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Manifolds whose Weyl spectral asymptotics
have small but not tiny remainders

Michael Taylor

Abstract. A compact, n-dimensional Riemannian manifold M has Weyl spectral asymptotics
with remainder E s (R); i.e., the spectral counting function satisfies N (Aps, R) = C(M)R"™ +
Ear(R), with Epr(R) = o(R™). Generally, one actually has Epz(R) = O(R"™1), and one
seeks geometrical conditions under which stronger estimates hold on the remainder and also
conditions limiting how extra small the remainder can be. Here, we produce n-dimensional
manifolds whose Weyl remainders are o(R” 1) but not O(R" ~1=%) for any & > 0.

1. Introduction

If M is a compact, n-dimensional Riemannian manifold with Laplace operator Ay,
then L2(M) has an orthonormal basis of eigenfunctions {u ), satisfying

Apuj = —/\%uj, Aj /" oo.
We define the spectral counting function by
N(Apm,R) =#{j : A; < R}.
For this, there is the Weyl asymptotic formula
N(Apy,R) = C(M)R" + Eym(R), (1.1)

with Eps(R) = o(R"), the Weyl remainder. A classical improvement of this estimate
is
Em(R) = O(R"™"); (1.2)

see [7]. Much work has been done to see when this estimate can be further improved.
In [5], it is shown that one can take

Em(R) = o(R"™) (1.3)
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if M has “not too many” closed geodesics. It was shown in [1] that, under certain
geometric hypotheses involving no conjugate points, one can improve (1.3) to

Ep(R) = O(R"'/log R). (1.4)

The recent paper [3] obtained such an estimate in much greater generality. Going
further, there are various examples for which one has

Em(R) = O(R"™'7%) (1.5)

for some o > 0. We say M has spectral asymptotics with algebraically small Weyl
remainder. The classical example for (1.5) is M = T", the flat torus. (The sharp
value of o for which (1.5) holds is not known; cf. [2].) In [9], (1.5) is established
for Cartesian products of spheres (with at least 2 factors). Other examples are studied
in [8,11].

In this paper, we produce examples of compact Riemannian manifolds M for
which the remainder estimate (1.3) holds, but for which the stronger estimate (1.5)
fails for each @ > 0.

Before describing our main results on this, we recall the classical cases for which
the estimate (1.3) fails, namely, the n-dimensional unit spheres S” in R”*1. In such
cases, there are exact formulas for the eigenvalues of Agn, and for the dimensions
of the eigenspaces, and these dimensions are seen to be sufficiently large that no
improvement of (1.2) is possible. For later use, we describe this situation for S2
in more detail. As is well known, L?(S?) has an orthonormal basis {Y : k € Z™,
L € Z, L] <k} (of “spherical harmonics”), satisfying

Ag¥f = —k(k + DY, XvE=evt, keZ™, (] <k,

where
X=iZ,

and Z is the vector field generating 27 -periodic rotation of R? about the x3-axis. In
this case, the —k(k + 1)-eigenspace of A g> has dimension 2k + 1, foreclosing the
possibility of (1.3) holding.

To start with 2D examples, our construction of examples where (1.5) fails will
involve taking M = S? as a manifold but giving M a different metric tensor. The
new metric tensor (g;;) will match up with the standard metric (y;;) of S2, to infinite
order, at the equator x3 = 0 but will differ from (y;;) off x3 = 0. To show that (1.5)
fails for such M, we will show that, for each p € (1/2, 1), the sequence of spaces

Wi (S?) = W (S?) = Span{Y{ tk —kP < <k}, kelZ', (1.6)

yields quasimodes for Aps (a concept introduced in [4]). One ingredient in this anal-
ysis is to examine how the functions u € W (S?) concentrate on the equator x3 = 0
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as k — oo. In Section 2, we establish such concentration results. For v € N, s > 0,
we obtain

u € Wie(S?) = |lx5ullps(s2y < Cllullgs—vsra(s2
< CK2|u| 2, §=1—p, (1.7)

which is an effective concentration result when vé/2 > s.
We bring in tools from microlocal analysis to establish (1.7) and related estimates.
In more detail, with p € (1/2,1) and A = (—Ag2 + 1/4)1/2 —1/2, we set

F(A,X) = p((A - X)A™P),
where we pick
¢ € C°(R), ¢(r) =1for|r| <1, 0for|z]| > 2.

