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A minimization problem with free boundary
and its application to inverse scattering problems

Pu-Zhao Kow, Mikko Salo, and Henrik Shahgholian

Abstract. We study a minimization problem with free boundary, resulting in hybrid quadrature
domains for the Helmholtz equation, as well as some applications to inverse scattering problems.
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1. Introduction

Motivated by questions in inverse scattering theory, the article [23] introduced the notion
of quadrature domains for the Helmholtz operator A + k2 with k > 0, also called k-
quadrature domains. Given any u € &'(R™), a bounded open set D C R” is called a
k-quadrature domain with respect to u if u € & (D) and

/ w(x)dx = (u, w),
D
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forall w € L' (D) satisfying (A 4+ k?)w = 0in D. The case k = 0 corresponds to classical
quadrature domains for harmonic functions. As a consequence of a mean value theorem
for the Helmholtz equation (which goes back to H. Weber; see, e.g., [23, Proposition A.6]
or [6, p. 289]), balls are always k-quadrature domains with u being a multiple of the Dirac
delta function. The work [23] gave further examples of k-quadrature domains including
cardioid-type domains in the plane, implemented a partial balayage procedure to construct
such domains, and showed that such domains may be non-scattering domains for certain
incident waves. The results were based on the following PDE characterization (see [23,
Proposition 2.1]): a bounded open set D C R” is a k-quadrature domain for u € &€'(D) if
and only if there is u € D’(R") satisfying (an obstacle-like free boundary problem)
(A+k>u=yp—pu inR”, (D)
u=|Vul=0 inR" \ D. .
In this work we study k-quadrature domains in the presence of densities both on D
and dD. Let u € &'(R™). If we only have one density # > 0 on D, we may look for
bounded domains D for which u € & (D) and

/ wx)h(x)dx = (u, w)
D

for all w € L' (D) solving (A 4+ k?)w = 0in D. Such a set D could be called a weighted
k-quadrature domain. More generally, if we also have a density g > 0 on dD, we consider
the following Bernoulli-type free boundary problem generalizing (1.1):

(A+k>»u=h—pu inD,
u=0 on dD, (1.2)
[Vu| =g on 0D,

where the Bernoulli condition |Vu| = g is in a very weak sense; see Proposition B.4
or [18, Theorem 2.3]. Given any u € &'(R"), a bounded domain D for which u € &'(D)
and (1.2) has a solution u will be called a hybrid k-quadrature domain. The main theme of
this paper is to study such domains. We will establish the existence of hybrid k-quadrature
domains for suitable  via a minimization problem. We will also give examples of such
domains with real-analytic boundary, and show that hybrid k-quadrature domains may
be non-scattering domains in the presence of certain boundary sources. We will closely
follow [18], which studied the case k = 0. It turns out that many of our results can be
reduced to the situation in [18], but certain parts will require modifications. Even though
part of the treatment is very similar to [18], we will try to give enough details so that
readers who are not experts on this topic can also follow the presentation.

1.1. Minimization problem

Let 2 C R” be an open set in R” (with n > 2). Let C2°(£2) consist of C *°(R") functions
which are supported in €2, and denote by H, () the completion of C°(2) with respect
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to the H'(2)-norm. We define the set'
K(Q) := {u € Hy(Q) | u > 0},
and for each u € Ho1 (2), we define

{u>0} = {xo € Q | there exists non-negative ¢ € C;°(Q2)
with ¢(x¢) > 0 such that u > ¢ in Q}

Let A € R. For given functions f, g € L>®°(R") with g > 0, we define the functional

Frg.a0W) = /Q(IVM(X)I2 —Mu@)? =2 ()u(x) + &2 () xu=0p) dx,  (1.3)

which is well-defined for all u € HO1 (£2). The main purpose of this paper is to study the
following minimization problem:

minimize Jro 2,) subjecttou € K(R2). (1.4)

It is easy to see that
inf < 0) =0. 1.5
el FrearaW) = Jrena(0) (1.5)

We will show that there exists a minimizer of (1.4) when €2 is a bounded Lipschitz
domain and —oco < A < A*(R2) (Proposition 3.6). Here A*(2) is the fundamental tone
of 2, defined by

2
V81220

A*(Q) = Ooln 3 .
secE@.o#0 (912,

It is well known that A*(£2) is the infimum of the Dirichlet spectrum of —A on Q. In
addition, when € is C!, we will show that there exists a countable set Z C (—00, A*(R2))
such that the minimizer of (1.4) is unique for all A € (—o0, A*(2)) \ Z (Proposition 5.4).
The functional Jr ¢ 1 o is unbounded below in K(£2) when A > A*(2) (Lemma 3.1),
which shows the non-existence of a global minimizer of (1.4) for A > A*(Q2).

1.2. Quadrature domains via minimization

Given two non-negative functions /# and g in R” (n > 2), and a positive measure p with
compact support in R”, we wish to find a bounded domain D with Hausdorff (n — 1)-
dimensional boundary dD containing supp (1) such that the potential ¥y * u (see Defi-
nition 1.1) for any fundamental solution Wy of —(A + k2) agrees outside D with that of

'In particular, the inequality ¥ > 0 in the definition of K() can be interpreted in the almost every-
where pointwise sense; see, for example, [22, Definition I1.5.1].
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the measure
o :=hL"|D + gH" 4D, (1.6)

where £ | D and H"~1| 0D denote the Lebesgue measure restricted to D and the (n — 1)-
dimensional Hausdorff measure on 0D, respectively.
We now introduce a hybrid version of a quadrature domain in the following definition:

Definition 1.1. Let k > 0 and let D be a bounded open set in R” with the boundary dD
having finite (n — 1)-dimensional Hausdorff measure. Let o be the measure given by (1.6).
The set D C R” is called a hybrid k-quadrature domain, corresponding to distribution
u € &'(D) (with supp () C D) and density (g, h) € L*°(dD) x L*°(D), if

(\Ilk s (gH" ! LBD))(x) is well-defined pointwise for all x € 0D 1.7

and
Vexpu=¥Yxo0 inR"\ D, (1.8)

for all fundamental solutions Wy of the Helmholtz operator —(A + k?), that is, —(A +
k%)W = 8o in D' (R").

Remark 1.2. In general, condition (1.7) does not follow from standard elliptic regularity
results. Some extra assumptions (see, e.g., Theorem 1.5) are required to ensure (1.7) holds.

Remark 1.3. Let ¥; be any fundamental solution for —(A + k2?) in R”. Given any
bounded Lipschitz domain D, let y : Hkl)c (R™) — H2(3D) be the trace operator. The
adjoint y* of y is defined by

(v*v.¢) = (Y. yd)ap forall¢ € CZ(R"). (1.9)

In particular, y* maps H™: (dD) to H~'(R™). Using [26, Theorem 6.11], we can define
the single-layer potential by

SL: H™2(dD) — HL.(R"), SL(g):= ¥y * (y*g). (1.10)
In this case, (1.8) simply reads as
Wi s o= Wi * (hyp) + SL(g).

Remark 1.4. When D is a hybrid k-quadrature domain with g = 0, using an L' -density
theorem (see [23, Proposition 2.4]) and a similar argument as in [23, Theorem 1.2], we
know that

(e, w) =/Dw(x)h(x)dx

for all w € L'(D) such that (A + k?)w = 0 in D. In this case, if (1.8) is true for one
fundamental solution, then it is true for all fundamental solutions.
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We have the following theorem (see Theorem 7.6 for a more detailed statement):

Theorem 1.5. Let n > 2, and assume h and g are sufficiently regular. If |4 is a non-
negative measure on R" with mass concentrated near a point and R > 0, then for each
sufficiently small k > 0, there exists a bounded open domain D in R" with the bound-
ary 0D having finite (n — 1)-dimensional Hausdorff measure such that (1.7) holds, which
is a hybrid k-quadrature domain corresponding to distribution . and density (g, h) sat-
isfying D C Bgy-1. In particular, when g > 0 is Holder continuous in BR, there exists a
portion E C D with H"~1(dD \ E) = 0 such that E is locally C'*. In the case when
n = 2, we can even choose E = dD.

Remark 1.6. The hybrid k-quadrature domain constructed in Theorem 1.5 can be rep-
resented by D = {us > 0}, where u, is a minimizer of 1, x> p, in K(Bg) with f =
i — hyp when pu is bounded (for general u, we consider some suitable mollifiers). Since
the minimizer is unique for k£ outside a countable set, so is the constructed domain; see
Proposition 5.4. See also Proposition 7.5 for the case when p is bounded.

1.3. Real-analytic quadrature domains

We can construct examples of hybrid k-quadrature domains using the Cauchy—Kowalevski
theorem. Let D be a bounded domain in R” with real-analytic boundary. Let g be real-
analytic on a neighborhood of dD with g > 0 on dD. For each k > 0, there exists a bounded
positive measure 1 with supp (1) C D such that D is a hybrid k-quadrature domain
corresponding to @y with density (g, 0). Moreover, if 0 < k < ]n -2 R R™! (where jg 1
is the first positive zero of the Bessel function Jy), D C Bg, and 1f h is a non-negative
integrable function near D which is real-analytic near 3D, then D is a hybrid k-quadrature
domain corresponding to some measure i, with density (0, z2). The proofs follow easily
by solving suitable Cauchy problems near dD by the Cauchy—Kowalevski theorem, and
defining ©; and p, in terms of the obtained solutions. For the details, see Appendix D.

Organization

We first discuss the application to inverse problems in Section 2. Then, we prove the
existence of global minimizers of ¢ 1 o in K(£2) in Section 3. We study the relation
between local minimizers and partial differential equations in Section 4. Next, we study
the local minimizers in Section 5 and Section 6. With these ingredients at hand, we prove
Theorem 1.5 in Section 7. For the reader’s convenience, we add several appendices to
make the paper self-contained. In Appendix A we recall a few facts about functions of
bounded variation and sets with finite perimeter. Appendix B provides detailed statements
and proofs of results analogous to [18, Section 2]. We then exhibit the detailed proof
of Lemma 7.2 in Appendix C. Appendix D discusses examples of hybrid k-quadrature
domains with real-analytic boundary. Finally, we give some remarks on null k-quadrature
domains in Appendix E.
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2. Applications to inverse scattering problems

We say that a solution u of (A + k2)u = 01in R" \ Bg (for some R > 0) is outgoing if it
satisfies the following Sommerfeld radiation condition:

. n—1 . . . . . ~ X —
lim |x|"2 (3,u —ikou) =0 uniformly in all directions X = — e §" !,
|x]—>00 |X|

where 9, denotes the radial derivative. There exists a unique u® € L2($9~!), which is
called the far-field pattern of u, such that

ikolx| n+1
u(x) = Vn,ko| |n;1u°°()?) +0(x|772) as |x| = oo,

X 2

uniformly in all directions X € § d-1 , where we make the choice (as in [33, Section 1.2.3])
e_(n—i)rri 3
VYn,kop = —,,,ko
' 20n)"T
_ — eiT” : _ 1

Forn = 2, we have y, x, = N7 while when n = 3, we have y3 4, = .

Let D be a bounded domain in R”, which represents a penetrable obstacle with con-
trast p € L°°(D) satisfying |p| > ¢ > 0 almost everywhere near dD. When one probes the
obstacle (D, p) using an incident wave uq satisfying (A + kZ)uo = 0 in R”, it produces
an outgoing scattered field u. solving

(A +k§ + pxp)(uo + use) =0 inR".

We say that the obstacle (D, p) is non-scattering with respect to the incident field uy and
the wave number ky if the far-field pattern uZ> of the corresponding scattered field u*
vanishes identically. Using the Rellich uniqueness theorem [5, 19], we know that u® = 0
if and only if ug. = 0 in R” \B_R for some R > 0, therefore, this definition coincides
with [23, Definition 1.8]. The next theorem extends [23, Corollary 1.9]. We remind the
readers that there are some significant differences between 0-quadrature domains and k-
quadrature domains; see Appendix E for more details.

Theorem 2.1. Let D be a bounded hybrid k-quadrature domain, corresponding to distri-
bution |1 € &' (D) and density (0, h) with h € L*°(D) and |h| > ¢ > 0 near 0D. Assume
that there exist a wave number ko > 0 (which may differ from k) and

a solution ugy of (A + kg)uo = 0in R" such that ug > 0 on 0D. 2.1)

Then, there exists a contrast p € L°° (D) satisfying |p| > ¢ > 0 almost everywhere near 0D
such that (D, p) is non-scattering with respect to the incident field uy and the wave num-
ber ky.
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Remark 2.2. Using the result in [24] (see also [30]), we know that (2.1) holds at least
when

(A) D is Lipschitz so that R” \ D is connected and k3 is not a Dirichlet eigenvalue
of —Ain D; or

(B) D is a compact set contained in a bounded Lipschitz domain  such that R” \ Q
is connected and |Q2| < | B,|, where r = janz,lkal.

Proof of Theorem 2.1. Following the same ideas in [23, Theorem 1.2 and Remark 1.3],
one can show that there is a neighborhood U of dD in R" and a distribution u € D'(U)
satisfying
(A +kPu= (k2 —k>u+h)yp inU,
{u=|Vu|=O inU\ D.

