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L.ojasiewicz inequalities for almost harmonic maps near
simple bubble trees

Melanie Rupflin

Abstract. We prove Lojasiewicz inequalities for the harmonic map energy for maps from surfaces
of positive genus into general analytic target manifolds which are close to simple bubble trees and as
a consequence obtain new results on the convergence of harmonic map flow and on the energy spec-
trum of harmonic maps with small energy. Our results and techniques are not restricted to particular
targets or to integrable settings and we are able to lift general Lojasiewicz—Simon inequalities valid
near harmonic maps @: S2 — N to the singular setting whenever the bubble & is attached at a point
which is not a branch point.

1. Introduction

Let (X2, g) be a closed orientable surface and let (IV, gn ) be a closed Riemannian manifold
of any dimension, which by Nash’s embedding theorem can be assumed to be isometric-
ally embedded N — R” in some Euclidean space. We recall that a map u: ¥ — N is
called a harmonic map if it is a critical point of the Dirichlet energy

1
E(u) ::—/ |du|2dvg.
2 s

Harmonic maps are characterised by 7 (#) = 0, where the tension of u: ¥ — N < R” can
be described as g (1) = Py(Agu) = Agu + A(u)(Vu, Vu), A, the Laplace—Beltrami
operator of maps u: (X, g) — R" and P,:R" — T, N the orthogonal projection. Here and
in the following, A(p)(v, w) = —(dPp)(v)(w), v,w € T, N, denotes the second funda-
mental form of N < R" and we write for short A(u)(Vu, Vu) = g7 A(u)(0x,u. dx;u).

In the study of harmonic maps from closed surfaces of positive genus, one is often
confronted with the situation that the lowest possible energy level E( of homotopically
non-trivial maps is not attained in the set of maps from the given surface X; instead,
minimising sequences may undergo bubbling and converge to a limiting configuration
which is a simple bubble tree consisting of a trivial base map and a single bubble &
given by a non-trivial harmonic map @: S — N. This singular behaviour means that
the powerful techniques of Lojasiewicz inequalities as developed in the seminal work of
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Simon [18] do not apply, even in the simplest such situation of degree one maps from the
torus to S2. As a result, questions such as the discreteness of the energy spectrum near E
and the asymptotic behaviour of harmonic map flow for maps whose energy tends to Ey
are open in the setting of maps from higher genus surfaces.

The purpose of this paper is to address these and related questions, not only in the
special situation of maps to the sphere mentioned above, but more generally for maps into
closed analytic manifolds of arbitrary dimension which are close to simple bubble trees
for which the underlying bubble is attached at a non-branched point.

To this end, we first recall that the results of [4, 11, 14, 19] imply that for any sequence
of maps u,: ¥ — N with bounded energy and ||z (u,)| 12(z) — 0, a subsequence con-
verges strongly in H2 (X \ S) to a harmonic limit uso: & — N away from a finite set of
points S, where a finite number of bubbles form, and that in this convergence to a bubble
tree there is no loss of energy and no formation of necks.

If no bubbles form and if N is analytic then we can apply the work of Simon [18],
which establishes that there exist a neighbourhood of 1., a constant C and an exponent
Yoo € (1,2] so that for maps u: ¥ — N in this neighbourhood the Lojasiewicz estimate

|E) — E(uoo)| = Cllrg )}5 5, (1.1

holds true. While the method of Simon from [18] applies provided the maps are close to
Uso in H?, the above inequality is trivially satisfied for maps with bounded energy and
large tension, so (1.1) holds whenever u is H '-close t0 Uoo.

However, this result is not applicable for maps that undergo bubbling and the only
setting in which this problem has been overcome is in the major works [20,21] of Topping
and [23] of Waldron on almost harmonic maps between spheres. These results are based
on a delicate analysis of almost harmonic maps which exploits in particular that for maps
between spheres the Dirichlet energy has a natural splitting into a holomorphic and an
antiholomorphic part. This allowed Topping [21] to derive a Lojasiewicz estimate with
optimal exponent

|E@) = kx| < Cllrgg (012252,

for maps between spheres which are close to a large class of bubble trees and very recently
for Waldron [23] to obtain Lojasiewicz estimates near general bubble trees.

Here we do not restrict our attention to a particular domain surface or a particular
target, but instead restrict the limiting configuration to the simplest situation where strong
convergence fails, i.e. where the maps converge to a simple bubble tree consisting of a
constant base map and a single bubble. In this situation, the results of [4, 11,14, 19] ensure
that there exist a non-constant harmonic map @: S? — N, points a, — a and bubble scales
An — 00 so that, after passing to a subsequence, u, — @(p*) strongly in H2.(Z \ {a})
while on some fixed-sized ball B, (a), working in local isothermal coordinates F,: ¥ D
B,(a) — D7 C R?, we have

Un o F; ' =& om}e@ -0 swonglyin H'(D7) N L™ (D7). (1.2)
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Here, nf{ = m(A(x — b)) for m: R? — S2\ {p*} the inverse of the stereographic projec-
tion from the north pole p* = (0,0, 1)".

We note that despite this simple structure of the bubble tree, the result of Simon [18] is
not applicable as we cannot view such maps as being H !-close to a critical point #eo: X —
N of the energy. The only exception to this is when the domain is a sphere, as in this
case we can modify any such sequence by suitable Mobius transforms to obtain strong
convergence to @ on all of S2. For the rest of the paper we will thus assume that ¥ is a
closed orientable surface of genus y > 1. Since the energy is conformally invariant, we
can assume that our domain is either a flat unit area torus or, for higher genus surfaces,
that the metric g is hyperbolic, i.e. has (Gauss)-curvature —1.

While also in the present work one of the key steps will be to relate the rate at which
the tension tends to zero with the rate at which the bubble concentrates, our method of
proof will be very different to the ones in [21,23]. In particular, we will not require any
information on the behaviour of general almost harmonic maps beyond the well-known
results on the bubble tree convergence recalled above. Instead, our analysis will follow the
approach developed in the joint work [12] with Malchiodi and Sharp and we will derive
our Lojasiewicz-estimate by comparing maps u: ¥ — N which undergo bubbling to maps
in a specific finite-dimensional set Z of what we call adapted bubbles. These adapted
bubbles z: ¥ — N provide models for maps converging to a simple bubble tree and are
constructed so that the energy and its variations have the right properties on Z. The key
point of the method of proof is that a careful analysis of the energy and its variations on
Z allows us to obtain Lojasiewicz estimates for much more general almost critical points,
without ever having to analyse such general almost critical points. We also refer the reader
to [12, Theorem 2.2] which establishes Lojasiewicz estimates near (non-compact) finite-
dimensional manifolds of adapted critical points in the abstract setting of energies on
Hilbert spaces, and to [16, 17] for recent applications of these ideas.

In the analysis of almost critical points of the H-surface energy in [12] the set of
bubbles is explicitly known, indeed consists of rotations of the identity, and the bubbles
are non-degenerate critical points, i.e. so that the second variation of the energy is definite
in directions orthogonal to the action of Mobius transforms.

The present paper demonstrates that the ideas developed in [12] can be applied to far
more general settings, where neither of these simplifications is present. On the one hand,
we will not require any detailed information about the underlying bubbles &. In particular,
our proof does not rely on the explicit knowledge of the set of bubbles that for harmonic
maps one would only have for special targets such as spheres. All we need to ask of the
bubble is that it is attached to the base at a point that is not a branched point, i.e. that
dd(p*) # 0, p* = n(c0) = (0,0, 1)".

Just as importantly, we will see that our method does not rely on the non-degeneracy
of the underlying critical point that is present in [12] and we will be able to prove Loja-
siewicz estimates even if @: S? — N is a harmonic map which has non-integrable Jacobi
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fields. Indeed, we are able to lift the L.ojasiewicz—Simon estimates [18]

|E(@) — E(@)] = Clltgg, (@) (1.3)

Y1
L2(S52)
and

dist;2(w. {@: S* — N harmonic}) < C ||z, (@) (1.4)

¥2
L2(S2)’
from the regular setting of maps w: S — N which are close to @ to obtain Lojasiewicz
estimates with the same exponents y; € (1,2] and y, € (0, 1] in the singular setting of
maps from £ which converge to simple bubble trees. To be more precise, we will prove
the following theorem:

Theorem 1.1. Let (X, g) be a closed oriented surface of positive genus and let (N, gn)
be a closed analytic manifold of any dimension. Let (u,) be a sequence of maps with
bounded energy which are almost harmonic in the sense that

In = lltgwn)lz2(z,g) — 0.

Suppose that u, converges as described above to a bubble tree consisting of a constant
base map ueo: X — N and a single bubble &: S?> — N which is so that d®(p*) # 0.
Then, for sufficiently large n, we can bound the bubble scale A,, in (1.2) by

At < CT,llog 7|2 (1.5)
and the difference in energy by
|Eun. ) — E(0,5%)] < CT,log 7| ? (1.6)

for the same exponent y, € (1,2] for which (1.3) holds near &: S* — N.
Furthermore, we can choose A, — o0, a, — a and a sequence of harmonic maps
wp: 8?2 — N which converge smoothly to weo so that

(rad (rad Q
IV(un — wn 073, © Fa, )28, @) + 1 VinlL2\B,, @) = CT*[logTal2 (1.7)
and
2 lrad lrad

it — o0 (P)lL2(z.6) < CT2llog Tal % + C T, llog 7| (1.8)

and so that for every r > 0 there exists a constant C with
_ - - 72
1n © (2, © Fa,) ™" — @nllL2s2\8,(p#y) < CT,)*[log Tn| % . (1.9)

Here, y, € (0, 1] is the same exponent for which (1.4) holds, F,, are local isothermal
coordinates centred at a, as introduced in Remark 2.2 and r1 > 0 is a fixed radius.

Remark 1.2. If all Jacobi fields along & are integrable then we can drop the assump-
tion that N is analytic and obtain the above result for y; = 2 and y, = 1. However, as
observed by Lemaire—Wood [10], even energy minimisers can have non-integrable Jacobi
fields. Conversely, the works of Gulliver—White [8] and Lemaire—Wood [9] establish that
all Jacobi fields along harmonic spheres are integrable if the target is homotopic to S2
or CP2.
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Over the past decades, Lojasiewicz estimates have become a well-established tool in
the analysis of variational problems in non-singular settings. However, to date there are
few instances of Lojasiewicz estimates in settings with singularities or with a change of
topology. In addition to [12,21] mentioned above, such results were obtained in the major
papers of Colding—Minicozzi [2] and Chodosh—Schulze [1] on the uniqueness of blow-
ups of mean curvature flow and by Glaudo—Figalli [6] and Deng—Sun—Wei [3] on critical
points of the Sobolev inequality. One of the reasons that Lojasiewicz estimates have attrac-
ted a lot of interest is their versatility in applications both to variational problems and to
the analysis of evolution equations. They can be used in particular to establish conver-
gence of gradient flows, as well as to analyse the energy spectrum of critical points. As
a consequence of Theorem 1.1 we will hence obtain new results both on the asymptotic
behaviour of harmonic map flow

du=-VEEW) = 1), u(t =0)=uoe H(Z,N), (1.10)

and on the energy spectrum of harmonic maps from higher genus surfaces into general
analytic manifolds.

Simon’s results [ 18] imply that the energy spectrum {E(u) : u: S> — N harmonic} of
harmonic maps from S? into any analytic manifold N is discrete below the level 2E 2,

Eg> = min{E(u) :u: 8% — (N, gn) harmonic, non-constant},

since harmonic maps with energy E(u,) — Es < 2Eg2 can always be pulled back by
suitable Mobius transforms to ensure that they subconverge strongly.

Conversely, for surfaces of positive genus, [18] only implies that the energy spectrum
{E(u):u:(X2,g) — (N, gn) harmonic} is discrete below the energy level Eg2. Theorem
1.1 now allows us to deduce the following result, which is, in particular, of interest for
maps into three-manifolds, where the results [7] of Gulliver—Osserman—Royden ensure
that area-minimising surfaces cannot have true branch points.

