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Analytic Besov functional calculus
for several commuting operators

Charles Batty, Alexander Gomilko, Dominik Kobos, and Yuri Tomilov

Abstract. This paper investigates analytic Besov functions of n variables which act on the
generators of n commuting Cp-semigroups on a Banach space. The theory for n = 1 has already
been published, and the present paper uses a different approach to that case as well as extending
to the cases when n > 2. It also clarifies some spectral mapping properties and provides some
operator norm estimates.

Dedicated with much gratitude to E. Brian Davies
on the occasion of his 80th birthday

1. Introduction

Let A be an (unbounded) operator on a complex Banach space X, and assume that
— A is the generator of a bounded Cy-semigroup (e ~4) >0 on X . The so-called Hille—
Phillips functional calculus for 4 assigns a bounded operator f(A) to each function
f in the Hille-Phillips (HP) algebra £ M. If A is sectorial of angle less than 7/2,
so the semigroup is bounded and holomorphic on a sector in C, then there is a
theory of a holomorphic calculus for A which may be applied to bounded holomorphic
functions on a sector, but there is no guarantee that this calculus assigns a bounded
operator to all bounded holomorphic functions. However, in the sectorial case there is
a bounded calculus for A for all functions in the Banach algebra 8! of analytic Besov
functions on C 4, as shown originally in [31]. We have recently developed a theory of
a B!'-calculus, which applies to many semigroup generators, but not to all of them.
There is a B'-calculus for A if 4 is sectorial of angle less than /2 or if X is a Hilbert
space and the semigroup (e_’A),Zo is bounded. The theory of the 8!-calculus is set
out in detail in [7, 8], but readers may prefer to read the summary in [9] in order to
understand the setting of B!,
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Some applications of the B!-calculus are given in [7, 8], and others have been
found subsequently. For example, a new variant of the Katznelson—Tzafriri theorem
for the B!-calculus has been proved in [11], provided that A has a B!-calculus.
Estimates involving functions in £M can be improved by using the B!-calculus
norm, instead of the HP-norm; the difference is considerable in some cases.

Functional calculus is often used to investigate the various notions of joint spec-
trum for several commuting operators. Such work has had limited success, and work
on functional calculi for two or more generators of Cy-semigroups has been sparse.
The Hille—Phillips calculus for bounded Cy-semigroups extends to several commut-
ing semigroups in a straightforward fashion. The holomorphic calculus for sectorial
operators can be applied in some cases. Some partial results for several commuting
holomorphic semigroups have been obtained in [5,6,25] and other papers, and a multi-
variable version of the Bochner—Phillips functional calculus was set up in [28]. Some
functional calculi for non-holomorphic functions have been introduced for operators
with real spectrum (for example, in [15]), and versions for several operators have
been studied in [2, 3,29]. The B!-calculus does not apply to generators of bounded
Cyp-groups, except in very special cases. Nevertheless, Arveson’s theory of represent-
ations of locally abelian groups can be applied to generators of bounded Cy-groups
(see [14, Chapter 8]) and to finitely many commuting Co-groups, in ways which help
to develop the theory of the B!-calculus. In addition, the book [1, Chapter 3] devel-
ops a functional calculus for tuples of commuting generators of Cy-groups from a
different perspective and uses it for the study of commutators and other applications
to mathematical physics.

A two-variable version 82 of B! and a theory of the 82-calculus for two com-
muting operators have been covered in the thesis [23], using the same methods as
in [7, 8]. In this paper we extend the results to an arbitrary finite number of variables
and commuting operators. Moreover, we use techniques which are quite different
from those in [7, 8]. We base them on a reproducing formula for analytic Besov func-
tions (see Corollary 3.3), which was first used in [7], and later used in different ways
in [8, 10]. This formula provides a route to the essential properties of the B”"-calcu-
lus: mapping B” into L (X), showing it is a homomorphism, and that it is unique (see
Section 5). This route is more direct, and clearer, than the arguments used in [7, 8].

We introduce the Banach algebras 8", and their elementary decomposition into
2" subalgebras, in Section 2. In the case n = 1, the two subalgebras were an ideal
B¢ and the one-dimensional space of constant functions. In the general case, we need
more sophisticated notation in our presentation of the decomposition, but the out-
comes in this paper are natural generalisations from the one-variable and two-variable
cases. In Section 3, we obtain a reproducing formula for the elementary components
of a given function f € 8" (Corollary 3.3). In Section 4, we define the B"-calculus
initially as a function from 8" to L(X, X**), and then we prove in Section 5 that it
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is a functional calculus. These proofs proceed in an unusual way, as did the corres-
ponding proofs in [7]. In Sections 6—8, we establish various further properties of the
family of B-calculi, including compatibility across operators, spectral inclusions, and
operator norm estimates.

1.1. Preliminaries

Notation. Forn € N, we let I,, := {1,2,...,n} and &, be the power-set of /,,. We
denote elements of J#, by symbols such as 2, V. For 2 € £,, let Q€ := [, \ @, and
|©2| be the cardinality of 2.

We use the notation R for the interval [0, o), C4 for the open right half-plane
{A € C:Re) >0} and C for the closed right half-plane. Real numbers may typically
be represented by s, ¢, &, B, v, and complex numbers by z, A, v, {.

We use bold print to denote elements of R” and Ci; for example, t denotes
(t1,...,ty) in R", z denotes an n-tuple (z1, 22, .. ., z,) in C” , and similarly A denotes
an n-tuple (A1, A2, ..., An).

Holomorphic functions. For a holomorphic function f on C”, we let D; f be the

partial derivative of f* with respect to the jth coordinate variable z; where j € I,,.

For Q2 € #,, we let Dq be the composition of the derivatives D; for j € Q (once

each). If @ = @, then Dy f = f. For Q = I,,, we may write &, instead of Dy, .
Let f € H*°(C"). We will make use of the following properties:

o fora € (0,00)",

sup |f(z)] = sup |f(z)] (Maximum Principle);

Rez=«a Rez>a
s forz € CI,
I/ lloo . .
|Dq f(z)]| < =—=—————— (Cauchy’s inequality).
21| [ljeqRez;

Cauchy’s inequality extends to higher-order derivatives, by repeated use of first-order
cases.
Several variants of resolvent functions appear frequently, including the following:

e forz,AeCi,weputry(z) =(z+ A1)

e forheCy,j€l,andz € C%,weputry ;(z) = (z; + 1)1
« forz,A € C%,weputry(z) = [[/_(z; + 1)~

e forz,A€Cq,weput K(z,1) = (=2/7)(z +1)~%;

« forz,A € C"%, weput K,(z,A) = H7=1 K(zj, Aj).
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Measures. We may denote the Lebesgue measure on R by da or dt, and the
Lebesgue measure on C’} by dS,,. We let

dV(\) =adfda, A=a+ifeCy,

and d 'V, be the n-fold product measure of d 'V, so

dVa(a) = ([T )dsad). A =(@; +i)i_y € CL.

Jj=1

Operators. In this paper an “operator” may be either a bounded linear operator on
a Banach space X or an unbounded operator with dense domain in X. The notation
L(X) and L(X,Y) denote the spaces of bounded linear operators from X to X and
from X to Y, respectively. Bounded operators will typically be denoted by T and
unbounded operators by A.

An operator A on X is sectorial of angle less than 7/2 if and only if the spec-
trum o' (A) of A is contained in C U {0} and My := sup;cc, [|[A(A + A7 < oo.
Equivalently, the operator —A is the generator of a sectorially bounded holomorphic
Co-semigroup on X .

2. The algebra 8"

Let f be a holomorphic function on C?, Q € £, and k = |Q2|. Let Hg f be the
function of variables ag := (¢j)jeq € (0, o0)¥ for j € Q, defined by

(Ho f)(ag) == sup |(Deof)(z). 2.1

zeWmQ

where
Wag =1z € C'l :Rezj = «; forall j € Q}.

If f is bounded and o; > O for each j € 2, then Cauchy’s inequality and the max-
imum principle imply that the supremum in (2.1) is finite, and Hg f is a decreasing
function of each variable o for j € Q.

We define

Iflsg, = [ (Ha @) do,
%

where dag denotes Lebesgue measure on R’i. This integral may be infinite. When
Q is the empty set, Hyg f and ||f||;g$ are both equal to the H°°-norm || f||oo of f.
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We define B”" to be the vector space of all holomorphic functions f* on C’} such
that || /|| gz is finite for all € P, so that Hg f is integrable over R’i. Then | - || g,
is a seminorm on B”, and there is a norm on B” defined by

1l =3 1S llss. 22)

QeP,

For n = 1, this definition agrees with the norm on B! defined in [7, p- 33], and, for
n = 2, it agrees with the norm on B2 defined in [23, p. 37].

The definitions of B” and its norm are clearly invariant under permutation of
the variables. For ease of presentation, in a proof of any statement involving one set
Q € &P,, we may choose to assume that Q = I or Q¢ = I.

A useful property of functions f € B” is that they are bounded and uniformly
continuous on C’, so they extend to bounded, uniformly continuous functions on
(_?1. This was noted for n = 1 in [7, Proposition 2.1] and shown for n = 2 in [23,
Proposition 3.2.4]. In general, the uniform continuity can be proved by elementary
methods (as in [23]) or by a special case of an argument in the proof of Remark 3.7 (1).
As a preliminary taste, we will show here that both properties can be deduced using
only the finiteness of the norms || f|| gy, for every singleton subset €2 of /,,. However
this is an exceptional case, and we need to include the H °°-norm in the definition of
|l f |l g» in order that Proposition 2.2 is true and later proofs can be simplified.

Proposition 2.1. Let f be a holomorphic function on C, and assume that | f || gz, is
finite for every singleton subset Q2 of I,. Then f is bounded and uniformly continuous
on C".

