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A cocyclic construction of S !-equivariant homology and
application to string topology

Yi Wang

Abstract. Given a space with a circle action, we study certain cocyclic chain complexes and prove
a theorem relating cyclic homology to S !-equivariant homology, in the spirit of celebrated work of
Jones. As an application, we describe a chain level refinement of the gravity algebra structure on the
(negative) S!-equivariant homology of the free loop space of a closed oriented smooth manifold,
based on work of Irie on chain level string topology and work of Ward on an S !-equivariant version
of operadic Deligne’s conjecture.

1. Introduction

Let M be a closed oriented smooth manifold and £M = C*®(S!, M) be the smooth free
loop space of M. In a seminal paper [3] (and a sequel [4]), Chas—Sullivan discovered
rich algebraic structures on the ordinary homology and S!-equivariant homology of £ M,
initiating the study of string topology. In particular, there is a Batalin—Vilkovisky (BV)
algebra structure on (shifted) H«(£M) ([3, Theorem 5.4]), which naturally induces a
gravity algebra structure on (shifted) H2 ' (£M) ([3, Section 6], [4, page 18]).

The goal of this paper is to describe a chain level refinement of the string topology
gravity algebra, and compare it with an algebraic counterpart related to the de Rham dg
algebra Q(M). Along the way we also obtain results on the relation between cyclic homol-
ogy and S !-equivariant homology, and an S !-equivariant version of Deligne’s conjecture.

In spirit, this paper may be compared with work of Westerland [33]. Westerland
gave a homotopy theoretic generalization of the gravity operations on the (negative) S!-
equivariant homology of £ M, whereas we describe a chain level refinement.

Cyclic homology and S !-equivariant homology. The close connection between cy-
clic homology (algebra) and S !-equivariant homology (topology) was first systematically
studied by Jones in [21]. One of the main theorems in that paper ([21, Theorem 3.3]) says
that the singular chains {Sk(X)}r>0 of an S!-space X can be made into a cyclic module,
such that there are natural isomorphisms between three versions of cyclic homology (pos-
itive, periodic, negative) of {Sk(X)}r>o and three versions of S!-equivariant homology
of X, in a way compatible with long exact sequences.
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The first result in this paper is a theorem “cyclic dual” to Jones’ theorem. As far as the
author knows, such a result did not appear in the literature.

Theorem 1.1 (See Theorem 3.1). Let X be a topological space with an S'-action. Then
{8« (X x A )} k>0 can be made into a cocyclic chain complex, such that there are nat-
ural isomorphisms between three versions of cyclic homology of {S«(X x Ak)}kzo and
three versions of S'-equivariant homology of X, in a way compatible with long exact
sequences.

Jones dealt with the cyclic set {Map(A¥, X))z and the cyclic module { S (X )}, while
we deal with the cocyclic space {X x A} and the cocyclic complex {Sx (X x A)}e. It
is in this sense that these two theorems are “cyclic dual” to each other. In the special case
that X is the free loop space of a topological space Y, Theorem 1.1 may also be viewed
as “cyclic dual” to a result of Goodwillie ([18, Lemma V.1.4]). As does Jones’ theorem,
Theorem 1.1 has the advantage that it works for all S!-spaces.

The cyclic structure on singular chains plays no role in Theorem 1.1; what matters
is the cocyclic space. Indeed, the main motivation for the author to seek for a result like
Theorem 1.1 is to study the S!-equivariant homology of £ M, using a novel chain model
of loop space homology defined via certain “de Rham chains”, introduced by Irie [20].

Deligne’s conjecture. What is called Deligne’s conjecture asks whether there is an action
of a certain chain model of the little disks operad on the Hochschild cochain complex of
an associative algebra, inducing the Gerstenhaber algebra structure on Hochschild coho-
mology discovered by Gerstenhaber [12]. This conjecture, as well as some variations and
generalizations, has been answered affirmatively by many authors, to whom we are apolo-
getic not to list here. What is of most interest and importance to us is work of Ward [31].

Ward ([31, Theorem C]) gave a general solution to the question when a certain com-
plex of cyclic (co)invariants admits an action of a chain model of the gravity operad,
inducing the gravity algebra structure on cyclic cohomology. Recall that the gravity operad
was introduced by Getzler [16] and is the S'-equivariant homology of the little disks
operad. So Ward’s result can be viewed as an S!-equivariant version of the operadic
Deligne’s conjecture ([31, Corollary 5.22]).

The second result in this paper is an extension, in a special case, of Ward’s theorem.
To state our result, let A be a dg algebra equipped with a symmetric, cyclic, bilinear form
(,) : A® A — R of degree m € Z satisfying the Leibniz rule (see Example 5.9). Then {, )
induces a dg A-bimodule map 0 : A — A" [m], and hence a cochain map ® : CH(4, A) —
CH(A, AY[m]) between Hochschild cochains. Let CHcyc (A, AY[m]) be the subcomplex of
cyclic invariants in CH(A, AY[m]). Let My be the chain model of the gravity operad that
Ward constructed (see also Example 5.3 (3)).

Theorem 1.2 (See Corollary 6.8). Given A, (,), 0, ® as above, there is an action of M5 on
O~ (CHyyc (A, AY[m))), giving rise to a structure of a gravity algebra up to homotopy. If 0
is a quasi-isomorphism and © restricts to a quasi-isomorphism @1 (CHeye (A, AV [m]))—



A cocyclic construction of S!-equivariant homology and application to string topology 955

CHeyc(A, AY[m)), this descends to a gravity algebra structure on the cyclic cohomology
of A, which is compatible with the BV algebra structure on Hochschild cohomology.

Here the BV algebra structure on the Hochschild cohomology of A (when 6 is a quasi-
isomorphism) is well-known (e.g., Menichi [28, Theorem 18]), where the BV operator is
given by Connes’ operator (Example 2.6). By compatibility with a BV algebra structure
we mean the content of Lemma 5.1. Note that Ward’s original theorem only applies to the
situation that 6 is an isomorphism ([31, Corollary 6.2]).

Chain level structures in S !-equivariant string topology. Let us say more about Irie’s
work [20]. Using his chain model and results of Ward ([31, Theorem A, Theorem B]),
Irie obtained an operadic chain level refinement of the string topology BV algebra, and
compared it with a solution to the ordinary Deligne’s conjecture via a chain map defined
by iterated integrals of differential forms.

The third result in this paper is a similar story in the S!-equivariant context. Note
that the string topology BV algebra induces gravity algebra structures on two versions
(positive, i.e., ordinary, and negative) of S!-equivariant homology of £M (Example 7.1).

Theorem 1.3 (See Theorem 7.6). For any closed oriented C°°-manifold M, there exists
a chain complex ('9*;? satisfying the following properties. Firstly, the homology of @;;L is
isomorphic to the negative S'-equivariant homology of £ M, and @;}C admits an action
of M5 (hence an up-to-homotopy gravity algebra structure) which lifts the gravity algebra

structure mentioned above. Secondly, there is a morphism of My-algebras
0% — 071 (CHeyo (M), Q(M)Y [ dim M])) (1.1)

which is induced by iterated integrals of differential forms, where the structure on the
right-hand side follows from Theorem 1.2 and © comes from the Poincaré pairing. At
homology level, the morphism (1.1) descends to a map (part of arrow 4 below) which fits
into a commutative diagram of gravity algebra homomorphisms

B
D
Here A is the S'-equivariant homology of £ M, B is the negative cyclic cohomology of
Q(M), C is the negative S'-equivariant homology of €M, D is the cyclic cohomology
of QM). Arrows 1, 4 are defined by iterated integrals on free loop space, and arrow 2

(resp. 3) is the connecting map in the tautological long exact sequence for S'-equivariant
homology theories (resp. cyclic homology theories).

RN

(1.2)

w

_4,

A

The crucial part of Theorem 1.3 is, of course, the chain level statement that fits well
with structures on homology. The first part of Theorem 1.3 was conjectured by Ward in
[31, Example 6.12], but the correct statement turns out to be more complicated, as we
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actually lift gravity algebra structures on negative S !-equivariant homology rather than
S1-equivariant homology, whereas they are naturally related by a morphism (arrow 2).

Other than the chain level statement, part of the results at homology level is known.
For example, the fact that arrow 1 is a Lie algebra homomorphism appeared in work of
Abbaspour-Tradler—Zeinalian as [1, Theorem 11]; the fact that (1.2) commutes was of
importance to Cieliebak—Volkov [8] (the arrows are only treated as linear maps there).

In a forthcoming paper, the author is going to apply results in this paper to Lagrangian
Floer theory, in view of cyclic symmetry therein (Fukaya [11]).

Outline

In Section 2, we review cyclic homology of mixed complexes. In Section 3, we prove
Theorem 1.1. In Section 4, we review Irie’s de Rham chain complex of differentiable
spaces and apply Theorem 1.1 to it. In Section 5, we review basics of operads and algebraic
structures. In Section 6, we prove Theorem 1.2. In Section 7, we prove Theorem 1.3.

Conventions

Vector spaces are over R, algebras are associative and unital, graded objects are Z-graded.
Homological and cohomological gradings are mixed by the understanding Cy, = C ™%,
C* = C_.. As for sign rules, see Appendix A. For the sake of convenience, we may write
(—1)? for a sign that is apparent from the Koszul sign rule (Appendix A.1).

2. Preliminaries on cyclic homology

A convenient way to study different versions of cyclic homology is to work in the context
of mixed complexes, which was introduced by Kassel [22]. By definition, a mixed cochain
complex is a triple (C*, b, B) consisting of a graded vector space C* and linear maps
b:C*—= C**!,B:C* — C* ! such that

b>2=0, B?>=0, bB+ Bb=0.

Let u be a formal variable of degree 2. Define graded R[u]-modules C [[u]]*, C [[u,u~']*,

Clu'1* by
Clull" == { Y e’ | i e €21},
i>0
{ Z cu' |k e Zso, ci € C"_Zi},
i>—k

Clu™l]" := { Z ciu' |k € Zso., ci € C"_Zi}.

—k<i<O0

Cllu,u™11":
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Here the R[u]-module structure on C[u~!] is induced by the identification C[u~!] =
C[[u,u'1/uCJ[u]]. Then b + uB is a differential on C[[u]]*, C[[u,u"']*, Cu~']*,
resulting in cohomology groups denoted by

Clp(€). HCh, ,-y(C).  HCf,_y(C).

These are three classical versions of cyclic homology of mixed complexes, called the neg-
ative, periodic and ordinary (positive) cyclic homology of (C*, b, B), respectively. We
prefer to distinguish them by suggestive symbols ([[u]], [[u,u '], [u~!]) rather than names,
as did in [8]. Here cohomological grading is used for cyclic homology since we deal with
cochain complexes. If we move to homological grading C« := C ~* and replace u by v (a
formal variable of degree —2), then the mixed chain complex (Cx, b, B) gives negative,
periodic and ordinary (positive) cyclic homology theories

_ -1 _ -1 _
HCPY = Hegy,, HC ) = Hegr o, HCY 1 = HCRr,

1 ] )
([8] also takes the Hom dual of C to define cyclic cohomology theories of (C, b, B), which
we try to avoid in this article.)

For any mixed cochain complex (C*, b, B), there is a tautological exact sequence

.- — HC, (C)—>HC* (C)—>Hc*+%](C) > HC[fp (C) — -+ (2.1)

which is induced by the short exact sequence
0 = Cllu]] > Cllw.u™"] S Cllu.u™]/Clu]] — 0

and the (b 4+ u B)-cochain isomorphism

Cluwa"/ClhD* = Cu ' 1% 30 cul > Y

—k<i<-—1 —k<i<-—1

The connecting map By : HCE’:C%] (C)— HCF[;'I (C) is induced by an anti-cochain map
Bo: Clu """ = Cl)]*™: Y~ e’ o Blco).

—k<i<0
Similarly, from the short exact sequences
0 — Cllull/uCllu)] 5> Cllu™")/uClu)) > Cllu,u™)/Cllu]) - o.
0 — uCl[u]] L Clll] = C[[u]l/uC )] — 0
one obtains the Gysin—Connes exact sequences
. H*(C,b) = HC], _1](C) Hc*t% (C) = H*TN(C,b) — -+, (2.2a)

e HC[[uJ](C) 2 HC(O) 25 H(C.b) 25 HOH(€) — - (2.2b)

The connecting maps H C"‘+2 (€) — Sox — H**Y(C,b) and H*(C,b) B HCE;]l] (C) are
induced by anti-cochain maps Bo and B, respectively.
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(L]l
(2.2) fit into the following commutative diagram:

Lemma 2.1. The map By« : HCFut%] ) -~ HC*'H (C) in (2.1) and the exact sequences

s H*(C,b) — HC},1y(C) —2 HC3,(0) Boe s gt p) >

id J/B()* lBO*
it

- H*(C.b) —2 HClH(C) % HCHL(C) 22 H*1(C.b) —

id

Proof. The left and the right squares commute since they commute at the level of cocy-
cles. As for the middle square, let ¢ = Z;-):_k cjul € Z*(Clu™']), then Bo(u - p(c)) =
B(c_y)and it (u - By(c)) = B(co)u. Since c is a cocycle,

0
0=(b+uB)(c)= Y (b(c;)+ Blej—)u’ € Clu™"].

j=-

In particular, b(cg) + B(c—1) = 0, so B(co)u — B(c—1) = (b + uB)(cp) is exact. This
proves Box o (1 - px) = (i - u) o Box. n

Definition 2.2. Let (C*, b, B), (C"*,b”, B”) be mixed cochain complexes.