Results of [13] and [14, Chapter 12] imply that F(A, X) is a pseudodifferential oper-
ator (of non-classical type):

F(A,X) € OPS?),S, principal symbol f(x,§) = F(|€|x, (Y(x), ),
leading on the one hand to
u=F(A, X)u, forue Wi(S?), (1.8)

and on the other to
Xy F(A.X) € OPS 52, (1.9)

from which we deduce (1.7).

We take up concentration estimates of the eigenfunctions of the Laplace operator
As on S" for n > 3 in Section 3. In such a case, L?(S") is an orthogonal direct sum
of eigenspaces

Vi(S™) = {u € C®(S") : Asu = —pju}, pi=k>+ (n—1k.

Here, we look at the joint spectrum of the commuting operators Ag and L, a second-
order differential operator that acts like the Laplace operator on (n — 1)-spheres. (For
n =2, L = —X?2) Instead of the pair (A, X), we take

(A, Ao), A= (—As)Y2, Ag=—-LA",
and instead of F (A, X), we use

G(A, Ao) = ¢((A — Ao)A™7),
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as before, with p € (1/2, 1). Instead of (1.6), we take
Wi(S") = WE(S™) = DUV (S™) : i — i * < 07 < 13
J

where
Ver (S™) = {u € Vi(S") : Lu = —02u},

SO

k
Ve(S™) = @ Vij(S™). 0} =j(j +n—2).
=0

In place of (1.8)—(1.9), we have
u=G(A,Ao)u, forue Wi(S"), (1.10)
and (again with§ = 1 — p)

X! G(A, Ag) € OPs;gs/z. (1.11)

To use the spaces W (S") in our search for manifolds M for which (1.5) fails, it
is important to have a good lower bound on their dimensions. We show that

dim Wi (S™) > Ck~% dim V. (S™), (1.12)
which is clear from (1.6) when n = 2. For n > 3, we get this from the isomorphism
Vi (S") = V;(s"™h), 0= <k,

a result that can be restated in terms of an SO(n)-equivariant isomorphism

k
Vi(S") ~ P Ve(s™™h.

£=0

This is established in Section 3, with the help of a dimension count, done in Appendix
A.

In Section 4, we introduce the following family of n-dimensional Riemannian
manifolds. We take M to be S”, endowed with a metric tensor (g;;) that agrees with
the standard metric tensor (y;;) of S” to order v on the equator (for some integer
v >2),ie.,

gij = vij +0ij.  0ij = O(x,41).
In such a case, we have from (1.9) and (1.11) that

(As — Ay)g = Q € OPS2 "2,
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where § = F(A, X) forn = 2,8 = G(A, Ag) for n > 3. We deduce from (1.8)
and (1.10) that
u € Wie(S") = (—Ap — pi)u = Qu,

and hence,
u € Wi (8") = |(Ap — uullp2 < Ck™7 ull 2, (1.13)
with P
Ay = (=A)V2, o = "7 _1

Recall that we take p € (1/2,1), § = 1 — p. If we pick v sufficiently large, then o > 0.
The estimate (1.13) establishes that elements of W (S™) are quasimodes for Ajy.

Using this set of quasimodes, we establish Proposition 4.2, which shows that, for
k sufficiently large,

pr =kl +n—1),
there is an orthonormal set
(Y -1 <€ < dimWi(S™)} C LA(M),
of eigenfunctions of Ay, satisfying
AmVE = eV, iie — il < Ck™°. (1.14)

Note that there are dim Wy (S™) elements in this set, and we have the estimate (1.12).
This puts us in a position to show in Section 5 that, in such a situation, and with
the hypothesis on v strengthened to
v .14 1
2 8’
so 0 > § in (1.14), then, if the remainder estimate holds, we must have o < 1 — p.
Taking p 7 1 (8§ N\ 0), we obtain in Theorem 5.2 the following result.

