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Sobolev improvements on sharp Rellich inequalities
Gerassimos Barbatis and Achilles Tertikas

Abstract. There are two Rellich inequalities for the bilaplacian, that is, for | (Au)?dx, the one
involving |Vu| and the other involving |u| at the RHS. In this article, we consider these inequal-
ities with sharp constants and obtain sharp Sobolev-type improvements. More precisely, in our
first result, we improve the Rellich inequality with |Vu| obtained by Beckner in dimensions
n = 3, 4 by a sharp Sobolev term, thus complementing existing results for the case n > 5. In the
second theorem, the sharp constant of the Sobolev improvement for the Rellich inequality with
|u| is obtained.

Dedicated to E. B. Davies on the occasion of his 80th birthday

1. Introduction

The study of PDEs involving the bilaplacian is often related to functional inequalities
for the associated energy, namely, [ (Au)?dx. Two important such inequalities are
the Sobolev inequality and the Rellich inequality.

There are two Rellich inequalities related to the bilaplacian. The first one asserts
that for n > 5 there holds

n?(n — 4)>? u?
(Au)?dx > (—)/ ——dx, ueCXR"), (1.1)
R” 16 R”7 |x|4
and the constant is the best possible. Inequality (1.1) was proved by Rellich; see [22].
For more results on inequalities of this type and related improvements, we refer to
[2-4,6,9,11,12,14,17-20,23,25] and references therein.
The second Rellich inequality is valid not only for n > 5 but also for n = 3,4 and
reads
|Vu|?
o |xP?

(Au)?dx > cn/ dx, ueCXR"), (1.2)
R” R
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where
25
36’ n 3,
thn =143, n=4, (1.3)
2
”T, n>>5

is the best possible constant. Inequality (1.2) was proved in [25] in case n > 5 and then
by Beckner for any n > 3 [8]. An alternative proof for n > 3 was given by Cazacu [10].
We note that, in cases n = 3, 4 there is a breaking of symmetry. For more information
on Rellich inequalities in the spirit of (1.2), we refer to [10,11,13,21,25].

The Sobolev inequality for the bilaplacian in R”, n > 5, reads

n—4

ul#5dx) " ue CER), (1.4)

audx = Sa [
R~

n

The best constant S5 , in (1.4) has been computed in [15] and is given by

2y, 4
Sy = w2 (n* — 4n)(n* — 4)(;&2;) .

The aim of this work is to improve the above Rellich inequalities by adding a
Sobolev-type term. In [25], improved versions of (1.1) and (1.2) were obtained for a
bounded domain Q C R”, n > 5. More precisely, let X(r) = (1 —logr)~ 1,0 <r < 1,
and D = supg |x|. In [25, Theorem 1.1], it was shown that for n > 5 there exist
constants C, and C, which depend only on n such that for any u € C°(2) there
holds

L(M)%-#/ﬂﬁw (/ X(|x|/ D)= |u| —4dx)(145)

n—=1)

2 442
/(Au)zd Ly (L N (/ X(|x|/D)* =" |Vu|2 zdx) . (1.6)

o |xI?

The present article contains two main results. The first theorem extends inequality
(1.6) to dimensions n = 3, 4.

Theorem 1. Let Q C R"”, n = 3 or n = 4, be a bounded domain and let D =
Sup,.cq |X|. There exists C > 0 such that the following statements hold.
(1) Ifn = 3, then

/(Au)2 Vul® s c(/ |Vu|6X4(|x|/D)dx)3, u e C2(RQ).
Q

IXI2
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(ii) If n = 4, then

, Va2 i\
/(Au) dx—3/ > dx > C(/ [Vu| dx) , ueCX(Q).
Q Q |x] Q

Moreover, the power X* in case n = 3 is the best possible.

It is remarkable that in case n = 4 no logarithmic factor is required at the RHS,
as opposed to the casesn = 3 andn > 5.

Concerning inequality (1.5), let us first recall what is known for the corresponding
Hardy—Sobolev problem. In [1], it was shown that for any bounded domain 2 C R”,
n > 3, and for any u € C°(£2), there holds

—2\2 2
/|Vu|2dx—(n ) /u—zdx
Q 2 Q x|

2(n—1
>m—2)" n Sl,n(/
Q

Sin=mnn —2)(?%;)

is the best Sobolev constant for the standard Sobolev inequality in R”. Moreover, the
2(1—1) . . . . .

constant (n — 2)~ ¥ S1,n is the best possible. Similarly, in the article [7] Sobolev

improvements with best constants were obtained to sharp Hardy inequalities in Euc-

n—2
n

2(n—1) 2n_
X (|x|/D)|u|n—2dx) ,

where 5
7

lidean and hyperbolic space. We note that by slightly adapting [7, Theorem 5] we
obtain that if 2 is a bounded domain in R”, n > 3, then

/Q|Vu|2dx—<n;2)2/9§dx+w/ . |2X2 x|/ D)dx

n—2

= Sun( [ X el D)) T (a7

for all u € C2°(£2) and the constant S} , is sharp.
The second theorem of this article provides an estimate with best Sobolev constant
for a slightly modified version of (1.5) which is in the spirit of (1.7).

Theorem 2. Let Q C R”*, n > 5, be a bounded domain and let D = supg, |x|. For
any u € C2°(82), there holds

SOy N
/(Au)d /Q —dx /Q dx

x| 16 IXI4

201=2) n=4
> Sz,n(/ X n |u|n 4dx) ;
Q

here, X = X(|x|/ D). Moreover, the constant S, , is the best possible.

The proof of Theorem 1 is in Section 2 and the proof of Theorem 2 is in Section 3.
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2. Rellich-Sobolev inequality I

In this section, we will prove Theorem 1. An important tool will be the decomposition
of functions in spherical harmonics [24, Section IV.2].

We recall that the eigenvalues of the Laplace—Beltrami operator on the unit sphere
S"~1 are given by

e =k(k+n—2), k=012,....