By elliptic regularity, one has u € C1*(U). The function vo = u + ug satisfies

{(A + kg + poxp)vo = (povo + (kg —k*)u+h)yp inU,

volu\p = Uolu\D-
2_12

By choosing pg = —w near 3D, one can verify that vo € C*(U) and |po|

> ¢ > 0 near dD. Hence, the theorem follows by applying the next lemma (Lemma 2.3)

with g = 0. ]

To investigate the case when g is non-trivial, we need the following technical lemma,
which is a refinement of [30, Lemma 2.3]:

Lemma 2.3. Let kg > 0, let D be a bounded open set in R" with the boundary 0D having
finite (n — 1)-dimensional Hausdorff measure, and let g € L°°(0D). Given any ug as
in (2.1), any open neighborhood U of 0D in R", any pg € L>®(U) with |pg| = ¢ >0
near aD, and any vy € Clg’cl (U) such that

{ (A + k("; + poxp)vo = gH" 1D inU, 22)

volu\p = Uolu\D,

there exist p € L*(R") and v € Clgél (R™), with p = po and v = vo near dD, such that

{ (A + k2 + pyp)v = gH""'[dD inR", 23

v[rRm\p = Uo|r"\D-
Proof. By (2.1), (2.2), and continuity of v, one sees that vg is positive in some neighbor-

hood U’ C U of dD. Choose y € C°(U’) suchthat 0 <y <1 and ¢ = 1 near dD, and
define

Y= vo + (1 =) inD,
B U inR”\ D.
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Then, v € Clg’cl (R™) is positive near D and satisfies v = v near dD. We observe that the
function defined by
A+ k2
— M 1m D’
o= v 2.4
Yoo inR"\ D,

is L in D and satisfies p = pg near 0D, which implies that p € L°°(R"). From (2.4), it
is not difficult to see that

(A+kE +pxp)v=0=gH" 9D inD. (2.5a)
Since v = vg and p = pg near dD, from (2.2), we see that
(A + ki + pxp)v = gH" 1D near dD. (2.5b)
Since v = ug in R” \ D, we also have
(A+kz+pxp)v=(A+k}v=0=gH"'|dD inR"\D. (2.5¢)
By combining (2.5a), (2.5b), and (2.5¢), we conclude that (2.3) holds. [

We are now ready to prove the following theorem:

Theorem 2.4. Let D = {uy > 0} be the hybrid k-quadrature domain constructed in The-
orem 7.6 or Theorem 1.5 corresponding to density (g, h). Given any ug as in (2.1), there
exist p € L (R"™) with |p| > ¢ > 0 near dD and u, o € C2H(R™) such that

loc

{ (A +k§ + pxp)upg = g3*"'[dD  inR", 2.6)

Up,g = U0 inR" \ D.
Proof. There exists an open neighborhood U of dD in R” such that
(A + kD)us = (kG — kPus + B)L"| D + gH" ' [dD inU,
uxly\p = 0.
Since the function vg = u4 + ug satisfies
(A + k2 + poxp)ve = (povo + (k2 — k®)us + h)L" | D 4 gH" "' [aD,
(k2 —k)ua+h

by choosing pg = >
with |pg| > ¢ > 0in U’ and

near dD, one can verify that vy € C%1(U"), pp € L*®(U’)

{ (A + k2 + poxp)vo = gH" 1 [dD inU’,

volunp = uolunp-

for some open neighborhood U’ of dD in U. Finally, we conclude Theorem 2.4 using
Lemma 2.3. ]
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We will now discuss how Theorem 2.4 can be interpreted as a non-scattering result. It
is easy to see that the function w, g 1= u, ¢ — ug satisfies

(A +kDwpg = —pupgL"|D + gH" 10D inR",
Wpg =0 inR" \ D.

Since D is bounded, w, , € &'(R"). Let W, be any fundamental solution for —(A + &3)
in R". By the properties of convolution for distributions, we have
Wpg = 80 % Wpg = —(A +k§) Wiy * Wp,g = — Wk * (A +kWpe
= "Ijko * (pup,gXD) - lI'lk() * (gg{n—l LaD)’
that is,
Up,g = to + Wiy * (pUp,g xD) = Yy * (83"~ D). @7

When 0D above is Lipschitz (by Theorem 7.6, this is true, for example, when n = 2), the
outer unit normal vector v on 3D is H"~!-almost everywhere well-defined in the sense of
[13, Theorem 5.8.1]. Now let y* be the adjoint of the trace operator on dD as in (1.9). In
this case, we can write (2.7) as

Upe = uo + Wi, * (pUp,e xD) — SL(8),

where SL (g) is the single-layer potential as in (1.10). Since pu, g xp € L°°(R"), one sees
that ug + Wi, * (0Upg XD) € Cléc (R™). Consequently, by using the jump relations of the
layer potential in [26, Theorem 6.11], we have

O upg — 0 Upg = g inthe H_%(SD)-sense. (2.8a)

Here 9;; (resp. 8,)+ ) denotes the normal derivative from the interior (resp. exterior) of D.
Obviously, u, ¢ € Cl?);l (R™) satisfies

(A+k§ +ppg =0 inD, (2.8b)

”p,ghRn\ﬁ = ”0|Rn\5- (2.8¢)

By (2.82)—(2.8¢c), we can interpret g~ !|dD in (2.6) as a non-radiating surface
source with respect to the incident field uo and potential p € L°°(D). In other words,

the obstacle D is non-scattering with respect to both the contrast p in D and surface
source g on dD. We could formally also write equation (2.6) as

(A +k§ + (pxp + EH" " [0D)upg =0 inR”,
Upg = Ug inR"\ D,

where g = g/u, o on dD, which would correspond to a non-scattering domain with sin-
gular contrast. See also [25] for a discussion about surface sources on Lipschitz surfaces.
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We now discuss the case when the background medium is anisotropic and inhomoge-
neous. Let m > 3 be an integer; let p € Clgnc_l’l (R™); andlet A € (Clt)"c’1 (R™) :’y>fn” satisty
the uniform ellipticity condition, that is, there exists a constant ¢y > 0 such that

£-A(X)E > colE|® forall x, & € R™. (2.9)
Letug € H, (R") satisfy
(V-AV + kipup =0 inR", (2.10)
By using [15, Theorem 8.10] and Sobolev embedding, one sees that
up € H™2(R") C C2.(R").

loc

Definition 2.5. We say that the isotropic homogeneous penetrable obstacle D (which is a
bounded domain in R™) is non-scattering with respect to some external source i € &'(D)
and the incident field u¢ as in (2.10), if there exists a ', which is in Hl%c near R” \ D,
such that

(V- AV + k2pu® = —pinR",  u®|gm\p = Uolrm\p, (2.11)

where 4 := Axrn\p +1dyp and p := pyrm\p + 1 xp.

By writing u*° := u' — uo in R”, one observes that, in the case when D is a bounded
Lipschitz domain in R”, (2.11) is equivalent to the following transmission problem:

(2.12)

(A+k3u*=—-pn+h inD,
u¥lgmp =0, 9, u*|sp = —g,

where
g:=—v-(A—1d)Vug|pp € L®°@D), h=—(A+kiuoe L>®°(D). (2.13)

Here we used that 3, u%|yp = 9, (u'® —uo)|ap = AV u" - v|yp — dyuolap = AVTug -
v|sp — dyiolyp, since u' is sz)c near dD. Based on the above observation, we are now

able to prove the following theorem:

Theorem 2.6. Let m > % be an integer, let p € Clt)"c_l’l(R”), let A € (CI:)"C’I(R”))Z’YTH”
satisfy the uniform ellipticity condition in (2.9), and let ug be an incident field as in (2.10).
If D is a bounded Lipschitz domain in R" such that it is a hybrid k-quadrature domain
corresponding to distribution u € &' (D) and density (g, h) as in (2.13), then there exists

a total field u™ satisfying (2.11).
Proof. Let W, be any fundamental solution for —(A + k3) in R”, and define
u* 1= Wy, % u— Wi, * (hyp) —SL(g) inR™.

Since D is a hybrid k-quadrature domain, by Remark 1.3, we know that u*|g=\p = 0.
Since u*¢ € &'(R™) and Wy, * 0 — Wy, * (hyp) is C! near D, similarly to (2.8a), one
sees that u*¢ satisfies (2.12). By using the equivalence of (2.11) and (2.12), we conclude
the theorem. ]
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3. Existence of minimizers

We first show the boundedness of the functional {r, 5 o givenin (1.3).

Lemma 3.1. Let f, g € L®°(R") with g > 0, and let |2] < 0o. If —00 < A < A*(RQ),
then 3.4 2. is coercive in Hy (). If A > A*(Q), then 3.4 5. is unbounded from below
in K(R2).

Remark 3.2. Here we allow supp ( f4) to be unbounded.

Proof of Lemma 3.1. If A < A*(R2), then there exists a y > 0 such that
/Q(|Vu|2 —Aul?)dx > y||u||%11(m forallu € Hy ().
Observe that
2 [ o < 2lula@l@l 1S Nim = elllgy + ¢~ 1201 ey

for all £ > 0. Consequently, we have

rena) = /Q (Vul® = Alu?) dx —2 /Q fudx + fg Pt um0y dx
> 21 gy — el — & 12U ey,

Choosing ¢ = £, we reach

220/ 2

Y
Freara) > §||u||§,1(m — forallu € Hy (). (3.1)

This proves the claim for A < A*(2).
We now consider the case when A > A*(€2). There exists u € C°(2) so that

||Vu||22(9) < /\||u||22(9). Moreover, |u| € H} () and

IV1220) = IVUI 220y < MlulZaq):
Therefore, we know that 7|u| € K(€2) for all # > 0. Hence, we know that

Hrathi) = 21Vl gy ~ AlulF@y) =21 [ fluldx+ [ o da

<0 >A0 <o

< 2(IV[ulllF>(q) — MullZs(q)) — 2t /Q fluldx + |supp )17 (g

which implies
limsup §rg.a.0u|) = —oc;
t—>00

thus, the second claim of the lemma is proved. [
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Remark 3.3. If u € K(2), by observing that

>0

Irg.r.0W) =/Q(|Vu|2_klu|2)dx—2/52f+udx+2/9f_udx

+ /Q |g|2X{u>0} dx
> Yl — elullZaig — e QU+ 12 q)-
we can obtain

210 £ ey
14

Irenal) > guunfql(m - forallu e K(Q).  (3.2)

Note that (3.2) is a refinement of (3.1) for functions in K(£2).

Using Lemma 3.1 and following the proof of [12, Section 8.2, Theorem 1], we have
the following lemma:

Lemma 3.4. Let f,g € L°(R") with g > 0. Assume that Q is bounded with Lips-
chitz boundary and —oo < A < A*(R2). Then, 5.4 1.0 is weakly lower semi-continuous
on Hy (Q), that is,

Frero) <liminfds, ) o(u;)
j—o0

whenever {u; };’il Ul{u} C HO1 (R2) satisfies

uj —u weakly in L*(Q2),
Vu; — Vu  weakly in L*(2).

Remark 3.5. Here we remind the readers that the proof of Lemma 3.4 involves the com-
pact embedding H'(Q2) < L?(Q), which follows from the Rellich—-Kondrachov theorem
as long as there is a bounded extension operator from H'(2) to H!(R"), which is true,
for example, for Lipschitz domains.

Using Lemma 3.4 and following the proof of [12, Section 8.2], we have the following
proposition:

Proposition 3.6. Let f, g € L°(R") with g > 0. Assume further that Q2 is a bounded
open set with Lipschitz boundary and —oo < A < A*(2). Then, there exists a global
minimizer ux € K(2) of the functional §z¢ 3 .q in K(Q), that is,

Usx) = min u).
Frg.0,0 ) L min, Frg.a.0)
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Remark 3.7. Let uy € K(£2) be any global minimizer of Jr, 1 o in K(£2). Using (3.2),
we see that

2|Q| ||f+ ”ioo(gz)

4
0={Yre1,20) > drq10(o) > 5”“0”?;1(9) - ”

which shows that ||ug||g1(q) < C for some constant C independent of u¢. In particular,
the set of minimizers of d sz 2 o in K(2) is compact in L?(2).

Remark 3.8. From (3.2), we know that if f < 0 in €2, then the minimum is zero and
attained only by u = 0.

Remark 3.9. If the set { / > 0} N {g = 0} has non-empty interior in €2, then g1, 1 o(t¢)
is negative for any non-trivial ¢ € C°({f > 0} N {g = 0} N Q) with ¢ > 0 sufficiently
small. Consequently, we have

inf <0,
ot Irera)

and then all minimizers are non-trivial.

4. The Euler-Lagrange equation

In order to generalize some of our results, we introduce the following definition:

Definition 4.1. Let €2 be an open set in R” and let A € R. A function u, € K(2) is called
a local minimizer of $r¢ 1 o in K(€2) if there exists & > 0 such that

gf,g,A,Q (us) < &’f,g,x,sz(u)
for all u € K(2) with

/Q (V=) + n0) — Xooy]) dx < . @.1)

Clearly, each (global) minimizer is also a local minimizer. We first prove the next
proposition, which is an extension of [18, Lemma 2.2]. In Proposition B.4, we give an
extension of [18, Theorem 2.3].