Theorem A. If M is an n-dimensional Riemannian manifold as described above and
if its metric tensor matches the standard metric tensor on S™ to infinite order at the
equator, then the remainder estimate (1.5) in the Weyl asymptotic formula (1.1) cannot
hold for any a > 0.

One can find Riemannian manifolds M of the sort described in Theorem 5.2,
having the property that the set of closed geodesics has measure zero, so [5] implies
Epm(R) = o(R"1). We present some examples in Appendix B. Going further, it is
intriguing to guess that some of these can be shown to satisfy the conditions in [3],
yielding an estimate of the form (1.4). We intend to look into this in future work.
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2. Concentration of spherical harmonics on the equator of S 2

Here, we take p € (1/2, 1), consider the family
Wi (S?) = Span{Y{ : k —kP < € <k}, 2.1)

and examine how elements of Wj (S2) concentrate on the equator x3 = 0 of the sphere
S2, as k — oo. It is convenient to bring in the operator

1)1/2 1
2’

A= (—A52+Z

an elliptic, first-order pseudodifferential operator on S2. (We write A € OPS!(52).)
Note that
4 4 4 2

for k > 0, |£| < k. We next set
F(AX) = (p((A — X)A_”), 2.2)
where we pick
¢ € C°(R), suppe C [-2,2], ¢(r) = 1for|r| <1. (2.3)
For convenience, we also assume that
>0, o(r)\ fort>0. 2.4)

Note that
Y e Wi (S = F(A, X)YE =Y/ (2.5)

What makes (2.5) effective for concentration estimates comes from the analysis
of F(A, X) as a pseudodifferential operator. Indeed, for p € (0, 1], the function

F() = o((m — 12)n,")
satisfies estimates
IDEF(n)| < Co(n)™1, on Sy ={n:m =1, 2| < m}. (2.6)

We establish (2.6) and also some more precise estimates of use for Proposition 2.2. It
is convenient to make a linear change of variable,

51=7}1, §2=771—772

and estimate derivatives of

D(E) = p(E26,")
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on a set of the form

Sa=1{&:6 =1, [&] < c&i}).

We have
010(§) = —pE " 629 (626, ") = £ 01 (§, ),

where

p(r) = —pt¢'(v), @1 € Cg°(R).
Iteratively,

0 D) = € er(5,°8),  pr € CP(R);

hence,

oL DE) = £ 0" (E P8, 2.7)
yielding

10235 D(E)| < Cym(E) TP
< Com(e)™ ™2 on S,

This yields (2.6). A more precise estimate, from (2.7), is

1@ (E)] < ColE) ™ |Ya (5, PE2)],

on Sy; hence,
[F@ )] < Caln) ™ 1Ye((m — n2)ny "), 2.8)

on Sy, with ¥, € C5°(R).
As a consequence of these estimates, one has, for p € (1/2, 1],

F(A,X) € OPS) 5(S%), §=1—p, (2.9)
with principal symbol
f(x.8) = F(x. (Z(x).£). mod S "~ (2.10)
The implication that, for p € (1/2, 1],
(2.6) = (2.9)~(2.10)

is established in [13], and in [14, Chapter 11, Theorem 1.3], with complements in
(1.2)—(1.4) on p. 297, in the broader setting of F'(A1,..., Ax), where A; are commut-
ing, self-adjoint operators in OPS! (M), satisfying the ellipticity condition

A% + -+ + A} is elliptic in OPS*(M).

This is also established in [10] for p = 1, but here we need it for 1/2 < p < 1.
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The analysis in [13, 14] involved representing ¢?*4, for small y € R¥, as a family
of Fourier integral operators,

eV Au(x) = 2m) ™ / by, x, £ E0(§) dE,

modulo smoothing operators, and deducing that if F € S’ (R¥),

Fu(x) = @02 [ ge.9)e™ 50 d.
modulo smoothing, where

q(x, £)e™E = F(Dy)[b(y, x,§)e*¥D]| .
to which a stationary-phase analysis applies, yielding

g(x.§) ~ Fa(x. &) + Y. FOa(x. £)Yalx.§).

