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Twisted Hodge diamonds give rise
to non-Fourier-Mukai functors

Felix Kiing

Abstract. We apply computations of twisted Hodge diamonds to construct an infinite number of
non-Fourier—-Mukai functors with well-behaved target and source spaces.

To accomplish this, we first study the characteristic morphism introduced in Buchweitz and
Flenner [Adv. Math. 217 (2008), 205-242] in order to control it for tilting bundles. Then, we
continue by applying twisted Hodge diamonds of hypersurfaces embedded in projective space to
compute the Hochschild dimension of these spaces. This allows us to compute the kernel of the
embedding into the projective space in Hochschild cohomology. Finally, we use the above computa-
tions to apply the construction in Rizzardo, Van den Bergh, and Neeman [Invent. Math. 216 (2019),
927-1004] of non-Fourier—Mukai functors and verify that the constructed functors indeed cannot be
Fourier—Mukai for odd-dimensional quadrics.

Using this approach, we prove that there are a large number of Hochschild cohomology classes
that can be used for the construction of Rizzardo, Van den Bergh, and Neeman [Invent. Math. 216
(2019), 927-1004]. Furthermore, our results allow the application of computer-based calculations
to construct candidate functors for arbitrary degree hypersurfaces in arbitrary high dimensions. Ver-
ifying that these are not Fourier—Mukai still requires the existence of a tilting bundle.

In particular, we prove that there is at least one non-Fourier—-Mukai functor for every odd-
dimensional smooth quadric.

1. Introduction

1.1. Background and results

The concept of Fourier—Mukai functors generalizes the idea of a correspondence to the
categorical level.

Definition 1.1. A functor f : D?(X) — DP(Y) between bounded derived categories of
schemes is called Fourier—-Mukai if there exists an object M € D?(Y x X) such that

f = Oy :=Rayx (M ng) Lﬂ}(_)).

In this case, M is called the Fourier—Mukai kernel.
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In particular, these functors can be understood geometrically as @3, admits a complete
characterization by M € D?(Y x X).

It also turns out that most functorial constructions done in algebraic geometry are
Fourier—-Mukai. This means that understanding the property of being Fourier—Mukai, re-
spectively, of not being Fourier—Mukai, is essential for understanding which functors
between derived categories of sheaves may arise from geometric constructions and which
do not. Another indicator of the geometric nature of Fourier—Mukai functors are the fol-
lowing results by V. Orlov and B. Toén.

Theorem ([18]). Let X and Y be smooth projective schemes. Then, every fully faithful
exact functor Wy : Db (X) — DY (Y) is a Fourier—-Mukai functor for some Fourier—-Mukai
kernel M € Db (X x Y).

Theorem ([25]). Let X and Y be smooth projective schemes. Then, a functor
D(X) > D (Y)

is precisely Fourier—Mukai if it is induced by a dg-functors between the canonical dg-
enhancements.

The above results show that a lot of functors between derived categories of smooth
projective schemes are Fourier—-Mukai. So, Bondal, Larsen, and Lunts [4] conjectured
nearly 20 years ago that every exact functor between such derived categories admits a
description as a Fourier—Mukai functor.

This conjecture was disproven fifteen years later when A. Rizzardo, M. Van den Bergh,
and A. Neeman [22] constructed the first non-Fourier—Mukai functor

W, : Db(03) — DV (PH),

where Q3 denotes the smooth three-dimensional quadric in 4. Shortly thereafter, V. Vol-
ogodsky constructed in a note [26] another class of non-Fourier—Mukai functors over a
field of characteristic p > 0. However, Vologodsky’s functor turns out to be liftable to a
Zp-linear dg-level, whereas the example from [22] can be proven to not even have a lift
to the spectral level if one works over the rational numbers.

In this work, we generalize the result from [22] to higher dimensions. In particular,
we will work over a field of characteristic zero in order to show that even in the nicest
possible case there is an abundance of non-Fourier—Mukai functors.

We then verify that in the case of a smooth odd-dimensional quadric we can apply our
result to get a non-Fourier—Mukai functors in arbitrary high dimensions.

Theorem. Let Q — P2* be the embedding of a smooth odd-dimensional quadric for
k > 2. Then, we have an exact functor

v, : DP(Q) - DP(PM)

that cannot be Fourier—Mukai.



Twisted Hodge diamonds give rise to non-Fourier—-Mukai functors 893

1.2. Proof strategy

Generally, we follow the ideas from [22]. In order to conclude that we can construct more
non-Fourier—Mukai functors, we include auxiliary results on the kernel of the pushforward
in Hochschild cohomology. Furthermore, we will use more general objects, degrees, and
indices. We need to do this as the proof in [22] is very specialized to the three-dimensional
quadric, and one needs to take care when generalizing their strategy to a more general
setting.

Recall that the construction in [22] proceeds in two steps:

(1) First, the authors construct a prototypical non-Fourier—Mukai functor between not
necessarily geometric dg-categories.

(2) Second, using the behavior of Hochschild cohomology under embeddings, this
functor is turned into a geometric functor.

More precisely, in step (1), [22] constructs a functor
L:D%(X) = Doo(Xy)

for a smooth scheme X and n € HHZ4™X+3 where Do (Xy) is the derived category of
an #.o-category arising as infinitesimal deformation in the n-direction.

In step (2), the construction of L is turned into a geometric one. In [22], this is achieved
by showing that the canonical n € HH29™m 23 (03, wg’f) is annihilated by the embedding
03 < P*, which allows the passing from the algebraic world to the geometric world.
The authors then define ¥, to be L composed with the pushforward into the geometric
category Db (P*).

Although the construction in [22] is very general, it has two major drawbacks:

The first is that although L is constructed to be prototypical non-dg, it is not obvious
that the composition with the pushforward is again non-Fourier—Mukai. One usually han-
dles these complications by applying an inductive obstruction theory that gets unwieldy
quickly as one needs to keep track of inductively chosen lifts. Indeed, [22] only gives a sin-
gle example of a non-Fourier—Mukai functor although the construction given in steps (1)
and (2) is very general in nature.

We are able to solve this issue by restricting to Hochschild cohomology classes in
degree dim(X) + 3; this leads to the first obstruction vanishing, and so, we do not need
to control the previous lifts in order to conclude that the pushed forward obstruction does
not vanish.

The second drawback is that the results in [22] rely heavily on the existence of a tilting
bundle in order to conclude that the prototypical functor L cannot be dg. Furthermore,
in [20], T. Raedschelders, A. Rizzardo, and M. Van den Bergh construct an infinite amount
of non-Fourier—-Mukai functors using the prototypical L mentioned above. However, to do
this, they apply a geometrification result by Orlov and hence lose control over the target
space. In particular, the above mentioned geometrification result relies even more on the
existence of a tilting bundle. Although our concrete examples still require the existence
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of a tilting bundle, we study the naturality of the characteristic morphism, which might in
the future allow results using more general generators. In particular, we phrase our main
result such that a non-vanishing characteristic morphism suffices, which is guaranteed for
tilting objects.

Altogether this work improves on the construction from [22] to prove the existence of
non-Fourier—Mukai functors,

v, : DP(Q) - DL (P,

for Q a smooth quadric in arbitrary high dimension.

Furthermore, one can use our results to calculate the dimensions of choices for con-
structing candidate non-Fourier—Mukai functors as entries in twisted Hodge diamonds.
For instance, if one wants to deform a smooth degree 6 hypersurface f : X < P7*1
along the Hochschild cohomology of Ox(—8) in a way that might gives rise to a non-
Fourier—Mukai functor, we may pick an 7 in a 20993-dimensional space:

2996 20993 15267 917 0 0
1575 0 0 0 0

5775 0 0 0
10395 0 0
9002 0
2996.

Notation

Throughout this work, we consider k to be a field of characteristic zero, and all schemes,
algebras, #Ao-categories, and dg-categories are considered to be over k. We will assume
that all #.o-structures are strictly unital and graded cohomologically.

Furthermore, the bounded derived category of coherent sheaves over a scheme X will
be denoted by D?(X) or D?(coh(X)) depending on the context; wherever we need to
pass to the category Df’oh x (Qch(X)) using [10, Proposition 3.5] we will indicate this. We
denote the derived category of modules over a k-linear category X as £ (X)) and also use
the same notation for dg-categories. We refer to the dg-category of #,-modules over an
Aoco-algebra X, with homotopic maps identified by Do (X5); this is often also referred
to as the derived category of X ,-modules.

The change of rings functor associated to a k-linear functor f : X — ¥ will be referred
to by fi : D(Y) — D(X) in order to be compatible with the notation for schemes. Also,
wherever applicable, functors are intended as derived.
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2. Preliminaries: +A ., deformations of schemes and objects

For the general notion of #A-structures, we refer to [13], for an English reference con-
sult [12] or [8].

We recall the following results from [22], which we will need to construct our can-
didate functors. In particular, we refer the interested reader to [22] for a more in-depth
approach.

Definition 2.1. Let X be a k-linear category. An X -bimodule M is called k-central if
the k-action induced by the left X -action coincides with the k-action induced by the right
X -action.

Definition 2.2. Let X be a small k-linear category, and let M be a k-central X -bimodule.
The Hochschild complex C*(X, M) is defined as

C"(X, M) = [ Hom (X (Xo, X1) ®k - @k X (Xn—1, Xn), M(Xo, Xp))
X0,5eees XnGObj(x)

with differential given by
df(x1 ® -+ ® xp41) == X1 f(x2 ® -+ ® Xp41)

n
+ Z(—l)if(m ®: @ XiXit1 ® ® Xnt1)

i=1
+ (_1)n+1f(x1 ® @ Xp)Xn+1-
The Hochschild cohomology HH* (X, M) is the cohomology of C* (X, M).

Definition 2.3. Let X be an 4A.-category, and let I' be a k-algebra. Then, we define the
Aoo-category X ®g I to consist of the same objects as X, and morphism spaces given by

(X ®x I')(a.b) := X(a.b) @ I',
with higher composition morphisms given by

m; @, (X1 ®k Y1), ..., (X ®k ¥i)) :=m; x(X1,...,X;) Qk Y1 Vi
for composable arrows x; ® y; € (X ®k I')(a;—-1,a;).

Observe that there is no sign arising as we are considering I' to be a k-linear algebra,
and so, all y; are in degree 0.

We now will define a version of X deformed along a Hochschild cocycle 7. For a more
in-depth discussion of this construction, we refer to [22, Section 6].

Definition 2.4. Let X be a small k-linear category, M a k-central X -bimodule, and let
n € C=3(X, M) such that dn = 0.
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We define the Aqo-category X to have the same objects as X, morphism spaces given
by
Xp(a,b) = X(a,b) ® M(a,b)[n—2]

and non-zero composition morphisms
my((x,m), (x',m")) == (xx', xm’ + mx’)
my ((x1,m1), ..., (Xp,mp)) = (0,n(x1,..., X))

for composable arrows xi, ..., Xp.
The category X, comes with a canonical k-linear functor & : X;, — X acting by the
identity on objects and on morphisms by

7w Xpla,b) = X(a,b)® M(a,b)[n—2] - X(a,b)
(9.¥) = ¢.

Proposition 2.5 ([22, Lemma 6.1.1]). Let X be a k-linear category, let M be a k-central
X -bimodule, and let n, u € C* (X, M) withn > 3 such that 1 = t € HH" (X, M). Then,
we have

Xy = Xy

Remark 2.6 ([22, Section 6.2]). Let X be a k-linear category, M a k-central X -bimodule,
and I a k-algebra. Then, we define the morphism of Hochschild complexes

C*(X, M) > C*(XQT,MQT)
n+—nuUld

to send a Hochschild cocycle 7 in degree n to the degree n morphism
PUId: (X QT)®" > (MQT)
(a1 ®y1) @@ (an ®yn) > nar @+ ®an) ® (Y1~ ¥n)-

In particular, we get a morphism

HH*(X, M) > HH*(X @ T, M @ ")
n—>nuUld.

One can compute that this morphism is compatible with deformations, i.e.,
Xp®I = (X ®I)yu-

Definition 2.7 ([22, Section 6.4]). Let X be a small k-linear category, M a k-central X -
bimodule, € HH*(X, M), and let U € X-mod. A colift of U to X, is a pair (V, ¢),
where V' € Do (X5) and ¢ is an isomorphism of graded H* (X;)-modules:

V = Homy (H*(X,), U).
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Although we will later discuss the geometric characteristic morphism in depth, we
recall the next proposition using the algebraic characteristic morphism from [22] here,
as it introduces obstructions against the existence of colifts. Later in Section 5, we will
compare the geometric and algebraic characteristic morphisms.

Proposition 2.8. Assume that M is an invertible k-central X-bimodule and Xy is as
in Definition 2.4. Then, we have that the object U € D(X) has a colift if and only if
cy(n) = 0, where cy is the (algebraic) characteristic morphism

cy : HH*(X, M) — Ext*(U,M ® U),

obtained by interpreting n € HH* (X, M) as a degree n morphism X — M in D(X ®
X°P) and applying _ R U.

Proof. This is a combination of [22, Lemma 6.4.1] and [22, Lemma 6.3.1]. [

3. Equivariant sheaves and the characteristic morphism

In this section, we define I"-equivariant sheaves on a scheme X for a k-algebra I". We will
use this in order to study the (geometric) I"-equivariant characteristic morphism.
3.1. Equivariant sheaves and Fourier-Mukai functors

In this section, we introduce equivariant sheaves and prove that the equivariant structure
is compatible with Fourier—-Mukai functors. In particular, we can use this later to get a
contradiction to being Fourier—-Mukai.

