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Existence of surfaces optimizing geometric
and PDE shape functionals under reach constraint

Yannick Privat, Rémi Robin, and Mario Sigalotti

Abstract. This article deals with the existence of hypersurfaces minimizing general shape function-
als under certain geometric constraints. We consider as admissible shapes orientable hypersurfaces
satisfying a so-called reach condition, also known as the uniform ball property, which ensures G1+1
regularity of the hypersurface. In this paper, we revisit and generalize the results of Dalphin (2018
and 2020) and Guo and Yang (2013). We provide a simpler framework and more concise proofs
of some of the results contained in these references and extend them to a new class of problems
involving PDEs. Indeed, by using the signed distance, we avoid the intensive and technical use of
local maps, as was the case in the above references. Our approach, originally developed to solve
an existence problem in Privat, Robin, and Sigalotti’s 2022 paper, can be easily extended to costs
involving different mathematical objects associated with the domain, such as solutions of elliptic
equations on the hypersurface.

1. Framework and main results

1.1. Introduction

In this paper, we are interested in the question of the existence of optimal sets for shape
optimization problems involving surfaces. More precisely, we are interested in shape func-
tionals written as

J(Q) = [a i 900(3). Ba(4). diusa (),

where  denotes a smooth subset of R¥, the word “smooth” is understood at this stage
such that all the involved quantities make sense, v denotes the outward-pointing normal
vector to d€2, and Bjyg is either a purely geometric quantity such as the mean curvature or
the solution of a PDE on 92 or on 2.

We are then interested in the existence of solutions for the optimization problem

inf  J(R) |
Qadlmnissible ( )
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This kind of problem is very generic. What matters here is that the standard techniques,
exposed and developed, for example, in [7,10], do not apply to d — 1 objects and it is nec-
essary to adopt a particular approach. The first question to ask is the choice of the set O,q
of all admissible domains. Since the shape functionals we consider involve geometric
quantities of the type “outward normal vector to the boundary” or “mean curvature”, it is
necessary that the manipulated surfaces are not too irregular. For this reason, we choose
to impose a constraint that guarantees a uniform regularity, say C!>!, of the manipulated
sets. This uniform regularity constraint is imposed by using the notion of “reach”. Thus,
the set 0,4 represents the set of surfaces having a reach uniformly bounded by below. The
precise definition of this notion will be given in Section 1.3.

This kind of problem has been the subject of recent studies and results [4, 5,9], which
have provided positive answers to the existence issues. In their approach, the authors
used an efficient, but nevertheless laborious, approach based on the parametrization of
the manipulated surfaces, seen as regular manifolds, using local charts.

The objective of this paper is to promote a different approach, based on the exten-
sion of the functions defined on the manipulated surfaces to volume neighborhoods, the
introduction of an extruded surface, and the rewriting of the surface integrals as volume
integrals using ad hoc variable changes. This is a methodological paper, in which a proof
method is presented that may work in many cases. The results contained in the article
illustrate this point. We discuss possible generalizations of these results in the concluding
section.

This method allows us to gain conciseness and provides much shorter and direct exis-
tence proofs than in the above references. The method also allows us to extend the field
of investigation to new families of problems involving the solution of a PDE defined on
a hypersurface. Nevertheless, some arguments used by the authors of [4, 5, 9] cannot be
shortened by using our approach. We have therefore chosen to expound our method in a
short article, in which we detail all the parts of the proof that can be condensed and we
make the necessary reminders concerning the results that cannot be condensed.

The article is organized as follows: we introduce the definition of the reach of a surface
as well as the class of admissible sets we will deal with in Section 1.3. The main results of
this article, regarding several existence results for shape optimization problems involving
surfaces, are provided in Section 1.4. The whole of Section 2 is devoted to the proofs of the
main results. In these proofs, we detail the arguments based on our approach and which
lead to simplified proofs of the results in [4,5,9]. In order to illustrate the potential of our
approach, we also provide an existence result involving a general functional depending on
the solution of a PDE on the sought manifold.

1.2. Notations

Let us recall some classical notations used throughout this paper.

» For the sake of notational simplicity, we will sometimes use the notation I' (resp. I',)
to denote the hypersurfaces 02 (resp. 9$2,).
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The Euclidean inner product (resp. norm) will be denoted (-, -) (resp. || - || or some-
times | - |, when no confusion with other notations is possible).

Given two positive integers k < d and  C R?, #*(Q) denotes the k-dimensional
Hausdorff measure of €2.

Given Q C R4, the distance (resp. signed distance) to 2 is defined for all x € R¢ by

da(x) = inf |x =yl (esp. ba(x) = da(x) - dga\g(x).

Given @ C R¢ and & > 0, the tubular neighborhood Uy, (2) is defined as
Up(Q) = {x e R? | da(x) < h}.
Given  C R4 , the reach of €2 is defined as
Reach(2) = sup{h > 0 | dg is differentiable in U,(2) \ }.

Recall that if 99 is a non-empty compact C!-!-hypersurface of R?, then there exists
h > 0 such that Q satisfies a two-sided uniform ball condition, namely

Vx € 39, 3d, € R | ||dy|lga = 1. Bp(x —hdy) C Q2 and
Bp(x 4+ hdy) C R\ Q,

where By, (x) stands for the open ball of radius / centered in x. See Figure 1. Further-
more, assuming #< (3Q) = 0, we have the simpler characterization

Reach(0Q2) = sup{h | © satisfies (i)’h)}.

(Bn)

Conversely, if dQ2 is non-empty and satisfies condition (B},), then its reach is larger
than 4 and the Lebesgue measure of <2 in R is equal to 0. Furthermore, 9 is a 1+
hypersurface of RY. We refer, for instance, to [4, Theorems 2.6 and 2.7].

For a given oriented G''! hypersurface d$2, we denote by Vjq or Vr the tangential
gradient and by V the full gradient in R¢. When needed, each gradient will be assim-
ilated to a line vector in R¥.

N denotes N U {+o00}.
§9=1 denotes the unit sphere of R.

M ;(R) denotes the linear space of d x d matrices with real entries, endowed with the
Euclidean operator norm | - ||. Id denotes the identity matrix in R?.

For a given C1'! hypersurface d$2, we denote by Hygq : 92 — R its mean curvature.
We refer to Appendix A for proper definitions.