(1) Aseries of linear maps { f; : C* — (C")*"?'}; ez, is called an co-morphism from
C*to C"™ if Yy gu' fi - (Cllu,u™'1*.b +uB) — (C"[[u,u™'1*,b" + uB")
is a cochain map, or equivalently, if { f; };>¢ satisfies b” fo = fob and B” fi_1 +
b"fi = fi-1B + fib (i = 1).

(2) An oco-morphism f = {f;}i=o : C* — C"* is called an co-quasi-isomorphism if

p >

fo: (C*,b) — (C"™,b") is a cochain quasi-isomorphism.

(3) Given two oo-morphisms { f;}i>0, {gi}i0 : C* — C”*, a series of linear maps
{hi : C* — (C")* 2" Yjez., is called an co-homotopy between them if h =
D is0 w'hi : Cllu,u'1* = C"[[u,u"]*isa (b + uB,b” + uB")-cochain homo-
topy between ) ;- u' f; and 2 is0 u' g;, or equivalently, if {h; };>¢ satisfies fo —
go = b//l’lo + hob and fl — g = b”hi + h,b + B”hi_l + hj_lB (l > 1)

A morphism between mixed complexes is an co-morphism { f; };>o such that f; =0
for all i > 0, namely a single degree O linear map that commutes with both b and B. A
quasi-isomorphism between mixed complexes is a morphism that is also a (b, b”')-quasi-
isomorphism. A homotopy between two morphisms f, g : (C*,b, B) — (C"*,b", B") is
an oo-homotopy {#; }i>o such that #; = 0 for all i > 0, namely a single degree —1 linear
map h satisfying f — g = b"h + hb and B”"h + hB = 0.

The following important lemma goes back to [21, Lemma 2.1], and is a special case of
[34, Lemma 2.3] which is stated for S'-complexes (an co-version of mixed complexes).
The proof is a spectral sequence argument using the u-adic filtration on C [[u]]* etc..

Lemma 2.3. Let{f;}i>o:(C*,b, B) — (C"*,b", B") be an co-quasi-isomorphism. Then
Zl>0 u' f; induces isomorphisms on HC[[u]], HC! cmd HCFM_I]. ]

([~



A cocyclic construction of S!-equivariant homology and application to string topology 959

The following lemma illustrates the naturality of the tautological exact sequence and
Connes—Gysin exact sequences for cyclic homology, with respect to co-morphisms be-
tween mixed complexes.

Lemma 24. Let f ={fi}i>o: (C*,b, B) — (C"*,b", B") be an co-morphism. Then
=, u' f; induces a morphism between the exact sequence (2.1) for C and C", namely
there is a commutative diagram

(C) 22, HC* 1(C) _Bo HC*+1(C)

- HC{p,y(€) —"— HCJ, [[u]
lf* lf* lf*

b

u-py *42 B()* *+1
Clup(€") == HC}p, (") 25 HC3(CT) 5 HCREH(C) -
Similarly, for the exact sequence (2.22), there is a commutative diagram

< H*(C.b) —— HC},_y(C) =2 HC2,(C) — 2 H*F1(C.b) -

lfo:« |~ % lfO*

B
--H*(C//,b”) HC* _1](C//) MP* HC*-{:}](C//) 0% H*-H(C//,b/,)-"
The case of the exact sequence (2.2b) is also similar.

Proof. We only write the proof for the first diagram since the others are similar. The left
and the middle squares commute since they commute at the level of cocycles. Now let ¢ =

Z?:o c—jud € Z*T2(Cu~1]). Then, (b + uB)(c) = 0 says b(c—;) + B(c—j—1) =0

forall j €0,...,k}. Alsorecall the co-morphism f satisfies B” f;_1 +b" f; = fi—1B +
fib. Using these relations, it is a straightforward computation to see

> fiBeo) - u =B 3 filem)) =@ +uB (X D firsrrlemp) ).

i>0 0<j<k i>0 0<j<k

The left-hand side is (f o By — By © f)(c), and the right-hand side is exact, so commu-
tativity of the right square is proved. ]

We now discuss some important examples of mixed (co)chain complexes and their
cyclic homologies. Recall that a cosimplicial object in some category is a sequence of
objects C(k) (k € Zxg) together with morphisms

;i :Clk—1)—>C(k) (0<i<k), 0i :Clk+1)—>Ck) (0<i<k),
satisfying the following relations:

8;8; =6i6;—1 (i <j)

0joi = 0i054+1 (I < j)
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ioj—1 (1 <),
0;8 =41id i=j,j+1,
Si—io; (i>j+1).
A cocyclic object is a cosimplicial object {C (k)}x together with morphisms 7z : C(k) —
C (k) satisfying the following relations:
r,f“ =1id;
7wl =6i—1tk—1 (1 =i <k), tbo = b;
0; = 0i1Tk+1 (1 <i <k), too= Ukr,f_H.
For example, let A? := R%, Ak := {(r;,....5) eRF |[0<ty <--- <1 <1} (k > 0)

be the standard simplices, then {Ak}kezZO is a cocyclic set (topological space, etc.) with
standard cocyclic maps §; : AK=1 — Ak g, : AKFT1 5 Ak 7 2 AF 5 AR defined by

0,11, ..., tk—1) (@ =0),
Sitr, . tk—1) =9 (b1, tintiy . i) (1 <i<k—1), (2.3a)
(t1,...,t—1,1) (i=k)),
oi(tr, ..o tkg1) = (1o fitts ..o tepr) (misstipg) (0<i<k), (2.3b)
T (ty, ... tg) =2 —t1,..., e — 11,1 — 11). (2.3¢)

Remark 2.5. Equivalently, for A := {(so, s1,...,5¢) € [0, 151 | 50 4+ 51 + -~ + s
=1}k >0), 1% : Ak — AF reads T (50,8155 8k) = (S1,++., Sk, 50)-

Example 2.6 (Cocyclic complex and Connes’ version of cyclic cohomology). Consider
the category of cochain complexes where the morphisms are degree 0 cochain maps. Let
((C(k)*,d), 6;, 01, Tr) be a cocyclic cochain complex, then a mixed cochain complex
(C, b, B) is obtained as follows. Let

§:Clk—1* = C(k);  cxr > (DTN (1S (crr), 24)

o<i<k

then §2 = 0, 8d 4 d§ = 0. Let (C*, b) be the product total complex of the double com-

plex (C(k)!,d.8)}ep™",

c*:= [] cf' =]]cwy**  b=d+s.

I+k=x k>0

For later purpose we also introduce the normalized subcomplex (C,r., b) of (C*,b),

Co =[] Com®)**. Cam(k):= () Ker(oi : C(k) - C(k —1)).

k>0 0<i<k-—1
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Note that the natural inclusion {Cyy(k)} C {C(k)} is not cosimplicial since §; does not
restrict to Cyy (k). The natural inclusion (C* , b) < (C*, b) is a quasi-isomorphism (see

nm’

[25, Proposition 1.6.5] or [20, Lemma 2.5]). Next, define the operator B : C* — c*1 by
B := Ns(1—21) (Connes’ operator),
where A, N, s are given by (here |c| is the degree of ¢ = (ck)kz0 € [[x=o C(k) in C*)
Mew = (=D,
Nlcg =1+ A +---+ K,
s(¢) = (=D O Tt (ck1)ezo-

Although Cyy, is not closed under A, N, it is closed under s, B. For cx4+1 € Com(k + 1)*,
there holds

s(A(ck+1)) = (=DI%tlor 2 (erpr) = (D100 (crqr) = 0.,
so Connes’ operator B has a simpler form on a normalized subcomplex,
B|c,, = Ns.
To see (C*, b, B) is a mixed complex, define
b C* = C*HL e b(e) = (D)1 Sk (k1) ko

It is a routine calculation to see (b')2=0, N(1—A)=(1—-A)N=0,(1-b=>b'(1-21),
bN = Nb' and b's + sb’ = 1. It follows that B2 = Ns((1 — A)N)s(1 — 1) = 0 and
bB + Bb = Nb's(1—-L)+ Nsb'(1 —1) = N(1 — 1) = 0, as desired. The identity (1 —
A)b = b’'(1 — L) also implies that the space of cyclic invariants,

Ceye :=Ker(1 -1) C (C,b),

forms a subcomplex (we denote this inclusion by i,). This leads to Connes’ version of
cyclic cohomology of the cocyclic cochain complex,

HC;(C) = HC;(C(k).d,b;.0i, ) := H*(Ceyc. b).

Since B = Ns(1 — A) vanishes on Cc, (CC’;C, b) is also naturally a subcomplex of

(C[[u]]*, b + uB). By an argument similar to [25, Theorems 2.1.5, 2.1.8] one sees that
this inclusion I, : (CJj.,b) < (C[[u]]*, b + uB) induces an isomorphism

L HC}(C) 2 HCJj, iy (C). 2.5)

The short exact sequence 0 — (Ceyc, D) 4 (C,b) 2 (C/Ceyc, b) — 0induces Connes’
long exact sequence (we follow the presentation of [23, Section 3.7])

ik B S
- > HCL(C) 25 H*(C,b) = HCL(C) =5 HCITH(C) — - . (2.6)
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Here we have made use of an isomorphism HCI_l(C) =~ H*(C/Ccye, b), which is a
consequence of another short exact sequence

-
0 = (C/Ceyerb) 5 (C. 1) 25 (Coyer b) — 0 .7
and the fact that (C, b’) is acyclic (since b’s + sb’ = 1). Lemma 2.9 below says (2.6) can

be identified with (2.2b). Finally, we mention that HCE‘[u]] (Com) 2= HCﬁu]] (C) = HC;(C),
where the first isomorphism follows from Lemma 2.3.

A subexample of Example 2.6 is as follows.

Example 2.7 (Cyclic cohomology of dg algebras). Let A* be a dg algebra with unit 14.
Then {Hom*(A®%+1 R)};5 has the structure of a cocyclic cochain complex, where §; :
Hom*(A®% R) — Hom*(4®%*! R), 0; : Hom*(4%¥*2 R) — Hom*(4®¥*! R) and
7% : Hom*(A®%*+1 R) — Hom*(4®%*1 R) are

(=Dfp(az @ --- @ ax ® ag+1a1) (i =0),
pla1 ® - ®ajaiy1 ® - ®ag1) (1=i=<k),
oi(p)a1 ® - ®ag+1) = @(a1 ® - ®a; ®l4®ai+1 ® - Qaxy+1) (0=i <k),
Tw(p) (a1 ® -+ ® ag+1) = (—1)°p(ag+1 ® ar -+ ® ag). (2.8)
The associated mixed total complex is denoted by CH*(4, AY). For simplicity, denote
cyclic homologies of CH* (A4, AY) by HCE‘u_l](A, AY), HCp,y (4, AY) = HC; (4, AY),
etc.. Classically, HC3 (A4, AY) is called (Connes’) cyclic cohomology of A.

Let us also recall that for any dg A-bimodule M *, there is a structure of a cosimplicial
complex on {Hom*(A®*, M)}, where §; : Hom*(A®%~1 M) — Hom*(4%k, M),
o; : Hom*(A®**1 M) — Hom*(A®*, M) are

Si() a1 ® - ®ak41) 1= {

(—Dfay- fa2 ®--- ® ax) (i=0),
§i(f)a1 @ ®ak) =1 fla1® - ®ajaiy1 ®---Qar) (1=i=<k-1),
fla1 ® - ®ak_y)-ax (i =k,

oi(f)a1® - ®ag)=fa1® - ®a;®U®ai11 ® - ® - Qag) (0=i <k).

The associated total complex, denoted by CH* (A4, M), is called the Hochschild cochain
complex, whose cohomology group, denoted by HH* (A, M), is called the Hochschild
cohomology. Taking M* = (AY)* = Hom™* (A4, R) with dg A-bimodule structure satisfy-
ing

(dp)(@) + (=D¥lp(da) = 0. ¢(ab) = (Db . 9)(@) = (- ) (B). 2.9)

one sees that the cosimplicial structure on {Hom*(A®¥, 4Y)}y is the same as that on
{Hom* (A®%+1 R)} described previously, in view of the natural isomorphism

Hom*(4%%, 4Y) =~ Hom*(4%* @ A,R) = Hom*(4®**! R)

from Hom-® adjunction. See Example 5.9 for further discussion.
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Remark 2.8. We shall use the name “Connes’ version of cyclic cohomology” for “cocy-
clic complex”, even if we work with chain complexes rather than cochain complexes. For
a cocyclic chain complex ((C(k)«, d), 8;, 0;, tx), Connes’ version of cyclic cohomology
is HC;1 (C) := H,(C%¢, b) where C,°° := Ker(1 — 1) C Cx, and HC’: (C) is isomorphic
to HCI® of the mixed chain complex (Cy, b, B) = (ITgs0 Ck)sqk. 0 + 8, Ns(1 — 1)).

