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On the realization of a class of SL(2, Z) representations
Zhigiang Yu

Abstract. Let p < g be odd primes and p1 and p> be irreducible representations of SL(2, Zp)
and SL(2, Z4) of dimensions pTH and %, respectively. We show that if p; @ p2 can be realized
as a modular representation associated with a modular fusion category €, then ¢ — p = 4. Moreover,
if € contains a non-trivial étale algebra, then € X €(Zp, n) = Z(-4) as a braided fusion category,
where 4 is a near-group fusion category of type (Zp, p), which gives a partial answer to the con-
jecture of D. Evans and T. Gannon. We also show that there exists a non-trivial Zy-extension of A
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that contains simple objects of Frobenius—Perron dimension

1. Introduction

A braided spherical fusion category € is called modular if the S-matrix of € is non-
degenerate (see Section 2). Modular fusion category connects with conformal field theory,
quantum groups, representation theory, and mathematical physics, etc. [6, 9, 16, 17].
Combined with the T-matrix, which is defined by the ribbon structure 6 of €, these two
matrices (S, T") are called the modular data of €. The modular data enjoy many important
algebraic and arithmetic properties. The modular data provides a projective congruence
representation p of the modular group SL(2, Z) of level N [6,9, 18], where N = ord(T).
Moreover, p can be lifted to a linear congruence representation of SL(2, Z) of level n with
N | n| 12N, thatis, it factors through SL(2,Z) — SL(2, Z,,), and the linear representation
satisfies the Galois symmetry [6].

Finite-dimensional representations of SL(2, Z,) are classified completely in [21,
22]. Thus, one could construct (or reconstruct) modular fusion categories from finite-
dimensional congruence representations of SL(2, Z); see [18, 20, 30] for applications.
In this paper, we are aimed to realize a class of finite-dimensional congruence representa-
tions of SL(2, Z) as a modular representation associated with a modular fusion category.
Explicitly, let p be an odd prime, and let p be an irreducible pTH—dimensional represen-
tation of SL(2, Zp). It is well known that, up to isomorphism, there exist just two such
representations [21]. However, neither of these two representations can be isomorphic to a
modular representation associated with a modular fusion category [8]. Hence, we consider
the following question.

Mathematics Subject Classification 2020: 18M20 (primary); 81R50 (secondary).
Keywords: modular fusion category, modular representation, near-group fusion category.



Z.Yu 2

Question 1.1. Let p < g be odd primes. Is there a modular fusion category € such that
the associated modular representation pe = p; @ p2, where p; and p, are irreducible

representations of dimension 241 and %, respectively?

2

When p = 3 and ¢ = 7, the answer is positive [18, Lemma 4.7]. We give a necessary
condition on realizing the sum p; @ p, in Theorem 3.2, which states ¢ — p = 4. Moreover,
we show that if such a modular fusion category € does exist, then it is connected with
a near-group fusion category +4 (see Section 3.2). We study the structure of € and the
related near-group fusion category «+; and we also give a faithful Z,-extension of A,
which generalizes the fusion category 'V constructed by Ostrik in [4].

Since there exists a pointed modular fusion category €(Zp, ) of Frobenius—Perron
dimension p such that € X €(Z,, n) = Z(A) as a modular fusion category (Theorem 3.5),
which then can be viewed as evidence that [12, Conjecture 2] might be true; and the
modular data (of €) obtained in this paper gives a partial solution to the modular data
described with unknown parameters in [12, Proposition 7].

This paper is organized as follows: In Section 2, we recall some basic notions
and notations of (modular) fusion categories, such as Frobenius—Perron dimension,
global dimension, modular data, and the congruence representations of the modular
group SL(2, Z). In Section 3, we consider the realization of a direct sum p; & p, of
two irreducible representations of dimensions ”Tﬂ and %, respectively. We show in
Theorem 3.2 that if p; @ p, can be realized as a representation associated with a modular
fusion category €, then ¢ — p = 4. Under the assumption that € contains a non-trivial
connected étale algebra A, we prove that ‘62 is a pointed modular fusion category and
€4 is a near-group fusion category of type (Zp, p) in Theorem 3.5 and Theorem 3.8.
At last, we construct a faithful Z,-extension M of €4, which contains simple objects
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of Frobenius—Perron dimension , and we determine the fusion relations of M in

Corollary 3.13.

2. Preliminaries

In this section, we recall some of the most used definitions and properties of modular
fusion categories; we refer the reader to [7,9-11, 17] for standard conclusions for fusion
categories and braided fusion categories.

2.1. Fusion category

A C-linear abelian category € over the complex number field C is called a fusion category
if € is a finite semisimple tensor category [9]. In the following, we use O(€) and ® to
denote the set of isomorphism classes of simple objects of € and the tensor product on €,
respectively.

Let € be a fusion category. Its Grothendieck ring is then a fusion ring with
Z4+-basis O(€) and the multiplication is induced by the tensor product ®. There
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is a unique homomorphism FPdim(—), called the Frobenius—Perron homomorphism,
from Gr(€) to C such that FPdim(X) is a positive algebraic integer for all non-zero
objects X [9, 10]. The sum

FPdim(€) := > FPdim(X)>
Xen(€)

is called the Frobenius—Perron dimension of €.

A fusion category € is pivotal if it admits a pivotal structure j, which is a natural
isomorphism from the identity functor id to the double dual functor (—)** [9]. Then there
is a well-defined categorical trace Tr(—) for all morphisms f € Home (X, X), where X
is an object of €. Fix a pivotal structure j on €, the categorical trace of idy is called the
categorical dimension of X and is denoted by dim(X), and the sum

dim(€) := ) dim(X)dim(X*)
Xeo(e)

is called the global (or quantum) dimension of €. Moreover, the categorical dimension
induces a homomorphism from the Grothendieck ring Gr(€) to C [9, Proposition 4.7.12].
If dim(X) = dim(X™*) for all objects X of €, then € is called spherical.