Two oriented C1 hypersurfaces 92, and 92, are said to be isotopic if there exists a
continuous function H : 82 x [0, 1] = R? such that

- H(x,0)=xforall x € 09y,
— H(,t) is a diffeomorphism onto its image for all ¢ € [0, 1],
— H(,1) is a diffeomorphism from 0€2; to 0€2,.
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o1

Figure 1. In black, we have two hypersurfaces d€2. In red, we show the skeleton of d€2, which is the
set where dyq is not differentiable. Since the reach of 92 is the distance to such a set, it provides
bounds on the curvature radii (cf. Remark A.2), as illustrated by the left figure. Additionally, ‘bot-
tleneck folding’ is not allowed, as illustrated by the right figure. Note that in these diagrams, it does
not matter whether Q2 is above or below in the left figure, or right or left in the right one.

1.3. Preliminaries on sets of uniformly positive reach

Given ry > 0 and a non-empty compact set D C R¥, let us introduce the set Oy, of
admissible shapes whose reach is bounded by ry, namely,

Oy, = {Q C D | Qis open, Reach(dQ) = ro, @ # @, and X (3Q) = 0}.
The elements of O, are known to satisfy the following properties:

Lemma 1.1. Let Q € O,,. Then,
(1) 9Q is a V! (d — 1)-submanifold. Conversely,

Oy, = {Q C D | Q2 is open, Reach(0Q2) = r¢, and 02 is a (d — 1)-submanifold}.

(2) For x € 022, Vbg(x) is the unit outward normal vector.

(3) Forh <rg, the vector field Vbg is roi_h-Lipschitz continuous on the tubular neigh-
borhood Up(0K2).

(4) The restriction of Vbg to 0S2 is %—Lipschitz continuous.

(5) There exists a constant C depending only on d, ro, and D such that H2~1(32)
<C.

Points | and 2 are proved in [7, Chapter 7, Theorem 8.2]. Points 3 and 4 are proved in
[4, Theorems 2.7 and 2.8]. The proof of Point 5 is given in Section 2.1.1.

We will endow the set O,, with a “sequential” topology, by introducing a notion of
convergence in this set.

Definition 1.2 (R-convergence in O,). Gilyen (Qp)neN € Oi\;, we say that (2,),en R-

converges to Qo € O, and we write Q, — Qq if
in (D),
bg, — ba,, in C*(U,(0Qc0)). Y7 < 1o, Ya € [0, 1),
weakly-* in W22 (U, (0Q)), Y7 < ro.
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The next result justifies the interest of the class O,, endowed with the R-convergence
for existence issues.

Proposition 1.3. O, is sequentially compact for the R-convergence.

The proof of this proposition can be found in Appendix B. Let us end this section by
providing several additional properties of the R-convergence.

Lemma 1.4. If 2, 5) Qoo then
(1) H4=1(0RQ,) converges toward H 21 (3Qs0) as n — +o0.
(2) HL(Q,) converges toward K% (Qoo) as n — +0o0.
(3) If all the 02, belong to the same isotopic class, then 02 also belongs to such a
class.

The proof of this lemma is given in Section 2.2.

Remark 1.5. According to Lemma 1.4, we obtain, for example, that for a given Q¢ € O,
anda < b,
{Q2€0,|ax< HA=1(D2) < b, IR is isotopic to 90}

is a sequentially compact set.

1.4. Main results

Let us introduce the general shape functional
@ = [ jirvo). Haa(6) daa (o).

where j; is continuous from R? x §971 x R to R and convex with respect to its last
variable. We recall that v and Hyq denote respectively the outward pointing normal vector
and the mean curvature.

By Proposition 1.3, the set Oy, is sequentially compact for the R-convergence. There-
fore, in order to infer the existence of an optimal surface minimizing F; over O, it is
enough to prove the lower semicontinuity of functional F; (under suitable assumptions on
the function j;). This is the main purpose of the following result:

Theorem 1.6 ([4, Theorem 1.3]). Let us assume that jy is continuous with respect to
all variables and convex with respect to its last one. Then, Fy is a lower semicontinuous
shape functional for the R-convergence, that is, for every sequence (2p)neN € Of) that
R-converges toward 2, one has

liminf Fy (Q2,) = F1(Qo0)-
n—+oo
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As a consequence, the shape optimization problem

inf F;(Q
ot 1(€2)

has a solution.

It is notable that, by applying Theorem 1.6 to both j; and —j;, we get the following
corollary:

Corollary 1.7. If j; is continuous and linear in the last variable, then Fy is a continuous
shape functional for the R-convergence.

Remark 1.8. In the case where d = 3, it is proved in [4, Theorem 1.3] that Theorem 1.6
holds if we replace the mean curvature by the Gaussian one in the definition of F,. We do
not provide a proof here, since most of the difficulties are related to the convergence of a
product of weak-x-converging sequences and our approach does not change the proof in
a significant way.

Let us now consider two classes of shape optimization problems involving either an
elliptic PDE inside 2 or an elliptic PDE on the €!:! hypersurface 9<2.

Problems involving an elliptic PDE on a @!-1-hypersurface of R¢. Given f € (D),
we consider the problem of minimizing a shape functional depending on the solution vyq
of the equation

Arvye(x) = f(x) indQ, 1
where Ayq denotes the positive Laplace—Beltrami operator on d€2. Since we are not con-
sidering C* manifolds but rather C!>! ones, we need to explain how the PDE must be
understood. We use here an energy formulation defining, for a closed and non-empty
hypersurface 0<2, the functional

1
i HIOR) 30 5 [ 1Veue)Pdus + [ foutodi,
a0 a0
where H . (9Q) denotes the Sobolev space of functions in H ! (9Q2) with zero mean on 9<2.
We hence define vygq as the unique solution of the minimization problem

min  Eyq(u). 2)
ueHL Q)

Lemma 1.9. Let Q € O,,. Problem (2) has a unique solution vyg. Furthermore, if Q2
is C2 and if f € CY(D), then vyq satisfies (1) almost everywhere in 0S.

The proof of this result is postponed to Appendix C.
Let us introduce the shape functional

Fy(Q) = /a 2l 9(x), v (5), Frvan () ditaa (1)

where j» : R? x §471 x R x R? — R is assumed to be continuous.
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Theorem 1.10. The shape functional F, is lower-semicontinuous for the R-convergence,
that is, for every sequence (S2,)neN € Orl\g) that R-converges toward Q o, one has

n—+o0
As a consequence, the shape optimization problem

inf F>(Q)

Qeom
has a solution.

Problems involving an elliptic PDE in a domain of R?. Finally, let us investigate the
case of a shape criterion involving the solution of a PDE on a domain of R¥. We consider
hereafter a Poisson equation with non-homogeneous boundary condition, but we claim
that all conclusions can be easily extended to a larger class of elliptic PDEs.