Lemma 2.9. In the situation of Example 2.6, the isomorphism (2.5) and the long exact
sequences (2.6) and (2.2b) fit into the following commutative diagram:

- HCH(C) —25 H*(C.b) —22 HC}™H(C) —2 HCIH(C) -

gll % id zll % ;ll x

Pox i u 1
- HCp,;;) (C) === H*(C,b) BN HC ;1 (C) — Hcﬁj” (C)---

Proof. The left square commutes since it commutes at cochain level. To verify com-
mutativity of the other two squares, we need explicit formulas of B, and Sj. Since
(1 —A)b = b'(1 — 1), there is a cochain isomorphism

(C/Ceyerb) > % (Im(1 - 2).5).

Also note that Ceye = ImN and N|c,,, = ((k + Didge—(—1)kg))k>0 : Ceye = Coye is @
linear isomorphism. By definition, B} is the composition

Djx

H*(C.b) 22 H*(C/Ceyerb) ~—5 H*(Im(1 — 1), by 2, Hc; L),

where by examining (2.7), Q .« : HCI_l(C) = H*(Im(1 — 1), ') is given on cocycles
by
Q10 Z* N(Coye, b) = Z*(Im(1 = 1), b"); x> (b 0 (N]cy )™ ().

Let us calculate that on Z(C, b),

03B = 0;Ns(1—1) =b's(1—2X)=(1—sb)(1—2)
=1-A—s(1—=A)b=1-A2. (2.10)

Thus (B|c—c. ) = (Q3+) ' o (1 — 1) o ppsx = B;, which says the middle square com-

cyc

mutes. Similarly, S is the composition

HC} () 25 B am(1 - 1)) 25 (0 Coeb) 25 HET(C),

where Ry« : H*(C/Cqyc,b) — HC;‘L'H(C) is induced by the map
Ry :{y € C* [ b(y) € Coye} = Z" 7 (Ceye, b); ¥ > ().

(2.10) also holds on Z(C/ Ceye, b), and implies (1 — 1) ™' Qs = (Blc/CopesCopd)x -
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Therefore for x € Z*fl(CCyc, b),
Sy([x]) = [b(y)] € HC;T(C),

where y is any choice of elements in C* satisfying B(y) = x and (1 — A)(b(y)) = 0. For
such x and y, —b(y) — x -u = (b + uB)(—y) is exact in C*T[[u]], so I}« o (=S;) =
(ij -u) o I, i.e., the right square commutes. n

Example 2.10 (S!-equivariant homology theories [21]). Let X be a topological S-
space, namely a topological space with a continuous S!-action FX : §1 x X — X. Let
(Cx«,b) = (S«(X), 0) be the singular chain complex of X, and define the rotation operator

J(@) = FX([S'] xa), a e S«(X). (2.11)

Here [S!] € S;(S1) is the fundamental cycle of S!, namely [S!] = 716411 A =10,1] —
R/Z = S!, and x is the simplicial cross product induced by standard decomposition of
Al x A¥ into (k + I)-simplices (see [19, page 278]). Then 3J + Jd = 0 since

(S xa) = 0[S x a + (=)' [§1] x da = —[S!] x da.

To see J2 = 0, let us write down the cross product with [S!] explicitly. For k € Zx¢ and
j €10,...,k}, consider the embeddings tx ; : AT — Al x AK defined by

e, j (1o tegr) = @, (T, ot a2, ot 1)s
then for (o : A¥ — X) € Si(X),

[SYx0o = Z (—l)j(yrﬁl1 Xo)ol € Sk+1(St x X).
0<j<k

Let FS': S1x S' — S ([t].[t']) ~— [t + ] be the rotation S'-action on S, then
FES'TX[S') = F5 o (nfy xmgi) oo — FS o (nh xmgi) oty = 0.

From the commutative diagram

SUxstxx —F220 gty () x) ——— ([ + 1))
lidsleX ) lFx l l
Stxxy —F  +x (1], FX([t']. x)) —— FX([t + 1], x)

we conclude that for any a € S« (X),

J2(a) = FX([S"] x FX(IS] x a)) = FX(FS' ("] x [S"]) x a)) = 0.
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For the mixed chain complex (Cx, b, B) = (S«(X), 9, J), there is a natural isomorphism
([21, Lemma 5.1])

HCL (S (X)) = HE' (X) i= Ha(X xs1 ESY),

namely HCE}’_]](S (X)) is isomorphic to the S!-equivariant homology of X, i.e., homol-
ogy of the homotopy quotient (Borel construction). The other two cyclic homology groups
of (Sx(X), d, J) are called the negative and periodic S'-equivariant homology of X , and
are denoted by

G2 () = HCPI(s). A (x) = HCl s (X)),
respectively. The tautological exact sequence (2.1) translates into

o> GS'(X) > B (X) > HSL,(X) > G5 (X) —> -, 2.12)
and the Connes—Gysin exact sequences (2.2) translate into

oo Hyo(X) > HS' (X) > HS,(X) > Hey(X) = -, (2.132)
> G (X) > GS'(X) > Ho(X) > G5 (X) > - . (2.13b)

We end this example by mentioning that (2.13a) coincides with the Gysin sequence asso-
ciated to the S!-fibration X x ES! — X xg1 ES!.

Remark 2.11. There seems to be no interpretation of G2 ' (X) and ﬁf (X ) as homol-
ogy groups of some spaces naturally associated to X, but there are homotopy theoretic
interpretations. For example, when X is a (finite) S!-CW complex, [2, Lemma 4.4] says
G3 ' (X) is naturally isomorphic to the homotopy groups of the homotopy fixed point
spectrum (H A X 1)"S ' where H is the Eilenberg—MacLane spectrum {K(Z, n)}.

3. A cocyclic complex and an co-quasi-isomorphism

Let X be a topological space with S'-action FX : ST x X — X. There is a cocyclic
k . k k . k k
structure on {X x Ak}kezzo» where SiXXA = idy x SiA , aiXXA = idy x aiA (SiA ,

oiAk are as in (2.3)), and r,fXAk - X x AF > X x A is defined by

k
A (ot k) = (FX(0) %), — 1yt — 1, 1 — 1),

Taking singular chains of the cocyclic space {X x A¥} k>0 yields a cocyclic chain complex
{S«(X x A*)}0. Let us denote the associated mixed complex by

(SXB b By = (]‘[ S (X x AR), 9+ 8, Ns(1 —x)).
k>0
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The S!-action on X extends to X x A¥ where the S!-action on A is trivial, and then the
rotation operator J : Sx(X) — Sx41(X) defined in Example 2.10 extends component-by-
component to SX2 by

J:SEA - SXA . (k=0 > (J(Xk))kz0-

By Example 2.10, J2 = 0 and 8J + Jd = 0. Since S! acts trivially on A, J com-
mutes with §;, 0;. It follows that §J + J§ = 0 and J(SX2"™) ¢ SXAmm 5o (SXA b, J),
(Sf( Aam g g ) are also mixed complexes. J also commutes with t,f A% pecause of the
commutative diagram

; X xAak
ST x X x Ak ds1 X ST x X x Ak
lFXxAk lFXxAk 3.1
X xAak
Xxak — % ¥ x Ak,
([ﬂ»xvll»"'»tk) _ ([l],FX([ll],X),ZZ—ll,...,l—ll)
(FX([1), %) 11, ) —— (FX([t + 0, %), 0 —11,..., 1= 11),

so JB 4+ BJ = 0. We will analyze the relationship between the mixed complexes

(SXA b, B), (SX2.b,J), (S«(X).0,J).

If there is no risk of confusion, we shall write SI-X XAk, GI-X XAk, t,f xA¥ and the induced
maps on singular chain complexes as §;, 0;, T for short. Note that §;, o; do not involve
S1-action, so if we forget the S!-action, there is still a total complex (SX2,b = 9 + §)
from the cosimplicial chain complex {Sx (X x A¥ VkeZoo-

Let us state the main theorem of this section.

Theorem 3.1. Let X be a topological S'-space. Then for both of the mixed complex struc-
tures (b, B) and (b, J) on SX? = [Ts0 Sxtk (X X AK), there are natural isomorphisms

HCLU_I](SXA) >~ H*SI(X) as R[v™Y-modules,
HCl™1(§%¥2y ~ g5 (X)  as R[[v, v ]-modules,
HCM(§¥2) ~ GS'(X)  as R[[v]]-modules.
Furthermore, these isomorphisms throw the (tautological and Connes—Gysin) exact se-

quences (2.1), (2.2) for cyclic homology theories onto the (tautological and Gysin) exact
sequences for S'-equivariant homology theories.

Proof. The statement about isomorphisms is a consequence of Lemma 2.3, Corollary 3.5
and Proposition 3.7 below. The statement about long exact sequences is then a conse-
quence of Lemma 2.4. |
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Corollary 3.2. For any topological S'-space X, Connes’ version of cyclic cohomology
of the cocyclic chain complex {Sx (X X Ak)}kezzo is naturally isomorphic to the negative
S1-equivariant homology of X. ]

Lemma 3.3. For any topological space X, the projection chain map
. XA .
ro : (S5 7.0) = (Sx(X),0):  (ci)k=0 > Co
is a quasi-isomorphism.

Proof. Since pr is surjective, it suffices to prove Ker(prg)« = [ [ Stk (X X A¥Y is b-
acyclic. Let us write Sy = Ker(pry)« and consider the decreasing filtration Fp(p€Zx1)
on S defined by ?pg* = szp S.1k (X x A¥). The E;-page of the spectral sequence
of this filtration is divided into columns indexed by g € Z >, each of which looks like

8« 8 8
0— Hy(X x A') = Hy(X x A?) =5 Hy(X x A% = ... (3.2)

For each k > 1, the map py := 0901+ -0f—1 : X X AF S X x A =X, (x,t1,...,lx) >
(x,0) = x is a homotopy equivalence. Since pry; = pxox and 0;6; =id (@ = j,j + 1),
we conclude that forany k > 1and 0 <i <k,

H, (X x AF~ 1) 5 Ho (X x AF)

is an isomorphism such that (§;)x = (0x_;)5". Then since

k
Bls,ak-1xx) = (DT Y (=18,

i=0
(3.2) is nothing but

=17 (Dy;! (=1)9(03);!
0—>H(XXA)—>H(XXA)—>H(XXA)—>

Thus all E>-terms vanish. Finally, since the filtration ¥, on S is complete (namely S =
lim S/ ¥, S) and bounded above (since S« = ¥7Sx), a standard convergence theorem [32,
Theorem 5.5.10(2)] gives H.(S,b) = 0. n

Remark 3.4. The proof of Lemma 3.3 implies that more generally, for a cosimplicial
complex {(C(k)«, 0)}k>0, if 0p01 ++-0k—1 : C(k) — C(0) is a quasi-isomorphism for
each k > 1, then so is pry : (szo Ck)xtk,0 + 8) — (C(0)«, d) ([20, Lemma 8.3]).

Corollary 3.5. For any topological S'-space X, pry : (SX2,b,J) = (S«(X),d.J) isa
mixed complex quasi-isomorphism. ]

Note that S, (X) = SX2(0) = SX2"™(0) by a vacuum normalized condition. Since
(Sf A’nm, b) — (S;kX A b) is a quasi-isomorphism, Lemma 3.3 and Corollary 3.5 also hold
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true if SX2 is replaced by SX*™™. In the following, we may use Si¥®™ to simplify

calculation involving Connes’ operator B. One could also stick with SX2, though.
uj
Recall the augmentation map ¢ : So(X) — R, Y- A4; - (A = X) > > A;.

Lemma 3.6. Consider the topological S'-space S with rotation action on itself.

1
(1) There exists a sequence of elements {§" = (& )k>0 € Ségn A’nm}nezzo such that

e€) =1 0b(E)=0, bE)=U-B)E"™) @m=1).

(2) Suppose {E"}n>0, {€™ }n>0 both satisfy the conditions in (1). Then there exists a

1
sequence of elements {1" = (N})x=0 € S;nfl’nm}nezzo such that

E—E0=00"), & -E"=b0" - -B)0") m=1).

Proof. (1) Consider the isomorphisms (pry)s : HO(SSIA’“m,b) = Hy(S') from Lem-
ma 3.3 and &4 : Ho(S') = R induced by augmentation. Choose a O-cycle £° in the
homology class (g4 o (prg)s) (1) € Ho(SS' A b). then £° = (§D)k=o0 is as desired.
Next, since hbB = —Bb and bJ = —J b, B(£°) and J(£°) are 1-cycles. We claim that they
are homologous. Since pr, is a quasi-isomorphism, it suffices to look at pry(B(£°)) and
pro(J(£%)). By definition,

pro(B(E%) = (Ns(£%))o = 0011 (§0),  pro(J(6) = J(£3) = FS' ([S'] x £D).

