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ABSTRACT. — We characterize Sobolev multiplier spaces and their preduals in terms of Littlewood—
Paley and Lusin area functions. The vector-valued and weighted norm estimates of Hardy—
Littlewood maximal operator will be used as the main tools in such characterizations.
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1. INTRODUCTION

The Sobolev multiplier spaces and their preduals have been addressed in [13]. Let us
recall the definitions of such function spaces. Leta > 0, s > 1,n € N, and as < n.
We define the Riesz and Bessel capacities respectively by

cap,  (E) = inf{||f||is(Rn) 1 f =0, Igxf>=1onE}, as<n,
Capy  (E) = inf {|| f|Lsgny: f =0, Ga* f =100 E}, as<n,

where I (x) = F71( - 7)) (x), Go(x) = F7A + |- >)7*/?](x), x € R”, are the
Riesz and Bessel kernels respectively, and & ~! is the inverse distributional Fourier
transform on R”. By Sobolev multiplier spaces M,"*, and My**, 1 < p < oo, we mean
the class of locally p-integrable functions f on R” such that

(felrolranyt _
K

1 st = 5P\ ™ cap, o)

_(fklf@)dxy s
1 s = s (W) < oo,

where the suprema are taken with respect to all compact subsets K € R” with non-
zero capacities. We note that the Sobolev multiplier spaces arise naturally in many
super-critical nonlinear PDEs including the Navier—Stokes system (see [6, 14, 15]
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for examples). It is also shown in [12, Theorem 3.1.4] that the norms || f'|| e and
KAl M correspond respectively to the best constants C > 0 of the following trace
inequalities:

([ 1 opl e ax)” < Cliolf oy

([, 16 xopl ol ar)” < Clolf. g,

where ¢ € L*(R").

Several preduals of the Sobolev multiplier spaces have been characterized in [13].
For the readers’ convenience, let us recall the definition of preduals in our context.
Given two function spaces X and Y, X is said to be a predual of Y , if for any continuous
linear functional £ on X, there is a corresponding function g € Y such that

£ = [ g,

where f € X. We write X* &~ Y if both X and Y are equipped with quasi-norms and
cYglly < I1€llx* < cliglly for some constant ¢ > 0. Here we repeat some of the
typical preduals of M, »*, while similar assertions regarding the preduals of My will
be clear in the following context. We have X* ~ My for X = (My"*), NJ**, and
B (see [13, Theorem 9.3]). They are the spaces with the following finite quantities

1/l
1/ llggzsy = sup {' [ regtx

1g € M;’s, ||(§,7||11,113H = 1},

(1.1) ||f||Ng,s = igf(/w {f(x){qw(x)l—qu)q’ I/p+1/q =1,
(1.2) ||f||Bg,x = inf{z lcjl: f(x) = chaj(x) a.e.},
J J

where the infimum in (1.1) is taken over quasi-everywhere (i.e., except for only a set of
zero capacity) defined weights w > 0 with [||| 1 (cp, ;) < 1 and

o0
o0t = [ P € B 00) > 1}t

where each a; in (1.2) satisfies that [|a; || L« rn) <cap, g (A;)~Y? and {a; #0} C A; for
some bounded set A; . In this case, each a; is called a block in Bg **. Note that the weights
@ > 01in (1.1) can be taken as w € A; with [w]4, < c(n,a,s), where c(n, o, s) > 0
is a constant depending only on 7, ¢, and s (see [13, Lemma 9.1 and Theorem 9.3]).
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In classical analysis, Littlewood—Paley theory serves as an important tool in charac-
terizing certain function spaces. For instance, it is well known that

(Z |(X{zfs|s|<zf+1}J?(é))v|2>j

JEZ

1 f e ~ ‘

LP(R) ’

which can be interpreted as characterizing an L? (R) function by means of frequency
localization on each block {2/ < |£| < 2/71}; here A ~ B designates the two-sided
estimates C 14 < B < CA and the constant C > 0 does not depend upon the main
parameters in A and B. For higher dimension n > 1, one has

(Tl o7e)F)’

JEZ

(1.3) If e @my ~

’

LP(RM)

where W is a sufficiently regular function. Besides that, there are similar Littlewood—
Paley characterizations of the real Hardy spaces H”(R") and the Morrey spaces
Mg (R™); we refer the readers to [7, Section 2.2.4] and [8] for further details.

In the present paper, we wish to obtain the Littlewood—Paley characterizations of
the Sobolev multiplier spaces and their preduals. Our approach will be the “continuous”
version rather than (1.3). To begin with, denote by Z the Sobolev multiplier spaces
M " and Z/ their preduals. Let ¢ € S(R”") be a radial Schwartz function with compact
supported away from the origin and

o0 d
/ pen T =1 t#0
1]

Denote by ¢, (+) the L!-dilation of ¢ that ¢,(-) = t™"¢(-/t) for t > 0. We will show
that

o0 > dt %
(14 b~ | ([ hore s )|

for X = Z and Z’ with 0 ¢ supp( f ), where f € 8'(R") is a tempered distribution.

As before, denote by Z the Sobolev multiplier spaces M, l‘f *> and Z' their preduals. For
the case where X = Z and Z’ in (1.4), we need a different approach. Let ¢y € D(R")
be a compactly supported infinitely differentiable function on R” with non-vanishing
integral. As usual, denote by (¢g); the L!-dilation of ¢q for ¢ > 0. Let

d
() = i {(@):(O)},_,-

Then there are Yo, ¥ € D(R") such that

! dt n
(15) f(')=wo*¢o*f(‘)+;grf})[ Vixeex fO)—. f € DRY.
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where the limit is taken in D(R") (see [16, Remark 1.7]). We will show that

1 d 3
(L6) ||f||x~||¢o*f||x+H(/O |¢,*f<.>|27’)

X

for X = Z and Z'.
Note that (1.4) and (1.6) are about the norm estimates of Littlewood—Paley functions.
We could also address the topologies counterpart. In classical theory, if ¢ € S(R")

is a radial Schwartz function with ¢(0) = 0, then given any tempered distribution
f € 8'(R™) with 0¥ ( f)(0) = 0 for all multi-indices y € (N U {0})", it holds that

§ dt
(1.7) / (pt*f(-)7—>f(~), e—0, 8 — o0,

in the topology of the Schwartz class S(R”). We also have the Calderén reproducing
formula that

8 dt
(1.8) f Wt*%*f(')T%f('), e—> 0,8 — oo,
in LZ(R") as long as ¥ € $(R") is a radial Schwartz function with 1;(0) = 0 and
A~ dt
(1.9) fo [eef = =1 ¢#o.