Leth € L?*(D), g € H?(D), and define ugq as the solution of

3

Aug =h inQ,
ug =g indQ.

Let us introduce the shape functional F3 given by
Fa(@ = [ a0 ua (0. Vg () din),

where j3 : RY x §971 x R x R¢ — R is continuous.

Theorem 1.11 ([5, Theorem 2.1]). The shape functional F3 is lower-semicontinuous for
the R-convergence.

It is notable that by adapting the proof of Theorem 1.10, it is possible to obtain a much
shorter proof of this theorem. In order not to make this article unnecessarily heavy, we
only give the main steps of the proof in Section 2.5. This example is mentioned both for
the sake of completeness, in order to review the existing literature, and also to underline
the potential of the approach introduced here, which allows us to find more direct proofs
of all the known results and to extend them.

In addition, it is interesting to notice that our approach allows us to deal with problems
involving PDEs both using weak formulations as in (3) and also those whose solutions are
obtained using a minimization principle, as is the case in (1). The approach thus seems
robust and we believe that it can be easily adapted to general families of problems (for
example, to a general non-degenerate elliptic PDE).
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2. Proofs

2.1. The extruded surface approach

One of the key ideas to prove sequential continuity of functionals involving an integral on
the boundary is to approximate such an integral by an integral on a small tubular neigh-
borhood (as done, e.g., in [6]).

Let us first illustrate the method by proving Point 5 of Lemma 1.1.

2.1.1. Proof of 1.1, Point 5. For 0 < h < rg, consider

T :(=h,h) x 02 — Up(022),
(t,x) > x +tVbg(x).

Since T is Lipschitz continuous, it is differentiable at almost every (¢, x¢), with
Ao x)T(5,Y) =y +5Vba(x0) + todx, Vba(y), V(s,y) € RxTx,02. (4)

Remark 2.1. Note that as Vbg (xg) is a normal unit vector to d€2 at xo, we can identify
the tangent hyperplane 7,02 with R?~! endowed with a Euclidean structure inherited
from that of R%. We will use this identification several times in this paper.

As aresult, we can identify R x Tx,0Q2 3 (s,y) = y + sVbg(xo) with an orthogonal
matrix. Moreover, up to the choice of a different orientation on 7,92, such a matrix
belongs to the special orthogonal group SO(7). We use the same coordinate representation
to identify R x Ty, 02 > (s, y) > dx, Vba(y) with an x n matrix. By uniform continuity
of the determinant around SO(d), there exists Cy > 0 such that, for every M € SO(d)
and every [ € M4 (R) such that ||/|| < Co,

<det(M +1) <

| —
| W

As Vbg is %—Lipschitz continuous on 02, we have that for almost every xo € 02 and
every fo € R, [[todx, Vb < 22,

Let us fix & < min(rg, roCo/2) (independent of 2), so that ||zodx, Vbg| < Co for
almost every xo € 02 and every ty € (—h, h). By the change of variable formula, we then
have

B 1 3
HE1Q) = / dusg = — det(dr-1(,)T)dy < —H (U (D)),
9 2h Ju,9) 4h

whence the conclusion.

2.1.2. Extruded surface and R-convergence. Let us now illustrate the power of this
approach in the case of an R-converging sequence. Let 2;,, — €2,. From now on, we use
the notation I', := 92, for the hypersurfaces.
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For h < rg and n € N, let us define a parametrization of a neighborhood of T, by

Ty : (=h,h) x Ty, — Uy(Ty,),
(t,x) = x +1tVbg,(x).

Lemma 2.2. For every & > 0, there exists h > 0 such that for all n € N,
1 —e < det(dgyxp)Tn) < 1+¢ forae (to,x0) € (—h,h) x I'y.

Proof. We follow the same argument as in Section 2.1.1. More precisely, for a given
& > 0, there exists Co > 0 such that for every M € SO(d) and every [ € M4 (R) such that
1]l < Co,

l—e<dettM +1)<1+e.

Let us fix 7 < min(rg, roCo/2) (independent of n). As Vbg, is %—Lipschitz continuous
on Ty, we get ||todx, Vbg, || < Co for almost every xo € T and every ¢y € (—h, h). Whence,
using equation (4) with the previous estimate, we conclude the proof. ]

Remark 2.3. In what follows, we will use the Bachmann—Landau notation op_,¢(1) for
a function converging to 0 in L° as & goes to 0 and for a given n, large enough. For
example, Lemma 2.2 implies that

det(dT,) = 1+ op—0(1) on (=h,h) x Ty,
which means Ve > 0,INg € N, 34 > 0,Vn € N, n = Ny implies
|det(dy,x)Tn) — 1| <& forae. (¢t,x) € (—h,h) xTy.

Let us now introduce the orthogonal projection p, onto I'y,, defined on Uy (T7;) for
every h € (0, rop).
Lemma 2.4. The following properties hold:

(1) pn coincides with the second component of T, ' : Uy, (Ty) — (—=h, h) x T.

(2) Forall x € Uy(I'y), pn(x) = x — bg,(x)Vbg, (x).

(3) pn converges toward poo in L°°(Up(Too)).

Proof. Properties (1) and (2) are obviously equivalent and are proved in [7, Chapter 7,
Theorem 7.2]. Property (3) follows from the ! convergence of bg, toward bg__ . |

We can now state the key equality to relate surface and volume integrals. Apply
Lemma 2.2 with € € (0, 1) to select & > 0 such that T, : (—h, h) x [, — Uy(Ty) is
invertible for every n € N'.

't is actually well known that the domain of invertibility of T, contains Uy, (Ty).
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Lemma 2.5. Foralln € N, fe LY(T,), andt € (0, k), we have

1
[ rerann, @ =3 [ f om0 dedgigy T dy

Proof. Using the change of variable formula (also known as the area formula for Lipschitz
continuous functions), one gets

T
| [ rerann,wae= [ fopa)dedgag T ay. .
—t JI'y U:(Tn)
From now on, we will omit the 7, !(y) inside the determinant to improve the read-
ability.
Lemma 2.6. Foreveryh <rg/2and 0 <t < h, there exists Ny such that
Vn = Ny, Up_;(I'o) CU(I'y) C Uh+t(Fc>o)‘
Proof. By uniform convergence of bg, toward bg_, we have that for n large enough
bs_z;((t —h,h—1)) C bs_zi ((=h,h)) C b{z;((—h —t,h+1)). ]

In order to perform changes of variable in surface integrals, it is convenient to use pj,
directly as a way to map I's, onto I',. To this aim, we define

Ty oo = 'y,
X > pr(x).