Definition 3.1 ([15, Section 4]). Let I" be a k-algebra and € a k-linear category. Then,
we define the category Cr to consist of objects

obj(€r) := (M, : T — Ende(M)),
where M € € and ¥ is a morphism of k-algebras, and morphisms
Cr((M.¢).(N.¢)) :={a € C(F.G) [aoy(y) =¢(y)ca € C(M,N) Vy e T'}.

We will mostly denote (7, ¢) by T if the action is clear from context to avoid clumsy
notation.

Example 3.2. We give a few examples to illustrate Definition 3.1:

* Since € is required to be k-linear, we have that Ende( _) comes with a canonical
k-action, and so, we have
Cx = €.

* Let € be a k-linear category and M € €; then we have canonically

M = (M, Id) S '€End~€(M)'
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* Let F : € — €' be a k-linear functor between k-linear categories, and let T" be a (pos-
sibly non-commutative) k-algebra. Then, we can extend F canonically to a functor

FZ‘(?F—>\€1/-
M + FM := (FM,F oy) € €.

* Consider the point * = Spec(k) and a k-algebra I'. Then, (M, ¢) € coh(*)r consists
of M € coh(*) = Vectyk and a k-algebra morphism ¢ : ' — Endy (M), which means
that

coh(*)r = I'-mod.

e Let T € coh(X) be tilting for X smooth projective, and set I' := Endy (T"). Then, we
have
DV (X) = D) = DP(coh(#)r).

We will prove in Lemma 3.19 that this equivalence is compatible with products of
schemes under mild conditions.
We will use the next specific version of the second example throughout this work:

* Let ¥ € coh(X) be a coherent sheaf on a scheme. Then, we have canonically
F = (F,1d) € coh(X)gnay (%)-

Remark 3.3. The categories D (€r) and O (€)r may seem very similar in notion; how-
ever, they do not coincide. An object in M € D(€r) can be interpreted as a complex
of equivariant objects; i.e., it admits an action in every degree and a differential that is
compatible with these actions. On the other hand, an object in D (€)r can be interpreted
as a complex of sheaves together with an action on the whole complex that suffices the
relations given by the I'-action up to homotopy. The difference between these two notions
essentially boils down to the difference between commutative diagrams up to homotopy
not coinciding with homotopy commutative diagrams, which also led to the development
of derivators [9]. For some more information on this interplay, we refer to [21].
By the above discussions, there is a canonical forgetful functor

7 D(€r) = D(O)r
(M. @)~ (M, 7).

where we denote by (_) an equivalence class of (_). One can think of the above func-
tor as forgetting that I' acts on every degree separately. However, this functor is neither
essentially injective nor surjective in general, which we will use later.

Remark 3.4 ([10, Remark 2.51]). Let f : € — €’ be a left or right exact functor between
abelian categories. Recall that an object M € + is called f-adapted if R f(M) = 0,
respectively, L’ f(M) = 0, fori > 0.
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Lemma 3.5. Let [ : € — €’ be a right or left exact functor between abelian k-linear
categories such that € has enough f-adapted objects, and let T be a k-algebra. Then,
the canonical functor

/:D(Er) — DIEr
(M) = (M. foy)
admits a lift
fr + D¥(er) - D(Ep),
withfl € {b,+,—, }. Inthe case, {| = b, respectively, | = — for left exact and l| = + for right

exact functors, we assume that every M € € admits a bounded f -adapted resolution.

Proof. We have by Example 3.2 a canonical functor
Jfr:€r — €
(M. y) = (fM, foy).

Now, as €r and €[. are abelian with kernels and cokernels computed on objects, we
get that fT has the same exactness as f, and as cohomology also is computed on M only,
we get that every f-adapted object is also fT adapted.

Since we have enough f-adapted objects, we may consider for M € DY(€) an f-
adapted replacement, which by assumption is also finite for [} = b, respectively, if f is
left exact and ] = — or f being right exact and [] = +. In particular, we may invoke
[27, Theorem 10.5.9] in order to find a well-defined derived functor:

fr : Di(er) — D(EF)
(M. y) + (fM, f o).

Furthermore, [27, Theorem 10.5.9] allows us to freely use f-adapted resolutions to com-
pute fr on the derived category; i.e., we will assume from now on that every M is
f-adapted.

Recall the functor from Remark 3.3:

7 DY(Ep) —» DIE)r
(F. ) = (F.9).

We now just need to verify that the diagram

Dher) — " pigen)
T
]
DIET

commutes.
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We indeed get
ﬂofF(M’fol/f)' = ”(fM’fOW)
= (M, foy)
= f(M".y)
as claimed. [

We will drop the I in fr if it is clear from context, respectively, from the target or
source categories.

Lemma 3.6. Let f : X — Y be a morphism of finite-dimensional noetherian k-schemes,
T a k-algebra, and let M € D®(X). Then, we have the following:
« If f is proper, then the functor f, : D?(coh(X)r) — DP(coh(Y))r admits a canon-
ical lift:
fer : DP(coh(X)r) — DP(coh(Y)r).
o If f is flat, then the functor f* : DP(coh(Y)r) — D (coh(X))r admits a canonical
lift:
f: Db (coh(Y)r) — D (coh(X)r).
o If X is regular, then the functor M @ _ : DP(coh(X)r) — DP(coh(X))r admits a

canonical lift:
M ®r _: DP(coh(X)r) — DP(coh(X)r).

Proof. We check the cases separately.

f«. By Lemma 3.5, it suffices to show that every coherent sheaf M admits an f,-adapted
finite resolution in coh(X). By [10, Theorem 3.22], the object M admits an f,-adapted
resolution of finite length of quasi-coherent sheaves. By [10, Theorem 3.23], these quasi-
coherent sheaves can be picked to be coherent for f proper.

So, we can find by Lemma 3.5 a lift:

fer: Db (coh(X)r) — DP(coh(Y)r).

f*. As fisflat, f* is exact and does not need to be derived. In particular, we get by
Lemma 3.5 immediately a lift:

1 Db (coh(Y)r) — DP(coh(X)r).

M ® (_). By [10, Proposition 3.26], we have that every ¥ € coh(X) admits a bounded
locally free resolution, which is in particular M ® (_) adapted. So, we get by Lemma 3.5
that M ® (_) admits the lift

M ®r (_): D?(coh(X)r) = DP(coh(X)r)

as claimed. [
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Corollary 3.7. Let f : D(X) — DP(Y) be a Fourier-Mukai functor between finite-
dimensional smooth projective k-schemes, and let I' be a k-algebra. Then, we have that
the induced functor

f: DP(coh(X)r) = DP(coh(Y))r

admits a lift:
fr : Db (coh(X)r) — DP(coh(Y)r).

Proof. Observe first that X and Y being smooth projective immediately gives that
m . X XY — X is proper,

7y X XY — Y isflat

and X x Y isregular.

As f is a Fourier—Mukai functor, it has the form 7y «(M ® 75 (_)) for some M €
!Ob(Y x X). So, we get by Lemma 3.6 that 7 «, 75, and M ® _ admit canonical lifts. In
particular, f admits the canonical lift

Sri=mar(M ®r myp(_))

as claimed. [

3.2. Hochschild cohomology and the characteristic morphism

As we want to study the characteristic morphism, we start by recalling the definition of
the (geometric) Hochschild cohomology.

Definition 3.8 ([24]). Let X be a separated scheme and M a sheaf on X. Then, the
Hochschild cohomology of X with coefficients in M is given by
HH* (X, M) := Exty, x (Or, AxM),

where A : X — X x X is the diagonal embedding.

For the definition of the (geometric) characteristic morphism below, we follow [14]
and [6, Section 3.3].

Definition 3.9. Let X, Y be regular schemes, I a k-algebra, and let M, T € coh(X).
Then, the (geometric) characteristic morphism is defined to be

cr(M) : HH* (X, M) = Exty, x (Oa, AxM) — Extx (T,M @ T)

w1+ (@@ 1d)
_

(@:0p = S"AM) > (T M ® T),

where we use 7 = m14(Oa @ myT) and M ® T = m14(A«X"M ® 75 T). If we have
a ['-action on T, i.e., (T, ¢) € coh(X)r, there also exists a ['-equivariant characteristic
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morphism:

cr.r(M) t HH*(X, M) = Exty, x (Oa. AxM) — Exty ) (T.M ® T)

w1+ (@®n 1d

)
a:(@AﬁEnA*M)t—)(T E”M@T),

where we consider M ® T as an object in coh(X)r via the functor M ® (_), i.e.,
Y:I >End(M ® T)
y > Ild®e(y).

To study the characteristic morphism for special 7', we will define the following func-
tor realizing the characteristic morphism on a categorical level.

Definition 3.10. Let X, Y be projective schemes, and let 7 = (7, ¢) € coh(Y)r. Then,
we define the functor

C¥ : DP(X x Y) - DP(coh(X)r)
M+ (mix(M @ 15T),y = m1.(1d @75 9(y)))
(@: M — N) > C¥(a) = mala ® 75T).

Remark 3.11. One can think of the functor C}f to send an object M € DP(X xY) to
the image of T under the Fourier—Mukai functor with kernel M, equipped with the action
induced by ®ps 1, i.e.,

C¥ : DP°(X xY) — DP(coh(X)r)
M — Op(T).
The functor C{f allows us to compute cr,r on a categorical level.
Proposition 3.12. Let X be a scheme, and let T € coh(X)r, and consider
C¥: DP(X x X) = DP(coh(X)r).

Then, we have that the equivariant characteristic morphism ct,r (M) is given by evaluat-
ing the functor Cff on the morphism space Extyxx (Oa, AxM):

crr(M) = C7 : Exty, x (Oa. AuM) — Extly ) (T.M @ T).
Proof. By Definition 3.10, we have
CF 1 Extl, x(Oa, AxM) — Exteonx)r (CF (Oa), CEX (AM))

o> (e @myT).

We now have CTX (Op) = T and C{f (AxM) = M x T. So, the above turns by Defini-
tion 3.9 into

crr(M): EXt;XX(QA, AM) — EXt:oh(X)r (T,M®T)

as claimed. [
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Definition 3.13 ([3, Section 2.1]). Let € be a pointed category, i.e., a category admitting
a zero object. An object G € € is a generator if €(G, M) = 0 implies M = 0.
Let 7 be a pointed graded category. An object G € T is called a generator if

T(G,M[i]) =0
forall i € Z implies that M = 0.

Remark 3.14. In a pointed category €, the equation
€(M,N)=0

for two objects M, N € €, this means that the only morphism between M and N is the
unique morphism factoring over 0.
Furthermore, we have for an object M € € that if

€M, M) =0

means that M =~ 0 as in that case 0 = Id, and so, the unique morphisms 0 — M and
M — 0 define isomorphisms.

Proposition 3.15. Let fi : € — D be a faithful functor between pointed categories or
graded functor between pointed graded categories with a left adjoint f* : D — €, and
let T € D be a generator. Then, f*T is a generator.

Proof. We cover the case of a graded functor. Observe that the same argument holds for
pointed categories by ignoring [i].
Let M be such that €(f*T'[i], M) = 0. Then, we have

C(f*T[il. M) = D(Ti]. fxM) = 0

in particular, fu M = 0. Now, D(f« M, fxM) = 0, and so, €(M, M) = 0. This can only
hold if M = 0, and so, f*T is a generator. n

Proposition 3.16. Let € be a k-linear category or pointed graded category that admits a
generator G, and let T be a k-algebra. Then,

<G®F,w:y’r—>(G®Fw>G®F)>

defines a generator of €r, where we denote by G ® T the sheaf arising by tensoring
locally with the k-algebra I' as k-vector spaces and acting exclusively on T

Proof. Let (X,¢) € Cr,and let f : G — X be a morphism. Then, we have the following
morphism in €r:

f:GT - X
g®y > ey)o f(g).
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This indeed defines a morphism in €r as

() o f(g®y) =) op(y)o f(g)
=o(y'y)o f(g)
= f(g®Yy)
=foy()(g®y).

We can compute that if f vanishes, then f has to vanish as well since

0= f(g®Id)
= ¢(d) o f(g)
=1do f(g)
= f(g).

This means that if the morphism space €r (G ® I, (X, ¢)) vanishes, then also € (G, X)
vanishes. Observe that the discussion so far did not assume G to be a generator.
We continue again by considering the graded pointed case. For the pointed case, it
again suffices to ignore the shift [i].
Now, assume that
€r(G ®I'[i], (X,p)) = 0.

Then, we have by the above discussion that
€(G[i],X) =0.

As G is a generator, we get that X has to be a zero object. And so, (X, ¢) has to be a zero
object as well. In particular, we get that G ® I" is indeed a generator of Cr. |

Remark 3.17. Proposition 3.16 is a consequence of M ® I' being the free object in €r
over M.

Remark 3.18. Recall that an object 7 in an abelian category o+ is called tilting if T is a
generator in D () and Ext! (T, T) = 0 for all i > 0.

Lemma 3.19. Let X, Y be smooth projective schemes such that X admits a generator
G € D®(X) with RHom! (G, G) finite dimensional for all i; let Y be such that it admits
a tilting object T € coh(Y), and set I := End(T'). Then,

CX DX xY) — DP(coh(X)r)
is an equivalence of derived categories.

Proof. Throughout this proof, we denote by T2 := RHomy (T, Oy) the dual of T and by
s S — Spec(k) the unique projection from a scheme S to the point Spec(k). Observe



Twisted Hodge diamonds give rise to non-Fourier—-Mukai functors 905

that by [10, Proposition 3.26] we have TP € D?(Y) as smooth schemes, which are in
particular regular. Furthermore, we will use the following diagram for flat base change

twice:
X xY
7 yz\
X Y

Spec(k).