We will show that (1.7) and (1.8) hold for the weak™ topology of Z and the norm
topology of Z’ respectively. On the other hand, assuming that Vo, o, V¢, ¢; are as in
(1.5), then the convergence

! d
s SO+ [ wiras 10— 0. e

holds for the weak™-topology of Z and the norm topology of Z'.

Readers may notice that there are different types of Littlewood—Paley functions in
characterizing Z and Z (also their associated preduals). A way to view this is due to
the homogeneities of the Riesz kernels 7, (-) and the Bessel kernels G (-) respectively.

Note that
Vi«

|x|n—a’

Io(x) =

x #0,
where y, o is a constant depending only on n and «, whereas
Go(x) ~ |x|*", |x| =0,

and
|x]

Gy(x) = O(e_T), |x| — oo.
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Note that the standard Hardy-Littlewood maximal function and Calderén—Zygmund
operator are bounded on the spaces Z and Z’', which are associated with Riesz capacities
(see [13, Theorem 9.5]). Meanwhile, only the local Hardy—Littlewood maximal function
and truncated Calder6n—Zygmund operators, but not the standard one, are bounded
on the spaces Z and Z’, which are associated with Bessel capacities (see [13, Theo-
rem 1.11]). In view of (1.4), Z and Z' are similar to the homogeneous Triebel-Lizorkin
s
spaces F, " defined by

s

LP(R"™)

(X @ lar o))’

JEZ

1 £l e = ‘

where A}I’( f)=W,—; x f,and WV is a radial Schwartz function on R” whose Fourier
transform is nonnegative, is supported on the annulus 1 — 1/7 < |£] < 2, is equal to
one on the smaller annulus 1 < || < 2 —2/7, and satisfies

YUETUH =1, £#£0
JEZ

(see [7, Definition 2.2.1]). However, in view of (1.6), Z and Z’ are similar to the
inhomogeneous Triebel-Lizorkin spaces F, 7 defined by

17 = 150 Loy + | (2 (83D )
j=1

9’

LP(R™)

where Sy is an operator defined by
o0
So+ Y AV =1,
j=1

and [/ is the identity operator, whereas the convergence of the above series is taken in
8'(R™) (see [7, Definition 2.2.1]). Roughly speaking, the Sobolev multiplier spaces
and their preduals (together with their homogeneous counterpart), through the char-
acterizations in terms of Littlewood—Paley functions, can be viewed as a variant of
Triebel-Lizorkin spaces Fy°? (or F,°?) with the underlying L7 (R”) norm taken in the
definition of F, ,f‘ *? replaced by Z and Z' (or Z and Z' for the homogeneous counterpart).

Lusin area and Littlewood—Paley functions always come as a pair in certain function
spaces characterizations. Let iy be as in (1.9). Recall that the Lusin area function s(-)
is defined to be

00 d %
s = ([T e soarg ) ser
x—y|<t
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It holds that
”fHLP(]R") ~ “S(f)“Lp(]Rn)’ 1< p < oo.

A similar norm estimate for real Hardy spaces H?(IR") also holds:

| flar@n = [ pm: 0<p =<1

(see [18, Chapter XII, Section 4]). We will then give the norm estimates in terms of
Lusin area functions for the Sobolev multiplier spaces and their preduals.

In what follows, we denote by S(R”) and D(R") the spaces of Schwartz and
compactly supported infinitely differentiable functions respectively, while 8'(R”) and
D’ (R"™) refer to their canonical dual spaces. For any scalar-valued function f', denote by
f;(-) the L'-dilation of f that f;(-) = ¢t~ f(-/t). Furthermore, for any quasi-normed
spaces X and Y, we write X < Y if | - [|[y < C| - ||x for some constant C > 0. The
notation A < B will abbreviate the inequality A < CB for some constant C > 0,4 = B
refersto B < A, and A &~ B simply means thatboth A < B and A = B.

2. STATEMENTS OF MAIN RESULTS: RIESZ CAPACITIES

In this section, we focus on the Sobolev multiplier spaces Z and their preduals Z' which
correspond to the Riesz capacities. Let ¢ € S(R™) and ¢(0) = 0. The Littlewood-Paley

g-function is defined to be
o > dt %
([ lorsrer )
0 t

TueOREM 2.1. Letr ¢ € S(R™) be radial. Suppose that § is compactly supported away

where f € 8'(R").

from the origin and
. .dt
=1 g0

Then

8 d .
6= i, [ osr0% rez.

where the limit is taken in Z/'.

With the aid of the above topological properties, we obtain the two-sided norm
estimates of the Littlewood—Paley g-function.
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THEOREM 2.2. Let ¢ € S(R™) be as in Theorem 2.1. Let X be either Z or Z'. Suppose
that f € X and 0 ¢ supp( f). Then the following norm estimate holds:

o0 d
e[,

Now we address the issue of Calderén reproducing formula. To this end, let ¢ €
8(IR™) be radial which satisfies that ¢ (0) = 0 and

RPN d
@.1) /0 FeoP =1 g0

Denote
So(R") = {f € 8(R") : f = 0 on aneighborhood of 0},

and
Soo(R™) = {f € S(R™) : 9 (f)(0) = 0 for any multi-index y}.

