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Connectedness of a space of branched coverings
with a periodic cycle

Laurent Bartholdi

Abstract. We prove the connectedness of the following locus: the space of degree-d branched self-
coverings of S2 with two critical points of order d , one of which is n-periodic.

Equivalently, all branched self-coverings of S2 with two critical points of order d , one of which
is n-periodic, are combinatorially equivalent.

1. Introduction

Consider the space Md of degree-d branched self-coverings of the sphere S2. Much is
known about its topology [13]; for example, it is connected, and its fundamental group
is Z=2d . Interesting subspaces arise by imposing dynamical conditions; the one we will
focus on in this article is

Pd;nD¹f WS
2
ýWf has two critical points of order d , one of which has period exactly nº:

Theorem A. The space Pd;n is path connected.

An equivalent statement is that any two maps in Pd;n are isotopic through maps within
Pd;n; yet equivalently, for any f0; f1 2 Pn, there are h0; h1 2 Homeo.S2/ with f1 ı h0 D
h1 ı f0 and h0 is isotopic to h1 rel, the marked n-cycle of f0.

This purely topological statement has a complex analytic avatar: endow S2 with its
complex structure, now written as P1. In this manner,

Ratd D ¹f 2 C.z/ W deg.f / D dº

embeds into Md , and Teichmüller theory implies that Ratd is a deformation retract of
Md . The locus Pd;n \ Ratd is an important “slice” of parameter space, whose connect-
edness was asked by Milnor [9]. In fact, the group of Möbius transformations acts on
Ratd by conjugation, preserving the locus Pd;n \Ratd , so this question may be studied
in the quotient space. Milnor proves that

¹f 2 Ratd W f has two critical points of order dº=PSL2.C/
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is isomorphic to C2, for instance, by identifying the map .˛zd C ˇ/=.zd C ı/ with the
pair .ˇ=.˛ı�ˇ/; .˛dC1ˇd�1C d�1ıdC1/=.˛ı�ˇ/2d /. Then, the image of Pd;n \
Ratd in C2 is an algebraic curve called Perdn .0/, whose connectedness is a tantalizing
open problem. Theorem A should be seen as a solution to this problem in the topological
context.

Note that Perdn .0/ is definitely not homotopy equivalent to Pd;n; the former is a punc-
tured Riemann surface, so its fundamental group is free, while the homotopy type of Pd;n
is determined quite explicitly in Proposition D, and its fundamental group contains a copy
of Z2, following the arguments in [5, §8].

1.1. Spaces of marked maps

The general setting is a structure … D hA;B; C; ˆ; degi consisting of sets A;B; C with
A � B and A � C and maps ˆWC ! B and degWC ! ¹1; 2; : : :º, called a portrait. The
corresponding space of marked maps is

P… WD
®
.f; b; c/ W bWB ,! S2; cWC ,! S2;

f W .S2; c.C //! .S2; b.B// branched covering; f ı c D b ıˆ;

degc.x/ f D deg.x/; b � A D c � A; f ramifies only above b.B/
¯
:

For example, setting A D ¹a0; : : : ; an�1º and B D A [ ¹vº and C D A [ ¹cº with
deg.a0/ D deg.c/ D d and ˆ.ai / D aiC1 mod n and ˆ.c/ D b specifies a structure …d;n

yielding precisely the space Pd;n introduced above. The method of this article should
serve to solve a variety of connectedness problems about loci P….

Thurston’s theory of iteration of rational maps involves considering their topological
counterparts. A branched covering f of the sphere S2 is critically finite if the forward
orbit Pf of its critical points is finite. Setting A D B D C D Pf and ˆ D f � Pf recov-
ers the space of all maps with the same post-critical behavior as f , and his fundamental
result implies that the connected component of f is contractible and contains at most one
holomorphic representative (with a combinatorial criterion to determine whether there is
one), unless the map is double-covered by a homothety on the torus. At the other extreme,
A D ; amounts to considering branched coverings with no dynamical constraint and sub-
sumes the classical Hurwitz theory of coverings of surfaces, which we briefly recall:

Theorem 1.1 (Hurwitz [8]). There is a bijection between, on the one hand, equivalence
classes of degree-d branched coverings †! S2 with n ordered critical values and, on
the other hand, orbits of n-tuples of permutations in Sym.d/ with product equal to 1.
Two branched coverings f0; f1W†! S2 are equivalent if there are h 2 Homeo.†/ and
h0 2 Homeo.S2/ such that h ı f0 D f1 ı h0, and orbits of n-tuples are considered with
respect to the diagonal action of Sym.d/ by conjugation and the mapping class group
action generated by all .: : : ; �i ; �iC1; : : :/ 7! .: : : ; �

�i�iC1
i ; �

�i�iC1
iC1 ; : : :/. The degrees of

the preimages of the i th critical value are given by the cycle lengths �i;j of �i . The surface
† is connected if and only if h�1; : : : ; �ni is transitive on ¹1; : : : ; dº, and then the genus
of † is 2d � 2 �

P
i;j .�i;j � 1/.
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Let us also briefly recall combinatorial equivalence: two maps f0; f1 2 P… are com-
binatorially equivalent if there are h 2 Homeo.S2;B/, h0 2 Homeo.S2; C / with h ı f0 D
f1 ı h

0 and h isotopic to h0 rel A. By expressing h as a motion of B in S2, this is the
same as saying that there is a path from f0 to f1 in P…; thus, combinatorial equivalence
is the same as being in the same path component. We deduce that Milnor’s connectivity
question cannot be addressed with topology alone.

Corollary B. Any two maps f; g 2 Perdn .0/ are combinatorially equivalent.

We also note that P… may be disconnected even if AD ;; this holds, e.g., in degree 5,
with B D ¹b1; b2; b3º and C D ¹c1; c01; c2; c3º and ˆ.ci / D ˆ.c0i / D bi and deg.c1/ D
deg.c01/D 2, deg.c2/D deg.c3/D 4, since then by Theorem 1.1 there are two equivalence
classes. In degree 2 with A D ;, the space P… is connected, but additional constraints
may disconnect it; e.g., with A D B D C D ¹a0; a1; a2; a1º and ˆ.ai / D aiC1%3 and
deg.a0/ D deg.a1/ D 2, there are three connected components, the “rabbit”, “corabbit”,
and “airplane” (represented by the three polynomials z2C c with c3C 2c2C c C 1D 0).
Thus, connectedness is by far not a ubiquitous phenomenon.

By abuse of notation, we will think of both B and C as abstract sets (used to define
…) and as variable subsets of S2; and from now on, we abbreviate

P… D ¹f W .S
2; C /! .S2; B/ W f � A D ˆ � A; degf D degº:

We quickly note in passing that Homeo.S2/ naturally acts on P…, by conjugation on
f and post-composition on A, B , C . We avoid any discussion on the quotient, preferring
to remember this action in the background.

1.2. Teichmüller theory

Even though our main result is phrased in purely topological terms, it has profound con-
nections to complex dynamics. Let us first add a complex structure to the spheres in the
definition of P…, not requiring f to be conformal:

P0… D ¹f W .P
1; C /! .P1; B/ W f � A D ˆ � A; degf D degº:

We may then deformation-retract P0… to its subspace of maps with minimal quasiconfor-
mal distortion; by Teichmüller’s theorem (see, e.g., [7, Theorem 5.3.12]), every connected
component with fixed B , C contains a single such extremal map.

Kahn, Firsova, and Selinger [5] consider, following Mary Rees [12], a space of maps
modeled on Teichmüller space, which we can express as follows in our setting. Recall
that the Teichmüller space of a marked sphere consists of all its complex structures; for
B � S2, we may define it as

TB D ¹� WS
2
! P1 homeomorphismº=�;

with m ı � ı h � � for every Möbius transformation m and every homeomorphism h of
.S2;B/ that is isotopic to the identity rel B , henceforth written as h 2 Homeo0.S2;B/. In
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analogy, Rees space is the quotient R… WD P0…=�, with m ı f � f ı h for every Möbius
transformation m and every homeomorphism h of P1 that is isotopic to m rel A.