Corollary 1.3. Let (N, gn) be a closed analytic manifold of any dimension and let (X, g)
be a closed surface of positive genus. Then the energy spectrum of harmonic maps from
(X, g) to N below the level

E* :=minQ2Es2, E(z 4) + Es2, E5») (1.11)
is discrete, where

E(s.¢) =1inf{E(u) : u: (X, g) — N harmonic, non-constant},
Eg, = inf{E(0) : w: S2 — N branched, harmonic, non-constant}.
To state our results on harmonic map flow, we first recall that the work of Struwe [19]

establishes the existence of a global weak solution of (1.10) which has non-increasing
energy and which is smooth away from finitely many times at which bubbling occurs.
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While solutions of this flow always subconverge along a sequence of times f; — oo either
to a harmonic map or to a bubble tree of harmonic maps, Topping [22] showed that one
cannot expect that the whole flow converges as ¢ — oo for general smooth target mani-
folds. Conversely, it is conjectured that for analytic targets the flow must indeed converge.
If no bubbling occurs at infinite time this already follows from the work of Simon [18],
while for maps from S2 to S? the Lojasiewicz inequalities of Topping [21] and Waldron
[23] yield convergence results for the flow.

We can now establish convergence of harmonic map flow into any analytic target man-
ifold (N, gn) provided the initial energy is below the above-mentioned energy threshold.
We stress that this constraint on the energy does allow for bubbling, though it restricts the
potential limiting configurations to the simple bubble trees considered in Theorem 1.1.

Theorem 1.4. Let (N, g) be a closed analytic manifold of any dimension and let uy €
H' (2, N) be any map with E(ug) < E* for E* defined in (1.11). Then the correspond-
ing solution of harmonic map flow (1.10) either converges smoothly to a harmonic map
Uoo: & — N ast — oo as described in [18] or it converges to a simple bubble tree in the
following sense:

There exist a point a € X and a harmonic sphere &: S* — N so that the energy of
u(t) converges to Eooc = E(®) at a rate of

|Eu(1)) — Eoo| < Ce™V', ¢ = ¢1(N.(2.8). Eoo) > 0 (1.12)

if y1 = 2, respectively if y1 € (1,2), at a rate of

Y Y
|EQu(t)) — Eoo| < Ct™ 77 (log 1) ™71, (1.13)

while for any a < 1’11;1 the maps converge in L? at a rate of
u@®) —o(p*)L2x) < CIEu(t)) — Exol®, (1.14)

as well as in C* on every compact subset K of £ \ {p*} also at a rate of

lu(®) = w(p*)llckxy < ClE@()) — Eool®. (1.15)

Here, y1 € (1, 2] is so that (1.3) is valid with exponent y, for all harmonic spheres with
energy Eoo and the constant C is allowed to depend on the setting, the specific solution
and, in the cases of (1.14) and (1.15), additionally on o — y‘y—:l > 0and K.

Remark 1.5. As the set of harmonic spheres with energy E, < 2E g2 is compact modulo
Mobius transforms, there always exists an exponent y; € (1, 2] so that (1.3) holds true for
any harmonic sphere @ with E(®) = E. If all Jacobi fields along harmonic maps of
energy E are integrable then we can drop the assumption that N is analytic and choose
v =2

The first setting in which it was known that harmonic map flow must become singular,
be it at finite or infinite time, is for degree &1 maps u( from the torus to the sphere, where
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the results of Eells—Wood [5] exclude the existence of a harmonic map that is homotopic
to ug. While E* = 87 for N = S2, in this setting we obtain the following improvement
of the above result:

Corollary 1.6. Suppose that ug € H'(T?,S?) has degree 1 and energy E (ug) < 127.
Then the corresponding solution of harmonic map flow (1.10) either develops a bubble
at a finite time T after which the flow converges exponentially to a constant or the flow
converges to a simple bubble tree at a rate of O(e“'ﬁ ) as described in Theorem 1.4.

The paper is organised as follows: In Section 2 we explain the construction of the
adapted bubbles z: ¥ — N with which we will later compare more general almost har-
monic maps u: ¥ — N and state a version of our Lojasiewicz estimates for maps in a
uniform A N L>-neighbourhood of the resulting finite-dimensional manifold Z; com-
pare Theorem 2.5. This theorem will then be proved in the subsequent Sections 3 and 4
and will in turn form the basis of the proof of Theorem 1.1 and of all other main results of
the paper.

2. Definition of the adapted bubbles

Our set of adapted bubbles will be a finite-dimensional manifold of maps
Z = {zi”w X >N, A>A,aeX, we%fl(c?))}

obtained by scaling maps w: S? — N, which are elements of a suitable finite-dimensional
manifold #;' (@), with a large factor A, and then gluing them in a specific way to a point
a € ¥, as we describe in detail in the second part of this section.

A crucial point in the construction of this manifold Z is to ensure that the second
variation of the energy is uniformly definite orthogonal to Z. Therefore, the choice of the
set of the underlying maps #;'(®) from S? to N, which we use to define the elements
of Z, will crucially depend on the properties of the second variation of the energy at the
limiting harmonic sphere @: S?> — N.

We recall that w € T'(@*TN) is called a Jacobi field along @ if d2E(@®)(w,v) = 0
forall v € T'(®*TN), or equivalently if w is a solution of

d
E‘gzor(’”"@ + sw))) — 0. @2.1)

As the tension transforms according to t(w o q) = %|Vq|2t(a)) o g under conformal
changes ¢, we know that any variation M ®) of Id: S> — §2 in the set of Mdbius trans-
forms Mob(S?) induces a Jacobi field w = % lo=o(& o M ©®)) along &.

If the second variation of the energy is non-degenerate at @ in the sense that all Jacobi
fields are of this form, as was the case in [12], then we set

H' (@) = {doR:ReSO@M), |p*—Rp*| <01}

L;(w) = Py (

for a sufficiently small number o > 0.
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If all Jacobi fields along @ are integrable, but not necessarily induced by Mobius
transforms, then we use that the set of harmonic maps near @ is a manifold J () with
T;H (@) = ker(Lg) on which the energy is constant; compare [18]. In this situation we
can split

ker(Lg) = Vo(®) & Vmon(@), Vmon(®) = T {@ oM : M e Méb(Sz)}

L?-orthogonally, fix a parametrisation W;:ker(Lg) D U — H(®) with ¥1(0) = & and
d W1 (0) = Id and consider the submanifold #y(®) = W1 (U N Vo(®)) which, for U small,
is transversal to the action of Mobius transforms. For suitably small ; > 0 we then let
Ho' (@) = {¥1(w) : w € Vo(®) with |w]|z2 < o1} and set

H]' (@) :={wo R:ReSOQB),w e H;'(®) with |p* — Rp*| < o1}.

If we are instead dealing with a non-integrable setting, then we also need to consider maps
that are obtained by adapting certain non-harmonic maps w: S? — S2 in order to obtain
a set of adapted bubbles which is large enough to capture all non-definite directions of
the second variation. In this situation we choose H#o(®) as a suitable submanifold of the
manifold used by Simon in [18] and define #,'(®) and H;" (&) as described above. We
discuss the precise definition of (@) in this case in Appendix A and for now simply
record that it has the following properties:

Lemma 2.1. Let &: S? — N be a harmonic map into an analytic target N, let k € N,
B > 0and let Ho(®) be the submanifold of C¥+2-B (S2, N) defined in Appendix A. Then

ker(Ly) = Tp{wo M : w € Ho(@), M € Mob(S?)} (2.2)
and there exists a constant C so that for any @ € Ho (D),
[Tess (@)llck(s2) < CllTgg (@)lIL2(s2) (2.3)

and so that we can choose ®® in Ho(d) with =9 = w, ||3ga)(6)||ck(sz) < C and

d
T E@9) = 750 (@) 252 24)

Here and in the following, all derivatives with respect to ¢ will be evaluated at ¢ = 0.

Having thus chosen the set #]'(®) of maps we want to scale and glue to a point
a € X, we now turn to the precise construction of the maps z3"“, fora € Z, w € H]' ()
and sufficiently large A. We note that the right definition of these maps ZZ"” is crucial to
ensure that the first and second variations of the energy on Z have the right properties for
our method of proof to work; compare also [12, Theorem 2.2].

Let m:R%2 — §2\ {p*}, p* := (0,0, 1)", be the inverse stereographic projection

2x |x|2—1)T

m(x) = (1+|x|2,|x|2+1
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and set 7 (x) := w(Ax), A > 0. We want to define our adapted bubbles
ZZ’wZE — N forwe H'(D),A > Ay,a € X,

A1, 01 chosen later, in a way that z5“ (p) &~ w(;.(x)) in the following local isothermal
coordinates x = F,(p).

Remark 2.2. Given any a € ¥ we let F;: B/(a) — D,, = {x € R? : |x| < ro}, ¢ :=
%inj(E, g), be as in [12, Remark 3.1]: If (X, g) is a flat unit area torus we set rog = ¢
and use Euclidean translations F, to the origin on a fundamental domain as coordinates.
Conversely, for higher genus surfaces we set ro = tanh(t/2) and choose an orientation-
preserving isometric isomorphism F, that maps (B,(a), g) to the disc Dy, in the Poincaré
hyperbolic disc (D1, m gE)-

While in the higher genus case this only determines the maps F, up to a rotation of the
domain, the specific choice of F, will not affect the definition of the set of adapted bubbles
as rotations of the coordinates correspond to the action of the subgroup of SO(3) which
fixes p*. In the few places where a consistent choice of F, for a in a neighbourhood of
some ay is needed, we can fix a tiling of the Poincaré hyperbolic disc and use hyperbolic
translations to the origin as explained in [12, Remark 3.4].

Since

2x T
m(x) = p* + (WO) + 0072 forlx|>¢>0,
we can write
05 (x) = w(m;(x))

= 0(p") + do(p") (o

)
-2
W,0) +OMA2) forlx|=c >0, 2.5)

where we note that this expansion is valid for the function @, as well as its derivatives
with respect to x. We will later on consider variations z, of adapted bubbles obtained by
variations of either the bubble parameter A, or of the underlying map w® H{' (@) and
will always assume that these variations are chosen so that

0eAe] < CA and  [|:0®|c2(s2) < C (2.6)

as this corresponds to variations of order 1 after rescaling. We note that for such variations,
the expansion (2.5) also gives an expansion for 886)')(&) and its spatial derivatives with an
error term of the same order O(A72).

As in [12] we modify @, with the help of the Green’s function G, characterised by

~A,G(p,a) =218, — 2m(Area(Z, g))”' on X.
Letting G, be the function that represents G in the above coordinates we recall that

Ga(x.y) = G(F; ' (x), F;'(y)) = —log|x — y| + Ja(x.y). x,y €Dy,
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for a smooth harmonic function J, which represents the regular part of Green’s function;
see [12] for more detail. In particular,
X

VyGa(x,0) = |x|2

+ VyJa(an)a

and we will use this to adapt the maps @, to give well-defined maps vz’“’: 3 — R", which
we will later project onto N to obtain our adapted bubbles Z;’w: ¥ — N — R”. To do
this, we let j;*“:D,, — R” be defined by
) 2
Jf’w(x) = 1 dw(P*)(Vy Ja(x,0) = VyJ4(0,0), O)Ty

and fix a cut-off function ¢ € C°(Dy,, [0, 1]) with ¢ = 1 on ]D)%o , 7o > 0 as in Remark
2.2. The maps v5“: X — R” are then defined as

15} * 2 *
vy (p) = w(p™) + 7 40(P™) (01 G(p.a) =y, Ja(0.0). 042G (p.a)—0y,Ja(0,0),0)"

on X\ B,(a), where d,; = (F;')«d,:, while on B,(a) we set v]**(p) = 15 (Fa(p)) for
15*: Dy, — R” given by

2
B = 9l@n + Jf T+ (1= @) 0(p™) + T do(p)(VyGal.0) = V5 Ja(0.0).0) |

We note that for N = §? < R? and w = Id this definition of v{*” essentially agrees with
the choice of the adapted bubbles in the H -surface case in [12], except that here we need
to ensure that j f *?(0) = 0 as our problem does not have the translation invariance present

in [12].
On B,(a) we can use that the function vz’“} is represented in the above coordinates by
05¢ = @x+J0 +ey” 2.7)

for an error term ei’w that is supported on D, \ D 0 and there of order
ledllc2 + 10:e5 llc2 = OAT2). (2.8)
We will in particular use that since j;“(0) = 0 we have
1999 (x) —@(x)]| < CA7 x|+ CA™2 and |[V(@5? — @) <CA7" on Dy, (2.9)

and that analogous estimates also hold true for the derivatives of these quantities with
respect to &. Away from By(a) := F, !(D,,/2), we can instead use that

15 — 0(P*)llc2m\Bi@y) + 1905 — 0@ (P*)lc2s\B@y < CA™'. (2.10)

We now let §y > 0 be so that the nearest point projection 7w to N is well defined and
smooth in a §y -tubular neighbourhood of N < R”. Then, for sufficiently large A; > 2,
the above estimates imply that dist(v;(-), N) < CA7! < §x on X, allowing us to project
these maps to define our adapted bubbles z{*”: £ — N by

z9%(p) =an(wy?), A=A, a €, we X (D)
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Remark 2.3. In the following, all results are to be understood as being true for the set
of adapted bubbles Z = Zill for sufficiently large A; > 2 and sufficiently small o7 > 0,
both allowed to depend only on (X, g), N and &. At times we will furthermore need to
consider a smaller subset of this set given by

Z7 =z A= d,acYandw € Jfl‘_’(Sz)}

for suitable A > A1 and 0 < ¢ < o7. Furthermore, we use the convention that C denotes
a constant, allowed to change from line to line, which only depends on @, (£, g) and N
unless indicated otherwise, and we will use the shorthand A < B to mean that A < CB
for such a constant C.