Since T is tilting, it is a generator of D?(Y) and TP is generating D?(Y) by [22,
Lemma 8.9.1]. So, we get that G )X T2 generates D?(X x Y) by [3, Lemma 3.4.1].
Furthermore, we have by [7, Paragraph 1.10] that ' = Endy (T) is finite dimensional.

We first show that C}f (G ® TP) is isomorphic to G ® T':

CXGCGRTP) =7 (GRTP)®IT) definition of CX
=~ 11.(nfG @ 3 TP @ 73 T) definition of X
=~ 11 (717G @ 13 (T ® TP)) [10, (3.12)]

114 (7F G @ w3RHomy (T, T)) definition of TP

G @ myx7y (RHomy (T, T)) [10, (3.11)]

~ G @ nyny,«RHomy (T, T) flat base change

xGQI. T has no higher Ext-groups

[

I

The above computation is compatible with the I"-action as all isomorphisms involved are
natural isomorphism. In particular, replacing 7} T by 75y yields multiplication with y
inT.

As by Proposition 3.16, G ® T is a generator for D? (coh(X)r), the functor C 7)5 sends
a generator to a generator. So, it suffices to prove that

CT
RHomyxy (G ® TP, G ® TP) = RHomon(x), (CF (G B TP), X (G RTP))

is an isomorphism.
To do that, we first compute the source and target spaces:
RHomyxy (G R TP, G ® TP)
~ RHomyxy (717G @ 73 TP, 7n}G @ n5TP) definition of X
=~ RHomy xy (77 G, RHomyxy (m} TP, 77 G @ 3 TP)) [10, (3.14)]
=~ RHomyxy (77 G, 7} G @ RHomyxy (73 T2, 73 TP)) [10,(3.13)]
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Ty xyRHomyxy (7} G, 71} G ® RHomyxy (n3 TP, 75 TP)) [10, p. 85]

It¢

=~ 7 «RHomyxy (717G, 1} G ® RHomyxy (n} TP, n}TP)) Txxy 2 Tx <Y %
>~ mxxy«(RHomyxy (]G, 17 G) @ RHomyxy (w3 TP, 2} TP)) [10, (3.13)]

>~ mxxy.+(fRHomy (G, G) ® m}RHomy (TP, TP)) [10, (3.13)]

> 7y« 0 1 « (7] RHomy (G, G) ® 75 RHomy (TD, TD)) XYY =Y OM]
> 7x 4 o (1« (7] RHomy (G, G) ® wiRHomy (T2, TP))) o is associative

>~ 7y «(RHomy (G, G) ® m1 «iRHomy (TP, TP)) (10, (3.11)]

=~ 7y «(RHomy (G, G) ® my wy,«RHomy (TP, 1P)) flat base change
=~ 7y «(RHomy (G, G) ® mx 'P) [10, p. 85]

~ 7y «RHomy (G, G) ® P [10, 3.11)]

=~ RHomy (G, G) ® I'P. [10, p. 85]

Now, for RHomon(x) (G ® I', G ® T'), we have
RHomeon(x)p (G @ I', G ® I') = RHom o (x) (G, G) ® RHomr . oq(I7, ')
=~ RHomy (G, G) ® I'P.

As the two spaces are isomorphic and in particular degree-wise isomorphic, it suffices to
prove bijectivity on RHomy, (G X TP,G R TP). Since

RHomy, (G X TP, G X T?) =~ RHom% (G, G) ® T,

we know that RHom&XY(G X TP, G R TP) is finite dimensional as tensor product of
finite-dimensional vector spaces. So, it suffices to check that C ;( is surjective. For this, let

a ® B € RHom, ) (G®T.G ®T') = RHom' (G, G) ® "™
Then, we can pick o X 8 € RHomé(Xy(G R TP,G R TP) and get
CaRP) = m (¢ R ®x}1dr)
= (e X B)
~a®p e RHomioh(X)l_(G QILG®TI).
This means that C 7{( is surjective on the generating set of morphisms of the form o ® f. In

particular, C{f is surjective and an isomorphism as it is surjective between vector spaces
of the same dimension which finishes the proof. |

Lemma 3.20. Let f : X — Y be a proper morphism of schemes, T a k-algebra, and let
T € coh(Y)r. We have f*T € coh(X)r. Consider the two functors

Clr: DP(X x X) > D (coh(X)r)
M (m1x(M @ 5 f*T))
(@:M —> N)> m(@a®ny f*T)
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and

CXo(dxf)u: DX x X) > DP(X xY) = DP(coh(X)r)
M (dxf)eM > (m1«(Id X f)eM Q@ 75T)
(@: M — N) > (Idx feo > w1 (Ad X fso @ 75 T).

Then, we have a natural isomorphism C}‘;T >~ Cff o (Id X f)x.
Proof. Observe that Id x f is proper as product of proper morphisms, and so, by [10,
Theorem 3.23],

Idx f)s: DP(X x X) = DP(X x Y)

is well defined. We will use the following two commutative diagrams in order to construct
the isomorphism

Idx f Idxf
XxX ———XxY XxX ——XxY
n][ [ni 7[2[ Lné
X————X X ——Y7,
1d

where we distinguish between the projections from X x X and X x Y in order to avoid
confusion. This means that in this notation

CFf =7, (D) ® 5 T) and CHp = m((2) ® w5 f*T).
On objects and morphisms we have the following sequence of natural isomorphisms:
Clr(L) =m((L) @75 f*T) Definition 3.10
71 =m0 (Idxf)
fom=myo(dxf)
71 (@A X f)e(_) @ 5" T) projection formula
= CFX o(Idxf)u(_). Definition 3.10

= 1, (1d x )« ((2) ® (1d x [)* 7" T)

I

Both functors also induce the same I"-action as we get analogously:
71 =m0 dxf)

fom=mo(dxs)
> 71, ((Id x f) 1d @7} y). projection formula

mx(d®m3 f*y) 2= i, (1d x )« (1d @(d x ) 75" y)

This means that the actions match up along the same natural isomorphisms, and so,
Clp = Cf o(ldx ).

as claimed. [



F. Kiing 908

Remark 3.21. Lemma 3.20 above can be interpreted very naturally using Remark 3.11.
As C}f sends an M to the image of 7" under the Fourier—Mukai functor &3, and we have
by [10, Exercise 5.12]

Paaxsrm = Paro f*.

In particular, the two functors C }{*T and C 7)5 o (f x 1Id)s should be isomorphic.

Proposition 3.22. Let [ : X — Y be a proper morphism of schemes and T € coh(Y )r.
Then, we have

crorr(M) = Cf o (Id X f)u : Exty, x (Oa, AuM) — Extly ) (f*T.M & f*T).
Proof. By Proposition 3.12, we have
crorr(M) = CHp i Bxty,x (Oa. AxM) — Extly ) (T.M ® T),
and by Lemma 3.20, we get
crorr(M) = Clp = CF o (Idx [)x : Ext}, x (Oa. AxM)
= BxC 0 (S T.M ® f*T)
as claimed. ]

Remark 3.23. The above result could be used to compute the injectivity of the char-
acteristic morphism if one can find an (f,Id) : X x X — X x Y that is injective on
Ext}x x(Oa, AM ) such that Y admits a tilting bundle. However, the existence of such a
morphism is not straightforward. In particular, a closed immersion of a divisor

f:X <P

is in general not injective on Ext&( _,_) as by the Grothendieck—Serre spectral sequence
there might be correction terms arising in degrees i > 1.

4. Twisted Hodge diamonds give kernels in Hochschild cohomology

We will show how twisted Hodge diamonds, and in particular their interior, can be used
to understand the pushforward of Hochschild cohomology under the closed embedding of
a smooth projective hypersurface of degree d.

Throughout this chapter, we will follow Briickmann’s paper “Zur Kohomologie von
projektiven Hyperflachen” [5] for computations.

Definition 4.1. Let X be a projective scheme of dimension 7, and let Ox (1) be a very
ample line bundle. Then, we define the twisted Hodge numbers of X to be

i/ (X) == dimH/ (X, Q% (p)).
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Similarly to the ordinary Hodge numbers, the twisted Hodge numbers can be arranged in
a twisted Hodge diamond:

b " (X)

7N

by (X) by (X)

N,

hp? (X).
We will drop the X if the space is clear from context.

Lemma 4.2. Let X be a smooth projective scheme of dimension n with canonical sheaf
of the form Ox (t). Then, we have

n

HH™ (X, Ox (p)) = EDH ™" (X. Q% (t — p)).
i=0

In particular, this gives

n
dim HH™ (X, Ox (p)) = Y _ b2 " (X).
i=0
Proof. We compute, using wx = Ox (¢) and the Hochschild—Kostant—Rosenberg (HKR)
isomorphism [24]:

HH" (X, Ox (p)) = P Exty ™ (%, Ox (p)) HKR
i=0

n
>~ @D Exty " (0x (p). Qi (1))*  Serre duality
i=0

n
o @ Exty ™ (Ox, Q% (t — p))* twisting on both sides
i=0

n
=~ (PHTH (X, Qk(t — p))F Ext} (Ox,_) = H/(X,_)
i=0
Applying dimension on both sides gives

n
dim HH™ (X, Ox (p)) = Y 2"+ (X)
i=0

as desired. [
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Remark 4.3. By Lemma 4.2, one can compute dim HH” (X, Ox (p)) as the sum over the
mth column in the ¢ — p twisted Hodge diamond:

e, ",
/ \ / AN
b2 by
/ AN
hy°, hy", or b h”,
AN /
e / \ heZ, "
AN /
h?°, h?°,.

4.1. The Hochschild cohomology of a smooth hypersurface

We will use the computations in [5] and Remark 4.3 to compute the Hochschild cohomol-
ogy of X.

Lemma 4.4. Let X < P"*1 be a smooth degree d hypersurface. Then,
hi/(X) =0
if (i, j) is not of the form (i,0), (i,n), (i,n —1i), (i,i), with0 <i < n. And we have for
(i.7)
B (X) = 8p0 ifi ¢ {0, %n}
Moreover, we get

o n+2 2\ [ — id —(u—1)(d -1
h’p’”_’ (X) _ Z(—l)“(n :; )( p+i n(_/i | )( )) + 8p,08i,n—i- (1)
n=0

Proof. First of all, we can assume that 0 < i, j < n as outside of that range we have
SZS( (p) = 0, respectively, H/ (X, QS{ (p)) = 0 for dimension reasons.
By [5, Satz 2, (42), (40), (38), and (39)], we have for 0 <i <n

(25T 4+ A DR () (PO i =

S DA ATD) et i+ =
b0 =3 IR + S GO ) ey =0

b0 ifi =j ¢{0,n}

0 else.
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So, only the cases for i € {0, n} remain. Now, [5, Lemma 5] gives for j ¢ {0,n}
0.j o omi
hy? (X) = 0 = hy/ (X),
which finishes the claim. ]

Remark 4.5. By Lemma 4.4, the p-twisted Hodge diamond of a smooth degree d hyper-
surface has the shape

n,n
hP
-
P 1
1
7 1
1
4 1
1
0 ' 0
7 1
n,0 ! 0,n
hp : hp
. .
1 7
0o + 0
1
Bop
1
1
[
0,0
hy.

In particular, the only non-trivial entries appear along the indicated lines. More pre-
cisely, we have along the blue line the values for h’" (X), along the red line the values for
hi"~/(X), and along the green line the values for h’-°(X). Furthermore, the dashed line
disappears if p # 0 as these are the Kronecker deltas § ¢.

Proposition 4.6. Let X < P"! be the embedding of a smooth degree d hypersurface.
Then, the following formulas hold:

h0(X) = W2 (X)
" (X) = b7 (X) i ¢{0.L.n}. p#£0
RSP — R PP = BT (X) + W (X) i ¢ {0, 1,m)
h5O (P 1) — b0 (P = hi0(X) + h LX) i ¢ {0, 1.n}.
Proof. We compute for the first equation:
hi0(X) = dimHO(X, Q% (p)) definition
= dimExt®(Ox. Q% (p)) Ext*(Ox,_) =~ H*(X,_)
= dim Ext"(Q% (p), Q%) Serre duality
= dim Ext" (Ox, Q% (=p))
= dimH"(X, Q% (—p)) Ext*(Ox,_) = H*(X,_)
=h70(X). definition
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For the second equation, we have by (1) the following identity:

n+2 .
h;;”_"(X) _ Z( 1)(n +2)(—p+1d —(u—1)(d - 1))

=0 n+1

2 n+2\(-p+d—d+id—(u—1)d—-1)
- 2en("0) )
(S n+2\(=p+d+(G—1)d—(u—1)d-1)
=" )

— h;_1d,n+1 l(X).