Recall that a fusion ring R is categorifiable if there exists a fusion category € such that
Gr(€) = R as fusion ring [9, Definition 4.10.1], and € is called a categorification of R.
For example, for any finite group G, the pointed fusion category Vecg, i.e., the category
of G-graded finite-dimensional vector spaces over C, is a categorification of the group
ring Z[G], where w € Z3(G, C*) is a normalized 3-cocycle on G and C* := C\{0}.

2.2. Modular fusion category and modular representation

A braided fusion category € is a fusion category with a braiding ¢, which is a natural
isomorphism cx.y : X ® Y => ¥ ® X satisfying the hexagon equations [9]. In addition,
if € is spherical, then € is called a pre-modular (or ribbon) fusion category and we use 6
to denote the ribbon structure of €.

Let € be a pre-modular fusion category. For any simple objects X, Y of €, let
Sx,y := Tr(cy,xcx,y), then

S =(Sxyy). T =(Sx,y0x)

is called the modular data of €. If the S-matrix S is non-degenerate, then € is said to
be a modular fusion category [7, 17]. For example, pointed modular fusion categories are
in bijective correspondence with metric groups [7, Proposition 2.41]. We use €(G, n) to
denote the modular fusion category determined by the metric group (G, 1), where G is a
finite abelian group and n : G — C* is a non-degenerate quadratic form, the modular data
of €(G, n) is

_n(gh) p

TP A n(g),Vg.h € G.
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The S-matrix of a modular fusion category € also satisfies the Verlinde formula [9], which
states that for any objects X, Y, Z € 9(€),

1 Z Sx,wSr,wSz*w

NZ. -— di H X®Y.Z)= —5-
v imc (Home (X ® Y, Z)) dim(€) dim(W)

Weo(e)

Recall that the modular group SL(2, Z) is generated by s = (_93) and t = (} 1)
with relations s = 1 and (st)?> = 2. The modular data of a modular fusion category €
determines a projective congruence representation p of the modular group SL(2, Z) of
level N = ord(T) [2,6,9, 18], that is, ker(p) kills a congruence subgroup of level N, and

1
p:s> ——S,t—> T,

J/dim(€)

where /dim(€) is the positive square root of dim(€). Moreover, the projective represen-
tation p can be lifted to a linear congruence representation pe of level n and N | n by
[6, Theorem II], where n = ord(pe (t)). If ord(T') is odd, then there is a lifting o’ of p
such that ord(p’(t)) = ord(T) [6, Lemma 2.2].

Let p be an arbitrary irreducible finite-dimensional congruence representation of
SL(2, Z) of level n, where n is a positive integer. Then it follows from the Chinese
remainder theorem that p factors through the finite groups

SL(2, Zy) 2 SL(2, Zyn) X -+ X SL(2, Z pr)

and p = ®;_1ppj , where n = ]_[Jr_1 p]nj and p; are distinct primes, and p,; are finite-
dimensional representations of subgroups SL(2, Z ,) Finite-dimensional irreducible

representations of the group SL(2, Zpm ) are completely classified and constructed explic-
itly in [21,22].

Hence, one could try to reconstruct modular fusion categories from finite-dimensional
congruence representations of SL(2, Z); see [2, 8, 18,20, 30] and the references therein
for details. For example, many important properties of modular representations are sum-
marized and characterized in [18]; as an application, modular fusion categories with six
simple objects (up to isomorphism) are classified by considering the type of the associated
modular representation of € [18]. A representation p of SL(2, Z) is called realizable if
there exists a modular fusion category € such that pe = p.

3. Realization and extension

In this section, we consider the realization of p; @ p, as a modular representation associ-
ated with a modular fusion category. Under the assumption that p; @ p, can be realized
as a representation of a modular fusion category €, we study the structure of € and show
it is related to a certain near-group fusion category . At last, we construct a faithful
Z.»-extension of A.
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3.1. Realization

Let p be an odd prime. Let p be a pT'H-dimensional irreducible representation of
SL(2,Zp). Then [8, (4.11)] says

1 V2 V2
V2 z(ﬂp BT

p(s) = :317 4rajk
2COS(T) B D

),p(t) — diag(1,T7),
V2
where BT = («/E,Bp, o, «/E,Bp) is a pT_l-dimensional vector over C, and

. (2 . COS(4ank)) and T, = diag(g;:,.__, ) )

are square matrices of order Tl, 1<j,k< Tl, Bp = (;) (_71
integer coprime to p and (%) is the classical Legendre symbol. Notice that p is non-
degenerate, i.e., the eigenvalues of p(t) are multiplicity-free. Given an odd prime p, up to
isomorphism, it is well known that there are exactly two such irreducible representations
[21], depending on the value (%)

It was proved in [8] that p cannot be realized by a rational conformal field theory
(equivalently, it cannot be realized as a modular representation associated with a modular
fusion category), as the corresponding fusion rings obtained from the Verlinde formula
are not integer-valued fusion rings. However, it was also noted in [8] that one can obtain
an integer-valued fusion ring from a direct sum of two such representations for different
primes p, ¢ such thatg — p = 4.

Hence, one would like to answer the following question naturally.

L Lo a )%, where a is an

Question 3.1. Let p < g be odd primes. Furthermore, let p; and p, be irreducible rep-
resentations of SL(2, Z,) and SL(2, Z,) such that dim(p;) = pTH and dim(py) = %,
respectively. Is p; @ p, realizable?

When p = 3 and ¢ = 7, the answer is positive; and € is a Galois conjugate of the
modular fusion category €(gz, 3) [18, Lemma 4.7]. We refer the reader to [1] for con-
struction of the modular fusion category €(g, k), where g is a simple Lie algebra. Notice
that if p = 1 (of course, it is not a prime), and let po be the trivial representation, then
Po D p is realizable for all primes ¢ > 5; moreover, the associated modular fusion cate-
gory € is Grothendieck equivalent to €(sl5,2(g — 1)) [30, Theorem 3.12], where A is
the non-trivial étale algebra of Rep(Zj) C €(sl,,2(¢ — 1)) and €(sl,,2(q — 1))21 is the
core of €(sl5,2(qg — 1)); see [5,7, 16] for details.