Every choice of f W .S2; C /! .S2; B/ in P… yields a map

TB ! R…;

by Œ� � 7! Œ� ı f ı ��1�, which by [5, Lemma 4.1] is a covering, the group of deck trans-
formations being the centralizer

ZA.f / D ¹h 2 Mod.B/ W h ı f D f ı h rel Aº

of f . Theorem A can be rephrased as the following statement.

Corollary C. For … D …d;n marking two order-d critical points, one of which is n-
periodic, the space R… is a quotient of Teichmüller space TB by a subgroup of Mod.B/,
so in particular it is a K.�; 1/ space for some � D ZA.f / � Mod.B/.

We return to a general …. There is a fibration P… ! Q, the space of configurations
of B [A C in S2. Let W denote a fiber, thought of as a space of branched coverings with
specified marked points.

Proposition D. The space W is homotopy equivalent to a discrete set. Every connected
component of P… is homotopy equivalent to a principal SO3-bundle over a K.ZA.f /; 1/
space for any f in that component.

Thus, the most mysterious part of the topology of P… is its number of connected
components.

Proof. The group Homeo0.S2;C / is contractible and acts freely onW by pre-composition
with discrete quotient; this implies the first claim. The group Homeo.S2/ acts freely on
Pd;n by conjugation and has the homotopy type of SO3, giving Pd;n the structure of a
principal bundle. The base deformation retracts to R….

Every .�; f / 2 R… yields two complex structures on .S2; A/: one locally given by
� and one by � ı f and denoted as �f .�/. The rational Rees space RRat

… is the locus
at which these complex structures agree; so for .�; f / 2 RRat

… , we have a commutative
diagram

.S2; C / P1

.S2; B/ P1

�

f p� r�;f

�

that commutes up to homotopy, for some rational map r�;f 2 Ratd , unique up to conju-
gation by a Möbius transformation.

Let MRat denote the quotient of Rat D C.z/ by PSL2.C/ acting under conjugation;
and consider the locus

MRat… D .Rat \ P…/=PSL2.C/:
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Note that every f 2 MRat… has attached subsets A; B; C � P1, well defined up to a
Möbius transformation. Every choice of � 2 TB gives a natural map P… ! R…, by f 7!
.�; f /. The natural map RRat

… ! MRat…, given by .�; f / 7! r�;f , is an isomorphism.
There is finally a map MRat… !MB , the moduli space of .S2; B/, given by

r�;f 7! � � B:

Consider, to complete the picture, Epstein’s equalizer space: it is the space

Def…;f D ¹� 2 TB W � and �f .�/ have the same image in TAº:

Epstein’s transversality theory [4] shows that Def…;f is a submanifold of dimension #B �
#A � 3, unless f is a flexible Lattès map, and A contains the post-critical set of f . In
summary, we have

Def…;f TB

MRat… D RRat
… R…

M… MB

� 7!.�;f /

.�;f / 7!��B

and our result shows that, for … D …d;n, the top vertical maps are onto. The bottom left
vertical map is a finite-to-one map [5, Lemma 4.5] and in many cases, in particular that of
…d;n, is actually a bijection [5, Lemma 4.7].

Previous literature concentrated on connectivity and contractibility of Def…. The argu-
ments in [5, 6], proving that Def… is disconnected or at least not contractible, rely on
showing that the fundamental group of the punctured Riemann surface MRat… is not
isomorphic to a centralizer ZA.f /.

1.3. Sketch of proof

We reduce Theorem A to a discrete problem by means of isotopy. From now on, we write
… D …d;n.

(1) Consider the fibration P… ! Q, and let W be the collection of connected com-
ponents of a fiber. In our concrete situation, we imagine that sets A, B , C of
respective sizes n, nC 1, nC 1 are frozen on S2, and we consider the collection
W of isotopy classes of maps

.S2; C /! .S2; B/

that permute A cyclically. Thus, W is the collection of isotopy classes of maps
f 2 Pd;n with these fixed A, B , C .