Note that for n large enough, Lemma 2.6 ensures that 7, is well defined. We also intro-
duce Jac(t,) to denote the Jacobian of t,. Then, we have the following lemma:

Lemma 2.7. For n large enough, t, : U'eo — 'y, is a diffeomorphism. In addition,

sup |Jac(z,)(x) — 1|nj>>oO. )

x€lso

Proof. Let x € I'o. We take v € Tyx[', and identify it with an element of the tangent
hyperplane (see Remark 2.1). As v is tangent to ', at x, we get

(v, Vbg_ (x)) = 0.
Using Property 2 of Lemma 2.4, we get
dypn(v) = v — (Vbhg, (x),v)Vbg, (x) — b, (x)Vbg, (x)v.

Letus now fix i < %" For n large enough, thanks to Lemma 2.6, we have I',, C Uy (I'so).
Thus,

ldx pu(v) = vll < |Vbg, (x) = Vba (OlIv] + lIbg, | Ler.o I Vhe, (O]
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< vll(IVoe, — VbasllLewry e

+ bg, | L) | Vb, (x)||L°°(U%0 (Too)))-

We recall that both [|Vbg, — Vba  llLeWr, Ty and [|bg, |lLer,,) converge toward
zero. In addition, the quantity ||VZbg, (x)|| LSO(ULO (I'w)) is uniformly bounded. As a con-
sequence, :

n—o00
sup  sup ||dxpn(v) —v| — 0.
x€loo veT T,

lvll=1

Using a similar argument to the one used in Lemma 2.2, we take the determinant and
obtain (5).

As a result, we know that 7, is a local diffeomorphism. It remains to prove that t, is
injective. To this aim, we suppose that 7 is large enough to ensure that

1

[Vbg, — Vba, LW, (Ts)) < 3
3

Let x, y € I's such that p,(x) = p,(y). If x # y, this implies that there exists
te (—2%, 2%) \ {0} such that

x =y +1Vbg,(pn(y)) =y +1Vbg,(y).
As Qoo € Oy, it satisfies the r¢ uniform ball property (see (8)). Thus, one has
Bry(y + rosigntVbg,  (¥)) N = 0.

But, we have

. . t .
|x —y —rosigntVbq_ (y)| = [tVbg,(y) —rosigntVbg  (y)| < 5 + |t — ro signt|
<Tro.

This is a contradiction, and hence 7, is injective, which implies that it is a diffeomorphism
from 'y to T',. [

2.2. Proof of Lemma 1.4
Suppose that (2,,)neN € Oﬁ R-converges toward Qoo € Op,.

2.2.1. Proof of Point 1. For i < rp, using Lemma 2.5, we have

1
HI(T,) = / dur,(0) =~ [ det(dT)dy.
T, 2h Ju,(r,)
Moreover, by Lemma 2.6,
1 1
J4-N(T,) = —/ det(dT,)dy + —/ det(d T,) dy
2 Ju,_ (o) 2h Ju, (@o\U,_(Teo)
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for ¢ € (0, ) and n large enough. Let us compare the first term on the right-hand side with
1
2(h=1) Ju, (o)

Using Lemma 2.2, det(d Tio) = det(d Ty,) + op—0(1) on (—h, h) x I's. In addition, ﬁ -
= O(4). Hence,

H (To) = det(d To) d.

1
2(h—1)
1

t
— det(d T,) dy = #47(T" So(1) +0( ).
7 Jyy o, SAT (Toa) + 0p-s0(1) +0( ;)

On the other hand, using again the relation det(d To) = det(d Ty,) + 0p—0(1),

1 1
— det(dT,) dy < — det(d T,) dy
21 Ju, (@)\Up—(Too) 21 JU, (Coo\Up—i (Too)

(]
= — det(d T,)dy — / det(dT,) dy
2h( Un11(Too) Un—(Too) " )

= 22 Q0+ 0 H (Do) = 200 = ! () + 0 ()

2
= 22907 (To) + 04n0(1) = O( 1) + 010 D).

By taking  arbitrarily small while 1 = 42, we prove that #¢~1(T,) = H¢1(I'sp).

2.2.2. Proof of Point 2. Using the uniform convergence of b, to bg_ , we deduce that
for every ¢ > 0, there exists Ny € N such that

bé;((—oo, —¢]) C béi ((=00,0)) C b§io ((—o00,¢)), Vn = Np.
Hence, we get
I (ba,, < —&) < H(Qn) < H (ba,, < e).

By inner regularity of #¢, #%(bq., < —é¢) e H (ba,, <0) = H?(Qoo). Similarly,
by outer regularity F¢¢ (bo,, < 8)8:)—2 4 (bo,, <0)= H?(Q0o0), where we used that Qoo
belongs to O,.

2.2.3. Proof of Point 3. We want to prove that ', is isotopic to I's, for n large enough.
We consider

@n(t,x) 1 [0,1] x Too — R3,
(t,x) = x + t(pa(x) — x).
According to Lemma 2.7, ¢, (1, ) = 1, is a diffeomorphism from I's, onto I',,. In addi-

tion, following the proof of Lemma 2.7, we easily get that for ¢ € (0, 1), ¢, (¢, ) is a
diffeomorphism onto its image.
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2.3. Proof of Theorem 1.6

Suppose that (2, )neN € Olr\; R-converges toward Q2,0 € Oy,. Let 0 < ¢ < h small enough
(to be fixed later) and n be large enough.

We recall that the unit normal vector to I', is given by Vbg, (see Lemma 2.4). Then,
according to Lemma 2.5,

Fi(Qn) = /F J1(x, Vbg, (), Hr, (pn(2))dir, (x)
1 )
=5 /U . J1(pn(¥), Vb, (pn(¥)). Hr, (pn(y))) det(dy-1(yyTn) dy.

Moreover, using Lemma 2.6,

1
Fi(Q) = — / J1(Pu (). Vog, (o). Hr, (pa(y))) det(dT,) dy
2h Ju,_ (o)

1

o J1(Pn(¥), Vba,(pn(y)), Hr, (pn(y)))
Uh (Fn)\Uh—t(Foo)

det(dT,) dy. 6)

The key idea is to prove that all arguments of j; in the first term converge toward their
analogues for n = oo and to ensure that the second term is small for small ¢.