Each pj has multiplicity

n+k-—1 n+k-3
dp = - , k>2,
=) () e

while dg = 1 and dq = n.
Let {¢; ]d"zl be an orthonormal basis of eigenfunctions for the eigenvalue .
Then, any function u € L?(R") can be decomposed as

oo dg oo dg

u(x) = Y ugi(x) =D fij (i (), 2.1)

where x = rw, r > 0, w € "1, and
fy) = [ utros @ds@).

We note that each ¢ ; is the restriction on the unit sphere of a harmonic homogeneous
polynomial of degree k [24].

Assume now that u € CZ°(R"). Since any homogeneous polynomial can be writ-
ten as a linear combination of harmonic homogeneous polynomials, taking the Taylor
expansion of u near the origin, we easily infer that

Jij(r) = 00%).  fl.(n)=00*") asr—0 (2.2)

foranyk > landany j = 1,...,dy.
We note that
Ue=>n—1 VYk=>1, 2.3)

an estimate that will be used several times in what follows.

In what follows, we will use )" ; as a shorthand for ) 72, Z;Zi 1

For simplicity, we will denote by u (instead of u¢;) the first (radial) term in the
decomposition (2.1) of u into spherical harmonics. We note the relation

oodk

/Rn (Au— Aug)’dx =y Z/Rn (Aug;)dx. (2.4)

k=1j=1
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Lemma 1. Letn > 3. For any u € C2°(R"), there holds

o0
o (Au)?dx = Z{/o pnl k’}zdr

k?j
+(n—-1+ 2,uk)/0 p3 k’jzdr
o0
+Qn — D + Mi)/ r”_sszjdr}, 2.5)
0
|VM|2 =3 g2 n—>5 r2
/Rn e dx =Y /0 17 dr+uk/ P fdr g (2.6)
k!j

Proof. Using the orthonormality of the set {¢y; }, we have

/ (Au)?dx = Z/ (Augj)?dx
R~ ki R”
5]
_ N Lk K . 2 n—1y4
_kX: . (fk]+_r fkj_r_sz])r r.
sJ

Equation (2.5) then follows by expanding the square and integrating by parts. Esti-
mates (2.2) ensure that no terms appear from r = 0. The proof of (2.6) is similar and
is omitted. ]

Forn > 3, we set

\V/ 2
:/ (Au)zdx—cn/ [Vul dx,
R” R”?

|x|2
where the constant ¢, is given by (1.3).

Lemma 2. Assume that n = 3 or n = 4. There exists ¢ > 0 such that for any u €
CX(R"), there holds

]I[M]Z]I[uo]+Z]I[u1j]+c/ (Au—Aup— Y Auydx. @)
]Rn

j=1 =1
Proof. Letu € C°(R"™). Because of the relation

oo dy

Iu [uo] +ZH[M1] +ZZH[uk1

k=2j=1

inequality (2.7) will follow if we establish the existence of ¢ > 0 such that

Tug;] > c/ (Augj)?dx, k>2,1<j<dy. (2.8)
R~
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Assume first that n = 3. Let A > 0 be fixed. For k > 2, we have uy > 6, and therefore,
/ (Aukj)zdx
R3
=/0 2 aipar s e [ e [
1 —
2+ 2 / fdr + (200 = D=2 + 11} /0 172 f2dr
9 A o0
2 -2 £2
+12A / fx dr+(2 E)Mk/o re fidr.

Choosing A = 9/50, we arrive at

441 [ |V
Auy;)*d I dx,
/ (Buig)™dx = 556 o e 9"

and (2.8) follows. In case n = 4, we argue similarly. We now have p; > 8; hence,

&9 o9}
/R4(Aukj)2dx =/0 i firdr + (3 +2Mk)/0 rfizdr +Mk/ r! fdr
>4+ 2,uk)/ rszdr + ,uk/ r_lszjdr
0

2
28/ |Vuk]| dx.
R4 |x[?

as required. |

Lemma 3. Letn = 3 orn = 4. Then, there exists ¢ > 0 such that

n—=2
Tfuo] > c(/ |Vu0|nz"2dx) . 2.9)
B
Additionally, for n = 3, we have
%
Muy;] Zc(/ |Vu1j|6X4dx) . j =123, (2.10)
B
while forn = 4
2
Muy;] zc(/ |Vu1j|4dx) . j=1,2,3,4. (2.11)
B

Here, X = X(|x]).



Sobolev improvements on sharp Rellich inequalities 647

Proof. From Lemma 1, equation (2.5) and the standard Sobolev inequality, we obtain

n—2

1 ! nn;z n
H[uolzf fo”zr"—ldec(/ |f0’|f—"2r"—1dr) :(/ |vu0|f_2dx)
0 0 5,

as required.

Assume now thatn = 3. By Lemma 1 and the improved Hardy—Sobolev inequality
of [16], we have

//2 2 /2 50 /2 ! -2 r2
Ifuy] —/ dr——/ dr + — (/ Jdr ——/ fljdr)
1 1
1 3 1 3
= o [Hrmextrar) e [inextar)
0 0

1
3
> c(/ |Vu1j|6X4dx)
B

In case n = 4, we argue similarly applying again Lemma | and, now, the standard
Sobolev inequality; we obtain

H[ulj]_/ 7T 3dr+6/ fi7rdr

1 j 1 é é
zc(/ |f1’j|4r3dr) —l—c(/ |f1j|4rdr) zc(/ |Vu1j|4dx) ,
0 0 B

as required. |

Proof of Theorem 1. We first note that by the standard Sobolev inequality we have

1

n n
n 3
/(Au—Aug— E Aul_,-)zdx zc(/ |Vu — Vug — E Vu1j|*n2—2 dx)
Q , Q ,
j=1 j=1

In case n = 3, we apply (2.7), (2.9), and (2.10) and the triangle inequality to obtain

Iu] = Muo] + E ]I[ull,']+c/ (Au—Aug— E Aulj)zdx
. R”7 .
]:1 ]=1

3 n 3
> c(/ |Vu0|6X4dx) —I—CZ(/ |Vu1j|6X4dx)
Q el N

-I—c(/ |Vu—Vu0—ZVu1j|6dx) Zc(/ |Vu|6X4dx)
Q : Q
j=1
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In case n = 4, we argue similarly, the only difference being that we use (2.11) instead
of (2.10).