Proposition 4.2. Let f, g € L°°(R") be such that g > 0. Let 2 be an open set in R" and
let & € R. If ux € K(Q) is a local minimizer of $.¢ 1. in K(Q), then’

Auye > —(f + Auy)+  inQ, (4.2a)
Auy, = —(f + Aux)  in{ux > 0}, (4.2b)
Auy < —(f +Aux)  inQ )\ supp(g). (4.2¢)

2When A > 0, (4.2a) implies that (A + A)u, > — f4 in Q.
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Proof. Let 0 < ¢ € C°(R2). For each ¢ > 0, we define v, := (us — £¢)4. Since uy €
K(£2), we know that

v € K(Q) and 0<v, <u, inQQ.
Since u4 € K(R2) is a local minimizer,
Frer.aWs) < drenr.a(ve) forall sufficiently small € > 0. 4.3)

We observe that
Frgr.2We) — Frenus) = /Q(IVvel2 — Alvel?) dx — /Q(IVM*I2 — Mus|?) dx
- 2/9 f(vs - u*) dx + /Q gz(X{v9>0} - X{u*>0}) dx

=/ |V(u*—8¢)|2dx—/ [Vuy|? dx
{ve>0} Q

—x(/ |u*—8¢|2dx—/ |u*|2dx)
{ve>0} Q

+28/ f¢dx+2/ fu*dx—/ lg|? dx
{ve>0} {v,=0} {ve=0}N{us>0}

<0

:—28/ Vu*~V¢>dx+82/ |V¢|2dx—/ [Vus)? dx
{ve>0} {ve>0} {ve=0}

< Zaf{v£>0}(f+)tu*)+¢ dx < 2(/’(v£:0}(f+)ku*)+u* dx

+2£/ (f+ku*)¢dx+2/ (f + Ausx)usdx
{ve>0} {

ve=0}
<0

_m/ 2 dx —/ 18P dx
{ve>0} {ve=0}N{u+>0}

< —28/ Vu*'V¢dx+e2/ |V|? dx
{ve>0} {ve>0}

<26 [(pomoy (f +AUL) + ¢ dx

+2£/ (f + Aus)+opdx +2[ (f + Aus)yusdx
{v.>0} {

v, =0}

5—28/ Vu*-Vqﬁdx—i-Zsf(f+)&u*)+¢dx+£2/ V| dx.
{ve>0} Q {

ve>0}

This implies that

. 1
lim sup — (96 1.02(Ve) — g .2(1ts)) < — / Vi - Vo dx + / (f + Aus) s dox.
N0 26 Q Q
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Combining this inequality with (4.3), we conclude with (4.22a).
If supp (¢) C {ux > 0}, we define v = u, + e¢ € K() for small & > 0. Note that
{vE > 0} = {ux > 0} for small & > 0. Therefore, for small ¢ > 0, we have

gf,g,/l,Q(U;t) - gf,g,/l,Q (U+)
— / (Vo2 = AvZE|?) dx —/ (Vs> = AMus|?) dx
{ux>0}

{ux>0}

—2/ fE —uy)dx
{ux>0}

=:i:23(/ Vu*-ng’)dx—)k/ u*¢dx)3F2£/ fodx
{u+>0} {u+>0} {u+>0}

+82([ |V¢|2dx—)L[ |¢|2dx).
{u«>0} {u«>0}

Using (4.3) and dividing both sides of the inequality above by ¢ and letting ¢ — 0, we
conclude with (4.2b).
If supp (¢) N supp (g) = @, taking U, = ux + ¢, we have

Frer0@e) — Frer.os)
=/(|vvs|2—x|i78|2>dx—/(|Vu*|2—x|u*|2)dx—zf £ —uv) dx
Q Q Q

=2£<[ Vu*-V¢dx—)k[ u*¢dx)—2£/ fodx
Q\supp (&) Q\supp (g) Q\supp (g)

+82</Q|V¢>|2dx—/k/9|¢|2dx>.

Using (4.3) and dividing both sides of the inequality above by ¢ and letting ¢ — 0, we
conclude with (4.2¢). [

Remark 4.3. We now give some observations when {u, > 0} has Lipschitz boundary.
Using integration by parts on the Lipschitz domain {u, > 0} and from (4.2b), we have

FreaneWs) = /Q(gz)({u*>0} — fus)dx. “4.4)

If u, is a local minimizer of J 1, 1 @ in K(2) with §7¢ 5.0 (1«) <0, using (4.4) we know

that
/ fu*de/fu*dx>/g2)({u*>o}dx20,
{ux>0}N{f>0} Q Q

which immediately implies |[{u. > 0} N {f > 0}| > 0. If we additionally assume that
g =0and A > 0, from (4.2c), we know that (A + A)us + f < 0 in Q. From this, we
know that

Auey <—f —Aue <0 in{f >0}NQ,

because u, > 0in 2. Using the strong minimum principle for super-solutions (as formu-
lated in [15, Theorem 8.19]), we know that u, > O0in {f > 0} N Q.
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5. Comparison of minimizers

The main purpose of this section is to prove the L°-regularity of the minimizers. We first
prove the following comparison principle, which is analogous to [18, Lemma 1.1]:

Proposition 5.1. For fp,, gm € L°(R") with g, > 0 for each m = 1,2, suppose

fi</fe, g1>g>0 inR" G.D

Assume further that —o0 < Ay < Ay < +00 and that Q,,; C R" are open sets satisfying
Q C Qy. For each uy, € K(2y,), we define v := min{uy, us} and w := max{uq, us}.
Then, v € K(21), w € K(23) satisfy

gfl,gl,ll,ﬂl(v) + gfz,gz,lz,ﬂz (w) = gfl,gl,ll,ﬂl(ul) + gfz,gz,lz,ﬂz (u2).

We also have the following statements:

(1) Ifuy is a (global) minimizer of §7, ¢,.4,,2, in K(21), then

gfz,gz,lz,gz (w) S gfz,gz,lz,szz (”2)

(2) Ifuy is a (global) minimizer of §r, g,.4,.Q, in K(22), then

gfl,gl,)tl,ﬂl(v) =< gfhgl,A],Q](ul)'

(3) Ifeach up, is a (global) minimizer of ., ¢ Am.2m 1 K(2m), then v is a (global)
minimizer of § 7, ¢,.2,,2, inK(Q1), while w is a (global) minimizer of 41, ¢, .1,.Q,
in K(27).

Remark 5.2. When Q2 = Q;, = 2, we only need to assume (5.1) in €.

Proof of Proposition 5.1. We first show that, if ®(¢) is a non-decreasing function of
t € [0,00) and hy < hy in R”, then

/ (h1®(uy) + hay®(uy)) dx < / (M @) + hy ®(w)) dx. (5.2)
]Rn Rn
Indeed, by definition, we have
/ hi(®(u1) — P(v)) dx = / hy(®(u1) — P(uz)) dx
R” {u1=usz}
< / o (Dy) — B(u2) dx
{ur=us}
= /l;n ho(®(w) — D(uy)) dx,

where we used that ®(u;) — ®(uz) > 0in {u; > u,}. Hence, we conclude (5.2).
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From (5.2), we find that
/]R" (fiur + fouz)dx < /Rn(flv + fow)dx (choosing hj = f; and O(t) = 1),
/]R" (kiu? + k3u3)dx < /]R" (k3v? + k3w?)dx  (choosing h; = k]2 and ®(t) = 1?).
On the other hand, choosing /; = —gf and

0 =<0,

(D(t)z{l t >0,

we obtain

A (& L0y + S Xunsoy) dx > A (X twm01 + &3 Xwo0y) dx.

By observing that

[ v+ VuaPyax = [ (VoP +Vul)dx.
R7 R~

we conclude the proof by putting these inequalities together. ]

We now prove the following lemma using Propositions 3.6 and 5.1:

Lemma 5.3. Let f, g € L% (R") be such that g > 0. Let Q be a bounded domain with C!
boundary. Assume that ug is a non-trivial (global) minimizer of $7.¢.2,,0 in K(Q2) with
—00 < Ag < A*(R). Then, for each A with Ag < A < A*(Q), there exists a non-trivial
(global) minimizer of §5.¢.1 @ in K(Q). In addition, any (global) minimizer ux of $7.¢.1.Q
in K(R2) satisfies

Us > Uy in 2, (5.3a)

Ux > Uy in{ug > 0}. (5.3b)

Proof. We first show existence of non-trivial minimizer. Using Proposition 3.6, there
exists a (global) minimizer us of r 5 o in K(£2). Note that

: 2
uelI[I§1(fQ) FrearaW) = Fregara@o) = Freno.0o) — (A — o) [uoll72(q)-

Since u¢ is non-trivial, ||u0||i2(9) > 0. Therefore, using (1.5), we have

inf u) <0,
wek(Q) gf,g,)L,Q( )

which shows that 0 is not a minimizer of §r, 3 o (1) in K(R2). Consequently, u, 0.
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To prove (5.3a), we let u, be any (global) minimizer of s 3 o(u) in K(€2). Using
Proposition 5.1, we know that w:=max{ug, 1} is also a (global) minimizer of § r., 1 o (1)
in K(€2). Using (4.2b) in Proposition 4.2, we know that

Aug = —f —Aouo in {u() > 0},
Aw=—f—Aw in {w > 0}.

Note that ug = w in {ug > us} and {ug > us} C {w > 0} N {up > 0}; then, restricting
the above two identities in {ug > 14} yields

Aw+ Aw = Aw + Aow = —f  in{ug > Ux}.
Since A9 < A,
w=ug=0 in{ug > Ux};

hence, we know that |[{u¢ > u.}| = 0, which allows us to conclude with (5.3a).
Finally, to prove (5.3b), we define v = u4x —uy > 0 in Bg and note that

Av=—(A—Ag)v <0 in{uy > 0},
v>0 on d{ugy > 0}.

Using the strong minimum principle for super-solutions (as formulated in [15, Theo-
rem 8.19]), we know that u > ug in {ug > 0}, because u = uq, which allows us to conclude
with (5.3b). |

We now prove the minimizer is unique for all except countably many A.

Proposition 5.4. We assume that Q is bounded with C! boundary and —oco < A < A*(R).
Let f, g € L°°(2) with g > 0. Then, there exist smallest and largest (in the pointwise
sense) minimizers of §r.¢.1.q in K(2). We define the functions

m(@) = min{lul@) | drer0) = inf dre00)
forall —oo < A < A*(Q),
M) = max{|lull2@) | Frer.0W) = inf drei o)}
veK(R)
forall —oo < A < A* ().
Then, the functions
m: (=00, A" (Q)) >R, M:(—00,A*(Q)) =R
are strictly increasing. Moreover, we have

ML —¢e) <m(A) forall —oo <A < A*(Q)and s > 0. (5.4)

Consequently, there exists a countable set Z C (—oo, A*(2)) such that the minimizer
of $r.g.2,0 in K(Q) is unigue for all A € (—o0, A*(Q)) \ Z.
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Proof. From Remark 3.7, we know that the set of minimizers is compact in L?().
Since L?(Q) is separable, there exists a countable dense set in the set of minimizers.
Taking the pointwise supremum, as well as the pointwise infimum, in this countable set
produces two new minimizers. This proves the first part of the proposition, and hence, the
functions m and M are well-defined.

The strict monotonicity of m and M follows from Lemma 5.3. Choosing A¢g = A — ¢
in Lemma 5.3, we also know that any minimizer of Js¢ 1 o is larger than all minimiz-
ers of drq 1—eq (in particular, the largest one), and we conclude with (5.4). The final
claim follows from (5.4) and the fact that monotone functions are continuous except for a
countable set of jump discontinuities. ]

Lemma 5.5. We assume that Q is bounded with C' boundary. Let f,g € L () with
g > 0, and define

d(A) = veillg(fsz) Grera) forall X € (—o0,A*(R)).
Then, @ : (—oo, A*(2)) — (—00, 0] is concave and, hence, continuous. In addition, if
D(Ao) < O, then it is strictly decreasing near A = Ay.

Proof. Fix —o0 < A9 < A*(R2) and let uy € K(£2) be such that

316,20, 10) vt Fr.g.20.2 (V) (Ao)

For each A € (—o0, A*(R2)), we have

P(A) = veiﬂg(fsz) I16.0.20) < rg.2.200) = rg.r0.0(0) = (A = A0)lluoll72q)

D(Xo) — (2 = Ao) Uo7y

which proves the claimed concavity. In addition, if ®(1¢) < 0, then uy £ 0 (since
$7.2.20,2(0) = 0), which implies that the function is strictly decreasing near A = Ao. =

We now prove the L*°-regularity of the minimizers.

Proposition 5.6. We assume that Q is bounded with C' boundary and —oo < A < 1*(R2).
Let f,g € L>(2) with g > 0. Let v € H} (2) be the unique solution of (A + A)v = —1
in Q. Ifux € K(Q) is a global minimizer g4 3 o in K(Q), then

0 < us(x) < || fillLo@v(x) forallx € Q.

Remark 5.7. Using [15, Theorem 8.15], we also know that v € L°°(€2). Therefore, we
know that [1ta]lzo+(@) < C(L Q)11 /+ 1=
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Proof of Proposition 5.6. In view of Remark 3.8, we only need to consider the case when
| f+ 1l () > 0. We define vg := || f4 || Loo(@) v, which is a minimizer of &) 1 || c0(q).0.1.2
in K(€2). Using Proposition 5.1, we know that max{u., vo} is also a minimizer of
LI re oo (@,0,4,€ 10 K(€2). By (4.2a) and (4.2¢) in Proposition 4.2, it follows that both vy
and max{u, vo} satisfy

{ (A+Mu =~ frlre@ in<, (5.5)

u=20 on 0€2.

Since —oo < A < A*(R2), the solution of (5.5) is unique. The uniqueness of solution
of (5.5) implies
vo = max{ux,vo} in L,

which concludes the pointwise bound. ]

6. Some properties of local minimizers
We shall study the regularity of local minimizers and obtain some consequences for the
case when A > 0.

Lemma 6.1. Let Q2 be an open set in R”, and let A > 0. Let f, g € L>®(2) be such that
g = 0. If uy is a local minimizer of $r¢ 1.0 in K(Q), then it is also a local minimizer
of §f+au..g,0.2 in K(Q).