And for the last two, Briickmann gives the formula [5, (31)], which together with [5, Satz
2] gives both

hlnd(X) hl+1n(IP>n+l) hl+1n(Pn+1) h§,+1’n(X),
h50(X) = 5P+ —h5O (B! — b L0 (X).
After rearranging, these are
hlnd(X)+hl+ln(X) hl+1n(Pn+l) hl+ln(]P>n+l)
B0 (X) + 0 (X) = O — i,
Index shifting in the first equation gives
by (B — b (P = b (X) + by —" ().
b0 (P4 — 12, (P = hi30(X) + 1,7 (X)
as claimed. u

We can use Lemma 4.4 together with Lemma 4.2 to compute the dimensions of

Corollary 4.7. Let X be a smooth n-dimensional hypersurface of degree d, and let t =
d —n — 2. Then, we have

dimHH™ (X, Ox (p))

h?’—np(X) form =0

hy "O(X)+h2’n 2(X)—i—h;"_’r]’,(X)—}—(11—2)8,,1,8,,,,,1 for0 < m < 2n even
=V hP0(X) + B (X) + (0 — 1), pSmon for0 <m < 2n odd

h;l’—op(X) form = 2n

0 else.
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Proof. Observe that we have Oy () = wy and that we can assume 0 < m < 2n for dimen-
sion reasons. By Lemma 4.2, we have

dim HH™ (X, Ox (p)) = Zh’ X)),
i=0

So, we can use Lemma 4.4 to compute every summand. In particular, we get for n = 0
andn = 2n

dimHH(X, Ox (p)) = h?’”p(X)
dim HH?" (X, Ox (p)) = h}"%,(X)

as only one summand appears.
Now, for 0 < m < 2n, we can use Lemma 4.4 to get form # n

dim HH™ (X, Ox (p)) = Z By (X))

> onp,x)

i—j=m—n

h), ”O(X)—i—h ';(X)—i—h:"_";,(X) for m even
hy, ”O(X)—l—h;"';,(X) for m odd.

For m = n, all the above calculations still hold; however, we get for all (i,i) with0 <i <n
and (i,i) # (5. 5) an additional 8o, = &, », which means that

dim HH" (X, Ox (p))
% (X) + h22 (X) +h" (X)) + (n —2)8;,p6mn  for m even
b0, (X) + " (X) + (1 — 1)81, pSmon for m odd

as claimed. [

4.2. The Hochschild cohomology of the direct image

Since we want to control the pushforward in Hochschild cohomology, we will use com-
putations by [5] to understand the Hochschild dimensions of the direct image of a line
bundle under a smooth embedding.

Lemma 4.8. Let f : X < Y be an embedding of a smooth n-dimensional degree d
hypersurface, and assume that wy = O(t). Then, we have

dimY
HH" (Y, f.0x (p)) = @ H" ™" (X, f*Qy(t — p)).

i=0
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Proof. We can compute, using wy = Ox (¢) and the Hochschild—Kostant-Rosenberg iso-
morphism (HKR) [24]:

dimY
HH" (Y, f.O0x (p)) = €D Ext7 (@} £:0x(p)) HKR

i=0
dimY

=~ P Exty 7 (f*Q%. Ox(p)) f*Af
i=0
dimY

~ (P Exty " (Ox (p). f*Qy (1))*  Serre duality
i=0
dimY

&~ @ Ext}""“ (Ox, f*Q(t — p))* twisting on both sides
i=0
dimY ]

~ @ H (XL Q- p) Ext}, (Ox,_) = H/(X,_)
i=0

as desired. -

Lemma 4.9. Let f : X — P"™! be a closed embedding of a smooth degree d hypersur-
face. Then, we have for (i, j) ¢ {(0,0),(0,n), (0,n + 1), (n, 1)(n,n), (n,n + 1)}

b (X) + by 0 ifj=0
b (X) + 025" (X) ifj =n

dimH (X, f*Qpn1 () = 1 550 ifi = j ¢{0,n}
8p.d ifi —1=j ¢{0.n}
0 else.

Moreover, we get
dimH (X, f* Q.11 (p) = Wy (X) + 10~ 0 (X) —h0 3! (X)
dimH" (X, £*Qpas1(p)) = hy" (X) + 0", (X) —h," 7' (X)
dimH’(X., f*Qp,i1 (p)) = hy°(X)
dim H" (X, f* Qa1 (p) = by (X)
dimH (X, /*QptL (p) = 0%, (X)
dimH" (X, f* Qi (p) = ), (X).

Proof. First, observe that Qﬁ,,,, +1 =0fori >n 4+ 1andi < 0. In particular, we can assume
that 0 <i <n + 1, and for dimension reasons, we can additionally assume that 0 < j <n.
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Furthermore, [5, Lemmas 5 and 6] give for0 < j <n
dimH/ (X, £*Q%(p)) = 0.
dimH’/ (X, f*Q"T1(p)) = 0.
By [5, Satz 1, Lemma 6, (21), and (25)], we have for 0 <i <n + 1
;0 (Pt —h"’° (P ifj =0
dimH/ (X, f*Qpuii (p)) = | b5 @+ —nE LY i j =
8p,00i,; + 0pabi—1,; if j ¢ {0, n},
which gives after applying Proposition 4.6 fori ¢ {1,n}
by’ (X) + 0 (X)) ifj=0
dimH/ (X, £ Qpusr (p)) = | h5"(X) + b "(X) if j =n
8p,00i,; +68pa8i—1,; if j ¢{0,n}.

Now, we will consider the special cases.
We start with the case of i € {1,n}. By the discussion above, we have

dimHO(X,f*Q%nﬂ(p)) = hZ,O(I[Dn+1) _hn,O (Pn—l-l)
dimH" (X, £*QL,,1(p)) = h}l),n+l(]P>n+l) h1 n+1(Pn+1)
This turns, using [5, (31), (33), Satz 2 and Lemma 5] into
dimHO (X, Q1 (p) = W20(X) + W50 00) — 01251 (),
dim H" (X, /* Qb1 (p)) = hy"(X) + 007, (X) - h;,n 1(X).

So, only the cases fori = 0 andi = n + 1 remain.
Fori = 0, we have f’"Q?P,n+1 (p) = Ox(p), so we can apply Lemma 4.1 to get

dimH(X, Ox (p)) = h3°(X),
dimH" (X, Ox (p)) = hy" (X).
Now, fori = n + 1, we have
FrQur(p) = f*Ox(p—n—2)
~0x(d—-—n—-24+p—d)
=~ Qy(p—d).
And so, we get by Definition 4.
dimH(X. Q% (p — d)) = 0%, (X),
dimH"(X,Q%(p —d)) = hp_d(X)

as claimed. [
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Remark 4.10. If we arrange the computation of the cohomology dimensions from Lemma
4.9 analogously to a twisted Hodge diamond, we get that it is of the shape

WX, £ (p) = W7 (X)

/-r\

h"(X f*Q"(p))

h;n+h* 1,n
WO, = WX L) B b (X, £ (p)) = by (X) + b0, (X) — by~ (X)
by (X) + W70 () — W7V (X) = hO(X, £*Q"(p)) 8p.0 h" (X, f Q%(p)) =h)° (X)

WX, f* o! (P):

|
'
'
'
'
]
'
'
'
'
'
'
'
'
'
'
'
'
v
'
'
'
|
'
]
'
'

hp*(X) = hO(X. £*Q°(p)).
where apart from the two special cases
WO (X, f*Qpaia (p) = by (X) + 0 (X) — ™1 (),
b (X, f*Qpuir (p) = hy" (X) + 0" (X) —h "1 (X),

the only non-trivial entries are along the indicated lines. There we have

B (X f Qi) = " (X) + 25" (X)),
and along the two vertical diagonals, we have

hi (X, f* QP,,H) = 6p.0,
b (X, f*Qpt) = 6pa-
Observe that this has the shape of the p and p — d twisted Hodge diamond for X laid on

top of each other with the interior middle line removed.
Since we will focus on the case p > d, we will be able to ignore the dashed lines.

Proposition 4.11. Let f: X < P" " be a smooth n-dimensional hypersurface of degree d,
and sett = d —n — 2. Then, we have for m ¢ {1,2n}

dim HH™ (P"*, £,Ox (p)) = by, " (X) + by 71 (X) + 7 (X) 4+ by~ (X),

+ (n - 1)(8d,p m,n+1 + 80,1) m,n)
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andform =1, m = 2n

dimHH' (P"*1, £,0x (p)) = b2, (X) + 1", 5 (X) =2, (X),

dim HH>" (P"*1, £, Ox (p)) = by, (X) + 0720, (X) by (X).

Proof. We will compute the cases separately using
Ox(t) =~ wx.

We can use Lemma 4.8 to get for m ¢ {1, 2n}

dimHH™ (P!, £, O0x (p)) = ) dimH" (X, f*Qp11 (¢ — p))
i=0

> dimH (X, f* Qb (t — p))

i—j=m—n
+ (n - 1)(5d,p m,n+1 +8O,p m,n)'

For m = 1, we similarly get

n+1
dimHH'(P"*!, £.0x (p)) = ) dimH" ™'/ (X, f*Q},01 (t — p))
i=0
= dimH" (X, f*an+1(Z -p)

= ", (X) + 0" (X) —hy 7 ().

And for m = 2n, we get

n+1
dim HH?"(P"*!, £,0x(p)) = > dimH "' (X, f*Qb,.. (t — p))
i=0
= dimH°(X. f*Qplh (r = p)
= 02, (0) + 02,0, () =07 ()

which finishes the claim. [ ]

Remark 4.12. Since we will be able to assume that p ¢ {0, d} in the next section, we
will exclude these cases. However, all of the following proofs and arguments still hold in
these cases; one just needs to keep track of the Kronecker deltas in dim HH” (X, Ox (p)).

Proposition 4.13. Let [ : X < P"*! be a smooth n-dimensional hypersurface of de-
gree d, and let
t=d—-—n-2.
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Then, we have for all p € 7. such thatt — p ¢ {0,d} that dim HH™ (P" 1, £,Ox (p)) is
given by

dim HH (X, Ox (p)) m=0
dim HH! (X, Ox (p)) + dimHH’(X, Ox (p + d)) —hy", " (X) m=1
n,_m 1 2
dim HH" (X, Ox (p)) + dim HH""L(X, Ox (p + d)) —h2 " 2 (x) "~
even
m+l ,_mtl 1 2
dim HH™ (X, Ox (p))-+dim HH"= (X, Ox (p + d))—h, 2,2 (X) <";; "
[
dim HH?" (X, Ox (p)) + dimHH*" " (X, Ox (p + d)) =0} )1, (X)  m =2n
dim HH2" (X, Ox (p + d)) m=2n+1
0 else.

Proof. For dimension reasons, we immediately get dim HH” (P"*!, £,Ox (p)) = 0 for
m < 0, respectively, 2n + 1 < m. Now, for the computations.

m = 0. We compute

dimHH(P" !, £,0x(p)) = h" »(X) Proposition 4.11
= dim HHO(X, Ox(p)). Corollary 4.7

m = 1. We get by Proposition 4.11 and Corollary 4.7

dimHH' (P"*!, £.0x (p)) = he",(X) + 0y _,(X) —hy " (X)
= dimHH(X, Ox (p)) + d1mHH0(X, Ox(p +d))
_hln I(X)

1 < m < 2n. In this case, we have by Corollary 4.7 and Proposition 4.1 1

dim HH™(P"*!, £,0x(p))
=hy"” ”(X)+h§’";"; Y(X) + b} (X) + b ”;’__ld(X)
= by (X) + W (X) + B () 4+ by (X)
dim HH" (X, Ox (p)) + dimHH" "' (X, Ox (p + d)) — h; ’" 2(X) m even

dim HH" (X, Ox (p)) + dimHH" "' (X, Ox (p + d)) — h,af, ER (X) m odd.

m = 2n. Here, we get by Proposition 4.11 and Corollary 4.7

dimHH>" ("1, £.0x(p)) = 075, (X) + 1), (X) — {7, (X)
= dim HH*" (X, Ox (p)) + dimHH*""1(X, Ox (p + d))

—hy_ ().
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m = 2n + 1. We compute

dim HH>" L (P"*!| £,0x(p)) = h't"_op_d (X) Proposition 4.1 1
= dimHH" (X, Ox(p + d)) Corollary 4.7.

So, we covered all cases, and the statement holds. [

Proposition 4.14 ([22, Proposition 9.5.1]). Consider the embedding of a smooth n-dimen-
sional degree d hypersurface

x < prti,

Then, we have a long exact sequence of the form

~+- = HHI2(X, Ox (p + d)) — HH' (X, Ox (p)) L> HHI (P"*1, £,0x (p)) — - .

Theorem 4.15. Let f : X < P"1 be the embedding of a smooth degree d hypersurface,
and set
t=d—-n-2.

Then, we have for all p € Z such thatt — p ¢ {0,d}
dimker(fi : HH™(X, Ox (p)) — HH™(P"*!, £.0x(p)))
h?_’;_7(X) 0 <m < 2n even

h’;_‘;fd(X) m=2n

0 else.

Proof. For dimension reasons, we may assume that
0<m<2n.

In the diagrams for this proof, we will denote Ox by @ and P"*! by PP in order to avoid
clumsy notation.

We will proceed by induction over / with 2/ = m using the long exact sequence from
Proposition 4.14:

.o > HH™ (X, Ox (p + d)) — HH" (X, Ox (p)) EAN HH™(P"*!, £,O0x(p)) — --- .

This way, we can cover the odd case 2/ — 1 and even case 2/ in the induction step simul-
taneously.

We will start with / = 1 as induction start and include the case of m = 0 to cover the
cases form =0, 1, 2.

We compute all the dimensions in the long exact sequence in Proposition 4.14 using
Proposition 4.13 and proceed by diagram chase. Consider the following diagram, where
we denote the spaces on the left and their dimensions on the right. We will use the arrows
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on the right-hand side to indicate that the dimensions to the right of their tail are the
dimensions to the left of their tip:

0 0
HH’(X, O(p)) 0 + dimHH(X, O(p))
S K
HH°(P, f+O(p)) dimHH(X,O(p)) + 0
HH™' (X, 0(p + d)) 0+ 0
HH'(X, O(p)) 0 + dimHH!(X, O(p))
e K
HH!(P, £.O(p)) dimHH' (X, O(p)) + dimHH°(X,O(p +d)) —h}""
HH®(X, O(p + d)) dimHH (X, O(p +d)) —h" " + by
HH2(X, O(p)) bt = hp" !+ dim HH2(X, O(p)).

