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ABSTRACT. — We study the existence of periodic trajectories in periodically moving domains.
Our trajectories bounce at the boundary of moving domains in an elastic way. We prove the
existence of infinitely many periodic bounce trajectories.

Keyworbps. — Periodic solutions, bounce orbits.

MaTtHEMATICS SUBJECT CLASSIFICATION 2020. — 37J46 (primary); S8E0S, 70H12 (secondary).

1. INTRODUCTION

Let Q Cc RV, N > 2, be an open bounded set with boundary 92 of class C? and
we consider the situation where £ moves in R periodically. Precisely, we denote
S! = R /277 and we consider moving domain 2(¢) defined by

(1.1) Q(t) = {R(t)x + c(1); x €Q} forr e S,

where R(1): S' — SO(N), c(t): S* — R¥ are given 27r-periodic functions of class C2.
We study the existence of 27r-periodic bounce trajectories of the following Hamiltonian
system in the moving domain 2(¢):

(1.2) G+ VV(t,q@) =0.

Here V(¢,x):D —> R, D = Urest ({1} x Q(¢)) is a given 2m-periodic function of
class C? and - = %, V= (x> 0xp)-
Here we say ¢(t): S' — R¥ is a 27r-periodic bounce trajectory for (1.2) if

(1) q(t) € Q(¢) forallt € S?.

(2) ¢(t) is of class C? except for at most a finitely number of instants , ..., € S!
for which g(¢;) € 02(¢;).

(3) q(¢) satisfies fort € ST\ {t1,..., 1%}
(1.3) G+ VV(t,q@)=0.
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(4) Fort € {t1,...,t}, q(t) bounces in an elastic way and the usual law of reflection
is satisfied in the dynamic coordinate system. That is, denote g (¢) as

q(t) = R()u(r) + c(1)
with u(7): S' — Q. We have for 7 € {t1,...,1;}

u(r) € 092,
u4(f) = lim u(z + s) exists,
s—>=+0
it (D) = [i—(D)],
4 (1) = i (D) — ev(u(@®).
where ¢ > 0 and v(x) is the unit outward vector at x € 0€2.

We call {#;} that appeared in (2)—(4) as bounce instants for (1.2).
Our main result is the following theorem.

TuEOREM 1.1. Assume Q C RY is an open bounded set which is symmetric with
respect to 0 and 0 € Q. Let 2(t) be a moving domain given in (1.1), which moves 27 -
periodically in RN and V (t,x) € C2(D,R), where D = Urest ({2} x Q(2)). Then
(1.2) has infinitely many 27 -periodic bounce trajectories (qn)3>., € H'(S1, R™Y) such
that

(1) each q,(t) has at most finitely many bounce instants;

) fOZ” |gn|? dt — oo asn — oc.

The existence of such bounce trajectories is studied in Benci—Giannoni [5] and
Liu—Jiang [11]. In these papers authors consider the existence of periodic bounce
trajectories in a fixed domain, that is, R(¢) = [ and c¢(¢) = 0, but without the assumption
of symmetry of the domain. In [5], Benci and Giannoni consider the case V(t, x)is
independent of ¢ and find the existence of at least one bounce trajectory with at most
N + 1 bounce instants.

In [11], Liu and Jiang consider the case Qis C2 diffeomorphic to the unit ball
Bi = {x € RV;|x| < 1} and for 27r-periodic function V (¢, x) € C%(S' x Q,R) they
showed the existence of infinitely many bounce trajectories using perturbation from
symmetry (cf. [1-4,7,8,12, 14—17]). We also refer to [9, 10] for billiard problems.

In both of [5, 11], they study (1.2) through approximation schemes. They introduce
penalty functions to (1.2) and first they find periodic solutions of penalized problems.
In [5], they introduce a penalty function of form eU(x), where U(x) € C?(22,R)
satisfies for § > 0 small

for x € Q with dist(x, 0Q) < 4,

1
U(x) = dist(x,09)2
0 for x € Q far from 9%2.
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That is, they introduce a penalty U inside 2 such that U(x) — oo as dist(x, 0Q2) — 0.
First they find a periodic solution g, of

G+ VV(t.q)+eVU(G) =0

and second they take a limit as ¢ — 0.