Proof. Write f = f + Auy. Foreach v € Hj (2), we have
37.c0a0) = [(VOP =270 + £700) dx = F100.00) + 4 [ 07 = 2u.0)dx

= gf,g,)t,sz(v)‘i‘)t/ (U—M*)zdx—)L/ uZ dx.
Q Q

Since A > 0, we see that

370000 = Brunale) =4 [ 2dr=g7 o g0, 6.1)

and the equality holds in (6.1) if and only if v = u.. Hence, we conclude the proof. ]

With this lemma at hand, one can prove that the minimizer u is Lipschitz continuous,
as well as some results analogous to those in [18, Sections 2 and 5], by using the corre-
sponding results in [18] where one just replaces f € L°°(Q2) with f + Au, € L°(Q)
(see Proposition 5.6). This works, since the proofs in [18] only rely on variations of
locally. The detailed statements and proofs can be found in Appendix B. Here we high-
light some results which we will use later. The following proposition concerns the PDE
characterization of the minimizer u:
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Proposition 6.2. Let Q be a bounded open set in R"™ with C' boundary and 0 < A
< A*(Q). Let f,g € L®(Q) be such that g > 0 and g> € WV1(Q). Suppose that u, is a
local minimizer of dr.¢ 5.0 in K(2). If d{g > 0} N Q # @, we further assume that there
exists 0 < a < 1 such that g is C* near d{g > 0} N Q and K" 1T*(3{g > 0} N Q) = 0.
We assume that {usx > 0} C Q. Then, {ux > 0} has locally finite perimeter in {g > 0},

FHH (@ > O} \ Breafrex > 0)) N {g > 0}) =0, (6.2)
and
(A 4+ Nus + L [{us >0} = gH" 1 0{us > 0} = gH" ! Oreafus > 0} (6.3)

The following proposition concerns the regularity of the reduced free boundary
8red{u* > 0} :

Proposition 6.3. Let Q be a bounded open set in R" with C' boundary and 0 < A
< A*(R). Let f, g, and u be functions given in Proposition 6.2. If there exists a ball
B, (x9) C Q such that g is Holder continuous and satisfies g > constant > 0 in B, (xp),
then dreq{us > 0} is locally CY% in such a ball B,(xy), and in the case when n = 2, we
even have 0reg{uts > 0} = d{us > 0}.

Remark 6.4. If g > 0 is Holder continuous in €2, together with (6.2), we then know that
Orea{Ux > 0} is locally C 1% with H" 1 (d{us > O} \ Oreq{tes > 0}) = 0.

7. Relation with hybrid quadrature domains

We now obtain the following simple lemma:

Lemma 7.1. Suppose the assumptions in Proposition 6.2 hold. We write A = k2. If we fur-
ther assume that {ux >0} C Q and [ = pu — hyu,>0y € L®(RQ) for some | €
E'({us > 0Y) and h € L®({us > 0})), then (Vg * (gH" 1| 0{us > 01))(x) is pointwise
well-defined for all x € d{ux > 0}. Moreover, we also know that {us > 0} is a hybrid
k-quadrature domain (Definition 1.1), corresponding to distribution . and density (g, h).

Proof. Let Wy € L} (R") N C*®(R™ \ {0}) be any fundamental solution of the Helmholtz

operator —(A + k?) and let D = {u, > 0}. By the properties of convolution for distribu-
tions and by (6.3), we have

Uy = 80 % Us = —(A + E2)Wp 5 uy
= —Wp % (A + kP uy = W % (fL"|D — gH" 1 [dD). (7.1)

1001 (2) (see Appendix B) and the assumption {u, > 0} C €,
from (7.1) we conclude the first result. The second result immediately follows from the
observation uyx = 0in R” \ {u, > 0}. |

By using the fact u, € c
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Finally, we want to show that there exists some p so that
supp (1) C {ux >0} and {u. >0} C Q.

We first study a particular radially symmetric case (the case when A = 0 was considered
in [18, Lemma 1.2]).

Lemma 7.2. Let Q = Bgr with R > 0and 0 < A < A*(Br) = j2, 1sz. Suppose that
=
f =axs, —b with a>b>0 and 0<r <R,

and let g be a radially non-decreasing function g with g = 0 in B,,. Then, there exists
us« € K(BR) such that

Frer,Br(Ux) = veﬂi&gm re.a,Br(v) <O.

Moreover, the following hold:

(1) Any global minimizer ux of § 1. 1 Bg in K(BR) is continuous, radially symmetric,
and radially non-increasing, and satisfies

By, C {us > 0}.
2) Ifwe set

rlg Ju (V/Ary) -
P Iy (ip)

then uy has support in the ball Bg:. In particular, R" < R, whenever

b
R =max{pe r,R]| 2 — 0} > 11, (12)
a

b ridy(VAn)

> — 0.

a  R2Jy(VAR)

Proof. The existence of minimizers was established in Proposition 3.6. Since
By, C{f >0;N{g=0}NBg,

from Remark 3.9, we know that all minimizers are non-trivial.
Step 1: Rearrangement. Given any u € K(Bg), let u™ denote its radially symmetric
decreasing rearrangement, that is,

o0
u™d(x) :=/ Husryma (X) dt,
0

where A™ = {x € R" | w,|x|" < |A|} for any measurable set A C R”. Then, u™ € K(BR)

and
/ |ud|2 dx =/ lu|? dx, (7.3a)
Br Bg
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/ |Vurd)? dx 5/ |Vu|? dx, (7.3b)
Bgr BpRr
/ fu™dx > fudx, (7.3¢)
Br Br
[ tePrumordx < [ 1ePzuodx (7.3d)
Bpr Bgr

Here (7.3b) is the classical Pélya—Szegd inequality [3, Theorem 1.1], and (7.3c) and (7.3d)
follow by the fact that f is non-increasing and g is non-decreasing as functions of r = |x|.
It follows that

FreaBr ™) < Jrerpet). (7.4)

We define
K™ (Bg) = {u € K(Bg) | u = u™}.

Using (7.4), there exists u™ € K™(Bg) such that

FfgaBr P = veﬂi&gm $rg.a.8r (V). (7.5)

Step 2: Minimizers in K™ (Bpg). Let i € K™4(Bg) be any function such that

D = inf .
$r.a.4,Bx (1) venlngR)gf,g,A,BR(U)

From (4.2b) in Proposition 4.2, we know that i satisfies the equation
(A+Mu+ f =0 in{u > 0}
In polar coordinates, the above equation reads as

n—1

TO) <00, T(r)+ T (r) + AT() + agirery —b =0 forr € (0.p). (7.62)

r

with #'(r) < O forall r € (0, p) and #(r) = O for all r > p, where p € (0, R]. In addition,
one has (see Proposition B.4)

i'(p) = —g(p) <0, (7.6b)

and # is the unique solution of ODE system (7.6a)—(7.6b).
We now compute an explicit formula for . Let u be the unique solution of

n—1

u’(r) + u'(ry + Au(r) + aygy<ny—b =0 forr € (p, 00),

p
u(p) =i(p), u'(p) =u'(p).

By defining u/(o ) = #, one sees that u € C,}.(R) and

—1
u/l(r) + n

u'(r) + Au(r) + axy<my —b =0 forr € (0,00). 7.7
-
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By direct computations (see Appendix C for details), one sees that the general solution

of (7.7) is

—da 2-n
u(r) = —— +er 2 Juz (Var)

n [a . amr?
X{r>r1} 1 2\/X
with ¢; € R. Since u = # is positive and decreasing near 0, we have ¢; > 0. By direct
computations (see Appendix C for details), one sees that there exists a zero pg € (0, R]

of u such that

P2 (Vg (VAr) Jazz (VAr) = Ty (VAr) Yaza 2(\/_}’))] (1.8)

u is positive and non-increasing on (0, pg); (7.9)

therefore, po = p, where p is the constant given in (7.6a). We now impose the boundary
condition u’(p) = —g(p). Using assumptions on g, direct computations (see Appendix C
for details) yield

p € (r1, R, where R is givenin (7.2). (7.10)

From this, we conclude that B,, C {#f > 0} as well as supp (#f) = B, C Bg'.

Step 3: All minimizers belong to K™ (Bg). Let uy € K(Bg) be a minimizer
of $r.¢.1,Bx in K(Br). Using (7.4), we see that its radially symmetric decreasing rear-
rangement umd K“‘d(B Rr) satisfies (7.5), that is, uf:‘d is one of our radial solutions, and

we have
/ |Vu2d|2 dx =/ [Vu,|? dx.
Bpr Bgr

Since the radial solutions are radially strictly decreasing on the positivity set, we deduce
that u™ is strictly decreasing on (0, p) with

rad) 7

supp (u By.

Therefore, from [3, Theorem 1.1], we know that

ux(x) = u™(x —xo) for some xo.

Now, by way of contradiction, suppose that xo # 0. Since u™¢ satisfies (7.5), Proposi-

tion 5.1 tells us that w = max{u., u™} does also, but w is not radially decreasing around
some xg, which contradicts the minimality of . [

Remark 7.3. If r; = R, from the general solution and the boundary condition % (p) = 0,
we know that

- b—a VTJ%(\/XV)
u(r) = 2 <1_p2_2"J;124(ﬁp)

)X{,<p} for some p € [0, R].
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Since {# > 0} is a Lipschitz domain, using Remark 4.3, we compute that

Fr.e.3.50(00) = / Pdv—(a—b) [ ddx
B, B,

=/ g% dx +(“_A—b)2(|3 |—p22+|31|/ Jua (kr)rt dr)
(a=b? I Py (kp)
- [ g (- )
b) Ju (kp)
[ lB”l( kpJnz szp))

b r'@3)
/g ax+ @1 (1 - zmi%))

_ 2 (a —b)2 r'3)
_/B,,g dX+T|Bp|(n—1)m~

Since a > b, from (1.5), we conclude that p = 0, that is, 7 = 0 in Bg. Since all minimizers
belong to K™I(Bg), in this case each minimizer of gz, 5 B, in K(Bg) must be trivial.

Combining Lemma 7.2 with the comparison principle (Proposition 5.1), we have the
following proposition:

Proposition 7.4. Let @ = Br with R > 0and 0 < A < A*(Bg) = jf%z’lR_z. Suppose
that f = p — h with
aoXB,, = wx) < ayB,, b <h(x) <by forallx € Bg (7.11)

for some constants ry,12,a, ag, b, by satisfying

O<b<b0<a0<a, O<r1 <r; <R,

r1 Ju (V) bo _ ll r2 T (VArp) (7.12)

ridy (Jir) @ a  REI(VAR)
We also assume that g € L*°(R™) with

g =0 insupp(p)=

There exists ux such that

gf,g,l,BR(u*) = ]Ig}fl; )gf,g A BR(M*)

Moreover, each minimizer ux of $r.¢ 1 Bz in K(BR) satisfies
supp (1) C B, C {ux >0} and supp(us) C Br

for some Ry > 0.
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Proof. Since 0 <A < j2,

R2,rr>r2 J (~/Ar) is monotonically increasing on (0, R).
2,

1
Then, we have

bo b 72 J"(«/_rz) rfJ%(«/Xrl)

ap  a Ran (VAR) ~ R%Jg(ﬁR)'

By (7.11) and (7.12), we know that u — h = f < fz ays,, —b. Let u and u be the
respective minimizers of ¢, 3 g, and glfo A.Bg in K(Bg). Using Proposition 5.1, we
know that max{u, #} minimizes g; .1, Bp- BY Lemma 7.2, we know that

supp (1) C supp (max{u,#}) C Bg' C Bg,
with

r1J (\/—72) 0}
> 1.
P3Is(VAp)

On the other hand, by (7.11) and (7.12), we know that u — h = f > ﬁ) = doxB,, — by.

Let uo and iy be minimizers of Js¢ 1 p, and & 7 .FoA.BR in K(BR), respectively, where

b
R = max{p €(O,R]| -~
a

o = ligllLo®m xrm 5, -

Using Proposition 5.1, we know that max{ug, o} minimizes s ¢ 1 B, in K(Bgr). By
choosing u to be the largest (pointwise) minimizer of §r, 1 g, in K(Br), we have

ug > max{uo, o} in Bg,
which implies ug > #g in Bg. By Lemma 7.2, we know that %1y > 0 in BR6 with

IJ (\/_rl) 0}>r1.

bo
Ry, =max{p e (0,R] | —
° { a0 p3Iy(Vip) ~

Since we have

bo r1 Jn(«/_rl)

40 r; Jn «/_rz)

we have Rj, > r, which implies that
supp (1) = By, C Bg, C {ux > O},
This completes the proof of the proposition. ]

Combining Proposition 6.2, Proposition 6.3, Lemma 7.1, and Proposition 7.4 with
A =k?and f = u — hyp, we arrive at the following theorem (with D = {u, > 0}):
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Proposition 7.5. Let0 < k < Juz2 ’lRfl,
aoXB, = K(x) <ays,, b=h(x)=<bo forallx € Bg

for some constants ry,ry,a,a9,b, by with0 <b <by <ag <aand0<r; <r, <R
satisfying®
n n
re J%(krl) N b_o b Ty Jg(krz)

3 >2, 20502 (7.13)
riJy(kry) 9o @ R2Jy(kR)

such that g € L®(BR) with g > 0 and g*> € WV (BR). If 3{g > 0} N Br # @, we fur-
ther assume that there exists 0 < o < 1 such that g is C% near 3{g > 0} N Br and
FH"=1+%(9{g > 0} N Br) = 0. Then, there exists a bounded open domain D in R" with
the boundary 0D having finite (n — 1)-dimensional Hausdorff measure such that

(W = (gH" ! 1dD))(x) is pointwise well-defined for all x € 9D

for all fundamental solutions Wy of the Helmholtz operator —(A + k?). The set D is a
hybrid k-quadrature domain D, corresponding to distribution | and density (g, h), with
D C Bg. Moreover; there exists ux € Co’l(Bﬁk—l) such that D = {uy > 0} and

loc

(A + kP uy = —ju + hL™ | D + gH" 1| oD.

