions over polyhedra. For a short
introduction we refer to [24, Chapter 12].

The coordinates of the optimal solution for an SDP problem, defined over rational
numbers, are algebraic numbers. Their algebraic degree is governed by the algebraic
degree of semidefinite programming. For more information we refer to the fundamental
article [25]. To stress the importance of this degree let us just quote that paper:

The algebraic degree of semidefinite programming addresses the computational complexity
at a fundamental level. To solve the semidefinite programming exactly essentially reduces
to solve a class of univariate polynomial equations whose degrees are the algebraic degree.

Let us provide a precise definition of the algebraic degree of SDP, in the language of
algebraic geometry, without referring to optimization. (However, the fact that this defini-
tion is correct is actually a nontrivial result [25, Theorem 13].)
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Definition 1.4. For 0 < m < ('Hz'l) and 0 < r < n, let £ C S2C" be a general linear
space of symmetric matrices, of (affine) dimension m + 1, and let SD);* C P(£) denote
the projectivization of the cone of matrices of rank at most r in &£. The algebraic degree of
semidefinite programming §(m,n, r) is the degree of the projective dual (SD;;")* of SD};"
if this dual is a hypersurface, and zero otherwise.

Projective duality is a classical topic, to which a huge literature has been devoted.
Computing the degree of a dual variety is well-known to be hard, especially when the
variety in question is singular, which is often the case for our SD7;". Nevertheless, Ranes-
tad and Graf von Bothmer [14] suggested the use of conormal varieties, and managed to
obtain an algebraic expression for §(m, 1, r) in terms of what we call the Lascoux coeffi-
cients. These are integer coefficients that govern the Segre classes of the symmetric square
of a given vector bundle; algebraically, they are defined by the formal identity

1
_— = S X1seeo,Xs),
I1 —(a+x) XI:WI (X1 s)

1<i<j<s

where the sum is over the increasing sets / = (i1 < --- < iy) of nonnegative integers,
Al) = (i —s+1,...,i2 — 1,iy) is the associated partition, and s3(7)(x1, ..., Xs) the
corresponding Schur function in the variables x1, ..., x;. These coefficients were intro-
duced and studied in [16, 26], whose influence on our work cannot be underestimated.
Graf von Bothmer and Ranestad found a formula for §(m, n, r) in terms of the Lascoux
coefficients (see Theorem 3.7). Delving into the combinatorics of those coefficients, in
Section 4 we prove the following polynomiality result:

Theorem 1.5. For any fixed m, s > 0, the function §(m,n,n — s) is a polynomial in n.

Moreover, in Section 5 we confirm [25, Conjecture 21], providing another explicit
formula for §(m, n, r), and another proof of the above theorem.

Theorem 1.6 ([25, Conjecture 21]). Let m,n,s be positive integers. Then

bonn—9= 3 Oy o(, " "%)

where the sum is over sets of nonnegative integers of cardinality s.

In this formula, Y I =iy + - - - + iy, and by (n) is a polynomial function of n defined in
Section 5. Actually, by (n) is obtained by evaluating a Schur Q-polynomial on # identical
variables; by the work of Stembridge [35], it counts certain shifted tableaux of shape
determined by 7, numbered by integers not greater than n. Theorem 1.5 also confirms the
polynomiality of the ML-degree, since elementary relations in the cohomology ring of the
variety of complete quadrics imply the fundamental identity (see Corollary 3.6)

1
¢(n,d):; Z sé(d,n,n —s).

(3")=d
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Our approach also applies to linear spaces of general square matrices or of skew-
symmetric matrices, and allows us to obtain closed formulas for the dual degrees of their
determinantal loci. In particular, the analogues of the Nie—Ranestad—Sturmfels conjec-
ture hold true. This means in particular that these dual degrees can be computed by the
class formula, essentially as if those determinantal loci were always smooth (which is
certainly not the case in general!). Since the dual degree is well-known to be extremely
sensitive to singularities, it would be very interesting to have a conceptual explanation of
this phenomenon.

Computations

The proofs of Theorems 1.3, 1.5, 1.6 give rise to explicit polynomial formulas for
d(m,n,n —s) and ¢(n, d), which can be evaluated using software. We illustrate this
on a Sage worksheet, available at https://mathrepo.mis.mpg.de/. So far the exact formula
for ¢ (n, d) has only been known for d < 5 [6,22,36,38]. We compute it explicitly for
d < 50, confirming in particular [22, Conjecture 5.1].

2. Notation and preliminaries

2.A. Partitions, Schur polynomials

Notation 2.1. Foraset I = {iy,...,i,} of nonnegative integers, we assume iy < --- < i,
and we define the corresponding partition

AU = (ir — (F = D)yt — (r = 2), .. via — 1,i1).

Analogously, for a partition A = (A1,...,A,), whichmeans A1 > --- > A, > 0 (zeroes
are allowed), we define the corresponding set

I()L) = {Arw)tr—l +1,...,A,2+7’—2,A,1 +7‘—1}

The length of a partition A (i.e. the number of nonzero entries) will be denoted by
length(1). We denote by || the size of the partition, Y ;_; A, and by X the partition
conjugate to A, e.g. (ﬁ) =(2,1,1).

We will abbreviate {0,...,n — 1} to [n]. Let Y I :=i; + --- + i, denote the sum of
elements of / and #/ = r its cardinality. For two sets [ = {iy,...,i,}and J ={j1,..., jr}
we say that I < J ifiy < jiforalll <k <r.

Notation 2.2. For a partition A we denote by s, the corresponding Schur polynomial.

Definition 2.3. Let I, J be sets of nonnegative integers of cardinality r. We define s7_;
to be the unique integers which satisfy the polynomial equation

san(xr+1,..0.x +1) = ZSI,JS)L(J)(XI, ce Xp).
J<I


https://mathrepo.mis.mpg.de/MLdegreeCompleteQuadrics/index.html
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Note that since s, () is a homogeneous polynomial, we also have the identity

san =1, =) = Y (D2 gy s (. x).
J=<I

As a consequence, the triangular matrices (s7,7)r,; and ((—1)21_2'].5'[,])[,] are
inverses of each other.

Lemma 2.4. Let I = {iy,... i} and J = {j1,..., jr} be two sets of nonnegative inte-
gers. Let M1 j = (myy) be the r X r matrix with my; = (’]’;) Then
() s7,5 = det(My,y),
d _
®) s@y(x1+ 1.0 +1) =37, (d;:i l)s(,-)(xl, o XP).

Proof. Part (a) is proved in [19, Section 1.3, Example 10]. In particular, it implies

d+r—1 d+r—1
Str+d],lr+i] = Fi—1 = d—i .

From this, the equation in part (b) becomes the defining equation for sz . ]

2.B. Lascoux coefficients

Definition 2.5. We define the Lascoux coefficients 1y by the following formula:

say(xi+xj [1<i<j<r))= > Yrsan®r.....x).

A(d
#l=r

r+1 .
> ) variables x; +x;.

Hence, the coefficients 7 appear in the expansion, in the Schur basis, of the complete

Here s(4) is the complete symmetric polynomial of degree d in the (

symmetric polynomial evaluated at sums of variables.

Equivalently, the Lascoux coefficients appear in the expansion of the d-th Segre class
of the second symmetric power of any rank r vector bundle in terms of its Schur classes.
In particular, for the universal bundle U over the Grassmannian G(r,n) forn > r + d,

Segy(S*W) = Y Yroaw).
A
#I=r
where o) denote the Schubert classes in the Chow ring of the Grassmannian. (For r <
n < r + d the identity is still true, but some of the Schubert classes o (y) will be zero.)

Example 2.6. Let us consider r = 2 and n = 4, i.e. the Grassmannian G (2, 4). The rank 2
universal vector bundle U has two Chern roots x1, x». Recall that the cohomology ring of
G(2,4) is six-dimensional with basis corresponding to Young diagrams contained in the
2 x 2 square. We have formal equalities

xl—i—xz:—D, x1~x2=B.
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The Chern roots of S2U are 2xy, X1 + X2, 2x>. Computing the elementary symmetric
polynomials in those we obtain the respective three Chern classes:

-3 oL 1+ 6H, —a ]
By inverting the Chern polynomial we obtain the Segre classes:

|
3] 7Dj+3H, o] . 10

Their coefficients are the Lascoux coefficients, namely:

Voo2=3, Yo3=7 Yip2=3 Y13=10, v23=10.

We use boldface and emphasis above and below to indicate the corresponding numbers.
We may also compute them by expanding complete symmetric polynomials, where now
X1, X are simply formal variables:

52)(2x1, X1 + x2,2x2) = 7xf + 7x§ + 10x71 x5
= 7(x} + x1x2 + x2) + 3x1x2 = Ts(2,0)(x1, X2) + 35¢1.1) (X1, X2).

We note that Lascoux coefficients appear in many publications with different nota-
tions. In particular one needs to be careful with the shift: ¥, . ;1 as defined above
equals ¥, 1+1,...,j.+13 in [14]. On the other hand, our notation is consistent with [17,25].

The lemma below gives a closed formula for the Lascoux coefficients, in terms of
Pfaffians.

Lemma 2.7 ([26, Prop. 7.12]). Let I = {i1,...,i} be a set of nonnegative integers. If
r=1,2thenyy is given by iy = 2" and ¥ jy = Y4 i 44 (",t]) respectively. Forr > 2,
Y1 can be computed as

v = PE(Vyi, i)} )o<k<i<n forr even,
PE(Yyi, i)} )o<k<i<n forT odd,

where W{io,ik} = W{ik}.

2.C. SDP-degree and ML-degree
Recall Definitions 1.2 and 1.4 of the ML-degree ¢ (n, d) and the SDP-degree 6(m,n,r).

Remark 2.8. For our polynomiality results in Section 4, it will be useful to extend the
definitions of ¢ and § as follows:

e Ford > (";1), we put ¢(n,d) = 0.

e Form = 0 and r < n, we define §(0,n,r) = 0.

e For m > ("42'1) or s > n, we put §(m,n,n — s) = 0, with one exception: in the case

m = (";1) and s = n, we define 8(("42'1), n, 0) = 1. See also Remark 3.9.

Now ¢ (n, d) is defined for all n,d > 0, and §(m,n,n — s) is defined for all m,n,s > 0.
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For later reference, we recall the description of §(m, n, r) in terms of the bidegrees of
a conormal variety:

Theorem 2.9 ([25, Theorem 10]). Let Z, € P(S?V) x P(S2V*) be the conormal vari-
ety to the variety SD" C P(S?V) of matrices of rank at most r. Explicitly, Z, consists
of pairs (X, Y) of symmetric matrices, up to scalars, withtk X <r, kY <n —r, and
X - Y = 0. Then the multidegree of Z, is given by
D) o
Z1= Y semn a2
m=0

n—1

Here H, and H,_; denote the pull-backs of the hyperplane classes from P (S2V) and
P(S2V*).