Clearly, 8¢(IR") is a subclass of S (R"). We obtain a type of Calderén reproducing
formula.

THEOREM 2.3. Let  be as in (2.1). Forany f € Z', it holds that
. dt
SO = m |« * f()—,
§oo0e !

where the limit is taken in Z'.

Subsequently, with such a ¥ in (2.1), we define the Lusin area function by

o0 d %
() () = (/0 /I e f(y)lz(at)‘"dy%) . xeR" 1<a<oo,
x—y|<at

where f € 8'(R™). The sublinear operator s1 (-) is denoted by s(-) for the sake of conve-
nience. The role of s, () in norm estimates can be replaced by s(-) (see Proposition 5.5).
The next result gives the norm estimates of s(-).

Tueorem 2.4. Let X be either Z or Z'. Then the estimate
Is(Hx S 1flx
holds. For any f € L*>(R™) N X, it holds that

1£1x < [s(]lx-
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Consequently, the following two-sided estimates

£ 1lx =~ [s()]lx

hold for any f € L*(R") N X.

3. STATEMENTS OF MAIN RESULTS: BESSEL CAPACITIES

We now turn to address on the Sobolev multiplier spaces Z and their preduals Z’ which
correspond to the Bessel capacities. To begin with, we need a local type Littlewood—
Paley function which is constructed in [16]. By [16, Remark 1.7], for any ¢o € D(R")
with non-vanishing integral and

d
() = E{(ﬁﬂo)z(')},:l,

there are ¥, ¥ € D(R") such that

! d
G fO=vorpx O+ lm [ yicps FOSL f e D@,

where the limit is taken in D(R"). Furthermore, the convergence in (3.1) also holds
in D’(R") for any f € D’(R"). We obtain the two-sided norm estimates in terms of
local Littlewood—Paley functions.

THEOREM 3.1. Let ¢ and ¢; be as in (3.1). Then

1 d %
(32) 17 ~ llgo * Fllx + H(/ |¢t*f(.)|271) H

0 X
forX = Zand Z'.

The following theorem addresses the topological property.

THEOREM 3.2. Let @y and ¢; be as in (3.1). Assume that f € D'(R") satisfies

1 d %
oo s Szt | ([ loos 05

Then f € Z and

< Q.
zZ

! d
16 =vorgox [+ lim [ vos o fo0

where the limit is taken in the weak™-topology of Z.
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Now we define a type of Lusin area function which fits into the structures of Z
and Z'. To this end, let ¢ and ¢; be as in (3.1). For any f € D'(R"), define

1 d b3
s = ([ [ Jesrop dytnjl), xeR”,

and )
S ) = ( / S sup g * £ m(x)—)2
@eg, 7€€

where Q; is the set of all dyadic cubes @ with side length £(Q) = 2[°22%] ¢ > 0. Note

that
l

SUf)) = (Z / e 2 o= SO m(x)—)

€9y

={Z 3 (f; sup |gr * £(2)| —)m(x)}é

k=0QeQ, i "+ zea
which yields S(f)(x) < S4(f)(x).

TueoOREM 3.3. The estimates

(3.3) IS(H |5 SIS NIx
and
(34 I1£1x ~ llgo * fllx + [ S|

hold for X = Z and Z/.

4. PRELIMINARIES
We recall the standard Sobolev embedding theorems that

|E|1_% <cap, s(E), as<n,

|E| < Capys(E), s <n,
which immediately give
(“.0) 171z S 071, 28 o gy
4.2) I/ lz < NI/ lLeo®ny-

It is also shown in [13, Remark 3.3] that the Schwartz class S(R”) is dense in both Z'
and Z'. In fact, the dense subset can be taken into a smaller class.
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LemMa 4.1. The class So(R") is dense in Z'. The density is also valid for Z'.

Proor. Giventhat f € Z/ ~ B,‘; **, then there exist a sequence {c; } € £! and a sequence
{a;} of blocks in Bg** such that

f) =) cjaj(x) ae. |flz =) gl
J J
It is clear that

-0, N — 0.

N
Hf - cja;
j=1

To establish the density in question, it suffices to approximate each block a; by an
element of 8o(R"). Since a; € L7(IR"), we can now appeal to the density of §o(R")
in L4(R") (see [17, Theorem 1, p. 103]). The density for Z’ follows by exactly the
same reasoning. [

pO,S
B‘I

Prorosrition 4.2. The embedding holds
S(R") — X — §'(R")
for X = Z.Z. 7 and Z'.

Proor. The embedding S(R") — X for X = Z and Z follows by (4.1) and (4.2). On
the other hand, for any f € Z’ and g € $(R"),

[(f &)= '/R J)g)dx| S 1 f g llglly-

As we have just proved that S(R") <> Z, this implies Z’ <> 8'(R"). A similar argument

will prove the embedding for Z' < §'(R"). [
ReEMARK 4.3. Note that
I/ L@y = sup S(x)g(x)dx| < sup f(x)g(x)dx
lgllzoomny<11JR” lglz=<1I|JR”

~ | fllz-
We actually have Z’' < L1(R") — §/(R").
Let us recall a basic fact in non-linear potential theory that

cap, ;(Br) ~ R"™™, R>0, as <n,

Cap, ((Br) ~ R", R>1, as <n,

where Bp is any ball with radius R.
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The next lemma shows that the elements in the Sobolev multiplier spaces cannot

have polynomial growths.

LemMma 4.4. P ¢ Z and P ¢ Z for any nonzero polynomial P.

Proor. It suffices to show that P(x) = x¥ ¢ Z, N € N. For any R > 1, we see that

fBR(o) |x|N1’dx . RNp+n

1215 = 2
%7 Capys(Br(0)) ~ R"

We conclude that ||P||z = oo by taking R — oo. =

On the other hand, elements with a certain rate of polynomial decays belong to the
preduals of the Sobolev multiplier spaces.