+

Proof. Let z and z’ be points in C’;.. To estimate | f(z) — f(z")|, we will consider
the variables one at a time. The first step will be from z to M = (z1,22,...,2n), as
follows.
Let 6 € (0,77/2) and k = sec 6 > 1. Consider the following path I'; in C from
z1to z1:
(a) the line-segment from z; to z] if the gradient is in [— cot 8, cot 6];
(b) otherwise, two line-segments, one from z; and the other from z/l, one with
gradient cot # and the other with gradient —6, chosen so that the two lines
cross at a point z{ to the right of z and z7.

Then

|f@@) - f@")] = ‘/(le)(x,zZ,...,zn)dx
ry

=< K/H{l}(t) dt.
J1
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Here J; represents the interval in R4 between Re z; and Re z] in case (a). In case (b),
it represents both the interval between Re z; and Re z] and the interval between
Re z{ and Re z{, with the two integrals added together. There is a similar estimate
for | f(z!") — f(z[?))|, where 212l = (21,25, 23, ..., zy), and so on. Eventually, we
obtain

s

@ - @) =k Y. [ Hp@dr <2 Y 1flsy, <.
j=1

—
I=1;

By fixing 7/, this proves that f is bounded. By letting # — 0, one may conclude that
the estimate also holds for x = 1.

To establish uniform continuity, we fix 8 € (0, w/2) and thereby we fix « > 1.
Take § > 0 and assume that |z — z’| < §. Then the length of each interval involved in
the sets J; is at most § cot 6. Since the functions Hy;y are integrable over R, there
exists § > 0 so small that all the integrals used above are less than g, and then we can

conclude that | f(z) — f(z')| < 2kne whenever |z —z'| < §. [
We choose the norm | - || g» because it makes $” into a Banach algebra. There
are numerous norms on B” which are equivalent to || - || g». Examples for n = 1 may

be found in [7, p. 33] and for n = 2 in [23, Section 3.4].
Proposition 2.2. The normed space (8", || - || g») is a Banach algebra.

Proof. The proof of completeness of the space is a straightforward, but uninteresting,
extension of the proofs for B! in [7, Proposition 2.3] and B2 in [23, Proposition
3.2.1].

To show that B” is a Banach algebra, we need to show that, for any f, g € 8",

the product fg satisfies || fgllgr < || f g |gllsn.
Let Q € #,. By the product rule,

Da(fg) =Y (D f)(Da\wg).
1)
For ¥ C Q,
sup{|(Dw ) (Da\wg)(z)| : 2z € C,Rez; = o; (j € Q)}
< sup{|[(Dy f)(z)| :z € CL,Rez; = a; (j € ¥)}
x supt|(Da\wg)(2)| : z € (Ci,Rezj =oj (j €eQ\¥)}.

The variables «; for j € W separate from those for j € © \ W on the right-hand side,
so integration with respect to Lebesgue measure on R’} shows that

I fgllsn <> 1/ sy lglsn,,

vcQ
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Hence,
Ifgllan <Y D UIflsylelsn, <> 118y Y lels
QeP, YCQ ver, ver,
=/l lglan n
We note the following facts, which extend the corresponding statements for n = 1
or n = 2. The first result is almost immediate from the definitions. The other proofs

are either similar to those in [7,23], or, in some cases, they can be deduced from those
results.

Proposition 2.3. Let f € 8", Q € P, with |2| =k, and {; € C be fixed for j € Q°.
Forz € Cl}, letzg = (zj)jeq, and zg = (Zj’-‘)jeln, where

*_{Zj, jEQ,
J

z}
G, J €.
Let W be a subset of Q€, and
g(zg) = (Du f)(zg).
Then g € B*. In particular, the function zg +— f(zg) is in 8.

Proof. Tt suffices to consider the case when = I,,_; and show that g € 8”7, in
the cases when W is empty or ¥ = {n}. Then, we can conclude the result for general
2 by the symmetry of the variables, and considering the variables in 2¢ successively.

Let T € $,—1. If W is empty, then it is clear that (Hyg)(ay) < (H~y f)(ay),
and so g € 8" 1. In the case when ¥ = {n}, we consider {, € C4, Y € $,_; with
Y| =mand YT = Y U {n}. Since f € B", the function

(ay,an) = (Hy+ f)(ey, an)
is integrable over RTFI. By Fubini’s theorem, the function
ay = (Hy+ f)(ay, an)

is integrable over R’} for almost all o, € (0, 00). By the maximum principle, these
functions of ey form a family of non-negative functions which are non-increasing
with respect to o, and the functions are integrable over Rﬁ for almost all o, > 0, so
they are integrable for all «z;, > 0. Moreover,

(Hrg)(ay) = (Hy+ f)(ar.Rely).

so H~ g is integrable. |
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Let f € 8", and Q € $,. The following result was shown in [7, Proposition 2.2]
for n = 1, and in [23, Proposition 3.2.2] for n = 2. The existence of iterated limits
follows by applying the one-variable result repeatedly, but some additional arguments
are needed to obtain a limit over several variables simultaneously.

Proposition 2.4. Let f € B", Q € P, |2 =k, andzg = (zj)jeq € (Cii. Then the

following limit exists in C:

fake) = ey, M f(@).

ez;—>00,j€QC
Moreover, fo € B*, and the map f +— fq is bounded and linear from 8" to B.

Proof. By symmetry of the variables, it suffices to consider the case when Q2 = I.
First, we show the result when k = n — 1. For this case, we use the notation z to
denote (z1,...,24—1) € (Ci_l, and ¢ for the variable z,,.

By Proposition 2.3, for each z € (Ci_l the function ¢ — f(z,¢) is in B!. By
[7, Proposition 2.2], we know that

g1(z) = Relggoo f(z,0)

exists. In fact,

|f(z,c)—g1(z)|s' / (D f)(@.t +i1mE) di| < f (Hoy f)(0)di — 0. (23)

Re¢ Re

uniformly with respect to z € (Ci_l, as Re & — oo. It follows from Vitali’s theorem
for several variables that g; is holomorphic, and the partial derivatives of f(-, ) con-
verge (pointwise) to the corresponding derivatives of g; as Re { — oo. This implies
that Hygy < H~ f on (0, oo)'T| for all Y € $#,_1, and therefore g, € 8" ! and
lgillgn—1 =< ./ llzn.

If Q = I where k € {0, 1,...,n — 2}, one may apply the argument above to g
to show that there is a function g, € B2 such that

lim (g1(z'.¢) — g2(2)) = 0,
Re {—o0

uniformly for z’ € (Ci‘z. In combination with (2.3), it follows that the statement is
proved for Q = I,_,. Continuing in this way, it can be proved for Q2 = I. ]

Remarks 2.5. (1) In Proposition 2.4, fj is the constant function limg, 200, jely f(z)
and f1, = f.

(2) Note that the limits involved in Proposition 2.4 are as Re z; — o0o. Functions
J € B" may not have limits as |z;| — oo.
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(3) The function fq in Proposition 2.4 may be denoted in various ways. In par-
ticular, we may replace the variable z; by the symbol oo for each j € Q€, and then
regard f as being defined on an extended domain. Proposition 2.3 remains true if
{j = oo for some j € Q€. The function fgq is holomorphic, by a simple application
of Vitali’s theorem, and then the rest of the proof remains valid.

We denote by By the ideal of B” consisting of those functions f € 8" such that
fa is identically zero for all proper subsets 2 of 1,,. It suffices that
lim f(z)=0
Rez;—00
whenever j € [, and z; € C4 are fixed for each j # k. Adopting the practice
described in Remark 2.5, it suffices that f € B if and only if f(z) = 0 whenever
zj = oo for at least one j € I,,. We stress that the two sentences above mean precisely
the same.

The seminorm || - || B is anorm on B, and we denote this seminorm by || - || B2
Now, we show that the norms || - || gy and | - || g» are equivalent on B¢ . In addition,
finiteness of || f|| 87, boundedness of f, and the condition above of vanishing (at
infinity, to the right) imply that f € 8.

Proposition 2.6. Let ' € H*(C),

f ||;’36' < 00, and assume that

lim f(z)=0 2.4)

Rez;—00
whenever j € I, and zy is fixed for allk 3 j. Then [ € B" and | f || g» =< 2" f || -

Proof. Let Q € $,, Q # I, and |2| = k. From the boundedness of f, (2.4), and
Cauchy’s inequality, we infer that, for all ¥ € £, such that @ € W, any j € Q€ and
z fixed for k # j,

lim @q;f(l) =0,
Rez;j—o00

and thus
Dq f(z) = /i)nf(z +agc)dage, zeCl.
RAK
By the maximum principle for functions from H *°(C"), we have

Dy f(@)] < / sup 1Dy f(h + age)| doge

« Ai=z;,jeQ
le_i Relj =Re Z_,',‘]'EQC

< / sup  [Dn fA + age)| dage,
A

—x j=Zj,j€QA
RE™F ReA;=0, jeQ¢
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so that
Ifllgz, = sup |Daf(z) S/ sup |y f(z)|dage = | f 52
zeW(,tg2 e ZEW‘!I,,
R
This implies that f € B{ and
Ifllsn = 3 1/ llss <271 f sy .
QePy,
Note that || - || g7 is not a norm on B”", because some functions do not depend
n

on all the n variables. Those functions satisfy O, f = 0 and hence || f || gr =0.
However, linear combinations g of such functions may depend on all the variables
while satisfying £, g = 0 (see Remark 2.9(2) below). Consequently, we will decom-
pose B” into the direct sum of 2" closed ideals, one for each subset of I,,. This was
achieved for 8! in [7], where one summand contained only the constant functions,
and also for B2 in [23], where two summands each contained functions of one of the
two variables.

Let f € 8", and let Q¢ € P, be the subset of I, representing the variables z; on
which f depends. It is easy to see that they are the variables for which D; f is not
identically zero. We will use the following terminology:

(a) Q2 is the support of f,

(b) |2r] is the degree of f,

(c) f iselementary if f(z) = 0 whenever z; = oo for at least one j € Q.