In the following theorem, we give a necessary condition to realize p; @ p» as modular
representation associated with a modular fusion category.
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Theorem 3.2. If there is a modular fusion category € such that pe = p; @ pa, then
g—p=4
Proof. Tt follows from [18, Theorem 3.23] that

A CIT CZT E2
pe(@) =V Ci Dy 0 [V, pe(t) = T, .
C, 0 D, Tz
2
o . . (e ar-(251)
where V is a signed diagonal orthogonal matrix, 77 = dlag( SR ¢ ) and
(2=t
T ::djag({Zz,...,§Z2( ) ),and
AZU(,Bp )UTzl( Bp + By V(:Bp_ﬁq))
Bq 2\v(Bp — By) Bp + Bq
1 —v
mmUz(??)mmﬂ=L
V2 V2
1 v - 1
Ci=BLOU T =p,| 1 1 |.Ca=(0.B)U" =B : 1
| Y —v 1
LetV = diag(l,el, .. .,ep;rq) where €; € {£1} forall 1 < j < pzﬂ; hence, we see
A CIT C2T
pe(s)=V]|Ci Dy 0 |V
C; 0 D,
%(ﬁp + Bg) %(,BP By B o Bp —vBg -+ —VBy
5(Bp — Bg) %(ﬂp‘i‘ﬂq) Bpv -+ Bpv  Bg Bq
Br Bpv
=V : : 14
B Bpv D, 0
—vBq Bq
: : 0 D,
—vBq Ba
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1
f(ﬂp + B4) vzﬂ(ﬁp —By) By - GPTH,BP _prHV,Bq _GPTWV,Bq
v%(ﬂp_ﬂq) %(ﬂp‘*‘ﬁq) e1€2fpv -+ GIGPTH,BIJV €1€PT+3,3q GIGPTH,Bq
€2Bp €1€28pv
- epTJrlﬂp ElépTJrlIBpU V1D1V1 0 ’
—€PT+3VI3¢1 6161%3/311
0 VoD, V)
~eegvPe rnulby
where
! € €op
€1 .
V = V= .. Vo =
v, 1 2
V2 €opt €rte

Since the categorical dimensions of the simple objects are always non-zero, either the
elements in the first or the second row are dimensions (multiplied with a non-zero scalar
necessarily) of simple objects of €, depending on which vector represents the unit object.

We know 8, = % and B, = %’ where 1, = (%) /(5) and pug = (2),/(Z') are 4th
1

p—1
roots of unity. A classical theorem about Legendre symbols says (‘;71) =a,’> mod p, so
ai 1 (“7‘) if p =4k +1;
Mp =\ — — | = @ ) s
)4 b4 (%)sa, if p =4k +3.
where {4 is a 4th primitive root of unity. Notice that

(Mp«/q + P«q«/ﬁ)(ﬁpﬂ + ﬁqﬁ)

1By + B4I* =
P q 74
_ (p+q)+ (Bplg + Hqltp) /PG
pPq
We claim g + figpbp = 2Re(lipity) = £2. In fact, ippug + fgpp 7# 0, otherwise
4 4
dim(€) = — P4

1Bp +B4> pPH+q

then p + ¢ must contain a prime factor, which is coprime to pg. However, ord(pe(t)) = pg;
it violates the Cauchy theorem of spherical fusion categories [2, Theorem 3.9]. Mean-
while, [ip, L4 18 a 4th root of unit, so 2Re(ftpty) = %2, as claimed. Therefore,

: —pquJrqi Ve
1Bp + Byl 2 ’

dim(€) =
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depending on the value of Re(iiptq). Then

ptq 4 )2
Nim(e)) = p2g?N (Z=YPT) = g2 =0
2 16
ptq VA
where N(dim(€)) and N (%) are the norms of dim(€) and %ﬁ over
Q(./Pq), respectively. Again, the Cauchy theorem of spherical fusion categories [2,

N 24+ /pq . . .
Theorem 3.9] implies that ——~— must be an algebraic unit in Q(,/pq), that is,
q — p = 4, as desired. ]

Below we calculate the dimensions of the simple objects of €, denoted by &,y :=
“F+f , then dim(€) = pqs . Since g — p = 4, we have lippg = (“—‘)( q) = =+1.
That is, 1f ap and a, are both square residues or both non-square residues modulo p and g,
respectively, then dim(€) = pqe;q2; otherwise, dim(€) = pqslz,q.

We list the categorical dimensions in both cases explicitly. After identifying O (€)
with the standard basis {ej, ..., e,42} of the vector space CP7*2 the S-matrix of € can
be written as

1 ver(Bp—Bq) 2e28p . ZEPT_HBP _2€pT+3vﬂq . _2GPT+[1 vPa
Bp+Bq Bp+Bq Bp+Bq Bp+Bq Bp+Bq
veiBy=B) | 2aebpy | CGcepthy 2acepbe o 2acnfy
ﬂp+ﬂq ﬂp"‘ﬁq ﬂp+ﬂq ﬂp+ﬂq ﬁp+ﬂ‘l
2¢28p 2€1€2Bpv
Bp"l‘ﬂq ﬂp""ﬂq
S = ZEPT‘HBII 2€1EI,T+1ﬁpv
BB Bk g 1D 0
—ZEPTH vBy ZelepTH By
ﬂp+ﬂq .Bp""ﬂl]
: : 0 5 V2D2V2
—2€pT+q vBy  2€ GPZﬂ By
lgp+/3q ﬂp""ﬂq
Case (1): [ippg = 1. We can assume that a; and a, are both residues modulo p and ¢,
respectively, the other case is same. Let a; =a = 1. Then B, = Lp and B, = J&;
if p=4k + 1.8, = 2 and By = f if p = 4k + 3, then dim(€) = pge,,.. Let
_ 94— P 9(Vq+ )
b= it = VD g~ ey, = TTED)

_ VP4 —P)

_ (/9 + /P)
dy = \/ﬁgpql = f’ dé = d2812, \/_8pq — M
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Then the first row of the S-matrix is

(1 vere

pq,ézdl,...,€p+1d1,—1)€p+3d2,...,—v€p+qd2),
2 2 2

and the second row of the S-matrix is

(vels

g Lereavdy, .. €160 Ud],e]Ep-zl—:idz, .. .,elep;rqdz).