In [11], Liu and Jiang introduce another penalty. After extending 17(1, x)on St x
R™ | they consider a penalty of form A(x)", where A (x) € C® (R, R) satisfies A(x) €
(0,1)in 2, A(x) > 1in RN \ , and A(x) = |x|? for large |x|. First they find a periodic
solution of

G+ VV(t.q)+VA'(g) =0

and second they take a limit as n — oo.
In this paper we take an approach different from those in [5, 11]. For simplicity we
explain our idea in the case R(¢) = I, ¢(¢t) = 0. For § > 0 small we set

Qs = {x e RY; dist(x, Q) < 8}
and we consider a function Us(x) € C?(25, R) such that

Us(x) =0inQ, Us(x)>0in Qs \ 2,
Us(x) — oo as dist(x, 025) — 0.

First for £ > 1 we find a critical point ug of

1 2n 2r - 2
Ii(u) = E/ |u|2dz—/ V(z,u)dz—ef Us(u)dt € C*(As,R),
0 0 0
via suitable minimax methods. Here
As={ue H' (S".RY); u(r) € Qs forallt € S'}.

Second we take a limit as £ — oo. As a virtue of this approach, the limit of minimax
values can be characterized as minimax values of the limit functional Jo, (). Here
Joo: HY (ST, RY) — [—00, 00) is defined by

L2 a2 de — [27 V(t,u)de foru € Ao,

Joo(U) = _
®) { —00 foru & Ay,

where Ag = {u € H'(S',RY); u(t) € Qforallt € S'}. As a special case, this
property gives a minimax characterization of a bounce trajectory using Joo (). It is
also convenient to apply the ideas in a perturbation from symmetry. A similar idea was
used in [15] in a different situation. Approximation schemes in [5, 1 1] do not have such
a property.
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REMARK 1.2. An orbit ueo(t) with #{f € S1; ux(t) € 9Q(t)} = oo may appear
as a limit of critical points uy of Iy(u). We give 2 examples here. Let N = 2 and
Q={(x,y) eR? x2+y2 <1}, V(t,x) = 0.

(1) Assume R(r) = [0 7sint] ¢ (¢) = p[ 5¢ | with p > 1. Then J¢(u) has a critical

sint cost sint

ag
) = ,
ug(r) [0}
where ag € (1,1 + 6) is suitably chosen. We have ay — 1 as £ — oo and uo (1) =
[o]-
(2) Assume R(t) = I and ¢(¢) = 0. Then J;(¢) has a critical point

ue(t) = ag [“’“},

sin ¢

point

cost ]
sint |*

where ag € (1,1 + §) withay — 1 as £ — oo and uyo(2) = [

In both examples, we have uqo(¢) € 92 for all # and 1 (¢) does not satisfy (1.3) at all
t € S'. We also note that Jy(u¢) stays finite as £ — oo and we will see in Remark 4.8
that the Morse index diverges as £ — oo. It is an interesting question to ask in which
situation such solutions appear.

2. PRELIMINARIES

Let 2 be an open bounded set with boundary 92 of class C2. We assume
2.1) [-2.2]Y c Q.
Let i(x) be the signed distance function from 0€2; that is,

dist(x, 0€2) forx e RV \ Q,
h(x) =
—dist(x, 0Q2) forx € Q.

We can see that for §o > 0 small, &(x) is of class C? and |Vh(x)|=1in {x eRY;
dist(x, 02) < 8o}. We also observe that v(x) = Vh(x) is the unit outward normal
vector at x € 0%2.

For § € [0, o], we set

Qs = {x e RY; h(x) < §}.
We note that Q@ = Q¢ C Qo C Q5. We extend v(x) onto §_250 by

v(x) = ¥ (h(x)) Vh(x),
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where ¥ (t) € C*°(R,R) such that ¥ (¢) = 1 1n[ 6o], ¥ (t) = 0in (—o0, —§p] and
¥ (t) € [0, 1] for all £. We also define ¢(¢): (—oo, 1) — R and {5(¢): (—o0,8) — R by

B (1L_t)4 fort €[0,1),
0= {0 for t € (—00,0),

Gs(t) = ¢(t/6).
And we define Ug(x): Q5 — R by
Us (x) = &5 (h(x)).

LemwMma 2.1. £5(t) and Us(x) have the following properties:
(i) Fort €(0,0),

@2) G0 = ) = 40
@3) G = ;zgm.