For © € #,, we define subspaces of B”":

B ={feB":Q CcQ={feB":D;f =0forall j € Q°},
Boo=1f € By : f(z) = 0 whenever z; = oo for at least one j € Q}.

It is easy to see that Bg and Bg , are closed subalgebras of B”. The spaces BY,
and Bj  are the spaces B" and By, respectively, and the space By is the space of
constant functions. Note that

(i) f € B"iselementary if and only if f € ‘Bgf,o’ and
(i) if f € By and D, f = 0, then f = 0.
For f € 8", let

fa@) =Y (=119 foze),

QePy

where fq(zgq) is defined in Proposition 2.4. For example, if n = 2 then

Jea(z1,22) = f(z1,22) — f(z1,00) — f(00,22) + f(00, 00).
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Then
f= fat 1o g,

QePy,

QL1
where f is elementary of degree n, and each function fq for Q # I, is of degree less
than 7. The empty set is in $,,, and fy = fj o is a constant equal to f(oo, ..., 00).

By simple relabelling of the variables, the space Bg, can be identified with B k and

B o with Bk, where k = |Q|. By considering those fq for Q # I, and iterating
the procedure until we have obtained only elementary functions, we can obtain an
elementary decomposition of f as

/= Z fa.0,

QePy

where fq o is either identically zero or an elementary function with support 2.

The elementary decomposition of f € B” is unique. Suppose that ) ¢ 2, fa=0,
where fq is elementary with support 2. By setting z; = oo for all j € I,, one obtains
that the constant function fy = 0. By setting z; = oo for all z; except for j = 1, one
obtains that f{;; = 0. Continuing in this way, one obtains that fo = 0 for all 2.

So, far the discussion has been somewhat heuristic. An alternative description is
given in the following formulas, which can be readily verified.

Proposition 2.7. The Banach algebra B" is the direct sum of the closed subalgebras
B o for Q@ € Py. In particular, the following properties hold.
(i) Forall f € B",
f@ =) faoa).
QePy,

where

fao@a) =) (DY fy(zy) € BG .

wcQ
(ii) Foreach Q € Py, the map f — fq.ofor Q € Py is a contraction from B"
1o B9,
(iii) For f € B", D, f =0 if and only if f is a finite sum of holomorphic
functions with degree less than n. In that case,
f@) =) (D" fo(zq).

QePy,
Q#I,

(iv) Ifg € H®(CY), Dng =0, and g(z) = 0 whenever zx = oo for at least
onek € I, then g = 0.
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Example 2.8. The space £M" of all functions of the form &£ u, where y is a bounded
Borel measure on R’ and £u is its Laplace transform, is a Banach algebra in the
norm || £u|lgp = ||p||, and it is known as the Hille—Phillips algebra. 1t is continu-
ously included in B” (see [7, Section 2.4] for the case n = 1).

Let f = £u € £M". Then the elementary decomposition of f is givenby fq .o =
L g, where g is the restriction of u to the subset

n .
(0, 00), € Q,
R.,_,Q = | |C', Cj ZZ{ J ¢
j=1 {0}7 .] € Q .

Remarks 2.9. (1) In Propositions 2.3, 2.4, and 2.7, instead of letting Re z; tend to
oo, we could choose to take fixed points {; € C.. The results remain valid. Such
a change would produce a different elementary decomposition of functions f € B”.
However, this is not a contradiction of the uniqueness, because the spaces B, , would
also change.

(2) In the paper [27], Marti constructed a functional calculus for two commuting
closed operators under certain conditions. A subsequent short paper by Caradus [12]
showed that the conditions could be put in a better form and pointed out that the con-
struction could then be extended to n-tuples of commuting operators in a natural way.
Marti’s construction involved a decomposition of a similar type to [23, Section 3.5],
although the side conditions are different. Caradus did not specify a decomposition
but it would undoubtedly have been of similar form to the elementary decomposition
in Proposition 2.7 (i). Ichinose [22, p. 235] also used a similar decomposition in the
context of two operators.

3. Reproducing formulas and shifts

3.1. Reproducing formulas

A reproducing formula for f € B! was given in [7, Proposition 2.20], and a version
for f € B? was given in [23, Proposition 5.1.1]. In [10, Proposition 3.7], some for-
mulas were obtained and the specific formula with s = 1 can be applied with g = 1’
if f € B'. We state that formula here.

Proposition 3.1. Let g be a holomorphic function on C_ such that

lg(z)|Re z

BE dS,(z) < cc.

+
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Define Qg on C 4 by

A
00 =~ [ 80 5745100
Ct

Then Qg is holomorphic, and g = (Qg)'.

We will present the corresponding statement for functions of n variables in Pro-
position 3.2. We use the following kernel functions:

2 n
K(z, M) = pEE et 2 A eCy, Kn(z,A) = j]:[lK(z,-,/\j), z,A e CL.
Let g be a holomorphic function on C” such that
Re A;
|e L dS,(A) < oo. 3.1)

Ajl?

n
[ eI
cn 7=l
Define the function @, g on C’} by

n
@)@ = [ Kol Dgh) [[Red;as,0). zect,
cn j=1
This function is holomorphic on C’ and the derivatives can be passed through the
integral sign, the justification being that the derivatives of the integrand with respect
to the z variables can be estimated locally uniformly by constant multiples of the
integrand in (3.1). Thus,

(Dn@ng) (@) = / DKoz, 1)g(A) dVa(A). z € TP,
(Cn

+

where the derivatives of K, are with respect to the z variables.
We now extend Proposition 3.1 to obtain the following reproducing formula for
functions on C”}..

Proposition 3.2. Let g be a holomorphic function on C'} such that (3.1) holds. Then
@, g is holomorphic and
g =D,Q,g. 3.2)

Proof. The proof is by induction, and the case n = 1 is given in Proposition 3.1.
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Letn > 1 and assume that (3.2) holds for n variables. We consider now the case of
n + 1 variables (z, z,,+1). Assume that g(z, z, 1) satisfies (3.1) for n + 1 variables.
Forz € C, let hy(zp+1) = g(Z, Zn+1). By (3.1) and Fubini’s theorem, we obtain that

/ iy ()| 2 I/\I2 dS()t) < 00

for almost all z € C’};. For those z, we can apply Proposition 3.1 to the function /.
We obtain

gz, zn+1) = hy(Zn+1) = / Dyp+1K(zZnt+1, An+1)€2Z, Ant1) dV(An+1).
Ct

Now, let kz, ,(z) = g(z, zu+1). By applying Fubini’s theorem and the inductive
hypothesis to the functions &, 41> We obtain that, for almost all z, 41 € Cy,

g(zﬁzn-i-l)
_ / DKoz D)k, (A) dVi(A)
Cn
/ DKo (2. 1) / Dot KGotr: dms )8 Ant 1) dV s ) d Vi (A)
i C+
/o@n+1e7fn+1(l,2n+1,in,in+1)g(}wln+1)an+1()~,kn+1)
<c"+Jrl

= (Dn+1@n+18)(Z, Zp+1)-

This establishes that g = D, +1@,+1g almost everywhere. Since both functions are
holomorphic, it follows that they agree everywhere. |

Corollary 3.3. Let f € B". Then D, f = Dy @Dy f, and fo = @, Dy f, s0

Sfa(z) = / Kn(z, 1) (D, fYA)dV,(A), z € Cr. (3.3)
¢
In particular, if f € B, then [ = @, D, f.
Proof. Let g = D, f. Then

/|g(z>|1‘[| L a5,(0) < /(Hlnf)(“)/l_[ B e
]

= 7" fllgp, < oo.

Thus, g satisfies (3.1), so Proposition 3.2 shows that g = D, @, g.
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By the dominated convergence theorem, (&@,D, f)(z) — 0 if Rez; — oo for
any one j. Moreover, fe — &, D, f isin H*°(C") and in the kernel of D,, with zero
limits as Re z; — oo, and then it follows that fo; = @, D, f (see Proposition 2.7 (iv)).

[

Example 3.4. In this example we establish the B;-norms and other properties of
various resolvent functions.
Forz=a+if€CyandA e Cy,letr;(A) = (A +z)~ 1. Thenr, € B}, and
Irfllgy =™ Irfllgt =227% keN.

Forz € C’} and A € C7}, let rz(4) := ]_[;721 Iz (Aj). Thenr, € 8§, and

n n n n

-1 k k —k

Ieallay = [Tl gy = TTe5 " Irfilsy = TT175 sy = [Te5™
Jj=1 Jj=1 j=1 j=1

where oj = Rezj and k € N.
Forz,t e Cy4,
4z = ¢

ry,—r 1 =|z— rLr 1 <|z— r || |7 1 < —— =0,
Irs = religy = |z = ¢l rerellgy < 12 = s Hirelsr = ooy

as z — {. So, the map z +> r; is continuous from C 1 to B;.

For j € Iy, the map z > r; is continuous from C?} to Bj.Letrs j(A) =rz(A)).
Then z > r;,; is continuous from C’} to B”. Since r, = ]_[;’:1 rz,j,themapz > r,
is continuous from C’} to By .

In fact, the map z > r(z) is holomorphic from C’} to B, but we do not need
this.

3.2. Shifts

We will use shifts of the variables z; for the construction of the B-calculus for operat-
ors. In [7,23], we used shifts not only in the horizontal direction but also in the vertical
directions. In this paper, we define the functional calculus by a different route, and we
do not need to use the vertical shifts. So, we present two lemmas here about the hori-
zontal shifts on B”.

First, we will establish a variant of the reproducing formula (3.3) for shifted func-
tions in 36’. This result is a special case of [7, Lemma 2.18(2)] for n = 1, and [23,
Proposition 5.4.1] for n = 2.