If the first rows are the categorical dimensions of the simple objects, that is, the first
basis element e is the unit object of €, notice that

dim(€) < o(dim(€)) = pqe;, < FPdim(€),

where (o) = Gal(Q(/pq)/Q). Then the second row must be the Frobenius—Perron dimen-
sions of the simple objects of € multiplied by the scalar veie), 2. Since FPdim(X) > 0,
X € 0(©),

V€l = V€pt3 = -+ = V€ptqg = 1,60 = - =€p1 =1,
2 2
consequently, we obtain FPdim(€) = pqegq and

FPdim(X) € {1,¢;,.d{.d;}.dim(X) € {1,&

pq’dl’ dz},VX (S (9(\6)

P‘I’

dim(€) _
d2

which cannot be the Frobenius—Perron dimension of € since € is not pointed; hence Cisa

Galois conjugate of a pseudo-unitary fusion category. Moreover, the modular data of € is

dlm(‘C) _

It is easy to see that the other formal codegrees of € are either =por —~* =¢q,

1 8;‘12 d, cee di —d, e —d,
8;; 1 4 dy d, d>
di  dq
S = : : 2d; cos(%) 0
di  dq
—dy d»
: : 0 2d, cos(‘m’é—zkz)
—dy d»

T = diag(l, 1,;,,,...,§(FT)2 gq,...,g(qzl)z),

where 1 < ji,k; < 2~ Land 1 < Ja. ko < —.
If the second row are the categorical d1mens10ns of the simple objects, then e, is the
unit object of € and the elements in the first row are the Frobenius—Perron dimensions of

the simple objects multiplied by the scalar vels;;, similarly,

VEl = —V€p+3 = +++ = —V€ptqg = l,€x = -+- = €p+1 = 1,
2 2 2
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again we obtain

FPdim(X) € {1,¢2,.d{.d}}.dim(X) € {l.&,2.d1,—d>}. VX € O(E).

rq’ Pq°
Hence, FPdim(€) = pqslz,q. By using the same argument, we see that € is a Galois con-
jugate of a pseudo-unitary fusion category.

Case (2): uppng = —1. We can assume a; = 1 and a» is a non-square residue modulo g;

the other case is the same. Then 8, = «/LTJ and 8, = 7‘17 ifp=4k+1, 8, = 5—% and

Bg = _—jg if p = 4k + 3; moreover, dim(€) = pqe, . The first row of S is
(1, velslz,q,ezd{, .. ,GpTHd{,_UEPTHdé, o, _UEpzjdé),
and the second row of S is

(velslz,q, Lerevd], ... ver€prid], €1€pr3dy, ... €1€prqd)).
2 2 2

Notice that dim(€) = pqsgq, dim(€) has a Galois conjugate pqe;qz < dim(€) and that
the other formal codegrees of € are either p or g; hence FPdim(X) = dim(X) for all
simple objects X of €. Without loss of generality, we can take the elements in the first
row to be the Frobenius—Perron dimensions of the simple objects of €, then

—V€p+s == —Veptg = L,V =€ = =€pn1 =1,

2 2 2
and FPdim(X) € {1, sI%q, d{.d,}, VX € O(€). In addition, up to isomorphism, we
know that € contains pT_l simple objects of Frobenius—Perron dimension d; and %
simple objects of Frobenius—Perron dimension d;, and a unique simple object X with

FPdim(X) = 812, ¢~ Notice that the modular data of € is

I
alz,q 1 d; d —d; —d}
di  dj
. . / 4yrj1k1

S : 2dlcos<—p ) 0 ’
di  dj
dy —d,
. . A ik
: : 0 —2d£cos(%)
dy —d,

(5 g, e ()y,

T =diag(1, 1,6 5 * ) 0%
where 1 < ji, k1 < 2t and 1 < jo,kp < 51,

Corollary 3.3. Let € be a modular fusion category such that pe = p1 @ pa; then either €
is a Galois conjugate of a pseudo-unitary fusion category or dim(Y) = FPdim(Y) for all
simple objects Y of €.
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Proposition 3.4. Let € be a modular fusion category such that pe = p1 @ pa, then €
must be a simple modular fusion category.

Proof. On the contrary, assume that € contains a non-trivial fusion subcategory £, which
must be modular as € does not contain non-trivial simple objects of integer dimensions,
hence € = D K Dy by [9, Theorem 8.21.4], where Dy, is the centralizer of D in €.
In particular,
rank(€) = p + 3 = rank(D)rank(Dy).

If dim(D) cannot be divided by p or ¢, then [26, Theorem 4.4] says that D is a non-
trivial transitive subcategory in the sense of [20]. Assume rank(D) = pT_l with p > 5,
so rank(Dyg) = 2 + %, it is an integer if and only if p = 5; it is impossible as 9
is not a prime. Hence, both dim(D) and dim(Dy) are divided by some primes. Obvi-
ously, p or g cannot divide both dim(£D) and dim(Dy,), and we can assume p | dim(D)
and g | dim(Dy); then dim(D) = pu; and dim(Dyg) = qu,, where u; are non-trivial
algebraic units. Therefore, rank(D) = pTH and dim(Dy) = % by [30, Theorem 3.13],
which is a contradiction. ]

Let € be a braided fusion category. Recall that a commutative algebra A in € is said
to be a connected étale algebra if the category €4 of right A-modules in € is semisimple
and Home (1, A) = C [5, Definition 3.1]. Let (M, ups) € €4, where ups : M @ A > M
is the right A-module morphism of M. Then M is a local (or dyslectic) module if
unm = py o (ca,mcu,a) [5,16], where ¢ is the braiding of €. The category of local mod-
ules over a connected étale algebra A is a braided fusion category, which will be denoted
by €9 below.

Theorem 3.5. Let € be a modular fusion category such that pe = p1 ® py. If € contains
a non-trivial connected étale algebra A, then ‘Cg is a pointed modular fusion category of
dimension p. In particular, € cannot be braided equivalent to the Drinfeld center of a
fusion category.