=1 @2.11)
Vel(x.£) e SV,
where a(x, &) = (a1(x, &), ...,ar(x,&)) and [z] denotes the greatest integer < z.

Compare [6, Theorem 2.16].
Returning to the setting of (2.2)—(2.3), we have the following.

Proposition 2.1. Given p € (1/2, 1), the operator F(A, X) defined by (2.2)—(2.3)

satisfies
F(A,X) € OPS) 5(S%), §=1-p,
with principal symbol
F6) =0~ (2B, E= @12
To proceed, note that (Z(x), § } < |Z(x)|, and hence,
1—(Z(x).£) = Cx3, (2.13)

so (2.12) yields
| f(x.6)] < plex3|E°):;
hence, for M € (0, 00),
(31E1°) M £ (x.8)] < Cur

We can estimate the total symbol of F (A, X) and its derivatives via (2.11) and (2.8).
This leads to the following proposition.
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Proposition 2.2. In the setting of Proposition 2.1, we have, for eachv € N,
Xy F(A.X) € OPS N2(s%), §=1-p.
In light of the Sobolev mapping property
P € OPSY's(M) = P : H™(M) — H*(M),
valid for0 <6 < p < 1,hence foré6 = 1—p, p € (1/2,1), we have, forv € N,
u € W(S?) = |lxullms = [lx3 F(A, X)ul s

< CV ||u ||Hs—v8/2

< Cok* 2 ||u| .2, (2.14)
as advertised in (1.7). Note that, by (2.1),

dim Wy (S?) > k”. (2.15)

3. Concentration of spherical harmonics on the equator of S”

The Laplace operator Ag on S” has eigenspaces
Vi ={u e L*(S") : —Agsu = pju}, up =k*>+ (n— 1k, (3.1

mutually orthogonal spaces of dimension

k+n—1 k+n—2
dika=( +Z )+( Zfl ) 3.2)

spanning L2(S™). See [15, Chapter 8, Section 4]. We want to analyze how certain
elements of V} concentrate on the equator

S" U ={w e S" : wypq =0},

as k — oo, extending the results of Section 2. To do this, we bring in the second-order
differential operator L on S”, the image of the Laplace operator on SO(#) under its
action on §” C R”*!, via rotation in the (x1, ..., x,)-plane, normalized so that, for
u e C>®(S"),

Lu|Sn_1 = Asnfl(u’Sn_l).

The operators Ag and L commute and are self-adjoint on L?(S™). In case n = 2,
L = Z?. We can write

Vi = @ Vie, Vie={ueVy:Lu= —Ezu}. (3.3)
l



M. Taylor 706

(Here, £ runs over R*; it need not be an integer.) We will obtain estimates on how
elements of Vj, concentrate on the equator for £ sufficiently close to u.
To proceed, we fix p € (1/2, 1), take ¢ € C5°(R), satisfying (2.3)—(2.4), and set

G(A.Ao) = p(—(As — L)AT'A™P)

= @o((A = Ao)A™P), (3.4)
where
A =+/—As, Aog=—-LA"' c0OPS'(S"). (3.5)
Parallel to (2.9), we have
G(A,Ao) € OPS) 5(S™), §=1—p. (3.6)
Note that
EZ
ue Vg = Aou=—u
Mk
2 _p2
_ pi — ¢
= (A= Ao)A™Pu = F—u.
k
Hence, if we set
Wi = @{Vke cpd - 02 <ty (3.7
¢
we have
ue W= G(A, Ao)u = u. (3.8)

To apply (3.8) to estimate how elements of W concentrate on the equator, we aim
to bring in arguments parallel to those provided to prove Propositions 2.1 and 2.2.
First, parallel to (2.12), the operator G(A, Ag) has principal symbol

g(r. ) = o((1 — o (v, ENIEL). = |si|

with complete symbol expansion derived from (2.11). Next, parallel to (2.13), we have
o-L(x,€) < 1—cxpyy;
hence,
l—o0-p(x,§) > Cx;%-H,
and therefore,
g (x. )] < plexy €%,
so, for M € (0, 00),
(a1 €M g (x.6)] < Car.