Remark 2.10. From this description, we immediately get the following duality relation
(see also [25, Proposition 9]):

S(m,n,n—s) = 8((n ;_ 1) —m,n,s).

3. ML-degrees via complete quadrics

3.A. Spaces of complete quadrics

Let V be an n-dimensional vector space over C. The space CQ(V') of complete quadrics
is a particular compactification of the space of smooth quadrics in P(V'), or equivalently,
of the space of invertible symmetric matrices (up to scalars) P(S2V)° C P(S?V). The
space CQ(V) has several equivalent descriptions; below we will describe some of them.
For more information we refer the reader to [16,20,41].

For A € S2(V) let A¥ 4 € S2(AF V) be the corresponding form on A* V. If we
view A as a symmetric matrix, then /\k A is the matrix of k x k minors of A. In particular,
/\"_1 A is the inverse of A up to scaling (by the determinant).

Definition 3.1. The space of complete quadrics, CQ(V), is the closure of ¢(P(S2V)°),
where

¢ 1 P(S?V) = P(S?V) x P(S(V A V) x - x B(S* (A" V)

is given by
[A] — (AL A% A]L....[\"" 4)).
To simplify the notation we will also denote CQ(V') by CQ,,.

The natural projection to the j-th factor induces a regular map

;1 CO(V) = P(SH(N V).
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In particular, the map 7y : CQ(V) — P(S2V), which is an isomorphism on ¢ (P (S2V)°),
can be described as a sequence of blow-downs. This provides the second description of
the space of complete quadrics.

Definition 3.2. The space of complete quadrics, CQ(V'), is the successive blow-up of
P(S2V):
CO(V) = Blgu—1Blgu—s ...Blpi P(S*V),

where D' is the proper transform of the space of symmetric matrices of rank at most i
under the previous blow-ups.

Theorem 3.3 ([43, Theorem 6.3]). Definitions 3.1 and 3.2 of the space of complete
quadrics are equivalent.

The space of complete quadrics admits other descriptions; we would like to men-
tion two of them. The first one describes the space of complete quadrics as an equivariant
compactification of the space of invertible symmetric matrices, which is a spherical homo-
geneous space:

P(S2V)° ~ SL, /N(SO,),

where N(SO,) is the normalizer of SO,. The second description realises the space of
complete quadrics as a subvariety of the Kontsevich moduli space of stable maps to the
Lagrangian Grassmannian; for details see [22,41].

The space of complete quadrics has two natural series of special classes of divisors.
The first series S, ..., Sy—1 is given by the classes of the (strict transforms) of the excep-
tional divisors Eq, ..., E,—1 of the successive blow-ups in Definition 3.2 (which are
precisely the SL,-invariant prime divisors on CQ(V')). The second series L1, ..., L,—;
is obtained by pulling back the hyperplane classes by the projections ny, ..., m,—1.

Proposition 3.4. The classes L, ..., Ly—1 form a basis of Pic(CQ(V)), in which the
classes S, ..., Sn—1 are given by the relations

Si =—Li—1 +2L; — Li+1
with Lo = L, := 0.

Proof. These relations were already known to Schubert [30]. For a modern treatment, see
for example [20, Proposition 3.6 and Theorem 3.13]. ]

The inverse relations are given by the (n — 1) x (n — 1) matrix M given by
M;; = min(i. j) —ij/n.
In particular, we have

nLi=m—-10S+m—-2)8S+ -+ Sp-1.

(3.1)
nlpy =81 4+28+--+n—-1)8S,_1.
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3.B. Intersection theory

We are ready to relate the computation of the ML-degree and of the algebraic degree of
semidefinite programming to the intersection theory of CQ(V).

Proposition 3.5. The ML-degree and the algebraic degree of semidefinite programming
can be computed as the following intersection numbers on CQ(V):

n+1 —d _
¢(n,d)=fCQ AR

n+1y_, nt+ly_, . _
s(m,n,r) :/ Lg H-m ILZn:ll =/ SrLE TH-—m lL:ln:ll
Er 0,
-/ L8t ey
P(S2U)xG (. P(S2@%) "

where E, and P(S*U) XG(rny P(S2Q*) are birational and L; is the transform of L;.

Proof. As the morphisms 7y and 7,1 resolve the inversion map P(S2V) --> P(S2V'*),
we can compute the degree of £7!, for £ € P(S2V*) a general d — 1-dimensional linear

n+1y_
subspace, as 7} (Hl( ) d)n:_l (Hf__ll), where H; and H,_; are hyperplane classes in

P(S2V) and P(S2V*) respectively. Indeed, the factor Hl(nJZrl)_d imposes ("“ZLI) —d
linear conditions on matrices in P(S2V), defining a linear subspace P(£) of projective
dimension d — 1, while the factor H,ji__ll imposes d — 1 linear conditions on P(£™1),
hence computing the degree ¢ (1, d).

For §(m, n, r), the main observation is that E, is birationally equivalent to the conor-
mal variety Z,. Indeed, the inductive properties of the spaces of complete quadrics imply
that £, can be described as a space of relative complete quadrics; more precisely,

E; = CO.(U) XG(rm) CQ,_,(@%).
The equality above may be derived from the quotient construction of the variety of com-
plete quadrics [22, 41]. In particular, the variety E, is birationally equivalent to Y, =
P(S?U) XG(rn) P(S?2@*). As observed for example in [14], this is also a smooth model
for the conormal variety Z,. By Theorem 2.9 we have

n+1y_,
S(mﬁn,r)zf Lg 3h)-m le—l.
Z,

n—1

As the divisors L; are base point free, the above intersection on Z, is realized by a zero-
dimensional scheme, which may be assumed not to be supported on any closed, proper
subvariety. In fact, by Kleiman’s transversality theorem this zero-dimensional scheme
consists precisely of 8(m, n, r) reduced points. As Y, and Z, are birational, we may
consider classes of divisors Zi on Y, which are transforms of L; on Z,. We conclude as
before that the intersection of respective L;’s also consists of 8(m,n,r) reduced points:
S(m,n,r) = / Lgngl)_m_lL;”__ll = / I:gn;rl)_m_ll:;"__ll.
Z, Y,
This implies our claim. u
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Since S, projects in P(S2V) to the locus of matrices of rank at most r, we must

n+1y_
have S,LE )l 0 when m is smaller that the codimension of this locus. Similarly

SrL;”__l1 = 0 when m is large enough. One can deduce that the following Pataki inequali-

ties are necessary and sufficient conditions for §(m, n, r) to be nonzero [25, Proposition 5

and Theorem 7]:
n—r—+1 <m< n—+1 _ r+1 . (3.2)
2 2 2

We can then use (3.1) to write the ML-degree in terms of the SDP-degree:
Corollary 3.6. For anyn,d > 0, the following fundamental relation holds:
1
¢(n,d)=— Z sé(d,n,n —s).
n
1=(*}")=d

Proof. First, for d > (";Ll), both sides are 0, and for d = ("’ZLI) both sides equal 1 (see

Remark 2.8), so the relation holds. For 1 <d < (" erl), we can write

"Ih_g 4
¢(n,d)=fCQ L2
1 n_g_1 n—1
-1 / L2 s,
COn s=1

n—1
1 1
— E sé(d,n,n—s) = — E sé(d,n,n —s). (3.3)
R s=1 n s+1
1=("1')=d

The last equality follows from the Pataki inequalities, since §(d,n,n — s) = 0 whenever
s+1
( > ) >d. [

All our computations can now be reduced to the intersection theory of Grassmannians.

Theorem 3.7 ([14, Theorem 1.1]). For 0 <m < ("}') and 0 <r <n,

d(m,n,r) = Z Y1 Y a\T -

Idea of proof. As already mentioned, §(m, n, r) can be computed as an intersection num-
ber on Y;, which is a fiber bundle over the Grassmannian G(r, n). By push-forward, one
obtains

S(m,n,r) = /G(rn) Seg((ngn)_m_(r;rl))(Sz‘ll) Seg(m_(n_£+1))(52(,‘2*).

We then obtain the theorem by expanding these Segre classes, and using the fundamental
duality properties of Schubert classes. ]

Remark 3.8. Recall that our definition of v is shifted with respect to [14], which
explains why our formula looks slightly different.
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Remark 3.9. One can easily verify that the above formula is still true for the
extended definition of § from Remark 2.8. The only nontrivial case is 8(("“), n, O) =

2
V¥ = 1.

4. Polynomiality of the ML-degree

In this section and the next one, we present three proofs of the following polynomiality
result for the algebraic degree of semidefinite programming:

Theorem 4.1. For any fixed m,s > 0, the function §(m,n,n — s) is a polynomial in n.
Moreover, this polynomial vanishes at n = 0.

As an immediate corollary, we obtain one of the main results of this paper: the poly-
nomiality of the ML-degree for linear concentration models. This property was first con-
jectured by Sturmfels and Uhler [38] and confirmed in small, special cases in [6,22,36].

Theorem 4.2. For any fixed d > 0, the function ¢(n, d) is a polynomial for n > 0.

Proof. Foralln,d > 0, by Corollary 3.6, we have

¢(n,d) = ’—11 Z sé(d,n,n —s). 4.1

15(.&‘—51)§d

By Theorem 4.1 every term on the right hand side of (4.1) is a polynomial divisible
by n, hence the theorem follows. [

Each of our proofs of Theorem 4.1 has its advantages. The first one is quite elemen-
tary, being based on algebraic recursive formulas, which also have a geometric meaning.
It provides very efficient methods for explicit computations. The second proof is more
technical, but it allows one to derive the leading coefficients of the polynomials we study.
The last one is simply a corollary of the conjecture of Nie, Ranestad and Sturmfels that
we prove in Section 5.

Our first two proofs of Theorem 4.1 are based on the following theorem.

Theorem 4.3. Let I = {i1,...,i,} be a set of strictly increasing nonnegative integers.
Forn > 0 the function F1C ]
i n],
LPy(n) := Vi -
0 otherwise,

is a polynomial.

Before we prove Theorem 4.3 let us note that it immediately implies Theorem 4.1.
Indeed, by Theorem 3.7, we have
Smonn—s)=Y YrYpp = Y. YiLPr(n).
1C[n] #I=s

#I=s Y I=m—s
Y I=m—s
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By Theorem 4.3, each of the summands is a polynomial in » that vanishes for n = 0.
Moreover, the number of summands in the last sum depends only on m and s, and not
on n. Thus §(m,n,n — s) is also a polynomial in n, which proves Theorem 4.1, and hence
Theorem 4.2.

In the remainder of this section, we will present two proofs of Theorem 4.3. But let us
first give a few examples.