If in addition we assume that g > 0 is Holder continuous in ‘BRr, then 3,4 D is locally C Lo/
with H" 1D \ 0reqD) = 0. In the case when n = 2, we even have 0D = 0.4 D.

Finally, we want to generalize Proposition 7.5 for unbounded non-negative mea-
sures (. Assume that w satisfies

uw =0 outside B, (7.14)
for some parameter ¢ > 0. We define
2o = (M 50)  xBy with VD = (27)2k72(26)2 J5 (2ke).
It is easy to see that
L * o is supported in B3, and i * ¢pe(x) = (C%ZES)_II‘L(BZS(X)) for all x € Bj;.
Thus, we see that

< (MVT Y=L (R™) forall x € Ba,,

« ¥ — \“n,k,2¢e
o 2e) {= (ML) (R™)  forall x € By,

3Since > 12 Ju (1) is strictly increasing on [0, j%,l]’ the second condition of (7.13) implies by < ay.
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and thus,
(e 5e) T IR xB, < % o < ()Y 50) T W(R™) g
We choose r; = ¢ and r, = 3¢, as well as
ap = a = ey} 5) 7 W(R™).

Then, (7.13) is equivalent to

£ 2Jn ke b
(©)" J5 (ko) T : (7.15a)
(3¢)2 Jn (Bke) (Cn,k,zg)_l,u(R”)
b 3e)2 Ju (3ke
MVT > ( )n 3 )- (7.15b)
(cn,k,28)_lM(Rn) R> J% (kR)
We can write (7.15a) as
,(3ks) bo
n(R™) > 32 (2¢)".
Ju(ke) (e~ (2e)"
Using [23, (8.19)], we know that
n? - 1
T(+3) = V)@
Hence, (7.152) is fulfilled, provided
5 J2(jnz2 )
LRY) > Coboe”  with €, > 21— T35 (7.16)

P+ 3) Ja(inzz1/3)

Using the definition of cft/“k/ng, we now write (7.15b) as
4r (2k €)
k" ————=b(kR)2 Jz (kR
< ( ) (R") (kR I3 (kR - Jy(ke)’

We now fix any parameter 0 < < j%’l and we choose R = Bk~ 1. If

)%} with C,,,,gz( ),3 Jn(ﬂ)% (7.17)

k<min{%,(C b )

RTED!
then (7.15b) holds. The above discussion is valid for 0 < ¢ < .

Using Proposition 7.5 on u * ¢, we then know that there exists a hybrid k-quadrature
domain D, corresponding to the distribution 1 * ¢, and density (g, /), with D C Bg.
Using the mean value theorem for the Helmholtz equation [23, Appendix A], we have

(W * Pag, w) = (, W * Pog) = (1, w)

for all w satisfying (A + k?)w = 0 in D. Hence, such a D is indeed also a hybrid
k-quadrature domain D, corresponding to distribution p and density (g, ). We now con-
clude the above discussions in the following theorem (cf. Theorem 1.5):
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Theorem 7.6. Fix parameters 0 < b < by and 0 < f < j%’l. Let0 < e < B,
b <h(x) <by forall x € Bgy-1,

and g € L*°(Bgg-1) with g > 0 and g% e Wl’l(Bﬂkfl). If {g > 0} N Br # @, we
further assume that there exists 0 < o < 1 such that g is C* near d{g > 0} N Br and
H*1+%(9{g > 0} N BR) = 0. If v is a non-negative measure satisfying (7.14) and (7.16),
then for each k that satisfies (7.17), there exists a bounded open domain D in R" with the
boundary dD having finite (n — 1)-dimensional Hausdorff measure such that

(Vg * (gH"1[0D))(x) is pointwise well-defined for all x € 3D

for all fundamental solutions Wy, of the Helmholtz operator —(A + k?2). This domain D
is a hybrid k-quadrature domain corresponding to distribution | and density (g, h) and
it satisfies D C Bgy-1. Moreover, there exists a non-negative function u. € Clggl (Bgk-1)
such that D = {u, > 0} and

(A + kP uy = —fi + hL"| D + gH" "1 |aD

for some non-negative i € L>®(D) N &'(D). If we additionally assume that g > 0 is
Hélder continuous in Bg, then d,eq D is locally CLY with {1 (0D \ 0reaD) = 0. In the
case when n = 2, we even have 0D = 0,4 D.

A. Functions of bounded variation and sets with finite perimeter

We recall a few facts about functions of bounded variation and sets with finite perimeter.
Here we refer to the monographs [13, 16] for more details. The following definition can
be found in [16, Definition 1.6]:

Definition A.1. Let £ be a Borel set and Q2 an open set in R”. We define the perimeter
of E in Ey as
P(E, Ep) ::/ |Vyxeldx = sup / V- -¢pdx.
Eo $e(CHQ)" ¢ (x)|<1 Y Eo

We say that E is a Caccioppoli set, if E has locally finite perimeter, that is,
P(E,K) < oo forevery compact set K in R”.

In other words, the function y g has locally bounded variation in R”; see [13, Section 5.1].

The following definition can be found in [16, Definition 3.3] (this concept was intro-
duced by De Giorgi [7]; see also [13, Section 5.7]):
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Definition A.2. Assuming that E is a Caccioppoli set, we define the reduced bound-
ary 0eq E of E by the set of points x € R” for which the following hold:
(1) fB,(x) |Vxeldx > 0forall r > 0;
(2) the limit vg (x) := lim, o v} (x) exists, where
v JBw VaEdx
Vp(x) = - _2E
fBr(x) IVxeldx
and [vg (x)| = 1.

From the Besicovitch differentiation of measures, it follows that vg (x) exists and
|[veg (x)| = 1 for |V yg|-almost all x € R”, and furthermore, that

Ve =—-velVyel
Using [16, Theorem 4.4], we indeed know that
IVxe| = H" 1 0eaE and 0.qF is a dense subset of JE.
Thus, we have
P(E,Eg) = H" Y (EgNdqE) and Vygp = —vpH" 0E, (A.1)

and then we immediately have the following generalized Gauss—Green theorem:
/ V-¢dx=/ @-vpdH"! forall g € (C}(R"))";
E mcsE

see also [13, Section 5.8, Theorem 1].

Remark A.3. If 9F is a C! hypersurface, then d,.¢ E = 0E and vg (x) is the unit outward
normal vector to dE at x; however, if 0F is Lipschitz, d,q E is in general strictly contained
in 0F; see [16, Remark 3.4] for details. Therefore, we also refer to vg as the measure
theoretic outward unit normal vector of E on 0.4 E.

From [13, Section 5.8, Lemma 1], we also know that
Ored E C Omes E and  H" 1 (0pes E \ 0rea E) = 0. (A.2)
Combining (A.1) and (A.2), we then know that

E is a Caccioppoli set if and only if H" ! (9pes E N K) < 00 for each compact
set K in R”;

see also [13, Section 5.11, Theorem 1]. We also recall [ 13, Section 2.3, Theorem 2] regard-
ing the Hausdorff measure below.

Lemma A4, Let0 <s < n. If H*(E) < oo, then
H(Br(x) N E)

1
— <limsup———- <1 forH*-ae x € E,
28 r—0 wsr*

s/2
where wg = ﬁ
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B. Further properties of local minimizers

In this appendix we provide detailed statements and proofs which are analogous to results
in [18, Section 2].
The following lemma concerns the growth rate of the integral-mean of minimizers:

Lemma B.1. Let Q be an open set in R" and let A > 0. Let f, g € L*°(2) be such that
g = 0. Ifuy is a local minimizer of §s.q 2.0 in K(S2), then there is an ro > 0 such that for
any B, (x¢) with 0 < r < rg and By(x¢) C 2, we have

1

)
o was = 2 (DI + )l oy + 1m0
0By (x0) n

r (B.1)

= B;(x0) C {ux > 0} and u, is continuous in B, (x),

where fyp .\ = m faB,(xo) denotes the average integral.

Proof. Let uy be a local minimizer of Jr. 3 o in K(2). Using Lemma 6.1, we know
that u, is also a local minimizer of gfg 0. INK(Q) with f = f + Au,. Without loss of
generality, we may assume that xo = 0, and we write B, = B, (xo). Define v € H'(Q) by

{sz—f in B,, ®2)

V= U inQ\ B,.

It is easy to see that v € C(B,). In particular, using elliptic regularity and Sobolev embed-
ding, we know that

ve [ WalB)C () Col(Br). (B.3)

1<p<oo O<a<l1

It is easy to compute
gf‘:g,(),g(u*) - gf,g’o,gz(v)
= [avup=1vepyar=2 [ Fon=vdx+ [ & 0tm0 = to-o) dv
= / (|Vu>,<|2 — |Vv|2) dx + 2/ Av(uyx —v)dx — / gz()({v>0}m{u*:0}) dx
Q Q B,
= / (|Vus|* — |Vv|*) dx — 2/ Vu-Vu,dx + 2/ |Vu|?dx
Q Q Q
- [ PGumoan d

- A V(s — )2 dx — /B 2 (Lomopfun—oy) dx

z/ IV (s — v)[2 dx — |{u = 0} N By | sup g>. (B4
B, B,
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Next, we want to show that v € K(€2). Applying [18, Lemma 2.4(a)] to v, we show that

n—1

— 1
v(x) > " — x| (_2][ wy dS —
2 Jas,

P ) forall x € B,, (B.5)

n

where M = ||f_||Lco(Br). The assumption in (B.1) implies

1 2"M
- U dS > ;
r 9B, n

then, we have

n

r r—|x| 1
> wd
v(x) > RO = ]gB, Ux dS

1
=2 —lxD; f ueds forallxe b 0

which shows that v € K(£2). Since u is a local minimizer, by choosing ro > 0 sufficiently
small, we know that

f;(f,g,O,Q (us) = gf,g,O,Q (),

and hence, from (B.4), we know that
/ |V(us —v)[?dx < |[{ux =0} N B,|supg? foreach0 < r < ry. (B.7)
B, B,
To estimate the left-hand side of (B.7), from (B.6), we have
1 2 2 2n 2
X{u*=0}(; A u*dS) (r —1xD)* 227" xqu,=op|v(x)|= forall x € B,. (B.8)
B,

For each 0 # x € B,, writing X = x/|x|, note that

r 2
Km0 = ton ([ B = 0)(65) )
|x]

K=oy /H 12 ds)( /H 0121104 = ) () )

= ttwman = D ([ 1900 =00 ds).

IA

and hence, from (B.8), we have

1 2
¢~ Dt (; f e )

r
<2 ¥ iu=0} (/l | [V (s — v)(s3)|? ds) forall 0 # x € B,. (B.9)
X
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We consider # € $”! such that u, (sf) = 0 for some 0 < s < r. For such 6, we can define
Sg 1= inf{O <s <r|ux(sf) = O}.

Then, (B.9) implies
1 2
(r — 56) X{u.=03nB, (560) —][ Us dS
X{ux=0}NB (V 25, )
< 22")({,,*:0}03, (s(;@)/ |V(uy —v)(s0)|>ds forall@ € " L. (B.10)
6

Integrating (B.10) over § € §"~!, we reach

1 2
|{u*=0}ﬂB,|(;][a u*a’S) 522"/3 IV (s — )2 dx. (B.11)

r

Combining (B.7) and (B.11), we reach
1 2 2 2
|{u*=0}ﬂBr|(—][ u*dS) < 2*"|{u = 0} N B,|sup g°.
r JaB, B,
The assumption in (B.1) implies

1
—][ uxdS > 2" sup g;
T J3B, (xo) By (x0)

then, we necessarily have
[{usx =0} N B,| = 0. (B.12)

From (B.7), we know that

/ |V(us — v)|2 dx =0,
B,

and thus, we also showed that 4, = v € C(B,). Using (B.3) and (B.12), we conclude that
B, C {usx > 0}. m

The following proposition concerns the continuity of the local minimizers:

Proposition B.2. Let Q be a bounded open set in R™ with C' boundary and 0 < A
< A¥(R). Let f, g € L*™(RQ) be such that g > 0. If uy is a local minimizer of $14 1.0
in K(Q), then u, € C(2) and there exists a constant Cy, such that

s (x) < Cud(X) (1811220 (Bagiay ) + I1f + Al L0 (B (e d (X)), (B.13)
for all x € Q near d{u, > 0}, where d(x) = dist (x, R" \ {u, > 0}).

Remark B.3. The assumptions on €2 ensure that u, € L°°(£2); see Proposition 5.6. From
this, we know that

I/ + Al Loy < CAL Q) f 1L (@)-
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Proof of Proposition B.2. Let u, be a local minimizer Jr, 1 o in K(£). . Using Lem-
ma 6.1, we know that u is also a local minimizer of gf 2.0.0 10 K (£2) with f 4+ A
Using Proposition 5.6, we know that f is bounded.