Lemma 3.5. If f € B, then, for everyt € R”

fz+t)= / Kn(z +t,2) (D f)(X)dVn(A), z€CL. (3.4)

n
C +
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Proof. We begin with the case when n = 1. From Corollary 3.3,

2 [ fla+i+iB)
f(z—l—t)——;/a mdﬂd(x, ZG(C+.
0

Changing variables in the inner integral, noting that f’(«a + A) is bounded for A € C 1
and a fixed « > 0, and using Cauchy’s theorem, we obtain

fla+t+ip) . S+ 2)
Cra—ipr P=7 ] Grari-p
t+iR
AR
N (z+a+1t—21)?2
iR
flatip) .

T ) Cra+i—ip)2
R

So, we obtain formula (3.4) forn = 1:

27 f(@+ip)
f(Z+[)__;/a/(z—i—t—i—a—iﬂ)zdﬁda’ zeCq,t>=0.
0 R

For n > 1, we may consider the individual variables one at a time, applying the
same argument as above to show that

/ K@+ 71 1) (D ) A + ) dVi(R)
¢y
=/J<n(z+tf,i>(@nf)<x ) dVa(R),
¢y
where

t/ = (t1,....4,0,0,...,0), t; = (0,...,0,t;,tj41,....1s), jE€IL,. m

Next, we show that horizontal shifts are strongly continuous on 8”. For f € 8",
t=(t1,....tn) € RY,andz € C7}, let

(T(t)f)(z) = f(z+1). (3.5

It is easy to see that T'(t) is a contraction on (B”, || - || g#). The following lemma was
proved in [7, Lemma 2.6] for n = 1 and in [23, Proposition 4.2.2] forn = 2.
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Lemma 3.6. The map T: R’} — L(B") is strongly continuous.

Proof. Let

(T, f)2) = f(z1,....zj +t,....zp), JE€Ip, t =0.

Then
T(t)=Ti(t1)...Ta(tn).

It suffices to show that the semigroups (7 ());>o are continuous in the strong oper-
ator topology on L(8B"). Without loss of generality, we will take j = 1, and we will
write z = (z1,2') € C1}.

Let f € 8" and Q € P, with k = |Q2|]. We need to show that

lim |73() f — fll8g =0 (3.6)

There are two cases: (1) 1 € 2;(2) 1 ¢ Q.

Case 1.1 € Q. Let ag = (aj)jeq € (0, oo)k, and let z € Wy,. By an extended
version of Cauchy’s inequality,

27 D) flloo

(D10 f)(2)] < S eae

This estimate is valid for Re z; > o, by the maximum principle. Hence,

[(De f)(z1 +t.2") — (Da f)(z1.2)] = / |(D1Dg f)(z1 +s.2))| ds
0

—(k=1)
L2Vt
L3 n jeQ O
Taking the supremum over all possible choices of z € W, this establishes that

2 f oo

0, t—0.
o1 Hjefz aj

Ho(T1(t) f — f)(aq) <

In addition,
Ho(T1(t) f — f)(ag) < (HeT1(t) f)(eq) + Ho f(ag) < 2Hq f(ag),

by the maximum principle. Hence, the dominated convergence theorem implies that
equation (3.6) holds.
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Case2.1¢ Q. Let Q' = QU {1}, aq = (&j)jeq € (0,00)%, and z € Wy,. Then
zgo = (21,Zg). The definition of Hg/ and its monotonicity show that

(Daf) 1 +1.2) — (Da f).2)] < / (D )1 + 5.2)| ds
0

t

= /(Hﬂ’f)(al +s5,00)ds

0

< /(HQ/f)(S,OtQ) ds.
0

The final expression depends only on f, ¢ and e, so we may take the supremum
over all z € Wy, and infer that

t

Ho(Ty(t) f — f)(eg) < f (Ho f)(s.a0) ds. 3.7)

0

Since || f|| 81, is finite, Hg f is integrable over Rﬁ“. Fubini’s theorem implies that

oy / (Ho f)(a1.q) deg
Rt

is integrable over R, and then (3.7) and Fubini’s theorem imply that

100 = sy = [ Ha(Ti0)f - f(as) da
Rk

+

t
5//(Hgff)(a1,ozg)dagda1 -0, t—0. [ ]

0 Rk
RY

Remarks 3.7. (1) Case 2 of the proof above can be applied when 2 is empty, to
show that the left shifts are strongly continuous in the H °°-norm, and hence that f is
uniformly continuous, as shown in Proposition 2.1.

(2) For n = 2, the proof above differs from [23, Proposition 4.2.2], where the
proof relies on switching to an equivalent norm on B2. That approach can also be
applied for n > 2. It simplifies the proof of Case 2 above, provided one accepts the
equivalence of norms.

(3) It was shown in [7, Proposition 4.6.2] that the shift semigroup on B! extends
to a bounded holomorphic semigroup of angle /2.
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3.3. Sums of variables

In this section, we consider how very simple changes of the variables z; preserve B”.
As noted in [7, Lemma 2.6 (5)] a trivial scaling of variables shows that if € B!,
b >0and g(z) = f(bz), then g € B, and ||g|l g1 = | f| g1, and the same applies
for functions in B” with scaling of some or all variables.

In addition, the family of algebras B” is preserved by summing some or all of the
variables z;. In order to avoid heavy formulas, we present this only in the case where
all the variables are summed. For n = 2, the result was proved in [23, Lemma 3.8.1].

Proposition 3.8. Let f € B, n € N, and define g on C%t by
g(z) = f(zi+--+2z4), zeCl. (3.8)
Then g € B", and the map f > g from B! to B is bounded.

Proof. We may assume that /€ 8. Clearly, g is holomorphic on C?% and g(z) - 0
as Rez; — oo for some j € I,,. By Proposition 2.6, it suffices to show that || g || 81 <00.
We have

lellsg = [ sup1f e+ ey +ip)] da.
]R+ pe

The change of variables

k
k=) a;. kel,.
j=1
establishes that

lehag = [ w17 Bl dt
€

Sn

where S, = {(tx)ker, € R : 0 <1y <1, <--- < 1,,}. Integrating with respect to
t1,...,tn—1 and replacing ¢, by t shows that

o0
tn—l
lellsg = [ oy 500 1 + i)l .
o + BeR

A higher-order version of Cauchy’s inequality gives

" Vsup | £ +iB)| < 2" Comy sup | £1(2/2 40P,
y€R BeR

where C,_1 is as in [7, Lemma 2.1 (4)]. Hence,

o0
2n_1Cn_1 , 2"C,_1
n < ——— t/2 ] dt =
Igllar < D szlel]%lf (t/2+ip)] =1

/1153
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This establishes that g € B, and also that the map f + g is bounded from B!
to B”". ]

If g as defined in (3.8) is in B”, then f € B!, since f(z) = g(z,0,0,...,0).

4. The B8"-calculus: set up

In the remainder of this paper, 4 := (41, ..., A,) will be an n-tuple of commut-
ing operators on a Banach space X. The operators A; commute in the sense that the
resolvent set of each operator A; is non-empty and their resolvents commute with
each other. Moreover, we will always assume that the spectrum of each operator sat-
isfies

0(A;) S Cy, jel,. “.1)

Assuming that (4.1) holds, let Q2 € $,. We will say that 4 satisfies the (GSFg)
condition if the following holds for all x € X and x* € X™*:

sup /
a;>0,j€Q
’ RISI

By the closed graph theorem, if (GSFg) holds, there is a constant y 4, such that

EN|

RISI

dp < cc. (GSFg)

< 1_[ o (A; + oy — i,Bj)_zx,x*>

JjeQ

< 1_[ o (A +aj — iﬂj)_zx,x*>

je

dB = yag x| Ix* (4.2)

forall x € X and x* € X*. If Q is empty, then the conditions above are deemed to be
satisfied with y4, = 1. For Q@ = {j}, the condition says that A; satisfies the (GSF)
condition for the single operator A; as in [7, Section 4.1]. If Q = I,,, we will say that
A satisfies the (GSF,,) condition and we will write y4 instead of yy,,.

We will say that 4 satisfies the full (GSF) condition if A satisfies (GSFq) for all
Q € P,. For n = 2, the full (GSF) condition agrees with [23, Section 6.1].

Definition 4.1. A B"-calculus for #4 is a bounded algebra homomorphism &: 8" —
L(X) such that @(ry ;) = (4; + A)" ' forall j € I, and A € Cy.

There is a similar definition of a B} -calculus. In this and the next section, we will
show that the full (GSF) condition is a sufficient condition for + to have a 8" -calcu-
lus, but we first show that the full (GSF) condition is necessary. This was proved in
[8, Theorem 6.1] for » = 1 and in [23, Theorem 6.3.1] for n = 2. The proof below is
a variant of those proofs.

We will write 1, (4) := [T, (4; +z;,)7".
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Proposition 4.2. Let A be an n-tuple of commuting operators on a Banach space X
satisfying (4.1), and assume that there is a B -calculus ® for A. Then A satisfies the
(GSF,) condition.

Proof. Let ¢: R" — C be a continuous function with compact support, and « €

(0, 00)". As shown in Example 3. 4 the map B — rozt_i g is continuous from R” to

By and ||ra iglay < 4" ]_[]—1 : 1 Hence,

Gy = / o(B)r2_ 5 dp.

R~
exists as a Bochner integral with values in B(. Since @ is a bounded linear operator,
®(Gag) = [ 0BIrucin(A7 df
R~

and hence, for unit vectors x € X and x* € X*,

1_[% /w(ﬂ) Faip(A)2x, x* dﬂ‘<4"||<p||oo||d>||

=1 R"

Since this holds for all continuous functions ¢ with compact support, it follows that
(GSF,,) holds. ]

Corollary 4.3. Let A be an n-tuple of commuting operators on a Banach space X
satisfying (4.1), and assume that there is a bounded algebra homomorphism ®: 8" —

L(X) such that ®(rz) = ry(A) for all z € C',.. Then A satisfies the full (GSF) con-
dition.