(2) There are two commuting actions onW by pure mapping class groups, respective-
ly, Mod.B/ acting by post-composition and Mod.C / acting by pre-composition.
The action of Mod.C / is free with dn�2 orbits.



L. Bartholdi 1136

(3) There is a single degree-d covering with two order-d marked critical points; this
is the “Hurwitz problem” for the data .d; d/; see Theorem 1.1. In fact, by [14,
Théorème (1)], this holds more generally for any degree-d covering with a critical
point of order d . It follows that there is a single .Mod.B/�Mod.C //-orbit onW .

(4) Denote, respectively, by "B , "C the natural restriction maps

Mod.B/! Mod.A/;Mod.C /! Mod.A/:

The subgroup E D ¹.g; h/ 2 Mod.B/ �Mod.C / W "B.g/ D "C .h/º acts on W ,
and elements of E can be realized as continuous deformations of S2 that preserve
the cycle A. The connectedness of Pd;n is therefore equivalent to the transitivity
of E on W .

(5) To prove the transitivity of E, fix a polynomial map f 2 Pd;n, thereby assum-
ing B D C . We consider two subgroups of E: the diagonal � D ¹.g; g/ W g 2
Mod.B/º, which acts onW by conjugation, and P D ker."B/, the “point pushes”
of the critical value, which act on W by post-composition. It suffices to show that
every element of W may be written as pgfg�1 with g 2 Mod.B/ and p 2 P .

(6) Compute the “lifting” operation: letL�Mod.B/ denote the index-dn�2 subgroup
of liftable classes; namely, all h 2Mod.B/ such that there exists �.h/ 2Mod.C /
with h ı f Š f ı�.h/. Enough images under the homomorphism �WL!Mod.C /
may be written explicitly to show that all generators of Mod.B/ may be obtained
from P via � and conjugation.

2. Dynamical bisets and mapping class bisets

Let us consider the polynomial f .z/ D zd C c for which the supporting rays have angles
¹1; 2º=.dn � 1/, and encode f group-theoretically. This means we let

A D ¹a0 D an D 0; a1 D c; a2 D c
d
C c; : : :º

be the length-n critical cycle of f ; set B D C D A [ ¹1º; fix a basepoint � in C n A
near1; let � D �1.C nA;�/ be the fundamental group; and choose “lollipop” generators
1; : : : ; n; 1 of � : the generator i turns a bit clockwise (on the sphere) around1, fol-
lows the external ray with angle d i�1=.dn � 1/ towards ai , encircles it counterclockwise,
and returns back to �, while the generator 1 is a small (on the sphere) counterclockwise
loop around1. Note that one of the generators of � is redundant, and we have

� D h1; : : : ; n; 1 j 1n � � � 1 D 1i:

The “iterated monodromy group” theory [10] encodes f as a biset: a set B.f / with
two commuting �-actions

B.f / D ¹˛W Œ0; 1�! C n B W ˛.0/ D f .˛.1// D �º=�;
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with the left action by pre-concatenation with a loop and the right action by post-concate-
nation with the unique lift of a loop that starts where ˛ ends. The left action on B.f / is
free with d orbits; so B.f / may be written as � � ¹x1; : : : ; xd º by choosing a system of
orbit representatives. A natural choice consists of short paths xi that turn angle .i � 1/=d
counterclockwise around1 from � and then reach a preimage of �, as illustrated in this
figure for the map f .z/ D z3 C c with c � 0:55757C 0:54035i satisfying f 3.0/ D 0:

ı a0D0

ı
a1Dc

ı
a2Dc

3Cc

ı
1

�

3

1

2

1
x1

x2

x3

It is then straightforward to trace paths and their lifts so as to express the right action
of � on B.f /; that is,

x1 � 1 D 1n � x2; xi � 1 D xiC1 if 1 < i < d; xd � 1 D �11 � x1;

x1 � jC1 D j � x1; xi � jC1 D xi if 1 < i � d and 1 � j � n;

x1 � 1 D 1 � xd ; xiC1 � 1 D xi if 1 � i < d:

This is the natural degree-d generalization of the recursion defining the group K.0n�1/

from [2]; see also [11].
Note that a different choice of orbit representatives ¹x01; : : : ; x

0
d
º would give different

formulas for the right action; the object B.f /, considered up to isomorphism of �-�-
bisets, is a complete invariant of f , but its presentation relies on choices.