By the above diagram chase, we get that the image of the last arrow on the left has dimen-

sion h}’_" » '(X). So, by the exactness of the sequence from Proposition 4.14, we get that

this is also the dimension of the kernel of
f« t HH2(X, Ox (p)) — HH2(P", f,Ox(p)).
And so, we get
dimker(fx : HH(X, Ox (p)) — HH*(P", f0x(p))) = 0,
dimker(fi : HH' (X, Ox (p)) — HH'(P", f.Ox (p))) = 0,
dimker( fx : HH?(X, Ox (p)) — HH*(P", f,Ox(p))) = h;"" > (X)

as expected.
For the induction step, we will cover the cases m = 2] — 1 and m = 2/ simultaneously.
Assume that

dimker(fx : HH*72(X, Ox (p)) — HHZ2(P", £,0x(p))) = W=7 (X).

We compute again the dimensions in the long exact sequence from Proposition 4.14
using our computations in Proposition 4.13. We write the long exact sequence on the left
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and the dimensions on the right. We draw the arrows on the right-hand side from left to
right to indicate that the dimensions to the right of their tail are the dimensions to the left

of their tip:
ker(f*)ﬂfz hl:l,n—l+1
HH (X, 0(p)) T T+ dimHE (X 0(p)
Je !

/
N

HH22(P, £.0(p))  —hi=5" 7' + dimHHY2(X, 0(p)) + dimHHZ2(X,O(p + d))

HHZ3(X, O(p + d)) dimHH? (X, 0(p +d)) + 0
HE2-1 (X, 0(p)) 0 + dimHH?~'(X, O(p))
S+ /
HHZ-1(P, £,0(p)) dim HH ! (X. 0(p)) + dimHH' (X, O(p +d)) — ;"""

!
’
1
N

HH?2(X,0(p—d))  dimHH?"2(X,0(p +d)) —hy",' + hi"pl(X)

/
’
1

N

HHZ (X, O(p)) et = hm ! 4 dimHH? (X, O(p)).

By the exactness of the sequence, this means that

dimker( i : HH* ™' (X, Ox (p)) — HH?' "' (B", £.0x (p))) =0,
dim ker(f. : HH* (X, Ox (p)) — HH?' (", £.0x (p))) = 0=} (X).

Now, finally, for the case of [ = n.
By the above induction, we have

dimker( fix : HH*""2(X, Ox(p)) — HH*"2(P", f.Ox(p)))
— hl n— I(X)
We apply again diagram chase along long exact sequence from Proposition 4.14 using
the computations in Proposition 4.13. We continue to write the long exact sequence on

the left and the dimensions on the right. The diagonal arrows on the right again symbolize
that the dimensions to the right of their tail are the dimensions of the kernel to the left of
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their tip:
~\2n—2 no
ker( f«) h;—p
¥
HH22(X, 0(p)) W=yt = Ty + dimHH?"2(X, O(p))
2
A
HH2"2(P, £,0(p)) —hy~," + dim HH2""2(X, O(p)) + dimHH*"(X, 0(p + d))
¥
HH2"3(X, O(p + d)) dimHH?>""2(X,0(p +d)) + 0
¥
HH21-1(X, 0(p)) 0 + dimHH>'(X, O(p))
£
A
HH2""Y(P, £,0(p)) dimHH>""'(X, O(p)) + dimHH*""2(X,O(p + d)) —h;_,"
1,1 \i/ —1,1
HH2"2(X,0(p—d))  dimHH>"2(X.0(p +d)) —H/" >+ w20,

N
HH>"(X,0(p)) W, 4 dimHHY (X, 0(p)) — 0,2,

This diagram gives us

dimker( fi : HH?""Y(X, Ox (p)) — HH*""L(P", f,O0x(p))) =0,

dimker(f : HH2" (X, Ox (p)) — HH"(P", £,0x (p))) = W1, (X).

So, we covered the case for m = 2n and we are done as for m < 0 and m > 0O the
source space is trivial. [ ]

We now finally state the following in order to guarantee the existence of non-trivial
kernels of pushforwards of Hochschild cohomology.

Proposition 4.16. Let f : X — P?* be an embedding of a smooth odd-dimensional
degree d > 1 hypersurface of dimension n = 2k — 1 for k > 2, and let p = —kd — d.
Then, we have

ker(HH"3(X, Ox (p)) — HH" T3 (P" !, £,0x(p))) = k.
Proof. By Theorem 4.15, we have
dim ker(HH" T3 (X, Ox (p)) — HH"F3(P"+!, £,0x(p))) = hi 11 *72(X)

witht =d —-n—-2=d -2k —1.
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So, it suffices to compute that h’ffl}’k_z(X) =1,witht — p = kd +2d — 2k — 1.
By (1), this is

h 2 x)
2k—1+2
ST 2%k —1+2\(—kd —2d + 2k + 1+ (k + )d — (n— 1)(d — 1)
= 2k—1+1
_Z’il( (A V) (kA =24 + 2k +14kd +d —pd +d +p-1
= 2%k
B Zkil(_l)“(zk + 1)(2k —pd + M)
P " 2%

()

Here, we used that for i > 1 we have 2k — ud + p < 2k as d > 1, which means that the

2k+1\ (2k+pud+p .
terms ( A )( 5k ) vanish for p > 1.
So, we get

dimker(HH"*3 (X, Ox (p)) — HH" 3 (P" !, £.0x(p))) =1

as claimed. [

4.3. Examples

We collect a few examples of twisted Hodge diamonds that were computed using the Sage
package by Pieter Belmans and Piet Glas [1].

The first two examples illustrate the general shape as given in Lemma 4.4, and the
third will be an explicit example of Proposition 4.16.

Example 4.17. Let f : X <> P°® be a smooth degree 7 hypersurface; then, the 8-twisted
Hodge diamond is

2996 20993 15267 917 0 0
1575 0 0 0 0
5775 0 0 0
10395 0 0
9002 0
2996.
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And so, we have by Theorem 4.15, since t — 8 = —8,

dimker( fi : HH*(X, Ox (—=8)) — HH*(X, f.Ox(—8))) = 917,
dimker( f, : HH®(X, Ox (—8)) — HH®(X, f.Ox(—8))) = 15267,
dimker( fi : HH®(X, Ox (—8)) — HH8(X, f.Ox(—8))) = 20993.

Example 4.18. Let f : X < P2 be a smooth degree 5 hypersurface, then the —7-twisted
Hodge diamond is

6390
0 20511
0 0 25704
0 0 0 16840
0 0 0 0 4950
0 0 0 0 0 720
0 0 0 0 0 0 36
0 0 0 486 13051 30276 8451 165

And so, we have by Theorem 4.15, since t + 7 = 3,

dimker( fx : HH?(X, Ox (3)) — HH?(X, £ Ox(3))) = 8451,
dimker( fi : HH*(X, Ox (3)) = HH*(X, f.0x(3))) = 15267,
dimker( fi : HH®(X, Ox (3)) — HH®(X, £ 0x(3))) = 13051,
dimker( fi : HH*(X, Ox (3)) — HH3(X, £ Ox(3))) = 486.

The next example illustrates a case of Proposition 4.16:

Example 4.19. Let
f:X —Pplo

be a smooth degree 5 hypersurface, and consider Ox (—30). Then, we can compute, using
Theorem 4.15,

dimker( fx : HH™ (X, Ox (—30)) — HH" (X, f.Ox(=30))).



Twisted Hodge diamonds give rise to non-Fourier—-Mukai functors 925

To do this, we need to compute the t — p = 24 twisted Hodge diamond:

0

11979044 100298 2882 1 0 0 0 0 0 0
107439618 0 0 0 0 0 0 0 0
523445109 0 0 0 0 0 0 0

1580020794 0 0 0 0 0 0
3149538513 0 0 0 0 0
4236318471 0 0 0 0
3815626243 0 0 0
2209626573 0 0
744650346 0
111098130.

And as expected, by Proposition 4.16, we get

dimker( fi : HH'?(X, Ox(—30)) — HH'2(X, f.Ox(=30))) = 1.

5. Non-trivial kernel in Hochschild cohomology give
non-Fourier-Mukai functors

In this section, we follow the ideas from [22] to construct candidate non-Fourier—-Mukai
functors for hypersurfaces of arbitrary degree. We then verify that under assumptions on
the characteristic morphisms and some concentrated Ext-groups these indeed cannot be
Fourier—Mukai. We finish the chapter by computing that these assumptions are satisfied
when the source category is the derived category of an odd-dimensional quadric, which
gives concrete non-Fourier—Mukai functors between well-behaved spaces in arbitrary high
dimensions.
Since we follow the approach from [22], we will consider functors of a similar form:

L WX, J* J;*
W, DY (X) = DYy (XY —25 DLy () 5 DP @Y, (@)

where X,‘fg denotes the dg-hull of X, and ¥, « is the induced comparison functor.
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5.1. Constructing candidate non-Fourier-Mukai functors

We start by collecting a few results from [22], which are central for our construction. We
refer the interested reader to [22] for an in-depth discussion.

In order to apply Definition 5.1, Lemmas 5.2, 5.3, and 5.4, we assume that every
quasi-projective scheme X comes equipped with an open affine cover

The following construction was originally introduced by W. Lowen and M. Van den
Bergh in [16].

Definition 5.1 ([20, Definition 4.2]). Let X = U:"Zl U; be an open affine covering of a
quasi-projective scheme. Consider for I C {1,...,m} the sets Uy := (");¢; U; indexed by
I € T :=P(X)\ 0. Then, X is the category with objects I and morphisms:

X(I,J) = {SX(U’) res

else,
where composition is induced by composing with the restriction morphism.

Roughly X-mod acts as the category of presheaves associated to an affine covering.
This means that it comes with the following useful properties.

Lemma 5.2 ([16]). Let X be quasi-projective. Then, there is a fully faithful embedding
w : D(Qech X) = Dy gen(x) (X) — D(X)
and a fully faithful embedding
W :AxD(QchX) - D(X Qg XP),

where A, (Qch X) is the essential image of the direct image of the diagonal embedding
A : X — X x X. In particular, we have for quasi-coherent M

HH*(X, M) =~ HH*(X, WM).

Proof. The construction of w can be found in [22, (8.5)]. The functor W gets constructed
in the following paragraph of [22]. For the Hochschild cohomology comparison, we can
use that W is a fully faithful embedding to get

W :HH*(X, M) := Exty, x (Oa, A M) = Ext}‘mxop(x, WM) =: HH* (X, WM)
as desired. [

Lemma 5.3. Let X be quasi-projective, and let I" be a k-algebra. Then, there is an
embedding
w : D(coh(X)r) — D(X ®IN).
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Proof. By [22, Section 8.5], we have an embedding
w: D(Qch(X)r) = DX ).
There is also a canonical embedding
D(coh(X)r) — D(Qch(X)r).
In particular, we get the desired embedding by composition. ]

Lemma 5.4 ([22, Section 8.7]). Let f : X — Y be a closed embedding of quasi-projective
schemes. Then, we have an induced functor

1:Y¥->X
such that the diagram

D(X) LN D(Y)

D(X) — DY)

commutes.

Proof. The construction of { is done in [22, Section 8.7]. By [10, Proposition 3.5], we have
an inclusion D(X) — D(Qch(X)). So, we can restrict the diagram from [22, Lemma
8.7.1] to D(X). [ ]

We use the following construction from [22] as the core of our candidate functors.

Proposition 5.5. Let X be smooth projective of dimension n, and let n € HH="T3(X, M).
Then, there exists an exact functor

L
Db (x) > 2P Coh(x)(x;’g)

such that RHomx,7 (X,L(_)) = w.

Proof. First, observe that by Lemma 5.2 we have an isomorphism
HH*(X, M) =~ HH* (X, WM),

and so, we may consider n € HH="13(X, WM).

By [22, Lemma 10.1] and since Qch(X) has global dimension n and H’ X,, vanishes
in the right degrees, we can apply [22, Proposition 5.3.1] with A = w Qch(X) and ¢ = X,
to get a functor

L' : D*(Qeh(X)) = DP(w Qch X) — DL 1 x) (X25).
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Now, we can use [10, Proposition 3.5] to turn this into a functor:

L DP(X) S DLy ) (Qeh(X)) 2> D (x2%)

0

with the desired property.

Finally, by [22, Corollary 10.4], we know that the essential image of this functor is
contained in D2 (X,‘f £y, n
We will also use the following notation from [22] for f .

Proposition 5.6 ([22, Proposition 7.2.6]). Let f : P! — X be a functor of k-linear
categories, and let 1 € HH* (X, M) such that

Sxn=0.

Then, there exists an Aqo-functor f making the diagram

X
K\
b \\ f
\\
\
\\
X j)n+1
commute. In particular, we have
wof=f

Now, we construct a candidate functor ¥, for n € HH="13(X, Ox (p)).

Construction 5.7. Let X — P"*! be the embedding of a smooth n-dimensional scheme
with n > 3, and let

0 # 7 € ker(fi : HH""3(X, Ox (p)) — HH" 3 (P!, £.0x (p))).

Then, a functor of the form (2) is constructed to be
v, : Db (coh(X)) & DP sy L, gy X
n- (CO ( )) — Ly coh(X)( n ) - wcoh(X)( 'I)

f
= DY @iy (P = DP(coh(P™T)),

w

where we have the functor L by Proposition 5.5, ¥x;, .« is the functor constructed in [22,
Section D.1], and f exists by Proposition 5.6.