Example 4.4. By induction, one can check the following formulas for LPy, when I has
cardinality 1 or 2:

n n—+1
LP;y(n) = . LPg in(n)=j i
@) (n) (}. +1) ©./)(n) J(j+2)

and more generally, fori < j,

i

(J—Dn+1]j42 d. o _ .
(+DIG+ DG+ +2)zd§)(_1) @ia(i+j+1=d)lnli-a,

LP(,-,j)(n) =
where a; 4 = g;(l)(i —k)i—k+Dandn]y =n(n—1)...(n —d +1).

4.A. First proof
The following recursive relations are central to our first proof.

Lemma 4.5. (1) For j; > 0 we have
.
Vijtirt = O F DV 1 i) = 2 D V401 e} 4.2)
(=1
where the summation is over £ for which j; — 1 > j,_1 and we set jo := 0.

(2) For j1 = 0 we have
Vihdnid = D VTl ) (4.3)
Je<ip<iet+1
Proof. For the first formula see [26, p. 446], [17, (A.15.7)] or [28, pp. 163-166].
To prove the second formula, recall that s(4) is the complete homogeneous symmetric
polynomial of degree d, and we have

say(xi+xj [1<i<j<r))= > Yrsanr.....x).

A()Hd
#I=r
Substituting x,, = 0 we obtain
d
Zs(i)({xi +x; |1 <i<j<r—1})sg—inx1,...,xr-1)
i=0
=s@y(xi+x [ 1<i<j<r—1hLx1,...,%-1)
= Z Visia) (X1, ... Xr—1).

A-d
length(A(1))<r—1
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We note that length(A(/)) < r — 1 if and only if 0 € /. On the other hand, we may apply
Pieri’s rule to
d

D soxi+x | 1<i < j <r—1)s@-in(x1.....x1)
i=0

d
:Z< Z Iplszl(l)(xls~-wxr—l))s(a!—i)(xl,.--,xr—l)-

i=0 A(DH
#I=r—1

Comparing the coefficients of Schur polynomials in both expressions gives the desired

formula. n

First proof of Theorem 4.3. We proceed by induction first on #I, then on ) I :=
>_i;er ij- The base case is I = @, when Yo, n—13 = 1.

For the induction step, fix I, and assume the theorem has been proven for all I’ with
#I' < #I,and for all I’ with#I' = #I and Y_ I’ < ) I. We consider two cases:

Case 1: i1 = 0. We claim that for every n > 0,

LPr(n) = (n —r + DLPp\(oy(n) —2 Z LPp\fo,ig}ufip+13(n),
Liipy1>ig+1

where for summation we formally assume i1 = +o00. Indeed, if n < i, then both sides
are 0, and if n > i, then the equation is precisely Lemma 4.5 (1).

Case 2: i1 > 0. We claim that for every n > 0,

LPy(n) —LPy(n —1) =Y "LP;(n— 1),

J
where the sum is over all J # I of the form {i; —e€q,...,i, —€,} with ¢y € {0, 1}. Again,
if n < i, then both sides are 0, and if n > i, then the equation is precisely Lemma 4.5 (2).
In both cases, it follows that LP; is a polynomial. ]

4.B. Second proof

Our second proof is based on an explicit interpretation of ¥y as a sum of minors in the
Pascal triangle. We denote by E the Pascal triangle matrix, i.e. E;; = (;) We will always
consider only finite submatrices of E so despite the fact that it is an infinite matrix there
will be no computations with infinite matrices.

Notation 4.6. For an n x n matrix 4 and sets /, J C [n] we denote by Aj, s the #I x #J
matrix which is obtained from A by taking rows indexed by / and columns indexed by J.
Here we index rows and columns from 0. In the case I = J we write simply A7 ; = Ar.
For sets K, C C N with #K = #C we denote by V (K, C) the Vandermonde matrix
with entries V(K, C);; = k;}". We also set V(K) := V(K. [#K]), i.e. V(K);; = ki.i+1.
For two sets A, B C N we denote by ¢4Z the sign of the permutation of A U B

determined by A, B if they are disjoint. If they are not, we define ¢4-8 = 0.
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We begin with a characterization of 7 as a sum of minors of the matrix E, which
follows from [17, Proposition 2.8].

Proposition 4.7. The following equality holds:
v = Z det(Eyq, 7).

J<I

In what follows we will need the following lemma that may be easily proved by induc-
tion.

Lemma 4.8. Let a, b be nonnegative integers.
@ Ifa>bthen Y {_o(—1)'(¢)i® = 0.
(b) If a = b then Y {_o(=1)*7(?)i® = a.
To compute special minors of the matrix £ we use the following lemma.
Lemma4.9. Let I = {iy,...,i;} C[n]. Then

H1§j<k§n—r (ik _ij) _ det(V (1))
(r—DI(r=2)!...211'  (r—=DI(r—=2)...2!11!

det(Ep\[r1,[n\1) =

Proof. We fix r and proceed by induction on n. The case i, < n — 1 is trivial. If i, =
n — 1 we express the determinant via Laplace expansion along the n-th row, and use the
induction hypothesis and Lemma 4.8 to conclude. ]

Now we are able to present our second proof of Theorem 4.3.

Second proof of Theorem 4.3. Let#I = r and m := i, + 1. First, assume n > m. We use
the formula from Proposition 4.7. We express the determinants E[,\ 7,7 using the Laplace
expansion along the first m — r rows, choosing the columns indexed by L. For the rest we
use Lemma 4.9. To simplify notation we let K := [n] \ J. We obtain

Vin\r = Z det(Ep\1,0)
J<[n\I

oY el det(Epup,) det(Epupypmy.o\z)
J<[nI\I L<J

#L=m—r
= > detEppre) Y P INECD det(Epg g, o ko))
#L=m—r #K=r
L<[m]\I KNL=0
KcC[n]
det(V(L U K))
= Z det(E[m]\I’L) Z EL,KSL,[}‘I]\L
#L=m—r $K—r (m—1!(m—=2)...2!1!
L<[m\I KCln]

LIML det(E
= 2. : o ° (2[71\1’;)1, > det(V*(LUK))
#L=m—r (m_ )(m_ ) K=y

L<[m)\I KCln]
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where V*(L U K) is the matrix V(L U K) with the rows indexed by L put first. Note that
we may drop the assumption L < [m] \ I, since otherwise det(E[,\7,2) = 0. Similarly,
we can extend our sum and drop the condition L N K = @ since we add only zero terms. If
we fix L and denote the elements of K by k; < --- < k;, then det(V*(L U K)) is clearly
a polynomial in k1, ..., k,. Then

> det(V*(LUK)) = > det(V*(LUK))

#K=r 0<k<-<kr<n
KcCln]

is a polynomial in n for L fixed. Moreover, the sum over L does not depend on n and
therefore also Y]\ s is a polynomial in n. Our computations are correct only for n > m.
However, the last expression makes sense and is a polynomial for all n > 0. Clearly, it is 0
for n < m. This proves the theorem. ]

With this approach we can even compute the leading coefficient of LP;. For this we
will need two technical lemmas. The proof of the first one is straightforward, e.g. by
induction.

Lemma 4.10. Letay,...,a, be nonnegative integers. Then
ayjaz a
> k{Tks? . ke
0<ki<kpy<-<kr<n
is a polynomial in n of degree Z;zl a; + r, with leading coefficient

1
(a1 +D(ay+ar+2)...(ar+--+ar+r)

Lemma 4.11. The following identity of rational functions in r variables holds:

5 | L Mty
(o) (Xo) + Xo@) - - (o) + -+ X)) [ xi [1is; (i +x5)

g€eS,

Proof. We proceed by induction on r. It is easy to check that for r = 1, 2 the statement
holds. For r > 2, we split the sum depending on o (r) and apply the induction hypothesis
to the partial sums:

3 (-1y° 1

oes. (Xo(1)(Xo(1) + X0@) - - - (XYo) + - + Xo(r)

1 : 1
— =17
X1t Xy kg; ogr (Xo(1)Xo(1) +X0@) - - - (Ko) + -+ + Xo(r—1))
o(r)=k

- ! zr:(_l)r—k i i e i = %))
Xyt X = ik %i Tlisji joe (i 4 x7)
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l r
= YR [T Gai—xp) [Jeu+x0
(1) [ [Tis (i +x5) =1 is )itk itk
1

N (et x) [ [is j (i 4+ x5)

O(x1,...,Xxr),

where Q is a homogeneous polynomial of degree (;) + 1. Moreover, Q is skew-symmet-
ric: if we exchange x; and x; we just change the sign. Therefore

Q(x1.....xp) = [ [(i = x)R(x1..... x,)
i>j

for R a symmetric polynomial of degree 1. This implies that R is a multiple of

X1 + -+ + x,. Finally, it is easy to check that the coefficient of x/x~2x7=3...x, in Q

is 1. Therefore R = x; + - -+ + x, and the proof is complete. ]
Theorem 4.12. The polynomial LPy has degree > I + #1. Its leading coefficient is
Hj>k (ij - ik)
1+ D! G + 1)!1_[j>k(ij +ix+2)

Proof. We continue with the calculation from the second proof of Theorem 4.3. We take
the Laplace expansion of Vandermonde along the first m — r rows. We get

Z LML et Epy1.) Z det(V*(L U K))

#L=m—r #K=r
L=[m\I1 KCl[n]
= Y ePPMdew(Eppy) Y eSNCde(V(L.C)) Y det(V(K. [m] \ €))
#L=m—r #C=m—r #K=r
L<[m]\I CcC[m] KcC[n]
= > Ol N LI det( By g,) det(V(L, C)) Y det(V(K. [m] \ C))
#C=m—r #L=m—r #K=r
CcC[m] L<[m]\I KcC[n]
= Y OUNCder(a) Y det(V(K.[m]\ ©)),
#C=m—r #K=r
CC[m] KC[n]
where 4 := (diag(1,—1,...,— 1" Y Epp1.pmV(m],C)). Let [m] \ I = {b1,...,bm—r},
C ={c1,...,Cm—r}, Where, as always, we assume that the elements of these sets are

ordered increasingly. Notice that ¢;,—, < b,,—, implies that the last row of the matrix A
is 0 by Lemma 4.8 and so is det A. In general, if ¢; < b;, then Ap,—p\[i—1],;] = 0 and we
also getdet A = 0.

The necessary condition for det A # 0 is ¢; > b; for all 1 < i < m — r. There-
fore, we will sum only over such sets C. In the border case when C = [m] \ I we
find that the matrix A is upper triangular and by Lemma 4.8 we have ¢&"1\C det 4 =
b)) ... (bp=r).