By construction, &) € So(S?') is homologous to the map A% 5 0+ [0] € S, and &) €
S1(S! x Al) is homologous to the map A! 3¢ + ([0],7) € S! x Al. So pry(B(£?)),
pro(J(£%)) are homologous to

1

A 5 ST AT S g AV S S s (0L 1) = (1], 1 —1) = [1],
Sl
Al ATx A% 5 ST ST s 1 (1,0) > (1. O] > [,

respectively. Namely they are both homologous to [S!]. This proves the existence of &1 €
S5 4™ satistying b(§') = (J — B)(£°). Now suppose £%,£',....€" (n = 1) have been
chosen as desired, to find £”1, simply notice that (J — B)(£") is a (2n + 1)-cycle,
b((J = B)(E") = —(J = B)(b(E") = —(J — B)*("™") =0,
where (J — B)? = 0since J2 =0, B2 = 0and JB + BJ = 0 (see (3.1)). Since
Hopp1 (S8 b) = Hppy1(SH) =0 (12 1),

(J — B)(£") is exact, i.e., £"T! exists.

(2) By construction, £° is homologous to £’°, so n° exists. To inductively find n” for
n > 1, simply check that £* — £ + (J — B)(n*™!) is a 2n-cycle, which is then exact
since Ho, (S =0(@m > 1). n
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Proposition 3.7. Let X be a topological S*-space. Denote the transposition X x S' —
S x X by v.

(1) Choose & = {£"},>0 as in Lemma 3.6 (1). Define a sequence of linear maps fE=
U Su(X) = S5 nz0 by
k .
fné(a) = ((FXXA o (v xidpk))«(a x S,’c‘))kzo.
Then f¥ is an co-quasi-isomorphism from (S«(X), 9, J) to (Sx*™. b, B).
(2) For two choices &, £', the co-quasi-isomorphisms €, f& are co-homotopic.

Proof. (1) The verification of fOé od—bo foS = 0 is simpler than ff 0d—bo fnS =
Bo ff_1 - fng_1 oJ (n > 1), so we omit it. Let us write Fy := FX*&“ o (v x idpx) :
X x S'x A¥ - X x A¥. Forn > 1,

((ffod—bo f5) (@), = (F)«(da x & — d(a x &) — 8(a x &)
= (Fi)«((=1)"la x (-0g} — 8&_,))
= (=D"I(Fp)xla x (BET) = JE),
where the last equality follows from b(£") = (J — B)(£"~!). Now introduce maps
Gr: X xS'x A¥ - X x AF,
Lttt > (FX(t+0]x) . o — 11, ... 1 —1y),
Hi: X x St x S x AF - X x Ak,

LIt te) > (FX (i + 1)), 0, 1),

then

Gr = Fr o (idy x 77 %) = X*4" o F

Hy = Fy o (idy x FS"2) = Fy o (FX xidgi, ax) 0 (v X idg1, pk)-
It follows that

(=D I(Fi)«(a x BED) = B((Fi)s(a x §51).
(=DN(F)wla x JE) = (Fw(J (@) x &7,
This implies (f,,g ocd—bo fn‘s)(a) =(Bo fn{l — f{l oJ)(a), so f& is an co-mor-

n
phism. It remains to show that f, is a quasi-isomorphism. Since &) is homologous to
the O-chain A% — S, 0 — [0], pry o fos is chain homotopic to idg, (x). Since pry is a
quasi-isomorphism, so is fj .
(2) Choose 7 as in Lemma 3.6 (2). Define a sequence of linear maps h”7 = {h, :

Se(X) — SKEM Viso by

h(a) := (_1)|a|((FXxAk o (v x idpx))«(a X r]Z))kZO.

Then similar calculation as before shows 4" is an co-homotopy between [ and f&. m
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4. The story of differentiable spaces

4.1. Differentiable spaces and de Rham chains

Materials in this subsection are collected from Irie [20]. The notion of differentiable spaces
is a modification of that utilized by Chen [6], and the notion of de Rham chains is inspired
by an idea of Fukaya [10].

LetU := ]_[nzmzo Uy, m where U, ,, denotes the set of oriented m-dimensional C °°-
submanifolds of R”. Let X be a set. A differentiable structure P(X) on X is a family of
maps {(U, ¢)} called plots, such that
* every plotis a map ¢ from some U € U to X;

e ifp:U — Xisaplot, U’ € Wand 6 : U’ — U is a submersion, thengp o 6 : U’ — X
is a plot.

A differentiable space is a pair of a set and a differentiable structure on it. Amap f : X —

Y between differentiable spaces is called smooth, if (U, f o ¢) € P(Y) for any (U, ¢) €

P(X). A subset of a differentiable space and the product of a family of differentiable

spaces admit naturally induced differentiable structures ([20, Example 4.2 (iii), (iv)]).

Remark 4.1. Differentiable structures are defined on sets rather than topological spaces.
For later purpose, we say a differentiable structure and a topology on a set X are compat-
ible if every plot is continuous.
Example 4.2. Here are some important examples of differentiable spaces.
(1) Let M be a C°-manifold. Consider two differentiable structures on it:
(a) define (U,p) € P(M)if¢ : U — M is a C*-map;
(b) define (U, ¢) € P(Myeg) if ¢ : U — M is a (C°°-)submersion.
The set-theoretic identity map idps : My, — M is smooth, but its inverse is not.

(2) Let £M := C>®(S', M) be the smooth free loop space of M, where S! = R/Z.
There is a differentiable structure P(£M) on £ M defined by: (U, ¢) € P(£) iff
UxS'— M, (u,[t]) = @u)(t) is a C*°-map.

(3) For each k € Zx, the smooth free loop space of M with k inner marked points,
denoted by £41 M, is defined as

(Pt 1) € EM x AX | 37y (0) = 3™y(1;) =0(1 < Vj <k, Vm > 1)}.

It has induced differentiable structure T(ig’il) as a subspace of £M x A¥, where
AF is viewed as a subspace of R¥ with the differentiable structure in (1a).

(4) The smooth free Moore path space of M, denoted by ITM, is defined as
{(T.y) | T €Rxo, y € C=([0, T M), 97y(0) = 07'y(T) = 0(Ym = 1)}

Consider two differentiable structures P(ITM), P(ITM) on TIM.

reg
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(a) Define (U, ) € P(IIM) if ¢ = (¢, @y) : U — IIM satisfies the following
conditions:

o ¢r:U — RypisaC>®-map.

e The map
U:={u.t)|uecUtel0or@)]}— M: (u.1)— ¢,w)t)

extends to a C °°-map from an open neighborhood of UinU xRtoM.
(b) Define (U, ¢) € P(IIM) if: (U, ¢) € P(TTM) and the map U — M, u

reg
@y (u)(to) is a submersion for typ = 0, 7.
(5) For each k € Zsy, the smooth free Moore loop space of M with k inner marked
points, denoted by L4411 M, is defined as

{((To, y0), - (T, vi) € MMYH! [y (T)) = j11(0) (0 < j <k —1),
Yk(Tk) = y0(0)}
={(T.ypt1,....tx) eIM xR¥ |0<t; <--- <1 < T, y(0) = p(T),
y() =001 <Vj <k, Vm=> 1)}

Apparently there are two ways to endow the set £ M with differentiable struc-
tures, namely as a subset of (ITM ) 1 or of TIM x R¥. It basically follows from
[20, Lemma 7.2] that these two ways are equivalent. Let us denote by £ ,I(MH (resp.

L ,ﬁl,reg) the differentiable space obtained from nM (resp. er’{b,).

Note that the inclusion of sets £x+1 M = {T = 1} C Lx4+1 M, induced by the inclusion

L1M x A Cc TIM x Rk, is also an inclusion of differentiable spaces :6,16"11 — L,Zrl.

The de Rham chain complex (CSR(X), d) of a differentiable space X is defined as
follows. For n € Z, let é,fR(X) = @(U,Q)GT(X) QdmU=n (7). For any (U, ¢) € P(X)
andw € SZSimU_" (U), denote the image of @ under the natural inclusion Q4™ U=n(U) —
5,‘3R(X) by (U, ¢, w). Let Z, C érfR(X) be the subspace spanned by all elements of the
form (U, ¢, mw’) — (U’, ¢ o, w’), where (U, ) € P(X), U’ € U, o’ € Qgimu/_"(U’),
and 7 : U’ — U is a submersion. Then define CIR(X) := 6,‘3R(X)/Zn. By abuse of
notation we still denote the image of (U, ¢, ) under the quotient map 6,‘3R (X) = CR(X)
by (U.¢, ). Then 3 : CR(X) — CSEI(X) is defined by d(U, ¢, w) := (U, ¢, dw). The
homology of (CIR(X), d) is denoted by HIR(X).

Remark 4.3. For any oriented C°-manifold M, there exists n € Zso and an embed-
ding ¢ : M < R"™. Then («(M), ') € P(Myey) C P(M), and (M), !, ("H*w) €
CR(Myee) C CIR(M) for any @ € Qc(M). Such a de Rham chain is independent of
choices of n and ¢, and by abuse of notation we write it as (M, idys, w). If M is closed
oriented, we call (M, idys, 1) the fundamental de Rham cycle of M (or M.,).
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Let X, Y be differentiable spaces. The cross product on de Rham chains is a chain
map CR(X) ® C/R(Y) — CR (X x Y), defined by

U, ¢, 0) x (V,7, %) == (=D U x V, ¢ x ¥, x ). 4.1)

4.2. Sl-equivariant homology of differentiable S !-spaces

Let X be a differentiable S'-space, namely X is a differentiable space with a smooth
map F X .S x X — X, where S! is endowed with the differentiable structure in Exam-
ple 4.2 ((1a)). Let (S1,idg1, 1) € C{R(S') be the fundamental de Rham 1-cycle of S'.
Define

J:CR(X) - CR (X); aw FX((S'ids1,1) x a),

then J is clearly an anti-chain map. We claim J2 = 0. Let g : S' x S! — S be the
smooth map ([¢], [t']) = [t + t’], then by the same arguments as in Example 2.10, to see
J? =0, it suffices to prove g« ((S1,idg1, 1) x (S',idg1, 1)) = 0 € CSR(ST). This is easy,
as we can see by the following:

“.D

g« ((S',idg1, 1) x (S',idg1, 1)) —g.((ST x St idgixg1, 1))

=—(S'x Sl idgi 0 g, 1) = —(S',idg1, g1(1)) = 0.

The middle equality on the second line holds since g is a submersion. Thus (CIR(X),d,J)
is a mixed chain complex. One can then define the positive (ordinary), periodic and neg-
ative “S!-equivariant de Rham homology” of X as the HCL”fl], HCII and HCL[””F]]
versions of cyclic homology of (CR(X), d, J).

Consider AX as a differentiable subspace of R¥. Then the cocyclic maps 8;, 0, Tk
among {X x Ak }kez-,, defined by the same formulas as in Section 3, are smooth maps
between differentiable spaces. So {X X Ak}kezzo is a cocyclic differentiable space and
{CIR(X x Ak)}kezzo is a cocyclic chain complex, which gives rise to a mixed complex

(CRX8 b, B = ([T CBe(X x A%), 0+ 8, Ns(1 = 2)).
k>0

The smooth S'-action S' x X — X also extends trivially to S! x X x AF — X x Ak
and gives a mixed complex (CX2, b, J).

There is a counterpart of Theorem 3.1 for differentiable S!-spaces, whose proof is
also similar. We omit the details since we will not make essential use of it.

The smooth singular chain complex (CJ™(X), d) of a differentiable space X, intro-
duced in [20, Section 4.7], is defined in a similar way as the singular chain complex of
topological spaces, except that only “strongly smooth” maps A¥ — X are considered. The
homology of (C;™(X), d) is denoted by H;™(X).

Smooth singular homology is related to singular homology and de Rham homology in
the following way.
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* Let X be a differentiable space with a fixed compatible topology (Remark 4.1). Then
every strongly smooth map A¥ — X is continuous, hence there is a natural inclusion
(CM(X),9) = (S«(X), ).

e Cim CSR are functors from the category of differentiable spaces to the category of
chain complexes. Given a cocycle u = (ug)g=0 € CoP'® = = [Tr=0 C{R(A¥) in the
class 1 € R = HIR(pt) = HJ“™, there is a natural transformation * : C;™ — CZR
defined by t*(X)y : C““(X) C,?R(X), o +— 0+ (ux). The homotopy class of t¥(X)

dR,pt

does not depend on u (since Hy, = 0whenn > 0).

Assumption 4.4. X is a differentiable space with a fixed compatlble topology, such that
the chain maps discussed above induce isomorphisms H(X) < H™(X) = H&R(X).