ExampLE 4.5. The following rational functions belong to the preduals of the Sobolev
multiplier spaces:

o
(1+1-)"

1
4.4) —  _€e€Z', No>n, as <n.

N
(L+1-1)
Proor. We first show the following for (4.4). Express

4.3) €Z', N>n—as, as<n,

o0

: 1 +2 S
- {xl<1) X <lxl<ait1)-
A+ )™ )Y T N

The term m X{lx|<1} belongs to Z'. Let us estimate the second term. Indeed,

o0

Z {27 <|x|<2/+1}
N

j=0 1+| |

= Z 21N X{2/ <|x|<2/+1}

j=0
21 X {27 <|x|<2/+1}
=) —-Cap,,({2/ < x| <2/! A
2o Corel D G2 = I = 271
< i 1 X{2j45|x|<2j+1} . .
2/(N—n) Capa’s({Zl < |x| <2/%1})

X2J <|x|<2/+1} . . a,s : 00 H—j(N—n)
The term Cavg () <lx|<27FT}) 15 2 block in By, while > ;7,2 < oo for

N > n. We conclude that 1/(1 + |- )V € By ~ Z’ and (4.3) follows similarly. m
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In the sequel, we will use several types of weighted norm estimates. To this end,
let us recall the definitions of Muckenhoupt -, weights. Let w be a locally integrable
function on R” such that w(x) > 0 almost everywhere, x € R". We say that w € #4,,
1 <p<oo,if

1 1 1 p-1
(m/Ba)(x)dx) (E/Bw(x) = dx) < A < oo,

for every ball B C R”. However, w € #; if
Mw(x) < A - w(x) almost everywhere, x € R",

where M is the Hardy-Littlewood maximal operator defined by

Mf) =sup o [ fldy. xe R,
r>0 |Br(x)| By (x)

The infimum over all such constants A is denoted by [w].4,,. A basic fact in weighted
norm theory says that A, C A, for 1 < p < g < oo. Moreover, w € ), if and only if
W T € Ay, where p’ = p/(p — 1), 1 < p < oo. The local weights are also defined
in [16]. We say that w € All"c if

M (x) < A - w(x) almost everywhere, x € R”,

where M is the local Hardy—Littlewood maximal operator defined by

1
M f(x) = sup m/B(x)}f(yﬂdy, x € R".

0<r<l1
As usual, the infimum over all such constants A is denoted by [w] Aloe- The class Aloc,

1 < p < 00, is defined analogous to . It is shown in [13, Lemma 8.1] that for each
w € AL with [@] g1oc < € and B = BR,(xo), there is an & € 4 such that

w=w onB,

[@]4, <c(n, Ry, 0).

In the sequel, we will assume the strong measurability of the vector-valued functions
x — { fs(x)}s>0 which will be satisfied in the later applications.

LemMA 4.6. For any w € A and 1 < r,q < 0o, it holds that

1wy

< [l

!A’loc
L1(w)

4.5) ”( ]Ml"%()\’ds)

L4 (w).
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Proor. Note that the estimate

o0 rds v _¢q o0 rds v
o ([ ooty v (o

holds, which is known as the continuous version of vector-valued Fefferman—Stein

L (@)

maximal theorem. For a proof of (4.6), we use [5, Theorem 3.16, p. 496]
[ Iy -awax < @15, - [ [F@;- @
where A= L"((0,00), 9%), B =L} ((0,00), 95), X = L>(0, 00), F(x) ={ f5(x)}s>0,

T(F) (x) = H { ” {fs * ¢5 (x)}8>0 ||L°°(O,oo)}s>0 ” (Lr (O,oo),%)’

and ¢ € $(R") is nonnegative, ¢ > 1 on the unit ball B;(0). Observe that T can be
realized as a Calderén—Zygmund singular integral operator associated with a kernel K
satisfying Hormander’s condition that

sup/ ||K(x—y)—K(x)”x(A’B)dx < 00,
y#0 J|x[>2]y|

where £(A, B) is the space of all bounded linear operators from A into B. Having
established (4.6), let us show the following for (4.5). Let @ be a cube with |@| = 1.
There is an @ € +7 such that @ = w on 3@. We have

/@ ( /0 i |M1°°fs(x)|’?)gw(x>dx
<[ (] |M1°C(m3a><x)|’?)’qw(x)dx
=[.(f |M1°°<m3@>(x)|’?)r:ﬁ(x)dx
s, [ ([ 1mawl ) s

c o0 rds\’
< [wulloc-/m (/0 | fs(x)] TS) w(x)dx.

Summing over all dyadic cubes @ with |@| = 1 yields (4.5). ]

Suppose that as < n and E C R" with 0 < Cap,, ;(E) < oo. Then there exists a
VE > yg quasi-everywhere and

4.7) (VE)Y e ploc,
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(4.8) [(VE)] e < c(n.0.5.8).

(4.9) |(VE) ~ Cap, 4 (E),

”L‘ (Capy 5)

where § € (1,n/(n —a)) fors <2andé € (s — 1,n(s — 1)/(n —as)) fors > 2 (see
[13, Theorem 3.1 and Lemma 3.2]). Fix a § = §(n, «, s) in (4.8). Then the constant
c(n,a,s,8) =c(n,a,s) in (4.8) depends only on n, «, and s, which we will simply
denote by ¢ in the sequel.