Let us start with comparing the first term in the right-hand side with F;(2,). Notice
that

1
= J1(pn(¥), Vb, (pn(¥)). Hr, (pn(y))) det(d T,) dy
2h Ju,_,(Te)

1 2(h — 1) det(dTy)
C2(h—1) Ju,_ .y 2h  det(dTw)

J1(Pn(¥), Vbg, (pn(y)), Hr, (pn()))
det(d Two) dy.

By Lemma 2.2, we have

H 2(h —t) det(dT,)

t
— = 0p-0(1) +O(—).
2h  det(dTeo) HL‘X’(U;,(I‘OO)) on—o(l) + ( )

h
Let us now investigate the mean curvature term. Note that this term is slightly technical
to handle for two reasons:

» the mean curvature Hr, is defined as the trace of the shape operator, which is itself
defined as the differential of the restriction to the hypersurface of Vbg, (see Appen-
dix A);

+ the Hessian of b, converges only in a weak sense.

We will use the following lemma, which is obtained thanks to the chain rule:
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Lemma 2.8 ([6, Theorem 4.4]). Let h < ro and n € N. IfV2bgq, (x) exists for x € Up(Too),
then V2bg, (pn(x)) exists and

V2ba, (pa(x)) = V2bg, (X)[Id —bg, (x)Vbg, (x)] .
In addition, one has that V?bg, (1, ' (pn(x))) exists as well.

Notice that the last part of the statement is not explicitly contained in [6] but can be
obtained by straightforwardly adapting the proof of its Theorem 4.4.

As V2bg, is uniformly bounded on a neighborhood of I's, and that bg, (x) < h for
x € Up(Ty,), there exists C > 0 such that

esssup ||[Id —bg, (x)V?bg, (x)] "' —1d| < Ch
x€Up(Tn)

for small /. As a consequence, using Lemma A.3, one has

Hr, (pn(x)) = Tr V2bg, (pa(x)) = Tr VZbg, (x) 4+ O(h).
Note also that Hr, < % on I';,. We can use the uniform continuity of j; on a compact set
to ensure that for n large enough and n = oo,

1

Z(h—l) Uy (
1

C2(h=10) Jy, )

j1 (Pn(¥), Vb, (pn(¥)), Hr, (pn(y))) det(d Too) dy

J1(Pn(y), Vb, (pn (1)), Tr VZha, () det(d Too) dy
+ O(h). @)
The next step is to pass to the limit within the integral. Note that, by definition of
R-convergence,

n—>oo

Pn — Poo strongly in L°°(Ur70 (To)),
Vbg, 0 pn —> Vba.. o peo  strongly in L®(Urp (To)),
TrV2bo, 'S TrV2hg,,  weak-* in L®(Urg (Teo))-

Thus, as j; is continuous from RY x $§9-1 x R to R and convex with respect to its last
variable, it follows, for example, from [1, Theorem 1] that

L®(Ur (Teo))* 3 (p.1,w) > / J1(p(y), v(y), w(y)) det(d Too) dy

is sequentially lower-semicontinuous with respect to the strong convergence in (p, v) and
weak-* in w. Thus,

1
liminf ——— j1 (Pn (). Vbg, (pn (1)), Tr Vb, (v)) det(d To) dy
n—oo 2(h —t) Upy(

1

. 2
Z 30— o oo)Jl(poo(y),Vbszoc,(p<><>(y)),TrV ba,, () det(d Teo) dy
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1

_ . 5
=2h-n Uh_t(roo)]l(poo(J’)’VbQoo(poo(Y)),TI‘V ba.. (Poo(1)))

det(d Too) dy + O(h)
F1(S200) + O(h). (8)

In order to conclude, let us check that the term in line (6) is small. Since j; is continuous
on a compact set, it admits a minimum mq € R. Let m; = min(0, m¢) < 0. Then,

1

21 Ju, (C)\Up— (Too)
1

21 Ju, (@\Up—(Too)

J1(Pn(¥), Vbe, (pu(y)), Hr, (pn(y))) det(d Ty) dy

my det(dT,) dy

1 det(d T,,)
> — m; —————det(d Too) dy.
2k Uy Co\Uy—, (T deU(d Too) >
Using
det(d T,)
|dedTn) ) -
det(d Too) Lo (Uz4(T's0))
and
/ my det(d Too) dy = 2(h + 1)m1 H? ™ (Too).
Up+:(Too)
we get

1

2h /Uhm)\uh_z(roo)
_ t
> m1 397 (Too) (010 (1) + 0(5)). ©)

J1(pn(¥), Vbe, (pn(¥)). Hr, (pn(y))) det(d T,) dy

Finally, combining equations (7)—(9), we obtain
L 4 d-1 4
liminf £ () > (Fi(Qe0) + 0(h))(1+ o(z))+mle}€ (rw)(ohﬁo(1)+ O<71))'

Hence, taking 7 — 0 while ensuring ¢ = o(h) gives

liminf F1(22,) = F1(Qo0),
n—-4o00
and finishes the proof.

2.4. Proof of Theorem 1.10

Let (2,)neN denote a sequence that R-converges to 2, and let v, denote the unique
solution vr, to problem (2) for 2 = £2,. The difficult part here is that vr, is not defined
on I's. Our main tool will be t,, the restriction to I's, of the orthogonal projection p,
on I',. Those objects were introduced in Section 2.1.2 and we proved that 7, is a diffeo-
morphism between ['s, and I',, in Lemma 2.7.
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We also have to be careful when we transport the tangential gradient of a function. In
order to relate the tangential gradient and the ambient gradient, we establish the following
pointwise estimate:

Lemma2.9. Letn € N and f, € H'(Ty,). Then, f, o1, € H'(I's,) and, for almost every
X € I'so,

Vg (fn © T)(x) = VI, fu(ta(x))(1d +Cy (X)), (10)
where tangential gradients are understood as d -dimensional line vectors and

Cu(x) = (Vbg, (x) T Vbg, (x) —1d)Vhg_ (x)' Vb, (x)
+ bg, (x)V?bq, (x)(Vba,, (X)TVbQOO (x) —Id).
In addition, C,, converges toward zero in the L°° norm, that is,
ess supxepmHC,,(x)Hnj)oO. (11)

Proof. First notice that

Voo (fn 0 Pn)(x) = V(fn © pn © Poo)(X)

for almost every x € 02, since the directional derivative of f, o p, © ps at the point x
in the direction Vbg, (x) is zero. By Lemma 2.8, V2bg, (x) is well defined for almost
every x in I'so. By Lemma 2.4 and the chain rule, we obtain almost everywhere on I'oo

V(fn 0 Pn o Poo)(x)

= ((V fa) © pa)(1d =Vbg, Vb, — b, V?be,)1d=Vbg_Vba, —ba, Vba.,)

= ((Vr, fn) © t)(Ad —(1d =Vbg, Vbg,)Vbl, Vbg,,

— bq, V?bg,(1d—Vb{, Vb)),
where we used that V f,, = Vr, f, p» = 1, and bg_, = 0 on I'w. This shows (10).
Let us now bound the L* norm of C,. There exists C > 0 such that, for every n
satisfying I'oo C U%o (Tn),
esssupyer,, [ V2be, (x)(Vbg  (x)Vba, (x) —1d)|| < C.