This leads to the following proposition.
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Proposition 3.1. Given p € (1/2, 1), the operator G(A, Ay), defined by (3.4)—(3.5),
satisfies, for each v € 7%,

x041G(A, Ag) € OPS P2(S™). 8 =1—p. (3.9)
Having (3.9), we bring in (3.8) to deduce that, forv € N, s € R,

ue W = llx, ullms = llx, 1 G(A, Aoullas
E Cv||u||Hs—v§/2
—v8/2
< Copty " ull 2,

parallel to (2.14). As before, this estimate is particularly valuable for v3/2 > s.
At this point, it behooves us to establish a lower estimate on

dim Wy,

extending the estimate (2.15), done for n = 2. We aim to establish an estimate of the
form

dim Wy > C(dim Vi )k"™ 1. (3.10)
To tackle this, it is convenient to refine our notation a bit, relabeling Vj in (3.1) as
Vi(S™) = {u e L*(S") : Asu = —k(k +n — u}

and rewriting (3.3) as

k
Vie(S™) = P Vi (5. (3.11)
j=0
where
Vij(S™) = {u € Vi(S™) : Lu = —j(j +n —2)u}. (3.12)

We also relabel Wy, as Wy (S") and, in place of (3.7), write

Wi(s™) = @V (5" i} — 1" < oF = i},
j (3.13)
pr =k(k+n-1), o} =j(j +n-2).

The following proposition is key to our dimension estimate.

Proposition 3.2. For0 < j <k,n >3,

Vij (S™) ~ V;(S"7h). (3.14)
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Proof. Note that the natural action of SO(1) on L2(S") leaves each space Vj i (S™)
in (3.11) invariant. In view of (3.12), we see that, for each j € {0, ..., k}, I7kj (S™)is
either 0 or a direct sum of spaces isomorphic to V;(S"~!). Furthermore, [12, Propo-
sition 2.4] implies that if Vj ;(S8™) # 0, then

SO(n) acts irreducibly on Vj i (S™).

Hence, either (3.14) holds or V;; = 0.
At this point, we see that Proposition 3.2 is equivalent to the assertion that there
is an SO(n)-equivariant isomorphism

k
Vie(S™) ~ P vi(s™ ), (3.15)

j=0

and so far, we know that the left-hand side of (3.15) is isomorphic to an SO(n)-
invariant linear subspace of the right-hand side. Hence, the proof of Proposition 3.2 is
done if we show that

k
dim V(") = Y dim V;(S"71).
j=0
This computation is carried out in Appendix A. ]

To proceed toward a proof of (3.10), we have from (3.14) that

dim Wi (S™) = Y {dim V;(S" ™) : uf — i " < 07 < i} (3.16)

J

Note that the restriction on j (beyond 0 < j < k) can be written as

p\J 1= <0y < .,

so in light of (3.13), the number of summands in (3.16) is

1 1
~ —uf ~ kP
M ™5

for large k. We bring in the asymptotics
dim Vi (8™) ~ C,k" 1, ask — oo,
which follow from (3.2), and the variant

dim V; (8" 1) ~ Cpy j" 2.
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This leads to the estimate
dim Wi (S™) > Ck"™2 . kP
> C dim Vi (S™) kP,

as asserted in (3.10).
Summarizing the main results of this section, we have the following proposition.

Proposition 3.3. Tuke p € (1/2,1), 6 =1 — p, n > 2. For k > 1, there exist linear
subspaces Wi (S™) C Vi (S") satisfying
dim Wi (S™) > Ck~% dim V¢ (S™). (3.17)
u € Wi (8") = G(A, Ao)u = u, (3.18)

with G(A, Ag) as in (3.4)—(3.6) and (3.9), and, forv € N, s € R,

—v§/2
u € We(S™) = llxtyullms < Copl "2 ull 2.

(Recall that uy ~ k.)