Let us make this a bit more precise. A presentation of a biset B.f 0/, for a map f 0 2W ,
is a d � .nC 1/ matrix with in entry .i; j / a pair .g; k/ 2 � � ¹1; : : : ; dº, describing the
relation

xi � j D g � xk I
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here, we use the convention n C 1 D 1. A permutation of the i and k defines an iso-
morphic presentation (this amounts to reordering the orbit representatives); and for every
choice of g1; : : : ;gd 2� , the replacement of every .g;k/ at position .i;j /with .gigg�1k ;k/

also defines an isomorphic presentation (this amounts to replacing the orbit representatives
.x1; : : : ; xd / with .g1x1; : : : ; gdxd /.)

Furthermore, the left and right actions on W may be expressed in terms of these pre-
sentations: pre-composition by  amounts to replacing each .g; k/ by . .g/; k/, while
post-composition by � amounts to using the table to rewrite xi � �.j / in the form g � xk
and recording the result in a new table.

Now, Mod.B/ is generated by a collection of full Dehn twists between elements of B
and acts on � by outer automorphisms. We choose as generators the �i;j for 1� i < j �1
which, geometrically, push ai and aj closer while avoiding all other paths k , and twist
them fully around each other. The action of �i;j on � may be written concretely as follows:
set ˛ D j�1j�2 � � � i ; then

�i;j .i / D 
˛�1j˛

i ; �i;j .j / D 
˛i˛

�1

j ; �i;j .k/ D k :

The subgroup of point pushes is

P D h�i;1 W 1 � i � ni;

and its liftable elements include �di;1 as well as �1;1 and its conjugates.
Once all these choices are made, it is straightforward to check the following identities.

Lemma 2.1. In W , we have the identities

�1;1 � f D f � �n;1; (1)

�
�iC1;1
1;1 � f D f � �i;1�i;n�n;1; (2)

�diC1;1 � f D f � �
�i;n
i;1; (3)

�iC1;jC1 � f D f � �i;j (4)

for all 1 � i , j � n � 1.

Proof. We only consider (2), the other ones being checked in a similar but easier manner.
Set

� D �
�iC1;1
1;1 I

then, writing ı D ii�1 � � � 1 and ˇ D ıiC11, we have

�.1/ D 

ˇ
1

1 ;

�.iC1/ D 
ı
�
ˇ�1

1
1 1ı

�1

iC1 ;

�.1/ D 
ˇ1

�
ˇ�1

1 1
1 ˇ

1 ;
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with � fixing all other generators. The biset B.� ı f / of the post-composition of f with
� is then presented as follows in a basis .y1; : : : ; yd /, with " D i�1 � � � 1 and � D
n�1 � � � iC1, so 1n�i" D 1:

B.� ı f / W

8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
:

y1 � 1 D 
���1

i � y2;

yd�1 � 1 D 
���11
i � yd ;

yd � 1 D 
�1
1 

��1

i "�1��1 � y1;

y1 � iC1 D 
��1"�1

i � y1;

y1 � 1 D �"
���1

i 1 � yd ;

y2 � 1 D "
�1��1 � y1;

yd � 1 D 
��11
i � y2I

all other entries are as in the presentation of B.f /. On the other hand, set

 D �i;1�i;n�n;1I

we have

 .i / D 
��1"�1

i ;

 .n/ D 
"�1��1

n ;

 .1/ D 
"�1��1

1 I

all other generators are fixed. The biset B.f ı  / is presented as follows in a basis
.z1; : : : ; zd /:

B.f ı  / W

8̂̂̂̂
<̂̂
ˆ̂̂̂:

x1 � 1 D .1n/
"�1��1

� x2;

xd � 1 D 
�"�1��1

1 � x1;

x1 � iC1 D 
��1"�1

i � x1;

x1 � 1 D 
"�1��1

1 � xd I

all other entries are as in the presentation of B.f /. Now, to prove that B.� ı f / and
B.f ı  / are isomorphic, it suffices to map the basis of the former into the latter, as
follows:

y1 7! z1;

yk 7! "�1��1 � zk for 1 < k < d;

yd 7! 
��11
i "�1��1 � zd

and to check that the right actions of � on B.� ı f / and B.f ı  / are intertwined by
this map.
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Corollary 2.2. We have W D Pf Mod.B/, where P is the group of point pushes and
Mod.B/ acts by conjugation.