In addition, ||bg, ||L~(r,,) converges to zero. Finally, using the uniform convergence
of Vbg, toward Vbg_, we get

L0, UpT (Vbe, Vb )Vbg, = Vb Vbg..

n—>oo

Vbg, Vba, Vb Vba,,
This concludes the proof of (11). |

From the solution v, in H j (Ty), we introduce the function wy, defined on 'y, by

1
wnZUnOTn—m/ll UnOTnd[LI‘oo.

Note that, defined as such, w, belongs to H*l (T'so).
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Step 1: convergence of (wy)neN. Let us start by considering the sequence of energies
(€1, (vn))nen. This sequence is bounded above by 0, since Er, (v,) < Er,(0) = 0 for
every n. By using the uniform Poincaré inequality stated in Proposition C.2 combined
with the Cauchy—Schwarz inequality, we get that ( fl“n |va|? dpir, (x))nen is bounded. We
now compute

1

1
T 1 e~ n nd = = < n J n d
Ja—(Too) Jr U ° T HTe = oa—1(r ) /rnv 2elta)dpr,

_ (V HI1(Ty)

AT () [[vn ||L2(1"n)) On—oo(l),

where we used Lemma 2.7, the Cauchy—Schwarz inequality, and the fact that v, has zero
average on [,. Hence, we infer that w,, = v, o 7, + 0500 (1). In addition, by performing
a change of variable and by using Lemmas 2.7 and 2.9, we get

/Fn (%Wrn vn(W)> = f(y)vn (y)) dur, ()

= / (%|VF,, Un('fn(y))l2 = f(@n(y))(vn 0 Tn)()’)) Jac(fn)_ldﬂvl‘oo(y)

oo

_ /F (31Vrwn O = @ (D)n()) dpire () + 0n oo,

where we used that Vr_ w, = Vr_ (v, © 1), by definition of w,. By using Proposition C.2
and again the Cauchy—Schwarz inequality, we successively infer that the sequences

(fl"oo |wn |? diur,, (X))nen and (fl"oo |Vr wn|?dur,, (x))nen are bounded. By using The-
orem C.1, the sequence (wy),eN converges up to a subsequence toward Weo € H,}(Foo),
weakly in H!(I's), and strongly in L?(I's). Up to extracting a subsequence, we get

/ |erwoo(x)|2durw < liminf/ |Vroown(x)|2durw,
n——+oo Too

o]

Jim [ £ dir = [ w0700 dir.

o]

As a consequence,
Er, (Woo) < liminf Er, (vp).
n—-+4o00

Step 2: Minimality of Weo. Letu € H}(I's) be given and define z,, in H}!(T',) by

anuot;l

1 —
_JNT(F)/F uot, 'dur,.

Let n € N. By minimality, one has

€r, (vn) < €r,(zn).
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By mimicking the arguments and computations of the first step, we easily get that

81",, (Zn) = EFOO(U) + 0n—>oo(1)y (12)

yielding at the end Er_ (Woo) < €1, (u). We infer that w is the unique solution to vari-
ational problem (2). Since the reasoning above holds for any closure point of (wy),eN, it
follows that the whole sequence (wy),eN converges toward Weo, weakly in H1(Ts), and
strongly in L?(I's,). Finally, using # = weo in (12), we obtain that

€Ty (Woo) = liminf Er, (vy).
n—+oo
In particular, (||w, ”12‘11(1“00))"EN converges toward [|weo ||§{ 1(Too)? which implies the strong
convergence of w, in ().

Step 3: Lower-semicontinuity of F,. Let us use the same notations as those used previ-
ously. Using a change of variable, we get

Fy () = /F j2(x, Vha, (), n(x), Vr, va () diir, ()

_ / J2(tn (%), Vg, (20 (). vn (ta (x)). Vi, Un © 7 (x)) Jac(zn) " dpar, (x).

Too

In addition, according to the results above and Lemma 2.4, the following convergences
hold:

Jac(z,) V"1 strongly in L% (Teo).

rnn:)—of Id|r,, strongly in L*°(Too),

Vbg, © rnanongoo strongly in L*°(T'so),
Uy O t,,nj;owoo strongly in L?>(Too),
Vr,vn © tnn:)—of VreWoo  strongly in L2(Foo),

where Wy is the unique solution to variational problem (2).
By applying [1, Theorem 1], one has

liminf F5(R2,) = F2(Q0).
n—-+o0o
This is the desired conclusion.

2.5. Main steps in the proof of Theorem 1.11

First note that ug — g solves (3) with source term 7 — Ag and Dirichlet boundary con-
dition. As a consequence, we can reduce our study to the case of homogeneous Dirichlet
condition (i.e., ug = Oon I').

The method relies on a uniform extension property proved by Chenais in [3] for sur-
faces satisfying an e-cone condition, which is weaker than the uniform ball condition.
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Lemma 2.10 ([3, Theorem II.1]). There exists a positive constant C (depending only
on ro and D) such that for every Q2 € Oy, there exists an extension operator Eq €

L (H?*(Q), H*(D)) satisfying
Eqow)le =u. ||Eallem2@),m2p) < C-

We will use this lemma to extend the solution of the PDEs to the whole box D. The
next step is to find a uniform H 2 estimate of the solutions. In our case, such an estimate
was proved by Dalphin, who extended a result for domains with €2 boundary obtained by
Grisvard in [8].