Proposition 4.5. Let X be a set which satisfies Assumption 4.4 and admits an S'-action
that is both smooth (with respect to the differentiable structure) and continuous (with
respect to topology). Then there are natural isomorphisms HCL”fl](CdR’XA) >~ Hfl (X),
HClP vl (CaRXAY ~ 5" (X), as well as HC*(C®RX2) ~ HCIPI (CdRXA) ~ G5 (),
which are compatible with tautological and Connes—Gysin long exact sequences.

Proof. Consider the mixed complex (C,:m’XA, b, B) associated to the cocyclic complex
{C (X x A¥}i. For any k > 0, X x A¥ is a differentiable and topological S!-space
satisfying Assumption 4.4. By construction, the inclusions (C;™ (X x AR),9) — (S4(X x
Ak), d) commute with the cocyclic maps §;, 0;, 7, so there is an inclusion (Cim’XA, b, B)
< (SX2,b, B). On the other hand, given a choice of u, the chain maps (X x AK), :
C:™(X x A*) = CIR(X x AF) commute with cocyclic maps since (* is a natural trans-
formation, so we obtain a morphism (C3™*%, b, B) — (CI®*2 b, B), whose homotopy
class does not depend on u. Now consider the following commutative diagram of chain
maps:

(SFAb) 4 (C™F8,b) —— (CS78.b)

lpro lpro lpfo

(Sx(X),9) «—— (C;™(X).0) — (CLR(X).9).

By Lemma 3.3 and Remark 3.4, all vertical arrows are quasi-isomorphisms, and by as-
sumption, the arrows in the second row are quasi-isomorphisms. Thus the arrows in the
first row are quasi-isomorphisms. In this way we obtain quasi-isomorphisms of mixed
complexes (SX2, b, B) < (Cim’XA, b,B) — (CfR’XA, b, B), and get the desired iso-
morphisms by Lemma 2.3, Theorem 3.1 and Corollary 3.2. Compatibility with long exact
sequences is a consequence of Lemma 2.4 and Lemma 2.9. ]

Example 4.6. Let M be a closed oriented C*°-manifold. It is proved in [20, Section
5, Section 6] that Assumption 4.4 is satisfied for M, M., (with manifold topology) and
EM (with Fréchet topology) in Example 4.2. Moreover, £M is an S!-space that Proposi-
tion 4.5 applies to.
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4.3. Application to marked Moore loop spaces

Consider the various versions of smooth loop spaces in Example 4.2. The following lemma
is proved in [20, Section 7].

Lemma 4.7. For any closed oriented C*°-manifold M and k € Zso, the zig-zag of
smooth maps between differentiable spaces

dey M T=1
M k+1 M oM M k
L1 ree Lt Lipg = L7 xA

induces a zig-zag of isomorphisms between de Rham homology groups

HRLP | ) = HREA ) — HE @R ) = HE@EM < AF).

M
k+1

structure of a cocyclic set on {Lx,1 M} as follows. Regarding Ly M C (ITM)*+1,
81' . LkM d L‘;k+1M, aj . Lk+2M d Lk+1M, Tk - Lk+1M — Lk+1M are

The cocyclic structure on {£M x AKX}y restricts to {£M }x. There is also a similar

(T, )/,O,tl,...,[k_l) (l :O),
§i(T,y 1, sti—1) =3 (Toy.th, .. titis .. te—y) (1<i<k—1), (42a)
(T5yvt1»--‘»tk—l»T) (l :k),
oi(T.yt1, o ti1) = (Tovt1s o fitts o tierr) (0 <i <k), (4.2b)
Tk(T’y’tl»”°vtk) = (T,ytl,t2—t1,...,tk—t],T—tl), (42C)

where y’1(t) := y(t + t;). These cocyclic maps are smooth for both {L}c‘{rl}k and
{L,Z_l g k- Note that if we view L M C (TIM)*+1, then (4.2¢) can be written as
Tk((TO’ VO)s e (Tk" Vk)) = ((Th Vl)’ B (Tkv Vk)v (TOv VO))

Let us write (C£, b, B) 1= ([T=0 CN (L, wg): @+ 8, Ns(1— 1)) for the mixed

total complex of the cocyclic chain complex {CIR (L ,i”_H reg)}k'

Proposition 4.8. For any closed oriented C°°-manifold M, there are natural isomor-
phisms HCL ™ '1(C%) =~ HS'(2M), HCI ' I(CL) ~ AS' (M), and HCH(C*) =~
HCE!”]] (C*) = GS ' (€M), which are compatible with long exact sequences.

id T=1 .
Proof. The smooth maps L%_l,reg 5 L%_l «— :6%_1 — M x Ak commute with
cocyclic maps, inducing a zig-zag of mixed complex morphisms between the mixed total
complexes associated to the cocyclic de Rham chain complexes of these cocyclic differ-
entiable spaces. By Lemma 4.7, this is a zig-zag of mixed complex quasi-isomorphisms.

The rest is obvious in view of Lemma 2.3, Proposition 4.5 and Example 4.6. ]



A cocyclic construction of S!-equivariant homology and application to string topology 975
5. Preliminaries on operads and algebraic structures

Let V = {V;}iez be a (homologically) graded vector space.
A Lie bracket of degree n € Z is a Lie bracket on V[—n], namely a bilinear map
[L]: V ®V — V of degree n satisfying shifted skew-symmetry and Jacobi identity,

[a?b] = _(_1)(|a|—n)(|b|—n)[b’a]’ [a’ [b’ C]] = [[a,b],c] + (_1)(\a\—n)(|b\—n)[b’ [a,c]].

Note that in this definition, there is no need to apply sign change (A.1).
A structure of a Gerstenhaber algebra is a Lie bracket of degree 1 and a graded com-
mutative (and associative, by default) product - satisfying the Poisson relation

[a,b-c]=a,b]-c+ (—1)1a+DPIy [q ],

A structure of a Batalin—Vilkovisky (BV) algebra is a graded commutative product -
and a linear map A : Vi, — Vi (called the BV operator) such that A% = 0, and

A-b-c)y=Aa-b)-c+ (=Da- A -c)+ (=1)14+DPIp . A@ - )
—Aa-b-c—(=Da.Ab.c— (=1)l*HPlg p . Ac. (5.1)

By induction, the defining relation (5.1) implies that for any k > 2,

INCIRY T ag) = Z (DDA -aj)-ay @ --d;--ax
1<i<j<k
—(k=2) Y (DMt A, (5.2)
1<i<k

where &(i, j) is from the Koszul sign rule. By [15, Proposition 1.2], a BV algebra is

equivalently a Gerstenhaber algebra with a linear map A : Vi — Vi such that A2 =0
and

[a.b] = (=) A@-b) = (=D)*Aa-b—a- Ab. (5.3)

Following Getzler [16], a structure of a gravity algebra is a sequence of graded sym-

metric linear maps Vek Ly (k >2)ofdegree 1,a; ® --- ® ax — {ay,...,ar} (which
we call k-th bracket), satisfying the following generalized Jacobi relations:

> 0P aaitar. . GG ag by by
1<i<j<k
— {{a],...,ak},bl,...,bl} (l>0)»
0 (I =0).

Note that the relation for (k,/) = (3, 0) implies that, with sign change (A.1), the second
bracket becomes an honest Lie bracket on V[—1].
The following lemma, which goes back to [3, Theorem 6.1], is well known to experts.
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Lemma 5.1. Let (Vy,+, A) be a BV algebra, W, be a graded vector space, with linear
maps & : Wy — Vi, B 1 Ve — Wyg1 suchthat A = oo B and B oo = 0. Then,

(1) Wi is a gravity algebra where the brackets W®* — W are
X1 ® - @ X > Xy, X = Bla(xg) e a(xg) (k=2). (54
(2) Let [,] be the Gerstenhaber bracket (5.3) on Vy. Then for any x1,x, € W,

a({x1. x2}) = (=DM a(xy), a(x2)].

Proof. To prove (1), first note that since - is graded commutative, {x1, ..., xz} is graded
symmetric in its variables. Next, the generalized Jacobi relations follow from a straight-
forward calculation based on (5.2) (see the proof of [7, Theorem 8.5]), and is omitted. The
proof of (2) is trivial. ]

A BV algebra homomorphism between two BV algebras is an algebra homomorphism
that commutes with their BV operators. The case of gravity algebras is similar. The fol-
lowing lemma is obvious.

Lemma 5.2. Suppose there is a commutative diagram of linear maps

bl

o

, ’
Wy —— Vi —— W/,

such that (Vi, Wy, a, B) and (V,, W], o', B') satisfy the assumptions in Lemma 5.1, and
g is a BV algebra homomorphism. Then f is a gravity algebra homomorphism (for the
induced structures on W,W’). [

Next we need to work in the language of operads. We collect some basics below, and
refer the reader to [20, Section 2] or standard references [26,27] for more details.

Let (C, ®, 1¢) be a symmetric monoidal category. A nonsymmetric operad (ns operad
for short) @ in € consists of the following data:

» anobject O(k) in C for each k € Z5o;

* morphisms o; : (k) ® O(/) - O(k +1 — 1) foreach 1 <i <k and ! > 0, called
partial compositions, that are associative: for x € @ (k), y € O(l), z € O(m),

(xo;j y)oitj1z=x0;(yo;z) (I1<i<k,1<j=<l,m>0), (55

(xo;y)ojyjr1z=(xo0;z)05y (1<i<j=<k, [>0,m=>0); (5.5b)

e amorphism lg : 1¢ — @ (1), which is a two-sided unit for o;.

An operad is an ns operad such that each O (k) admits a right action of the symmetric
group & (&g is the trivial group), in a way compatible with partial compositions.
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An (ns) operad in the symmetric monoidal category of dg (resp. graded) vector spaces
is called a (ns) dg (resp. graded) operad. A Koszul sign (—1)1?!I?! should appear in (5.5b)
in graded and dg cases. Taking homology yields a functor from the category of (ns) dg
operads to the category of (ns) graded operads.

Example 5.3. Here are some examples of dg operads and graded operads.

(1) (Endomorphism operad &ndy .) For any dg (resp. graded) vector space Vi, there is
adg (resp. graded) operad &ndy defined as follows. For each k > 0, Endy (k) « :=
Hom, (V®, V), where Hom,(V®°, V) = Hom4(R, V) = Vi. For 1 <i <k,
[ >0, f € Homy(V® V), g € Hom,(V®, V), and o € Gy,

(foigW1® ®upti—1) =D f(01® - ®gv; ®--+)®--),
(f-0)W1 ®--®up) = (=1 f(vg-1(1) ® - ® Vg-1(n)).
lgnay :=idy € Homgy(V, V).

Let O be a (ns) graded operad or dg operad. A structure of algebra over O on V,
or say an action of @ on V, means a morphism @ — &ndy as (ns) operads.

(2) (Gerstenhaber operad Ger, BV operad 87V, and gravity operad §rav.) These are
graded operads that can be defined in terms of generators subject to the relations
defining Gerstenhaber/BV/gravity algebras. A Gerstenhaber/BV/gravity algebra
is exactly an algebra over Ser/BV/§rav.

(3) (Ward’s construction [31].) There is a dg operad My constructed from certain
“labeled Ao trees”, such that H.(Mcy) = §rav as graded operads, and there are
explicit homotopies measuring the failure of gravity relations on My (while the
Jacobi relation for the second bracket strictly holds). For this reason, an algebra
over My can be viewed as a gravity algebra up to homotopy. My is closely related
to the operad of “cyclic brace operations” (Section 6). There are other important
properties of My that we will use later (Proposition 5.6 (5)). Indeed, the notation
of Ward [31] is My,, but we use My for the reason of Remark 5.5.

Definition 5.4. ([20, Definition 2.6, 2.9].) Let @ be an ns dg operad.
(1) A cyclic structure (tx)x>0 on O is a sequence of morphisms 7z : O (k) — O (k)
(k > 0) such that rf‘“ =ido), 11(l¢) = le, and thatforany 1 <i <k, >0,
xe€0k),y e,

Tk X 0j—1 Y i =2),
Teti—1(Xx 05 ¥) = (—1)|x‘|y|rly oox (I=1,1>1),
r,?xoky (i=1,1=0).

(2) A multiplication p and a unit € in @ are elements p € O(2)g, € € O(0)p satisfying
ou=0,po; 0 =poyu,de =0and poye=pose=1lg.
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Remark 5.5. An operad with a cyclic structure is called a cyclic operad. The cyclic rela-
tion in Definition 5.4 differs from some authors (in particular, Ward [31]) in the orientation
of performing cyclic permutation, but they are equivalent. See, e.g., [28, Section 3].

Let O = (O(k))k>0 be an ns dg operad endowed with a multiplication ;4 and a unit e.
Then {(O(k)«, 0)}x>0 is a cosimplicial chain complex where §; : O(k — 1)« — O(k)«,
0; Ok + 1)y > Ok)« (0<i <k)are

porx (i =0),
8[()(?) =y Xoiu (1 <i<k- 1), Ui(X) = XO0j41 €. (5.6)
porx (i =k),

Denote the associated total complex by ((5*, b). If there is also a cyclic structure (tx)x>0
on O such that p is cyclically invariant, i.e., 72(t) = u, then {(O(k)«, 0), 8;, 0, Tk } k>0
is a cocyclic chain complex. Denote the associated mixed complex by (O«, b, B).