Proof. For Q € #,, we may deduce that (GSFgq) holds, by applying Proposition 4.2
to B§! and the restriction of ® to that algebra. n

Now, we give two classes of operators where # satisfies the full (GSF) condition
for all values of n. Proofs were given in [7] for n = 1 and in [23] for n = 2, and the
general proofs are minor variants of those cases.

tA’)t>0

on a Hilbert space X, for each j € I, and let K; = sup,, le=%47||. Assume that the

Examples 4.4. (1) Let —A; be the generator of a bounded Cy-semigroup (e~

semigroups commute with each other (or equivalently, the resolvents of A; commute
with each other). Then A satisfies the full (GSF) condition, with y4 = 2" ]_[ =1 K 2
This follows from applications of Plancherel’s theorem and the Cauchy—Schwarz
inequality. See the proofs for » = 1 in [7, Examples 4.1] and for n = 2 in [23,
Example 6.1.1].
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(2) Let A; (j € I,) be sectorial operators of angle less than 7/2 on a Banach
space X, and assume that the resolvents commute with each other (equivalently,
—Aj is the generator of a bounded holomorphic Co-semigroup (e )50 on a
Banach space X, for j € I,, and the semigroups commute with each other). Let
Mj =sup,cc, [2(4; + z)7!||. Then s satisfies the full (GSF) condition, with y4 =
2" ]_[;’Zl M ]-2. This follows from standard resolvent estimates for sectorial operators.
See the proofs for n = 1 in [7, Section 4.2] and for n = 2 in [23, Example 6.1.2].

Now, assume that + satisfies the (GSF,) condition, and let f € 8. Recall from
Corollary 3.3 that the following reproducing formula holds:

f@) = / K (2, 2)( Dy [)A)dVa(X), 2 €CL.

cy
We define f(#4) by the corresponding formula:

(f(A)x,x¥) = /(Kn(o‘hi)x,x*)(«@nf)()t)an(/\), (4.3)

¢y

where
_ 2\"n
Fn (A, R) 1= (—;) ry (A)?

_ (_%) T[], +3)2 arect 4.4)

j=1

By the (GSF,)) condition, the integral is absolutely convergent, and the formula (4.3)
defines f(+) asamap in L(X, X**), with norm at most y4 || f ||£3' In order to obtain
a B"-calculus for A, we need to extend the definition of f(«A) to functions f € 8",
show that f(+4) maps X into X for all f € B”", and show that the map f — f(A)
is an algebra homomorphism from B” to L(X).

If the operators A; are the negative generators of # commuting Co-semigroups,
and f = £u for some bounded measure p on R” , then f(+) as defined above
agrees with the Hille—Phillips calculus for £.M". This was shown in [7, Lemma 4.2]
forn = 1, and in [23, Lemma 6.1.4] for n = 2. The proof for n > 3 is similar, using
Example 2.8 and higher-order integrals. A consequence of this is that the definition
of K, (s, A) in (4.4) agrees with the definition obtained by putting f(z) = K, (z, 1)
in (4.3), for a fixed A.

Now, we assume that + satisfies the full (GSF) condition. If f is an elementary
function in 8", with order k > 1 and support €2, we can define f(+4) by applying the
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BE-calculus for Ag 1= (4;);eq to the function fo € BE, so

(f(A)x, x™) = f(JCk(eAvsz,)_»)x’X*)(i)kfsz)(l)de()») (4.5)

k
(C+

forall x € X and x* € X*. In particular, if Q = {;j} for some j € I,, g € 8", and
we define f(z) = g(z;), then we recover the B!-calculus for the operator A;. Thus,
this definition establishes that f(A) = (A; + A)~Lif f(z) = ra(z)).

Now, let f be an arbitrary function in 8”. To define f(+4) we use the elementary
decomposition of f as in Proposition 2.7 (i). We define fj 0(Ag) = fp,0l’ and

F(A) =" fao(Ag). (4.6)

QePy,

Then we define a bounded linear map from @ 4: 8" — L(X, X**) by
Pu(f) = f(A). 4.7

Then |® 4| < yu :=maxgep, Vg, Where Y4, is asin (4.2). The norm of the restric-
tion of @ 4 to By is the minimal value of y4,,, and we will denote it by y.4,0.

In the next section, we will prove that ® 4 is an algebra homomorphism from
B" to L(X). It will suffice to show that f(A) € L(X) and (fg)(A) = f(A)g(A)
for all elementary functions f and g in 8”. These properties were proved in [7] for
n = 1 and in [23] for n = 2, by a rather complicated method, and the method used in
Section 5 is simpler, and illuminating even in the case n = 1.

Before moving on to the main proof, we present two lemmas. The first one may
help when considering (4.6).

Lemma 4.5. Assume that A = (Ay, ..., Ay) satisfies the full (GSF) condition, and
let Ay = (Ay,...,Ap—1), x € X and x* € X*.
(1) For f € B" and 2 € P, with |Q]| =k > 1,

(fa.0(A)x,x*) = f(Jfk(zf\»sz,i)x,x*)(i)szfsz)(l)de(l).
¢k

(2) Let f € BY. Then (Dy ) (-, An) € BE ! forall A, € C4, and

(F(Ax.x%) = [ (K(An, o) (Do ) (Aot An)s x¥) dV ().
Ct+

Proof. The first statement is proved in Corollary 3.3.
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Proposition 2.3, with Q = I,,_; and W = {n}, establishes that (D, f)(-, A,) €
B! forall A, € C. Fubini’s theorem shows that

(f(A)x,x¥)

_ / (Fonet (Anr Ane) K (A )% %) (Do )Rt ) d Vi (inrt )

c

- / (K(An. An) (Do f) (Anor ). %) dV (),
Ct

forall x € X and x* € X*. n

In order to justify some applications of Fubini’s theorem, and differentiation
through integral signs, in the next section, we will apply estimates for n-tuples of
operators of the form A + t := (A; + j)jer,, where t; > 0, and we will use the
following fact. For n = 1, it is a special case of [7, Corollary 4.5]. Here (T(t))te]Rgr
are the shifts as defined in (3.5).

Lemma 4.6. Assume that 4 satisfies the (GSF,) condition. Let f € B and t € R"}..
Then

F(A+ 1) = (T(t)f)(A).
This can easily be proved by the same method as in Lemma 3.5, with K, (z, A)
being replaced by (K, (s, A)x, x*), K,(z + t, ) by (K,(s + t, A)x, x*), and
(Dn f)(A) by (Dn f)(A + ).

5. The 8"-calculus: Developments

In this section, we assume that # := (Ay,..., 4;) is an n-tuple of commuting oper-
ators which satisfy the full (GSF) condition on a Banach space X, and we denote by
® 4 the map f +— f(A) from B” to L(X, X**), as defined in (4.5), (4.6), and (4.7).
We will establish three properties:

* the operator f(+A) maps X into X,
* the operator ® 4 is an algebra homomorphism,
o 4 is the unique B"-calculus for A.

The first two properties establish that ® 4 is a B”-calculus for 4. For n = 1, all
three properties have been proved, the first two in [7, Theorem 4.4], and the third in
[8, Theorem 6.6]. For n = 2, they have been proved in [23]. The proofs in those papers
can probably be adapted to cover the same properties for arbitrary n € N, but we will
present more direct proofs of all three properties even for n = 1.
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We proceed with three lemmas which combine to prove the three properties, but
the three proofs are inter-related. We start by considering two non-zero elementary
functions f and g in B". We denote their supports by 2 s and 2, with cardinalities k

and m, respectively. Thus, f* and g belong to the spaces B, 7 and B, *, respectively.
Unlike the case when n = 1, the two supports may be different. As it turns out, this
does not cause a serious complication.

Lemma 5.1. Let A = (A1, ..., An) be an n-tuple of operators which satisfy the full
(GSF) condition on a Banach space X. Let f and g be elementary functions in 8",
and assume that g(A +t) € L(X) fort = (t,...,t),t > 0. Then fg is an elementary
Sfunction in 8" and

(f8)(A) = f(A)g(A). (5.1
In particular,

(fr2)(A) = f(A)rz(A), zeClL.

Proof. If f or g are a constant function, the result holds. So, we assume that both
f and g are not constant functions, and their supports have cardinalities k and m,
respectively. It is clear that fg is an elementary function in B8”, and its support is
Q = Qr U Qg. Consequently, we can also assume that Q2 = [,.

Lett = (¢,...,1) € (0,00)", ft(z) = f(z +t) and g¢(z) = g(z + t). Apply-
ing (4.3)to f and g, we obtain, forz € Ccn,

(frg0)@) = / [ Kiag, +ta, 1) Kn(g, +ta,. 5]
dn % (Da, /)(A)(Day, )(®) dVi(R) dVin(v).

Differentiation through the integral (which is easily justified) gives

Du(fig0)(@) = f [ DulKi(zg, +ta, . 1) Knlza, + ta, )
én gk % (Da, £)(A)(Da, ) () dVe(R) d Vi (v).

Combining (4.5), Lemma 3.5, and Fubini’s theorem (see the Appendix for justifica-
tion), we infer that

((fege)(A)x. x¥)
= /(J(n(a‘\»,i)x,x*)/ /@n(Kk(ZQf+tQ/.,A_,)J<m(ZQg+th,I_)))

cn cr ek
% (Da, £)A)(Da, 8)(v) dVi(R) dVin(v) dVi(2)
- / / (Da, £)(A)(Da, £)(¥) Re(A,v) dVi(A) dVi(v). (52)

cr Ci
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where

Re(A,v) = /(an(a‘%i)x’x*)i)n(ﬂk(zfzf +to,, M) Kn(zg, +ta,, 9)dV,(2).

¢y

Forall A € Cﬁ andv € C7,
Ki(-+ta, ) € EM N BE,  Kn(- +tg,.p) € LM™ N By,

as functions of zg ” and zg,, respectively. Both these functions, and their product,
are in £M". Using (4.5) and the fact that the Hille-Phillips calculus is an algebra
homomorphism, we see that

Rt (A‘v U) = <[J<k( + th» j')'}Cm( + tha l_))](A)X, X*>
= (Ki(Aq, +ta, A)Kn(Ag, + ta,. P)x, x*).