We next prove the optimality of the power X4 in (i), that is in case n = 3. So, let
us assume instead that there exist 4 < 4 and ¢ > 0 so that

25 [ |Vul?
/(Au)2dx——5 | ”2| dx zc(/ |Vu|6X”(|x|/D)dx) 2.12)
Q 36 Jo x| Q

for all u € CZ°(€2). Without loss of generality, we assume that B; C 2. We consider
small positive numbers ¢ and § and define the functions

Ue 5 (X) = fos(NG1(@) i= 13X 2y (1) gy (o),

where ¢ (w) is a normalized eigenfunction for the first non-zero eigenvalue of the
Laplace-Beltrami operator on S? and ¥ (r) is a smooth radially symmetric function

supported in By and equal to one near r = 0.

25 [Vu,

2
8 : : B
S e dx is a linear com

Applying Lemma 1, we see that [(Au,s)?dx —
bination of the integrals

. 1 .
I;g) :/(; r—l+28x—l+j+28w2dr’ OSJ 547

and of integrals that contain at least one derivative of { and are, therefore, uniformly
bounded. Moreover, simple computations yield that for j = 3, 4 the integrals / 8(18) are
also uniformly bounded for small ¢, § > 0.

Restricting attention to a small neighborhood of the origin, where ¥ = 1, we find

1 1
flg(r) = r‘i“((z + e)x—i*‘S + (— S+ 5)X5+5)
and

1 1 1
];/’/8(;") = r_%+€((32 _ Z)X‘é-ﬁ-tﬁ + 28( _ E + S)Xé-i-& + (52 B Z)Xg+8)-

Hence, we arrive at

25 \Y 2
/ (Aug,g)zdx — —/ | ug,zg dx
B 36 B, |X|

191 173 5, 4\, 0
= (?*W e )15,5

(191 191 (173 173
—~ 8+

— =t |58 2—48)e> |11
72 36 36 18 )EH )8)8=5

209 191, 173 1
s+ 282+ (- — 48+ 68% )2 | 1@ + 0(1).
+ (144 36° 7 36° T (2 + )6 es +OWM)
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It is easy to see that [ 5(,16) = % 4+ 0(1), j = 0,1, 2. Hence, rearranging also terms,

we obtain

25 |Vu 5|2 191 0) 1)
2 &, _
| (Buey) dx—%/B R — (el,3 — (1-20)1})
1 1

209 191, 173

s+ 28212 1 0.

(144 36° T 36 )15 +00)

Now, by [5, page 181], we have
0 1
2¢119 — (1-28)17) = 0(1).
Hence, letting ¢ — 0, we obtain

25 [ |Vugg|? 209 191, 173
Au,5)*d ——/ 50 d

Bl( Ugs) dx 36/, NE x—>( +

~ 209 (!

= a2 )y

2\ 72
2 36013670 )10,8 +0()
rr X y2dr 4+ 0(1),

which is finite for any § > 0 and diverges to infinity as § — 0+.
Now, for § > (4 — )/6, we have

1/2
/ |V s X dx > c/ prI0E Y 3465 )
B, 0

Letting first ¢ — 0 and then § — 4_TM + the last integral tends to infinity. Hence, the
Rayleigh quotient tends to zero, which implies that the constant ¢ in (2.12) should be
zero. This concludes the proof. |

3. Rellich-Sobolev inequality II

In this section, we will prove Theorem 2. Throughout the proof, we will make use of
spherical coordinates (r, ), r > 0, w € S"~1 We denote by V,, and A, the gradient
and Laplacian on S" 1.

Lemma4. Let 6 € R. For any v € C°(R" \ {0}), there holds
/ (Av)?|x|Pdx
]Rn
[e.e] o0
=/ / V2 r"TOlaS dr + (n — 1)(1 — 9)/ / w2 t9734S dr
0 sn—1 0 sn—l1
o0 o0
+/ / (Apv)2r" =548 dr +2/ / Ve 2r" 03 ds dr
0o Jsn—l o Jsn—l

o0
—@=2)(n+6— 4)/ / |Vou|2r" 0548 dr.
0o Jsn—l
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Proof. This follows by writing

n—1 1
AV = Vpp + —U, + —2va
r r

and integrating by parts; we omit the details. ]

In the next lemma and also later, we will use subscripts R and NR to denote the
radial and non-radial component of a given functional.

Lemma 5. Letn > 5, B > 0 and define

A= —(2n—4-Bn—4+p)).

1
/32(
Letu € C°(R"). Changing variables by u(r,w) = y(t,w), t = rB, we have

Jrn(Au)?dx ﬂM"T—l) AR[y] + Anr[Y]
= —,

n n—4 n—_g n n
(fin |5 ) (S fgpmr 17 |y|75dS di)

where

Ar[y] = //Sl 33?"4n+Az = )dez

t=pe 2 Stn—d 2
'A’NR[y] = _4t B (Awy) + _t B |va)yt|
0 sn—1 \ B

132
+ % = |Va,y|2)dS dt.