We first show that {u#. > 0} is an open set and that u, is continuous in it. Let
x € {ux > 0}. Using (4.2a) of Proposition 4.2, we know that

Auy > —fy = —|| f LB, (x)) in Br(x)

for all r > 0 whenever B,(x) C Q. Therefore, using [18, Lemma 2.4(b)], we know that

1
r 0By (x)

(r—Ilypr-t
I+ Nl oo (B, (x))
+ 2—) forall y € B,(0). (B.14)
n

Choosing y = 0 in (B.14), we have

U (x) < ][ wnds 4 2 =@ o i B, (x) C Q.
B, (x) 2n

that is,

1 1 Fill oo
—][ wndS > Suy(x) — L@@ o with B (x) € @, (B.IS)
9B, (x) r 2n

Since u4(xg) > 0, we can choose ry > 0 sufficiently small such that

1 Fill oo
L) —r /4 Lo B, ()
r 2n
r ~
> 2 (2N oz, + lgllLmis o) forall 0 <r <o, (B.16)

and hence, (B.1) is satisfied for all 0 < r < rg. Therefore, Lemma B.l implies that
B, (x) C {usx > 0} and u is continuous in By, (x), which shows that

{ux > 0} is an open set and u is continuous in {u, > 0}. (B.17)

To prove (B.13), we only need to show (B.13) for x € {u, > 0}. Clearly, (B.16) cannot hold
when r = 2d(x), otherwise using the same argument will show that Byy(x)(x) C {ux > 0},
which contradicts the fact that By(y)(x) touches d{ux > 0}. Thus, we have

1|0 By o)
2d 7 Amed) M
2d( )u*( ) (x) n

<o <2d(x)

1= Lo By + 1€ ||L°°(Bzd<x)(x)))

for all x € {u, > 0} near d{u, > 0}, which implies (B.13). Combining (B.17) and (B.13),
we know that u, € C(R2). |
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Using Sard’s theorem and the coarea formula, one can show that |Vu,| = g in some
suitable sense. This is stated in the next proposition.

Proposition B.4. Let f, g € L>°(R") be such that g > 0. Let Q2 be an open set in R" and
let A > 0. Let uy € K(2) be a local minimizer of $f¢.2 . in K(Q). If g> € W11(Q), then
(for a suitable sequence of €;)

lim (|Vuxl®> —g*n- ve, dS =0,
£i"™\0 J3{u>e;}

foralln € (C°(BR))". Here ve; denotes the outward normal vector of {ux > &;}.
Proof. Let n € (CZ°(2))" and & > 0 be small. We define u, € K(2) by u,(te(x))
= Ux(x), where t,(x) = x + en(x). From equation (4.2b) in Proposition 4.2, it is easy to
see that u, € C'({us > 0}). Note that
0= drenrae) — Frearnis)
= / (|Vu*|2|Vrg|_2 — Mus|? =2(f o to)ux + g% 0 rs) det(Vt,) dx
{u«>0}
[ VIR = AP = 21+ ) dx
{u«>0}
=8/ (|Vusl®> = g*V-ndx
{ux>0}

+ e/ (=2Vuy - (V) Vs + V(g?) - 1) dx + o(e),
{us«>0}

where
. o(8)
lim — =
eNo0 &

0.
We denote by ® : R” x R” — R the juxtaposition operator defined by a ® b := ab”

for all @, b € R”. Dividing both sides of the inequality above by ¢ and letting ¢ — 0, we
obtain

0= / V- (|Vusl® + 51 —2(n ® Vus)Vus dx
{ux>0}

= lim V- (([Vus)® + g5 —2(n ® Vus)Vus) dx
eNO0 J{y,>e}
=|Vu*|217'vs
= lim <(|Vu*|2 4 g2 ve —2((n ® Vus)Viey) - vs) ds
eNO Jo{uy>e)

= lim (—=|Vusl® + g%)n-v. dS,
N0 Jy{u,>e}

which conclude our proposition. ]
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We now show that the local minimizer is Lipschitz.

Proposition B.5. Let Q be a bounded open set in R™ with C' boundary and 0 <
< A*(Q). Let f.g € L®(R) be such that g > 0 and g> € WH(Q). If uy is a local
minimizer of $5.¢.1. in K(RQ), then uy € c

1001 (2) and there exists a constant Cy, such
that

Vit (X)| < Ca (1€l 250 (Byagey o) + 1+ Ahsl| Lo (B ey d (X)), (B.18)
for all x € Q near d{u, > 0}.

Proof. tis easy to see that |[Vuy(x)| = 0 forall x € Q \ {ux > 0}. Since g2 € WH1(Q)
and g € C(£2), we know that [Vus(x)| = g(x) = [|g| Lo (Byg, (x)) for all x € d{ux > 0}.
It is remains to show (B.18) holds for x € {u, > 0}.

Since By(x)(x) C {ux > 0}, using equation (4.2b) of Proposition 4.2, we have |Au.| =
|]7| < ||f||Loo(Bd(x)(x)) in By(x)(x). Therefore, using [18, Lemma 2.4(d)], we know that

v dS + [l | oo By )

Vas ()] < n(<—
* d(x) 3By(x) (x) n—+1

d(x)). (B.19)

Since By(x)+e(x) ¢ {ux > 0}, using Lemma B.1, we know that*

1
SR S
d(x) +e BBd(x)+s(x)

d(x)
( xn+8

dix)+¢ ~
e By + 18 LB o)

<2 7 2% By + 1€ 2% (B )

for all sufficiently small ¢ > 0. Using the continuity of u, taking & — 04 yields

1
d(x) 3Bd(x)(x)

d(x)

UsdS =< 2n(7”f—”L°°(BZd(x)(x)) + ||g||L°°(BZd(X)(x)))- (B.20)

Combining (B.19) and (B.20), we conclude that equation (B.18) holds for all x € {u, > 0}
near d{u, > 0}. L]

The following lemma gives a sufficient condition in terms of mean averages to ensure
the local vanishing property of a local minimizer:

Lemma B.6. Let Q be a bounded open set in R"™ with C' boundary and 0 < A < A*(Q).
Let f,g € L*®(R) be such that g > 0. Suppose that uy is a local minimizer of $1.¢ 1.0
in K(Q). If there exists an open set Q' with Q' C Q such that

g>c>0 ing,

If f,g € C(R), we can improve (B.18) by replacing 2d by d.
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then there exists a constant C > 0 such that for any sufficiently small ball B,(xq) C @/,
we have

1
—][ Us <C = ux =0 in Br(xg). (B.21)
I J9B, (xo) !

The constant C depends only on infp (x)& 7[|(f + Aus)1llLooB, (xo)) and n. More-
over, C is positive whenever infp_(x,)g > 0 and r||(f + Aus) 4 |Loo(B, (xo)) IS sufficiently
small.

Remark B.7. If g > ¢ > 0 in a neighborhood of a point xog € d{u, > 0}, then
Ux(x) > C dist (x, R” \ {ux > 0}) (B.22)

for some constant C > 0. We only need to show (B.22) for x € {u4 > 0} near xq. Write
r = dist (x, R” \ {usx > 0}). In particular, from the contra-positive statement of (B.21),

we know that :

—f Uy > C1
I JoB,(x)

for some constant C; > 0. Using (4.2b) in Proposition 4.2, we have
Ay =—f < Cp = | fllLes,xy in Br(x) C {us > 0}
with ]7 = f + Au,. Using [18, Lemma 2.4(a)], we have

»-1c e
u*(x)z][ u— 202> Cyr — 22> Cr,
9B, n n

provided r = dist (x, R” \ {u, > 0}) is sufficiently small.

Proof of Lemma B.6. Without loss of generality, we may assume that xo = 0. From equa-
tion (B.14), we have

ux(y) < C ][ uxdS + C2r2||f:.||Loo(Br) forall y € B: (B.23)

r

for some absolute constants C; and C,, with f~ = f + Aus. We define m := infp, g,
M := || f+| Lo (B,), and

%o () = /B (V0P =270 + g 110m0y) dx.
%

9, (v) ::/B (IVv[2 = 2Mv 4+ m? yy=0p) dx.
5

Now given a constant 8 > 0, we consider the problem of minimizing j} over

Kg ={v€H1(B%)|vZOinB% andv:,BonaB%}.
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Following similar arguments as in [18, Conclusion of Lemma 2.8], we know that there

exists a sufficiently small constant 8¢ = Bo(r, m, M) such that if

0<%<% and 0< B < Bo,

then the largest minimizer vg of {;7, in Kg satisfies
vg =0 inB:.
From [18, (2.13)], we have
Bo(r,m, M) =rBo(1,m,rM).

Next, we let vg, be the largest minimizer of 5? » in K g, and let

w— min{us, vg,} in B%,
Usx outside B%.

If

1
Cl—][ Us < 2Bo(1,m,rM),
" JB; (xo)

(B.24)

then for each sufficiently small r, we have (because fo(1,m,0) > 0 when m > 0 and

Bo(1,m, ) is continuous)

1

Cl—][ Us + CorM < Bo(1,m,rM).
r 0B (x0)

Consequently, from (B.23), we have

Ux < Bo(r,m, M) =rBo(l,m,rM) on 8B%.

Since we consider small r > 0, we know that w € K(€2) and it is close to u in the sense
of (4.1). Since u4 is a local minimizer of Jr, 1 o in K(£2), by Lemma 6.1, we know that

it is also a local minimizer of g;g 0.9 in K(€2). Hence, we know that

Fr(us) < r(w) = &y (minfux, vg, }).
Since vg, is a minimizer of g, in K Bo» then
Fr (vgy) < Fr (max{ues, vg,)).
Combining (B.25) and (B.26), we have

Ir(us) + Ir(vpy) < o (minfuus, vp,}) + & (Maxfus, vg, }).

Following the proof of Proposition 5.1, we can show that

g (min{uy, uz}) + gr(max{ur, uz}) < g (1) + r(u2)

(B.25)

(B.26)

(B.27)

(B.28)
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for any u;,u, € HI(B%) with #; > 0 and u, > 0. Combining (B.27) and (B.28), we
obtain
gr(u*) + gl‘(vﬁo) = gr (min{u*’ vﬁo}) + gi’(max{u*’ vﬁo})'

Since vg, is the largest minimizer of i, in Kg,, we have max{ux, vg,} < vg,, which
implies 0 < uy4 < vg, in B%. Combining this with (B.24), we conclude with (B.21) with
C = 2C1_1/30(1,m,rM). [

The next lemma concerns the density of the boundary of {u, > 0}.

Lemma B.8. Let Q be a bounded open set in R"™ with C' boundary and 0 < A < A*(R).
Let f.g € L®(Q) be such that g > 0 and g> € HV1(Q). Suppose that u, is a local
minimizer of §r.¢ 1.0 inK(Q). If g > ¢ > 0 in a neighborhood of a point xo € d{ux > 0},
then there exist constants ¢1 and cy such that

| Br (x0) N {ux > 0}

0<c < 1B, (xo)| <cy <1 forall sufficiently smallr > 0. (B.29)
r(Xo

Remark B.9. For each (Lebesgue) measurable set £ C R”, it is well known that

|Br(x0) N E| 1 forae.x €E,
im —————— =
r=>0 | By(xo)| 0 forae x € R"\ E.

Therefore, the measure theoretic boundary 0yes E of E is defined to be the set of points
x € R” such that both £ and R” \ E have positive upper Lebesgue density at x. In par-
ticular, dyes £ C dFE. As an immediate corollary of Lemma B.8, we know that

H{ux > 0} N{g > 0} = Imes{us >0} N {g > 0}.

Proof of Lemma B.8. Without loss of generality, we may assume that xo = 0. Using
Remark B.7, we know that there exist a point y € BB% and a constant ¢ > 0 such that
us(y) > cr. Using (B.15) on B, (y) C 2, provided x > 0 is small, we have

1 1 e
— 1 dS > un(y) — wer =B o0
Kr 2n

¢
> -
KT J3Ber (v) K

Using Lemma B.1, we know that B, (y) C {ux > 0} N B, for sufficiently small ¥ > 0,
and hence,

[Br N {ux > 0} . | Ber ()] _ | Ber| — "
|B,| Y | By | ’

which proves the lower bound of (B.29) with ¢; = «”.
Combining (B.30) with Lemma B.6, we know that

][ Uy > CT. (B.31)
JdB;

(B.30)
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Now let v be as in (B.2). From (B.7) and Poincaré’s inequality, we have
c
B =0z [ Vo -oPdxz S [ -ofae @32
B, r B,

for each sufficiently small r > 0. By restricting (B.5) on By, we obtain

(I-x)

(y)_w

(][ Uy dS — Cr2) forall y € By, (B.33)
0B,

Using Proposition B.5 (which required g2 € W11(Q)), we know that u, is Lipschitz, and
hence, we know that
ux(y) < Ckr forally € By, (B.34)

because 0 € d{u, > 0}. Combining (B.34) with (B.33) as well as (B.31), for all sufficiently
small r > 0, we have

(v u*)(y)_(l(_i_W][Br «dS —Cxkr—Cr?>(c—Ck)r>c'r forall y € B,,,

provided « > 0 is sufficiently small. Hence,
[(v—us)| = v —us >c'r in B,.

Therefore, from (B.32), we have
¢ 2 ¢ N2..2 " n
B = 00 = 5 [ a0 dx = 1Bl = 1B "

and consequently,

B0 Gue >0 _ B =0} _ B,
1B Bl = 1B |

which proves the upper bound of (B.29) with ¢, = 1 — ¢”«™. (]

Proof of Proposition 6.2. Here we only prove the result when d{g > 0} N Q # @, as the
case when d{g > 0} N Q2 = @ can be easily proved using the same idea by omitting some
paragraphs.