Proof. The solution to the Hurwitz problem implies W D Mod.B/f Mod.B/. Now, con-
sider the set M � Mod.B/ of all m 2 Mod.B/ with mf Mod.B/ � Pf Mod.B/. Clearly, M
is closed under conjugation, since P is normal in Mod.B/. Also, M is a subgroup: if
m; n 2M and mf Mod.B/; nf Mod.B/ � Pf Mod.B/, then

mnf Mod.B/
� m.Pf Mod.B// D mf Mod.B/P � Pf Mod.B/P D P 2f Mod.B/

D Pf Mod.B/:

Consider m 2M , and assume that we have an identity m � f D f � h in W ; then

h � f D .f � h/h
�1

D .m � f /h
�1

D mh
�1

� f h
�1

2 Pf Mod.B/;

so h 2M .
Obviously, we have P �M , namely, �i;1 2M for all i . Then, by Lemma 2.1 (2), we

have �i;n 2 M . Then, Lemma 2.1 (4) gives �i�1;n�1 2 M , etc. So, finally, all �i;j 2 M .
Therefore, M D Mod.B/.

3. Proof of Theorem A

We expand on the sketch presented in Section 1.3. Consider first the map

� WP… 3 .f; b; c/ 7! .b; c/

sending a branched covering to its marked sets b, c on S2. This map is evidently a fibra-
tion, with fiber W consisting of all branched coverings f with fixed b; c. We treat, from
now on, A, B , C as fixed subsets of S2 with A � B \ C , so W is the set of branched
coverings

.S2; C /! .S2; B/

that map C to B with combinatorics and degree prescribed by ….
We let W denote the quotient of W under isotopy. For any two branched coverings

f; f 0 2W that are isotopic, there is a unique homeomorphism h 2 Homeo0.S2; C / with
f 0 D f ı h; in other words,W is the quotient of W by the free action of Homeo0.S2; C /.
Now, the group Homeo0.S2; C / is contractible, assuming #C � 3. It follows from the
long exact sequence of a fibration and Whitehead’s theorem that W has the homotopy
type of a discrete set, and (except in dimension � 1) the homotopy type of P… is that of
the base Q of the fibration

Q WD ¹.bWB ,! S2; cWC ,! S2/ W b � A D c � Aº:

We have thus proven Proposition D modulo the main connectedness claim.
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There are two commuting actions onW by the pure mapping class groups Mod.B/ and
Mod.C /, respectively, by post-composition and pre-composition. The action of
Mod.C / is free with finitely many orbits. More precisely, for every f 2 W , there is a
finite-index subgroup Lf � Mod.B/ consisting of “liftable” classes: Lf is the set of all
` 2 Mod.B/ for which there exists m 2 Mod.B/ with ` ı f Š f ı m. We denote this
(necessarily unique) m 2 Mod.C / by �f .`/, defining thus a homomorphism

�f WLf ! Mod.C /:

The long exact sequence of homotopy groups gives

�1.Q/! �0.W/! �0.P…/! �0.Q/:

There is a natural map "B WMod.B/� Mod.A/ induced by the inclusion A � B; and
similarly, "C WMod.C /� Mod.A/. The equalizer of these two maps is the subgroup

E D ¹.g; h/ 2 Mod.B/ �Mod.C / W "B.g/ D "C .h/º;

and we naturally have E Š �1.Q/. We thus have:

Lemma 3.1. The space P… is path connected if and only if the action of E on W is
transitive.

3.1. Specifics for degree-d bicritical maps with an n-cycle

All the above considerations applied to a general portrait…. We now consider the specific
choice of a portrait … specifying an n-cycle marked A that contains a single order-d
critical point and another order-d critical point marked in C , with its image marked in B .