Proposition 5.6. Let O = (O (k). 0)k>0 be an ns dg operad. Define binary operations o
and [, ] on Ox := [0 O (k) stk by the following: for x = (xp)k=0, ¥ = (Vk)k>0,

oy := Y, (=nITDeDHEDBEm oy, (5.7a)
l+m=k+1
1<i<l
[x,y] :=xo0y — (=)Ix=DWI=Dy, o & (5.7b)

Then for ((5*, d), statement (1a) below holds true.
If there is a multiplication u and a unit € on O, define a binary operation - on O by

o=y (Do xp) orgs ym (5.8)
l+m=k

Then for ((5*, b), statements (1b), (2a) below hold true.
Ifthere is a cyclic structure (i) k>0 on O, then for O3 = Ker(1 — 1) C Oy, statement
(3) below holds true.
If there is a multiplication |, a unit € and a cyclic structure (tx)x>0 on O such that
To() = w, then for (O, b, B) and OF°, the other statements below hold true.
1) (a) ((5*, d, 0) is a dg pre-Lie algebra (with shifted grading) such that [,] is a Lie
bracket of degree 1.
(b) (@*, b, o) is a dg pre-Lie algebra (with shifted grading) such that [,] is a Lie
bracket of degree 1, and (O«, b, +) is a dg algebra.
(2) (a) -and]|,] induce a Gerstenhaber algebra structure on H ((5 ,b).
(b) - and Connes’ operator B induce a BV algebra structure on H, ((5 ,b) where
the BV operator is A = B..

(¢c) The above two structures on H, ((5 ,b) are related by (5.3).
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(3) O is closed under the operation |, ]. The restriction of |,] to O is called the
cyclic bracket.

(4) (a) The BV algebra structure on H, ((b;, b) obtainfid in (2b) naturcgly induces
gravity algebra structures on HC(0), HCI"W(@) and HCL”_I] (O)[-1].

(b) The map Box : HCLU_I](@)[—I] — HCIPN(O) in (2.1) is a gravity algebra
homomorphism. The map 1 : HC’: 09) = HCL[”H((Q) in (2.5) is a gravity
algebra isomorphism.

(c) The Lie bracket on HCiL ((5) [—1] induced from (3) coincides with the second
bracket of its gravity algebra structure, up to sign change (A.1).

&) (5in admits an action of the operad M¢s (see Example 5.3) which covers the cyclic
bracket in (3). Via the isomorphism H.(M(y) = Grav, this induces a gravity alge-
bra structure on HCiL (O) which is the same as that in (4a).

Proof. Statements (1), (2a) are exactly [20, Theorem 2.8 (i)—(iii)], which in turn follows
from [31, Lemma 2.32]. Statements (2b), (2¢) follow from [20, Theorem 2.10], which
in turn is a consequence of [31, Theorem B]. Note that [20, Theorem 2.10] uses the
normalized subcomplex (52“‘, but there is no difference on homology: as explained in
[20, Section 2.5.4], the BV operator is just induced by Connes’ operator B = Ns on o,
Statement (3) is a straightforward consequence of [31, Corollary 3.3]. Alternatively,
it is quite handy to use definition of cyclic structures to verify that if 7z, x; = (=Dkix;
(xi € O(k;), i = 1,2), then g, 14, —1[x1. X2] = (=DF 271 x x,].
Statement (4a) is an application of Lemma 5.1 (1) to a part of the exact sequences
(2.2), (2.6). Note that there is a transition between (co)homological gradings.
* For HC[[”]] take Vi = Ha(O,b), Wx = HCP(O), @ = pox, and B = B

1

o For HC ! take V, = H.(0.b), We = HCLN(@)[—1] = HCP /@), « = Bo..

and B = ix.
«  For HC*, take Vi = H,(O.b), Wy = HCX(O), @ = ij4, and B = Bj. Here the con-

dition o o B = A is satisfied because of Lemma 2.9.
Statement (4b) follows from Lemma 5.2, Lemma 2.1 and Lemma 2.9. Statement (4c)
follows from Lemma 5.1 (2) and statement (2c).

Statement (5) is a consequence of [31, Theorem C], where the Maurer—Cartan element
¢ = (Cx)k>2 istakenas {, = —p and §x = 0 (k # 2).

To see statement (5) covers statement (3), we need a concrete description of the action
of My on O3°. For arity 2 it is the same as cyclic brace operations (see Example 6.3). m

Remark~5.7. The sign in (5.7a) comes from operadic suspension (see Appendix A.3).
Indeed, O = ([],50 50 (n))[-1].

Remark 5.8. Indeed, [20, Theorem 2.8 and 2.10] and [31, Theorem A and B] contain
much stronger statements than Proposition 5.6 (1), (2) which we do not need (e g., exis-
tence of an action of a chain model of the (framed) little 2-disks operad on O or (9““‘)
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Proposition 5.6 (1), (2) themselves were known much earlier, e.g., see [28, Section 1.2
and Theorem 1.3].

Example 5.9. Let (4*,d,-) be a dg algebra with unit 14. Then End4 admits a multiplica-
tion and a unit given by p(a; ® az) := ay - az, € ;== 14. Viewing A as a dg A-bimodule,
the cosimplicial maps §;, o; in Example 2.7 are the same as (5.6) for (&ndy, i, €) in (1). To
discuss cyclic structures, suppose there is a graded symmetric bilinear form (,) : A x A —
R of degree m € Z, such that

d{a,b) = (da,b) + (-1)'*(a,db), (ab.c) = (a,bc) (Ya,b,c € A).

Namely, A4 is a dg version of a Frobenius algebra, but we do not require dimg A to be finite
or {,) to be nondegenerate. Note that since (, ) is symmetric, the relation (ab, c¢) = (a, bc)
is equivalent to (, ) being cyclic, i.e.,

(ab,c) = (=1)lelWbI+led e ). (5.9)

Now consider AY[m] with a dg A-bimodule structure characterized by (2.9) (the degree
of ¢ € AV[m] is now shifted). The degree 0 map

0:4— AV[m]; 0@)(®):=(a.b) (Ya,be A) (5.10)

is a dg A-bimodule map, and Hom(—, 6) : Hom*(A®%, A) — Hom™*(A®*, 4V[m]) is a
morphism of cosimplicial complexes. {Hom*(A®%, AV[m]) = Hom* T (A% 1 R)}; -0
is moreover cocyclic with cyclic permutations (tx)x>o given in Example 2.7.

If 6 happens to be an isomorphism, then {Hom(—, #) ™! o 74 o Hom(—, )} 0 endows
(&ndy, u, €) with a cyclic structure. All statements of Proposition 5.6 hold for @ = &ndy.

If 6 is a quasi-isomorphism, then &ndy = CH*(A4, A) and CH* (4, A¥ [m]) are quasi-
isomorphic through a natural map induced by 6. In this case, let us examine the statements
(1)=(5) in Proposition 5.6 for @ = &ndy.

(1)’ Statement (1) still holds honestly (it is irrelevant to 8).

(2)' Statement (2a) holds honestly (it is irrelevant to #). Statements (2b), (2¢) “hold
weakly” in the following sense: Connes’ operator B on CH* (4, AY[m]) induces
a BV operator on HH*(4, A) =~ HH* (A4, AY[m]), making HH* (A4, A) into a
BV algebra, which is compatible with its Gerstenhaber algebra structure. This
is proved by Menichi [29, Theorem 18].

(3) Statement (3) “holds weakly” in the sense that the subspace of weakly cyclic
invariants in CH* (4, A), ®_I(CHIYC(A, AV[m))), is closed under the bracket
(5.7b), and hence is a dg Lie subalgebra. Here ® : CH* (4, 4A) — CH*(4, AY[m])
is the cochain map induced by (5.10), and CHZyc(A, AY[m]) := Ker(1 — 1) is the
subcomplex of cyclic invariants in CH* (A4, AY[m]), with respect to the cocyclic
structure on {Hom**”(4®*+1 R)}; .. This result is rather simple and should

be well known, e.g., it is stated without proof in [30, Lemma 4].
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(4) Statement (4) “holds weakly” in the following sense: there are gravity alge-
bra structures on HCj (A, AY[m]) = HCf,;;(A, A¥[m]) = HCjj,,;;(4, A) and on
HCE‘u,l](A, AV[m]) = HCE‘u,l](A, A), induced by the BV algebra structure on
HH*(A4, A) == HH*(A, AY[m]) described in (3)'.

(5)" Statement (5) “holds weakly” by Corollary 6.8, which largely generalizes (3)'.

Remark 5.10. Statements (3)’, (5) above hold true even if 6 : A — AV [m] is not a quasi-
isomorphism. If 6 is a quasi-isomorphism, then so is ® : CH(A4, A) — CH(A, AY[m]).
If © also restricts to a quasi-isomorphism @' (CHeyc (A4, AY[m])) — CHeyc(A, AY[m]),
then the structures in (3)’, (5) are compatible with those in (2)/, (4)'.

Remark 5.11. Statement (3)" in Example 5.9 is irrelevant to the algebra structure on A. It
holds true when A is just a graded vector space endowed with a symmetric bilinear form
(,) : Ax A — R of degree m. In this case, we shall write ©~! (I k=0 Hom’c"y"g”’ (A1 R))
in place of @1 (CH? (A4, AV [m])).

cyc

6. Cyclic brace operations

This section is devoted to the proof of Theorem 1.3. Recall 0= [[k=0 Ok) if O is dg
operad, and O%°¢ := Ker(1 — A1) C O if O is a dg cyclic operad .

Definition 6.1 (Brace operations via concrete formulas). Let O be a dg operad. For each
n € Zsq, define an (n + 1)-ary operation on O as follows. When n = 0, fora € O(r), let
a{} :==a.Whenn > 0,fora € O(r)and b; € O(t;) (1 < j < n),let

a{by,.... by} = Z £(---((a oi; b1) 0iy ba) -+ 04, by), (6.1)

where the summation is taken over tuples (i1, ...,i,) € Z%, satisfying i; 1 > i; 4+ ¢; and
in<r—m+4+1+ Z;’;ll t;. The sign =+ is from iteration of (A.2).

Brace operations were first described by Getzler [14] in Hochschild context (generaliz-
ing the Gerstenhaber bracket [12] which corresponds to n = 2) and later by Gerstenhaber—
Voronov [13] in operadic context. There is also an interpretation of brace operations via
planar rooted trees, going back to the “minimal operad” of Kontsevich—Soibelman [24]
(see also [9, Sections 7-9]), which allows for a variation in the cyclic invariant set-
ting ([31]).

Let us fix terminologies about trees before moving to more details.

* A tree without tails is a contractible 1-dimensional finite CW complex. A 0-cell is
called a vertex; the closure of a 1-cell is called an edge (identified with [0, 1]).

* A tree with tails is a tree without tails attached with copies of [0, 1) called tails by
gluing each 0 € [0, 1) to some vertex.
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The set of vertices, edges and tails in a tree T is denoted by Vr, ET and LT, respec-
tively. The set of edges and tails at v € V7 is denoted by E, and L,, respectively. The
valence of a vertex v is the number | Ey, U Ly |. The arity of a vertex is its valence —1.

* An oriented tree is a tree with a choice of direction for each edge, from one vertex to
the other. Such a choice of directions is called an orientation of the tree.

* A rooted tree is a tree with a choice of a distinguished tail called the root.

Every rooted tree is naturally oriented by directions towards the root.
* A planar tree is a tree with a cyclic order on E, U L, for each vertex v.

Every planar tree can be embedded into the plane in a way unique up to isotopy, so
that at each vertex v, the cyclic order on £, U L, is counterclockwise.

Every planar rooted tree T carries a natural fotal order on ET U LT, which can be
obtained by moving counterclockwise along the boundary of a small tubular neighborhood
of T in the plane. It starts from the root and is compatible with the cyclic order on £, U L,
for each v € Vr, and also restricts to total orders on E7, L7 and E,, L, foreachv € V.

* An n-labeled tree is a tree T with a bijection between {1, 2,...,n} and V7. If the
number of vertices is not specified, it is just called a labeled tree.

The vertex with label i in an n-labeled tree T is denoted by v; (T), with arity a; (T).
The notion of isomorphisms of trees (with various structures) is obvious. We shall view
isomorphic trees as the same.

For n € Z>1, let BS(n) be the set of n-labeled planar rooted trees without non-root
tails, and let B(n) be the vector space spanned by B®(n). Let B (1) be the set of n-labeled
planar rooted trees with tails, and let B() be the vector space spanned by B* ().