Corollary 5.8. Let f : X — P"*1 be the embedding of a degree d hypersurface, and

let m > n + 2; then, we have a hg A2 (X)-dimensional space of choices to construct a
candidate functor
W, : DP(X) = DL (P,
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Proof. In order for Construction 5.7 to work, we need
0 # 1 € ker(fx : HH™(X, Ox (p)) — HH™(P"*!, £.0x(p))).

By Theorem 4.15, ker( fx : HH™(X, Ox(p)) — HH™(P"*1, £,Ox(p))) has dimension
h, 27 (X) which finishes the claim. L]

Now, we can state our main theorem, which we will prove throughout Section 5.2.

Theorem 5.9. Let f : X < P"1 be an embedding of a smooth degree d hypersurface
of dimension n > 3, and let

0 # 7 € ker(fx : HH"**(X, Ox (p)) - HH" 7 (P"*!, £,0x(p)))
such that there exists a k-algebra T and G € D (coh(X)r) with

cgr(n) #0
Exti (G(=p).G) =0 fori #n
Exty 1(G,G(p + d)) = Exthi 2(G,G(p + d)) = 0.

Then, we have that the functor
W, : DP(coh(X)) — D’ (coh(P" 1))
is well defined and not a Fourier—Mukai functor.

Remark 5.10. By the same proof as [22, Proposition B.2.1], the functors v/, do not admit
a lift to the spectral level in the case of k = Q.

5.2. Proving Theorem 5.9

We fix for the rest of this section an embedding of a smooth degree d hypersurface f :
X < P"*1 anon-vanishing Hochschild cohomology class n € HH"t3(X, O(p)), such
that fin = 0, [ a k-algebra, and G € D(coh(X)r) such that

cg,r(n) #0 0
Exty (G(—p),G) =0 fori #n (1)
Exty 1(G,G(p + d)) = Ext" %(G,G(p + d)) = 0. (1ID)

Observe first that by Construction 5.7 ¥, is well defined and even unique up to a
choice of f . So, we may focus for the rest of this section on verifying that ¥, cannot be
Fourier—Mukai.

We follow mostly the ideas from [22].

We start by recalling Lemma 5.11 from [22] in order to have obstructions against lifts
of § to D(X, ® I'). These obstructions and their naturality will be later used in order to
conclude that ¥, cannot be Fourier-Mukai.
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Lemma 5.11 ([22, Lemma 7.3.1]). (1) Let X be a dg-category, I a k-algebra, and let
G € D(X)r. Then, there is a sequence of obstructions

0i+2(9) € HH'T2(I', Exty! (§,9))

fori > 1 suchthat § lifts to an object in D(X R I') if and only if all obstructions vanish.
More precisely, 0;+1(8) is only defined if 03(§), ...,0;(§) vanish, and it depends on
choices.

Q) If f:Y — X isadg-functor and fy : D(X) — D(Y) is the corresponding change
of rings functor, then after having made choices for § we may make corresponding choices
for 1« () in such a way that

S+ (0i42(9)) = 0i12(f+(9)).

We now use the assumptions on G to prove that the negative part of Ext*xn (LG, LG)
is concentrated in degree —1, which allows us to control which #,-obstruction does not
vanish. This obstruction we will then push forward to prove that ¥, cannot be Fourier—
Mukai. In order to avoid clumsy notation, we start by setting

¢ := wG € X-mod and & := L(G). 3)

Remark 5.12. We have by [22, Section D.1] an equivalence ¥ x;, : Xf,lg = X, and by
Definition 2.4 a canonical functor & : X;, — X. So, we will denote the functor

Vb w0 a1 D(X) > Doo(Xy) — D(XE)
simply by 7, and

Yo, 0 T 1 D(XIE) > Do (%) — D(X)
by 7* to avoid clumsy and confusing notation.

Definition 5.13. Consider the distinguished triangle in {O(X,‘,ig ) [22, Lemma 10.3]:

g% 8L s g gwoxp L vs, )

where ¢ is considered as an X,'fg -module via 7, : DP(X) — éD(Xffg). Then, define the
morphism ¢ by

@ : Ext}+l+i(G(—p), G) — Extgcdg (£.9)
n
(g: X" G(—p) > G) > aom(w(g) o TR (2T — F).
Lemma 5.14. Fori < 0, the morphism

¢ ExtyTT(G(=p), G) = Extixgg (£.9)

is an isomorphism.
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Proof. We will check that for i < 0 the morphisms involved in the definition of
¢ ExttT (G (—p), G) — Extgcgg (£.9)
(g: " 1G(=p) > G) > (@ o) (w(g)) o T8 : (76 — &)

are isomorphisms.

w. By Lemma 5.2, w : D?(X) — DP(X) is a fully faithful embedding; in particular,
using § = wG (3), we have

w: ExtyT (G, G) = Exty 1 (9. 9).
o o . (_). We have by [22, Corollary 5.3.2] an adjunction:
RHom y.g¢ (§ ® wOx (—p). §) = RHomx (§ ® wOx (—p). 9).
This isomorphism can be computed explicitly to be
o 0 7. : RHomya (§ ® wOx (—p). %) =~ RHomy (§ ® wOx(—p), §);
see [22, (11.6)].
_o fB. Consider the distinguished triangle (4) in i)(X,’,i £):
g% 8L 519 g wox(—p).
Apply RHom xd (_, ~§) to get the distinguished triangle:
RHom 4, (57716 ® wOx (—p). §) =h RHom . (5, §) — RHom 4: (9, ).
Now, we may use [22, Corollary 5.3.2] and Proposition 5.1,
RHom y.g¢ (9, 9) =~ RHomy;, (¢, 9) =~ RHomx (9, %) =~ RHomy (G, G),
to get
RHom 4, (5776 ® wOx (~p). §) =h RHom, (. %) — RHomx (G, G).
Applying H turns this into the long exact sequence:
o= B (G.G) — B (S @ wOx (—p). ) =, Extly, (7.9) > .
And as G is a sheaf on X, specializing to i < 0 yields the long exact sequence:

> 0> Ext';ct,;,“(g 2 wOx(—p). &) =5 Ext"xdg(é‘,é') S0
n n
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In particular,
_oB: Ex@;“ (6 ® wOx(—p), &) > Extgcgg (.9)

is an isomorphism for i < 0.

So altogether, we get that

¢ ExtyTH(G(—-p),G) Extix;lg (£.9)
(g: "G (=p) > G) > (@ o mx(w(g)) 0o X B : 77§ — §)

is indeed an isomorphism for i < 0 as it is a composition of isomorphisms. ]
Corollary 5.15. Let p < —n — l and i > 1. Then, Extgc’;7 (‘g, ~§) =0.

Proof. By (II), we have that Exty (G(—p), G) is concentrated in degree 7, and so, we have
by Lemma 5.14
EXt 4 (9.9) = Exty 17 (G(—p).G) = 0
n

fori > 1.
And since we have a quasi-equivalence X, = X de , we get

Exty. (§,9) = Exy"' 7 (G(—p), G)
as claimed. [

Definition 5.16 ([22, Lemma 11.4]). Let X be a k-linear category, I' a k-algebra, and
let M be a k-central X -bimodule. Then, we have for a I'-equivariant X-module §, i.e.,
§ € X-modr, the (algebraic) I"-equivariant characteristic morphism

cor  HHF (6, M) = Extlg o (X, M) — Extlgp (5.9 ® M)
n—>% Qx 1.

Observe that this morphism factors naturally as

co.r T HHF(X, M) 22225 HH* (X @ T, M ® I) 25 Extlygr (9.9 ® M),

where cg : HH*(X ® I', M ® I') — Exty o (9,9 ® M) is the (algebraic) characteristic
morphism for § € D(X ® I'); see Proposition 2.8.

Lemma 5.17. There is a commutative diagram:

¢G,r "
HH"*3(X, Ox (p)) Extl % (G, G(p))

HH"+3(X,U)(9X(P)) Ext&gr(g,g ® WOX(P)),
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where cg.r is the (geometric) equivariant characteristic morphism discussed in Section 3
and cg 1 is the (algebraic) characteristic morphism from Definition 5.16.

Proof. By [22, (8.13)], we have the commutative diagram

T1+(_® 75 G)

AD(X) D(coh(X)r)
LW w2
D(X ® X°P) e DX @),

where we denote by A, D (X) C D(X x X) the essential image of the direct image along
the diagonal embedding A : X — X x X.
Considering the induced diagram on morphism spaces for

HH"**(X, 0(p)) = Exty 1% (0, Oa(p)) = ExtyT 3 (O, Oa(p))
gives that the diagram

¢G,T

HH"*3(X, Ox (p)) Extt ), (G, G(p))
¢ e
n+3 ¢s.r n+3
HH"3(X, wOx (p)) Extson (8.9 @ wOx (p))
commutes. |

Since G € DP(coh(X)r), we get a I'-action on  and € via the functors w and L, i.c.,
DX ,‘,’ &)r. So, Lemma 5.11 gives well-defined obstructions against § € Do (Xy)r =
i)(X,‘fg)p admitting a lift to an #x.-module in Do (X @ I'):

0;(§) € HH'(T,, Exty’ (6.6)) fori >2.

Remark 5.18. The next lemma will use the obstruction obtained from the equivariant
characteristic morphism (I) in order to conclude that the first #Aso-obstruction against an
equivariant lift of € cannot vanish. We do this by observing that a colift of § to X, would
also give an equivariant lift of §. The control of 03(5) is necessary as we want to push
forward the obstruction from X, to $"*! which cannot be done with the obstruction
arising by the characteristic morphism.
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Lemma 5.19. We have
0 # 03(§) € HH?(T, Exty! (7, 9)).

Proof. Assume that 03(5) vanishes. Then, by Corollary 5.15, Ext;c’;7 (g, §) =0fori > 1,
and so
0;(§) € HH' (T, Ext%c_n’ (,9)=0
forall i > 2.
So, ¥ would admit a lift, i.e., an object

G eD(XERT) = Doo(X, ®T)

with § = § in D(X,)r.
Consider the triangle (4) in Deo (X)) 2 D(XIE)

§—>8>8—3"tMgQuwix(-p) — X6,
where we use the shorthand § for 7, §. This gives
H*(G) =~ § & =""'¢ ® wOx(—p).

By the construction of the triangle (4) in [22, Section 10], the above isomorphism is com-
patible with the X;-action. So, by Definition 2.7, € is a colift of € € DX K I') to
@oo((-xn Ok 1_‘)77U1)~

By Proposition 2.8, the obstruction against such a colift is the image of n U 1 under
the characteristic morphism

HH" (X @ T, wOx(p) @ T) — Extg’gg’r(ﬁ,ﬁ ® wOx (p)).

However, this obstruction cannot vanish. As if we consider the equivariant characteristic
morphism

1
co.r t HH'F3 (X, wOx (p)) 222725 HH"3(X @ T wOx (p) ® T)
cg
— Ext’&gr(ﬁ,ﬁ ® wlx (p)),
we have the commutative diagram from Lemma 5.17:

¢G,T

HH"+3(X, Ox (p) Extt ) (G, G(p))
n+3 cg.r n+3
HH"™ (X, wOx (p)) Extx®r(§,§ ® wOx (p)).

By assumption (I), we have that cg,r () # 0. So cg(n U 1) # 0, which means that such
a colift of § to (X & I'),u1 cannot exist. Now, by the discussion above, this means that a
lift of § to Doo (X, ® I') cannot exist, and so, 03(§) cannot be zero. L]
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Lemma 5.20. There is a commutative diagram

Ext} (G(—p). G) 4 Exty! (£.9)
e f* oV,
RO Q)
Extp, 41 (fx(G(=p)). f+x(G)) 7 Extani (f+(8). fx(9)),
*@P

where the lower morphism is given by

fe9 ExGii (fuG(=p), [xG) — Extph (8, [5)
g fraow(g)o fiup.
Proof. Recall that by Definition 5.13 the morphism ¢ is given by
@ : Ext}“” (G(-p),.G) —> Ext;c;,g (£.9)
(§: =" 1G(=p) = G) > (@omu(wg) o f: B — 9,

where o and B are the first and second morphisms in the distinguished triangle (4) in
D(XIE):

g% 8L s1gguwox—p L vs.

Applying the exact functor f~* o Y, « gives the distinguished triangle in D(P):

78 2% 1.8 LB s fg @ woy (—p) L5 S 4.9,

which is a shorthand for
Fers EAL 5 EALN 7 £ 08 @ wOx (—p) RN S fo 74 8.
So, we may use 7 o f = f to get
f+8 ELA € ELA 277 8 @ wOx (—p) ELA Yf8. (6)
In particular,
fe@  Exthii (fe(wOx (p) ® §). f2(9)) = Extzhii (fu(§). fo(§))
g fuxowgo fuf

is well defined.
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Now, we compute
f* op(g) = ﬂ(a omx(wg) o B) Definition of ¢
= f*ao(f* ozr*)(wg)of;ﬂ f* is a functor
= frwo(fiow)g)o fuf  fuom(g) = fug
= frao(wo fi)(g)o fif [22, Lemma 8.7.1]
= fro(f+8). Definition of f,¢

and the diagram indeed commutes. ]
Corollary 5.21. The right map in the diagram (5)

fro g Ext;clgg (§.9) = Extyh i (f(9), f+(9))
is an isomorphism.