Proof. As we noticed in Corollary 3.3, we have dim(Y) = FPdim(Y') for all objects Y
of € or € is a Galois conjugate of a pseudo-unitary fusion category. After replacing € by
its Galois conjugate (if necessary), we know that the Frobenius—Perron dimensions of the
objects coincide with the categorical dimensions of the objects.

Let A be a non-trivial connected étale algebra of €. In a pseudo-unitary fusion cat-
egory, we know that any connected étale algebra has trivial twist [25, Lemma 2.2.4].
Meanwhile, the modular fusion category € contains only two simple objects {7, X } (up to
isomorphism) with trivial twisting, and the categorical dimension of X is 8; 4+ Therefore,
A=1@®nX forsomen > 1. Since diim(€) = pqe,, and dim(4) = 1 + ne3,, so SL’:‘(%)Z
is an algebraic integer. Notice that

N( dim() ) _ pq*
dlm(A)2 (n2 + 1 + npzﬂ)z’

hence 1+ n? + in+q =gq as pT"'q > p.Thenn <1; otherwisein"'q > g itis impossible.
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Thus, A = I & X, and [5, Remark 3.4] states that it is a €-rigid algebra in the sense
of [16]. Then it follows from [16, Theorem 4.5] that ‘6’2 is a modular fusion category and

dim(€)  pqey,

dim(4)2 (1 +€2,)2

which must be pointed by [26, Theorem 5.12]. Moreover,
X (‘62)”" ~ Z(€y)

dim(€Y) = =P,

as modular fusion categories [5, Corollary 3.30], where (‘612)reV = ‘62 as a fusion cate-
gory but with reverse braiding [9]. Thus [5, Lemma 5.9] says that € is Witt equivalent to
€(Zp,n), whose Witt equivalence class is non-trivial, so € cannot be braided tensor equiv-
alent to the Drinfeld center of any spherical fusion category by [5, Proposition 5.8]. ]

Remark 3.6. As we all know, there is a conformal embedding G, 3 € E¢ 1 [5, Appendix],
so the modular fusion category €(g>, 3) contains a non-trivial étale algebra A such that
there is a braided equivalence €(gs, 3)91 =~ €(eq, 1), which is braided equivalent to
€(Zs3,n) [4, Proposition A.4.1]. Note dim(A4) = %ﬁ =1+¢;hence A=1®X
by Theorem 3.5.

However, when p > 3, we do not know currently whether there always exists an étale
algebra structure on the object I @& X . We believe the answer is positive.

Remark 3.7. Let I : €4 — Z(€4) be the right adjoint functor to the forgetful func-
tor F : Z(€4) — €4. Then all simple direct summands of I (/) have trivial twists
by [19, Theorem 4.1]. Let Z; (1 < j < pT_l) be the simple objects of € such that
FPdim(Z;) = w, then 6z, are primitive p-th roots of unity. Let g be a gen-
erator of Z,. Then

_1 _ _
GZ, = ng] = Ggfkj

for a unique k; with 1 < k; < 251, Hence, up to isomorphism, Z(€4) = € & (€9)"" has
exactly p + 1 simple objects with trivial twists, which are

{le,xgl,ziggkf,zjgg—kf

. p—1
1< < — 3.
=J = 2 }

Indeed, in the next subsection, we will show that the Grothendieck ring Gr(€4) is commu-
tative (see Theorem 3.8); therefore, I (/) must be multiplicity-free by [23, Corollary 2.16],
and these objects are exactly the direct summands of I (/).

3.2. The structure of the fusion category €4

In this subsection, we show that the category €4 obtained in Theorem 3.5 is a near-group
fusion category of type (Zp, p).
Let G be a finite group, Z4 := Zx>¢ and n € Z . Recall that a fusion ring R with
Z 4 -basis {g | g € G} U {X} is called a near-group fusion ring of type (G, n) [28] if
gX =Xg=X XX=) g+nX.
geG
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When n = 0, it is well known that R is categorifiable if and only if G is an abelian group,
the corresponding fusion categories are called Tambara—Yamagami fusion categories,
which are completely classified in [29]. We denote these fusion categories by TY (G, 7, i),
where 7 is a non-degenerate bi-character on G and y is a square root of |G|~

Theorem 3.8. €4 is a near-group fusion category of type (Zp, p).

Proof. As we have a braided tensor equivalence € X (‘612)reV >~ Z(€4) by Theorem 3.5,
then dim(€4) = p./qepq = @, whose Galois conjugate is w. It was
proved that fusion category €4 is faithfully graded by the following Galois group

Gal(Q(FPdim(Y) : Y € O(€4))/Q(FPdim(€,))),

which is an elementary abelian 2-group [13, Proposition 1.8], so the order of the Galois
group is a factor of FPdim(€y4) by [9, Theorem 3.5.2]. Since 2 } FPdim(€,), we see

Q(FPdim(Y) : Y € O(€4)) = Q(V/P9) = Qe5,)

Notice that [ 10, Proposition 8.15] says the ratio % is an algebraic integer, where

(€4)in is the maximal integral fusion subcategory of €4, so the only prime factor of
FPdim((€y)int) is p, as ‘62 is pointed by Theorem 3.5. Hence, (€4)in = €

Let Z be an arbitrary non-invertible simple object of €4 such that FPdim(Z) =
w, which is an algebraic integer, where ¢ and b are rational with b # 0. Then
the minimal polynomial of FPdim(X) is

x% — (FPdim(Z) + o (FPdim(Z)))x + FPdim(Z)o (FPdim(Z)),

where o(/pq) = —./pq. Note that FPdim(Z) 4+ o (FPdim(Z)) = a € Q, so a is an
integer. Furthermore, m := FPdim(Z)o (FPdim(Z)) = % is also an integer, then

2 2 _ _ : _ 1. :
b*pqg =a*—4m € Z. Assume b = § where (r,s) = 1, notice that (pg, s) = 1; otherwise
p or g is a factor of (r, s); it is a contradiction. So b € Z.