In the following it will be important that we do not work with respect to the standard
inner product on H (X, R"), but instead use an inner product that appropriately weighs
the L2-part of the norm in the bubble region.

Definition 2.4. Given any z = z{"* € Z we consider the inner product
(v, w),; = / VoVw + pZvwdvg, v,w € HY(Z,R"),
o

where the weight p, is given by p, = H_;}—zrz on X\ B,(a), while
0

1

pz(p) = pa(x) = 2ﬁ|vnk(x)| = for p = F;'(x) € B.(a).

1 + AZ%|x|?
At times we will also want to use local versions of the above norm, so set
lwiZg = [Vwl2sq + lo:wl2s). forQ C .
We note that the weight p,: ¥ — R™ is continuous and that we can bound
|Vz| < Cp; and [[V(Pw)|; < Cllw]; (2.11)

forany w € H'(Z,R") and any z € Z. A short calculation (see Appendix B) gives

][ wdvg| < Cz.g(log )2 w]. (2.12)
b))
and thus allows us to bound
1
lwlzr(s,g) < ClogA)z|w]z, pe[l,o0), C=C(p.(2.g)). (2.13)

With these definitions in place we can finally formulate our main result in the form
that we will prove in Sections 3 and 4 and that will subsequently form the basis of the
proofs of all other main results.
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Theorem 2.5. Let (X, g) be any closed surface of positive genus, let N be any analytic
closed manifold and let &: S*> — N be any harmonic map with d@(p*) # 0. Then there
exist numbers ¢ > 0, A > A1, & € (0,01) and C < o0 50 that for everyu € H'(Z, N) for
which there exists Z € Z% with

IV = D)ll2(z,e) + 1 = ZlLe(z,g <&

Z‘; as in Remark 2.3, we can bound

. . 1
dist(u, Z2) = Zlg [u —z|lz < ClltgW)llL2(z,6) (1 + [logllte )| L2(z,0)]2),  (2.14)
while the estimate

1
E@) — E@)| < Clltgl} 5.0 (1 + log [t @) 2|7 (2.15)

holds true for the exponent y; € (1,2] for which (1.3) holds.
Furthermore, for each such u there exists z € Z with ||u — z||, = dist(u, Z) and the
bubble scale of any such z = ZZ’(” satisfies

_ 1
AT < Cllrgllzam,g - (1 + llogllTg ()| L2(z )] ?) (2.16)
while the tension of the underlying map w: S* — N is controlled by

1
I7gs2 (@)llc2(s2) = Clitg W L2(z ey - (1 4 [log [[7g (W)l L2(z,6)|2)- (2.17)

3. Properties of the energy on the set of adapted bubbles

3.1. Basic properties of the second variation of the Dirichlet energy

We first recall the following standard expression for the second variation of the Dirichlet
energy, for which we include a short proof for the convenience of the reader.

Lemma 3.1. For any u € H'(Z, N) and v,w € TH' 'L W*TN) we can write the
second variation of the Dirichlet energy d?> E (u)(v,w) := % le=0 % ls=0 E(rny(u 4+ ev +
sw)) as

d?Eu)(v, w) = / VoVw — A(u)(Vu, Vu)A(u) (v, w) dvg. 3.1
=

Proof. We write uy := y (4 + ev) = u + v + O(g?) and use that the negative L>-
gradient of E is given by tg (us) = Ague + A(ug)(Vug, Vug) = Py, (Agu,) to compute

d d
7e 8=0/tg(u8)w dvg = —ELz()/AguaPus(w)dvg

— [ ~acwan, + [ Bgu-aryw)w) dvg

d?E@u)(v, w)

= /Vvadvg —}—/AguA(u)(v,w)dvg,

which gives the claim since the normal component of Agu is —A(u)(Vu, Vu). |
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We note that if u € W17 (X) for some p > 2, so in particular if u = z € Z, then d?E
has a unique extension to a continuous bilinear form on I'# : (u*TN) and we will in the
following consider d? E on this space.

The above expression, combined with (2.11), immediately implies that d2?E is
uniformly bounded on the (non-compact) set Z of adapted bubbles equipped with the
weighted norms || - ||; in the sense that

|d?E(z)(w,v)| < Cllw|;|v]]; foreveryz e Zandallv,w € FHI(Z*TN). (3.2)

We also note that differences of second variation terms evaluated at different maps
i, it € H>(Z, N) and corresponding tangent vector fields U1 € FHI(L?*TN), U1 €
I'#' (4*TN) can be bounded by

|d? E (i1) (D1, 2) — d” E (i) (by. 02)|
< / V(01 = 0)[[VO2| + [V1|[V(02 — 02)]
+ /(|Vﬁ|2 + [V (|01 — 01| 2] 4 |02 — T2|[5:1]]
+ / 011 102] [|2t — @] [V@t|> + |V (@ — @)||Vir| + |V (@ —@)[?],

where all integrals are computed over (X, g).

We will use this formula mainly for &z = ZZ’(” € Zandformapsu =u; =nn(z +tw),
t € [0, 1], that interpolate between z and amap u = z + w € H?(Z, N) with ||[w|| 1 < 8x
and for vector fields obtained by projecting suitable v : X — R” onto the corresponding
tangent spaces. In that situation the above formula, combined with (2.11), gives

|d2E(ut)(Putv1» Py, v2) — d?E(z)(Pyvy, Pov)|
s/|w||w1||w2| +/(|w|pz+ Vwl) (o] [Voa] + [val Vo))
+/|v1||vz|(|w|p§+|Vw|pz+|Vw|2>. (33)

3.2. Uniform definiteness of the second variation orthogonal to Z

One of the key features of our set of adapted bubbles is that the second variation of the
energy is uniformly definite in directions orthogonal to Z. Namely we prove the following
lemma:

Lemma 3.2. Let ®:S? — N be any harmonic map and let Z be the set of adapted bubbles
defined above. Then there exists cog > 0 so that for every z € Z we can write the orthogonal
complement V, of T, Z in (1"H1 (z*TN), (-,*);) as an orthogonal sum V, = V} & V; of
spaces which are so that for v¥ € 'Vzi,

A’E(@)(v4.v-) =0 and £ d?E(2)(vs.vs) = collv 2.

Here {-,-),; and the associated norm are as in Definition 2.4.
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We remark that an analogous property holds true for the manifold used in [18] in the
proof of the classical Lojasiewicz—Simon inequality, and there directly follows as maps in
this manifold are C¥ close to @ and as T3 # = ker(Lgy).

Here we have to proceed with more care since our set Z is non-compact. As in the
proof of the corresponding statement [12, Lemma 3.6] for the H -surface energy, we prove
this result by establishing a uniform gap around 0 in the spectrum of the projected Jacobi
operator, though here use energy considerations rather than Lorentz-space techniques as
we do not have the explicit divergence structure present in [12].

Proof of Lemma 3.2. We note that for each fixed z € Z the space ' 1 (z*TN) equipped
with (-, -); is a Hilbert space, so Riesz’s representation theorem allows us to consider the
corresponding Jacobi operator L,: I'# ' (z*TN) - TH ' (z*TN) which is characterised
by

d*E(z)(v,w) = (L,v,w), foreveryv,w e r#’ (z*TN).

From the definition of the inner product and Lemma 3.1 it is easy to see that L, = Id — K,
for K,: TH' (z*TN) — rH' (z*TN) characterised by

Po(—AgK:(v) + p2 K> (v) = b (v)
= p2v+ Y (A(2)(Vz.Vz).v]) P (dv] (v)).

{vlf} a local orthonormal frame of TPJ-N . We note that the right-hand side is bounded
by |b;(v)| < Cp2|v], so as p, € L°°(X) we have that K, is a compact and self-adjoint
operator on (1"Hl (z*TN), {(-,*)2).

In order to construct the desired splitting of 'V, we then consider the projected Jacobi
operator I ;= PV=0L z|v, =1dy, — K 2, PVz the orthogonal projection onto V,, which
can be equivalently characterised as the unique operator L.:V, - V, which is so that

d*E(z)(v,w) = (L,v,w), foreveryv,w € V,.

AsK, =PV oK, |y, is also self-adjoint and compact, we know that the eigenvalues of
L are real and tend to 1 and that there exists an orthonormal eigenbasis of (V;, (-,-)z). It
hence suffices to show that there exists c¢o > 0 so that, after increasing A; and decreasing
o1 if necessary, none of the operators L.,z € Z, has an eigenvalue in [—cg, co]. This
will imply that the lemma holds true for ”Vzi chosen as the span of the eigenfunctions to
positive, respectively negative, eigenvalues.

To prove this eigenvalue gap we argue by contradiction. Suppose there exist sequences
of adapted bubbles z; = zzz @i e fAZE with A; — oo and w; — @ and of elements v; € V;,,
normalised to ||v;||;; = 1, so that L;; v; = u;v; for some p; — 0. We first claim that there
exists a number c¢; > 0 so that for all sufficiently large i,

/ ,oi, |17,-|2dx > c¢1, Wwhere?; :=v; o Fajl. (3.4)
A3

4
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To see this we use that pz; is of order O(A; 1) away from the ball B,(a;), while p;, =

Ai -3
m <A; 7 onDy \ D, PRSIEE We can thus bound

i = (Lzyvisvi)z = [uillZ, = (Kz (0i), vi)z = 1—/ bz, (vi)v; dvg
z

_2
si-c [ Flular- ] il
D 13
_2
R T O Rl AL
D 13
where we use that the Poincaré hyperbolic metric is uniformly equivalent to the Euclidean
metric on Dy, in the penultimate step and (2.13) in the last step. As u; — 0 this yields the
claimed lower bound (3.4) for all sufficiently large i.

We now proceed to construct a sequence of maps w;: S — R” that converges to a
limit we, which is a non-trivial Jacobi field at @ but also orthogonal to

Xp =Ts{woM :w € Ho(@), M € Mob(S?)}.

This leads to the desired contradiction since (@) is chosen in a way that ensures that
X agrees with the space ker(Lg) = ker(Lg) of Jacobi fields at @; compare Lemma 2. 1.
To construct these maps w; we first define

Wi = ¢ivi(A71) + (1 — ¢i)9;: R? — R”,

where we let v; = f A V; dx be the mean value over the annulus 4; = ]D)2 A—1/3 \D _1/3

and we set ¢; (x) = ¢(A, E |x|) for some fixed ¢ € C2([0,2),[0,1]) with¢ = 1 on [0 1].
As ; is constant near infinity, we have w; := @; o 7~ ! € H'(§2,R") and we can
bound

- - - 1 ~
”wi”él(sz) :/ |Vwi|2+|axlj'[/\axZT[||wi|2dx:/ |Vwi|2—|——|V7'[|2|wi|2dX
R2 R2 2
S [ vaR PR+ f 5P 5P e
D 13 Aj A

2 —4/3,- 12 2
< uill2 + CAT*P 1512 < o2,

—

where the last step follows as p;, > cA; * on 4; and thus )ti_% |0; | < )Li_% fAi |0;|% dx <
s ]2,

After passing to a subsequence, the maps w; thus converge to a limit ws, weakly in
H'(S2%,R"), strongly in L2(S?, R") and almost everywhere. Away from the shrinking
discs m(R?\ D,2/3) C S2, the maps w; = v; o (), o Fp;)~! are tangential to N along

Zii=zio(my, 0 Fy) ' =wi + OAY) — @, (3.5)
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so the limit wo must be tangential along @, i.e. an element of T'# ' (@*TN). Further-
more, Wy is Non-trivial as w; — e strongly in L2(S?2,R™) and as the L2-norms of the
maps w; are bounded away from zero thanks to (3.4). We now want to prove that we is
orthogonal to the space X5 with respect to the inner product

(v,w) = /S2 VwVw + cywv dug,.