Lemma 2.11 ([5, Proposition 3.1]). There exists C > 0 (depending only on ro and D)
such that for every Q € Oy, and f € H*(2) N H} (), we have

| flla2@) < CIAS L2

As a consequence, we have a uniform H?(D) estimate on the extension of the solu-
tion ug, namely,

|EQe)lla2py < Cllhll2py, YR € Op. (13)

R
Let us now consider 2, — Q. Using (13), we get that (Eq, (4q, ))neN is uniformly
bounded in H2(D). Up to extracting a subsequence, we can assume that

> weakly in H2(D),
oo*{ y (D) a4

n
E Qn (u Qn) —Uu
strongly in H'(D).
The next step is to prove that the restriction to Qo of u™ isug__.
To this aim, let us consider an arbitrary compact set K contained in the interior of 4
and a C* function ¢ with compact support included in K. For n large enough, K is

contained in the interior of 2,, (see Lemma 2.6), and, therefore, one has ¢ € HO1 (R2,) for
such integers n. Using the variational formulation of the PDE given by (3), we get

[ (VEa,wa,). Ve - 1 =0

Using the density of €* functions with compact support in H_ () and passing to the
limit yields that u*|q_, = uq,,.

Remark 2.12. In order to replace Dirichlet boundary conditions by Neumann’s ones,
one can follow similar steps as those leading to equation (14). Then, by considering the
variational formulation with ¢ € C*°(D) and passing to the limit in

/ govp — govep
T, oo

(a consequence of Corollary 1.7 if g € C%(D)), one gets that u*|q_, = uq.,.
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The last step is to relate F53(£2,) and F3(2s). Since the involved functions belong to
Sobolev spaces and since one aims at comparing surface integrals with tubular ones, we
need a suitable uniform trace result.

Lemma 2.13. There exists C such that for every h < %0, everyn € N, and every f €
H! (U%O (Fn)),

I/ = S opulrzw,@ny < Chllf Il W, @)
2
where f~ denotes the trace of f on T'y.

Proof. Let f be a smooth function. According to Lemma 2.4, every point y € Uy (I',) can
be written in a unique way as y = x + tVbgq, (x) with x = p,(y) € I'; and t € (—h, h).
Moreover, one has

| f(x +1Vbg, (x)) = f()* < C?|9vpg, (v f(x + yVbg, (x))”ig(_%o’%o)ltlv

where dvp,, stands for the derivative in the direction Vbg, (x) and C is the norm of

the continuous embedding of H 1([—%", 7)) into the space € 2 of %-Hélder continuous

functions. Hence, using Lemma 2.2, we get

h
I1f = £ o ulaa = | h | 1+ 19, () = F derT,) dxds
h n
< [ [ C209n, S5+ Vb, (N2 g el det@T) dvds
—nJr, y(=22

< C20 [ 109ba, f(x + 7 Ve, CDIZ; s (1 +0hsn(D) d

< C2h2||f||12'-11(Ur0 (I‘,,))(l + op0(1)).
7

We conclude the proof thanks to the density of the smooth functions in H!. ]

Using that ug, is uniformly bounded in H2(D), let us apply Lemma 2.13 to ug,
and Vug,. We obtain

lug, —ug, o Pn||1242(Uh(rn)) + [Vug, — (Vug,) o Pn”iz(Uh(pn)) = Op—o(h).

The end of the proof is similar to the one of Theorem 1.6 and consists in using the extruded
surface approach to prove

liminf F3(R2,) = (1 4+ 04_9(1))
n——+oo

o1 .
x lim inf — J3(x,Vbg,(pn(x)), Eq, (ug,)(x), VEq,(ug,)(x)) dx
n—+o0o 2h Up(Tw)
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> (1+ o;Ho(l))(1 + O(%))

X lim inf
n—-+o0o 2(h - t) Up—1(T'so)

+opso(l) + o(%)

J3(x, Vbay, (Poo (X)), u™(x), Vu™ (x)) dx

> F3(@e0) + 0nso(1) +0(%).

which concludes the proof.

3. Conclusion

In this paper, we have introduced a new method to tackle the existence issue for shape
optimization problems under uniform reach constraints on the considered shapes, of the

type

inf / 7630 (), Baa (¥)) djtag ().
QGOrO a0

While several references such as [4, 5, 9] have already addressed similar questions on the
same type of problems, we believe that the approaches developed in this paper are on the
one hand simpler, but also sufficiently robust to allow easy extension of the results to more
general settings.

For example, we believe that minor adaptations of the developed proof techniques
allow one to extend our results to the following cases without much effort:

* Under weaker regularity hypotheses, one could think of replacing the continuity as-
sumption by lower semicontinuity on the integrand jy; » 33. Another example would
be to assume that f in equation (1) belongs to H'/2(D) instead of € (D). In fact, if
f € H'Y2(D), then its restriction to 3 is well defined and belongs to L?(3<2). The
crucial aspect would then be to establish regularity of the integrand.

*  More general PDEs could be considered (see Theorems 1.10 and 1.11). Extension to
general elliptic equations associated with differential operators of the kind Vr - (6 V)
satisfying a coercivity property should be straightforward. We also believe that our
framework allows extensions to non-linear elliptic PDEs under reasonable assump-
tions.

*  One could consider costs involving the solution of a minimization problem depending
on €2 but not necessarily related to a PDE. Indeed, in the proof of Theorem 1.10, our
study of the variational problem does not rely on the underlying PDE. We treated a
case involving a convex minimization problem over the set of divergence-free vector
fields on 02 in [12].

All of those generalizations do not seem obvious when using other methods.
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Let us conclude by discussing a more open-ended problem. A very interesting exten-
sion of this work would be to generalize our results to manifolds with boundary. For
instance, we could examine open sets @ of d€2 (under the induced topology) such that dw
also satisfies a reach condition. In this scenario, @ becomes a d — 1 submanifold with
a boundary, prompting the question of whether adapted versions of Theorems 1.6, 1.10,
and 1.11 are attainable (e.g., by imposing Dirichlet conditions on the submanifold’s
boundary).

A. Curvatures of a submanifold

Let us quickly review the definition of the mean curvature for an oriented (d — 1)-subman-
ifold of R with @"! regularity. To stick with our notation, we consider the submanifold
to be the boundary of some 2 € O,.

Definition A.1. The Gauss map is the application which assigns to each x € I' = 92 the
direct unit normal vector to I" at x. In our setting, it can be defined as

N:T — s4-1,
X = ng(x).

We can now define the following objects:

» The shape operator (or Weingarten map) is the differential of the Gauss map. For
every x € I', the tangent spaces 7 I" and Ty(x)S 4=1 are equal as linear subspaces
of R?, and the shape operator at x is self-adjoint where it is defined. See, for example,
[11, Chapter 5] for a general introduction.

*  The trace of the shape operator is called the mean curvature and is denoted H .

* The determinant of the shape operator is called the Gauss curvature.