Given 7" € B(n) and k = (k1,....ky) € Z", define a set

T(T' k) :={T"” € B*(n) | T" can be obtained by attaching tails to T’
so that a; (T") = k; (1 < Vi <n)}. 6.2)
Definition 6.2 (Brace operations via trees). Let @ be a dg operad. Define linear maps
kn : B(n) —> Hom(O®",0), &, :B(n) — Hom(O®",0)
as follows: ky, is the restriction of k,. For T’ € B*(n) and f; € O(k;) (1 <i < n),

“n(TY(f1 foreos f) = D ARk T)f1, fo s ),

T"eT (T',k)

where by convention summation over the empty set is zero. If a; (T") = k; (1 <i < n),
then k, (T")(f1, ..., fn) is the operadic composition of f1,..., f, in the obvious way
described by T', where f; is assigned to v; (T”). The sign = is from iteration of (A.2).

Definition 6.1 and Definition 6.2 describe the same operations on O, as explained
below. Consider B, € B*(n + 1) characterized by Eg, ={e1,...,en}, Vg, ={v1,... . Vpy1}
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where v; is labeled by i, Lg, = {li}, vi =i Ne; N---Ney, vi41 €¢; (1 < Vi <n),
and the cyclic order on Ey, U Ly, is (I1,e1, ..., e,). Then kp41(Bn) € Hom(O®"*1, ©)
is exactly given by (6.1). Moreover, putting B(n) in degree n — 1, B = {B(n)} carries
a reduced (meaning B(0) = 0 and B(1) = R) graded operad structure (see [31, Defi-
nitions 2.11 and 2.13]) so that {8,},>0 generates B under operadic compositions and
symmetric permutations, and

k ={kn}:B— &Endg (6.3)

is a morphism of operads. B is called the brace operad, which tautologically controls brace
operations on brace algebras, i.e., algebras over B. We have just seen that O is naturally a
brace algebra. For the purpose of this paper we omitted details of operadic compositions
on B but explained how « is defined.

In [31, Section 3.2], Ward introduced an operad B¢y which he called cyclic brace
operad. Let B{;(n) be the set of oriented n-labeled planar trees without tails. Then By (n)
is the graded vector space spanned by B{y (1) modulo the relation that reversing direction
on an edge produces a negative sign. If there is no risk of confusion, we will by abuse
of notation not distinguish Ty € Biy(n) from its image in By(n). There is a morphism of
operads p : B¢y — B, which is induced by maps

P} 1 By(n) > B(n), Tgr Y (=D, (6.4)
Te:Rl(TO)

where R1(T(y) is the set of labeled planar rooted trees that can be obtained by adding
a root to the (non-rooted) tree underlying Ty, and (75, T') is the number of edges in
Ery = Er whose direction from Ty does not agree with the direction from the rooted
structure of 7. Here and hereafter, in appropriate contexts we use f* to denote a set-
theoretic map which induces a linear map f.

A natural example of cyclic brace algebras, i.e., algebras over By, is as follows.

Example 6.3 ([31, Corollary 3.11]). Let Obea dg cyclic operad. Consider 0% C @ and
k1B — &ndg in (6.3). For T € B{5(n), p(T) € B(n) and (k o p)(T) € Hom((9®” (9)
Restricting (k o p)(T) to O°° gives an element in Hom(((9°y°)®” (9) Moreover, if f; €
O(k;) (1 <i < n) are cyclic invariant, then so is («k o p)(T)(f1,---, fu)- (Such a claim
appears in [31, Theorem 5.5] where it is referred to [31, Proposition 3.10], but there is
no direct proof given in [31]. We will give a direct proof in a slightly different situation.)
Hence k o p gives a morphism By — &nd gy

Definition 6.4 (Cyclic brace operations). Let @ be a dg cyclic operad. The cyclic brace
operations on (99 are those characterized by the linear maps

Kn © pn : Bey(n) — Hom((O%¢)®", 9<°)

discussed in Example 6.3.
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Remark 6.5. It seems hard to write a direct formula for cyclic brace operations on Ocxe
in terms of operadic compositions, in a way as explicit as (6.1).

Consider EiB (n) D By(n) and By () D By(n) by extending the definitions to labeled
planar trees with tails. There is a forgetful map

w; 1 B*(n) — Biy(n) \ Bi(n)

forgetting the choice of root but keeping the orientation from rooted structure. Note that
w3 induces wy : B(n) — By (n)/By(n). There is also a map
ra:Biy(n) \By(n) > B(n). Ty Y (—1)e TS T,
T'eRo(T})

where eﬂo(T(g) is the set of n-labeled planar rooted trees obtained by choosing one of the
tails in 75 as the root, and e(7y, 7") is defined similar to &(T¢s, T') in (6.4).
Itis clear that (wy, o 1) (T5) = |Ro(T5)| - Ts- To describe ry o wy, consider a map
13 :B*(n) > B*(n)

so that 77 and #5(T") are the same after forgetting the root, and the root of #5(7") is
the first non-root tail of 7’ (if there are no non-tail roots then z5(7") = T’). Then for any
T' € Ro(T5), we have Ro(Ty) =AT", t;(T"), ..., (t;)P(T")}, where p = [Ro(T5)| — 1.
It follows that

(rn o wp)(T") = &(T, T') - 1a(Tl5) = o TR (T, (6.5)
0=<i<|Ro(T5)I-1

Here &(T’,1}(T")) is the number of edges in Er = E #i (rry Whose direction towards the
root of T’ does not agree with the direction towards the root of t,‘; (7).
Givenk = (k1,...,ky) € Z’;O, define a map

Vi 1 Bi(n) > By(n), Tor Z T,
T} €T (T k)
where T (k, Ty) C EiB (n) is defined similar to T (k, T") in (6.2).

Lemma 6.6. Let O be a dg operad. For any Ty € B5(n) and fi € O(k;) (1 <i <n),
there holds

(kn © )T (frs-- o fu) = (Kn 0 rn 0o v)(T) (1. o).

Proof. Consider the set of labeled planar rooted trees whose vertices have arities equal to

k = (ky,...,ky) in accordance with the labeling. Such a set can be represented as
U 7@o= | R,
TGJ{](T@) T&ET(T@,]{)

and the result follows. [
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In the rest of this section, we take @ = &ndyg, where A is a dg algebra endowed with a
symmetric, cyclic, bilinear form (, )} of degree m. Recall from Example 5.9 that (, ) induces
0:A— AV[m] and O : CH(A, A) — CH(A, AY[m]). To deal with signs, we may work
with A[1] instead of A. As explained in Appendix A, the symmetric bilinear form (, ) on
A becomes anti-symmetric on A[1], and the cyclic permutation 7z on Hom(A®**1 R)
reads as Ty = (—1)¥7x = A on Hom(A[1]®%*1 R). Since s(Endy) = &ndyyy), there is
no need to take operadic suspension of B¢y, and By (n) stands in degree O when dealing
with A[1].

Since the pairing (, ) is not necessarily nondegenerate, there is not always a cyclic
structure on &nd4 compatible with cyclic permutations on {Hom(A®**1 R)} via the map
Hom(A®%, A) — Hom(A®¥, AV [m]) induced by (,), so the discussion of Example 6.3
does not directly apply here. However, the following is true.

Proposition 6.7. There is a natural action of B on O~ ([T~ Homzt™ (A®K+1 RY).

cyc

Proof. (This proposition is irrelevant to the multiplication on A; compare Remark 5.11.)
Similar to Example 6.3, it suffices to show if Ty € Bi5(n) and f; € Hom(A®ki | 4) is
weakly cyclic invariant in the sense that A(6 o f;) = 0 o f;, then (k o p)(T5)(f1,---» fu)
is weakly cyclic invariant. This is immediate from Lemma 6.6 and Lemma 6.9 below. =

Corollary 6.8. The cochain complex (©~1(CHeyc(A, AV [m])),d + 8) admits an action
of M¢y. Moreover, if 0 is a quasi-isomorphism and © restricts to a quasi-isomorphism
from ®~Y(CHeyc (A, AV [m])) to CHeye (A, AV [m]), this Ms-action lifts the gravity algebra
structure on HC3 (A, AY[m)) induced by the BV algebra structure on HH* (A, AY [m])
(see Example 5.9 (4)).

Proof. As explained in the proof of [31, Theorem 5.5], to show My acts on the space of
weakly cyclic invariants, it suffices to consider cyclic brace operations, which is nothing
but Proposition 6.7. In more details, Ward [31] defined a dg operad M using “A-labeled
planar rooted black/white trees” (M is isomorphic to the “minimal operad” of Kontsevich—
Soibelman [24]), and My is the non-rooted version of M. M contains B as a graded sub-
operad, and acts on CH(A, A) extending brace operations. What M does more than B to
CH(A, A) is generated by the operation ( f, g) > ua{ f. g} where g € Hom(A®2, A) is
the multiplication. The action of My on © ™! (CHyc(A, AY[m])) comes from an operad
morphism My — M which extends the morphism By — B from (6.4). Therefore, that
O~ (CHyc (A, AY[m])) is closed under the action of My on CH(4, A) essentially follows
from Proposition 6.7 and weakly cyclic invariance of pig4, i.e., (5.9).

Now we explain why the My-action induces exactly the gravity algebra structure from
the BV structure on homology under quasi-isomorphism assumptions; this is just by def-
inition. The gravity algebra structure on HC3 (A, A¥[m]) follows from Lemma 5.1 and
(2.6) with V4 = HH *(A, A) = HH™*(A, AY[m]), Wi = HC; (A, AV[m]), @ = ip,
B = B;. The product - (5.8) on CH(A, A) is just the cup product ( f, g) — ua{ f, g}, so the
k-th gravity bracket (5.4) on HC, (A4, AV[m]) is induced by the operation ( f1, f2,..., fr)
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= wal f1, palfz, pal---  pa{fe—1, fe}---}}} at chain level, which is represented by
a certain black/white tree with k — 1 adjacent black vertices labeled by 4. Edges with
both black vertices in such a tree should be contracted, creating a new tree with a single
black vertex, see [31, Appendix A, (A.10)]. This gives exactly the trees representing the
generators of H(My), see [31, Definition 5.12, Figure 2]. n

Lemma 6.9. Let T); € Bs(n), T' € Ro(T5), fi € Hom(A[1]®¥i, A[1]) where ki = a;(T")
(1 <i < n). Suppose every f; is weakly cyclic invariant. Then

0 0 ((kn o r)(TH) (f1.- - fu)) = &(T5. T) - N0 o (kn(T)(f1.-- . fn))-

Proof. In view of (6.5), it suffices to prove the following equality:

0 0 ((Kn o ta))(T")(f1- s fn)) = &(T" ta(T")) - 2(0 0 (kn(T) (1. - .. fn))).  (6.6)

If there is only one tail or only one vertex (equivalently, no edges) in 7", then #, acts
trivially on B(n), and (6.6) is obvious. Now suppose there are at least two tails and at
least one edge in T’. Then there is a unique path in 7’ connecting the root /; to the first
non-root tail /,, consisting of successive edges with successive vertices v;,, Vi,, ..., Ui,
(k > 1), where v;,, v;, are vertices of [, />, respectively. Note that these kK — 1 successive
edges are the only edges in T’ whose directions towards /; and /5 disagree, so

e(T', t,(T)) =k — 1.

If k = 1, (6.6) simply follows from cyclic invariance of 8 o f;,.

If k > 2, foreach j € {l,...,k — 1}, denote the edge joining v;; to v;,,, by [vi;, vi;,,],
which is identified with [0, 1]. By removing % € [vi;, v, ] forall 1 < j <k —1,T"iscut
into k pieces, where the j-th (1 < j < k) piece T} contains v;;. By regarding [v;; %) and
( %, vi;,,] as tails, these pieces become labeled planar trees, where the planar structures
are induced from 7', and the vertex labeling is in the same order as T': say the vertices
of T; are labeled by ij,; < i < -+ <ijp,; in T, then put their labels as 1,2,...,n;
in Tj. Let Tj’,_ (resp. Tj’ _) be the labeled planar rooted tree obtained by choosing the tail
(%, v;; | (resp. [vj;, %)) in 7; as the root, where (%, v;,]isindeed /; and [v;, , %) isindeed /5.
Suppose (%, v;;] (resp. [v;, %)) is the pj-th (resp. ¢;-th) non-root tail in the total order on
Lvi, from the planar rooted structure of Tj” . (resp. Tj”_). Since [, is the first non-root tail
inT’,wehave g, =--- =gz = 1, and

pr+-+pi—k+1=|Lp| 1=k +-+k,+1—n=:K.
Denote
Fj+ = En}.(Tj’,_i_)(ﬁj,l,...,f,-j’nj), Fi = Kn, (T} ) (i, oo Jip,)-
Then for any xy,...,xg+1 € A[l], there holds (Koszul sign (—1)°¢ is taken w.r.t. A[1])
((n 0 tn)(T)(f1, -y f) (X1 ® -+ ® XK), XK +1)
= (_1)8(Fk+ Opi (Fk+_1 Opr_1 (-++ op, F1+))(x1 ® -+ ® XK), XK+1)
= (=D*(F (- ® Xp—1). F" op_y (- 0p, F{)(p, @ ++1))
= _(_I)E(Fl:_—l p_y (- 0py F1+)(x17k Q) Fi (- ® xp—1)). (6.7)
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where the second equality follows from cyclic invariance of 6 o f;, , and the third equality
follows from (anti-)symmetry of (, ). Iterating the above calculation by cyclic invariance
offo fi, ,,00 fi,,....,00 f; and (anti-)symmetry of {, ), we see that (6.7) is equal to

(=D (=1 (Xpy et k1 FT 0gy (F3 0g, (-++0g, s FR)) o+ ® Xpy ot pre—ic))
= ()N (=1 (F] o1 (F5 o1 (--- 04 F)(g+1 ®x1 ® -+ @ Xk—1), XK)
= (—1)* T TN D)y (T (frs - - ) (XK1 ® X1 ® ), XK).