Thus, by (5.2), (4.5), and Lemma 4.6,

((feg)(A)x. x")
- [ / (Da, /)(M)(Da, ) ()
crck X (Ki(hg, +ta,, M) Kn(he, +ta,, 9)x,x*) dVi(X) dVin(v)
- / (Da, AN g(A + OKe(Ag, +ta, . D)x.x") dVi(d)
ct
- / (Da, /YA (Ki (A, +ta, 2)g(A + Ox.x*) dVi(d)
&
= {f(A+t)g(A+t)x,x*).
Hence, forall ¢t > 0,
(feg)(A) = fe(A)ge(A). (5.3)

Letting ¢+ — 0 in (5.3) and using the strong continuity of the shifts on B”, we obtain
the assertion (5.1). ]

Next we prove that for “smoothed” functions f € B the reproducing formula
(3.3) can be interpreted as a B(-valued Bochner integral. Here 1 = (1,...,1) € R”.

Lemma 5.2. Let f € 87 andt = (¢,...,1) € (0,00)". Define Fy:C", — Bg by

FiQ) = (Du(/TD)IM) 2 ;. A eCh.
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Then Fy is continuous and Bochner-integrable with respect to the measure dVy, ().

Moreover, 5
n
(-2)" [ Royavia) = fird.o. (54
¢y
Proof. The function A — rt2+ i is continuous from C’} to B¢, and hence Fy is con-

tinuous. If A; = o; + if3;, then
. 1
2
r- - n = S Em——
Ircialla jl:[l (aj +1)?

Moreover, (D, (fr?))(A) is the sum of 2" terms of the following form, indexed by
Q € P,, where k = |2],

InaA) = (=2 *(Da HHA) [T 10 T n)?,

je jee

and, by a standard estimate,

(Da )b < P>
jeQ Y

It follows that

/ na M Ir2, 5 sy dVa(h)

n—2k o
<2 ”f”""/ Ha,(aj +z)2|1+A |2 H (o + 021+ 4,3 Sn(e. B)

n 27 )
< 2"—2"n"||f||oo(/m) = & e
0

Hence,

JACEA S A PIAC Ry (Z)rknfnoo = (XY 1 e
C}’l

k=0

Thus, f(c,}r | F¢ (A)||3g dV,(A) < oo, so the Bochner integral of F; exists. Since
point evaluations are continuous linear functionals on B, the function on the left-
hand side of (5.4) maps z € C’} to

(-2)" [ Eon@ava = [ Kaa+tDDu(FrD1dVa0) = (frE+0),
cn cn

using Lemma 3.5. Hence, (5.4) holds. ]
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Next, we apply the mapping @ 4 to both sides of (5.4), and then deduce the three
properties of ® 4 simultaneously. We say that

Y: 85— L(X,X™)
is a (bounded) semi-homomorphism if Y is a bounded linear map satisfying
Y(f r)=Y(f)z+ A", feBy zeCl. (5.5
Lemma 5.1 shows that ®4 is a semi-homomorphism.

Lemma 5.3. Let A = (A1, ..., Ay) be an n-tuple of commuting operators on X
satisfying (4.1). Let
YT: Bf — L(X,X™)

be a semi-homomorphism such that Y (r,) = ry(+),z € C'.. Then, for all f € B,
T()ri(A)? = lim O:(f;A), (5.6)

in operator-norm, where Q,(f; A) € L(X) is defined fort > 0 by

0:(fi )= (-2)" [ @D+ L+ D2 an@). 5
¢

Consequently, Y is uniquely determined by its values on {r, : z € C'\ } and
Y(f)e LX), feBy. (5.8)

Proof. Using (5.5), Lemma 5.2, and Lemma 4.6, and applying Y to both sides of (5.4),
we have

Y(fOriee(A)? = Y(fe - 1iy) = Qi(f3A), 1> 0, (5.9

where Q,(f; A) is given by (5.7), and the integral converges in the norm of L(X).
By the continuity of shifts on B[, as in Lemma 3.6,

lim () = C(Ollzexxes =0,
and, by the resolvent identity,
lim [[ri1e(A) = r1(A)llzx) = 0.

Thus, (5.9) implies (5.6) and (5.8).

Since dom(A4;) is dense in X, r1(A4;)* has dense range for j € I, and then
r1(+)? has dense range. The uniqueness of Y follows from this and (5.6) and (5.7).
Since X is closed in X **, the assertion (5.8) holds. [
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Now, we can conclude that ®4, as defined in (4.5) and (4.6), is a B"-calculus
for +, as defined in Definition 4.1.

Theorem 5.4. Let A = (A1, ..., Ayp) satisfy the full (GSF) condition on a Banach
space X. Then @4 is a B"-calculus for A, and it is unique. Consequently, A admits
the B"-calculus if and only if A satisfies the full (GSF) condition.

Proof. Lemma 5.3 shows that ® 4 maps B into L(X), and the same holds for the
maps on Bg . By Lemma 5.1, @, is multiplicative on elementary functions and
hence on B”. Then ® 4 maps B” into L(X), and is multiplicative on all functions in
B". In addition, ®4 maps the function z > (z; + A)~! to the operator (4; + A)~!
forA € Cy, j € I, 50 4 is a B"-calculus for A.

Let f € 8". Then fry € Bj and

Dy (fIr1(A) = Pa(fr1).

Since ®4( frq) is uniquely determined (Lemma 5.3) and the range of ry(-4) is dense
in X, it follows that ®4( f) is uniquely determined.
The last statement follows from the earlier statement and Corollary 4.3. |

6. Possible simplifications

In this section, we consider three possible types of simplification that might come
into play when attempting to use the B-calculus. The first one would be a dramatic
simplification but it is not valid in general, while the other two are valid but restricted
in scope.

6.1. Reduction to one variable

Let A = (A1,..., A,) be a commuting n-tuple where each 4; (j € I,) has a B'-cal-
culus. One might hope that this automatically implies that 4 has a B8"-calculus, but
this is not valid in general.

Let p €[1,00), p # 2, and let €, be the pth Schatten-von Neumann ideal on a sep-
arable, infinite-dimensional, Hilbert space. Using [24, Proposition 3 and Example 1],
together with results from [13, 16], and the equivalence in Theorem 5.4 for n = 1, it
follows that there are commuting bounded operators Ay and A, on €,, each of which
admit the B!-calculus, but A; 4+ A, does not admit the B'-calculus. Hence, (41, 45)
does not admit the B2-calculus, since otherwise A, + A, would admit the B!-calcu-
lus (see Proposition 6.2). Thus, the existence of B!-calculi for operators A; and A,
separately does not imply the existence of the B2-calculus for (41, 45).
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6.2. Mergers

In some cases, two or more of the operators in an n-tuple + may coincide. We may
merge some or all of the repeated operators to form an m-tuple A = (/T k)kel,,» Where
there is a surjective function s from I, to I, such that A; = /T,,( jforall j € I, If A
satisfies (GSF), then it is trivial that A also satisfies the full (GSF), because (GSFg)
for # coincides precisely with (GSFgq) for # for some 2 € $, where 7 is a bijection
from € to ©2. We show in this section that the B-calculi for /4 and 4 are compatible,
thus establishing that mergers of this type within the B-calculus are valid. A similar
result in a different context has been obtained in [3, Proposition 4.1].
Let f € 8", and define

(Y)w) := f(z), W= (wi,...,wn) €CY, z; = W)

Proposition 6.1. Letr A, A and Y be as above, and assume that A satisfies the full
(GSF) condition. Let | € B". Then Y(f) € B™, and (Y f)(A) = f(A) in the setting
of their respective B-calculi.

Proof. Toseethat Y f € B™, we first consider the case whenm =n — 1, and n(j) =
min(j,n —1).Letg = Yf,and Q € P,_;.

Firstly, assume that z,,_; ¢ Q. Then (Dqg)(z) = (Dq f)(Z,z,—-1),forz € Ci‘l,
and (Hog)(ag) < (Hg f)(ag), so Hqg is integrable. Secondly, assume thatn — 1 €
Q.Let Q = (2\ {n — 1}) U {n}. Then

(Deg)(2) = (Do )2, 2n-1) + (Dg f)(Z. Zn-1).

Hence,
(Haog)(eq) < (Ha f)(aq) + (Hg f)(ag).

It follows that Hgg is integrable. Thus, g € 8"~ !, and the map Y: 8" — 8" ! is
bounded. By symmetry of the variables, this holds for any simple merger of just one
pair of variables. The general case follows by carrying out n — m simple mergers.

It is clear that Y is a bounded algebra homomorphism from B" to B™. Let
Y(f) = @5(Yf), so T:B" — L(X) is a bounded algebra homomorphism. Let
ry,j(@) = (zj + A)~! wherez € C".. Then, for j € I, and A € C,

Yra,j = raz()

and
W(ra,) = (Az;h + M) =4 + )71

It follows from the uniqueness statement in Theorem 5.4 that T = ® 4, as required.
n
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6.3. Sums of operators

It was observed in [7, Lemma 2.6 (5)] thatif f € 8!, b > 0and g(z) = f(bz), then
g € B! and ||g|lg1 = | flg1. Moreover, if A satisfies the (GSF) condition, then
g(A) = f(bA). This can be extended to the case of several variables, and the proofs
are very simple changes of variables. Such scalings can be combined with mergers as
above. For example, suppose that f € B2 and g(z) = (b,z, b,z), where by, b, > 0,
and A satisfies the (GSF) condition, then g(A) = f(b1 A, by A).

Here we discuss the case when the operators in + may be added together, in the
way that the variables z; were added in Proposition 3.8. We present only the case
where all the operators are added, but more general cases can be considered by the
same techniques.