By [13, Theorem 9.5], it holds that

IMSfllx < 1Iflx

for X = Z, and Z'. Moreover, the above boundedness also holds for X = Z (see
[11, Theorem in Section 2.6.3, p. 98]). On the other hand, it holds that

1
IME fllzr < 1S 1z

(see [13, Theorem 1.10]). In general, if T is an operator (not necessarily linear or
sublinear) such that

[ @ Fatds < Cong.lola) [ |Fofds. 1<g<m.
R7 R~

where C(n., g, [w]4,) > 0is a constant depending only on 7, ¢, [®].4,, and C(n,q.,-)
is an increasing function, then

(4.10) IT(H]x <1 1x
for X = Zand Z' (see [13, Theorem 9.5]). This is due to the characterizations that

@.11)
171 s {( [ 17wl oar)” o e dnlola <ol <1,
(4.12)

1f g ~ inf{(/Rn |f(x)|qw(x)1—qu)" L we A [0]a, <c. ||a)||L1(capa.x)51}

(see [13, Lemma 9.1 and Theorem 9.3]). We further note that

(4.13)

irtz~se {( [ 170 oman)

N|=

. 1
. CUEAIOC’ [a)]"’olloc fc, ||w||L1(CaPo¢,s) 5 1},
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(4.14)
1
. q _
171 int { ([ 170! rdx)" o e A (ol < Lol e, <]
n |

(see [13, Theorems 1.2, 1.4, and 1.8]).
The next two propositions address the vector-valued counterpart of (4.10) in terms
of maximal function.

Prorosition 4.7. Forany 1 <r < oo, the estimate

(o) | < ([ ors)

x X
holds for X = Z and Z/.
Proor. The proof follows by (4.6), (4.11), and (4.12). ]
ProrosiTioN 4.8. Forany 1 < r < oo, it holds that
([ o) |, <|(f o)
Z Z

Proor. Let K C R" be a compact set with Cap,, ((K) > 0. Choose a (VK ¢ AC
asin (4.7). By letting E; = {x € R” : |(VX)%(x)| > ¢} and using Lemma 4.6, we have

L st o
< / . ( /0 ) |M1°°mx>|’?)f(v’<)5<x)dx
L[ Iﬁ(x)l’%)f(v")‘*(x)dx
LT s s
([ sors) |

(L or ) [ s

o0
/ Cap,, ;(E;)dt
z Jo
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We obtain by (4.9) that

(Capa,s(K)—I/K(/ MY £, ()" ) ) < (/ |fs<)|’ds)

Taking supremum over all compact set K € R” with Cap, ((K) > 0, the result
follows. u

y2
r

N =

Z

Lemma 4.9. Forany ¢ : R" — C with

1
ox)| S —, xeR" N >n,
|o(x)] )"

it holds that ¢ * fllx < || flx for X = Z,Z,Z, and Z'.

Proor. Note that
lo* flx SIMSflx <l flx

for X = Z, Z, and Z'. Now we deal with the case that X = Z’. To this end, let g € Z
with | g|lz < 1. We have

' / ¢ % f()g(x)dx
Rf’l

5/ |f<x>|f |go<—y>|-|g(x—y)}dydx

/ |/ v - |e(x = y)|dy dx

1
< o
~ /]R” £ (1+]- |)N ”z/
S lleremylglz < 11 Iz,

where we have used Example 4.5, Remark 4.3, and ||g(x — )|lz = ||g|lz, which is due
to the translation invariant property of the capacity that Cap, ;(z + E) = Cap,, ((E)
with z € R" and E C R”. The result then follows by the (Z, Z') duality. ]

Dt =) g

The following lemma should be familiar to specialists. We include its proof for the
readers’ convenience.

Lemma 4.10. Let f € 8'(R") and ¢ € S(R") be as in Theorem 2.1. Assuming that
supp( f) is compact and 0 ¢ supp( f), then

§
. dt
f= hm/ o x f()—,
Foo0 e !

where the limit is taken in 8' (R™).
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Proor. Since supp( f') is compact and 0 ¢ supp( f), there is a function n € D(R")
such that 7(0) = 0 and n = 1 on a neighborhood W of supp(f). Let g € S(R") be
arbitrary. It suffices to show that

. . 8 _dt
(f.8) = hm/ o £.8) L,
§ oo l® !

or, equivalently,
8

~ L —

. dt
(f.g) = lim (<pt*f,g>7-
§—>o00"¢

Since supp(g(1 —1n)) N supp(f) = (J, we have
(oo 1.8) = (f.@18) = ([ .Gugn) + (/. Grg(1 — ) = (/. Grgn).

It is routine to check that
. & dt
lim Pt )h()— = h(-), heSR"),
Foo?e !

where the limit is taken in S(R™). The result follows by letting &7 = gn. ]

In the sequel, we denote @ A b = min(a, b) and a vV b = max(a, b) fora,b € R.

Lemma 4.11. Assume that ¥, ¢ € S(R") satisfy ¥ (0) = $(0) = 0. Then
|1//, * Qg * f(x)| < (? A g)Mf(x), 0<t,s<oo, x€R"
Furthermore,
‘1//, * Qg * f(x)’ < (; A E)Mlocf(x), 0<t,s<1, x eR".

Proor. By [7, Appendix B.5, p. 599], one has

< (2 i). tvs)™ R"
|1/ft *(ps(x)| ~ (t A s (1 4 \/s)_1|x|)n+17 * e

Let/ =t vsand P(x) = (1 + |x|)~®*D, x € R”. Then

Vesges f@] = [ yeemo)] |7 = play

N

s(5h8) [ o lre=plas
= (; A E) (P x| f)(x) < (f A E)Mf(x).
N N

t
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If0<t,s <1,then0 <[ <1 and we have

t
‘w,*gas*f(x)]i(;/\;)Mlocf(x), 0<t,s<1, x eR". [

5. PROOFS OF MAIN RESULTS: RIESZ CAPACITIES

Proor oF THEOREM 2.1. The estimate
8 dt

[ onero
e t

holds with implicit constants independent of 0 < ¢ < § < co. For a proof, let

< [CO]C,,Z1 N fllzew)
L4(w)

5.1 ‘

5 d
Ta (N6 = [ o f05

We claim that T} s is a Calderén—Zygmund singular integral operator associated with a
kernel K, s that