Proof. Since G, G(—p) are coherent sheaves on X and f is exact, we have

EXt}an (f*(z_n_lg ® wOx (—p)). f«(9))
o Extﬁ),,Jrl(f*(Z_"_lG ® Ox(—p)), f+(G)) Lemma5.2
= Extyr 2, (f+(G(=p)), f+(G)) Ext/(Z7/_,_) = Ext*/(_, )
= 0. dimP" ! =n + 1
So, in the distinguished triangle (6)
1+8 EALR 7€ EALN 2 £, @ wOx(—p) ELA 18,

f«y vanishes, and we have

f(8) = fu(9) @ A (E" ' wOx (~p) ®x §)

via the splitting morphisms fyo and fx .
This means that both the top morphism, by Lemma 5.14, and the lower morphism, by
splitting, in (5) are isomorphisms. So, by Lemma 5.20, it suffices to prove that

fv 1 Exty (Ox (—p) ® G, G) = Exth,: (f+(Ox(—p) ® G), fx(G))

is an isomorphism.
As tensoring with Oy (p) is an autoequivalence, this is equivalent to

fe 1 Bxt} (G, G(p)) = Exth,1 (f+G, fxG(p))

being an isomorphism. Consider the long exact sequence associated to a divisor [22,
(9.13)]:

S EX2(GLG(p + d)) — ExCH(G.G(p)) L5 Exthyis (fu(G). fuG(p)) — -+ .
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By assumption (III), we have
Exty 2(G,G(p+d)) =0 and Exty '(G,G(p+d)) =0,

so the long exact sequence has the shape

S
-+ = 0 — Exty (G, G(p)) — Extp,1 (f4(G). fxG(p)) - 0 — ---.
By exactness, that immediately gives that

f« 1 Exty(G(—p),.G) = Extp,1 (f«G(=p). f+G)
is an isomorphism, which finishes the proof. |

Lemma 5.22. The obstruction 03(¥,(G)) € HH*(T, Ext]l_,,iJrl (¥(G), ¥ (G))) against lift-
ing to D(P" 1 @ I') from Lemma 5.11 does not vanish.

Proof. By part (2) of Lemma 5.11, we have
03(W(G)) = (f 0 ¥x,.+)03(§) € HH? (I, Extpiy (¥(G), W(G))).

Furthermore, as o3 is the first obstruction, we do not need to keep track of any choices.
So, we can use Corollary 5.21 to get that fi o ¥x, « induces an isomorphism in degree

—1, and by Lemma 5.19, we have 0 # 03 (g). So altogether,
0# (fu 0 ¥x,)03(F) = 03(¥(G)) € HH* (T, Extphy (¥(G), W(G)).  m
Now, we can finally finish the proof of Theorem 5.9.
Proof. Assume that W, is Fourier—Mukai. Then, by Corollary 3.7, ¥, admits a lift
W, 1 : D (coh(X)r) — DP(coh(P"H)r).

This means that ¥, (G) € D?(P"+1)r has a lift to D? (coh(P* 1)) < Do (P! @
I'). Since we have by Lemma 5.22 that

03(¥y(G)) # 0,

such a lift cannot exist.
So, ¥, cannot be Fourier-Mukai. [

5.3. Application: Odd-dimensional quadrics

We will show that the tilting bundle G for an odd-dimensional quadric hypersurface and
its endomorphism algebra I" satisfy the assumptions of Theorem 5.9. For this, we start by
recalling that quadrics admit an exceptional sequence, which gives rise to a tilting bundle.
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Theorem 5.23 ([2, Corollary 3.2.8]). Let Q < P?* be the embedding of a smooth quadric.
Then, Q admits an exceptional sequence:

(S(=2k +1),00(-2k +2),...,00(—-1),09),

where S denotes the spinor bundle.

In particular, we may consider for the embedding of a smooth quadric

f:0 < P?*
the tilting bundle:
—2k+2
G:=S(-2%k+1)@ P Oo(-1) and T :=End(G).
1=0

Now, we need to verify the assumptions on the concentration of Ext*é (G(=p),G) and
Ext}y (G, G(p + d)). We will use p = —2k — 2 and

0 # n € ker(fyx : HH"P3(X, Og (=2k — 2)) — HH" "3 (P, £,0o(—2k —2)))
as we know by Proposition 4.16 that
fe : HH"3(Q, 09 (—2k —2)) — HH" T} (P"*!, £,00(-2k — 2))

has one-dimensional kernel.

For the Ext-calculations, we will need the following statement which also holds for
even quadrics. However, as in the even case we would need to track the different spinor
bundles depending on the equivalence class of the dimension modulo four, we will restrict
to the odd case for legibility.

Lemma 5.24. Let Q — P2k be a smooth odd-dimensional quadric, and let S be the
spinor bundle. Then, the following hold:

(1) We have fori ¢ {0,1,n}
Exty (S. S(m)) = Ext)y (S, S(m + 1)).
2) If m < —1, we have additionally

Exty (S. S(m)) = Extly ' (S, S(m + 1)),
Extly (S, S(m)) = Extly ' (S, S(m + 1)).

Proof. Consider the short exact sequence [19, Theorem 2.8]

0 S 03" = 8(1)—0
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which gives after applying ExtiQ (_, S(m + 1)) the long exact sequence

e Extiy (03 S(m + 1) ——— Exty (S, S(m + 1))

Extly (S(1), S(m + 1)) —— Exth (03", S(m + 1) ———————— .

In particular, we have
Extly (S, S(m)) = Exty(S(1), S(m + 1)) = Exty (S, S(m — 1))

if we have for j € {i,i — 1}

ok+1 ok+1
Ext/ (04" . S(m + 1)) = @) Ext/ (0. S(m + 1)) = @D H/ (X, S(m + 1)) = 0.
1=0 =0

By [19, Theorem 2.3], we have H/ (X, S(m + 1)) = 0 for j ¢ {0, n} which implies 1.
If m < —1,wehave m + 1 <0, and so, we get by [19, Theorem 2.3]

H°(X,S(m+ 1)) =0,
which gives 2. n
Proposition 5.25. Let i # 2k — 1. Then, we have
Extp(G(2k +2),G) = 0.

Proof. Since G is a sheaf, we may assume that 0 < i < 2k — 2 for dimension reasons. By
definition of G and additivity of Ext, we have

Exty (G(2k +2),G) = Extly ((S(=2k + 1)

2%k—2 2k—2
® @D 0o(-1)2k +2).S(-2k + ) & @D 0p(-1))
1=0 1=0
2k—2 )
>~ P Extly (0o 2k +2—1).0g(~h))
h,l=0
2k—2 )
® @D Extly (0o (2k +2—1). S(=2k + 1))
=0
2k—2 )
® @D Extly(S(Q2k +2—2k + 1), 0g(-1))
=0

@ Extly (S(—2k + 1 4 2k + 2), S(—2k + 1)).

In particular, we can compute these Ext-groups one by one.
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We start with ExtiQ (Oo(2k +2—1),Og(—h)) for which we get

Extly (09 (2k +2—1). Og(—h))
~ ExtiQ (0p,00( —h —2k —2)) twisting on both sides
~ H (Q,00( —h —2k —2)) Exty(Qp._) = H'(Q._)
>~ 0. | —h—2k—-2<0

Since we have | — 4k — 1 < 0, we get

Exty (O (2k +2—1), S(=2k + 1))

= ExtiQ (Qg,S( —4k —1)) twisting on both sides
~ H (0, S(I — 4k — 1)) Exty(Og._) = H(Q._)
~ 0. [19, Theorem 2.3]

By [19, Theorem 2.8], we have SV = S(1), which we may use to compute
Extyy (S(3). Og(—1)) = Extly(S.0g(—3 —1))  twisting on both sides
&~ ExtiQ (0g,SY (-3 1)) dualizing
;Ext’Q(OQ,S(—Z—l)) SY =~ 8(1)
~H(Q.S(-2-1)  Exth(Op. ) =H(Q. )
~ 0. [19, Theorem 2.3]

We may use i < 2k — 1 to get

Extyy (S(3), S(—2k + 1)) = Extly (S, S(—2k — 2)) twisting on both sides
= Extp(S. S(—2k =3 +1i)) Lemma 524
=~ Exty'(S.S(~2k — 1 +1i)) Lemma 524
~ 0. S is a sheaf

So, every direct summand vanishes, and in particular,
Extly(G(2k +2).G) =0fori #n
as desired. [ ]
Proposition 5.26. Let i ¢ {0,2k — 1}. Then, we have
Extly (G, G(—2k)) = 0.

Proof. Since Q has dimension 2k — 1 and G is a sheaf, we may assume that 0 < i <
2k — 1.
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By definition of G and additivity of ExtiQ (_,_), we have

Extly (G, G(—2k)) = Exty (S(=2k + 1)

2k—2 2k—2
& P Oo(-1). S(—~4k + 1) & € Og(~2k —h)
1=0 h=0
2k—2 )
=~ P Exty(0o(—1),00(00(~2k — h)))
1,h=0
2k—2
® @D Extly (0g(-1). S(—4k + 1))
=0
2k—2
® @D Extly(S(=2k + 1), 0g(=2k — 1))
=0

@ Extly (S(—2k + 1), S(—4k + 1)).
As above, we can compute the cases separately.
We start with Extyy (O (—1), O (=2k — h)). For this, we get
Extly (Og(~1). 09 (~2k —h))
~ ExtiQ (@O0.,00(l —2k —h)) twisting on both sides
~H'(Q.00(1-2k—h))  Exth(0g._) =H(Q._)
~ 0. i ¢4{0,2k —1}
For ExtiQ (Og(=1), S(—4k + 1)), we get

Extly (O (=), S(—4k + 1))
~ Ext’ (Qg,S(I —4k + 1)) twisting on both sides
~ H' (Q,S( — 4k + 1)) Exty(Og._) = H'(Q._)
=~ 0. i ¢1{0,2k — 1} [19, Theorem 2.3]

While for Extly (S(—2k + 1), Oo(=2k — 1)), one can compute:

Exty (S(=2k + 1), Og(—2k — 1))

o~ ExtiQ (S,00(-1-1)) twisting on both sides

= Ext}y(0g. S (-1 -1)) dualizing

= Extly(Og. S(-1)) [19, Theorem 2.8]

=~ H'(Q. S(-1)) Extyy (0. ) = H'(Q. )

=0. i ¢{0,2k — 1} [19, Theorem 2.3]

941
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Finally, for ExtiQ(S(—2k + 1), S(—4k + 1)), we get

Extyy (S(—2k + 1), S(—4k + 1)) = Extly (S, S(—2k)) twisting on both sides
=~ Exty(S.S(—2k +i —1)) Lemma 5.24 (1)
=~ Ext)(S. S(—2k —1i)) Lemma 5.24 (2)
=~ Exty'(S.S(=2k + 1 —i)) Lemma 524 (2)
=0, S is a sheaf

where we used i < 2k — 1 and so —2k + i < —1, respectively, =2k + 1 4+ i < —1 for the
last two lines.

So, all the direct summands of ExtiQ (G,G(—2k)) vanish fori ¢ {0,2k — 1} as claimed.

]

So altogether, we can now phrase the following Theorem 5.27 which also recovers the
result from [22] when specialized to the case k = 2.

Theorem 5.27. Let Q <> P?¥ be the embedding of a smooth odd-dimensional quadric
for k > 2. Then, we have an exact functor:

v, : DP(Q) — D (P")
that cannot be Fourier—Mukai.

Proof. We want to apply Theorem 5.9.
First of all, we have by Proposition 4.16 for k > 2 an

0 # n € HH**2(Q, 0o (—2k —2))

that is in the kernel of f : HH"3(Q, O(=2k — 2)) — HHM 3@ /20(=2k=2),
For k = 2, we get that the top Hochschild cohomology is HH"t3(Q, O (-2k — 2)),
and so by Theorem 4.15, we have

dimker(fi : HH"3(Q, 9(=6)) — HH" 3 (P*, £.0(—6))) = h?"'(Q).

Using formula (1), we compute

h21(0) = Z( 1)*‘(6)
‘Z< l)u(6)( I+4- (M—l))
)

_Z( 1)“( ( 4 )
()

( 1 +4— (/L—l)(Z—l))

T o ® =
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where we used that (4;“ ) only can be non-zero if yu = 0. In particular, we get a one-
dimensional kernel from which we may pick an n # 0.

We now collect the other assumptions which we verified above.

By Theorem 5.23, Q admits a tilting bundle G, and by Lemma 3.19, we know that
for I' := End(G) the functor Cg r is an equivalence. In particular, we get by Proposi-
tion 3.12 ¢g,r(n) # 0, which is assumption (I). Now, finally, we need to verify that the
corresponding Ext-groups are suitably concentrated, which is verified in Proposition 5.25
for assumption (II) and Proposition 5.26 for assumption (III).

So, we may apply Theorem 5.9 to get a non-Fourier—-Mukai functor ¥,,. ]

A. Modules over k-linear categories and +,,-modules over
A -categories

In this Appendix, we will recall a few basic facts about modules over k-linear categories
and A oo-modules over #Ao-categories, for a field k.

A.1. Modules over k-linear categories

We start by recalling the definition of modules over a k-linear category and the relation-
ship between those and the classical notion of modules.

The idea of generalizing the notion of modules over rings to categories first was intro-
duced by B. Mitchell [17]. All in all, the idea is that one can interpret a k-algebra as a
k-linear category with one object, and under that interpretation, a module corresponds to
a functor from the k-linear category to the category of k-vector-spaces.

Remark A.1. Recall that a k-linear category € is a category such that every morphism
space €(M, N) is a k-vector space and composition defines a k-linear map

o _EM . M)®EeM", M) —>€M", M).

Definition A.2 ([17]). Let X be a small k-linear category. An X -module is a k-linear
functor
M X — Vect(k).

A morphism of X -modules is a natural transformation between two X -modules N and M:
fiN > M
We refer to the category of X -modules by X-mod.

Lemma A.3. Let X be a k-linear category. Then, we have that the category X;-mod is a
k-linear abelian category.