Remark A.2. The Gauss map is %-Lipschitz continuous (see Lemma 1.1), where rg is
the reach of T". Thus, the shape operator is in L*° and, for almost every x € T, all the

eigenvalues k1 (x), ..., kg—1(x) of the shape operator are bounded in modulus by % This
means, in particular, that the curvature radii are almost everywhere bigger than ry.

We insist on the fact that N is defined only on I' and thus the shape operator is not
defined on R? or any tubular neighborhood of T'. Nevertheless, we have the following

property:

2Note that in differential geometry it is common to define the mean curvature as the trace of the shape
operator divided by (d — 1).
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Lemma A.3. The mean curvature coincides with the trace of V?bg on T.

Proof. Let x € T" and let B be an orthonormal basis of 7, I". Using the identification
between T " and the tangent hyperplane (see Remark 2.1), we obtain that {Vbg(x)} U B
is an orthonormal basis of R?. The vector field Vg is constant along the direction Vbg(x)
(see, e.g., [7, Theorem 7.8.5.ii]). As a consequence, the trace of V2bg and the mean
curvature coincide. ]

B. R-convergence: Proof of Proposition 1.3

The compactness property follows from two facts. First, the Arzela—Ascoli theorem, com-
bined with the fact that every function bg, for Q2 € O, is 1-Lipschitz continuous. Second,
the reach constraint which imposes a uniform bound on the second derivative of bg. These
two facts are used in [7] and [4] to get the sequential compactness results used below.

Let (2,)nen denote a sequence in O,,. By the compactness property of sets of uni-
formly positive reach proved in [7, Chapter 6], it follows that, up to a subsequence, bg,
converges to bg_, for the C° topology on D. In [4], the convergence is shown to hold also
for the strong C1* topology (for o < 1) and for the weak W 2> topology in an r-tubular
neighborhood of 02, with r < ry.

As a consequence, Reach(I'so) = r¢. In particular, according to Lemma 1.1, bg
is L1 on U, (T'wo).

C. The Laplace-Beltrami equation on a manifold: Proof of
Lemma 1.9

Let (02, g) denote a closed compact manifold. We explain hereafter how to understand
the equation Ayov = & in Q2 in a weak sense, whenever Q € O,,. Indeed, under this
assumption, 02 isa C L1 gybmanifold according to Lemma 1.1, not necessarily ©2, which
justifies why such an equation cannot be understood in a strong sense.

The key ingredient in what follows is the Rellich—Kondrachov lemma, stating the com-
pactness of the embedding H}!(Q) < L?(3Q).

Theorem C.1 (Rellich—-Kondrachov theorem on surfaces). Let Q2 € O,. Let (Upn)neN
denote a sequence in HL(3S2) such that (faQ |Vu, (x)|? ditgo)nen is bounded. There
exists u* € HY(0Q) such that, up to a subsequence, (un)neN converges to u* weakly
in H}(0R2) and strongly in L*(3%2).

Proof. According to [6, Theorem 4.5.ii], since 92 is €', the L? norm | - [|;2(3) on
the surface 92 and the L2 norm L*(dQ) > u — |u o pallr2w,@a) on the thickened
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surface Uy (0S2) are equivalent whenever # > 0 is small enough, where pg(x) denotes the
orthogonal projection of x onto 92, that is, po(x) = x — ba(x)Vba(x), and U, (92) =
{x e R | |bq(x)| < h and pg(x) € IQ}.

Similarly, according to [6, Theorem 4.7.v], since 32 is C':!, the norm | - e o)
defined as

ul2 =/ IVeul? duag.
Hl (%) 90

and the norm || - || 1 . given by
h

1
]l g1 |Vru o pol? dusg

U, (09) - ﬂ U, (09)

are equivalent whenever i > 0 is small enough. We conclude the proof by using the
standard Rellich—-Kondrakov theorem (see, e.g., [2, Section 9.3]) on the thickened sur-
face Uy (092). |

The following result is a Poincaré-type lemma, uniform with respect to the chosen
surface in the set O,:

Proposition C.2 (Poincaré lemma on a surface). Let ro > 0 and Q2 € O,,. There exists
C(ro, D) > 0 such that

Yu e H}(T), [ |Vru(x)|? dur = C(rO,D)/ lu(x)|* dur.
r r

Proof. Let (2, Un)nen, wWith v, € H]}(T,), be a minimizing sequence for the problem

Vru(x)|>d
inf inf f”F(l' Hr
Q€0 uenl(r) Jp lu(x)|>dur

Let us argue by contradiction, assuming that

and /|v,,(x)|2durn=1,

1
[ 19500 der, <

by homogeneity of the Rayleigh quotient. According to 1.3, we can assume without loss
of generality that (£2,),en R-converges toward Qoo € Oy, .

Let p, denote the orthogonal projection on I', and let us introduce the function w,
defined in U (T',) for h as in Lemma 2.2 and n large enough by w, = v, o p,. We follow
exactly the same lines as in the first step of the proof of Theorem 1.10. A direct adaptation
of the first step of the proof of Theorem 1.10 yields

/ Ve wn )P diara () = /F Ve, va P diar, (x) + o(1).

We infer that |
[ 19 dier ) < -+ o).
Too
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By using Theorem C.1, we get that the sequence (w,),eN converges up to a sub-
sequence toward w* € H}(Ts) weakly in H'(I's) and strongly in L?(Ts). Up to
extracting a subsequence, we get

[ Vraw )P dur, < timinf [ Ve, (0P dier,, =0,
n—-+oo T'oo

[o¢)

/ w* (O dur, = 1.
T'eo

/ wy(x)dpr,, = 0.
Foo

By using the first equality, we get that w* is constant on I" and we obtain a contradiction
with the two last equalities above. ]

Let us now prove Lemma 1.9. Let (u,),en denote a minimizing sequence for prob-
lem (2). Since (1 (#,))neN is bounded, and since

er(un) = Cd,ro)[unlZsry = 122 lnll2r)

according to Proposition C.2, we infer that (||t ||z2(r))nen is bounded. Since

/F IVeun ()P dpr = Ex(un) — /F U (R dptr < [l 2y e 2 + Er ().

we infer the existence of u* € H ]} (T") such that, up to a subsequence, (1, ),eN converges
weakly in H}!(T") and strongly in L?(T"). Up to extracting a subsequence, we get

inf  &r(u) = liminf & (u,) = / |Vru*(x)|? dur + / u* (x)h(x)dur = Er(u™)
ueH () n—>-+oo r r

and the existence follows. The uniqueness is standard and follows from the strong con-
vexity of the functional €.
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