)
dt
KE,S(X) = / th(X)T
&
The claim follows by checking that

(5.2) |Kos(®)| <1, £eR”,
(5:3) |Kes(0)] < ﬁ X £0,

1
(5.4) VK. s5(x)| < e #0,

with the implicit constants independent of 0 < ¢ < § < oco. Indeed, assuming that
supp(@) C {a < || < b} with0 < a < b < oo, then

b d
[ oee

s0 (5.2) follows. Subsequently,

|Kos(8)| =

et g
< / 20| < 1900,
alg|~! t

1 1

)n—i-ldt < e

n+1 =
|Kes(x)| < (xseulgn (1+ [x]) |<p(x)|) .[0 (;+T

which yields (5.3) and (5.4) holds in a similar fashion. Consequently, (5.1) holds by a
standard weighted norm inequality (see [3, Theorem 7.1.1]), and it follows by (4.12)

that 5
d
| [oer0%

 SUfllg. feZ.
Z/
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Now, given any f € Z’ and 5 > 0, choose by Lemma 4.1 some g € So(R") such that
f = g+ bwith [b]l3, < n. Then

z/

5 d
0= [Coxrof

&

dt

8 8 d
S O R [ osb0F

4 ||b||z,+‘
Z/

z/

5 d
slso- [ore0f

+ 2n.
Z7

Finally, note that

5 dt
[ oxs0S =50, em08- 0

in 8(R™). The result follows by Proposition 4.2 since

=<2,
7z

5 d
o= [ oo

lim sup ‘
e—0
§—o00

and n > 0 is arbitrarily given. ]

The next two propositions provide the one-sided estimates of the Littlewood—Paley
functions on the Sobolev multiplier spaces and their preduals.

ProposITION 5.1. Let ¢ € S(R™) and $(0) = 0. Then

([ 1o f(-)f%)%”x <1/l

Proor. A standard fact regarding the weighted Littlewood—Paley theory says that

)

(see [10, Theorem 5.2.2]). Now we recourse to (4.11) and (4.12) to finish the proof. =

for X = Zand Z'.

Sl 1 lLaw)
L4(w)

ProposiTION 5.2. Let ¢ € S(R") be as in Theorem 2.1. Then

([ lon f(-)|2?)5

for f € X with0 ¢ supp(f), X=Zand Z.

(5.5) Ifllx <

X
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Proor. Choose aradial T € 8¢(R") such that T = 1 on the support of ¢. As a conse-
quence, 7, * ¢; = ¢,. We first assume that f € Z and g € Z’ with ||g||3, <1. Then

§
) dt
6o [ rwemdx = tim [ e
R~ e—~>0 Jo t
§—>00
§
dt
= lim [ (¢ * fit: % g)—
700 f
8 dt
hm/ / o * f(0)T * g(x)—dx.
£—>0 Jrn t

We obtain

= /Rn (/ s * f(x)}zdt) (/Ooo |2 *g(x)}z?)%dx
(RN )
(mewfwf?)ézwm&

= (Awwamfﬁ)éi

Hence, (5.5) follows by the (Z.Z)) duality for X = Z.
Now we let /" € Z’ and g € 8§¢(R") and ||g[|5 < 1. By Theorem 2.1, (5.6) is valid.

Hence, we obtain by Proposition 5.1 that
1
o0 2dt\ 2
( / ’Tt *g ()‘ - .
0 ! Z

it
- (/y%*fof’) |
Z/
i
([ M*fof[) el
Z/
< (/ M*fofm) B
Z/

Denote by Co(IR") the space of all compactly supported continuous functions on R”".

[ 4 .
Recall the result in [13, Theorem 9.4] that (Co(R”?) )* &~ Z’', from which one may
easily modify the proof to deduce that

]/ F)g(x)dx
R”

Z

A

‘/'famwwx
Rl’l

A

(5.7) So®D)" ~ Z.

Consequently, the estimate (5.5) follows for X = Z’ by the duality (5.7). ]
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Proor oF THEOREM 2.2. One obtains the result by combining Propositions 5.1 and
5.2. |

If we remove the assumption that O ¢ supp( f ) in Theorem 2.2, then we have only
the one-sided estimate.

ProposITION 5.3. Let ¢ € 8(R™) be as in Theorem 2.1. Assuming that f € 8'(R")

satisfies
d
([ los ror ’) | <
0 Z

then the limit

[ dt
Fo = tim [ o0
§—>00" ¢

exists in the weak™-topology of Z, and it satisfies

([ e st ],

5 d
/6= tiy [ e roF

IFllz <

If; in addition, f € Z then

where the limit is taken in the weak™-topology of Z, and it holds that

1z < H([O lo: *f()!””);”z_.

Proor. Let
2N

fN(')Z/Z_ qﬂz*f()— N e N.

([ e or) ],

Assuming that supp(@) Cla<|&| <b}withO <a < b < oo, then p(s§)p(t€) =0

for} <gand? > 2 b & € R". Hence,

t

Proposition 5.2 yields

[Nz <

2N
e fn ()] = ‘/ -

|

Qs * Q¢

c‘\m
N\w
IA
NS
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oN d
< [ tgeper Ms NOT
)—N ~b=1=a N
htd
ST
< Migr % )0,
We have
dt dt%
([ w2,
1wl (/ IM(g: * £)0)] I _[ e+ £0) .

where the implicit constants are independent of N € N. Since (Z’ )* & Z and Z' is
separable, by the sequential Banach—Alaoglu theorem, there is a subsequence { fn, }
such that fy, — F in the weak™-topology of Z; that is,

Jin [ v @gedx = [ Fogodr, geZ.

Using the above, we obtain

)
‘4nFukdﬂdx=g§3/ /anm»*guywéf

= 11m// (pt*F(x)g(x)dx—

e—>0

e—>0

= 11m/ [ F (p,(x—) g(x)dx

£—>0 n k—>o0o0

= hm/l; lim/ (ka,wt(x—-))Tg(x)dx

=1m1/ / oo [ g0y,

e—>0

We conclude that the limit

5 d
5.8 Fo = tim [ o0
§—>00"®

exists in the weak™-topology of Z.
As { fn, } converges to F in the weak*-topology of Z, we have

d
11 < it < (7 m*foft)ﬂ
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If, in addition, f € Z, then we have by Proposition 5.1 that

H(/Ow e f<~>|2$) HZ < fllg < oo

By (5.8), f — F is supported in the origin, and it follows that f — F € Zis apolynomial.
We conclude by Lemma 4.4 that f = F. ]

The following proposition gives the inversion formula for f € 8o,(R") under the
topologies of the preduals Z" and Z'.