a2+b2
Then FPdim(Z)? = —2— Y71y hije

FPdim(€,) = ”(CI+ VPO _ Z FPdim(Y)? > FPdim(€J) + FPdim(Z)?,
YeO(€y)

a2
so FPdim(Z)? = e Hb‘ﬁ < plaz 2)+p /P4 , by comparing the rational and irra-
tional parts, we obtain that b? <1; consequently b =1 (b # —1, otherwise FPdim(Z)
has a Galois conjugate whose absolute value is strictly larger than FPdim(X'), which is
impossible [9, Theorem 3.2.1]). Therefore, up to isomorphism, €4 has exactly one non-
invertible simple object Z. Since

. P+ VP7\’
FPdim(€4) = p/qepqg = P + (T) ,
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FPdim(Z) = %ﬁ. By comparing the Frobenius—Perron dimensions of the simple
objects, we see

Z®Z=PgopZ
gE€Zp

i.e., € is a near-group fusion category of type (Z, p). |

Remark 3.9. It is worth noting that the categorifications of near-group fusion rings were
characterized with complicated linear and non-linear equations by using Cuntz algebra
theory; see [15] and the references therein for details. Conclusions from [12, 15] suggest
that there may exist an infinite family of near-group fusion categories of type (G, |G|),
where G is an abelian group. However, in order to show that such a near-group fusion
category exists, one needs to solve these equations, which is a non-trivial task; see [15,
Appendix A] for solutions for groups of small orders. With the help of computers, when
|G| < 13, the answer is affirmative [12, Proposition 6], and recently this result is improved
for cyclic groups of order less than 31 in [3].

Moreover, for an arbitrary abelian group G of odd order, let 4 be a near-group fusion
category of type (G, |G|); it was conjectured in [12, Conjecture 2] that

Z(A) = ERE(G,n)

as a modular fusion category, we refer the reader to [12, Proposition 7] and [I15,
Theorem 6.8] for a detailed description of the modular data of €.

Notice that # contains a unique non-trivial fusion subcategory Vecz,, so I (/) con-
tains a unique non-trivial étale subalgebra A such that Z(J\))ff1 ~ Z(Veczp) as a braided
fusion category and FPdim(A) = di“;# = /q¢epq by [5, Theorem 4.10]. By compar-
ing the Frobenius—Perron dimensions of the simple objects, we know A = I & X, see
Remark 3.6.

It was also conjectured in [12] that the modular data of Z(+4) is determined by metric
groups (G, ny) and (H, n,), where H is an abelian group of order |G| + 4. Indeed, if we
require « = f = 1, where « and f are the parameters in [12, Proposition 7], it is easy
to see that the modular data MD g, g (11, n2) of [12] is exactly that of € in the pseudo-
unitary situation. Hence, under the assumption that € contains a non-trivial étale algebra,
Theorem 3.5 gives a partial positive answer to [12, Conjecture 2] and provides solutions
to the conjectured modular data of €, and our result suggests that the conjecture might
be true.

Based on conclusions of the categorification of near-group fusion rings, we propose
the following conjecture, and we believe there is an affirmative answer.

Conjecture 3.10. Let p, g, p1, and p, be the notations as before. Then there exists a
modular fusion category € such that pe = p; @ p ifand only if g — p = 4.
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3.3. A faithful Z,-extension of €4

In this subsection, we provide a faithful Zj-extension M of the near-group fusion cat-
egory €4. In particular, we prove that M contains simple objects of Frobenius—Perron
dimension @. In the last part of this subsection, we construct a class of non-
commutative fusion rings that are non-trivial Z,-extensions of near-group fusion rings
of type (Z,,,n) foralln > 1.

For any odd prime p, note that there is a modular fusion category of Frobenius—Perron
dimension 4 p, which is braided tensor equivalent to a Z,-equivariantization of a Tambara—
Yamagami fusion category 7Y (Z, v, ) [14, Proposition 5.1]. We refer the reader to [7,9]
for the definition and properties of equivariantization and de-equivariantization of fusion
categories by finite groups. Moreover, the modular data of TY(Z,, t, w)%2 is given in
[14, Example 5D] explicitly. In particular, £ contains a Tannakian fusion subcategory
Rep(Z>) and two simple objects of Frobenius—Perron dimension ,/p.

Let p’ be a three-dimensional irreducible congruence representation of SL(2, Z) of
level 4 with

1
NZ)
3 | 0'(t) = diag(1, &1, &),
—1

P'() = pp

N|= Nll. &lv—‘

sk o

where 8, = /JL,,\/LT), &, is a square root of the central charge & (or —§) of €(Z,, 1) [14].

Proposition 3.11. Let p > 3 be an odd prime, and let py be an irreducible representation
of dimension pT'H of SL(2, Zp). If pe = p1 @ p/, then € is braided equivalent to a Z,-

equivariantization of TY(Zp, T, p).

Proof (sketched). Since p; and p’ are non-degenerate, it follows from [18, Theorem 3.23]
(see also Theorem 3.2) that

%ﬁp %,Bp &fp - EPT“:BP _6%3# _6%5#
=By 3Bp  €1€2Bpy -+ E]prJrl,BpV 616%3% elsst%
ey €1€2Bpv
pf(S) - €pT+1,3p GIEpT-H,BpV V1D1V1 0 ’
6,,T+1v,3p GlepT-HUﬂp
—épTH% Elé%ﬂ% 0 V2D3V2
—GLM% Elepis%

2

pe(t) = diag(l, 1, ;{Z(%) ,51,—€1>,
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where v, €1, ...,€p+5 € {£1}, and
2

€2

€ p+3
V= Vo= 2 D3 = pp
€ p+5
2

€ p+1
2

11
2

Y- m|
L

2

In the same way as Theorem 3.2, if we identify the O (€) with the standard basis of the
vector space, then

1 Ve e ce. 2€ p+1 —€p+3V —€p+5V
1 2 3 2= \/ﬁ 2 «/ﬁ
Ve 1 2€1€2V -+ 2€1€p+1V  €1€p43V €1€p+5V
1 1€2 1 2t 1 23 \/ﬁ 1 2r2 \/ﬁ
2¢o 2€1€v
dmajk
= 4eie€r cos : 0
S j€k D ,
2€ p+1 2€1€p+1V
2 2
—€ p+3V €1€p+3V — € p+3 € p+5
23 ﬁ 1 23 \/ﬁ \/? 2E3C e \/ﬁ
—€ptsV\/D €1€pt5V./D 0 €pt3€pts \/P -P
2 2 2 2

we know dim(€) = FPdim(€) = 4p, so € is pseudo-unitary. If the first row are
Frobenius—Perron dimensions of the simple objects, then

€pt3 = €pt5 = —1,V=€] =€y =-+- = €p+1 = 1;

2 2 2

if the second row are Frobenius—Perron dimensions of the simple objects, then

V=€ =€y =+ =¢€p+3 = €p+5 = 1.