4. Elements of Wy (S") as quasimodes for perturbed Laplace
operators

As indicated in the introduction, we take the Riemannian manifold M to be S”,
endowed with a metric tensor that is a perturbation of the standard metric tensor of
the unit sphere, and investigate how elements of Wy (S") yield quasimodes for the
Laplace—Beltrami operator Aps. We start by examining how Ag and Ay are related.
The metric tensors (g;;) of M and (y;;) of S” are related by

gij = Yij + 0ij, 0ij|xn+1=0 =0; 4.1)

more precisely, we assume that
oij = O(x)41) 4.2)
for some v € N (v > 2). Now, we compare Laplace operators
Asu =y 20y 2y 0u),
Apu =g~ ?0:(¢"?g" 9ju).

We obtain y )
—Apy = —Ags + hljaiaj + hjaj,

W =0Gxy,). h =0T

n
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Consequently, by Proposition 2.2, withn =2, p € (1/2,1),8 =1 —p,and F(A, X)
as in (2.2)—(2.3),

2—v§/2

0,8 :

Similarly, by Proposition 3.1, withn > 3, p € (1/2,1),§ =1 — p, and G(A, Ay) as
in (3.4)—(3.5),

(AS —AM)F(A,X) = Q € OPS

(As — Am)G(A. Ao) = Q € OPSZ "0/,

Thanks to (2.5) for n = 2, (3.18), for n > 3, we therefore have (with ug asin (3.1))
u € Wi(S") = (—Ap — p3)u = Qu.
Let us set
Am = (=0u)' 2, 50 = Apg = i = (A + ) (At = ).
It follows that, for u € W (S™"),

[(An = Aull2 < p ' I (=Am = pdull 2
< Ck7'|Qul|.2
<ck™! |l g—wsr2—2
< k=320 |y || 1o
We record our quasimode estimate.
Proposition 4.1. Take p € (1/2,1), § = 1 — p, and pick v sufficiently large that
vé

o=——1
2

is positive. Assume that the metric tensor on M satisfies (4.1)—(4.2). Then,
u € Wi(S") = [(Am — pdullp2 < Ck™7 lull 2. (4.3)

We next show that there is a sequence of actual eigenvalues of Ay close to .
To start, it follows directly from (4.3) that there exists w,: € C*°(M) such that

IWilezan =1 AmVi = wiaVe. e — el < Ck™°.

Of course, Ay need not leave Wy (S") invariant, and we cannot say that wé is in, or
even particularly close to, Wi (S™). Set

Z, = Spanwé.

Then,
(L4 A) ' Zi -zt
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‘We have
dim W (S™) > 2 = Wi(S") N Z{ # 0,

in which case
3 1//,? eZ f‘ with unit norm, such that

AMV?Z = wiaV2, k2 — i) < Ck™°.

Continue producing an orthonormal set w,f of smooth elements of L2(M), satisfying

AmVg = preve. e — pxl < Ck™°, (4.4)

for1 < ¢ < L, and set
Z1, = Span(y}, ..., yf),
so (1 + AM)—I : Zf — ZLL. We have

dim Wi (S™) > L = Wi (S") N Zi # 0,
in which case
3 1/ka tlez Ll with unit norm, such that
A¥E™ = e VET Ik — il < CkTO.
We can do this right up to the point where
L = dim W (S").
This construction leads to the following result on eigenvalues of Ay close to —Mi.

Proposition 4.2. Keep the setting of Proposition 4.1, including having the metric
tensor on M satisfying (4.1)~(4.2). Then, for k sufficiently large, there exists an
orthonormal set

(Y1 <€ <dimW(S")} C L3(M)
of eigenfunctions of Ay, satisfying (4.4). Furthermore,
dim Wi (S™) > Ck~% dim Vi (S™)
> C/kn_l_s .