Proof. By Definition A.2, we have X-mod = Fung (X, Vect(k)). In particular, we have
immediately a canonical k-action on the morphism spaces. As kernels and cokernels
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can be computed objectwise in the target category [27, Exercise A.4.33], we have that
Fung (X, Vect(k)) is also abelian. In particular, we get that X’-mod is abelian k-linear. =

Remark A.4. Let I' be a k-algebra. Then, we have that a classically defined I"-module
M consists of a k-vector space V together with a k-algebra morphism y : I' — End(V).

On the other hand, if we consider IT" to be a k-linear category with one object *, then
M consists by Definition A.2 also of a vector space V' = M (x) together with a morphism
of k-algebras (a map of morphism spaces):

I — End(V) = Vect(k) (M (%), M(%)).

In particular, in this case, the two notions of modules over I" coincide.
Similarly, the notion of natural transformation captures in this case precisely the com-
muting with the I" action.

Definition A.5 ([17]). Let X be a k-linear category. We define the derived category of X -
modules (respectively, bounded, bounded below, or bounded above) derived category to
be the derived category (respectively, bounded, bounded below, or bounded above derived
category) of the abelian category X -mod:

DIX) := DY(X-mod)

forfe{_,b,—, +}.

As we will later define a k-linear category corresponding to a scheme and then model
morphisms of schemes also as functors between k-linear categories, we will denote the
restriction of scalar functors in the following way.

Definition A.6. Let f : X — ¥ be a k-linear functor, and let M be a ¥-module. Then,
we define the module fi .M to be the X-module defined by

JoM = Mo f.

Remark A.7. We choose the notation f, over f* as we will later model the category
of sheaves on a projective scheme by modules over a k-linear category, and under this
construction, the functor f corresponds to the direct image, and so, the notation turns out
to be more consistent and less confusing throughout this work.

Lemma A.8. Let f : X — Y be a k-linear functor. Then, the assignment
M fiM
defines a left exact functor fy : ¥Y-mod — X-mod.

Proof. As kernels and images are computed on the target category, we do not need to
worry about left exactness. It also defines a functor as it is just a precomposition with a
functor, and so, it has to be functorial. [
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A.2. A-Structures

Throughout this section, we follow [12,23]; in particular, we will use the sign conventions
from [12]. Although B. Keller only talks about #4..-algebras, the sign conventions can
also be applied to #Ao-categories and are equivalent to the sign conventions in the book
by P. Seidel which is considering 4 ,-categories throughout. Furthermore, K. Lefevre—
Hasegawa [13] covers the case of #.o-categories using the same signs as Keller; however
we primarily refer to [23] for the category case, as [13] is in French.

A.3. A -Categories and their functors

Since we will repeatedly use dg-categories as examples for #,-categories, we recall the
definition of a dg-category

Definition A.9. A dg category € is a category such that we have for all M, N € € a chain
complex €*(M, N) such that the Leibnitz rule holds:

d(xoy)=dxoy+xody.

Definition A.10 ([12, Section 3.1]). Letn € N U {co}. An #A,-category X over a field k
consists of a class of objects obj(X') and Z-graded k-vector-spaces as morphism spaces

X(a,b),
for a, b € obj(X), together with compositions

m; : X(a;,ai—1) ®k X(@i—1,a;—2) ® - ® X(ar,ao) = X(a;,ao)

1

of degree 2 —i for 1 <i <n and ay,...,a; € obj(X) such that
Y (=D my 0 (14 @m, ® 1d®) =0 (kk)
r+s+t=k

holds for all k < n, whereu =r + 1 +¢.
We will sometimes denote a € obj(X) by a € X to avoid clumsy notation.

Definition A.11 ([23, (2a)]). An #Aj,-category X is called unital if every object a €
0bj(X) admits a unit Id € X (a, a)° such that

m;(Id) =0
my(x,Id) = x = my(Id, x)
m; (x;,...,Id,...,x1) =0 i #2.
Remark A.12. Observe that the first few incarnations of () give the following.

k = 1. In this case, (1) gives
mp omp = 0.

This means that m; defines a differential on X (a, b).
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k = 2. Here, (*3) boils down to
mj; omp = mp(m; o Id + Id omy),
which is the Leibnitz rule d(x o y) = dx oy + x ody.
k = 3. And (x3) gives
m; o (Id ®my — m, ® Id)
=moms+m® (m @MARId+Id®m; ® Id+1d®Id ®m;),
which means that m; is associative up to a homotopy given by m3. More generally, one
can think of an #4,-category as a category that is homotopy-associative up to degree 7.

By Definition A.10, every +4, category defines an +,,-category for all m < n just by
forgetting the higher actions.

Definition A.13 ([23, (1a)]). Let X be an +A,-category for n > 3. Then, the category
H*(X) is the graded k-linear category consisting of the same objects as X, and morphism

spaces
H*(X)(a, b) := H* (X (a, b)),

where we use Remark A.12 to consider X (a, b) as a chain complex with differential m;.
The k-linear category H%(X) is the category with the same objects as X and mor-
phism spaces
H°(X)(a,b) := H*(X (a,b)).

We have by Remark A.12 that H*(X) defines a graded k-linear category and H®(X)
defines an ordinary k-linear category.

Definition A.14 ([23, (2a)]). An +,-category is called homologically unital if H%(X)
admits a unit morphism Id € H%(X)(a, a) for all a € obj(X).

Definition A.15. An A,-category is called small if its objects form a set. It is called
essentially small if the isomorphism classes of objects form a set.

Definition A.16 ([12, Section 3.1]). An #4,-category is an 4, -algebra if obj(X) consists
of only one object for n € N U {o0}.

Example A.17. There are a few obvious examples of #Ao-categories:
* Let X be a k-linear category; then, it is an 4., category via
(e i=2
m; =
0 i #2.
* More generally, let X be a dg-category; then, X is an #Aqo-category with
d i=1,
m; =4 (_)o(L) i=2,
0 i ¢{1,2}.
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Definition A.18 ([12, Section 3.4]). An +,-functor between two +4,,-categories f : X —
Y is given by a map on objects

f +obj(X) — obj(¥)
and a set of morphisms
Ui X(ai,ai-1) ® X(ai-1,ai—2) ® -+ ® X(a1,az2) — Y(f(ai), f(ao))}
of degree 1 — i forevery i <n anda;,...,ap € obj(X) such that

Z (_l)r-‘rstfu (Id®r ®m; ® Id®t)

r+s+t=k
= Y ED"m(fi ® [ ® 0 ® fi) (ki)
k=l'11£'i's“r'l+i1

holds, whereu =r + 1 + ¢ and
m=0-1D{H-1D+0=-2)2—1D)+ - +2>—2—-1+ (>G-1—-1).
Remark A.19. Again, we compute the first few incarnations of (s ) as follows.

k = 1. In this case, we have
Sfiomy =myo fi;

in particular, f; defines a morphism of chain complexes.

k = 2. Here, we get

fiomp=myo(f1® f1) +mio fo+ fo(m @Id+1d®m;),

so f1 commutes with m, up to a homotopy given by f5.

More generally, one can think of an #,-functor as a functor which commutes with
the A, -structures of the source and target up to homotopies. These higher homotopies are
encoded in the higher f;, fori > 1. In particular, on H* only the f; remains.

Definition A.20 ([12, Section 3.1]). An +,-functor between two unital +,-algebras is
called an #A,-morphism for n € N U {co}.

Definition A.21 ([12, Section 3.1]). An Ay-functor f : A — B is a quasi-equivalence if
f :obj(A)/= — obj(B)/ =
is surjective and all f; induce isomorphisms on cohomology
H*(f1) : H"(A(a.d")) = H*(B(fa, fa')).

Proposition A.22 ([13, Proposition 3.2.1]). Every homologically unital Aso-category is
quasi-equivalent to a unital one.
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Definition A.23 ([12, Section 3.4]). A quasi-equivalence between two Ao-algebras is
called a quasi-isomorphism.

Theorem A.24 ([11]). Let X be an Axo-category. Then, the cohomology H* (X)) has an
Aoo-category structure such that

e m; =0,

s there is a quasi-equivalence H* X = X lifting the identity on H* X..

Moreover, this structure is unique up to (non-unique) isomorphism of Aqo-categories.
Remark A.25. From now on, we will assume that the cohomology H*(X) of an o o-
category is equipped with the Aqo-structure arising by Theorem A.24 instead of just

regarding it as a graded category interpreted as an +,-category. The #A,-category con-
structed in Theorem A.24 is also referred to as the minimal +.,-model of X.

A4. A.-Modules and their functors

Definition A.26 ([12, Section 4.2]). Let X be a small #A,-category forn € N U {co}. An
An-module over X consists of a Z-graded space

M(a,b)

for every pair of objects a, b € obj X and higher composition morphisms

m; : M(a;,a;—1) ® X(ai-1,a;—2) ® -+ ® X(ay,ao) = M(a;,ao)

4

of degree 2 — i such that the following equation holds:

Z (_1)r+slmu ° (Id®r Qm; ® Id®l) — 0’ (**k)
r+s+t=k

where depending on the input m; needs to be considered as the ith higher composition
morphism of X or M.

Remark A.27. We again compute a few incarnations of () to give some intuition on
the modeled structure.

k = 1. In this case, we get
M M

m; omj = 0.
So, m; defines a differential.
k = 2. Here, we get
m¥ omg’ = mP o (mP ® Idy + Idy ®m),

which means that m, suffices the Leibnitz rule.
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k = 3. For this, we get similar to the #..-algebra case that the action of M induced by
m; is associative up to a homotopy, which is given by ms.
So, one can think about an #4-module as a homotopy coherent module over X.

Example A.28. We collect once more the standard examples.

* Let M be a graded module over a k-linear category X; then, it is an #,-module over
X via

_[De) i=2,
"o i #2.
* Let M be a dg-module over a dg-algebra X . Then, it defines an #,-module over X
via
duy i =1,
m; =4 (_)o() =2,
0 i¢{1,2}.

Definition A.29 ([12, Section 4.2]). Let M, N be #4,-modules over an 4A,-category X
forn € N U {oo}. A morphism of «,,-modules consists of a set of morphisms:

fi i M(ai,ai1) @ X(ai—1,ai—2) ®---Q® X(ai,ap) — N(ai,ap)

4

of degree 1 — i for i < n such that we have for every k < n

DD o (M @my @1d®) = Y (DT mu(f, @ 1), (xxp)
r+s-+t n=r+s

whereu =r +s+tandu’ =1 +s.
Example A.30. We compute again () for small k as follows.

k = 1. Similar to the cases above, (**1) boils down to
fiomp =mjo fi,
which means that fi defines a morphism of chain complexes.
k = 2. Here, we get
fiompy — fro(m ®Id+1d®m;) = my o (f; ® Idx) + my o f5.

This means that similar to the case of an +,-functor between +4,-categories the equation
(*%*7) encodes that fj is compatible with the action induced by m, up to a homotopy
given by f>.

These examples are another reason one can think about #A-structure as a notion for
inductive homotopy coherent algebraic structures.
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Definition A.31 ([12, Section 4.2]). An sAy,-morphism f : M — N is a quasi-isomor-
phism if it induces an isomorphism on cohomology

H*(f) : H*M = H*N.

Definition A.32 ([12, Section 4.2]). Let f : M — M’ and g : M’ — M" be morphisms of
Aoo-modules over a homologically unital 4 ,-algebra X. Then, the composition f o g :
M — M" is given by

(fogh= Z (_1)(r_l)sfu(gr ®Id®s)’

n=r+s
where we putu = 1 — .

Definition A.33 ([12, Section 4.2]). Let X be a homologically unital +,-algebra; then,
we define the category of #A.-modules €, (X) to be the category consisting of Ao-
modules and morphisms given by #o,-morphisms.

Remark A.34. The identity of an object in €4, (X) is given by
Id = (14,0,...).
Definition A.35 ([23, Section 1k]). Let f : X — ¥ be an «;-functor. Then, the functor
Jr 1 Coo(Y) = Coo(X)
is given on modules by

JeM(a) := M(f(a))

for objects @ € obj(X). Higher compositions are given by

mk(m,Xk,I,...,x1) = Z Z ml(m’ f?l(xkfl’-"’xkfsl)""7fS](aS1a---’al))'

I <k S1sees S]

On morphisms, f* is given by

Seoe(m. xe—rox) =D D @rm Sy (et X)) fo (@),
l<k S15eees S7

Remark A.36. We again choose the notation f, over f* as we will later model the
category of sheaves on a projective scheme by modules over a k-linear category, and under
this construction, the functor f, corresponds to the direct image, and so, the notation turns
out to be more consistent and less confusing throughout this work.

Definition A.37 ([12, Section 4.2]). Let X be a homologically unital small 4 ,-category.
Then, we define the category

Do (X) 1= Coo (X)[{hoo — quasi-isomorphism}~!].
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Remark A.38 ([12, Section 4.2]). More generally, one could consider #Ao-categories
over commutative rings instead of a field k. In this case, we would have to distinguish
between the derived category of #..-modules, as we defined it, and the category of Aso-
modules up to homotopy. However, over a field, one can prove that actually every quasi-
isomorphism of #A,-modules is a homotopy equivalence and vice versa. In particular, in
this case, the naively derived category arising by formally inverting quasi-isomorphisms
and the category of /4 ,-modules up to homotopy coincide.

The interpretation of Do (X)) as arising via Aco-modules up to homotopy immedi-
ately gives that Do (X) is well defined and there are no set-theoretic issues arising.

Acknowledgments. I would like to thank my supervisor A. Rizzardo for giving me this
awesome topic and supporting me throughout my work on this project.
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