(i1) Forx € Qg,
(2.4) (VUs(x),v(x)) = |VUs(x)].
25)  VUs(x) = [VUs(x)|v(x),

8
06 Us() = he0(1=h)/8) VU0 = | VU3 ()]
For x € Qs \ Q,

2.7 V2Us (x) (v(x), v(x)) > (% — c) VU5 (x)],

where C > 0 is independent of x.

Prookr. (i) We compute

4 (t/8)°

GO =50 1755

4 1 t/8 \* 4 t/8 \*
N 5t/8(1—z/8)(1—t/5) N z(l—z/S)(l—t/&)

- B0 = S50,




J. HIRATA, Y. MATSUGI AND K. TANAKA 6

2 3 3
Z()=12 (/8 20 (t/8) _i(3+ 5 )(z/&)

82(1—1/8)5 " 82(1—1/8)°  §2\1/8  1—1/8)(1—1/8)5

1/ 3
~ (75 + 7o )50 = 250,

Thus (i) is proved.
(ii) First we note Us (x) = 0 on Q. We need to show the desired inequalities for
x € Qs \ Q. Since v(x) = VA(x) and [v(x)| = 1 on Q5 \ Q, we have

VUs(x) = {5 (h(x))Vh(x) = L5 (h(x))v(x).

Thus we have |VUs(x)| = {5(h(x)) and [VUs(x)| = (VUs(x), v(x)). Then (2.6)
follows from (2.2). For (2.7), we have for v € RY

V2Us(x) (v, v) = & (h(x))(Vh(x), v)2 — &5 (h(x))V2h(x) (v, v).

Setting v = v(x), we have from the boundedness of V2h(x) in Qs and (2.3)

V2Us (6) (0 (). v() = 24 (h(0)) — CL(h(x)) = (%x) _ C)ag (h())

3
(m—C)|VU5(x)|. u

Weset E = H'(S',RV) and foru € E

2 1/p
ull, = (/ |u|1’dt) for p € [1, 00),
0
lulloo =
lulle = (13 + llul3)

and for u, v € L2(S',R"), we denote

1/2

2m
(u,v)2=/ uv dt.
0
For § € (0, 8o/2] we set
={u € E; u(t)eQgforalreS'},
0Ag = {u € E; u(t) € Qg forallt € S' and u(t) € 925 for some ¢ € Sl}.
We also set
Ao ={ueE;u(r)eQforallt € S'},
Ao = {u € E; u(t)ye Qforallt € Sl}.
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Since Us(x) satisfies the strong force condition at 025, we have the following
lemma.

LemMma 2.2. Let § €(0,60/2]. If(uj)j?‘;l C As satisfies u; — ug € dAs weakly in E,
then

2m
/ Us(uj)dt — oo as j — oo.
0

3. FUNCTIONAL SETTING AND PALAIS—SMALE CONDITION
We extend V (7, x) on S* x RN and set
V(t,x) = V(t, R(t)x + c(t)) € C*(S' x RV R).

Clearly we may assume V(¢, x), V;(t,x), VV(t, x) are bounded on S x RA,
Writing ¢ (t) = R(t)u(t) + c(t), where u(¢): S' — Q, solutions ¢(¢) of (1.2) can
be characterized as critical points of

I) = %H%(R(t)u + c(t))Hz . /02” V(e u(n)) dt.

To find critical points of 7 (1), we introduce a penalized functional /,(u) for £ € [1, 00)
by

2

L) = %H%(R(t)u + c(t))” /Ozn V(tu() dt — e/ozﬂ Us (u) dt.

=
We observe I5(u) € C?(Ag, R).

To show the Palais—Smale condition for 7, (u), we start with fundamental properties
of Ag, v(u), etc.

Lemma 3.1. Let § € (0,60/2].
(1)  There exists C > 0 independent of u € Ag such that
lllo < C. v, <C. ”%(v(u)) Hz <C (il +1) forallue As.
(i1) Foru € Ag, set q(t) = R(t)u + c(t). Then
[qllc = C. utllz = C = lIqll2 < llitll2 + C  forallu € As.

Prookr. (i) We note that %(v (1)) = Vv(u)u and v(x) is bounded in Q5. Since u € A
implies u(t) € Q4 for all ¢, (i) follows.
(ii) follows from the fact that § = R(£)1t + R(t)u + ¢(¢) and || R(0)ii |, = ||it].. =
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Next we show that the Palais—Smale condition holds for 7, (u) for small §.

ProposiTiON 3.2. There exists § € (0, 80/2] small with the following properties:
(i) Foranyl > 1, Iy(u): As — R satisfies the Palais—Smale condition.