Since Tx on Hom(A[1]®X, A[1]Y [m]) corresponds to A on Hom(A®X, AV [m]), this proves
(6.6). The proof is now complete. [

Remark 6.10. It is easy to generalize Proposition 6.7 to A, algebras with cyclic invariant
symmetric bilinear forms (not necessarily nondegenerate), and the proof is similar.

7. Chain level structures in S !-equivariant string topology

In this section, we describe chain level structures in S !-equivariant string topology, based
on the previous results. Let us first review the initial homology level structures discovered
by Chas—Sullivan, and the chain level construction due to Irie.

Example 7.1 (String topology BV algebra and gravity algebra). Let M be a closed ori-
ented manifold and &£ M be its free loop space. It was discovered by Chas—Sullivan in [3,4]
that:

» There is a BV algebra structure (A, +) on Hy(£M) := Hiygimpm (LM). Here A is
induced by the S !'-action of rotating loops (i.e., A = J4 where J is defined by (2.11)),
- is induced by concatenation of crossing loops and is called the loop product. The
associated Gerstenhaber bracket is called the loop bracket. We call this BV algebra
the string topology BV algebra.

» There is a gravity algebra structure on H fj_ dim m—1 (£ M) (as an application of Lem-
ma 5.1 to a part of the Gysin sequence (2.13a)), whose second bracket is the string
bracket ([3, Theorem 6.1]) up to sign (A.1). We call this gravity algebra the string
topology gravity algebra.

A similar application of Lemma 5.1 to a part of the Connes—Gysin sequence (2.2b) for
the mixed complex (S« (£M), d, J), together with Lemma 2.1 and Lemma 5.2, yields the
following lemma.

Lemma 7.2. For any closed oriented manifold M, there is a gravity algebra structure
on GfidimM(i’,M), such that the natural map H>§+1dimM—1 (EM) — ijrdimM (£M) in
(2.12) is a morphism of gravity algebras. ]
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Example 7.3 (Irie’s construction [20]). Given any closed oriented C °°-manifold M, one
can associate to M an ns cyclic dg operad (O, (tk)k>0, 1. €) With a multiplication and
a unit, defined by:

* Foreachk € Zso, (Op(k)«,0) := (CfRerimM(L%rl’reg), a).

* Foreachk € Z>1,k’ € Z>p and j € {1,...,k}, the partial composition o; : Opr (k) @
Op (k') = Op(k + k' — 1) is defined by

x 0 X" i= (con; )« (Xey; Xev X'),

where oy Xevo is the fiber product of de Rham chains with respect to evaluation maps
evj : L,ﬁl,mg — M, and evg : L,IC"/’ e ™ M, (it is well defined because of a
submersive condition), and con;j : Ly 41 M ey XevgLkr+1M — Lk M is the concate-
nation map defined by inserting the second loop into the first loop at the j-th marked

point.

* Foreachk € Zso, tk : Om(k)sx — Opu(k)s is induced by (4.2¢).

* loy =M, i1, 1) € Om (Do, u:= (M, iz, 1) € Om(2)0, & := (M, ip, 1) € Op(0)o.
Here fork > 0,ix : M — Ly41 M is the map p — (0,9,,0,...,0), where y,, is the
constant loop of lengthO at p € M.

By [20, Theorem 3.1 (ii)], there is an isomorphism H. (@M, b) =~ H.(£M) of BV alge-

bras, where these BV algebra structures are from Proposition 5.6 and Example 7.1, respec-

tively. (The crucial thing about (O is the chain level structure which refines the string
topology BV algebra, but we do not need to use it.)

Let (2(M)*,d, A) be the dg algebra of differential forms on M. For each k > 0,
there is a chain map Iy : C{% . (L}(‘{Ll,reg) — Hom™*(Q(M)®*, Q(M)), called iterated
integral of differential forms: for ny,...,nr € QM),

(U, 0, 0) (1 ® -+ @ k) = (=1 (@o)1(@ A @in1 A= A gni),

where g9 := (dimU —dim M)(|ni| + -+ |nx|) and ¢; :=ev; 0@ (0 < j < k). More-
over, I = (Ix)k>o0 : O — Endg(ary is a morphism of ns dg operads preserving multi-
plications and units ([20, Lemma 8.5]).

The paring (a, B) := [;; @ A B is a graded symmetric bilinear form on Q*(M) of
degree m = —dim M, in line with Example 5.9. The induced dg €2(M)-bimodule map
0:Q*(M) — (QM)Y[—dim M])* is a quasi-isomorphism by Poincaré duality, hence
induces a quasi-isomorphism

® : CH(Q(M), Q(M)) = CH(Q(M), Q(M)" [~ dim M)). (7.1)
Lemma 7.4. The composition
0 oI : Op(k)e - Hom*(QM)®*, Q(M)V[-dimM]) (k>=0) (7.2)

is a morphism of cocyclic complexes.
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Proof. The composition {6 o I} }; is one of cosimplicial maps, so it suffices to check
T 00 o I = 0 o I} o i, which is a simple computation by definition. ]

According to Lemma 7.4, ® o [ : Om — CH(Q(M), Q(M)Y[— dim M]) preserves
cyclic invariants. Moreover, the following is true.

Lemma 7.5. The chain map

1:(O05)% = 7Y (CHH(Q(M), (M) [~ dim M])) (71.3)

cyc
is a morphism of My-algebras.

Proof. First, (7.3) is a morphism of B(y-algebras since I : Oy — &ndg(ar) is a morphism
of ns operads, and the (cyclic) brace operations on the associated complexes are defined
using operadic compositions. Then by the proof of Corollary 6.8, to show (7.3) is a mor-
phism of My-algebras, it suffices to show I,() = A, where u = (M, i3, 1) € Op(2) is
the multiplication in (7. But this is obvious from definition. ]

Theorem 7.6. For any closed oriented C°°-manifold M, the ns dg operad Op with
(tk) k>0, 1, € in Example 7.3 gives rise to the following data:

cyc .

(1) A chain comjilex @M = Ker(l1 — 1) C (5M which is an algebra over M. In par-
ticular, H ((9;?) carries a gravity algebra structure.

(2) Anisomorphism H, ((5;;6) ~G f_L dim p (£M) of gravity algebras, where the grav-

ity algebra structure on Gf_}r dim p (LM) is as in Lemma 7.2.
(3) A morphism I : ((510‘,}1'0);,= — O~ (CHL: (Q(M), Q(M)Y [ dim M) of Ms-alge-
bras, such that the induced map in homology fits into the following commutative

diagram of gravity algebra homomorphisms:

H3 a2 (£M) —— HOLZS (CH(Q(M). Q(M) Y[~ dim M)
E
’ HC (CH(Q(M), M)V [-dim M])) (74

2.5)

GS\ i (EM) —2— HCI*(CH(Q(M), (M) [~ dim M])).

Here, arrows 1, 4 are induced by (7.2), arrow 2 is as in (2.12), arrow 3 is as
in (2.1). The gravity algebra structures are those on the (negative) S'-equivariant
homology of £M (Example 7.1, Lemma 7.2) and on the (negative) cyclic coho-
mology of Q(M) (Example 5.9) in view of the Poincaré duality.

Proof. Statement (1) follows from Proposition 5.6 (5). Statement (2) follows from Propo-
sition 5.6 (4) and Proposition 4.8. As for statement (3), I is defined in Lemma 7.5; arrows
2, 3 are gravity algebra homomorphisms by Proposition 5.6 (4) and Example 5.9; arrows
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1, 4 are gravity algebra homomorphisms by Lemma 7.4, Lemma 2.4 and Lemma 5.2; dia-
gram (7.4) commutes by Lemma 2.4. Strictly speaking, since the grading of Ops (k) has
been shifted by dim M from CfR(Lﬁl,reg), there is a minor sign change for § (2.4) in
O compared to C* (the same thing happens in [20, Lemma 8.4]), and thus we should
repeat the proof of Proposition 4.8 under new signs and use new isomorphisms to make

the diagram commute without question of signs, but this is straightforward. |

Remark 7.7. Theorem 7.6 (1) is an easy combination of work of Irie and Ward, so it is
not new. But it was not known before whether the chain level structures in statement (1)
correctly fit with known homology level structures in string topology (it was not even
known whether H,(0})°) is isomorphic to the S'-equivariant homology of £M), so
statement (2) is new. As for statement (3), some (perhaps not all) of the homology level
statements are known, see the discussion after Theorem 1.3; the chain level statement is
more crucial, and is new because the result that My (nontrivially) acts on
O N CH_*(Q(M), Q(M)Y[—dim M]))

cyc
is new (Corollary 6.8).

Remark 7.8. It is known that if M is simply connected, then the iterated integral map
I: (5M)* — CH *(Q(M), Q(M)) is a quasi-isomorphism (proved by K. T. Chen [5]
and improved by Getzler—Jones—Petrack [17]). In this case, Lemma 2.3 implies that arrows
1, 4 in (7.4) are isomorphisms of gravity algebras.

Note that arrow 4 in (7.4) is not exactly induced by 7, but is the composition ®, o /.
The author does not know an answer to the following question.

Conjecture 7.9. For any closed oriented C *°-manifold M, the quasi-isomorphism (7.1)
restricts to a quasi-isomorphism on (weakly) cyclic invariants,

O~ N(CH*(Q(M), Q(M)" [~ dim M])) = CH* (M), QM) [ dim M]).

cyc cyc

A. Sign rules

A.1l. Koszul sign rule

Compared to ungraded formulas, a sign (—1)!¢!!?! is produced in a graded setting whenever
a symbol a travels across another symbol b. For example if A, B are graded vector spaces,
the graded tensor product of graded linear maps f : A —> Bandg:C — D, f ® g:
A®C — B® D,isdefined by (f ® g)(v ® w) = (-1 f(v) ® g(w).

A.2. Sign change rule for (de)suspension

Let C = {C};cz be a graded vector space. For any n € Z, define a shifted graded vec-
tor space C[n] = {C[n]'};iez by C[n]' := C**". (In homological grading this turns into
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C[—n]=; :=C_i_,.) C[—1] is often denoted by X C and is called the suspension of C. Let
s : C — C[—1]; x > sx be the shifted identity map which is of degree 1. By the Koszul
sign rule, for xq,...,xx € C,

SO () ® - @ xp) = () D E Dl © @ sxy. (A.1)

Here | x;| denotes the degree of x; in C, and the sign (—1)*~9%il comes from exchanging
positions of k — i copies of s with that of x;. The sign change (A.1) identifies the graded
exterior algebra of C with the graded symmetric algebra of C[—1], as

(s ® (=D @ x1) = (=)=l @ sxy).

The same rule applies to the sign change between A and A[1], the desuspension of A.

A.3. Operadic suspension

Let (O, o;) be a dg operad in cohomological grading. The operadic suspension of @ is a
dg operad (@) with partial compositions o; satisfying

sOQ(n) = Om)[1 —n],
a ai b — (_1)(i—l)(m—l)+(n—1)|b;0(m)\’ (Az)

where a € sO(n), b € sO(m), |b; O(m)] is the degree of b in 9 (m). For an explanation
of signs (which comes from the Koszul sign rule), see, e.g., [20, Section 2.5.4].

When @ = &ndy is the endomorphism operad of a dg algebra A, there is an isomor-
phism of dg operads s@ = $(€Endy) = Endy[y). Therefore, for signs related to s(Endy),
one may alternatively use the Koszul sign rule for A[1] and perform (A.1) when necessary.

A.4. Cyclic permutation

If (O, ;) is a cyclic dg operad, then (s09, 5;) also carries a cyclic structure where T =
(=1)¥ 7 under the naive identification sO (k) = O (k). On the other hand, let 4 be a dg
algebra, consider the cocyclic complex {Hom(A®*¥*! R), 7} and the operation T on
Hom(A[—1]®¥*1 R) induced by 7 under the linear isomorphism s : 4 — A[—1]. Then
the following equality says 7 = (—1)* 74 after sign change (A.1):

T os® T =5 0 s®F ®5) = (1) (s @ 5®F) 0 11,

where s®k applies to x| ® - -+ ® xx € A®¥ and s applies to xx,; € A. Therefore, when
discussing cyclic homology theories of A under the naive identification A = A[—1], the
subspace of cyclic invariants in C(k) is Ker(1 — A1) = Ker(1 — 7) and the operator N
satisfies N |c) = Zf:o Al = Zf:o ?]i.
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