Remark 3.3. Here we setc, = % if y = 1 as this ensures that () o F;)*ggs2 = Cy,oza,wg
A

on B,(a), while we set ¢;,, = 1 if y > 2 and use that in this case ((7r) o Fy)*gs2)(p) =
¢y Plan (1 + Odistg (p,@)*)g(p) for p € Bi(a).

We can use the following lemma; see Appendix B for a sketch of the proof.

Lemma 3.4. Let z; = Zz;’wi be a sequence of adapted bubbles for which A; — oo and
w; — @. Then there exist bases {e} }szl of Ty, Z that are orthonormal with respect to
(-,-)z; and that converge to an orthonormal basis {e]‘-’o}]K=l of (X5, (-,+)) in the sense that

eAj". = e; o(my, 0 Fg) ' > e7° smoothly locally on S2\ {p*} while
. . l _ .
Iggnwllinl)gp ”ej”zz',E\BMi—l(ai) =0 forj=1,...,K. 3.6)
As w; — Weo in H1(S?) we obtain that, for j = 1,..., K,
,e’) = lim Ve, Ve® > d
(Woo € ) ALOO o Woo Ve~ + cywocer” dug,
= li li Vw;Vél ot
Ao i 2D wi Ve; + cywie; dugg,
= lim lim VviVe; + vie}pﬁ_ dvg
A—ooi—oo Fﬂ_il(DArl) l
=— lim lim VviVe} + v,-e_;:pi dvg =0,

A—00i=00 JE\Fi 1 (D, ;1)
13

where we use Remark 3.3 in the third step, the orthogonality of v; to 77, Z in the penul-
timate step and (3.6) as well as that ||v; ||z; = 1 in the last step.
Having thus shown that ws, L X(®) = ker(Lg), it now remains to show that

d?E(@)(Weo, ) =0 forall n e TH' (@*TN).

We note that this is trivially true if 5 itself is a Jacobi field and that it hence suffices to
consider n € TH' (@*TN) with n L ker(Lg).
Given such an 7 we set 7; = f, 1nomy, dx, Ay = Dy, \]D%o, and define n; €
ro

rH' (zfTN)asn; = P (7;) on X\ B,(a;), while for p = Fa_l_l(x) € B,(a;),

i (p) = Pz (py (W (X)n(ma; () + (1 = (x) i)
for a fixed cut-off v € C°(D,,) withy = 1 on [D)%o.
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As d?E is conformally invariant and as )ti_l/ P < %ro for sufficiently large i, we get

d*E(zi)(vi.mi) = / V(P:;m)Vw; + A(Z;)(VZi, VZ)AZi) (Pgn, wi)dvg g,
ﬂ(DAg/3)
+ err;, 3.7

for Z; defined by (3.5) and |err; | < C||v; ||z, | n: ”ZiyE\Fa;l(DA—IB)' We recall that p;, < A;!

away from B;(a) and note that a short calculation, similar to the proof of (2.12) carried
out in the appendix, gives |7;| < (log )k,-)% 171l z71(s2)- As [[villz; = 1, this allows us to
conclude that

lerri | < A7 7] + lIn o 7, — 7l Iz2¢a,) + [ 2100 70,1 + [V (o 7T)Ll-)|||L2(]DrO\D )
)Li

_ 1
S A7 (log A 2 Inll sz + ”77||H1(7r(]R2\DA_2/3)) — 0.
Combined with w; — weo in H'(S?) and ||2; — @Hcl(n(m_ro)) — 0, which follows as

w; — @ smoothly on S? and ||Z; — a)i||c1(n(DA}r0)) < CA;!' — 0, this shows that the
right-hand side of (3.7) converges to d?E(®)(Weo, n). We thus conclude that

4% E @) (woo. m)] = 1im |d2E(z) (vi. )| < [{Lzyvi PYmi)| + C vl | PT% i -
< Ipillnillz + CIPT= 2],

As |Inillz; < Clinlla(s2) + C/\l._1 |7; | is uniformly bounded and as we have assumed that
i — 0, we know that the first term in this estimate tends to zero as i — co. We can

furthermore use Lemma 3.4 to see that for j = 1,..., K,
il—lfgo(ei i)z = Algnoo i1—1>nolo(ei ’m)zi’z\Fa_il(DM;l) + Algnoo il—lglo(ei Pz (M)x @)

=0+ lim (ego, Ma@y) = (eéo,n) =0,
A—o0

where the last step follows as 7 L ker(Lz) = X;. Hence || P Tz %p; |z; = 0 and we indeed
obtain d? E(®)(Weo,n) = 0. Thus we € ker(Lg), contradicting the previously established
fact that we, is a non-trivial element of (ker(Lz))*. [ ]

3.3. Expansion of the energy on the set Z of adapted bubbles

The goal of this section is to identify variations in the space of adapted bubbles for which
the leading-order term in the energy expansion appears with a known sign and scaling.

In the integrable case, where all elements of Z are built out of harmonic maps w: S? —
N, we will only need to consider variations (z,) induced by a change of the bubble para-
meter. In the general case we will additionally need to consider (z;) induced by variations
of the underlying maps »® € H]' (@). To treat both types of variations at the same time
we first show the following lemma:
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(e
Lemma 3.5. For any variation z; = Z;;w "inZ for which (2.6) holds we have

A
d —E(z) = d JCA3,@; dx + diE(w(s)) + err (3.8)
D &

o

2

for an error term that is bounded by
lerr] < CA72 + CA2[[|0:0® | c2(s2) + g0 (@)l c1(52) -

Proof. Let z = 23 € Z and let z, = zi’w(g) be a variation for which (2.6) holds. To

lighten the notation WS wg(tue(s’)for short v = v A ) j=1J3 A “ and denote the corresponding

variations by d.v = - v Og Je i= ds.]lg and 0,0, = %(a)(s) omy,).

We first remark that away from the ball B,(a) we have Agv = 0 as the derivatives of
the Green’s function are harmonic functions. Combined with the estimate (2.8) on the error
term in (2.7) and with 74 (2) = P;(Agz) = P.(d iy (v)(Agv) + d? 7y (v)(Vv, Vv)), we
hence get

|Agu]+18:Agv] +[VV|? +18: VuI? + |7 (2)| +10:7¢ (2)| S A7 on B\ Bi(a). (3.9)

We also note that (2.10) yields a bound of |0,z] < A~! + 5o on this set, where here
and in the following we write for short 19 := |3,0® (p*)|. We thus obtain

d
—E(z) = —/ 05z - Tg(z) dvg = —/ 36z - Agzdug + O(A > + oA ™2)
de p> Bi(a)

= —/ e - AZdx + OA™3 + oA ™2) (3.10)
Dr

o
2

for Z = z o F,; . Here and in the following we can carry out all computations on D o with
respect to the Euclidean metric, as the above integral is conformally invariant. On this set
we can write Z = iy (wy + j) as

E=@y+ Py (/) +E=@5+j— P35 (j))+E. (3.11)
where the lower-order error term
1 d _ 1 _ _
— [ @+t = o) = [ @ry @+ 1) - dry @)
0 0

satisfies the estimates

|E|+10:E| S A2 [x . |VE| +|0:VE| S A7%|x|, |AE|+[0:AE| SA72 (3.12)
Here and in the following we use that

1141071 S A7 xl, 10Vl <A™ 10:Vmal S pa and palx| <1, (3.13)
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while

([0:A] + A)[x|

9.3, <
[0e05] < 122

+7n0 S +AxD™ +no and [0, V@] < ps. (3.14)

In the following it will also be useful to note that this implies that
10e2] < (1 + Alx ™" + o, (3.15)
that we can trivially bound

1A ] + 10:A82] < [lollc2eszy + 100 [ c2s2)[IVAA|* + 0641 [Va] 10, Va]
< P2, (3.16)

and that we have estimates of

loalxl + (14 A o, ) S A7 (log )2,
2

. . (3.17)
Joalxl + (1 + A ™ iy S A7
2
From (3.10), (3.11) and A, j = 0 we thus obtain
d ~ ~ 1. A~
T E@=- Aep A(@y — Py J) + 0e(P, J)Ady,
3 D ro
2
+err; + O(A73 + oA 2) (3.18)

for an error term that is bounded by

lerry | s/D |0:(Pas, IAPZ j| + [0: E|(|1A@2| + |APZ, j1) + | AE| |96z
o

2
S A_Z/D P31x 2+ palx| + 27250 + A2+ AxD " L1 g
ro ’
2
<A 4 per 2

We then note that

d

—/ 0oy AG; = _/ D@5 7(By) + erry = —( E(@®) +emrs,  (3.19)
Dry R2 d8 e=0

2

where err, = fRZ\D " 0.0, 7(w),) is also bounded by
7

lerrz| < [10e@all Lo ®2\D 1) I Te g2 (@)l Lo (52) /Rz Vs> = O(A72 + noA™2).
2

Dro/z
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Here and in the following we use that i) is conformal and hence
~ 1 2

t(wy) = §|V7m| “Tggn (w) o). (3.20)
Rewriting
9s(Pa, J) - Ay = 0:(P, J - Awy) — Pg, j - 0: A0y = 05(j - T(@p)) — P, J - 0 Ay,
and setting errz := — fD " d¢(jt(®w,)), we hence obtain from (3.18) and (3.19) that

2

d d
_ () o ~ 1 ~
To b)) = k(0 “) +f% P, j - 3:A&; + A(P3; ) - 0:02
2

+err3 + O(A73 + oA ™2)

d
= d—E(w@) + / j - 0:AB; + errs 4 errs + O(A73 + oA 72),
&

o
2

where we integrate by parts in the second step. We can use (3.14) as well as that j €
Tw(p+) N to estimate the resulting the boundary term by

lerrs| < “asCBAHCI(BDrTO)”(P&'J); - Paf(p*))(j)ﬂcl(an%o) = 07> +10A72),
while combining (3.20) with (3.13) and (3.17) allows us to estimate
lemal 527" [l @)llcrs2) + 1360 e [1+102 | 1o
S A2 (ltg g (@)l crs2) + 190 [l c2(s2)).-

We finally remark that fDro JO:ADy = % Ip,. JOrAD; + errs for
2

o
2

lerrs| < /D 7 118(Be0®@) 0 )| £ 27H9:0P llc2 16102 L1,y S 421860 2.
o 2

Altogether this yields the claim of Lemma 3.5. ]

We now show that the integral [ jd,Aw, appearing in (3.8) has a given sign and
scaling in A and indeed essentially only depends on a € X, A and |dw(p*)|.

To state this in detail we first note that as d@(p*) # 0 we can always assume that
o1 > 0 is chosen small enough to ensure that

1
|[dw(p™)| > §|d@(p*)| >0 forallw e H]'(®).

Writing for short ¢, := %|da)(p*)|gsz, we note that if @ is harmonic then the vectors

{1V, 0(p*), e, Ve,w(p*)} are orthonormal since harmonic maps from S? are weakly
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conformal. While this is not true for general elements @ € #;'(®) in the non-integrable
case, the above will still hold up to a small error as elements of J#;" (®) are C k close to
the harmonic map @.

So given any number 17 > 0 we can assume that 7 > 0 is chosen small enough so
that for any w € #;'(®) there exists a matrix S, € M (n) with

do(p*)(ei) = apSpe; €R™, i =1,2, and |S.S, —1d| < n1. (3.21)

Here we denote by {e;} the standard basis of both R3 and R”, as appropriate. We note
that as S,, will only be applied to elements of R? x {0} C R” in the construction below
the particular choice of S, in the other directions is irrelevant. We can then prove the
following lemma:

Lemma 3.6. For any w € K¥{'(®), A > A1 and a € T we have

/D JE0 N g2 dvg = dr|deo(p*)PF @A™ + O™) + O(S] Sy — 1)
o
2

for Sy, as in (3.21) and ¢ (a) = limy—0(dy, 0x, + 0y,0x,)Ga(x,0), where G4(x,y) =
G(F, a_l (x), F, a_l (»)) is the function that represents the Green’s function in the coordinates
F, introduced in Remark 2.2.

Remark 3.7. We recall from [12] that the function ¢, which depends only on the domain
surface (X, g), is strictly negative on any surface of positive genus.