Step 1: Initialization. Using Proposition 5.6, we know that / = f + Au, € L®(R).
Using (4.2a) in Proposition 4.2, we know that Au is a signed Radon measure in Q and
Auy > —f > —”f”Loo(Q) in Q. Then, we see that

A(u* + ”f”;—m(“)uﬁ) = Aty + || fllzoo@) = 0 in €.
n

Since u4 > 0in €2, using [18, Lemma 2.16], we know that Au, > 0in  \ {u, > 0}. We
now define

p = Aty + f fun>0)-



Minimization problem with application to inverse scattering problems 455

Using (4.2b) in Proposition 4.2, we know that
p =0 in{us > 0}. (B.35)
Clearly, p = 0 in the open set 2 \m; therefore, we know that
p = Aus + f)((u*>0} is a non-negative Radon measure supported on d{u, > 0}.
Furthermore, from (4.2¢), we know that

0= Auy + f)({u*>0} is a non-negative Radon measure (B.36)
supported on d{u, > 0} N {g > 0}. '

For each xo € 2, we estimate

’/ Auy dx‘ 5/ |Vuie|dS < Cr"™ 1 sup |Vu,| < Cr*! (B.37)
B (x0) 0By (xo) 0B, (x)

for all sufficiently small r > 0, where the last inequality follows from (B.18) in Propo-
sition B.5 and the assumption {u, > 0} C 2. This shows that Au,, as well as A, is
absolutely continuous with respect to H* 1.

Step 2: Showing that p = 0 on d{u« > 0} \ {g > 0}. For each x¢ € d{u, > 0} \ {g > 0},
using (B.18) in Proposition B.5, we have’

‘/ Auydx| < Cr" 1T for all sufficiently small » > 0,
Br(xﬂ)

which shows that Au,, as well as p, is absolutely continuous with respect to 3"~ 1% on
d{us > 0} \ {g > 0}. Using the assumption H"~17¢(3{g > 0} N Q) = 0, we know that

p=Au, =0 ond{u,>0}Nag >0} (B.38)
On the other hand, using (4.2a) and (4.2c) in Proposition 4.2, we know that
—(f + M) < Ay < —(f +duy) inQ\ {g >0},
and thus, Auy, € L%°(2\ {g > 0}). Using [22, Chapter II, Lemma A.4], we know that
p=Au, =0 ondu,>0}\{g >0} (B.39)
Combining (B.38) and (B.39), we know that
p =0 onad{us>0}\{g >0}

Next, we want to study the behavior of p on d{u, > 0} N {g > 0}.

5In particular, when g = 0in Q (i.e., G N 2 = @), we even can choose o« = 1.
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Step 3: Proving {u, > 0} has locally finite perimeter in {g > 0} and (6.2). We first
show that there exists a constant C > 0, depending on infp, (x,) g, such that

/ Auydx > Cr" ! (B.40)
By (x0)

for all sufficiently small » > 0 and for all xo € d{us > 0} N {g > 0}.
Let ®, be the (positive) Green function for —A in B, (xg) with pole y € B,(xp),

that is,

Ady, = -5, in B, (xp),

®, >0 in By (xo),

®, =0 on 0B, (xg).
Using integration by parts, we can easily see that

/ Dy Ausdx = —ux(y) + / Uxd_p, @, dSs.
B, (x0) 9By (xo)

Using Lemma B. 1, for each sufficiently small ¥ > 0, there is a point y € 9B, (x¢) with
Ux(y) > ckr >0,
and since u is Lipschitz, we have
ux(y) < Ckr and uy > 0in Beoyr(¥)

for some constant c¢(k). Hence, we have
/ @, Auy dx z—u*(y)—i—c][ uxdS > —Ckr +cr >c'r, (B.41)
By (x0) 0B (x0)

which can possibly be done by using a smaller k > 0.
On the other hand, using (B.35), we know that p = 01in B¢, () C {ux > 0}; hence,
we have

/ Dy, Auy dx
By (x0)

/ O, dx — / q>yf~)({u*>0} dx
Br(xo)\Bc(K)r(y) By (xo)

=/ dDyAu*dx—/ D, fdx
Br(xo)\Bc(x)r(J’) Bc(:()r()’)
Auydx + ||f||Loo(Q)/ by, dx

= 19y | oo (B, (x0)\ Begeyr ) /
B Bc(K)r (y)

r{Xo
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< C)rr™ / Auy dx + C(k)r? (B.42)
B, (x0)

for all sufficiently small r > 0. Combining (B.41) and (B.42), we conclude with (B.40).

Let K be any compact set in d{u, > 0} N {g > 0}. We now cover K by the balls B, (xg)
given in (B.40), and we know that

_— (B.37)
H7H(K)<C | Ausdx < oo,
K

which shows that {u, > 0} has locally finite perimeter in {g > 0}. Combining this with
Remark B.9 and (A.2), we conclude with (6.2).
Step 4: Sketching the proof of (6.3). Combining (6.2) and (B.36), we see that

Auy + fX{u*>0} = hg'fn_l Lared{u* > 0}
for some Borel function 7 > 0 on g2 N {g > 0}. It just remains to show
h(xo) = g(xo) for H" l-ae. xg € deq{tts >0} N {g > 0. (B.43)

Despite the fact that the ideas are virtually same as in [1, 4.7-5.5], here we still present
the details for the reader’s convenience. It is enough to prove (B.43) for those x¢ €
Orea{tsx > 0} N {g > 0} which satisfy

n—1
H" ™ (Br(x0) N d{ux > 0}) <1 (see Lemma A.4), (B.44a)

lim sup pr
r—00 Wnp—1r

lim sup

][ |h(x) — h(x0)| dS(x) = 0; (B.44b)
r—o0 H{ux>0}NB,(x)

see [1, Remark 4.9]. Without loss of generality, we assume that
xo =0 and vg,-0(0) =e, =(0,---,0,1).
Define the blow-up sequences

Un(x) = nux(n7x),  fu(x) =n"' fn1x),

gx) =gn™'x), ha(x) =h(n~'x), Qn = {uy >0}

Note that u, f, g are scaled according to [18, Remark 2.7 (with @ = —1)]. It is also easy
to see that
| ful < C/n, (B.45a)
[ s - g1dx o (BASb)
B,

/ |h(n"x) — h(0)| dS(x) — 0 (B.45c¢)
AR, NB;
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as n — oo. We define the half-space H := {x, < 0}. Using [13, Section 5.7.2, Theorem 1],
we know that
[(QuAH)N By —0 asn — oo, (B.46)

where A denotes the symmetric difference between the sets. Using Proposition B.5
(together with the assumption {u, > 0} C ) and Remark B.7, we know that |Vu,| < C.
It follows that there exists a Lipschitz continuous limit function uy > 0 such that, for a
subsequence,

Uy — Ug uniformly in By,
Vu, — Vug L*(B1)-weak * .

Using Remark B.7, we know that u,(x) > C dist (x, R"” \ €,). Using (4.2b) in Proposi-
tion 4.2 and (B.45a), we know that

|Aun| = |ful <C/n in Q.

Therefore, we know that 1 is harmonic in € and, in particular, 2, N B; — Q¢ N B; in
measure. Therefore, from (B.46), we have |20 A H| = 0. Since ¢ is open, we conclude
that

Qo C H and |H\Q()|=O

Using [1, Theorem 4.8] together with (B.44a) and (B.44b), we know that
Qo=H and ug(x) = h0)(—xp)+.

On the other hand, using [1, Lemma 5.4], we know that u is a global minimum of

Jo(v) := /B(|vu|2 + g(0)*xv=0y) amongall v € K(By).

Therefore, using Proposition B.4, we conclude that 4(0) = g(0), and we thus complete
the proof. |

C. Computations related to Bessel functions

The main purpose of this appendix is to exhibit the details of computation for Lemma 7.2.

Computations of (7.8). Since the solution space of u”(r) + == 1 u'(r) + Au(r) = 0 for
r > 0 is spanned by

=2 Juz (v/Ar) and P Yis (VAr),

the solution of (7.6a) must satisfy

2—

u(r) = _a +eir 2 Tz(«/_r) forr € (0,r1),

u(r) = —+czr 2" T z(«/_r)+C3r 2 Yo 2(\/_1’) forry <r.
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So, we know that

uw'(r) = —e J%(\/Xr) forr € (0,r7),
uw'(r) = —eoar " J%(\/Xr) —e3Ar Yu (VAr) forr <r.

Since u is C! at ry, and since A > 0 and r > 0, we have

(c2 = e1)Juz2 (VAr) + e3¥uca (Vi) = —
(c2 = )Ty (VAr) + e3Yy (V) =0,

that is,
( J%(\/)_U’l) Y%(\/)_U’l) ) (cz—cl) _ _arln%2 (1)
Jy(VAry)  Ya(VAry) s ) A \0)°
Note that
det( a2 (VA1) Yaz2 (V) ) _ 2
Ty(VAr) Yo (VAry) aAr
$0

ca—c1 _ wVAn Yg(ﬁrl) _Y"Z(\/_rl) ar1 1
( 3 )_ 2 —J%(\/)_U’l) J%(\/—rl) A (0)

_aztrlg Y%(«/Irl)
C VA \ - (Va)

Hence, we know that
b—a 2-n
u(r) = X{r<r1}[T +cyir 2 T2(\/—r)]
b n
+X{r>r1}|:x+c2r2T T2(\/—7')—|‘C'_7,l‘22 Y 2(\/_r):|

o5 e i)

=2
2
g
1

+X{r>r1}[§+<cl+ Wi (frl)) 2 TZ(\/_V)

anrlg 20

ey J%(x/zrl)r p YnTﬂ(\/xr)iI
h—

= Aa ter TZ(«/L)

n

459

F ten [+ S5 (vy (VAR oz (VA7) — Ty (VEr) Yz (VAD) |

Azﬁ
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which shows (7.8) and
u'(r) = —cy Vo Jn (ﬁr)

—x{»n}‘”’z’ P2 (Yy (VAr) Jy (VAr) = Ty (VAr)Ya(VAn) - (CD)

hold. The proof is complete. u
Proof of (7.9). Since Jy (v/Ar) is non-negative on (0, R) by the assumption on A, we
deduce that u’ has constant sign on (0, r1). We see that

>0

== )

w'(r) = 1’ Iy (VAn)[—e1 VA —“”" (3 Vi) =1y Vi)~ ﬁr))] (€2)
Ar

for all » > ry. Since

E(Yg(\/xr)) _ 2
ar J%(«/Ir) B J'(rJ%(«/Ir)2

we deduce that there is at most one point r’ € (ry, R) where u’(r’) = 0 and u’ is negative
on (r1, ") and positive on (r/, R) (not excluding the possibilities that 7’ = r; or r = R).
This implies that # can at most have two zeros in (0, R]. Since u has at least one zero
in (0, R], we have the following cases:

>0 forre(0,R)C (o,j%l)r%),

(1) If u has exactly one zero 0 < pg < R, then u’(pp) < 0.

(2) If u has exactly two zeros 0 < p; < po < R, then u/(p1) < 0 and u’(p,) > 0.1In
this case, we choose pg = p;.

In either case, we conclude with (7.9). [ ]

Proof of (7.10). Plugging u(p) = 0 into (7.8), we have

b—a
0= + 61,02T Ju=2 (V/Ap)
A 2
a amr} a2
+tiena 5+ 5 A0 (WA T (Va0 = 1y (VAT Vap) )|
We now show that p > r;. Suppose, on the contrary, that p < ry. From (7.8), we have
a—>b 1
c]1 = > 0.

2-n
Aop Juz2 (VAp)
From (C.1) and (7.9), we know that

o) =il = L2 LD
0 =) =" T2 (Vi)
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this contradicts the assumption g = 0 in B_,l Therefore, p > ry, and hence, we know
that {#f > 0} D B,,.
From (7.8), we have

2

=l
»—-‘:
N""

7 (Yy (frl)Jn 2 (VAp) — J%(ﬁrl)Y%(ﬁp))

(S

:%4- =t 2z(x/_;o)[cl—i- \/_Yn(«/_n)] anry p 3" %‘/—rl)Y"Z(\/_P)

§|

which implies

1 anr% Y@(ﬁp) aﬂr
—clf_— L Jo (VAr))—2 LYy (VAry).
ToZ I 2 LW T
From (C.2), we have
2 1
W (p)=p2 Jn(NVap)| =
2 I:\/_ 22 Tz(«/_p)
nprTz «z/ip)f%(ﬁp)

airrl n(\/— )(YT(‘/XP) B Yg(ﬁp))]
RV RN

o

_a]rr1 (VI 2
N Y, Py AWl

SI

B bp%J%(ﬁp) — arlg J%(ﬁrl)
P3N AT a2 (Vp) '

Since p? \/IJ% (v/Ap) > 0, the sign of u’(p) is the same as that of

sy < b T8/
P p2Jz(vAp)

Note that ¢ : [r1, R] — R is monotonically increasing and ¢ (r1) = 1% <0.LetR >r;

as in (7.2). Then, ¢(R’) = 0 and also u’(R’) = 0. Since u is monotonically decreasing

on (0, R’), we conclude with (7.10). [
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D. Examples of hybrid k-quadrature domains with real-analytic
boundary

In this appendix we construct some examples of hybrid k-quadrature domains using the
Cauchy—Kowalevski theorem. We extend [17, Theorems 3.1 and 3.3] in the theorems
which follow.