2 2

From both cases, we know that € always contains a non-trivial Tannakian fusion
subcategory Rep(Z,); hence its core ‘622 is a pointed modular fusion category of
Frobenius—Perron dimension p [5, Corollary 3.32]. Since € is not integral, €z, must be a
Tambara—Yamagami fusion category 7Y (Z,, t, u); hence € = TY(Zp, t, wZ2 [7,14],
as desired. ]

We note that there exists a modular fusion category €, which is also obtained from
Z,-equivariantization of a Tambara—Yamagami fusion category of dimension 2p, but
pe % p1 ® p'; when p = 5, see [18, Theorem 4.15] for details.

Theorem 3.12. There is a fusion category M, which is a faithful Z,-extension of €4 and
a non-degenerate fusion category D such that € ¥} D =~ Z(M); moreover, M contains
exactly p simple objects of Frobenius—Perron dimension €pg.

Proof. Indeed, let D = TY(Zp, 7, w)%2 such that

DY, = C(Zp ") = €2y )™,
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where 171(g) := n(g)~! for all g € Z,. Consequently, we have braided equivalences
etX i))OZ2 ~CK @%2 > € RE(Zy,n ") = Z(Cy),

by Theorem 3.5, so € X D == Z (M) with fusion category M being a faithful Z,-extension
of the near-group fusion category €4 by [11, Theorem 1.3].

Let M = Djez, Mn with M, = €4. Since Z(M) contains a simple object of
Frobenius—Perron dimension ,/p, M contains an object M of Frobenius—Perron dimen-
sion ,/p. We claim that M € M. Indeed, assume M = M; & M, with M, € M, and
M; € My, respectively, then FPdim(M;) € Q(,/p) by [13, Lemma 1.1]. Meanwhile,
FPdim(Z) € Q(,/pq) for all simple objects Z of €4, so FPdim(M) must be an integer
and FPdim(M;) = ,/p — FPdim(M). If M is a non-zero object, then FPdim(My) > 1,
which implies FPdim(M;) admits a Galois conjugate whose absolute value is strictly
larger than FPdim(M,), it is impossible by [9, Theorem 3.2.1]. Hence, M = M, € My,
as claimed.

Since M is Z,-graded, M ® M € M,. Notice that M ® M must be a direct sum
of integral simple objects of M., so M @ M = @gezp g. Hence, M is simple and self-
dual. Let B and M;, be the maximal weakly integral and integral fusion subcategories
of M, respectively, then B is faithfully graded by an elementary abelian 2-group G with
Miy, being the trivial component [9, Proposition 3.5.7]. Therefore, FPdim(8) = p|G|
by [9, Theorem 3.5.2], and FPdim(&8) is a factor of FPdim(M) [10, Proposition 8.15],
s0 G = Z,. In particular, M has a unique simple object M of Frobenius—Perron dimen-
sion /p.

Let Y € O(Mjy) be an arbitrary simple object satisfying ¥ 22 M, then M ® Y € M,.
Obviously, g cannot be a direct summand of M ® Y for all invertible objects g of M,.
Therefore, there exists a positive integer ny such that M ® ¥ = ny X, then

nyFPdim(X) _hy \/ﬁé‘pq
FPdim(M) /P

FPdim(Y) = = nyépq.

Notice that Y ® Y* € M., s0 Y ® Y* is a direct sum of simple objects of M. If
YeY* = PegomyX
g€Zy

for some positive integer my, as ¢ = p + 4, then

+2nm2 +n% /
FPAim(Y)? = n}e2, = L2 A
2+ my)p + my /pq
> )

= p+my/pepg =

By comparing the rational and irrational parts of the above equation, we obtain n% =my
and p = n%, which is absurd. Therefore, Y ® Y* = I & my X; then the previous argu-
ment also implies my = ny = 1. In particular, for any non-trivial invertible object g, we
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have g ® Y % Y; hence the Z,-grading of M induces a transitive action of Z, on O (Mp).
Up to isomorphism, M} contains at least p non-isomorphic simple objects {Yj}f;l of
Frobenius—Perron dimension &5, and a unique simple object of Frobenius—Perron dimen-
sion ,/p. Then
FPdim(M,) = FPdim(Mj) > pFPdim(Yj)2 + FPdim(M )?
= palz,q + p = FPdim(M,),

thus O(Mp) = {M}U{Y; |1 <] =< p}. u
Corollary 3.13. Let M be the Z-extension of €4, and let Y be an arbitrary simple object

of Frobenius—Perron dimension &pq. Then the fusion rules of M are given by the following
relations

XeX=(PgepXgog =g g0X=X®g=1X

g€Zy
M®M = @g,ng:=gj®Y=Y®g"_j,M®ng=X=ng®M,
g<Zp P P
XeM=MeX =P XxesYy=¢gYyeX=MadHs'Y.

j=1 j=1
gY@y =g/t kg x.
In particular, non-invertible simple objects of M are self-dual.

Proof. Let Y be a simple object of M of Frobenius—Perron dimension €,4. As O (M)
contains p simple objects of same Frobenius—Perron dimension, without loss of generality,
we can choose Y to be self-dual, and it follows from Theorem 3.12thatY ¥ =1 & X.