Proof. After some lengthy but otherwise elementary computations, we find that

00 n—1 2 o 3p4n—a B+n—4
/ (urr +— ur) r"ldr = ﬂ3/ (l By +ALE ytz)dt
0 0

o 2 1 2r
/ |u|n7—n4r”_1dr = —/ |y|n—14tn5 dt.
0 B Jo

Similar computations involving the non-radial (tangential) derivatives yield the term
ANr[V]. We omit the details. [

and

We now consider the Rayleigh quotient for the Rellich—-Sobolev inequality (1.5).
Changing variables by u(x) = |x|_% v(x) we obtain (cf. [25, Lemma 2.3 (ii)])

/(Au)zd 2(”_4)2/9_2dx

|x]*
= / (|x|4—"(Av)2 + @W—ﬂwz —n(n —4)|x| ™" (x - Vv)z)dx
Q
=: J[v].
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Applying Lemma 4, we find that

1 2 —4 6 1
J[v] =/ / r3vr2rder+ﬂ/ / rv2dS dr
0 sn—1 2 0 sn—1

1 1
+/ / r Y (Apv)?dS dr+2/ / [Vovr|?rdS dr
0 Sn—l 0 Sn—l
—4 1
+M/ / PV, u2dS dr.
2 0 Sn—l

In view of (3.1), we set

1 2 4 6 1
Jr[v] = / / r3v2.dS dr + w[ / rv2ds dr,
0 sn—1 2 0 sn—1

1 1
Jxr[v] =/ / r Y (Apv)2dS dr +2/ / 7 |Vour|?dS dr
0 sn—1 0 gn—1
—4) r!
Ln=d / / r~ 1V, v[2dS dr,

2 0 sn—1

the radial and non-radial parts of J[v], so that
J[v] = Jr[v] + Inr[v].

We will change variables once more and for this we define the functions

g() = exp (1= X(1)770D), - a(r) = X(r) " HaD g(n) 7.

651

3.1)

3.2)

Lemma 6. Letn > 5, B > 0 and set s = %. Let v e CX(B;y \ {0}). Changing

variables by
v(r,w) =a(r)w(t,w), t=g(r),

we have

1 3
n 3tn—4 Bt+n—4
Jr[v] = —— )t B wh 4t F Gl)w?
Kl /()/s"—l{(z('l—l)) Wee (s

—B+n—4

+1 B H(t)wz}dS dt,

— 1 n—pB—: —4n
Ielo] = 22 1)/0 /SHz = X(0) 5" (Apw)?dS di

n

1
n+p—4 —2n
" // £ X () T |V w, [2dS di
—-1 0 sn—1

4_

n

1
n—p—4 2
+// " Ve wPK()dS dt,
0 sn—1

1 1
n— n 2 —1 n n—=_8
/ f Pl X (r) W | iadS dr = (n )/ / \w|isar "7 ds dt,
0 Jsn—l n o Jsn—1

3.3)

(3.4)

3.5)

(3.6)
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where the functions G(t), H(t), and K(t) are given by

nn?—4n+38)  aan n>Q2s*+2s+1) 5n(n—2)(3n—2)

— n o — 2
G = 4(n—1) X 8(n —1)3 + 16(n —1)3 xX@®
_ s?n(n* —4n +38) a2n  s(n—2)(n? —4n 4+ 8)
H) = - 4(n—1) X 2(n —1)
s*n3 3(n®> —4)(n? —4n +8) 4
tem—1p 16701 — 1) Xy
552n(n —2)(3n —2) 5, Ssn(n—2)(3n—2) 3
B 16(n — 1)3 X0 - 8(n — 1)3 X
9(3n —2)(5n —2)(n? — 4) 4
B 128n(n — 1)3 X
B nn —4)?
K@t)=mn-1)n- —W
(n—=2)(n—4) 4  3(n>—4) 4
+—(n—1)/3 X@) ™™ + dn(n = )X(z)n.
Proof. To prove (3.4), we set for simplicity
1 2 1
— 3 2 n-—4n 46 5
Jr [V] —/0 rlvs.dr + — /0 rv.dr.
We first note that r and ¢t = g(r) are also related by the relation
X(t) = X(r)>@=D 3.7)

and that

_oon g, a2
_2(n—1)TX(r)( dr:

Expressing Jg [v] in terms of the function w(¢) involves some lengthy computations,
of which we include only the main steps.

From (3.3), we have

vy = ag'w, + o’'w,

vrr = ag”wy + 20'g" + ag")w, + o"w.

Substituting in Jg [v] and expanding, we find that

. n 3 1 3ﬁ+n 1 ) 1 )
JR ['l)] = 2(}1——1) /(; t w,,dt +/(; B(t)wtdt +/(; C(t)w d[

1 1 1
0 0 0
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where the functions B(t), ..., F(¢) will be described below in terms of the variable
r. Integrating by parts, we obtain from (3.8) that

3
I = (ﬁ) /Olzw” 4w”dz+/ P(t)wzdt—i-/ 0 widt,

where
P(1) = B&) ~ 3 Di(1) — E().
0) = C) + 3 Eul®) = 3 Fi0). (39

To compute the functions P(¢) and Q(¢) it is convenient to regard them as functions
of the variable r. To do this, we consider the functions B, C, D, E, and F also as
functions of r and indicate this with tildes; we will thus write B(r) = B(r), etc.
Relations (3.9) then take the form

~ 1
Pry=B-—D,-E,

2g’
~ ~ 1(E., ¢'E, 1 -~
Q(r)=C+§(g’2 —? —2—g/Fr. (310)
After some computations, we eventually find
~ r3 n—1 2 a(n—4
B(r) = ?(20/5/ + ag’ +oeg”) _nt=-4 3 )rozzg’,

2
6(1’) — r—:’:(()(”-i- n_la/) n(l’l—4)1 /2’
g r g
ozg +Otg)

~ —1
E@r) =2r3ag’ (a" 4+ o/),
r

D(r) = 2r3ozg’(2a’g’ +

~ -1 " 1
F(r)=2r (Za + —« +ag—) (a” 4+ cx’) —nn—draa’.
r g

Substituting in (3.10), we arrive at

2_y 6
P(i’)—2r3 o' —6r aag’—{—%ra ¢ —3ra2g”

—4r3aoz”g'—2r3ozot’g r3a2g///’