Note that Z#K:r, kcny det(V(K, [m] \ €)) is clearly a polynomial in n of degree
at most ) ([m]\ C) +r = () +r — > C. Since we are summing only over C with
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> C = > (Jm] \ I), we immediately see that the degree of this polynomial is at most
> I + r. Moreover, the only summand which contributes to the term of degree > I + r
is the one with C = [m] \ 1. We finish the proof of the theorem by computing this sum-
mand. In this case we get the polynomial

LPr(n):= ) det(V(K.[m]\C))

#K=r
KcC[n]

Z Z (_l)akicr(l) o k:;a(r).

oc€Sy 0<ky<-<kr<n

By Lemma 4.10 the leading coefficient of LP;is

1
(G . . . .
Z (io(y + Do) tice) +2)...(lsq) + -+ +ige) +7)

o€eSy

Now we apply Lemma 4.11 for x; = i; + 1 to conclude that the leading coefficient is

Hj >k — i)
[1G + DI ]se G + ik +2)
which is obviously non-zero. This shows that the degree of LPy is > I + r and its leading
coefficient is

: (1)) .. (byr)! - [k — ik)
m—-DIm-=2)!...1! [1;G + DIsxG +ix+2)
. l_[j>k (ij —ix)
@)Y GO G+ DTTae G + i +2)
Corollary 4.13. The polynomial §(m,n,n — s) from Theorem 4.1 has degree m, and the
polynomial ¢(n,d) from Theorem 4.2 has degree d — 1.

5. The Nie—Ranestad—Sturmfels conjecture

In this section we present a proof of the formula for the degree of semidefinite pro-
gramming which was conjectured by Nie, Ranestad and Sturmfels [25]. The formula was
proved so far only for special values of the parameters. To state it we introduce the fol-
lowing coefficients.

Definition 5.1 (Coefficients by). Let I be a set of s nonnegative integers. We define

b](l’l) = Q1+15(1/2’ cee 1/2)»

n times

where I + 1, is the set obtained from / by adding 1 to each of its elements. The function
Q1+1, is the Schur Q-function [19, Section I11.8] and its argument 1/2 appears n times.
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Since the Schur Q-function Qy41, is homogeneous of degree ) I + s, there is an
equivalent formula:

1 S I+s
br(n) = (5) Or+1,(1,.... 1),

n times

These coefficients may be computed recursively as described in [25, Section 6]. We
note that in this reference the authors use the convention that I C {1, ..., n} while in
this article I C [n] = {0, ...,n — 1}. This results in the difference in notation for the
coefficient by exchanging I and I + 1;.

The main theorem of this section, confirming the Nie—Ranestad—Sturmfels conjecture,
is the following.

Theorem 5.2 ([25, Conjecture 21]). Let m,n, s be positive integers. Then

Bm,n,n —s) = Zg)”(—l)'"—“z’wzbzm)(m _"1__12 ,),

where the sum is over sets of nonnegative integers of cardinality s.

As we already mentioned, Theorem 4.1 is an immediate corollary of Theorem 5.2,
since the coefficients by (n) are known to be polynomials. Hence, as soon as we have
proven Theorem 5.2, we have a third proof of Theorem 4.1.

Remark 5.3. We note that if the Pataki inequality (3.2), m > (S;rl), is not satisfied, then
both sides of the equality above are trivially zero.

For the rest of the section we fix the numbers m, 7, s as in the statement of the theorem.
Theorem 5.2 presents a relation between the numbers by (r) and /7, our proof of which
will be algebraic, with the coefficients 57 ; from Definition 2.3 playing a prominent role.
The following lemma describes the relations between by (1) and s7,:

Lemma 5.4. Let I be a set of s nonnegative integers. Then

1)21—21

br(n) = Z(E

])ZI—ZJ
J=<I

s;,gLPy(n), LPr(n) = Z(__

S b n).
J=<I

These two identities are equivalent, by the discussion following Definition 2.3. We
present two proofs: one based on simple algebra, and one on more sophisticated methods
from algebraic geometry.

For the first proof, let us recall two statements from linear algebra which will allow us
to prove Pfaffian formulas also for set complements.

Lemma 5.5 (Jacobi’s Theorem). Let A be an n x n matrix, and A€ its cofactor matrix.
Then _
det(A[n]\[’[n]\‘]) = det(Aﬁj) det(A)#I 1

forallsets I,J C [n]with#] = #J.
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Corollary 5.6. The cofactor matrix A€ of an n x n skew-symmetric matrix A is given by
Ag = Pf(A[n]\{i’j}) Pf(A).
Lemma 5.7. Let I = {iy,...,i,} be a set of nonnegative integers. Then

PE(Yia\liy i)y o<k<i<r for #I even,

Vi1 =
8 PE(Wn\tir iy} )o<k<i<r for #1 odd,

where Yin\lig.ix} *= Vin\lix}-

Proof. Let us consider the case where both n and #/ are even. Consider the skew-sym-
metric matrix A such that Ay ; = ¥k 1y for 0 <k <! <n. Then using Lemmas 5.5 and 2.7
we get

Vs = Pi(Apg) = PRAT) PE(A)™ 1 = Pr(AT),

since det(4) = ¥yo,1,...n—1} = 1. Moreover, by Corollary 5.6, the entries of the cofactor
matrix A€ are Pf(Apu\ik.,13) PE(A) = Yn)\ik,13. Which proves the lemma in this case.
The proof in the other cases is similar. The only difference is that we consider a dif-
ferent matrix A. If n is odd we take A = (V{k,1})—1<k<i<n and if n is even and #/ is
odd we take A = (Vi 11)—2<k<i<n. We interpret ¥y_q xy and Y, xy as Yy and we put

Y(—1,—2y = 1. Then we conclude in the same way. ]
Corollary 5.8.
$1 Y = 23 ckr<r GO G in VG I #I s even,
n - . .
2 ock<i<r GO G in Vit iy I #1 is odd,

where Yin|\lig.ix} *= Yin\lix}-

Proof. For every skew-symmetric r X r matrix A (with r even) and every k = 1,...,r,
we have the following recursive formula for the Pfaffian:

k—1 r
Pi(A) = > (=D ar P4z — Y (=D Har P4y,
=1 I=k+1

where Ay; is the submatrix obtained by removing the k-th and /-th rows and columns.
Summing over all k gives the desired equality. ]

Remark 5.9. If we define y,)\; = O0for I = {iy,...,i,} a multiset/partition with at least
one repeated entry, the recursion from Corollary 5.8 still holds.

Remark 5.10. Corollary 5.8 can be seen as a recursive relation between the polynomials
LPj(n) from Theorem 4.3. In particular, we can obtain in this way one more proof of
Theorem 4.3.

First proof of Lemma 5.4. We will use induction on the length of 7, which we will denote
by s. The base cases s = 1, 2 are left to the reader.



Schubert calculus for Gaussian models and semidefinite programming 3111

We proceed with the general case s > 2. We will assume that s is even; the odd case
is analogous. Since by = Pf(b;, i, )1<p<q<s. We have (as in Corollary 5.8) the following
recursive relations between the b;’s:

sbr=2 Y (=DM by b, ig)-

1<p<q=n

In order to use induction, we need to show that

s Z 7 JSI,N//[n]\J -9 Z (—=1)Ptatl

J=<I 1=p<q=n
X( > 2ZJS{ip,iq}JW[n]\J)( > 2ZJS1\{tp,iq},J¢[n]\J)-
J<{ip,iq} J<I\{ip,iq}

This follows immediately from the following claim:

Claim 5.11. For every J < I, where J may have repeated elements,

2
LIV = S > (—pptatt

l=p<q=n

X( > S{ip,iq},{js,mw[n]\{js,jt}SI\{ip,iq},J\{jx,j,}lﬂ[n]\u\{js,j,}))-

1<s<t<n
Indeed, using Laplace expansion, for any ¢, ¥ we can write
— prgtttug . o .. o
sty =Y (=1 Sipiahie hySI\Gip g} I \Ur i}
p<q

Hence, the right hand side can be rewritten as

Futl
2510 Y DT YR G a VENOn)-

1<t<u<n

It remains to show that

sV =2 > DY G VN0

1<t<u<n

But this is precisely Corollary 5.8, which concludes the first proof of the formula. ]
The ideas of the second proof were suggested to us by Andrzej Weber.

Second proof of Lemma 5.4. We start with a projection formula, which is a special case
of [13, (4.7)]. The proofs of the formula were first provided by Pragacz [28, 29]. Note
that this formula is stated in terms of Schur P-polynomials, while we work with Schur
Q-polynomials, which accounts for an additional factor of a power of 2.

For a vector bundle & of rank n over some base X, we consider the relative Grass-
mannian G¥(&) of rank s quotients of &, with its projection 7 to X. We denote by K
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and @ the relative tautological subbundle and quotient bundle of 7* &, of respective ranks
r =n —s and s. Then

01+1,(8) = mu(ciop(K @ @) Q1 41,(Q)), G.D

where +1; indicates adding 1 to all s elements of I (cf. [13, Example 2, p. 50]). Moreover,
the formula of [13, (4.5)] and [27, Proposition 2.2] can be written as

0r1+1,(Q) = 2°ciop(N\* @)53(1) 11, (Q) = ciop(S2Q)s3.(1)(Q).

Since 7£*§& is an extension of @ by K, the bundle 7*S 28 admits a filtration whose suc-
cessive quotients are 2@, X ® @ and S2.K. Hence the identity

(K ® Q)c(S%Q) = s(S2K)n*c(S%8).
Equation (5.1) can thus be rewritten as

0141,(8) = c(S*E)mu(s(S>F)52(1) (@) deg=3" 1 +5-

where the last symbols mean we only keep the component of degree Y I + s.

Now suppose that & = &y ® L for some line bundle L and a trivial vector bundle &.
Then G*(&) is a trivial bundle over X, while X = Ky ® L and @ = @y ® L are obtained
by pull-back of the tautological and quotient bundles K¢, @¢ over a fixed Grassmannian
G*(C") (we omit the pull-backs in notation for simplicity). By Definition 2.3 (where
formally the x;’s are the Chern roots of €@ and we need to homogenize by using ¢ (L)),
we have

sy (@) = Z s1,rsa) (Qo)s= 1727
J<I

where § = ¢1(L). Moreover, the Segre classes of S> K and S 2K are related by

$(825) = 3 (1 +28) (3D (8265).
>0
Plugging these two formulas into the previous one, and expanding each s(g)(S2Kg) in

terms of s gy (Kg) using Definition 2.5 (where H is simply another index for a subset
of nonnegative integers, like / and J), we see that O741,(&) equals

n+1\_(r+1)_ _ *
33+ 28)F ORISR I T sy, (5300 (K)5200) (@0)) ey 145-
J<I H

Now recall that the Schur classes sq (K) and s5(Qo), for partitions o C (s”) and B C (s%),
that are nonzero, give dual bases of Schubert cycles on the Grassmannian G*(C"). This
can be expressed as

T (5201 (K3)S27)(Q0)) = SH 1/
where 87 41/ is the Kronecker delta. Note that H = [n]/J implies that [A(H)| + [A(J)]
= sr. We thus get the formula

0141,(8) = (Z(l n 25)S+ZJ5ZI_ZJS1,JW[n]/J)

i=1 |deg=)"TI+s
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But since the degree of the polynomial in brackets is exactly > I + s, we just need to
keep its top degree component, that is,

Qr41,(8) = Y 22755y yypay g 62115
J<I

We conclude by applying this formula to the bundle & = ©(1)®" over the projective
space. L]

Remark 5.12. We could also deduce the lemma by applying the last formula formally to
the bundle & = (9(1/2)®", obtaining directly the defining formula for b; from Definition
5.1. Even though & is not a line bundle, by the squaring principle [15, pp. 76-78] we can
formally compute with & as if it were a line bundle.