Let # be an n-tuple of operators which satisfy the full (GSF) condition, f € B!
and f'N(z) = f(zy 4+ -+ z,) forz € C’.. By Proposition 3.8, fi"l e 8", Thus,
f(4) is defined in the B”-calculus, but f(A; + --- + A,) is not defined in the
B'-calculus (except in rare cases), because the operator Gy := Ay + --- + A,, with
domain dom(Ggy) = dom(A4;) N --- N dom(A4;,), is not closed. However, dom(Gy) is
dense in X and the individual operators —A; generate commuting bounded Cy-semig-
roups (e "4/ )¢, and the operators Ty (¢) := ]_[;-'=1 et4j
roup whose negative generator G is the closure of Gq (see [14, Theorem 1.9]).

form a bounded Cy-semig-

The following result was proved for n = 2 in [23, Lemma 6.2.3].

Proposition 6.2. Let A be an n-tuple of operators which satisfy the full (GSF) con-
dition, and let G be the closure of A1 + --- + Ap. Then G satisfies (GSF;) and

£(G) = f"(A) forall f e B
Proof. The mapping f — f"l(A) is a bounded algebra homomorphism from B to

L(X). It suffices to prove that r/[ln](a%) =r;(G) for A € C,. Then G has a B'-cal-
culus, so G satisfies (GSFy), and uniqueness of the B!-calculus implies that f(G) =

SU(A).
Let i be the measure on Borel subsets of C” given by u(E) = [5 e M dt, where

E = {teCy:(t,t,...,1t) € E}. Then ri"] is the Laplace transform of the measure
. Since the B"-calculus agrees with the HP-calculus on £M",

= [ (He"-/“’-/)xdu(t)= [ eHeOrat =@
Ry =1 R4

forallx € X. n
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7. Spectral mapping properties

Let + be an n-tuple of commuting operators on a Banach space X, satisfying the full
(GSF) condition, so # has a B"-calculus. We will use the Shilov joint spectrum of 4
as in [29, Definition 9] based on [20, Theorem 16.3.1].

Let 2 be the (commutative) Banach subalgebra of L (X)) generated by all operators
of the form f(+A) for f € B" and all their resolvents. The spectrum of f(+A) in 2
coincides with the spectrum in L(X), and it will be denoted by o ( f(+)). For each
J € I, the Gelfand spectrum of U splits into two subsets M; and N; and there is a
continuous function n; on M; such that, forall z € C,,

(i) +2)7' if x €My,

-1y —
2((4j 427 {o if y € N,

Then o (A4;) = n; (M;). The Shilov joint spectrum o (4) of # is defined to be

o) = {0 G e () My}

J€ln
We have the following spectral inclusion theorem.

Theorem 7.1. Let A be an n-tuple of commuting operators which satisfy the full
(GSF) condition, and let f € B" and A € o(A). Then f(L) € a(f(A)).

Proof. First we will assume that the resolvents of A; are bounded on the left half-
plane. It follows from this assumption that there exists C such that, for all z € Cy,

(4 +2) 24+ D2 <CA+ [z =1)72, jel,. (7.1)

Let f € B§. Then (4.5) and (7.1) can be used to obtain

SAIr1(A)? = / K (. B)r1(A)? (Do f)(9) dVa(0). (1.2)
¢t

where the integral converges in operator norm.

Let A € o(A). There is a character y of % such that y € MM; and y((4; + )™1) =
(A; + D)~ forall j € I,. Then x(r1(+)) = r1(A) and y(K, (A, v)) = Ku(A,v).
Applying y to (7.2), we obtain

XA (R)? = / K& 9)r1(2)% (D £)(0) A V() = FR)r1(A)2.
¢t

Thus, f(4) = x(f(A)).
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For a general f € 8", one may consider the terms fq o in the elementary decom-
position of f, using the same character y, adapting the formulas above accordingly
to show that fo 0(Aq) = x(f,0(Ag)), and then summing over Q € &, to deduce
that f() = x(f(A)).

Now, we cease to assume that the resolvents of A; are bounded on the left half-
plane. Instead, we can consider the operators A; + ¢, where & > 0, and apply the result
above. The same y as above may be used for sufficiently small ¢ > 0 to show that
f(A+e)=x(f(A+e)),wheree = (g,...,¢). Letting e — 0 and using Lemmas 3.6
and 4.6, it follows that f(A) = y(f(A)) € a(f(A)). ]

There are other results on spectral mappings for the $"-calculus, as follows.

Proposition 7.2. Let A be an n-tuple of commuting operators on a Banach space X,
satisfying the full (GSF) condition, and let f € B". The following results hold.

(1) If x € X is an eigenvector of A; with eigenvalue Aj for each j € I,, then x
is an eigenvector for f(A) with eigenvalue f(A).

(2) If (xk)keN are unit vectors in X forming an approximate eigenvector of Aj
with approximate eigenvalue Aj for each j € I, then f(A) is an approximate
eigenvalue of f(A).

Proof. The first statement can be seen very easily from the definition of f(A4) in (4.3).
The second statement follows from the first, using an F'-product as in [4]. For this,
let

n

(¥ (X) = {(xt)ken : sup [lxel < oo, lim Y sup [le™4/ x; — xi || = 0},
keN t_’ojzlkeN

co(X) = {(xk)reN 3kli)ngo x|l = 0}.

Then co(X) is a closed subspace of {3(X). Let X7 = {5 (X)/co(X), and
w47 (X) — X be the quotient map. For each j € I, the Co-semigroup (e )50
induces a Co-semigroup on Xr. Let —Z; be the generator, and Z = (Zy, ..., Z,).
The operators f(Z) on X induce operators on X7 which form a $”-calculus for Z.
There are standard methods to show that (a) an approximate eigenvector (Xg)reN
for 4 is mapped by 7 to an approximate eigenvector for Z with eigenvalues A, and
(b) A is an eigenvalue for Z. By the first statement (1), f(A) is an eigenvalue of
f(2Z). It then follows directly that A is an approximate eigenvalue of f(+). Details
for (a) and (b) in the cases n = 1 and n = 2 may be found in [4, p. 20 and p. 78] and
[23, Propositions 2.3.17 and 6.4.4]. ]
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If all the operators A; are sectorial of angle less than /2, then 4 satisfies the full
(GSF) condition and the formula (4.5) can be adapted to

ﬂM=/MMﬂ@MWWWﬁ (73)
¢y

where the integral is convergent in operator norm.

Theorem 7.3. Let A be an n-tuple of commuting sectorial operators of angle less
than 7 /2 on a Banach space X, and let [ € B". Then

o(f(A) € | falo(A)).
QePy
Proof. Let x be a character of A, and Q, = {j € I, : x € M;}. For j € Qy, let A;
satisfy y((z + 4;)7™1) = (z + A;) " forall z € Cy.
Let Q € £, and k = |Q2|. Assume first that Q € Q,. Then Aq € o(Ag), and
X(Kp(Aq,v)) = Ki(Aq, v). It follows from (7.3) that

1(fa.o0(h)) = / Ki(Aq,v) (Dk fa,0)(v)dVa(v) = fao(da).
ch

Note that this conclusion is valid even if €2 is the empty set. Then fq o is a scalar.
If 2 is not contained in €2, then, for some j € 2, y(r;(A4;)) =0forallz € C4,

50 X (K (A, 7)) = 0and y(fa,o(A) =0 = fa,0(d).
Summing over all 2 € £, we obtain that x(f(+4)) = fo,(4). ]

Corollary 7.4. Let A be an n-tuple of commuting sectorial operators of angle less
than 1 /2 on a Banach space X, and let f € 8. Then

o (f(A) = f(o(A)).

Proof. Theorem 7.1 shows that f(o(+4)) C o(f(+)). For the reverse inclusion,
Jf.0 =0unless 2 = . Then the proof of Theorem 7.3 shows that y( f(4)) = f(4)
for some A € g (), as required. [

8. Estimates for functions and operators
Let A = (Ay,...,A,) be an n-tuple on commuting operators satisfying the full (GSF)

condition. In this section, we will use the B"-calculus constructed in Theorem 5.4 to
provide several estimates for f(»4) in terms of || /|| for f belonging to substantial
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subclasses of H°(C'}). The estimates resemble the situation of a bounded H *°-cal-
culus and thus could be potentially useful.

We will need a Fourier characterisation of functions in H°°(C’}) in terms of their
boundary values. If f € H*°(C"), then FP(B) := limg_o4 f(o 4+ iB) exists for
almost all B € R” (see [26, Theorem F]). Then f? € L*®(R%). For f € L*®(R"),
define the spectrum of f as sp( f) := supp(F ~! f), where ¥ stands for the (distribu-
tional) Fourier transform of f. Let H*°(R") := { f € L*(R") : sp(f) € R” }. Then
H®°(C%) is isometrically isomorphic to H *°(IR") via the mapping f — f?, b and the
inverse mapping is given by

fl@+iB)=(Pux fO)(B) = / P(a, B —t) fO(t) dt, 8.1)

RH
where « € R, B € R”, and

n

Po(B) = Pl@.f) = [[ 22

2
j=1 T ] + ﬂj
stands for the Poisson kernel. This fact is well known for n = 1 (see [19, Section

I1.1.5]). For n > 1, it follows from [26, Theorem 2.7].
For 7 > 0, let H*([r,00)") :={f € H*(C%): sp(f?) C [t,00)"}, and

e:(z) = e TGt tI) g e Cr.

Then
H>([r,00)") = e H™(C}), (8.2)

so that from (8.1), for f € H*([z, 00]"),

|f(2)] < e T @i=tRez)| £b) -z eCt (8.3)

Indeed, (e—zf)b € L®(R") and sp(e—c f) SR If g(e +iB) = (Po * (e~ /)?)(B),
o +if € C7, then by the above g € H*°(C’} ) and (e;g)? = f°. Since both f and
erg are in H°°((C ) we infer from (8.1) that e.(z)g(z) = f(z) forallz € C’} . Taking
into account (8.1), we obtain (8.3) which is well known for n = 1. It follows from a
standard Fourier characterisation of H°(C,) and it was used essentially in [7], but
its multivariate counterpart seems not to have been noted in the literature.