Lemma 3.2. The action of Mod.B/ �Mod.C / on W is transitive.

Proof. In considering the action of Mod.B/ � Mod.C /, we are in effect ignoring the
condition that A is an invariant n-cycle; that is, we are considering the space of coverings
of .S2; B/ with two order-d critical values. Hurwitz’s theorem 1.1 shows that there is a
single equivalence class, since all d -cycles are conjugate.

(As mentioned in the sketch, this fact holds more generally for any portrait with a
critical value of maximal order by [14, Théorème (1)]. Imposing the fact that this critical
value be fixed defines a polynomial slice.)

Let us now fix a polynomial map f 2 Pd;n, assuming B D C . We consider two
subgroups of E: the diagonal � D ¹.g; g/ W g 2 Mod.B/º, which acts on W by con-
jugation, and P D ker."B/, the “point pushes” of the critical value, which act on W by
post-composition. We have P D �1.S2 n A; b/, and Birman’s exact sequence [3] gives

1! P ! Mod.B/
"B
�! Mod.A/! 1:
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It suffices to show that every element of W may be written as pgfg�1 with g 2 Mod.B/
and p 2 P . Now, this is precisely Corollary 2.2.

Acknowledgments. This work owes much to Jan Kiwi, who explained to the author
the relevance of group-theoretic considerations to connectedness questions in parameter
spaces during an invitation to Santiago. There is in fact some similarity between the paths
produced in [1] in the space of cubic polynomials and the paths produced here between
polynomials in Pd;n. The author is very grateful to MSRI for providing an extremely stim-
ulating environment and to Tanya Firsova, Eko Hironaka, Jeremy Kahn, Sarah Koch, and
Curtis McMullen for lively discussions and generous explanations of their work.

Funding. This material is based upon work supported by the National Science Founda-
tion under Grant no. 1440140, while the author was in residence at the Mathematical Sci-
ences Research Institute in Berkeley, California, USA, during the Spring 2022 semester.
The author also gratefully acknowledges partial support from the ERC AdG Grant no.
101097307.

References

[1] M. Arfeux and J. Kiwi, Irreducibility of periodic curves in cubic polynomial moduli space.
Proc. Lond. Math. Soc. (3) 127 (2023), no. 3, 792–835 Zbl 7740486 MR 4639956

[2] L. Bartholdi and V. V. Nekrashevych, Iterated monodromy groups of quadratic polynomials.
I. Groups Geom. Dyn. 2 (2008), no. 3, 309–336 Zbl 1153.37379 MR 2415302

[3] J. S. Birman, Mapping class groups and their relationship to braid groups. Comm. Pure Appl.
Math. 22 (1969), 213–238 Zbl 0167.21503 MR 243519

[4] A. L. Epstein, Transversality in holomorphic dynamics. 2010,
http://homepages.warwick.ac.uk/�mases/Transversality.pdf, visited on 31 January 2024

[5] T. Firsova, J. Kahn, and N. Selinger, On deformation spaces of quadratic rational functions.
Int. Math. Res. Not. IMRN 2023 (2023), no. 8, 6703–6738 Zbl 1516.37052 MR 4574385

[6] E. Hironaka and S. Koch, A disconnected deformation space of rational maps. J. Mod. Dyn.
11 (2017), 409–423 Zbl 1419.37041 MR 3668372

[7] J. H. Hubbard, Teichmüller theory and applications to geometry, topology, and dynamics.
Vol. 1. Matrix Editions, Ithaca, NY, 2006; Teichmüller theory, With contributions by Adrien
Douady, William Dunbar, Roland Roeder, Sylvain Bonnot, David Brown, Allen Hatcher, Chris
Hruska and Sudeb Mitra, With forewords by William Thurston and Clifford Earle
Zbl 1102.30001 MR 2245223

[8] A. Hurwitz, Ueber Riemann’sche Flächen mit gegebenen Verzweigungspunkten. Math. Ann.
39 (1891), no. 1, 1–60 Zbl 23.0429.01 MR 1510692