Lemma 5.13. Let J be a set of nonnegative integers of length s with . J <m —s. Then
=12/ m—1 0 ifYJ<m—s,

Z vr| —5 S1,J = _
2 m—s—> 1 Yy if Y. J =m-—s.

Proof. We prove the lemma at the same time for all the J’s by multiplying the above
equation by the Schur polynomial s;(s)(X1, ..., Xs) and summing up. Since the Schur
polynomials form a basis of the space of symmetric polynomials, the statement of the
lemma is equivalent to the following polynomial identity:

N\ I27 m—1
> > v (—5) SI,J(m e ZI)S)L(J)(XL ey Xs)

YI<m—s I=J
> I<m—s

= Y Yrsan(n LX)

> J=m-s

By Definition 2.5, the right hand side is equal to s(m_s_(é))(xi +xj|1<i<j<ys).
For the left hand side we can use Definition 2.3 of the coefficients 57 ;:

=/ m—1
Yoo > W (_5) SI,J(m e ZI)S)L(J)(XL ces Xs)

SI<m—s I>J

e m—1 1\ 22
= Z WI m—s—Zl Z _E SI,JS)L(J)()C],...,XS)
S I<m—s J=<I
m—1
= Z W](m_s_zl)s,xu)(xl—1/2,...,)65—1/2)
> I<m-s
m—s

= Z Z (m}ﬁ:ii)lmsx(l)()ﬁ—1/2,...,xs—1/2)

=)=
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m—s

= Z (mnizil) Z Yrsan(xr —1/2,...,xs —1/2)
i=(3) Y I=i
m-—s _1

-2 (mnis—i)sﬁ—(é))(xi +xj=1[1<i<j<s)
i=(3

= Smos—()yXi Tx; |1 =i =j <)
In the last equality we have applied Lemma 2.4 to the variables x; + x; — 1. ]
Now we are able to present the proof of Theorem 5.2:

Proof of Theorem 5.2. We replace by (n) by the expression from Lemma 5.4, change the
order of summation and use Lemma 5.13 in the last step:

_ym—s—>_1 m—1
> D 1/flbl(n)(m_s_zl)

Y I<m—s

1 YI->J -1
I =

YI<m—sJ=<I
1 ZI_ZJ m_]
= > D" g > SI,J(——) 1/f1( )
Y. J<m—s 1>J 2 m—s—3 1
> I<m—s
= Z (—1)m_s_zjw[n]\JwJ=3(m,n,n—s). -
> J=m—s

6. General square matrices

The results from the previous sections have natural analogues if we replace the space of
symmetric matrices (“type C”) with the space of skew-symmetric matrices (“type D”),
or with the space of general matrices (“type A”). This section will be devoted to the latter
case, and the next section to the former one.

6.A. Codegrees of smooth determinantal loci

Let M, denote the space of complex matrices of size n, and D"~"" C P(M,) the locus
of matrices of rank at most n — r. Denote by Dj, " its intersection with a general m-
dimensional projective space. Its dimension is d = m — r? when this is nonnegative,

otherwise it is empty. The analogues of Pataki’s inequalities are given by

n—r,n

Proposition 6.1. The dual variety of Dy, is a hypersurface if and only if

r2<m<n®>—(@m-r)>
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As was done in [25] for symmetric matrices, the degree of this dual variety can be
computed by classical means when D, ™"
r2 4 2r. The class formula gives, in terms of topological Euler characteristics,

is smooth, which is equivalent to r2<m<

deg (DI = (=D (x(D™™) = 2x(D ") + x (D).

The Euler characteristics of smooth degeneracy loci have been computed by Pragacz [26].
For ¢ : F — E a morphism of vector bundles of ranks f, ¢ over a variety X, the formula
given in [13, p. 57] is

(D () = /X P(E. F)e(X).

where ¢ (X') denotes the total Chern class of X, while P, (E, F) is a universal polynomial
in the Chern classes of E and F. Explicitly,

P.(E,F) =) (=) Dy s wynr s a(E = F),
Asit

where the sum is over partitions A and u of lengths n — r and m — r respectively, and [i
is the dual partition of 1. Moreover, the coefficients D’ lr 7" defined in [13] encode the
Segre classes of a tensor product of vector bundles. (In what follows, we will rather use
the notations of [17]; see Definition 6.7.)

We want to apply this formula to Dj, ", which we consider as the degeneracy locus
Dy—, () of the tautological morphism ¢ : F = O(—1)®" — 9®" over X = P™. Since
c(P™) =2hc(P™ 1) + h2c(P™2) = (1 + h)™~!, where h denotes the hyperplane class,
we get the formula

m—1
deg (D™7y* = Z(—I)MHW( )D;’Ms(,)rﬂ,ﬂ(L oD,
P ~——

n times

2+ A+ ful

the sum being taken over partitions A and p of length r. Note that the dependence on n
for r and m fixed is only in the last term, more precisely in the number of 1’s on which
the Schur functions are evaluated. This dependence is well known to be polynomial in 7;
very explicitly, for any partition v,

sp(l,..., 1) =dim S, C" = ¢, (n)/ h(v),
———

n times

where c,, is the content polynomial and /(v) is the product of the hook lengths of v [19].
A priori this formula is only valid in the range > < m < r? 4 2r, when D;,, "" is smooth.
That it should be true in general would be an analogue of the NRS conjecture in type A.
We will prove below that this statement is correct.

We introduce the following notations, similar to those we used for symmetric matrices.

Definition 6.2. We define §4(m, n, r) to be the degree of the variety (D,;")* if it is a
hypersurface, and zero otherwise. Here D,;" is the variety of n x n matrices of rank at
most r, intersected with a general (projective) m-dimensional subspace. Equivalently, if
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welet Z, CP(V*® V) x P(V* ® V) be the variety of pairs of matrices (X, Y), up to
scalars, with X - Y =Y - X =0,k X <r,rkY <n —r, then the multidegree of Z, is
equal to
Z,] = ZSA(m,n,r)Hlnz_mH,:”_l,
m

where H; and H,_, denote the pull-backs of the hyperplane classes from P(V* ® V)
and P(V* ® V), respectively.

Definition 6.3. The number ¢, (1, d) is the degree of the variety £~!, where £ C P(M,,)
is a general linear subspace of dimension d — 1.

6.B. Complete collineations

The correct space to work with is the space of complete collineations [16,20,33,41,42,44].
It can actually be defined for rectangular matrices, but for the sake of simplicity we will
restrict ourselves to square matrices.

Definition 6.4. Let VV and W be two vector spaces of equal dimension n. The space
P(V* ® W) represents linear maps from V' to W; the open subset of rank n linear maps
is denoted by P(V* ® W)°. Then the space of complete collineations, CC(V, W), is
defined as the closure of the image of the map

¢ P(V*QW) - PIV*@W)XxP(AZV*QA*W)x---xP(\" ' VA" ' W)
given by

[A] = (AL A AL ... A" 4D
As before, in coordinates this map sends a matrix to its minors of various sizes.

As in the symmetric case, the space of complete collineations can be constructed by
blowing up P(M,,) along the subvariety of rank 1 matrices, then the strict transform of
the subvariety of matrices of rank at most 2, and so on. As such, it admits a first series

S1,...,Sp—1 of special classes of divisors: the classes of (the strict transforms of) the
exceptional divisors Eq, ..., E,—1 of these successive blow-ups. A second natural series
Ly,...,L,—; of classes of divisors can be obtained by pulling back the hyperplane classes

under the projections 7; : CC(V, W) — P(\' V* @ A\' W).
The analogue of Proposition 3.4 holds:

Proposition 6.5. L, ..., L,_1 form a basis of Pic(CC(V, W)), in which the S;’s are
given by the formulas
Si=—Lj_1+2L; — Liy1,

with the convention that Lo = L,, := 0.

Proof. Follows from [20, Proposition 3.6, Theorem 3.13]. [
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Proposition 6.6. The numbers ¢4 and §4 can be computed as intersection products of
the variety of complete collineations:

ba(n.d) = / Lr=dpd-l,

CCy
Sam.nr)y= [ S,L”miLm) = / Lrommipml
CCp E;
This implies the analogue of (3.3):
1 n—1
$a(n.d) =~ réa(d.n.n—r). (6.1)
n r=1

Definition 6.7. We define rype A Lascoux coefficients dr j as follows. For X =
(x1,...,xx) and Y = (y1,..., y;) two sets of indeterminates, we denote by X + Y
the set of indeterminates x; + y;, 1 <i <k, 1 < j <[. Then the dy ;’s are defined by
the formal identity

s@(X +Y) = > dr,rsaa(X)su(Y).

#l=k,#J=I
[ADI+IA)|=d

Equivalently, for the product of the universal bundles U; ® U, over a product of Grass-
mannians G (k,m) x G(I,n),

Segy (U1 ® Uz) = Z 1,103y 0 31y

#1=k #J=I
[AD+AJ)|=d

Analogously to Theorem 3.7, we have the following formula for §4:

Theorem 6.8.

Sa(m,n,r) = > dr,gdp\g,m\J -

1,JC[n]
#I=#J=n—r
Y I+Y J=m—n—+r

6.C. Induction relations and polynomiality

We denote by D(r) the infinite matrix with entries D(¢);; = (‘™ */). This matrix gives
us a formula for dy, y [17, Proposition 2.8].

Proposition 6.9. Let [ = {iy,...,i;} and J = {j1,..., s} be two sets of nonnegative
integers withr < s. Then

g = det D(s — r)l,{js—r-q-l—(s—r) ’’’’’ Js—(s—r)} ifji=i—1foralll <i <s-—r,
’ 0 otherwise.