5. Necessary condition for an algebraically small Weyl remainder

As in Section 4, M is a compact, n-dimensional Riemannian manifold, whose metric
tensor is a perturbation of that of the standard sphere S”, satisfying (4.1)—(4.2). We
seek a necessary condition that

N(Ap,R) = C(M)R" + O(R"17%) (5.1
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for some o € (0, 1). Having this, we deduce a sufficient condition for (5.1) to fail for
all @ > 0. Recall further details of this setup. We pick p € (1/2,1),8 = 1 — p, and
then take v in (4.2) sufficiently large that

8
cr=v——1

2

is positive.
To continue, if (5.1) holds for all (large) R, then, for » € [0, 1],

N(Ap.R+b)—N(Ay.R—b) =2nC(M)bR"™! + O(R"179%),

Letustake b = ¢cR™7, so
N(ApM,R+cR°)—N(Apm,R—cR™?)
=2ncC(mM)R" 177 4 O(R"™'7%).
Proposition 4.2 implies that there exists ¢ € (0, co) such that if R = ug, then
N(Ap, R+ cR™°)— N(Apy,R—cR™°) > CR"™ '3,
We deduce that (for R = ug)
CR" '3 <2pcC(M)R"™ % + O(R"™'7). (5.2)

At this point, we strengthen our hypothesis on v, from o > 0 to

v §+1
5, lie,—>—01. 5.3
o> ie 2> 5 (5.3)

With this arranged, we see that (5.2) implies
a<é=1-—p.
This establishes the following result.

Proposition 5.1. Let M be a compact, n-dimensional Riemannian manifold. Pick
p€(1/2,1), § =1— p, and assume that v € N satisfies (5.3). Then, assume that
the metric tensor on M satisfies (4.1)—(4.2), i.e., matches the standard metric tensor
on S" to order v at the equator. In such a case, if the Weyl asymptotic formula (5.1)
holds, we must have o« < 1 — p.

From here, we have the following conclusion.

Theorem 5.2. In the setting of Proposition 5.1, if the metric tensor on M matches the
standard metric tensor on S" to infinite order at the equator, then (5.1) cannot hold
for any o > 0.
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A. Dimension counts

Work in Section 3 makes use of the SO(7n)-equivariant isomorphism

k
Ve(S™) ~ P Va(s™ ), (A1)
£=0

where Vi (S") denotes the —k(k + n — 1)-eigenspace of the Laplace operator on S”,
and Vy(S™!) is similarly defined. As seen there, results on irreducibility of certain
SO(n) actions enable one to establish (A.1) once we have the identity

k
dim Vi(8™) = ) dim Vy(S"7). (A2)
{=0

We establish this here.
In preparation, we recall a standard approach to computing the left-hand side
of (A.2), using the isomorphism

Vi(S™) ~ H (R*T1), (A.3)

the space of harmonic polynomials on R”*!, homogeneous of degree k, and the
decomposition

PrR™FY) = HeR™) @ |x 2 Pea(R"T). (A4)
Here and below,
P (R"T1) = space of polynomials on R”*!, homogeneous of degree k,
PK(R"1) = space of polynomials on R**!, of degree < k, (A.5)
di(n + 1) = dim P (R" 1),
Note that
de(n + 1) = dim P*(R") = di(n) + dg—1(n) + -+ do(n).  (A.6)

with a similar result for d; (m), for other values of j and m.
Using (A.3)—(A.6) yields

dim Vi (S™) = di(n + 1) —dg—2(n + 1)
= di(n) + dg—1(n). (A7)

Similarly,
k

k
D dimVy(S"h) =D {de(n — 1) + dg_y(n — 1)}

£=0 {=0
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On the other hand, (A.6) (with n replaced by n — 1) gives

k
di(n) =Y _dy(n - 1), (A.8)
{=0
and similarly, we have
k—1 k
die—1(n) = ) de(n = 1) = Y dea(n = 1). (A.9)
=0 {=0

Together, (A.7)—(A.9) yield the desired identity (A.2).

Remark. There is the classical computation

k+n—1
d = .
e = ("1
In light of this, the identity (A.8) is equivalent to
2": C+m\  [(k+m+1
14 B k
£=0

(with m = n — 2), which is sometimes given the whimsical label, the “hockey stick
identity.”