Proof of Lemma 3.6. Extending w: S> — N < R” to a neighbourhood of S? by setting
w(x) = w(]x|7'x), we can view dw(p*) as a map from R3 to R” with dw(p*)(e3) =
0. Thus (3.21) allows us to write dw(p*)(037)) = 0w Se (9373, 0p—2)", where 7 =
(ni, JT%): R? — RZ? is given by the first two components of the rescaled inverse stereo-
graphic projection ;. We can use this to estimate

102(@3 — 0w Sw (T2, 0N c1 @D ry ) = Ildew(m2) — do(p™)]@a71) e (D y)
2 2
< lollczs2yllma — P et @) 10272 llcr @Dy )
2 2
<A

Integration by parts, also using || j"“[lcim,,) = O(A™") and Ag j;* = 0, thus gives
2

/D OO0 A8, = /D 59 Ao Sds (72, 0)T) + 0()
ro o

2

2
= to / (ST j5) - (A, 7,07 + O(A™).
D

o
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Writing for short j, = 2V, J,(-, 0) — 2V, J,(0,0): D, — R, we now recall that e
is given by /" = A7 'dw(p*)(Ja. 0)" = A7 008w (Ja. 0)". As A71 [ |jal|Adxma] S
A72 [|x|p3 < A73 we thus obtain

/ JPC N0y dx = 22! JaAd; 7y dx + OA™* +|ST S, —1d]A73). (3.22)
Dry Dry
2

Up to the factor o2 and the constant shift in fa, the leading-order term in (3.22) is exactly
the same as the leading-order term obtained in the proof of [12, Lemma 3.7]. Following
the argument there we can thus combine the Taylor expansion of j, with the symmetries

= = —16Ax
of A]T)L = —|V7T)L|27TA = G 2xp? to compute

ail_l/ faAa)u_l’,l
Dry

2
16Ax;
=—a2)\7! 20y, 0. J4 (0 / i (———— on*

e i—Xlzz 109 Ja0) Dro * A((1+/\2|x|2)3)+ @)

- ”3 (axlaylj (0) + 0x,0y,J4(0)) + O(A™%)

_awk:‘}

g(a) +00™.

Inserting this into (3.22) and using that a2 = 1|dw(p*)|? gives the claim of the lemma.
"

We first use the above lemmas to control the variation of the energy induced by a
change of the bubble parameter. To this end we note that given any 7, > 0 we can choose
o1 > 0 sufficiently small to ensure that

ltgg (@)llci(s2y < m2 forallw e H (D)

since @ is harmonic. For suitable choices of o7 and A; we can thus combine Lemmas 3.5
and 3.6 with Remark 3.7 to obtain the following corollary:

Corollary 3.8. There exist constants c; > 0 and C < oo so that for any z = Z)L € Z,
-2 d a,w -2
CA ™ * > —)LEE(ZA’ ) > A .
Remark 3.9. As an immediate consequence we obtain
|E(z,X) — E(w,5%)| < CA(z)™% foranyz € Z.

In the non-integrable case we furthermore need to control the tension of the underlying
map o if @ € #{" (@) is not harmonic. To this end we let wy € K, ' (@) and R € SO(3) be
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s0 that @ = wp o R and set 0® = o o R for »

satisfies (2.6) and as (2.4) ensures that

dE
de

{) a5 in Lemma 2.1. As such a variation

d
@) = —E@p”) 2 g @0)L252) = [7e @)llz2(s2).
Lemma 3.5 immediately yields the following corollary:

Corollary 3.10. There exists a constant C < 00 so that for any z = Zf{’w € Z for which w
is in the interior of J{'(®), there exists a variation 0@ of w in H' (@) satisfying (2.6)
so that

d E
de
for the corresponding variation of adapted bubbles (with fixed A and a).

(&) _
5 = ltgg (@)L2s2) — CAT2

3.4. Estimates on the tension and the second variation on Z

To prove our main result we furthermore need the following estimates on the scaling of
the first and second variations of the energy at points of our adapted bubble set.

Lemma 3.11. Forany z = ZZ’C" €ZandweTH' (z*TN) with ||w||; = 1, we can bound
[dE(2)(w)] < CA™2(logA)? + Cllzg, (@) c1(s2)-
while for all variations z, = zz;w(s) satisfying (2.6) we have
[d2E(2)(3:z, w)| < CA"2(logA)? + C g (@)llcrcs2y + CATH0:0® || c2(s2)

+ C [Py (0e7g ., (@) L2(52).- (3.23)

Remark 3.12. For the variations zS)

yields a bound of

= zf{’((f_s) considered in Corollary 3.8, this lemma

_ 1
d?E(2)(0:z". )] < CA™2(log 1)2 + Cllzg, (@)l c1(s2),

where we compute the operator norm with respect to || - || ;. For more general variations,
the term || Py, (0e7¢, (0®)) lz2(s2) = | Lo (3®) | z2(s2) can be of order one, but will be
small since Tz #; ' (@) = ker(L). For variations Zéz) as in Corollary 3.10 we will hence

simply use that, after increasing A; and decreasing o; > 0 if necessary,
142 E(2)@ez®, )| < n3
for a small constant 13 > 0 that is chosen later on.

Proof of Lemma 3.11. The main step in the proof of the lemma is to derive suitable bounds
on the tension 7g(z) and its variation P;(0:7¢(z)) on Bi(a). To do this we can work in
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the usual isothermal coordinates in which z is represented by Z and estimate the tension
of Z with respect to the Euclidean metric on Dry . Writing Z as in (3.11) gives
2

7(Z) = P3(AZ) =T, + T, + err;  on ]D)%o

for terms
Ty := P;(A®;) and T,:= P:(A(P3,)))

that we analyse in detail below and an error term err; = P3(AE) for which (3.12) gives
lerry| + |9zerri| = O(A72).
As we can write T; = (Pg, — Pz)(A(0)(V@a, V@) + Pz(t(®;)) we can estimate
T < 12— @2l0F + 1@ < A7 x102 + ltggn @)l cogs2)03:
compare (3.20). Furthermore, we can use (3.12)—(3.15) to bound

|Pz0:Th| < 10:(2 — @)|p; + |2 — 211002103 + [0: V@l p2)
+ 02|t (@p)] + | Pz (3:T(0;))]
S ATNxI0} + g (@) cogs2)0) + | Pz (B:T(@2))).

To bound the last term we use that (3.20) and (3.13) give

~ 1
deT(@Wp) — §|V7Tl|2(aefgsz (w))omp| < ||Tgsz (w)”Cl(SZ)p,Z\a
thus allowing us to bound
|Pz(0:T(@1))] < CATH|x||9:0(@2)] + | Pas, (3 (@))
S AT x10% + ltgg (@)l cr(s2) 03
+ |(Pwasfgsz (@) o mal - [Valpa.

All in all we thus have an estimate of

1Pz (3:T1)| < A7 |x103 + [t (@)l c1(52)03 + |(PudeTgg, (@) 0 ma| - [Vaa|pa.

Since j is harmonic we have T, = —P3 (A(P(Tt j)), so working with respect to a local

orthonormal frame {v¥} of T+ N and summing over k we get

To = —(v§,. j) Pz (Avk ) — A((VE . )))(Pz — P3,) (V)
—2V((vE,. ) Pz (V). (3.24)

w

allowing us to bound
Tl S 1103 + IV illiloa + pal (g, Vi) S A7 xloy + A~ pa(l + Alx) ™!

since j maps into Ty(p+)N and @), — w(p*)| < (1 + Alx])~L
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Furthermore, differentiating (3.24) with respect to ¢ and using (3.13) gives

10: T2 < {171+ 186103 + CUV /| +18:V jl1palj |
+ (V8 Vi) oa + (v 0:V i) o + 196831 [V |2
S ATV xlpg + A7 paloa — o(p)] + A7 (190 llcr + (1 + 1Ax))™)ps
A7 Hx1pE + A7 (190 1 + (14 Ax DT,
where the penultimate step uses (3.14), as well as that 3, Vj = A7V € Ty(p+)N and

thus |Pw(p*)(asvj)| =< A1 ”aea)(s)”C1 .
All in all we thus find that on D 0,

[T S A xloa + A7+ 1AxD) 7! + ll7gg (@)l coszypalon + 472 (3.25)
while

|Pz(3:7(3))] < A7 Ix|pa + 19:0@ [l c1(s2y + (1 + [Ax])"']pa + 472
+ 1tg g (@)l c1(52)0) + [(PudsTey, (@) 0 il [Vmalpa,  (3.26)

where we note that

[(Po0sTgy, (@) 0 | Vs ”LZ(]D%O) = V2| Po(0sTg g, (@) | 1202, 1y 1) -

2

As the energy is conformally invariant, |w|; = 1 and as 74(z) and 0,7¢(z) are of
order O(A72) on X \ B;(a) (compare (3.9)), we hence get from (3.25), (2.13) and (3.17)
that

|[dE(z)(w)| = ‘[): T (z2)w dvg

<l + [ e@lwe £ dx

o
2
_ 1 _ _ _
S A2 (log )2 + A7 xloallL2@y ) + AT+ 1AXD T 2@,y )
2 2
+ l[teg (@)l cocs2y
— 1
S A72(log )2 + [ITe g, (@)llcocs?).

as claimed in the lemma. Finally, as w is tangential to N along z we have
d?E(2) (3,2, w) = —/ 0:T¢(z) - wdvg = —/ P, (0:7¢(2)) - wdvg
by by

_ _/ P:(8:7(2)) - w o FyVdx + 02wl 1as)
Dry

2

and inserting (3.26) and (3.17) immediately gives the second claim (3.23) of the lemma.
[
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4. Proof of Theorem 2.5

We now turn to the proof of our first main result. To this end we first observe that two
adapted bubbles with quite different scales A1, A, respectively with quite different under-
lying maps w; and w; cannot be close. Namely, we have the following lemma for which
we provide a short proof in the appendix.

Lemma 4.1. Let & be any harmonic sphere and let M1 > 2, 01 > 0 be any given numbers
Sforwhich Z = Zill is well defined. Then there exist numbers 3 > 0 and A, > A1 depending
only on o1, @, (X, g) and N so that

|25 = 22200 = &5 @1

Sor all elements Z)k , g “ e Z with A >0/\2 for which either A)~! ¢ [2, 2] or for which
w e J€3 7(@) while & € HT (@) \ H: 7 (D).

Furthermore, for any € > 0 there exist § > 0 and A3 > A, so that for any Za ,z2
with A > A3 we have

1 .
a,w a,w
257" — z~ ||Loo(g) < 58 whenever ||z —z5 ||Z§"” <. 4.2)

This lemma now allows us to prove that in the setting of Theorem 2.5 we have the

following lemma:

Lemma 4.2. Let & be any harmonic sphere and let A1 > 2, 01 > 0 be any given numbers
for which Z = Zill is well defined. Then for every & > 0 there exist &1 > 0 and A > A1 so
that for any u € H' (X, N) for which

1y
lu = zollzoocsy + IV = 20)llz2(z) < &1 for somezo € Z3,

we have that the infimum dist(u, Z) := inf,cz ||u — z||; is attained on Z and for every
minimiser z of this distance we have that z € Z \ 0Z and

||Ll — Z||Loo(2) < E&.

1
Proof Lete>0Oandletu € H' (X, N) and zg = ZZO @0 Zial be so that the above

assumptions are satisfied for numbers ¢; € (0, 58) and A > max(A3,2A;) that are chosen
below, A3 the constant from Lemma 4.1.

Since [ p? dvg is bounded uniformly on Z, we have that |[u — zo||; < Ce; for every
z € Z. We can thus choose &1 > 0 small enough so that any z = Zi”w € Z with ||z —ul; <
|zo — u||z, must be so that

lzo —zllz = llz —ullz + llzo —ullz < llzo —ullz + lzo —ullz = 2Ce1 < min(3, &3),

for 8,e3 > 0 as in Lemma 4.1. As A(z9) > A3 > A, we can apply this lemma to con-
clude that any such z is contained in the compact subset of adapted bubbles for which the
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parameters are constrained by A € [%A(zo), 2A(zo)] and w € J{’l%m. Hence z — ||u — z||,
achieves its minimum over Z on this compact subset and any minimiser in Z is contained
in this subset of Z \ dZ. Furthermore, the last part of Lemma 4.1 yields that any minimiser
satisfies |lu — z|[Le < [z — ZollL= + [[u — ZollLe < § + &1 < &. |

As the norm || - ||, depends on z, we cannot expect that the difference w = u — z
between u and a minimiser z of Z — |u — Z||3 is orthogonal to 7, Z. However, as we will
see in Lemma B.2 in the appendix, we can bound the variation of the weight p, along any
variation z; € Z by

[9epzllL2(s) < Cll9ez]2- (4.3)

This allows us to obtain that w = u — z is almost orthogonal to 7, Z in the sense given in
the following lemma:

Lemma 4.3. Letu € H'(Z, N) and suppose that z € Z \ 0Z minimises Z > |u — Z||3
on Z. Then w := u — z satisfies

| PT=2(Pw)l|; < Cllwl Lo wllz, (4.4)

where P, denotes the (pointwise) orthogonal projection from R" to T, p)N, while
pT:Z.H! (z*TN) — T, Z is the (-, ) ;-orthogonal projection.