Let g be a non-invertible simple object. Then there exists a unique 1 <k < p — 1 such
that g ® ¥ 2~ ¥ ® gX. Consequently,

C =Homy (g ®Y.Y ® g¥) = Homuy(g.Y ® g¥ ® Y)
~ Homu(g.Y ® Y ® ¢*) = Homy(g. "),

which means k2 = 1 mod p;thenk =1, p — 1.
Ifg®RY =Y Qg theng/V =g/ @Y =Y ®g/foralll<j<p. AsX®g/ =X,

Hom (X ® ¢/, g*Y) = Homy (X ® Y, g"Y)
=~ Hom(X, gkY ®Y)
~ HomM(X,gk ®X)=C

forall 1 < j, k < p, wesee @,legkY C X ® g’/ Y. By computing the Frobenius—Perron
dimension of X ® g/Y and its simple summands, we obtain

p
X®g'y=MaPy.
k=1
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which also implies the following relations

p
MeX =Py Meg'y =X
j=1
Similarly, wehave M ® X = X ® X and M ® g/Y = g/ Y ® M. Particularly, Gr(M)
is commutative. However, it follows from [18, Theorem 3.23 (iii)] and [14] that both €
and D are self-dual modular fusion categories. Then the algebra homomorphism

Gr(Z(M)) ®z Q — Gr(M) ®z Q

is surjective by [9, Lemma 9.3.10], so simple objects of M are self-dual, which is a contra-
diction. Hence, Gr(.M) cannot be commutative, so g ® ¥ = Y ® g?~!; more generally,
g/ ®Y =Y ®gP/foralll <j < p—1.Thus,forall 1 < j, k < p— 1, we obtain

g eY)®(E oY) =g s Yoy =¢ 7 g X
In particular, g/ Y is self-dual for all 1 < j < p. Note that we still have
Hom (X ® g’7, gkY) ~ Homy (X ® Y, gkY) =~ Homy (X, gk+1 b X)=C
forall 1 < j, k < p; then the fusion relations can be obtained in the same way. [

Remark 3.14. When p = 3 and ¢ = 7, the fusion category M is exactly the fusion cate-
gory 'V constructed by Ostrik in [4, Proposition A.6.1].

It is easy to see that one can construct a fusion ring that is a Z,-extension of an arbi-
trary near-group fusion ring of type (G, k|G|), where G is abelian and k is a non-negative
integer. However, for some non-cyclic abelian groups G, the corresponding near-group
fusion rings of type (G, |G|) are not categorifiable; one can take G = Zy X Zp X Z
[15, Proposition A.1] and [27, Theorem 1.1], for example, in these cases it is meaning-
less to consider the categorification of their extensions.

Hence, in the following definition, we only list the corresponding fusion ring, which
contains a near-group fusion ring of type (Z, n).

Definition 3.15. Let Ry be a near-group fusion ring of type (Z,, n) determined by the
cyclic group Z, = (g) and relations

gjgl :gH‘l, gX=Xg' =X, XX-= Z g+nX.
8€Zn

Let R D Ry be a fusion ring with Z-basis {¥;, g’/ |1 < j <n} U {M, X} and the
following fusion relations:

n
MM =) "¢/ V;Y; =g/™ ! + X.g'V; = ¥ = Y;g" ' (where i + j = k mod n),
j:1 n n
Vi X=XY;=M+) Y, MY; =Y;M =X MX =XM =Y.
I=1 j=1
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A direct computation shows

n+ +/n2+4n S+ /n+4
2

FPdim(X) = > ,

. FPdim(M) = +/n, FPdim(Y;) =

forall 1 < j < n.Then we obtain

n? +4n +nv/n? + 4n

3 ,FPdim(R) = n® + 4n 4+ nv/n? + 4n.

FPdim(Ro) =

Hence [9, Proposition 3.5.3] says that R is a faithful Z,-extension of Ry. Also notice
that R contains a fusion ring (generated by M) of Frobenius—Perron dimension 2x, which
is categorified as a Tambara—Yamagami fusion category 7 ¥ (Z,, 7, 1).

In addition, we have the following proposition.

Proposition 3.16. When n <3, R is categorifiable. Moreover, there exists a braided fusion
category € such that Gr(€) = R ifand only ifn = 1.

Proof. If n = 1, then FPdim(M) = 1, and it is easy to see that
Gr(€(Z2,n) WE(sl2,3)w) = R,

where € (sl;, 3),4 is the adjoint fusion subcategory of €(sl5, 3) [1,9]. If n = 3, then R is
the Grothendieck ring of the fusion category V [4, Proposition A.6.1]. Whenn > 3, R is
non-commutative, obviously it cannot be categorified as a braided fusion category.

If n = 2, then FPdim(R) = 12 + 44/3. We claim that it can be categorified by
€(sl,,10) 4, where A is a non-trivial connected étale algebra and FPdim(A4) = 3 4+ +/3 by
[16, Theorem 6.5]. Indeed, a direct computation shows that the Frobenius—Perron dimen-

sions of the simple objects of €(sl;, 10)4 belong to {1, V2,14 V3, V2 + \/5}, and

V2+ /3= M. Since €(sl5, 10)4 contains a unique simple object X of Frobenius—
Perron dimension 1 + +/3 and two invertible objects I, g, we obtain

gRX=X=XQ®g XQX=I16g®2X,

i.e., X generates a near-group fusion category +4. Since 2FPdim(+4) = FPdim(€(s!,,10),),
€(sl,, 10)4 admits a faithful Z,-grading with the trivial component being 4 [9, Propo-
sition 3.5.3], then the rest of the fusion relations follow from the principal diagram
[16, Theorem 6.5].

However, when n = 2, we claim that R cannot be categorified as a braided fusion
category even if it is commutative. On the contrary, assume that there is a braided fusion
category B such that Gr(8) = R. Since € always contains an Ising category I as a fusion
subcategory, which is modular by [7, Corollary B.12], 8 = I XK O as a braided fusion
category [7, Theorem 3.13], where D is a braided fusion subcategory of B such that
dim(D) = 3 + /3 by [7, Theorem 3.14]. So there exists a Galois conjugate of & whose
global dimension is 3 — V/3, which contradicts the conclusion of [24, Theorem 1.1.2]. m
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We end this section by proposing the following question.

Question 3.17. Assume that there is a near-group fusion category + such that Gr(4) = Ry.
Is R categorifiable when n > 47

Indeed, R is categorifiable when n is odd and + exists and Z(A) = €(Z,,n) X € by

the construction of M in Theorem 3.12.
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