2_4n-6 2_4n+6
O@r) = (6r aa” %r(xo{”— %aa +r aa(4))
g



Now, some more computations give

g'(r) = 2(nn_ 1)ﬂX( B
§0) = (= gy X 4 X 4 PR it )00,
2
g = (- %xg)z’?ﬁiﬁ + %—1)23) = % =2
+ nnjx(r)ﬂn";—z” - 4(}1%_21)2)((,)2? + 8(’;1_31)X(r)2<z 1)) (r)
Moreover,
o’ (r) = girz)s (— 2(:’1 1)X(r)% + 4(’12_21)2)((;»)%
+ iEZ:Z; X ()3 %X(r)f&i% - 136(::__3)2)((0%)
otry = SO (St B et
S ()X R
—S”%;(??f;g—2>X<r)4zz:a_meza) an
and
a@(r) = g(r) (n 2on 1ls%n? =
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4(n—1)2

9(n -2) n 353n3 36
— X A(n—1) - X 4(n—1)
O R T i1 X0
llsn(n —2) s4n? 5n—10
7)( 4(n 1) — 7X 4(n—1)
T C N TP R
9s2n%(n — 2) 33(n? —4) Sn—2
— X 4(n D — X 4(n—=1)
s ) * e 2 X"
3sn(n —2)(15n — 2) Tn—6 552n%(n —2)(3n — 2) 95—10
— X 4(n—1) X 4(n—1)
1601 —1)3 ") SR Y ")
_ 20y — _ .
B 9(5n —2)(n% — 4) X(r )4(n 6 n S5sn=(n —2)(3n —2) X(r) in=1o
32— 1)3 16(n — 1)4

9(3n —2)(5n — 2)(n% — 4)

256(n —

14

13n—10
X(r) 1),
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Combining the above, we eventually arrive at

= gtn—a rn(n? —4n + 8) 2o 12252 + 25+ 1)
P =g F (g S X0 = S
5n(n —2)(3n —2) n_
617 0 1)
and
= —Bn—d s2n(n? —4n + S)X 2= s(n —2)(n*> —4n + 8)X =t
Q(r) = g(r) (— S (r)»=1 + 20— 1) (r)
s4n3 3(n% —4)(n? —4n +8) 2
EETEE 16n(n —1) Xy
552n(n —2)(3n —2) . Ssn(n —2)(3n —2) S
T R L vy b p U
_9GBn=2)(5n =2)(n*> = 4) X )
128n(n — 1)3

Equation (3.4) now follows by recalling (3.7) and noting that
n—4

P@)=:"FGw), 0@) =t "FH@).

To prove equation (3.5), we first note that

1 1
1
/ / r—l(va)zder:/ / rla(r)?(Apw)®——dS di
0o Jsn—1 0o Jsn—l g'(r)
2n—1) 1 n—f an
- ("—)/ / £ X (1) 5 (A w)?dS dt,
n 0 sn—1

and similarly,

1 2n —1 1 n—p— —4n
[ [t ar =20 [ S Wawpas ar
0 sn—1 n 0 sn—1

For the remaining term in Jyg[v], we compute

1
/ / r|Vovr|?dS dr
0 gn—1

1 1
1
=/ / ra?g'|Vow:|?dS dt—/ / |wa|2—/(otoz”r+aa/)det.
0o Jsn—1 0o Jsn—l 4

On the one hand, we have

1 1 _ o
/ / azg’rlvww,|2d5dt:L/‘ [ t +g 4X(t)4”2 |wat|2det’
0 Jsn—1 2(n —'1) 0 Jsn—1
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and on the other hand, recalling (3.11),

1
1
/ / |wa|2—/(aa”r +aa’)dS dt
0 gn—1

4)2
8(n — 1),32 / /Sn 1
(n —2)(n—4)
2(n - 1B / /sn 1
3(n —4)
 8n (n -1 / /Sn 1
Combining the above, we obtain (3.5). The proof of (3.6) is much simpler and is
omitted. ]

T |\ Vwl|? dS dt

To proceed we define
G*(1) = G(1) — ( T )) . 1e(01),

where we recall that 4 has been defined in Lemma 5.

Lemma 7. Letv € C°(B; \ {0}) and let w be defined by (3.3). There holds
n 3
Jrlv] = (—) Ar[w]

2(n—1)
/ / ZG#(t)dS dt + / / “W2H(1)dS di.
sn—1 sn—1
Proof. This is a direct consequence of Lemma 6, equation (3.4). |
Lemma 8. Letn > 5. If
n>—4n+38 1/2
> B, = , 3.12
Pz Pn "(4n4—24n3+83n2—120n+52) G.12)
then the function G*(t) is non-negative in (0, 1).
Proof. We first note that
GH(1) = n(n? —4n + 8)X(t)% B n3(n? —4n +8) N 5n(n —2)(3n — )X( 2
4(n—1) 16(n — 1)382 16(n —1)3
= piX(0) 7"+ o+ paX (1) (3.13)

Now, it easily follows from (3.13) that G¥(¢) is monotone decreasing in (0, 1]. Hence,
its minimum is equal to

n(4n* —24n3 +83n% —120n +52) n3(n?> —4n +98)
1601 — 1) 1601 —1)36%

which is non-negative if § > f,. ]

P11+ p2+ p3=
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Lemma9. Letn > 5and 8 > B,. For any w € C£°(0, 1), there holds

1 1
Btn—4 —B+n—4
ft B G#(t)wtzdt+/t B H*(t)yw?dt >0,
0 0

where
4 nn—4)>n*—4n +38) a2 (n—=2)(n—4)(n> —4n +8) 4-n
B0 = - 16(n — 1)p2 X 4(n—1)B X
n3(n—4)2m*>—4n+8) 3(n?>—4)(n*>—4n +8)X%
64(n —1)384 16n(n —1)

n(n —2)(15n3 — 104n? + 256n — 152)X2

B 32(n — 1)3p2
S5n(n—2)(n—4)@Bn—-2) _, 45n—2)*(Gn—-2)*> _,

- 6i—13p X T am—np

Proof. Let r1, rp be real numbers to be fixed later. We have
U pin—a Xt \*
0< / t B G#(t)(w, + Mw) dt
0

1o V(g
_ / PE G (wdr + / {z"fs G2 + 2r1m X + 12X?)
0 0
— (tnT_AtG#(t)(rl + er(t)))t}wzdt.