Proof. Given any variation z, of a minimiser z € Z \ dZ of Z > ||u — Z||3 we can combine
the resulting constraint that % le=ollu — z¢||Z, = 0 with (4.3) to conclude that at & = 0,

(w, 0.2) :/;Pzasng|w|2dvg

< Clwlzlwlzes)19epz I L2(x)
< Cllwllzlwllzeo(z) l|0ezell -

As | P;w —w|; < C|lw|pe||lwl|; (compare (4.8) below), we thus obtain the bound
[(Pzw,v)z| < Cllwllzelwlzllv]lz  forevery v € T> Z,
which is equivalent to claim (4.4) of the lemma. ]

This almost orthogonality of w to 7> Z is sufficient to exploit the uniform definiteness
of the second variation orthogonal to Z. This is crucial to obtain the following initial
estimate on w, which will play the role of [12, Lemma 2.7] in this new setting where we
work with a family of distances induced by the norms || - ||; on the infinite-dimensional
set of maps H (X, N) rather than in a fixed Hilbert space.

Lemma 4.4. There exists 2 > 0 so that for any u € H' (X, N) for which

lu—zl|, = i%f”u —Zllz <& and |z —ullLex) < &2 4.5)
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for some z = Zi’w € Z\ 0Z, we can bound w = u — z by
lwll < C(dE(u) — dE(2))(i0;) + C log Alltg () | 2(z.¢) w12 (4.6)
and therefore have
lwllz < llzg @)l z2(s,6)(0g 1) 2 + A2(og ) + 1z, (@) 22(s2)
+ (log 2276 ()22 5.,

Here, U, = (PVZJr — PVZ)(P,w) is defined using the (-, -),-orthogonal projections from
e’ (z*TN) to the subspaces "Vzi obtained in Lemma 3.1.

Both for this proof, and in later parts of the proof of Theorem 2.5, we consider the
maps
u; =ny(z+tw) forw=u—zandt €]0,]1].

We note that these maps are well defined if ¢, < §x and will be in H2(X, N) since any
mapu € H'(Z, N) with 7, (u) € L*(X) is automatically in H*(X, N); see e.g. [13,15].
We will also use that |Vu;| < |Vz| + |Vw]| and thus that for v € H'(Z,R"),

101 Vue 1725y + 1 Pu, (W12 SCIIUII§+C/|Vw|2|vI2dUg-

We also remark that for any s € [0, 1] we can write %us =dan(z+sw)(w) = Py (w) +
err, for an error term erry € 7 ' (u; TN) that is bounded by

lerry| < Clw|?>  with |Verrg| < Cp;|w|? + C|w||Vw]. 4.7)
Integrating over s € [0, 1] and using that also |(P,,, — Py,)(w)| < C|w|? we thus get
lw — Py,w| < Clw[*> while |V(w — Py,w)| < Clw||Vw| + Clw|*p,
for any ¢ € [0, 1] and we will in particular use that

lw—= Py, wl|; < Cllw|r=|lwl:. (4.8

Proof of Lemma 4.4. Let u and z be so that (4.5) is satisfied for a number &, € (0, 6y ) that
is chosen below. We set w, := P,(w), let W, = (Pvz+ — PV=)(w,) be as in the lemma
and note that (4.8) implies that

lw—w:|; = Cexlw|; while ||&;]|; < [lw:]: = Cllwl-.
We can hence combine Lemmas 3.2 and 4.3 with (3.2) to obtain
d*E(z)(w;. W;) = d*E() (P w; + PY* w,, PY  w, — PY= w,)
+d?E(z)(PT22w,, ;)
= co(| Y2 w2 + | P wz12) = CILP 2w - |1 -

T.Z 2 2
> co(llwz |7 = I1P=2w;|12) — Cllw| L lw]Z

Co
> (co(1 = Ce3) = Cen)l|w]lZ 2wl
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where co > 0 is the constant obtained in Lemma 3.2 and where the last inequality holds
after reducing &, > 0 if necessary. As

1

1d d
WEGW ~dEE)T:) = [ G@Ea@)a = [ @B Py ) o
! d - d
=/0 d2E(ut)(Eu,,Puth>—i—dE(u,)(EPu,wz) dr
1
— [ E@)Puw + e, Py )
0

+ /E VutV(Put(%Putﬁiz))dvg dr,

we thus conclude that

%0||w||2 <d?E(z)(w,,W;) < (dEu) —dE@))(W,)+supTi +T» + T3 (4.9)
[0,1]

for

Ty := |d?E(u;)(Py,w, Py, @,) — d?*E(z)(w;, @,)],

T :=/|Vu,| V(Pu,(%Pu,ﬁz))‘,

Ts := |d?E (u;)(err;, Py, W;)|.

To bound the first term we apply (3.3) for v; = w and v, = W, giving
Ty < C/IwIIVwIIV@zl +C/(|w|Pz + [VuD(|wl V| + [Vw]|w:])
+C [ 1B lwl(uls? + [Vulp: + [Vul)
< Clulslwl? + € [ 15190l
< (Cea+ %’)IlwllﬁvLC/IEZIZIVwIZ- (4.10)

~ . . . L + L
As 1 is obtained using the non-local projections P we do not have a pointwise bound
on ;. Instead we use that [A;w| < |Agu| + |Agz| < |tg ()| + p2 + |[Vw|?* (compare

also (3.16)) to bound
I = / |, |*| Vw|?* = _/w|w2|2Agw—2/(wVw)-(wszz)
< Clwllz[lltg @2 1Bz 174 + lwlZ + 1],
After possibly reducing e, > 0 and applying (2.13) we thus get

I = Cezllog Alzg ()22 + 1]JJwll2
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and so obtain from (4.10) that
c
T < (Ceat ) Il + Cealog Al ()2 w2

To bound 7, we write, summing over repeated indices j,

Puy (P 2) = Puy (o b)) = o, ) P (01,

= —(v,{t — vg, wz)Pu,(dV,L(Pu,w + erry)),

where we used that W, € T, N in the last step. We can thus estimate

TzS/IVuzl(pZIWI+IVw|)|w||ﬁz|+IVutIIWI(IVwII@zlJrIV@zllwl)dvg
< wllzellw]2.

Finally, we can use (3.1) and (4.7) to also bound

T3 < | Verrs|| 2| Vi, [l 2 + / [V lerre | |@2] < [lwllzee w3
All in all, we thus get

Ti+To+ T3 = (Ces + ) w2 + Cez log Al )2 w] .

Combined with (4.9) this gives the first claim (4.6) of the lemma provided &, > 0 is chosen
sufficiently small.

We can then combine (4.6) with the bound on dE(z) obtained in Lemma 3.11 and
with (2.13) to deduce that

1 — 1 ~
lwl? < Cllitg@)lL2(logA)2 +A72(log 2)Z + [|tgg, () L2¢s2)] 18- ||z
+ Cllrg )72 (log D)2 [w]lz + J[w]Z.

As we can assume that &, < % we can absorb the last term into the right-hand side and

use for a final time that ||, ||; < C||w||, to obtain the second claim of the lemma. |

We now want to derive suitable bounds on A~! and on ||z, 52 (@) [ L2(s2) in terms of
the tension of u. To this end we will exploit the lower bounds on the variations of the
energy in the specific directions of 7,2 obtained in Corollaries 3.8 and 3.10, as well as
the bounds on the second variation from Lemma 3.11; see also Remark 3.12 .

These results tell us that for z{" := Z?lf e

dE(2)(9:zV) > 172,

4.11)
1d2E(2)(3e2, )| < CA™2(log 1)? + C|zgy, (@)l 12(s52)-
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. . © . .
while for the variations z? := z3®" as considered in Corollary 3.10,

dE(2)(0:2?) > |1, (@)llz2sy — CA™2 and  [[d2E(2)(0sz.)| <3 (4.12)

for a number 13 > 0 that we can still choose and for constants ¢; > 0 and C < oo that
only depend on N, @ and (X, g).
Again writing u; = ny(z + tw) and w, = P,(w) for short, we have that fori = 1,2,

1
dE(2)(3:z?) = dEu)(3,2) + d?E(2) (3,29, w;) —/ Ty(1) dt (4.13)
0
for
d @) 2 @)
Ty = —dEue)(0:2)] = d™E(2)(wz. 0:2™)
d . d . .
- dE(u,)(E(Pu,agz(’))) + dzE(u,)(Eu,, Pu[agz(”) — d2E(z)(Pyw, 9,2D)
d . .
= / vUtv(Pu; (Z(Putasz(l)))> + dzE(ut)(Putw + erry, Putasz(l))
—d?E(z)(P;w, 0,z").
As [0,z20] < 1and |0, Vz®| < p,, we can use (3.3) to bound
|2 E () (Pu,w, Py, (9:29)) — d*E(2)(Pzw, 8:2D)] < w]2,

while (3.1) and (4.7) ensure that |d? E (u;) (err;, Py, (3:29))| < ||w||? also.
AS Py, (4 (Py, (9,20))) = — > ity = vz, 0:2®) Py, (dvy, (Py,w + erry)), we can
also bound

[ 09 (P (5 Ptz

< /[pz + [Vull[lw|[3:zD(IVw] + pzlw]) + [w[*|9,VzD]
< w2

and thus get |T4| < |w]|?.

For the variation zél) which satisfies (4.11), we hence obtain from (4.13) that
1A < dE@)(3:2 M) + d*E(2)@:2V w2) + Cllw]2
< g @)L 19:2 P 2 + CAT2(0g )2 + g2 (@) 252wz + Cllw]2
< A (log M) 1z ()12 + A~ (log 4) + [[tegs (@) 2as) + w2,
where norms are computed over X unless stated otherwise and where we use that

_ _ _ 1
19ezPllz2 S AT I+ AxD ™ 2@y, S A7 (logA)2.
2
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Combined with Lemma 4.4, and after increasing A if necessary, we hence obtain
_ - L
272 £ 27 log )2 gg () 22 + log Allzg (w17 + (log 2)* |7 ()l

+ ”Tgsz (Cl)) ”iz<s2)~
Thus, either /\_l(log/\)_% <|ltg(u)||z2 andso A 7! < C||tg ()|l z2(1 + |10g||rg(u)||Lz|%)
orA”l <C [7g> (@)]IL2(s2), SO in any case

- 1

A7 S g @)l2s2) + lTg (@) lL2 (1 + [logllzg (w)llz2]2). (4.14)

On the other hand, applying (4.13) for the variation z,?) which satisfies (4.12) as well as

[0e2®| 12 < C and using Lemma 4.4 gives
Itgs @) lL2s2) S A7 + 1dE@)@:2)] + [d* E(2)(3:2 w2)| + I|wl)?
SA + It L2102 P 2 + mallwllz + esllwlz
_ 1 1
< A72(log2)2 + || zg (u)l|L2(log 1) 2 + (log 1)?[|zg ()17
+ (13 + &3) 752 (@) | L2(52).-

As we can assume that ¢3 and 13 are chosen small enough we thus conclude that

_ 1 1
I7ggz (@) L2(s2) S A72(log A2 + |lrg (W)|L2(log A)2 + [|7g (u)[72(log A)>.  (4.15)

We can thus eliminate [|7g , (@)||12(s2) from (4.14) and get

_ _ 1 1
AN A% log A + llrg (W)l 21 + Nlogllzg ()] 22|% + (log )] + [l7g () [ (log ).
For sufficiently large A; we hence obtain our claimed bound (2.16) of
_ 1
A7 < Cllrg )l L2y [1 + loglltg ()| L2(xy 2] (4.16)
Inserting this back into (4.15) and using (2.3) implies that also
I7gs2 (@)l cr(s2) = CllTgg (@)lL2(s2)
1
< Clltg )2zl + Nogllzg )l L2(s) 2] (4.17)
as asserted in (2.17). From Lemma 4.4 we then obtain the claimed bound (2.15), i.e.
. 1
dist(u, 2) = [|w|z = CllrgW)llL2(s)[1 + Nloglltg )| L2(x)12]- (4.18)

We now recall that E(z5”) — E(w) = O(A~2) (compare Remark 3.9) and that | E(w) —
E ()] is controlled by the classical f.ojasiewicz—Simon inequality (1.3). Combined with
the bound on dE(z) from Lemma 3.11 this gives

|E() — E@)]
<|E()— E(2)| + |E(®) — E@)| + CA7>
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1
< dE(z)(w)] + [ |AE(2) () — dE () (w + exry)| di + [z, @) [ 52y + A7
0
_ 1 _
< A7200g M [wll: + Izgg @)llcr(snylwllz + ]2 + [y, @)1 252y + A2

since [dE(z)(w) — dE(u;)(w)| = | [ VzV(P,w) — Vu,V(Py,w) dvg| < Cllw]|2.
Inserting the bounds (4.16), (4.17) and (4.18) on A, Tgg, (@) and |w]|; into this estim-
ate yields finally the remaining claim (2.15) of Theorem 2.5.