We will use an elementary variant of Bernstein’s inequality, as follows (see [21,
Theorem 7.3.1] or [30, Chapter 3, p. 116]). If f € H*([0,0]") then f is an entire
function of exponential type (o, ..., 0), as defined in [30, p. 98] and for all z =
a+ifeClandQ e P,

sup D f(a+ i) <ol sup |f(a+iB)l. (8.4)
BER™ BeR™
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In the following lemmas, we show that functions of various classes belong to B,
and we give estimates for their norms. Then Proposition 2.6 shows that f € 8" and
I fllg» =2"|| f |l 2. An alternative estimate of the B"-norms can be obtained by an
extension of the method used for the B -norms.

8.1. Holomorphic extensions to the left

We will show here that if f € B” extends to a bounded analytic function in a larger
half-space, then some damped versions of f are in B{ with norm dominated by an
H>-norm of f. Forn = 1, functions of this type were considered in [7, Section 5.2].

Letw >0and HP® = H®({z € C" :Rez; > —w, j € I,}). If f € HS® and
Q € P, then Cauchy’s inequality gives

I/ | zge

@ < K
Do f ()] = o 0

z=a+ifeCm, (8.5)

where k = |2| and

o +agl =[]+ ).
je9

Lemma8.1. Let f € H3°, w > 0 andletv > 0, A € C4, m = min{w,Re A}. Let

Ri@:=][0+z)7" Sj@=@Q+z1++z)" zeC} (86
j=1

Then R} f € By and S} f € By. Moreover,
- B 1 1y
IR Sl < 1S Nag (55 + ) -

I/ lage (n\
v [
I/ ey = =2 (5= +1) -

Proof. From (2.2) and (8.5), we have

IR flsg < 3. [ sup [(DaR)@II(Dac f)@) de

Qefy gn 2Wen,
+

o] d
v (04
< fllag Y n—1Q] / Im + aq|1+Y

QePy, lel

B N I 1 1y
- ||f||Hg°JZ=; oy = W (55 + )
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By a similar argument, we have (with dt,_; = dt;...dt,—;),

Bar

* (0 = no—) »
Wy Y- 5 [T+ 0 [ (e 3o0) ™ [l 07" v
Jj=0 k=0 Rn k=1 k=1
)
= 1/l Y- 5 | (m+ ) H(m—l—tk) dtn_j.
Jj=0 R'jr_j k=1

By replacing 5 by mty, taking the inequality ]_[Z;{(l + 1) < (1+ ZZ;’I tk)n_j
and raising it to the power —v/(n — j), we arrive at

||f||H£° Zzn 1/ 1—[(1 + 1)~V A=) g¢,
R~ K=

1/ llage ~ —J\""
Ul (1))

- _ W llmg (21; +1) ' .

ml)

IA

153 /113

Now, we show that the damping in Lemma 8.1 is not necessary if sp( /) is separ-
ated from zero.

Lemma 8.2. Let f € H*®([r,00)") N HS°, © >0, w > 0. Then f € By, and

£l < 0/ Lmgee (14 S 1og(14+ )

Proof. By (8.3), there exists g € HZ such that f(z) = e *C1+-+2)g(z) z € C",
and thus || g||gge = e7"“|| f || ggo. From this and (8.5), we infer that

Dy f(2)] <) [(Dge "1+ +2))(Dgeg(2))]

QePy
]

—r(a1+ +ay) ( ) o
< I e LA
QePy,

where z; = a; + if;. Since the variables in the integrals below over R’ split as the
product of j integrals of one function and n — j integrals of another function, we see
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that
g < Il Y e [ R —
n (o) —_— e ] = _— o
B = 18IS 2y on-ial PEXTA
n Ri

o0 . o .
L (n) 1 J n—j
= “g”Hf)o Z (])2,1_] (/ Te @ da) (/e—l’a(w + Ol)_l dO{) )

j=0 0 0

The first integral in the line above is equal to 1, and the second integral is shown in
the proof of [7, Lemma 3.2 (2)] to be less than log(1 + (zw)™!), so

sy < el 3 () o+ Ly

Jj=0

= lglnge (1 + 5 log(1+ —-))" .

8.2. Functions with restricted spectrum

Instead of assuming that f € H2°, we now assume that sp( f') is separated from zero

and infinity and we obtain an estimate of || f||g» in terms of || f||co. We need the

following technical lemma. Fort = (¢1,..., 1) € (0,00)%, let Li(t) = Zj-;l tj and
k

Pi(t) = l—[j=1 lj.

Lemma 8.3. Fork € N anda € (0, 1), let

dt
3@ = [ it e

k
RY

Then :
Ji(a) < 22K logk (1 + —). 8.7)
a

Proof. We argue by induction. If k =1, then (8.7) has been proved in [7, p. 37, (2.12)].
Next, assume that (8.7) holds for some k > 1. Note that J; is a decreasing function,
and by Fubini’s theorem,

o0
dtdr
0 Rl-(i-

i d
=/Jk(ae’/r)7t.

0
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Using the monotonicity of Jg, a change of variable u = e¢™*, and the inequalities
tJi(t) < 1,and (4log2)**t! > 2(k 4+ 1) if k > 1, we infer that

1 o]

d
Jr+1(a) E[Jk(a/f)%—kffk(aer)dr
0 1
1 1/e

d d
— @0+ [ nemst

0 0
1 J 1/a J
52/]k(1/s)—s+2/ L(1/9Z
S S
0 1
1/a

d
§2+22k+1 /logk(l +S)—s
S

1/a

k
§2+22k+2/log (1+s)ds
1+s

1
2k+2
k+1

< 22kAD 150k +1(1 + 1/a),

=2+ (logk'H(l + 1/a) —logkJrl 2)

so (8.7) is true for k + 1. The assertion follows. [ ]

The following lemma was proved in [7, Lemma 2.5] for » = 1 and in [23, Lemma
4.1.1] for n = 2. The functions considered in those cases played crucial roles in those
papers.

Lemma 8.4. Let f € H([e,0]"), where 0 < € < 0. Then f € B and

£z =241 7o (02 (1 + (22)))" 88)
Proof. From (8.4), we have

D f(e+iB) <o" sup |fl@+if)l <o"e™ @[l (89)
BeR”
From Cauchy’s inequality,

0 f@+iB)] = 5yl
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Thus,

A

|Dn fl@ +iB)| < || f oo min{o" e~ <51 277 P, ()71}

2] flloo
21 P (o) + o esln(@)’

IA

From Lemma, 8.3,

/ Pp(e) +Cioi"e€Ln("‘) = J((%)) < 2" (1og(1 + (2?0)))

R}

Now, (8.8) follows. ]

Lemmas 8.1, 8.2, and 8.4 imply the following operator-norm estimates for
B"-functions of n-tuples of operators satisfying the full (GSF) condition. They were
obtained in [7] for n = 1, providing direct alternative proofs for the results in [17, 18,
31] and their improvements. The estimates quantify a deviation of the $B”-calculus
from the bounded H °°-calculus, and they simplify operator norm-estimates in sev-
eral situations of interest. In statements (i) and (ii), f(+4) is not necessarily a bounded
operator, but it can be defined as a closed operator in the extended half-plane calcu-
lus for several variables. The proofs are consequences of Lemmas 8.1, 8.2, and 8.4.
For (ii), one uses (8.2).

Theorem 8.5. Let A be an n-tuple of operators on a Banach space X, satisfying the
full (GSF) condition, and let y 4o be the norm of ®4 on B(. Then the following hold.

(i) Let feHY w>0andletv >0 AeCy, and m = min{w,Re A}. Let
R} and S} be as in (8.6). Then

RSN < v+ ) 1 s

and

1682 N = vaom™ (5= +1) 1 /g

(i) Letge H3°, w > 0andt > 0. Then
—hwTt ] 1 n
I(ge-) (AN = yaoe™ " (1+ 5 log(1+ —)) lglags-
Tw
(iii) Let f € H*([e,0]"), 0 <€ < 0. Then

LA = 2% v (to(1 4+ (22)")) 1 oo
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9. Appendix

For the skeptical reader, we will justify the application of Fubini’s theorem in the
proof of Lemma 5.1 by showing that

J = / / |(De, /) A)][(Dagg)(W)] Se(A,v) dVi(A)d Vi (v) < oo,
cr Cl_c‘_
where f and g are elementary functions in 8" with supports Q¢ and Q. with car-

dinalities k and m respectively, and Q U Q, = I,,. Here A and v are indexed by Q7
and €2, respectively, and

Se(h.v)= / [(Hn (A2, %) | D (K (2, + e, 2) Ko (252, + t2, . 5)|d V(2.

¢y

where 9, denotes differentiation with respect to all the z; variables (once each).
We may assume that || x|| = ||x*|| = 1 and put 8; = Re A, n; = Rev;. Using the
(GSF) condition for A, we can estimate

Se(A.v) < 74 / sup D (Ki(zg, +ta, . 2)Kn(zg, + ta,.5))| de

Rer=Olj
R%L
<4 / Du(Kiea, + 1o, Bo, ) Kn(@g, +to, 10,)) da
R7}
k+m 1
= yalKi(ta,. Ba,)Kn(ta, . 12, )|<m( ) l_[ ﬂ oY
jee, “P jeq, m

The inequality in the second line is obtained by straightforward estimates on the integ-
rand on the function. Moving the absolute value signs outside the integral is justified,
because the integrand is real-valued, and its sign depends only on k and m. The equal-
ity in the third line comes from the fundamental theorem of calculus for each of the
variables. The final inequality is straightforward. Now,

= (m)k+m / /ReiuP [(Da, £)A)|(Da, 8)(v)| dBdy
+R+ Re"l ’71

VA
= W”f”ﬂgfp ||g||:89g_0'
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