Substituting from (3.13) and carrying out the computations, we arrive at

1
B+n—4
05/1 F— GH*(ryw?dt
0

L gyn—a n—4 4—2n n—4 2n-—4 4—n
+ t— B piri|rn———|X"7" +p1 271r2—r27+ )Xo
0

B n
n—4 n—4 4 n—4
+pari|ri——— |+ pira|\r2+—— | X+ pora| 2rp — —— | X
B n B
n—4
+(p2722—l72r2+p3r12—173r1 B )X2
n—4 3
+ | 2parira —2p3r; — p3r2 ; X

+ (p3r22 — 3p3r2)X4}w2dt.

‘We now choose
n—4 _ 3n-2)

28 7 2n

ry =
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The choice for r; minimizes the coefficient of the leading term in the last integral; the
parameter r, is less important and the choice is made for convenience. Substituting,

we obtain

/1 Btn—
o< | t #
0

1 e A2 (n2 _ _on
+/ , B4, 4{_n(n 4)=(n 4n+8)Xu
0

(t)yw?dt

16(n — 1)82
4 (n—2)(n—4(n>—4n + 8)X4;n
4n—1)p
n3(n—4)2(n>—4n +8) 3% —4)(n>—4n —I—8)Xg
64(n —1)384 16n(n —1)
n(n —2)(15n3 — 104n? + 256n — 152)
32(n —1)3p82
Sn(n —2)(n —4)(3n —2)
16(n —1)38
45(n —2)>(3n — 2)2X4 w2dr.
nn—1)3
which is the stated inequality. |
We next define the positive constants
_ n®(n—4)? _ 3n%(n —2)(5n — 6)(n® — 4n + 8)
M= 556m—1)4 727 12801 — 1)? ’
9(n —2)(3n —2)(5n — 6)(7Tn — 6)
= 3.14
v3 256(n — 1) (3.14)

Lemma 10. Letn > 5and 8 > B,. Let v € C°(B \ {0}) and let w be defined by
(3.3). We then have

v]+/ /Sn 1 ( X(r)zﬁln_—m 2X(r)n = +y3X(r)4)det

;
- (2<n 1)) Al

Proof. From Lemmas 7 and 9, we have

i (g ) ot [ [

Z(H(t) H*(t))dS dt.
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But we easily see that

ﬁ(mr) —H'(1) = —% + ﬁxmz — X ()%,

hence,

s+ 2D [ (B ey e as i

Bt B
3
n
= (57 e

We now express the double integral above in terms of the function v using once again
(3.3). We note that for any 0 > 0, we have

1
n—B—4 on+4n—2)
/ t B wrX()dt = 1)/ “W2X(r) 2e-D dr.
0

Applying this for 0 = 0, 2, 4, we obtain the required inequality. u

Proof of Theorem 2. Let u € C°(€2). Without loss of generality, we may assume
that @ = B; and that u € C°(B; \ {0}). Letv = |x|%u. By the discussion follow-
ing Lemma 5, the required inequality is written as

JR[v]+ 2(n 4)2 fo fsn 7 -1 2X(I’) n 1 der+JNR[v]

2n —4 2n

(fo fs" VX (r) A |u|n —4der) "

‘We make the choice

> S2,n-

n
2(n—1)°

We will prove the following two inequalities where v and w are related by the
change of variables (3.3):

n?(n—4)% (! 1,2 20-2) n 3
Jr[v] + T/o /;n_l X(r) dSdr = (m) Ar[w],
(3.15)

) ANr[W]. (3.16)

ﬁ:

Inr[v] = ( =1

We claim that if these are proved then the result will follow. Indeed, by Lemma 6,
equation (3.6) the Sobolev terms are related by

1 n— n 2 —1 1 n n—=p8
/ / PUX () 3 | dS dr = M/ / \w|5"F dS dt.
0 sn—1 n 0 sn—1
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Hence, applying Lemma 5, we obtain

2@

" dS dr + Jnr[V]

2 2
Jr[v] + 2 (" ) fo Jsn—1 T2 X (r)

2n—

(fo fsn LX) | dS dr) T
= (2(nn— 1) @ 1 AR[w]z—: Ag[w] n—4a
(Jo Jsn—1 lw|i=2t B dS dt) "
n sl
= (W) Sa.n = Sa.n,

and the proof is complete.

Proof of (3.15). For the specific choice of 8, we have

ﬂ4 ﬂzxm T X ()

Pex(n 5= (1- VZﬂZX(r) +y3/34X(r)n ')

"~ B
_ n%(n — 4)? 201=2) 3(n —2)(5n — 6)(n? — 4n + 8)
=1 0 <1 T 22— 1)2(n—4)2
9(n —2)(3n — 2)(5n — 6)(Tn — 6)
16n2(n — 1)*(n — 4)2

The function

X(r)-T

660

3(n —2)(5n — 6)(n? — 4n + 8) i 9(n—-2)3n —2)(5n —6)(7Tn —6) ,

e e~ )t —ae 1672(n — 1)*(n — 4)2

is convex and its values at the endpoints y = 0 and y = 1 do not exceed one. Noting

that
n/(2n —2) > B,

the result follows by Lemma 10.

Proof of (3.16). We recall that the functional Ang[w] has been defined in Lemma 5

and the functional Jng[v] is expressed in terms of the function w in Lemma 6.

We observe that the coefficients of the terms involving (A, w)? in the two sides of
(3.16) are equal. The same is true for the coefficients of the terms involving |V, w;|?.

Hence, the result will follow if we establish that

n )3.2(n—4) _4n—-D(n—4)
2(n—1) g+ n '

K@) = (
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Indeed, the first two terms of K(¢) are enough for this; that is, there holds

—an —1)(n —4)? —2n  4(n—1)(n—4
n— D) —HX@) 5" — wxg)“f _An=D=4) >0
n n
for all ¢ € (0, 1). This completes the proof of the Rellich—-Sobolev inequality of The-
orem 2.
The sharpness of the constant S, ,, in the Rellich—Sobolev inequality follows eas-

ily by concentrating near a point xo € 92 with |xo| = D. n

Acknowledgments. We wish to thank the anonymous referee for a very careful read-
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cle [8].