(ii) For any b € R there exists a constant Cp, > 0 independent of £ € [1, 00) such
that if u € Ag satisfies

Ij(u) =0, Iy(u) <b,

then
2w 2w
lit]l2 < Cp, E/ (VUs(u),v(u)) dt < Cp, 6/ Us(u)dt < Cp.
0 0

Proor. We divide the proof into two steps.

Step 1. First we prove (ii) in a slightly general situation. Assume that £ € [1, co) and
u € Ag satisfies

G.D [FACH] P F
(3.2) Iy(u) < b+ 1.

We show the conclusion of (ii) holds for a constant Cj independent of £ € [1, 00).
By Lemma 3.1 (i), we have from (3.1) that

(3.3) Ly < [v@)| g < C(llillz + 1).

On the other hand, we have for ¢ = R(¢)u + c(¢)

2 21
(3.4) Ié(u)v(u):(q',%(u(u)))z—/ VV(t,u)u(u)dt—E/O VUs (u)v(u) dt.

0

By Lemma 3.1 (i), we have
. d )
(3.5) (4. 2-(v@)) | = (3 +1).

2
3.6) / VV(t,u)v(u)dt| <C.
0

Combining (3.3)—(3.6), we have

2w
(3.7) e/o (VUs(u),v(u)) dt < C'(||i]|3 + 1).
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By (2.6) and (2.4), we have
2n S 2w
(3.8) e/o Us(u)dt < EK/O (VUs(u), v(u)) dt < 8C"(Jlu3 + 1).
Thus by (3.2) and Lemma 3.1 (ii),

b+1

A%

1 2w 2
-||a||§—[ V(z,u)dz—e/ Us(u) dt
2 0 0

1
(5 — 8C”) 2|3 — C —8C".

%

Thus for § > 0 small, ||u|| is uniformly bounded with respect to £ € [1, o). The
uniform boundedness of £ foz T(VUs(u), v(u)) dt and £ f02 ™ Us(u) dt follows from
(3.8). Thus the results of Step 1 and (ii) of Proposition 3.2 hold.

Step 2: Proof of (i). Next we show (i). We assume that () satisfies
Ig(uj) — b, |[1j(u))|| g« = 0 as j — oo.

We may assume that (3.1)—(3.2) hold for u = u; for all j € N. By Step 1,

27T
sl £ e/ Us (uy) dt
0

is bounded as j — oo. Extracting a subsequence if necessary, we may assume u; —
Uoo € Ag weakly in E. Since fozn Us(uj) dt stays bounded, we have 1o, € As by
Lemma 2.2. Thus

inf dist (u; ([0, 27]), 025) > O

jeN

and we can show the strong convergence of (u; );”;1 in the standard way. Thus (ii) is
proved. ]

In what follows, we fix small § > 0, for which Proposition 3.2 holds. Proposition 3.2
enables us to apply minimax methods to find the critical points of I, (u) for £ € [1, 00).
Later we apply symmetric mountain pass theorem and take a limit as £ — oo.

4. LiMIT PROCESS

In this section we study the behavior of critical points (1) of I;(u) as £ — oco. We
assume that for some sequence £; — oo as j — oo

@.1) I, (ug;) = b,
4.2) I (ug;) =0

for some b € R. For sake of simplicity of notation, we write £ instead of £;.
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By Proposition 3.2, there exists Cp > 0 such that

4.3) luell2 < Cp,
2
(4.4) ¢ / (VUs(ue). v(ug)) di < Cp.
0
2w
4.5 @/ Us(ug)dt < Cp.
0

Thus (u¢) is bounded in £ and we may assume that uy; — uo, € E weakly in E. By
(4.5), we have us € Ag; ice., Uso(t) € Q for all 7.

Since 1;(ug) = 0, we have I, (ug)(R(1)"'¢) = 0 for all ¢ € E; that is, writing
qe = R(t)ug + (1),

(Ge.9)2 — (VV(t,ug), R(t)_ltp)2 — (KVUg(t, uyg), R(t)_lcp)2 =0 forallg € E.
Thus the following Euler-Lagrange equation holds:

(4.6) ge + R(t)(VV(t,ug) + £VUs(ug)) = 0.
We have the following lemma.

LemMma 4.1. (uy) has the following property:

2r
5/ Us(ug)dt — 0 as{ — oo.
0

PROOF. Since uoo(t) € Q for all ¢,

max h(ug(r)) — 0.
res!