5. Proofs of Theorem 1.1 and Corollary 1.3

Proof of Theorem 1.1. Let (u,,) be a sequence of almost harmonic maps which converges
to a simple bubble tree as described in the introduction. We let A,, a, be parameters so
that (1.2) holds. From the definition of the adapted bubbles we hence obtain

lun — 257 Leo(s,g) + 1V @Un — 257 L2(2,) = 0 asn — oo,

where we work on a fixed fundamental domain of ¥ and use Euclidean, respectively
hyperbolic, translations to the origin to get a consistent choice of coordinates Fy, in the
definition of the adapted bubbles. For sufficiently large n we can thus apply Theorem
2.5. This immediately yields the claim (1.6) on the energy E(u,). It also implies that the

bubble scale A, of elements z,, = z;”’w" € Z which minimise Z > ||u,, — Z||; is controlled

by (2.16). As Lemma 4.1 implies that the originally chosen A, are so that A,, € [%in, 2)1,,]
we also get the same bound on A, and for the rest of the proof we can assume that A, = in
and a, = d,.

If &, is harmonic, which will always be the case in the integrable setting, we can
simply set w, = @,. Otherwise we use that the classical Lojasiewicz—Simon inequality
(1.4) implies that there exists a harmonic map wy,: S 2 5 §2 which is C¥ close to & so
that ,

lon = @ullzcszy < Cllr@nl}3 s < CTllog Tl 7. (5.1)

We note that the same type of estimate also holds for ||w, — @, ||c1(s2) since both w, and
@y are elements of #{' (). We can also use that

1@n © 72, © Fap — Znllcr(Buan)) + 120 — Bn(P ) ci(\Butan) S A s

compare (2.9) and (2.10). Combining this with (2.14) and the already-established bound
(1.5) on the bubble scale, we get that, for r; < ¢ and sufficiently large n,

IV(@n — @n o7y, © Fa,) 28, @) + IVUunlL2(2\B,, (@)

~ _ . 2
< Cllwp _wn”Cl(Sz) + Cknl + lun — zallz, < Cjny2|10g Tnl?

for the same exponent y, € (0, 1] for which (1.4) holds, as claimed in (1.7).
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To establish the L2-estimate (1.8) we note that
Izn = B (P l2x) S 40" + 10+ AnlxD 2@,y S An ' (ogAn)? S T (log T):
compare (3.17) and (1.5). Combined with (5.1) this gives
20 = on(P) 2@y < Tallog Tl + llow — @nllco S Tallog Tal + 7,2/log T % .

Finally, (1.9) follows from (2.15) and (5.1) since we have a lower bound of p;, > caAn,
cpa > 0, on discs DAi,jl' [

Proof of Corollary 1.3. Let N be an analytic manifold of any dimension, let (X, g) be a
closed surface of genus at least 1 and suppose that there exists an accumulation point E <
E* = min(E%,,2Eg2, E(s g) + Eg2) of the energy spectrum. Thus there are harmonic
maps u;: X — N with E(u;) # E(u;) fori # j and E(u;) — E. We note that the maps
u; cannot subconverge smoothly to a harmonic map u: ¥ — N as Simon’s Lojasiewicz
estimate ensures that all harmonic maps in a neighbourhood of u+, have the same energy.
Thus the sequence must undergo bubbling: As each bubble requires energy of at least
Eg» and as E < 2E 2 the corresponding bubble tree cannot contain multiple bubbles. As
E is also less than Eg2 + E (2,g)» the base map must furthermore be trivial. Finally, the
assumption that E < E ;2 ensures that the bubble @ is not branched. We are hence in the
setting of Theorem 1.1 and the resulting estimate (1.6) implies that E(u;) = E(w) for
sufficiently large i leading to a contradiction. ]

6. Convergence of harmonic map flow

Proof of Theorem 1.4. Let u be a solution of the harmonic map flow (1.10) as considered
in Theorem 1.4. If there is any sequence ¢,, — oo along which the flow converges strongly
inH'toa (potentially trivial) harmonic map #,: ¥ — N, then Simon’s results from [18]
imply that the flow converges indeed along all # — 00 t0 U .

We can thus assume that for every sequence t, — oo with ||zg(u(f,))|lz2 — 0, a
subsequence of (u(z,)) converges to a non-trivial bubble tree. As the flow is not constant,
and thus E(u(t)) < E(u(0)) < E*, we can argue as in the proof of Corollary 1.3 to
conclude that these bubble trees, which might depend on the chosen subsequence, are
all simple and that the obtained bubbles w are all unbranched and have energy E(w) =
Ex = 1lim;— 00 E(2).

It is convenient to choose the rescalings in this convergence to a bubble tree to be
around centres a(¢) and at scales A(¢) which are chosen so that

— _ 1
E(u(l),Fa(tl)(DA(t)ﬂ)) = sugE(u(t),Fa 1(]D)A(t)—1)) = EESZ’
ae

as this ensures that the obtained bubbles are contained in a compact subset K C H?(X, N)
of harmonic spheres: indeed, the upper bound of %E s2 on the energy of the maps
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u(ty) o (Ta@,) © Fa@)) ':S? — N on balls with fixed radius gives such an upper bound
for the bubbles also, which in turn makes it impossible for a sequence of such bubbles w,,
to undergo bubbling itself.

As Theorem 2.5 is applicable on a suitable ' N L% -neighbourhood of each & € K,
we can consider a finite cover of K by such neighbourhoods to deduce that there exist
g, /_X C > 0 and y; > 1 so that the Lojasiewicz estimate

Y1
|E) — Eool < Clltg )35 ¢, (1 + 1087 () L2(2.))) 2 (6.1)
holds true for every u € H'(Z, N) for which there exist ® € K,a € ¥ and A > A with
lu — 23 i (sg) + lu — 23 o (z.g) < & (6.2)

We note that there exist 5o > 0 and 7 > 0 so that (6.2), and hence (6.1), hold true for all
u(t) with# > T and ||7g (u(2))| L2 < 8o; indeed, otherwise there would be ¢, — oo with
|z (u(ty))llz2 — O for which (u(#,)) does not have a subsequence converging to a simple
bubble tree.

As (6.1) is trivially true if ||7g(u(¢))||L2 = Jo (after increasing C if necessary) and
as we can assume that E(T) — Eoo < %, we thus conclude that E4(¢) := E(u(t)) — Exo
satisfies

2 _
0 < Eq(t)7|log Eq(1)] ™" < Colltg u(t)) |72z, (6.3)
fort > T and some Cy > 0, and thus
_ d — 2 -1 2 -1
EEd(t) = ltgW@)l72(x) = Co Ea(t)71[log Eq (1) (6.4)

We can now proceed as in [18] and [21] to establish the claimed convergence of the flow.
If y; = 2 then (6.4) implies that

(log E4(t))* > 2Cy ' (t = T) + (log E4(T))* fort > T,

which allows us to conclude that E(f) — Eqo < Ce™ ¢! V1 as claimed in (1.12).
2—y

If y1 € (1,2) then the above estimate implies that ¥ = EOI_Tl satisfies

d 2-n
a’=

_2 2—-n - -
Eq 7 ||fg(u(f))||iz(z) > m“og Eq|™' = c(logy) ™!,

so we conclude that ¢ (¢)(log ¥ (¢) — 1) > c¢(t = T) — ¥ (T)(log ¥ (T) — 1). The resulting
bound of v (t) > ¢t(logt)~! for some ¢ > 0 then gives the claimed bound (1.13) on the
decay of the energy.

yi—1

Givenany 0 < « < 5 we now fix B € («, yly—jl) and note that (6.3) gives

_ —(a=i _1
Ea)P gl = Eat) " Pllog E4(1)[72 > 1
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for sufficiently large . We hence obtain

d _
——Ea () = BES T g ()75 = Bllrg ()2

allowing us to conclude that for sufficiently large ¢ < 7,

wm—wmus[n@wmwumscmmﬁ 65)

We now fix a sequence t, — oo for which u(#,) converges to a simple bubble tree and
denote by a € X the point at which the corresponding bubble w forms.
Applying the above estimate for 7 = f,, and using that ||u(z,) — w(p*)||.2 — 0 we get

lu(t) —w(p*)lz2 < CE4(t)? (6.6)

for all sufficiently large ¢, which in particular implies (1.14).

To show that the point a where the bubble forms is independent of the chosen sequence
and that the maps converge in C¥ away from a, we can now follow the argument of [21]
and combine (6.4) with estimates on the evolution of the energy on fixed-size balls as
proven in [21, Lemma 3.3] and the C¥ control on regions with low energy obtained in
[19].

To be more precise, [19, Lemma 3.10] (see also [21, Lemma 3.2]) ensures that there
exists &1 = £1(N) > 0 so that forany Q C X, r € (0,inj(X, g)) and k € N there exists a
constant C so that following holds true: for any solution u of (1.10) which satisfies

sup E(u(t), By (x)) < &
(x,1)€Qx[t9,00)
we can bound [[u(?)[|ck(q,) < C fort > 1o + 1 and Qr = {x € X :dist(x, Q) < 5}.
2
Now let 2 be a fixed compact subset of X \ {a}. As u(t,) — w(p*) strongly in
Hl(l)C(E \ {a}) along the particular sequence of times ,, — oo chosen above, we can choose

r > 0 so that sup,.cq Eu(t,), B2r(x)) < %81 for all n. Then [21, Lemma 3.3] and (6.5)
allow us to bound

t
Eu(t), B (x)) < E(u(ty), B2r(x)) + Cr_I/ It (u(s))| g2 ds < %81 + CEd(t)’3 <&

for all x € Q and ¢ > 1, for sufficiently large n.

Similarly to the argument in [21] we then combine the resulting uniform bounds on
lu@llci@,y ! €N, from [19] mentioned above, with the L?-convergence of the flow
using an intérpolation argument: to this end we recall the standard interpolation inequality

my mj

1Al = CUfIlg ot @l i @, ) € = C(Q.r.miz.s),
2 2
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which holds for all m;, € N with m; < s and follows inductively from integration by
parts. Given any k € N and any § > 0 we can apply this inequality form; = s =k + 2
and m, = my(k, §) sufficiently large to conclude that, for / = k + 2 + m>,

1 Vizksac@) = CUF Uty IS W) < OIS 5ty 1S Ve,

Choosing 8 > 0 so that (1 — 8)8 > « and combining this with (6.6) and the uniform C*
bounds on u(t) on Q% hence gives the final claim of the theorem that

e (0) = 0(p)ll k@) < Cllu(®) — (P | grsaigy < Cllu(®) — w(p*)l12(x,
< CE4(t)"7™8 < CE4(1)". n

Proof of Corollary 1.6. As [5] excludes the existence of a harmonic map of degree +1
from a torus (72, g) to S2, any solution u(¢) of harmonic map flow as considered in the
corollary will be non-constant, and so have E(u(z)) < 127 for ¢t > 0, and will need to
become singular. Indeed, we claim that the constraint on the energy means that a single
bubble must form, be it at finite or infinite time, and that this bubble must have the same
degree as the original map. Indeed, the formation of either two bubbles with degree +1
or of a bubble of higher degree would only leave energy less than 4, but at the same
time would leave us with a limiting body map of a non-zero degree which is impossible.
Similarly, the formation of more than two bubbles or of two bubbles which do not both
have degree =1 would require initial energy greater than 12 and so is also excluded.
Finally, if the degree of the bubble and the degree of the map did not agree then we would
end up with a body map of degree k with |k| > 2, which would need energy at least 87,
leading again to a contradiction.