B. Surfaces satisfying Theorem 5.2 and (1.3)

Our goal here is to exhibit some compact 2D surfaces M C R3 whose metric ten-
sors agree with that of the standard sphere S? to infinite order on the “equator”
y ={(a,b,0):a® +b?> =1} C M, so Theorem 5.2 is applicable, and which also have
the property that the set of periodic geodesics on M has measure 0, so the remainder
estimate Eps(R) = o(R"!) holds (with n = 2).

To simplify our arguments, we will impose further restrictions on M. For one, M
is invariant under rotation about the z-axis in R3. We also assume that M is convex,
with positive Gauss curvature. In other words, M is obtained by taking a simple closed
smooth curve o in the yz-plane, with positive curvature, and rotating it about the z-
axis in the xyz-space R3. In particular, we assume that o is invariant under reflection
(y,2) = (—=v, z). In addition, we assume that o is invariant under reflection (y, z)
(y,—z), so M is invariant under reflection (x, y, z) — (x,y,—2).

Assume (%1, 0) € o, and that o is tangent at these points to the unit circle S!
{(a,b) : a®> + b? = 1} to infinite order. We also assume that o is obtained from S! by
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flattening it, in such a way that, for (y,z) € o, y? + z? decreases strictly monotoni-
cally as y decreases from 1 to 0. Hence, M is tangent to S? to infinite order along the
equator y = M N S2, and

M\y Cl(x,y,z): x> +y>+ 2% < 1}. (B.1)

Our task is to study the geodesics on M. To start, the symmetry z +— —z implies
that y is a closed geodesic on M. (So, does the tangency of M and S? along y.) In
addition, the geometrical hypothesis of convexity made above implies that

each geodesic on M intersects y.

If 1 is a geodesic other than y, its intersections with y are all transverse. The symme-
tries of M imply that if p is a geodesic on M, so is Ru, for each rotation R about the
z-axis, and so is the “antipodal” geodesic —u. Now, we can concentrate on unit speed
geodesics starting out at pg = (1,0, 0) € y. If we identify T,, M with the yz-plane,
such geodesics are of the form pg, having initial velocity vector vg = (cos 6, sin ).
In particular, po = y, and , = ¥ (y headed in the opposite direction). We claim that

g is a periodic geodesic for only countably many values of 6. (B.2)

This will imply that the set of periodic geodesics on M has measure 0.
We take 6 € (0, ) and consider the behavior of g (t), satisfying

1e(0) = po.  py(0) = vg € Ty M.

This curve leaves y at angle 6. There is a first time tg > 0 at which pg(¢) intersects y
again:
1o(te) =qg €. glte) = Vg € Tgy M.

There is a natural isomorphism T,, M ~ T,, M, given by parallel translation along y
(or equivalently by the action of the rotational symmetries R), yielding

Uy = (cos 6, —sinH),

thanks to conservation of angular momentum for the geodesic flow on this surface of
revolution. We can write
g9 = (cos wg, sin wg, 0)

for some wy € (0, 277). Keeping in mind the symmetries that are in play here, we see
that subsequent points where (g intersects y are given by

qo,k = (coskwg,sinkwg, 0).

Hence, we have the following result.
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Lemma B.1. The geodesic g is periodic if and only if wg is a rational multiple of 7.

Now, if M were simply S 2 we would have qe = —po; hence, wg = 7 forall 6 €
(0, ). However, the flattening process, leading to (B.1), forces gg, hence wg, to vary
with 6. Due to the flattening, the unique shortest geodesics from pg to —pg are (/>
and [L_r /> (mirror images under z > —z), and the exponential map Exp,, : Tp, > M
maps a neighborhood of the ray {(0,z) : 0 < z < dist(pg, —po)} diffeomorphically
onto its image in M. Hence, w,/, = 7 and (d/d0)wg|o=r/2> # 0. The quantity wy
is not a monotone function of 6 on all of (0, i), since also gg — —pg as 8 — 0
and as 6 — 7, but it is piecewise strictly monotonic. Therefore, we have (B.2), as a
consequence of Lemma B.1.
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