ProposITION 5.4. Let Y be as in (2.1). For any f € Soo(R™), it holds that
, § dt
SO = lm | Yy * f()—,
e—>0 J, t
§—o00

where the limit is taken in both Z' and Z.

Proor. Let g,§ > 0 be given. Suppose that f € S (R"), and then we have

1
1+ [x])¥

for each N € N, where c(¥, f, N,n) > 0 is a constant depending on v, f, N, and n
(see [4, p. 124]). By choosing an N > n, it holds that 1/(1 + | - |)" € Z’ and Z’ by
Example 4.5. As a result,

5 d
= [Cvosv 0§ -

sc(w,f,N,m(Hl)

5 d
TR R

1
< c’(w,f,N,n)(s + —) -0
x 5
ase — 0,8 — oo for X = Z’ and Z’, and the lemma follows. m

ALTERNATIVE PROOF OF PROPOSITION 5.4, We know that for f € S50 (R"),
o (f dt
f() = lim Yk g * f()—,
e—~>0 Jo t
§—00

where the limit is taken in S(R"). Now we recourse to the embedding S(R”) < X for
X = Z' and Z’ as in Proposition 4.2. ]

Proor oF THEOREM 2.3. Fixal < g <oocandlet p = qul be its Holder’s conjugate.
Ifw € A1 C Ay, thenw! ™7 € A,. By an argument of (L9 (w!™?), L? (w'~P)) duality,
twice the applications of Holder inequalities with appropriate indices, and the standard
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weighted Littlewood—Paley theory, for any f € Z', we have

5 d
| [vevis s

L4 (w)

5 d
[ ves v s oro

L4 (w!—P)

= sup
"h”Lp(wl—p)fl

8 dt
[ [ s s Fnws

= sup
"h”Lp(wl—p)fl

* dt % 1 S dt % .
EnhuLpfz? p)<1(/0 Wt*f(x”z?) w(x)q(/o [V *h(x)‘zT) w(x) adx
d
(/ ’wt*f()|2dt) (/ ’w;‘*h()|2 l)
L4(@)
d
([ e reor ‘)

* f(X)¥y % h(x)?dx

< sup
”h”L[)(wl—p)Sl

LP(w!—P)

<[] -

e sup

”h”Lp(wl—p)Sl
S I 1S o)
We deduce by (4.12) that

H/f‘/fz*l//t

We combine the above with Proposition 5.4 to obtain the result by repeating the argument

A1l L7 (w1-r)

L(w)

SIflly. feZ.
Z/

given in the last part of the proof of Theorem 2.1. |

ProrosiTiON 5.5. Forany 1 < a < oo, it holds that
[sa(O ]y = [5(Hx
forX =Zand Z'.
Proor. If w € 41, then
|50 | Loy < @" T 201, |5 | oy 1 <4 =2,
50 () oy < T, - Hs(f)HLq(wy 2<q<oo,

where ¢y, c > 0 are constants depending only on 1 < g < oo (see [17, Theorems 1
and 2, Chapter IV]). The result follows by (4.11) and (4.12). ]
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Proor oF THEOREM 2.4. We quote from [9, Theorem 1.2] that
Is) oy < @1%, - 1S o). 1<q <ox.

which yields |s(/)llx < |I.fllx for X = Z and Z’ by (4.11) and (4.12) respectively.
On the other hand, it is computed in [18, (4.3), p. 314] that

1 l2@m = enllsCN] L2

By polarization technique, for any f € L2(R") N Z’ and g € So(R™), one has

f F()g()dx
R~

~ dt
/1;)1 /(; /I‘{” wt * f(Y)Wt * g(y)X|x—y|<tddex

S/Rn ([Ooo/u_quwt * f(x)|2dJ’$)é(/:o/|x_yl<t|w,*g(x)|2dy?)édx

= [sHlzls@®]5

:Cn

< sHllz llgls
We conclude by the duality (5.7) that || f [|5, < |ls(f) |5/, whereas the estimate || f| 5 <
Is(f)lly for /€ L2(R™) N Z also holds similarly. "

6. PROOFS OF MAIN RESULTS: BESSEL CAPACITIES

Proor oF THEOREM 3.1. We first note that ||@g * f|lz S M fllz < ||.f|lz and that

lgo * fllzr ~ sup / o0+ ()g(x)dx
lellz=<1 n
= swp | [ F00F* g(0)dx
lgllz<1|JR"
<1l sup 15 * gz
lgllz=1
<11z

where @p(x) = @o(—x), x € R™. For simplicity, denote

1 P
6. 500 =( [ loosroPE) s ev@n

Fix a cube @ with |@| = 1. Let a > 0 be supp(¢p) U supp(¢) S B,(0) and f =
S X(+a)a- Note that §( ) can be realized as a Calder6n-Zygmund singular integral
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operator so that [|[§(f)|Le@) < [cﬁ]ifl |l f lle (@) Given any w € AT, we extend w
to an @ € +4; such that @ = w on (1 + 2a)@. Observe that §(f) = §(f) on Q. We
obtain

Hg(f)“Lq @) = ||§(f)||Lq R7) ~ [w] ”f”Lq R7?) — [w] ”f”LZ,((H—a)@)'

Summing over all dyadic cubes @ with |@| = 1 yields the < direction of (3.2) by
means of (4.13) and (4.14). To prove the 2 directions of (3.2), express f € D'(R") as

! d
1O =g s 10+ Jim [ vegne 105

where the limit converges in D’(R”). Fix a g € D(R") with ||g||z < 1. We have

(x)g(=x)dx

! d
= Wo*¢o*f*g(0)|+gi_r)r(1)/ |Wt*§0z*f*g(0)|7t
1
< /Rn |</Jo*f(x)|.|1ﬁo*g(—x)|dx+/0 /Rn lor % £(0)| - |v *g(—x)|dx?