If the bubble forms at finite time then Simon’s result [18] yields exponential conver-
gence to a constant. Conversely, if the singularity forms at infinite time then the proof of
Theorem 1.4 applies and yields convergence at a rate of O(e™°¢ Vi ) since all Jacobi fields
along harmonic maps from S2 to S? are integrable; see [8]. ]

A. Definition of J#,(®) based on Simon’s construction from [18]

Here we recall the key elements of Simon’s argument that we need to define the manifold
Ho(®) and to check that it has the properties stated in Lemma 2.1.

Let @: S? — S2 be any harmonic sphere and let L := L be the Jacobi operator along
@ defined in (2.1), where here and in the following we work with the L2 inner product
and consider L as an operator on maps w: S?> — R which are tangential to N along @.

The starting point of Simon’s argument is that since L := L is a self-adjoint Fredholm
operator, the linear equation Ly = f has a unique solution u € ker(L)™ if and only if
f € ker(L)* and this solution furthermore satisfies |[u||ck+26 < Cgllf | cks for any
keN,B>0.
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As explained in [ 18], these properties of L ensure that N': C¥+2:8 — C*8 defined by
N (w) = PR ) + Py (tgy, (1n (@ + )

is so that the inverse function theorem yields a map W: U; C C*¥f — U, c Ck+2P
between suitable neighbourhoods U; > of 0 in e’ (@*TN) and pcers (@*TN) so

that [|[U(f) — W(g)llck+28 < I/ — &llcrs and
NoW=1Idy, and Wo N =Idy,.
As PO (N (v)) = PR O (Py(tg, (v (@ + v)))) we have
prer* (P@(tgsz (v (@ + lI/(w))))) — PR (N o W(w)) = PRy

This not only implies that the finite-dimensional manifold

H(@) = {7n(®+ ¥(w)) : w € ker L N Uy}
contains all harmonic maps which are sufficiently close to @, but also that

Py (T, (@) € ker(L)  forevery w € H(®).

From the equivalence of norms on the finite-dimensional space ker(L) and the fact that
lo — & || cr+2.6 Will be small if we work on suitably small neighbourhoods U 2, we hence
get that, for w € K (®),

I7gs. (@) lck = CllPotgg, (@)lck = CllPateg, (@)lr2 = Clltgg, (@2 (A
Now let Vo(@) C ker(L) be so that
ker(L) = Vo(®) ® Vamsp(@)  for Vysp (@) = T {@ oM :Me Méb(Sz)}
splits L2-orthogonally and set
Ho(®) = {JTN(LT) + P(w)) :w € Vo(®) N ‘ul}.

This codimension 6 submanifold of # (&) C Ck*2:# clearly satisfies (2.2), while (2.3)
follows from (A.1).
Furthermore, for any @ = 7x (& + ¥(wy)) € Ho(®) with Tg,, (@) # 0, we can split

Py (tg, (@) = PP@(Pyr, () + P @ (Pyr, () € ker(L).

set T := || tg,, (w)[|L> and consider (for & near 0)

2 ~
©0® = 7y (@ + \IJ(ww — jép"o(w)(ngsz (a))))) € Ho(®).
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The equivalence of norms on ker(L) implies that at ¢ = 0,
10:0@ | crszs < CT PO (Pote, (@))llcrs
< CT [ PY@ (Poteg, (@))2 < €

for a constant C that only depends on @ and k.
The conformal invariance of the energy ensures that 7z, () is L?-orthogonal to
Vuion(@) = Tp{w o M, M € Mob(S?)}. As d ¥(0)|xer(z)y = Id we can thus bound

(e)

2
H J:Tgsz (@) + 0e0

= 2| PH Oy (@)  drn (@) (d W) (PO (Paty s @)

=C(lo —wllct + [wollcrs) =1,
provided the neighbourhoods U » are chosen sufficiently small.
As a consequence we obtain
d oo © B) 2 2
T E@7) = ~{tg0, (0). 007 )12 2 = Tg (@) 72 — l|7gg (@)22 = 170 (@) 22,

which establishes the final property of the manifold #y(®) claimed in Lemma 2.1.

B. Proofs of technical lemmas

In this appendix we give the proofs of the auxiliary Lemma 3.4 used in the proof of Lemma
3.2, of the auxiliary Lemma 4.1 and of the estimate (4.3) used in the proof of Theorem 2.5
and the estimate (2.12) that we used throughout the paper.

To prove Lemma 4.1 we first show the analogous statement for the maps 21”"’ =
wo Mf: S2 — N, where Mf(x) = m (7 1(-) — b).

Lemma B.1. Given any harmonic sphere @ and any o1 > 0, there exists €3 > 0 so that

123 = 2%, = 263 (B.1)

whenever w, ® € Jf’fl (@) and A, X > 0 are either so that A=\ A ¢ [%, 2] or so that w €

1 2
H 7 (D) while & € HTH(@) \ HP7H(D).
Furthermore, given any ¢ > 0 there exists § > 0 so that

sho _ sh 1 X
120 — 25 “NLoo(s2) < i whenever ||z/1 — 2 “llan < 26. (B.2)

Here we consider the norms on H'(S2, R") defined by

1
._ 2, 1 b2y, 12
Iols = [ 1908 + Ses VM Plof v,y
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for c¢), as in Remark 3.3 and use that these norms satisfy
(voMJ 5oM])up = (v.0)10 v.0e€H'(S%LR"). (B.3)

Proof of Lemma B.1. Thanks to (B.3) it is enough to consider the case where A = 1 and
b=0,so éi’w = w € K;'(®). We can then use that the closure of

. ) o
Fy = {ég’"’ 1@ ¢ HTY, respectively Fr = {2;"" DA ¢ [.20)

1
in H! is disjoint from the compact sets Jffm respectively H#;'. Thus the H 1_distance

between F; and J¢ 1% 7" and between F, and # 7! is positive and this yields the first claim
of the lemma.

As we can assume that § < &3 it then suffices to prove the second claim for maps %
with A € [2 ,2]. As such maps satisfy uniform C?2 bounds, we obtain (B.2) from Ehrling’s
lemma applied to C2(S?, gg2) CC L™(S?, gs2) < L?(S?, g52). |

A

Proof of Lemma 4.1. As we may assume that g3 < minweﬂfl @) [Vollr2(s2), as well as
that A, is sufficiently large, we have that (4.1) is trivially true if either A ¢ [C ™', CA] or
d(a,a) > CA~ ! fora suitably large constant C.

In particular, we can assume that dx(a,a) < C A1 < %L, which ensures that the

derivatives of the adapted bubbles zz’w, Z;”w respectively of the corresponding harmonic

spheres 27 3 and 2 AF“ @@ are of order O(A~1) outside By(a), respectively 7(Dyy/2) C S2.
@ in the isothermal coordmates on By(a) agree up

. a,w _d,

As the functions representmg 207y
AFa (a) %)

in stereo-

to H'-errors of order O(A~') with the functions representing 2> 3 ® and 2
graphic coordinates, we thus have

V25 = V222 oy = V20 = VE“ @9 5oy + 0T,

For the torus, we immediately get the same type of relationship for the weighted L2-
norms as well, while for higher genus surfaces we need to take into account an addi-
tional error term that results from the difference of the weights, which will be of order
O (A~ '1og(1)'/?) since f pi |x|?dx = O(A"21og(A)); compare Remark 3.3. In both cases
we hence get

25 = 252 lge = 123 = 27O 7ll0 + O log(h)?)
and the first claim (4.1) of Lemma 4.1 follows from the corresponding estimates (B.1) of
Lemma B.1.

Similarly, given ¢ > 0 and choosing § > 0 small enough so that (B.2) holds, it suffices
to ensure that A3(log A3)~/2 > C(min(e, §))~" for a sufficiently large C to derive the
required L°°-bound (4.2) on the difference of the adapted bubbles from the corresponding
property (B.2) of the bubbles stated in Lemma B.1. ]
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To prove Lemma 3.4 as well as (4.3) we furthermore show the following lemma:

Lemma B.2. There exists C > 1 so that for all smooth 1-parameter families (b;) C R?,
(@) C 2, (Ag) C [A1,00) and (0®) C J71(S?) we have that z¢ == Ekz’w(g) satisfies

C 862t < Ag ' 19ehel + 19:0P llc2 + Aeldctte] < ClldsZelln b, (B4
while the adapted bubbles z, = ZZS’(” € Z satisfy

c! ”asze”z9 = xg_l|as/\8| + ”aasCU(E)HC2 + Ag|0sae| < C”asZe”ze (B.5)

and
1060z llL2(x) < C)LE_1|8£)L£| + CAgl0cae| < C|0eze ]z, - (B.6)

Proof. For variations of @ = £ € #' (&), the estimate (B.4) easily follows as #7" ()

is a compact subset of a finite-dimensional submanifold of C¥ (5%, N) which is transversal

to the action of the Mobius transforms. We can then consider zi‘)(a bo).0® and use (B.3)
to reduce the proof of (B.4) to this special case. 0
To derive (B.5) from (B.4) it then suffices to check that we only obtain error terms of

lower order when we use the approximations Z;"”w ~ O0on X\ By(a.) and

ag,w® ae,w®
250 (Fap () = 7N (8 (Fapa0 () + 757 (Fayao ()] % B (x —be) on Dy,

where Fy, 4, = Fg, © Fa_o1 and b, := —F, 4,(0) = —F4,(ao).
A short calculation shows that at ¢ = 0 we indeed have

P o 0® 1~
1923 g 0,52\ w1 + 10625 0 Fogt = 337¢ = bllao.my,

(&)
“7

+ 119:25° 2,5\ Fg! (D)

< CATV A0 6| + A|0eae| + [0cwellc2(s52))s

so (B.5) follows from (B.4) after replacing C by 2C and after possibly increasing A1 .

We finally recall that the weight does not depend on the underlying map ‘® € # (%))
and is given by P2 (p) = Mw on B,(a), while Py = 1++2r§ elsewhere. The
final claim (B.6) of the lemma thus follows from (B.5), as well as

A 2
2 _ —4 -2
”%%”W”‘AJMQ4MMQ‘“+0“)SC*

and

2 —
19epzge0lL2cs) = /Bl(a) &

2 2
(T e o

|Fa(p)I?
B(@ (1+ A2 Fa(p)?)*

dvg < CA%|0.a.|*. w
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To obtain Lemma 3.4 we first note that a short calculation shows that for variations
with A710A| + |00 || c2 + A|d.a| = O(1) and for p, = Aot he, by = —F,,(ao) we
have ©

C _ _ A © _
0e25°" o Fpl omy! = 02000+ + o047

on the subsets (]D)%o) which exhaust S2 as A — oo, while 0, (ZZE’“’(E) — w®(p*))is of
order O(A~Y)in H' N L%®(Z \ Byj-1(ap)).

Now let {e](?o}]K=1 be an orthonormal basis of X. For any fixed j we consider a
variation (bg, e, a)(‘")) of (0,1, @) so that e]‘?o = 36222’"’(6) and, for i sufficiently large,
corresponding variations a} with A;d.b, = —agFa; (@o), A = Ajjie and w®) in Jr’t’fl (@)
so that 9,0 — 3, in C1(S?). o

The above error estimates ensure that the resulting elements éj". = % le=o Zﬁ,w(”s)
T%;Z converge to e in the sense described in the lemma. As we furthermore have that

O

(é} , é,’;) zi = 8k + o(1), we can hence obtain the desired orthonormal basis from Gram—
Schmidt orthogonalisation.
For the sake of completeness we finally include the following proof:

Proof of (2.12). We can assume that 21~ < r¢ as the claim is trivially true for A in a
bounded range as p, > cA™!, ¢ = ¢(2,g) > 0.

As p32dvg > cA?dvgy on Dyy-1, ¢ =
w o Fy,

2—15, we can bound, writing for short @ =

2271
lwl? = cAZ/ |D|? dx > CA/ [ | (re'?)|? d6 dr.
Dy, —1\Dy—1 A1 S1

We can thus choose r € [A™!,247!] so that | fg, @(re'®)| < C|lw]|; and hence bound

'f W(roe'?) o
St

ro .
EC||w||z+f/ |05 W(se'?)| ds db
St Jr

1
< Cllwll, + C[log(re) — log(r)]? [ V|| 2(x)
< Clog 1) ? [|w.

As a standard compactness argument gives

]l wdS, —f w dvg
dB,(a) x

for some C = C(X, g), we hence obtain claim (2.12) from the above bound on

]l wdSyg =f W (roe'?) dé. ]
0B, (a) S1

< C|Vwl2(z,e)
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