In particular, if #1 = #J then dy j = det D(0)1, ;.
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Lemma 6.10. (1) Let I = {i1,...,istand J = {j1,..., s} with iy, j1 > 1. Write Iy =
{0y U I and Jo = {0} U J. Then

S S
dr.y = (s + Ddiy. 0 = Y dio\iphUtin—13d0 — 9 lo.(Jo\GaDUkig—1}-
p=1 qg=1

(Here, if (1o \ {ip}) U {ip — 1} is a multiset, then dj\(i,hutip—1},J0 = 0.)
(2) Foriy = 0or j; = 0 we have
Qiir, it iorist = D i odl Vil

ig<ip<ig41
Je<ip<ie+1

Proof. (1) We expand the determinant det D(0)y,,, along each row, and sum up:

S

ip+J
(s + Ddrggo = Y, (—1)”+q(”i q)dlo\{ip},Jo\{jq}
4

p,9=0
N N
=drg+ ) (=DPdig\g,0 + ) (D71
p=1 qg=1
: ip+jg—1 ip+jg—1
+ ) (—1)”‘1((” . )+(,, T ))dlo\{ip},lo\<.iq}
— Ip ip—1
p.q=1
2 < ip+ jg—1
=dg+Yy. > (—1)"+q( SN )dlo\{ip},lo\{jq}
p=1g=0 4
N S l- +] _ 1
+>°3 (—1)‘””’( e )dlo\{ip>,fo\<jq}
q=1p=0 P

S s
=drs+ Y dug\iphutiy-13do + Y dIo.(Jo\ighUlg—1)-
p=1 g=1

(2) The proof of the second formula is similar to the proof of (4.3) in Lemma 4.5. We
only consider the case i; = 0 and in s(z)({x; + y; | 1 <i,j < s}) we substitute x; = 0.
This yields
g Ay i s} = D iy =1, =1, il

Je—1<jy<je
Then by Proposition 6.9 all summands with j{ > 0 are zero. This allows us to substitute
ys =0ins@)({x; +y; |1 <i <s—1,1 < j <s}) and deduce the lemma analogously
to formula (4.3). [

Theorem 6.11. Let I ={iy,...,i,}and J ={j1,..., jr} be two sets of strictly increasing
nonnegative integers. The function defined for n > 0 by

LPA (1) = dppr\s i 1. J C [n].
’ otherwise,

is a polynomial in n.
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Proof. From Lemma 6.10 it follows that

LP{;(n) = (n = r + DLP}\(gy y\(0y (")

A A
- > LPloiputiernno® = D LPAg ot ®
Liigy1>ig+1 Ljepr1>je+1

ifip = jo = 0, and otherwise

LP{ () = Z LP}, ;/(n — 1),
1,J’

where the sum is over all pairs (I’, J') = ({i1 —€1,....ir — & 1, {J1 — MU1s+- s jr — Ur})
with €g, g € {0, 1}. As in the first proof of Theorem 4.3, it follows by induction that
LP}‘1 7 is a polynomial. ]

Theorem 6.12. For any fixed m, s, the function §4(m,n,n — s) is a polynomial in n.
Proof. Follows from Theorems 6.8 and 6.11. ]
Theorem 6.13. For any fixed d, the function ¢p4(n, d) is a polynomial for n > 0.

Proof. Follows from (6.1) and Theorem 6.12. [

6.D. Proof of the NRS conjecture for type A
We start with the following analogue of Lemma 5.13.

Lemma 6.14. Let K, L be sets of r nonnegative integers with > . K + Y L <m —r.

Then .
dyp(-HXI-2K - =d
IZI; r.L(=1) LK o 1y L K.L

if Y. K+ > L =m—r, while this sum vanishes if Y . K +> L <m —r.
Proof. Using Lemma 2.4 we compute s(,,_,2y(X + Y) to be

m

1
3 (Z _k)s(k_,2)(x Y -1

k=r2
2 (m—1
- Z (m —k) Z dr.Lsany(X — Dsaay(Y)
k=r2

Y I+Y L=k—r
m
m—1 —
=y (m —k) Do din Y (DK ks (Xsay (V).
k=r2 NI+ L=k—r K<I

Comparing this expansion with that of Definition 6.7 yields the claim. ]
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Definition 6.15. For two partitions A = A(I), u = A(J) of length r, we define the poly-
nomial
a = r a(L, ..., 1),
ram) = sy +a,al..... 1)
n times

Lemma 6.16. Let I, J be two sets of r nonnegative integers. Then

ar;(n) =Y st.Ldph\L s
L=<I

dpprpvg = Y (D=2 bg pag 5 (n).
L<I

Proof. These two formulas being equivalent, we will prove the first one. We use the pro-
jection formula given in [26, Lemma 3.1], [13, Proposition 1, p. 51], where one considers
two vector bundles E, F' of respective ranks n, m over some variety X. The Grassmann
bundles G E and G* F (parametrizing rank s subspaces and rank s quotients respectively)
over X admit tautological and quotient bundles Sg, Qg and Sf, QF, where Sg and Q
haverank s. Let t : G := G4FE xx G°F — X denote the total projection. The variety G
is endowed with the vector bundle H := t* Hom(F, E)/Hom(Q r, Sg). In our situation
we will suppose that m = n, and let r = n — s, which is the rank of both SF and QF.
Then the projection formula asserts that for any two partitions A, u of length at most r,

Sy +ai(E — F) = 1u(sa(QE)$u(SF)ciop (H)).

(In the original formula s, (SF) is replaced by s;(—SF), but they are equal.) We can
replace cop(H ) by ¢(H) and keep only the term of the correct degree, which yields

c(Hom(F, E))tx(s2(Q£)su(SF)s(Hom(Q F. SE))) gegmr2 4 1214l

Now we specialize to the case where £ = E¢g ® L and F = Fy, where Ey, Fy are trivial
vector bundles of rank n, and L is a line bundle on X with ¢{(L) = §. In this case

c(Hom(F, E)) = (1 + §)*".

The Grassmann bundles G¢ E and G® F are then the trivial bundles G Eg x X and G5 F =
G* Fy x X respectively, while the tautological and quotient bundles are Sg = Sg, ® L,
Or =0E,®L,SF = Sg, and O = QF,, where we omit the obvious pull-backs. In
this situation,

s(Hom(Qr.Sg)) = Y (1 +8)™ ~Ls,(Hom(Q £, SE,)).

>0

Let A = A(/) and u = A(J). Using Definition 6.7, Definition 2.3 and the duality proper-
ties of Schubert classes, we deduce that

Sy +aa(E = F) = ag,j ()8 HAF
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can be computed by picking the term of the correct degree in

2_¢2_ —
D8y T By L dpy gy
>0 L

where the size of L is constrained by the relation{ + > L =n(n—1)—s(s—1)=>_ J.
This implies that n? —s2 — €+ Y I =Y L=r+ Y. 1+ Y. J =r?+ |A] + |u|. So
the term of the correct degree is actually the term of maximal degree in §, and the claim
follows. ]

We are now ready to prove the NRS conjecture in type A.
Theorem 6.17.
m—r—y I-Y L m—1
Satmonn—ry= > dpr(-=1) ar,L(n).

#1=#L=r, m—r=31-31L
> I+Y L<m-r

Proof. Using Theorem 6.8, Lemma 6.14 and Lemma 6.16, we get

Salm,n,n—r) = > dk,Ld[n)/K,[n]/L

K,L
> K+ L=m—r

_ Z (_1)m—r—ZK—ZL Z ZdI,L

KL I>K L
> K+Y L<m—r m—1
_NXI-XK R d
x (1) SLE y—p 5 =y 1 )KL
= D G VR Ll #)
I1,L
Y I+Y L<m—r

m—1
_DXIXKg o d
X (m oY —ZL) 1<Z<:1( ) SI,Kdin)/K ]/ L

m—r— — m—1
= IXL: (=1) X1 ZLa'I,L(m oY ZL)al,L(fl)- L]

> I+Y L<m-r

7. Skew-symmetric matrices

7.A. Codegrees of smooth skew-symmetric determinantal loci

Let A, denote the space of skew-symmetric complex matrices of size n, and AD" ™" C
P(A;) the locus of matrices of rank at most n — r, where n — r is always supposed to be
even. Denote by AD), " its intersection with a general m-dimensional projective space.
Its dimension is d = m — (;) when this is nonnegative, otherwise it is empty. The analogs
of Pataki’s inequalities are given by
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Proposition 7.1. The dual variety of AD),, ™" is a hypersurface if and only if

(2)=m=(3)-("2")

As in the previous case, the degree of this dual variety can be computed by classical
means when AD;"" is smooth, which is equivalent to (5) < m < (}) 4 2r. The class
formula gives, in terms of topological Euler characteristics,

deg (AD! ") = (=1)4 (xADy"™) = 2x(ADY ) + x(ADy, 5h).

m—1 m—2

The Euler characteristics of smooth skew-symmetric degeneracy loci have also been com-
puted by Pragacz [26]. For E a vector bundle of rank e over a variety X,and ¢ : E* — E
a skew-symmetric morphism, the formula given in [13, p. 64] is

1(Ds(9)) = [X Py(E)e(X),

where c¢(X) denotes the total Chern class of X, while Ps(E) is a universal polynomial in
the Chern classes of E. Explicitly,

P(E)= Y (=DM +pn—s = D]Pitpu—s—1)(E),
L(A)<n—s

where the coefficients [A + p(n — s — 1)] are those appearing in the Segre class of the
skew-symmetric square of a vector bundle of rank n — s. These coefficients were denoted
oy in [17], which we will rather follow, where [ is a set of r = n — s nonnegative integers.

Let us apply this formula to AD)~"", which we consider formally as the degeneracy
locus D;(¢) of the tautological skew-symmetric morphism ¢ : F = @ (—%)@" -0 (%)@"
over X = P™. Since ¢(P™) — 2hc(P™ 1) 4+ h?c(P™2) = (1 + h)™!, where h denotes
the hyperplane class, we get the formula

m—1
deg (AD7"M* = Pr(1,...,1),
vy =, Jor it

n times

where the sum is over all sets / of r nonnegative integers. Once again the dependence
on n for r fixed is only in the last term, more precisely in the number of 1’s on which
the Schur P-functions are evaluated. We have already seen that this dependence is well
known to be polynomial in 7.

A priori this formula is only valid in the range (;) <m< (;) + 2r, when AD}, "
is smooth. That it should be true in general would be an analogue of the NRS conjecture
in type D. We will prove below that this statement is correct. Our notations for the dual

degrees will be as follows:

Definition 7.2. Define §p(m, n, r) to be the degree of the variety (AD2>")* if it is a
hypersurface, and zero otherwise. Here AD,Z,f’Z” is the variety of rank at most 2r skew-
symmetric 2n X 2n matrices, intersected with a general (projective) m-dimensional sub-
space. Equivalently, if we let Z, C P(A\? V*) x P(/\* V) be the variety of pairs (X, Y)
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of matrices, up to scalars, with X - Y = 0,1k X <2r,rkY <n —2r, then the multidegree
of Z, is equal to

(2 = Y splmn " H

where H; and H,_; are the pull-backs of the hyperplane classes from P (/\2 V*) and
P(A*V).