References

[1] Adimurthi, S. Filippas, and A. Tertikas, On the best constant of Hardy—Sobolev inequali-
ties. Nonlinear Anal. 70 (2009), no. 8, 28262833 Zbl 1165.35484 MR 2509370

[2] Adimurthi, M. Grossi, and S. Santra, Optimal Hardy—Rellich inequalities, maximum prin-
ciple and related eigenvalue problem. J. Funct. Anal. 240 (2006), no. 1, 36-83
Zbl 1109.31005 MR 2259892

[3] Adimurthi and S. Santra, Generalized Hardy—Rellich inequalities in critical dimension and
its applications. Commun. Contemp. Math. 11 (2009), no. 3, 367-394 Zbl 1181.35058
MR 2538203

[4] G. Barbatis, Best constants for higher-order Rellich inequalities in L” (S2). Math. Z. 255
(2007), no. 4, 877-896 Zbl 1130.46015 MR 2274540

[5] G. Barbatis, S. Filippas, and A. Tertikas, Series expansion for L” Hardy inequalities.
Indiana Univ. Math. J. 52 (2003), no. 1, 171-190 Zbl 1035.26014 MR 1970026

[6] G.Barbatis and A. Tertikas, On a class of Rellich inequalities. J. Comput. Appl. Math. 194
(2006), no. 1, 156-172 Zbl 1097.35039 MR 2230976

[7] G. Barbatis and A. Tertikas, Best Sobolev constants in the presence of sharp Hardy terms
in Euclidean and hyperbolic space. Bull. Hellenic Math. Soc. 63 (2019), 64-96
Zbl 1429.35010 MR 4014912

[8] W. Beckner, Weighted inequalities and Stein—Weiss potentials. Forum Math. 20 (2008),
no. 4, 587-606 Zbl 1149.42006 MR 2431497

[9] P. Caldiroli and R. Musina, Rellich inequalities with weights. Calc. Var. Partial Differen-
tial Equations 45 (2012), no. 1-2, 147-164 Zbl 1256.26013 MR 2957654

[10] C. Cazacu, A new proof of the Hardy—Rellich inequality in any dimension. Proc. Roy. Soc.
Edinburgh Sect. A 150 (2020), no. 6, 2894-2904 Zbl 1470.35009 MR 4190094
[11] S. Dan, X. Ma, and Q. Yang, Sharp Rellich-Sobolev inequalities and weighted Adams

inequalities involving Hardy terms for bi-Laplacian. Nonlinear Anal. 200 (2020), article
no. 112068 Zbl 1462.46037 MR 4131468


https://doi.org/10.1016/j.na.2008.12.019
https://doi.org/10.1016/j.na.2008.12.019
https://zbmath.org/?q=an:1165.35484
https://mathscinet.ams.org/mathscinet-getitem?mr=2509370
https://doi.org/10.1016/j.jfa.2006.07.011
https://doi.org/10.1016/j.jfa.2006.07.011
https://zbmath.org/?q=an:1109.31005
https://mathscinet.ams.org/mathscinet-getitem?mr=2259892
https://doi.org/10.1142/S0219199709003405
https://doi.org/10.1142/S0219199709003405
https://zbmath.org/?q=an:1181.35058
https://mathscinet.ams.org/mathscinet-getitem?mr=2538203
https://doi.org/10.1007/s00209-006-0056-5
https://zbmath.org/?q=an:1130.46015
https://mathscinet.ams.org/mathscinet-getitem?mr=2274540
https://doi.org/10.1512/iumj.2003.52.2207
https://zbmath.org/?q=an:1035.26014
https://mathscinet.ams.org/mathscinet-getitem?mr=1970026
https://doi.org/10.1016/j.cam.2005.06.020
https://zbmath.org/?q=an:1097.35039
https://mathscinet.ams.org/mathscinet-getitem?mr=2230976
https://zbmath.org/?q=an:1429.35010
https://mathscinet.ams.org/mathscinet-getitem?mr=4014912
https://doi.org/10.1515/FORUM.2008.030
https://zbmath.org/?q=an:1149.42006
https://mathscinet.ams.org/mathscinet-getitem?mr=2431497
https://doi.org/10.1007/s00526-011-0454-3
https://zbmath.org/?q=an:1256.26013
https://mathscinet.ams.org/mathscinet-getitem?mr=2957654
https://doi.org/10.1017/prm.2019.50
https://zbmath.org/?q=an:1470.35009
https://mathscinet.ams.org/mathscinet-getitem?mr=4190094
https://doi.org/10.1016/j.na.2020.112068
https://doi.org/10.1016/j.na.2020.112068
https://zbmath.org/?q=an:1462.46037
https://mathscinet.ams.org/mathscinet-getitem?mr=4131468

(12]

(13]

[14]

[15]

(16l

(17]

(18]

(191

[20]

(21]

(22]

(23]

[24]

[25]

G. Barbatis and A. Tertikas 662

E. B. Davies and A. M. Hinz, Explicit constants for Rellich inequalities in L, (€2). Math. Z.
227 (1998), no. 3, 511-523 Zbl 0903.58049 MR 1612685

S. Deng and X. Tian, Stability of Rellich—Sobolev type inequality involving Hardy term
for bi-Laplacian. [v1] 2023, [v2] 2024, arXiv:2306.02232v2

N. T. Duy, N. Lam, and N. A. Triet, Improved Hardy and Hardy—Rellich type inequalities
with Bessel pairs via factorizations. J. Spectr. Theory 10 (2020), no. 4, 1277-1302

Zbl 07377502 MR 4192752

D. E. Edmunds, D. Fortunato, and E. Jannelli, Critical exponents, critical dimensions and
the biharmonic operator. Arch. Rational Mech. Anal. 112 (1990), no. 3, 269-289