< llwo * fllz - llvo* gllz + /Rn 5(f)(x)-§(g)(x)dx
< llgo * fliz + 90|z

which yields the 2 direction of (3.2) for X = Z. For the case where X = Z’, we use
—Z
the duality similar to (5.7) that (D(R”?))* ~ Z'. ]

ProrosiTioN 6.1. Let ; and ¢; be as in (3.1). Then

1
(6.2) ”/ Ve * @

S flx
X

for X = Z and Z', where the implicit constants are independent of 0 < & < 1.

Prookr. In view of (4.13) and (4.14), it suffices to prove that

! d
| [veonsof

SR ]Amc £l Le @)

L1 (w)

with implicit constants independent of 0 < & < 1. Fix a cube @ with |@| = 1. Take an
a > 0 so that B,(0) contains both supp(/) and supp(¢). Let f = fx(1+24)@ and

! d
T.(f)() = / Vorgon 10
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Note that the estimates in the beginning of the proof of Proposition 2.3 already show
that || T f || L (@) < [cﬁ]cj] - || f L4 @@) with implicit constants independent of 0 < & < 1.
Now we extend w € A to an @ € +A; such that @ = w on (1 + 2a)@. Observe that
T:(f) = T:(f) on @. We obtain

I1Tef 129 @) < |Te (f)”Lq ®My S (@]} ”/;”L%UR") = [a]c,,fl N le (14+200@)-
Summing over all dyadic cubes @ with |(Q| = 1 yields (6.2). ]

Proor oF THEOREM 3.2. Let

' d
IO =vusms fO+ [ Wirex fOT NeN.

([ e mor)'],

Furthermore, using Lemma 4.11, we have

Theorem 3.1 yields

1 fvliz < lgo * fivlz +‘

O0<t<l1

s

1 d
(6.3) |or x fn()| = ‘/TN Pr * Ys * @5 *f(-)TS

V(s ot loc ds
<L GAY) M not

Lol o\ds\ [ (! loc 2ds
< (L G09) (LG )’M @ DO )

1 t 2ds
_ M]OC
s(/o ( )| (@5 + 1O )
Besides that,

N
1
[0 x v ()] < [MGgo % 1)) + ‘ | v

N|f4

Using Propositions 6.1 and 4.8, one has

Iwliz < [Migo * /)], + ]/ wt*qo,wo*fo—z

N )

d
s||¢o*f||z+H( M (g5 % )0 S)

< lgo* fllz + ”(/ g + f()\””) “

Z
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where the implicit constants are independent of N € N. The rest of the argument
follows similarly to the proof of Proposition 5.3. ]

Proor oF TueorEM 3.3. Since S(f)(-) < S?(f)(-), (3.3) follows by the > direction
of (3.4). Now we show the following for (3.4). Recall the notation §( f)(-) in (6.1).
Then Theorem 3.1 and €(f)(-) < S¢(f)(:) imply that

1 lx < llgo * fllx + S9N |5

On the other hand, let f € D(R") be given. We have

! dt
76 = o g0 x £O+ fim [ vnx o £
&
where the limit is taken in D(R”). Forany x,z € @, @ € Q;,and 0 < ¢ < 1, we obtain

|@e % Yo * @o * f(2)] S M (Yo x ¢o * f)(x),

and the estimates in (6.3) show that

1 J %
& (/0 (; " §)|Ml°°(gos . f)(x)|2§) >0,

Since Q; is a disjoint class, it follows that

> sup fgr £ ke (x)

QeQ, ze®

! d
< Mg s N+ [ (545 )M s NP

1
d
[ oo @

Subsequently, for X = L (R"),

[Pl

1 1 ds d %
< ||Mloc(1ﬂo*¢o*f)||x+”(/0 /O (;AE)NMmC(%*f)(.)P s_t)

st

X

1 d %
< Moo D+ | ([ s DOPE)

X

X

1 d %
Sosons St | ([ loos o)

The above estimates still hold for general f € L (R") by approximating f with the
functions in D(R") and using Fatou’s lemma. Therefore, one can conclude (3.4) by
(4.13), (4.14), and Lemma 4.9. [
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For the sake of completeness, we include the following result which corresponds to
the topological property given in Proposition 5.4 with Z’ in place of Z' for f € Z'.

PROPOSITION 6.2. Let ¢o and ¢; be as in (3.1). For any f € Z/, it holds that

1 dt
(6.4) 16 =Y g0 0+ lim [ v £
where the limit is taken in Z'.
Proor. Since
1 dt
Voxgox £+ [ wnx oo fO = 10

in D(R"), we may use Proposition 4.2 to deduce that (6.4) holds for ' € D'(R").
Since D(R") is dense in Z', (6.4) holds for f € Z' by Proposition 6.1. [

7. FINAL REMARKS

The Morrey space LP*forl < p < 00,0 < A < nisdefined to be the set of all locally
p-integrable functions f on R” such that

=

s = sup r*-"( / ()}f(y)|de) < oo,

(x,r)eR” x(0,00)
A Littlewood—Paley characterization for L? A and its predual H P"-% can be obtained

through the means in this paper. First of all, part of the results in [1, 2] say that

1

171z s {( [ 10 0wdx) " s0 € Ar ol g0, < 1)

\‘

p

| fllgora =~ inf{(/R” {f(x)|p/a)(x)l—p/dx)

NS eA 5 w oo < ’

. N
170 = | ([ oo 0P

for X = LP* H?* andgisa sufficiently regular function. This is a different approach
than the norm estimates of the Littlewood—Paley theory given in [8].

, 0 ¢ supp(f),

X
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