7.B. Complete skew-symmetric forms

A well-known feature of skew-symmetric forms is that the cases of odd and even sizes are
quite different. In particular, the following definition only makes sense in the even case.

Definition 7.3. The number ¢p(n, d) is the degree of the variety £, where £ C
P(A,,) is a general linear subspace of dimension d — 1.

In this section, we will only be working with skew-symmetric matrices of even size
2n x 2n. The relevant space to deal with is then the space of complete skew-forms. Just
as with complete quadrics, there are many ways of constructing this space. Here we give
just two, referring the reader to the literature [2,21,41] for other equivalent definitions.

Definition 7.4. Let V be a 2n-dimensional vector space. The space of complete skew-
forms, CS(V'), is defined as the closure of ¢ (P ( /\2 V)°), where

¢:P(/\2 V)o_>P(/\2V)XP(/\4V)X"'XP(/\2'1_2V)

is given by
[A] = (ALIA? AL... . [\ AD.

‘We note that here /\i A is viewed as an element of /\Zi V'; see also [2, Section 3]. In
coordinates, the map /\2 V- /\Zi V sends the entries of a skew-symmetric matrix to the
Pfaffians of its principal 2/ x 2i submatrices.

For simplicity we will also use the notation CS,, = CS(C?").

As in the symmetric case, the space of complete skew-forms can be constructed by
blowing up P(A4,,) along the subvariety of rank 2 matrices, then the strict transform of
the subvariety of matrices of rank at most 4, and so on. As such, it admits a first series

S1,...,Sp—1 of special classes of divisors: the classes of (the strict transforms of) the
exceptional divisors Eq, ..., E,—1 of these successive blow-ups. A second natural series
Ly,..., Ly of classes of divisors can be obtained by pulling back the hyperplane classes

under the projections 7; : CS(V) — ]P’(/\Zi V).
The analogue of Proposition 3.4 holds:

Proposition 7.5. The classes L1, ..., L,—1 form a basis of Pic(CS(V')), in which the S;’s
are given by
S =—Li—1 +2L; — Li+1

with Lo = L, := 0.
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Proof. Follows from [21, Proposition 3.6, Theorem 3.9]. [

As with symmetric matrices, the numbers ¢p and 6p can be expressed as intersection
products in the Chow ring of CS»,:

Proposition 7.6.

dp(n.d) = / L a1,

CSan

2n\_ 2n\y_ .
SD(m’n,r)zf Srng) m anm_—ll :/ ng) m IL:,n—_ll'
CSan E,
Proof. Analogous to the proof of Proposition 3.5. ]

From the two propositions above and the Pataki inequalities, we deduce that

1
¢p(n.d) =~ > rép(d.n.n—r), (7.1)

(5)=d
an analogue of (3.3).

Definition 7.7. We define type D Lascoux coefficients oy as follows. For X =
(x1,...,xx) aset of indeterminates, we denote by A(X) the set of indeterminates x; + x;,
1 <i < j <k. Then the o;’s are defined by the formal identity

saAX) = > arsaa(X).
#l=k
[A(D)|=d
Equivalently, for the universal bundle U over a Grassmannian G(k, m),
Segs(N*W = Y asox).
#I=k
[A(D)|=d

For more about these coefficients, see [17, Proposition A.16].

Theorem 7.8.
Sp(m,n,r) = Z QI -
1C[2n]
#I=2n—-2r
>I=m
Proof. Analogous to the proof of Theorem 3.7. ]

7.C. Induction relations and polynomiality

We will now prove the polynomiality (or more precisely, quasipolynomiality) of o[z} 7.
The following recursive relations will be central to our proof:
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Lemma 7.9. (1) For j; > 0 we have

o R IR if s is even, 72)
AR 1) if's is odd. '
(2) For j1 = 0 we have
Wi = D Q) (7.3)
Je<ip<ie+1

Proof. The first formula is [26, p. 446], [17, (A.16.3)] and [28, pp. 163-66]. The proof of
the second formula is analogous to the proof of (4.3) in Lemma 4.5. ]

Theorem 7.10. Let [ = {iy,...,is} be a set of strictly increasing nonnegative integers.
For k > 0 the function

LPP (k) = apng  if I C k]
0 otherwise,

is a quasipolynomial in k with period 2, i.e. for both even k and odd k it is a polynomial.

Proof. We proceed as in the first proof of Theorem 4.3 by induction on #/ and then on
>~ I using the relations from Lemma 7.9. The difference is that in the case i = 0 we

have
LP;)\0 (n) ifn —#1 is even,

LPP(n) =
re {o if n —#1 is odd,

which is clearly by induction hypothesis a quasipolynomial in n with period 2. The rest is
analogous to the proof of Theorem 4.3. ]

From Theorems 7.8 and 7.10 we deduce the polynomiality of §p:
Theorem 7.11. For any fixed m, s, the function 8p(m,n,n — s) is a polynomial in n.
Using (7.1),we also get the polynomiality of ¢p:

Theorem 7.12. For any fixed d, the function ¢p(n,d) is a polynomial for n > 0.

7.D. Proof of the NRS conjecture in type D

The proof of Theorem 7.16 will be extremely similar to that of the original NRS conjec-
ture.

Lemma 7.13. Let J be a set of r nonnegative integers with » . J < m. Then
=7 m—1 0 ifYJ<m,
> a3 51,0 ;)= ,
I>J m— Z oy lf Z J =m.
S I<m
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Proof. Givenaset X = (x1,...,x,) of r variables, we denote by A(X) the set of variables
(xi +x;,i < j). Using Lemma 2.4 we compute s(m_(g))(A(X)) to be

o (m—1 2 (m—1
3 (m - k)S(k_(;))(A(m =3 (m - k)s(k_(;))()t(X _1/2))
k=() k=(5)
2 (m—1
= Z m—k Z O(]S,{(])(X—l/2)
k=(5) Tk
o (m—1 _
-2 (m - k) Do ar Y st (19X s 0y (X).
k=(%) YI=k J<I
Comparing this expression with the expansion in Definition 6.7 yields the claim. ]

Definition 7.14. For / a set of nonnegative integers, we define

dr(n) := Pr(1/2,...,1/2).
N——
n times

Analogously to Definition 5.1, we have an equivalent formula:

1\’
d[(n)Z (5) P[(l,...,l).

n times
Like the Schur P-polynomials themselves [19, Section II1.8], these polynomials may

be computed recursively. The following lemma describes the relation between dj (n) and
the Lascoux coefficients .

Lemma 7.15. Let I be a set of r nonnegative integers. Then

\ZI-X7
HOEDY (5) SIIOnI\J -
J<I

\ZI-27
D\ Z(_E) st,7dy(n).

J<I

Proof. The two formulas are equivalent; we shall prove the first one. For a vector bundle &
of rank n over some base X, we consider the relative Grassmannian G” (&) of rank r
quotients of &, with its projection 7 to X. We denote by § and @ the relative tautological
subbundle and quotient bundle of 7*&, of respective ranks s = n — r and r. Then for
I = (il < e < ir),

Pr(8) = mx(ciop($ ® Q) P1(Q))

(cf. [13, Example 2, p. 50]). Moreover, the result of [13, (4.5)] and [27, Proposition 2.2]
can be written as

P1(Q) = ciop(\* Qsin)(Q).
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Since 7*& is an extension of @ by §, the bundle JT”‘(/\2 &) admits a filtration whose
successive quotients are A\ @, § ® @ and /\* §. Hence the identity

(8 ® (A’ @) = s(\* $*)m*c(\* €).

Equation (5.1) can thus be rewritten as

Pr(8) = (A &)mx(s(A> $*)52(1)(@)) jdeg=3" 1

where the last symbols mean we only keep the component of degree > 1.
Now suppose & = &y ® L for a line bundle L and a trivial vector bundle &y. Then

c(N28) = (1+28)1).

Moreover, G” (&) is a trivial bundle over X, while § = S ® L and @ = Q¢ ® L are
obtained by pulling back the tautological and quotient bundles Sy, Q¢ over a fixed Grass-
mannian G" (C") (we omit the pull-backs for simplicity). By Definition 2.3 we have

sy (@) = Z st,rsan (Qo)sE 1727
J<I

where § = ¢;(L). Moreover, the Segre classes of /\> S¢ and A? §*are related by the
formula

SN 8% =Y (1 +26)" @ (A 89,

>0

Plugging these two formulas into the previous one, we get

Pr(€) = >3 (14+28) DO RDISEI=ET 1 sy 7, (530 (S)52(1) (@0)) gy -
J<I L

Now recall that the Schur classes s (Sg) and sg (&), for partitions o C (r*) and B C (s”),
which are nonzero, give dual bases of Schubert cycles on the Grassmannian G” (C"). This
can be expressed as

i (522) (50)54(1) (Q0)) = 8L, m1/ 7+
where §s 7 is the Kronecker delta. Note that L = [n]/J implies that |[A(L)| + [A(J)]
= rs. We thus get the formula

Pr(&) = (D (1 + 26276510 5y oy )

i=1 |deg=3"1

But since the degree of the polynomial in brackets is exactly > I, we just need to keep
its top degree component, that is,

P;(&) = Z ZZJS],J(X[n]/ngl.
J=<I

We conclude by applying formally this formula to the bundle & = @ (1)®" over the pro-
jective space. ]
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Theorem 7.16. Let m,n,r be positive integers. Then

SD(m’nvn_r)ZZ;m( l)m Z:IOl[d[(l’l)( 51)

where the sum is over sets of nonnegative integers of cardinality r.

Proof. We replace dj(n) by the expression from Lemma 5.4, change the order of sum-
mation and use Lemma 7.13 in the last step:

m—y_1 1
lesm( 1) aldz(n)( 21)

2I=xJ m—1
= > ZSIJOtzn\J( ) (= l)m_zla,(m_Z])

NI<mJ<I
N ESINA
= xJ 1 m—1
= Z D" ap s Z SIJ( 2) (m—ZI)
>J<m I1>J
YI<m
Z apapsoy =8p(m,n,n—s). -
>J=m

8. Representation theory

In this section we will establish a formula which expresses the ML-degree as a linear com-
bination of dimensions of irreducible representations of SL,,. Our construction is based
on the following folklore lemma.