Zbl 0724.35044 MR 1076074

S. Filippas and A. Tertikas, Optimizing improved Hardy inequalities. J. Funct. Anal. 192
(2002), no. 1, 186-233 Zbl 1030.26018 MR 1918494

F. Gazzola, H.-C. Grunau, and E. Mitidieri, Hardy inequalities with optimal constants and
remainder terms. Trans. Amer. Math. Soc. 356 (2004), no. 6, 2149-2168 Zbl 1079.46021

MR 2048513

F. Gesztesy and L. Littlejohn, Factorizations and Hardy—Rellich-type inequalities. In Non-
linear partial differential equations, mathematical physics, and stochastic analysis, pp.
207-226, EMS Ser. Congr. Rep., EMS Press, Ziirich, 2018 MR 3823846

F. Gesztesy, I. Michael, and M. M. H. Pang, Extended power weighted Rellich-type
inequalities with logarithmic refinements. Pure Appl. Funct. Anal. 9 (2024), no. 1, 69-91

Zbl 1532.26009 MR 4716965

N. Ghoussoub and A. Moradifam, Bessel pairs and optimal Hardy and Hardy—Rellich
inequalities. Math. Ann. 349 (2011), no. 1, 1-57 Zbl 1216.35018 MR 2753796

I. Kombe and M. Ozaydin, Hardy—Poincaré, Rellich and uncertainty principle inequalities
on Riemannian manifolds. Trans. Amer. Math. Soc. 365 (2013), no. 10, 5035-5050

Zbl 1282.53029 MR 3074365

F. Rellich, Halbbeschrinkte Differentialoperatoren htherer Ordnung. In Proceedings of
the International Congress of Mathematicians, 1954, Amsterdam, vol. III, pp. 243-250,
Erven P. Noordhoff N. V., Groningen, 1956 Zbl 0074.06703 MR 0088624

M. Sano and F. Takahashi, Improved Rellich type inequalities in R”Y . In Geometric prop-
erties for parabolic and elliptic PDE’s, pp. 241-255, Springer Proc. Math. Stat. 176,
Springer, Cham, 2016 Zbl 1357.35013 MR 3571831

E. M. Stein and G. Weiss, Introduction to Fourier analysis on Euclidean spaces. Princeton
Math. Ser. 32, Princeton University Press, Princeton, NJ, 1971 Zbl 0232.42007

MR 0304972

A. Tertikas and N. B. Zographopoulos, Best constants in the Hardy—Rellich inequalities
and related improvements. Adv. Math. 209 (2007), no. 2, 407-459 Zbl 1160.26010

MR 2296305

Received 29 November 2023; revised 7 February 2024.


https://doi.org/10.1007/PL00004389
https://zbmath.org/?q=an:0903.58049
https://mathscinet.ams.org/mathscinet-getitem?mr=1612685
https://arxiv.org/abs/2306.02232v2
https://doi.org/10.4171/jst/327
https://doi.org/10.4171/jst/327
https://zbmath.org/?q=an:07377502
https://mathscinet.ams.org/mathscinet-getitem?mr=4192752
https://doi.org/10.1007/BF00381236
https://doi.org/10.1007/BF00381236
https://zbmath.org/?q=an:0724.35044
https://mathscinet.ams.org/mathscinet-getitem?mr=1076074
https://doi.org/10.1006/jfan.2001.3900
https://zbmath.org/?q=an:1030.26018
https://mathscinet.ams.org/mathscinet-getitem?mr=1918494
https://doi.org/10.1090/S0002-9947-03-03395-6
https://doi.org/10.1090/S0002-9947-03-03395-6
https://zbmath.org/?q=an:1079.46021
https://mathscinet.ams.org/mathscinet-getitem?mr=2048513
https://doi.org/10.4171/186-1/10
https://mathscinet.ams.org/mathscinet-getitem?mr=3823846
https://zbmath.org/?q=an:1532.26009
https://mathscinet.ams.org/mathscinet-getitem?mr=4716965
https://doi.org/10.1007/s00208-010-0510-x
https://doi.org/10.1007/s00208-010-0510-x
https://zbmath.org/?q=an:1216.35018
https://mathscinet.ams.org/mathscinet-getitem?mr=2753796
https://doi.org/10.1090/S0002-9947-2013-05763-7
https://doi.org/10.1090/S0002-9947-2013-05763-7
https://zbmath.org/?q=an:1282.53029
https://mathscinet.ams.org/mathscinet-getitem?mr=3074365
https://zbmath.org/?q=an:0074.06703
https://mathscinet.ams.org/mathscinet-getitem?mr=0088624
https://doi.org/10.1007/978-3-319-41538-3_14
https://zbmath.org/?q=an:1357.35013
https://mathscinet.ams.org/mathscinet-getitem?mr=3571831
https://zbmath.org/?q=an:0232.42007
https://mathscinet.ams.org/mathscinet-getitem?mr=0304972
https://doi.org/10.1016/j.aim.2006.05.011
https://doi.org/10.1016/j.aim.2006.05.011
https://zbmath.org/?q=an:1160.26010
https://mathscinet.ams.org/mathscinet-getitem?mr=2296305

Sobolev improvements on sharp Rellich inequalities 663

Gerassimos Barbatis
Department of Mathematics, National and Kapodistrian University of Athens,
Panepistimioupolis, 15784 Athens, Greece; gbarbatis @math.uoa.gr

Achilles Tertikas

Department of Mathematics and Applied Mathematics, University of Crete, 70013 Heraklion;
Institute of Applied and Computational Mathematics, Foundation for Research and
Technology, 100 Nikolaou Plastira str., Vassilika, 71110 Heraklion, Greece; tertikas @uoc.gr


mailto:gbarbatis@math.uoa.gr
mailto:tertikas@uoc.gr

	1. Introduction
	2. Rellich–Sobolev inequality I
	Proof of Theorem 1

	3. Rellich–Sobolev inequality II
	Proof of Theorem 2

	References