Theorem D.1. Let D be a bounded domain in R"™ with real-analytic boundary. Let g be
real analytic on a neighborhood of 0D with g > 0 on dD. For each k > 0, there exists a
bounded positive measure j11 with supp (1) C D such that D is a hybrid k-quadrature
domain corresponding to py with density (g, 0).

Theorem D.2. Let0 < k < j%,l R~ Y and let D be a bounded domain such that D C Bg
and 0D is real-analytic. Let h be a non-negative integrable function on a neighborhood
of D, which is real-analytic on some neighborhood of dD. There exists a bounded positive
measure [y with supp ((2) C D such that D is a hybrid k-quadrature domain correspond-
ing to Wy with density (0, h).

The main purpose of this section is to prove Theorems D.1 and D.2.

Proof of Theorem D.1. By the Cauchy—Kowalevski theorem, there exist a neighbor-
hood N of dD and a real-analytic function u satisfying

(A+k>Hu=0 inN,
u=20 on dD,
ou =—g on dD.

Following [17, Proposition 3.2], there exist an open set W C D N N and a constant &€ > 0
such that

(1) u is positive on W,
(2) oD C W,
3) u(x) =¢cforallx € oW \ dD,

(4) dyu < 0 on oW \ dD. In particular, Vu vanishes nowhere on oW \ dD, so
dW \ 9D is real-analytic.

For each w € H!(D) with (A + k?)w = 0 in D, we have
0 =/ (wAu —ulAw) dx =/ (wiyu —udy,w)dsSs,
w W

where dS(x) = dH"~!(x) is the surface measure, and hence,

/ wavudS—/ woyu dS =/ uavwdS—/ ud,wdsS.
oD dW\oD oD dW\oD
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Let D' be the region with 9D’ = dW \ dD (and thus, D’ C D); then, we see that

—/ wgdS—/ wavudSz—sf dywdS
oD oD’ oW\oD
= e/ Awdx = —8k2/ xpwdx,
’ D

that is,

/ wgdS =Ek2/ )(D/wdx—/ wadyudS.
aD D ap’

Finally, we define the measure ; := ek?£"| D’ — 0,ud{"*~!|3D’. Note that supp (1)
C D and p is positive and bounded; hence, we know that

(e, w) =/ qwds (D.1)
oD

for all w € HY(D) with (A + k*)w = 0 in D. For each y € R” \ D, choosing
w(x) = Wi (x, y), where W is any fundamental solution of —(A + k?) in (D.1), we reach

Wy s g = W * (gH"10D) inR™\ D. (D.2)

Since dD is real-analytic, the right-hand side of (D.2) is the single-layer potential. There-
fore, by continuity of the single-layer potential [26, Theorem 6.11] and since p; is
bounded, we conclude our theorem. [

Proof of Theorem D.2. If h vanishes identically on a neighborhood of dD, we have noth-
ing to prove. We now assume that this is not the case.
Letv € Hj (D) be the unique solution of

(A+k>v=h inD,

v=20 on dD.
Since & > 0, using the strong maximum principle for the Helmholtz operator (see [23,
Appendix]), we know that v(x) < 0 for all x € D. By the analyticity theorem for elliptic

equations, v extends real-analytically to some neighborhood of dD. Using integration by
parts, we have

(02, w) =/ whdx:/(wAv—vAw)dx
D D

=/ (w8vv—v8vw)dS=/ wd,vdS, (D.3)
aD oD

where o, is the measure given as in (1.6).
Again, using the strong maximum principle for the Helmholtz operator, we know that
the unique solution u¢ of

(A +k*ug=0 inD,
ug =1 on dD
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must satisfy #o > 0 in D. By observing that
(A + kv = uO_IV . u%V(ualv) in D,

we can apply the Hopf maximum principle (see, e.g., [15, Lemma 3.4]) on uo_l v to ensure
Bv(uglv) > 0on dD. Since v = 0on dD,

0V = uoav(ualv) >0 ondD.

Since dD is real-analytic, dD locally has a representation as {y | ¢(y) = 0} for some
real-analytic ¢ with non-vanishing gradient. We may choose ¢ to be positive outside D,
o)
dyv = Vv - E on 0D,
Vol
that is, d, v can be extended real-analytically and is strictly positive near dD. Using The-
orem D.1, there exists a positive bounded measure p, with supp () C D such that

(2, w) :/ woy,v dS. (D.4)
oD

Combining (D.3) and (D.4), we conclude our theorem. [

E. Some remarks on null k-quadrature domains

In this appendix we give some remarks on null k-quadrature domains. They are defined
by Definition 1.1 with g = 0, 7 = 1, and u = 0. It was confirmed in [10, 11] that the null
0-quadrature domains in R” with n > 2 must be either

* half-space,

* the complement of an ellipsoid,

* the complement of a paraboloid, or

* the complement of a cylinder with an ellipsoid or a paraboloid as its base;

see also [14,20,21,28] for some classical works.

In addition, it is worth mentioning that in the two-dimensional case, starting from null
0-quadrature domains, we can always construct quadrature domains of positive measure
[29, Theorem 11.5]. This motivates us to study null k-quadrature domains for k > 0. We
also give some remarks showing that they are quite different.

As a consequence of the mean value theorem for the Helmholtz operator —(A + k?)
(see, e.g., [23, Appendix]), it is not difficult to see that a ball is a null k-quadrature domain
(i.e., u = 0) if and only if its radius r satisfies Jz (kr) = 0, where J, denotes the Bessel
function of the first kind.

Following the ideas in [2], one can show the next theorem.
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Theorem E.1. Let n > 2 be an integer, k > 0, and 6 € (0, Z). We consider the conical
domain

S :={(x.y) €R" ' xR |y >—|x|tanf} (see [2, Figure 1]).
Ifw e L (Zg) satisfies (A + k*)w = 0in Zg, then w = 0 in Zg.

The notion of “null k-quadrature domains” for k > 0 therefore makes no sense for
general unbounded sets. Hence, it is natural to ask about the classification of bounded
null k-quadrature domains. As pointed out in our previous work [23], this problem is
equivalent to the well-known Pompeiu’s problem [27,34], which is also equivalent to an
obstacle-type free boundary problem [31,32]. The unanswered question is whether any
bounded (Lipschitz) null k-quadrature domain must be a ball. We also remark that (1.2) is
related to Schiffer’s problem, which asks whether the existence of a non-trivial solution u
of

(A+k>»u=0 inD,
u=20 on dD,
|Vu| =1 on dD

implies that such a (Lipschitz) bounded domain D must be a ball. We refer to [4] for
the Pompeiu problem for convex domains in R?, where several equivalent formulations
(including the equivalence with the Morera problem) as well as some partial results are
given. See also [8] for the case of domains in R? which are strictly convex, and [9] for
domains in R? under different assumptions.

It remains to prove Theorem E. 1.

E.1. The case whenn = 2

We denote by F; the one-dimensional Fourier transform given by

Fre§) := p(x)e ¢ dx forall & € R,

7 )
2w JR
which is clearly well-defined for ¢ € L!(R) and can be extended for tempered distribu-
tions ¢ € 8'(R).

LemmaE.2. Givenanye > 0andk >0, letv € L' (R x (—¢, 00)) satisfy (A + k?)v =0

inR x (—e, 0). Then,

_ ixé —yJEK?
v(x,y) = N |§|>ke (F1v)(€,0)e dé§

forall (x,y) € R x [0, 00) with

1 - —
[(F1v)(€,0)] < m||v||L1(Rx(—s,w))w/$2 “k2e=VER forall g > k,

(F1v)(§,0) =0 forall [§] < k.
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Proof. Since v € L'(R x (—¢, o)), by Fubini’s theorem we have v(-, y) € L'(R) for
almost every y € (—e&, o0), and so Fv(:, y) is continuous and

(o) 1 o0
Fiv . 00 d < —/ v(-, d
[ 1w e dy = == [ el dy

—&

1
\/EHUHLI(RX(—S,OO))' (E.1)

By applying the Fourier transform F; on (A + k?)v = 0in R x (—&, 00), for almost every
& € R, we have

0 (F1v)(, ) + (k> —E)(F1v)(5,y) inD'(—s,00). (E.2)
Since Fyv(-, y) € L*°(R), the general solution of ODE (E.2) is given by

A(§)e~OHe)VE—k for |€] > k,

E3
By (£)e I OFIVETE L B (£)l OFIVIITE for |g| <k, -

(F1v)¢.y) = {

for some complex-valued functions A, By, B,. For each |§| < k, we see that (F1v)(€,-) is
periodic with respect to variable y. However, from (E.1), we must have

(Fv)(§,-) =0 forall |€] < k.
When |&| = k, we have (F1v)(§, y) = B1(§) + B2 (£). Again, by (E.1), we must have
(F1v)(€,-) =0 forall || = k.
Therefore, we can write (E.3) as
(F1v)(E, y) = AE)e~O+rIVER rovided A(E) = O forall |E] <k.  (E4)
Plugging (E.4) into (E.1) yields

1 *® [€2_[2 |A(§)]
V|1 _ > |A e~ OtNE—R gy = T forall |§] > k.
m” ||L (RX( 8,00)) | (S)| e y \/m |$|
Finally, using the Fourier inversion formula on (E.4), we conclude the proof. |

Corollary E.3. Givenany { > 0, k > 0, and 8 € (0, %), we consider the half-planes
H;‘fs ={(x.y) |y >—Fxtan0} = {(x,y) | £xsinf + ycos > —LcosH}.
Ifws € LY(ITF) satisfies (A + k*)w = 0in ITF, then

1
wi(x,y) = E /|E|>k

forall (x,y) € {(x,y) | y > Fxtan 8}, for some function ¢+ satisfying

~ 1 —4& COos .
0@ = =l ) VE —k2e™ M VETE forall | > k.

p+(6) =0 forall |§| < k.

ei(x cos OF y sin 9)&(0\:': (é:)e—(:tx sin 0+ cos ) /E2—k2 d%‘

(E.5)
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Remark E.4. In particular, we have

l . .
wi(x,O) z(xcosB)E(ﬁi(g)einsm&/gz—kz d%_
V2 |E|>k

for all x with +x > 0.

Proof of Corollary E.3. Since the Laplacian is rotation invariant, the function vt is given
by
wi(x,y) =vi(xcosh F ysinf, £xsinf + y cos )

and satisfies vy € L'(R x (=€ cos 6, 00)) with (A + k?)vx = 0in R x (£ cos 6, 00).
Therefore, using Lemma E.2 with ¢ = £ cos 0 yields

1 ; SR
va(x,y) = _/ e (Frva) (€. 0)e P VETR g
2w JiE1>k
with
|(Frv+)(€.0)] < \/—”wi”[‘l(ni)\/é&z k2eTtesOVER forall || > k,
(F1v)(£,0) =0 for all |§| < k,
because [Vt |21 (Rx(—£cosb,00)) = W ||L1(H;t), which concludes the proof. |
We are now ready to prove Theorem E.1 for the case whenn = 2.
Proof of Theorem E.1 when n = 2. For each £ > 0, we define
25 = {(x,»)) eR" xR |y +£> —|x|tan 6}

and it is easy to see that v(x, y) = w(x, y + £) satisfiesv € L! (E Yand (A +k*)v =0
in Eg. Since R x (—£,00) C =¥, v admits the representation as described in Lemma E.2
with ¢ = £. Since Fv (&, 0) = 0 for all |§| < k2, to prove our theorem, we only need to
show that

F1v(-, 0) is analytic in a neighborhood of the real axis. (E.6)

Since w(-, y) € L'(R) for almost every y € (0, 00), we can choose £ > 0 such that
v(-.0) = w(-0) € L'(R),
so that we can write

F1v(,0) = v|r, (x,0)e” ’xfdx+—/ v|r_ (x,0)e € dx.

7 h,

Using Remark E.4 with w4+ = v|r,, we have

1
5(11)(%',0) — _Z ( z(xcos@)n (77)6 |x|sin @ /72— kzd ) —ix§ dx, (E.7)
21 T Jry ik
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where ¢ satisfies (E.5). The integral given by (E.7) is well-defined, since

/]R (/l . |ei(xcos9)n¢:t(n)e—|x\sin0«/7]2—k2|dn)le—ix§| dx
+ ni=
— [ ([ 1owtie 1m0V ay) ax
Ry Minl>k

1 _lcos 2_k2 ix|sin 2_k2
< ol [ VRt VR ([t TR ) ay
In|>k Ry
_ 1 ||v||'L1(2§) / o—teost /n?—k? dn < oo,
Var o osinf o Jiysk

which holds because sin @ > 0 and cos 6 > 0. From this, we are also able to use Fubini’s
theorem on (E.7) to reach

1 . . .
Fiv(E.0) = Z/ (/ o1 cos 0)n x| sin 0./ —&2 ,—ixE dx)@i(n)dn
[nl>k *JR+

27 T
_ / s ( / X (ncos 6—§)Fsin 6./72—k?) dx)ai(n)dn
inl>k 27 TN Ry
_ / F(n.8)dn,
In|>k
where 1 o+ (1)
o+(n
F.8) = 5=

L Fi(ncos — &) + sin/n2 — k2
Finally, following the proof in [2, Theorem 1.1] exactly, we conclude with (E.6), which
completes the proof. ]

E.2. The case whenn > 2

The result for n > 2 can be proved exactly in the same way as in [2, Section 4], and hence,
its proof is omitted.

Notation index

L"| D Lebesgue measure restricted to D

H* 10D  (n — 1)-dimensional Hausdorff measure on 0D
dmes £ measure theoretic boundary

dred £ reduced boundary
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