Lemma 8.1. Let X be a smooth complete N -dimensional algebraic variety, and Dy, D,
two divisors on X. Then the following identity holds:

[ DY =y - 001 - 0D ).
where y denotes the holomorphic Euler characteristic.
Proof. By the additivity and multiplicativity properties of the Chern character we have

Dk
ch(1=0(=Dy)) =Y (-1)*'—+,

k>1
and therefore

ch((1 = O(=D1))' (1 = O(=D2)" ™)

N—i

(Z( k121 - ) (Z( 1)k+1 - ) = DipN-i.

k>1
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Finally, by the Riemann—Roch theorem we get

21 =0=D1) (1 = O(=D2))" ™) = /X DD d(x) = /X DiDY7.  m

We are going to apply Lemma 8.1 to the computation of the ML-degree
pond) = [ Ly,
CQy

where N = ("erl) — 1 denotes the dimension of the variety of complete quadrics, CQ,,.
We will denote by A the character lattice of SL,, and for a fundamental A € A, we will
denote by V), the corresponding irreducible representation of SL,. We will also denote
by «1,...,a,—1 and wq, ..., w,—1 the simple roots and fundamental weights of SL,,_1,
respectively.
For a character A € A, let us define an SL,,-representation W) by
Wy, = EP V.
veA

where the sum is taken over dominant weights of the form v = A — Z:’;ll k;o; with
ki € Z>¢. In particular, W, = 0if A cannot be represented as a sum v + Z:’;ll k;a; with
v a dominant weight and k; € Zso. For A = (i — Doy + (j — Dwp—1 — Z;’;ll Wy, we
will denote the representation W, by Wl”j

Theorem 8.2. With the notation as above, the following identity holds:

pnd)=1+ Y (—1>i+f+N(N - d) (d; 1) dim(W;).

i
0<i<N-—-d+1
0<j=<d-1
i+j>0
Proof. By Lemma 8.1 we have

p(n.d) = y((1—L7HN 41— 2,1 )4

= > (—D"”(N - d) (d . 1);((56;" ®£77).

0<i<N+1-d
0=j=<d-1

Since both £, and £,_; are globally generated, and both are pull-backs of ample line
bundles by birational morphisms, their litaka dimensions satisfy «(£1) = k(£n—1) = N.
By [3, Theorem 2.2], the cohomology of their negative powers must therefore vanish in
degree lower than the dimension, so that fori >0, j > 0andi + j > 0,

A& oL ) =)V (Co,. L7 @ £,7)
= (=DVK%(CQ,. Keg, ® L1 ® £1_)).

The canonical divisor K¢g, of the space of complete quadrics is given by [18, Corol-
lary 3]:

n—1
Kep, = —L1—Ly—1 — ZL,.
=1
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In particular, CQ,, is Fano [20] and y(CQ,,, @) = 1. Finally, the spaces of global sections
of line bundles on complete quadrics have been computed, as SL,-representations, by De
Concini and Procesi. It is a direct corollary of [8, Theorem 8.3] that

HO(Can ‘56(111 Q- ® ‘:ﬁi’:l) = Wayo1+-+ap_1op—1 -

In particular, HO(CQn, Kco, ® cfil ® if;_l) = Wl;’ so our result follows. n
Example 8.3. Let us compute ¢(3, 1), ¢(3,2) and ¢ (3, 3) with the help of Theorem 8.2.
First we notice that

Wi,30= Wo3,i =0fori <5, Wi?l = W13,i = 0fori < 3.

Therefore we get

_ i (2 4 3y
$B. D=1+ > (-1 (i)dlm(Wi,o)—l,

1<i<5

e
$(3.2) =1+ Y (—1)’*/“( ) ) dim(W3;) = 1+ dim(W;)) = 1 + dim(Vp) = 2,
0<i<4 ! ’ ,
0=<;<1
i+j>0
it (3
¢(3’3): 1+ Z (_1)l+]+1(.
0<i<3 !
0<j=<2
i+j>0

2\ .. . .
) (j ) dim(W;;) = 1-3-dim(W;,) + dim(W53,),

where W, = Vo and W3, = V5, . By Weyl’s dimension formula,

2w

G+DG+DE+j+2)

dim(Viwl-‘rja)z) = )

wegetp(3,3) =1—-3-1+6=4.

Remark 8.4. Our representation-theoretic approach gives a closed formula for the ML-
degree. However, already for n = 4, the computation analogous to Example 8.3 is quite
involved. One reason why this computation is more complicated than other formulas is
that we obtain the answer to our intersection problem as a virtual representation, not only
its dimension. One could say that this gives more information than we ask for.

9. Future directions and conjectures

9.A. Dual degrees of defective determinantal loci

For symmetric matrices, Theorem 4.1 asserts that when S is not dual defective,
that is, when Pataki’s inequalities (3.2) are satisfied, its codegree depends polynomially
on n when s and m are fixed. By the fundamental duality relation (Remark 2.10), this also

means that the codegree of SDS(;"H) . depends polynomially on 7 for s and m fixed.
-

n—s,n
m
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What happens in the defective cases? For example, by [15], one has the formula
) = deg(SD{ 3T )
1 (2750
= G50
which is clearly a polynomial in n. Note that in this case the dual defect is (x +1) 1,
independently of n. Could it happen that the following holds?

codeg(SD(,,H) .

Conjecture 9.1. For any fixed m > 0,

(1) the dual defect of SD°" (n )em is equal to max(O, (Hz'l) - m) independently of n,
(2) the codegree of SD°" (") m depends polynomially on n.

Similar statements should hold for general and skew-symmetric matrices. For general
matrices, the degrees of the determinantal loci have been computed in [15]. In particular,
this implies that

codeg(D)y' ) = deg(D> ")
s n+] 1)

Iy
s-‘rj—l)

j=1 2j—l

is a polynomial in n. In this case the dual defect is s> — 1, independently of n. Could it
happen that the following holds?

Conjecture 9.2. For any fixed m > 0,
(1) the dual defect of Dfl’zn_m is equal to max (0, s> — m), independently of n,
(2) the codegree of D;’zn_m depends polynomially on n.

Finally, for skew-symmetric matrices, the degrees of the determinantal loci have also
been computed in [15]. In particular, this implies that

2s5,2n _ 2n—2s,2n
codeg(AD(zz,,)_l) —deg(AD(zn) : )
2s5—1 2n+j 1)
25—j
225 1 l_[ 2]—1)

] 1

is a polynomial in #. In this case the dual defect is ( ) — 1, independently of n. Could it
happen that the following holds, and a similar statement in odd dimensions?

Conjecture 9.3. For any fixed m > 0,

(1) the dual defect of Angz;,z)n_m is equal to max(O, (22") - m) independently of n,

(2) the codegree of AD (2”2)" depends polynomially on n.
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9.B. Dual degrees of singular varieties

There is a general Pliicker formula for the degree of the dual variety X* of a possibly
singular projective variety X C P” [11, Theorem 1.1]:

deg X* = (—1)"(X(Eux) — 2X(Eux,) + X(Eux,)).

where X; (resp. X») is a general hyperplane section (resp. codimension 2 linear section)
of X. Here Euy denotes the Euler obstruction of X [12, Examples 4.2.9 and 19.1.7]. Our
Theorem 5.2 confirming the NRS conjecture, and their analogues for the other types of
determinantal loci, would immediately follow if one could prove that Pragacz’s formu-
las [26] for the topological Euler characteristics of determinantal loci, which a priori are
only valid in the smooth case, can also be used in the singular case, and compute the Euler
characteristics of the Euler obstructions. This is an approach we plan to investigate in the
near future, and which could potentially also apply to the defective cases.

9.C. Polynomiality of intersection products

Theorem 4.2 shows that for fixed d, the product
(")~

$(n.d) = / L%
CQ,

is a polynomial in n. Can this result be generalized to other intersection products on CQ?
More precisely, we have the following question:

Question 94. Letdy,...,dy e Nwith) di =d — 1. Is
dyyd dg ; ("FH-d
/ L11L22"'kaLr(z—21)
COy

a polynomial inn > k + 1?
More generally: by which cohomology classes can one replace L’li
the polynomiality property to hold?

L L for

9.D. Representation theory

The version of the NRS conjecture that we proved in type A (Theorem 6.17) expresses
the codegree §4(m,n,n — s) as a linear combination of dimensions of Schur modules of
GL(n, C), with highest weights and multiplicities depending only on m and r. In other
words, it is obtained as the dimensional evaluation of a fixed character, depending only
on m and s. A natural question is: what is really this character? Is there a natural (combi-
natorial, or geometric) interpretation of the corresponding representations?

The same question can be raised both in types B and D, where the dependence in n of
the codegrees §(m,n,n — s) and 8p (m,n,n — s) only appears through the number of 1’s
on which a certain combination of Schur Q-functions or Schur P -functions is evaluated.
We mentioned in the introduction that these evaluations of Schur Q-functions or Schur
P -functions count certain types of shifted tableaux. An alternative interpretation is that
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they give the dimensions of certain representations of the queer Lie superalgebra q(n)
(see for example [5, Theorem 4.11]). So 8(m,n,n — s) and §p(m,n,n — s) can also
be interpreted as dimensions of certain representations of gq(n), whose characters only
depend on m and s. What are these representations? Do they admit natural constructions
or interpretations?

9.E. Noncommutative matroids

We believe that our results may also be viewed in the context of noncommutative
matroids. Indeed, suppose we restrict to diagonal matrices, instead of symmetric. One
may still consider the rational map given by inverting matrices, which gives the classical
Cremona transformation. The famous resolution of that graph given by the permutohe-
dral variety is the analogue of the variety of complete quadrics. A representable matroid
may be viewed as a subspace of the space of diagonal matrices. Many interesting invari-
ants of this matroid may be read off from the cohomology class of its strict transform in
the permutohedral variety. In this analogy, the representable symmetric noncommutative
matroid, would be a subspace of symmetric matrices. Its crucial invariants should come
from the cohomology class of the strict transform of that subspace to the variety of com-
plete quadrics. For future work, it would be interesting to dare to define noncommutative
matroids as special cohomology classes of the variety of complete quadrics.

9.F. Algebraic statistics

In terms of algebraic statistics, the number ¢ (n, d) is equal to the maximum likelihood
degree of a general linear concentration model. A related quantity is the maximum like-
lihood degree of a general linear covariance model. For £ < S?(C"™), the ML-degree
of the associated linear concentration model is the number of pairs (X, K) € S2(C")?
satisfying

X-K=Id,, Ke& X-Segt

where S is generic. In contrast, the ML-degree of the associated linear covariance model
is the number of pairs (X, K) € S2(C™)? for which

> K=1d,, Xef KSK—Ke%t

In [37], it was conjectured that for generic &£, these ML-degrees are also polynomial in 7.
In future work, we plan to apply our geometric methods to prove this conjecture.
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