[9] J. Milnor, Geometry and dynamics of quadratic rational maps. Experiment. Math. 2 (1993),
no. 1, 37–83; With an appendix by the author and Lei Tan Zbl 0922.58062 MR 1246482

[10] V. Nekrashevych, Self-similar groups. Math. Surveys Monogr. 117, American Mathematical
Society, Providence, RI, 2005 Zbl 1087.20032 MR 2162164

[11] A. Poirier, Critical portraits for postcritically finite polynomials. Fund. Math. 203 (2009),
no. 2, 107–163 Zbl 1179.37066 MR 2496235

https://doi.org/10.1112/plms.12553
https://zbmath.org/?q=an:7740486
https://mathscinet.ams.org/mathscinet-getitem?mr=4639956
https://doi.org/10.4171/GGD/42
https://doi.org/10.4171/GGD/42
https://zbmath.org/?q=an:1153.37379
https://mathscinet.ams.org/mathscinet-getitem?mr=2415302
https://doi.org/10.1002/cpa.3160220206
https://zbmath.org/?q=an:0167.21503
https://mathscinet.ams.org/mathscinet-getitem?mr=243519
http://homepages.warwick.ac.uk/~mases/Transversality.pdf
https://doi.org/10.1093/imrn/rnab320
https://zbmath.org/?q=an:1516.37052
https://mathscinet.ams.org/mathscinet-getitem?mr=4574385
https://doi.org/10.3934/jmd.2017016
https://zbmath.org/?q=an:1419.37041
https://mathscinet.ams.org/mathscinet-getitem?mr=3668372
https://zbmath.org/?q=an:1102.30001
https://mathscinet.ams.org/mathscinet-getitem?mr=2245223
https://doi.org/10.1007/BF01199469
https://zbmath.org/?q=an:23.0429.01
https://mathscinet.ams.org/mathscinet-getitem?mr=1510692
https://doi.org/10586458.1993.10504267
https://zbmath.org/?q=an:0922.58062
https://mathscinet.ams.org/mathscinet-getitem?mr=1246482
https://doi.org/10.1090/surv/117
https://zbmath.org/?q=an:1087.20032
https://mathscinet.ams.org/mathscinet-getitem?mr=2162164
https://doi.org/10.4064/fm203-2-2
https://zbmath.org/?q=an:1179.37066
https://mathscinet.ams.org/mathscinet-getitem?mr=2496235


Connectedness of a space of branched coverings with a periodic cycle 1143

[12] M. Rees, Views of parameter space: Topographer and Resident. Astérisque (2003), no. 288,
vi+418 Zbl 1054.37020 MR 2033172

[13] G. Segal, The topology of spaces of rational functions. Acta Math. 143 (1979), no. 1-2, 39–72
Zbl 0427.55006 MR 533892

[14] R. Thom, L’équivalence d’une fonction différentiable et d’un polynome. Topology 3 (1965),
no. suppl, suppl. 2, 297–307 Zbl 0133.30702 MR 187249

Received 17 May 2022.

Laurent Bartholdi
Fachrichtung Mathematik und Informatik, Universität des Saarlandes, 66123 Saarbrücken,
Germany; laurent.bartholdi@gmail.com

https://doi.org/10.24033/ast.598
https://zbmath.org/?q=an:1054.37020
https://mathscinet.ams.org/mathscinet-getitem?mr=2033172
https://doi.org/10.1007/BF02392088
https://zbmath.org/?q=an:0427.55006
https://mathscinet.ams.org/mathscinet-getitem?mr=533892
https://doi.org/10.1016/0040-9383(65)90079-0
https://zbmath.org/?q=an:0133.30702
https://mathscinet.ams.org/mathscinet-getitem?mr=187249
mailto:laurent.bartholdi@gmail.com

	1. Introduction
	1.1. Spaces of marked maps
	1.2. Teichmüller theory
	1.3. Sketch of proof

	2. Dynamical bisets and mapping class bisets
	3. Proof of Theorem A
	3.1. Specifics for degree-d bicritical maps with an n-cycle

	References