By (2.6) and (2.4),

2m

2w
e[ twodr = e [ b = hu/8) (st viue) de
0 0

IA

1 2n
— max h(ug(t)) ~€/ (VU,;(W), v(ug)) dt — 0. ]
0

4 tes!

By (2.4) and (4.4), we observe that £V Ujs(uy) is bounded in L' (0, 27r). Thus we
may assume

4.7) (VU (ue)| =
for a positive finite measure y on S'. Since VUs(x) = 0 on §2, we also observe that

4.8) supppt C C(Uoo) = {z e S us(t) € 852}.
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Since VUs (1) = |VUs (1) |v(tg) by (2.5), €VU (1) — jv(tieo) and thus
(4.9) lioo + R(OVV (2, tts) + 1LR()V(too) = 0.
We set

Fe(t) = %|61'z(t)|2 + V(¢ ue(t)) + LUs (ue(t)) — (Ge (), R(t)ug(t) + ¢(1)).
Then we have the following lemma.

Lemma 4.2. (ug) and (q¢) have the following properties:
() (iy) is bounded in L' (S') and (g(t)) has a strongly convergent subsequence
in L>(S1) as £ — oo.

(i)  Fy(t) has a strongly convergent subsequence in W1(S1) as £ — oo.

Proor. (i) We recall that ((VUs(ug)) is bounded in L!(S'). Thus by the Euler—
Lagrange equation (4.6) we observe that (4y) is bounded in L!(S!). Thus (q¢) is
bounded in W11(S1). By the compactness of embedding W -1 (S1) ¢ L2(S1), (4¢)
has a strongly convergent subsequence in L2(S!).

(i) Clearly Fy(¢) has a strongly convergent subsequence in L!(S') by (i) and
Lemma 4.1. We compute

1d

5 7 116e] = (G Go)a = (G, R(Dig + R(ue + ¢)

= —(VV(t,ug) + VUs (ug). i) + (§o. Rug + ).
E(f]z, Rug + ¢) = (g, Rug + ¢) + (g, Rug + Rug + ©).
Thus

EFe(l) = Vi(t,ug) — (g¢, Ruig + Ruy + ©).

By (i), (¢¢) and (1) have a strongly convergent subsequence in L2(S!) and thus
%Fz (¢) also has a strongly convergent subsequence in L!(S!). Thus (i) holds. m

The following corollary follows from Lemma 4.1 and Lemma 4.2 (i).
CoRrOLLARY 4.3. Iy(uy) — %||%(Ruoo + o3 - 02” V(t,uo) dt as £ — oc.
We also have the following corollary.

COROLLARY 4.4. t > |lioo(t)|? is continuous.
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Proor. We note that
Fi(t) = 5|Rug + Rug + ¢1? + V(t,ug) + €Us(ug) — (Ruig + Rug + ¢, Ruyg + ¢)
1 1 .
= EIW(I)I2 — 5 |Rug + ¢+ V(e ug) + LUs (uy).
Thus by Lemma 4.1
1 . 2 1 . )
Fi(t) = Foot) = 3 fttoo(1)]” = S Rtta + ¢[7 + V(1 1to0)

strongly in W1-1(S1) and C(S'). Thus |uo(t)|? is continuous. n

Next we study non-regular instants of 1. (¢). Following [5], we say € S! is a
non-regular instant of U (t) if and only if for any p > 0 u(¢) does not satisfy

joo + R(1)VV(t,ux) =0 in(t — p,f + p).
We have the following proposition.

PROPOSITION 4.5. Assume that t € S is a non-regular instant of Uoo(t). Then
(i) uUco(r) € 09
(i) Foranyp >0

t+p
liminf ¢ |VUs (ug)| dt > 0.
{—o00 f—p
ProoF. (i) Since uq(2) satisfies (4.9), if 7 € S! is a non-regular instant, we have
t € supp it C C(Uoo). Thus by (4.8) we have uqo(f) € 092.

(ii) We argue indirectly. If 7 € S satisfies

t+p
lim £ | |VUs(ug)|dt =0,

t—oo  Ji—p
then by (4.7), w = 0on (f — p,t + p). Thus 7 is not a non-regular instant of oo (¢). =

The next proposition gives an estimate of Morse index from below by the number
of non-regular instants of 1 (¢). For a critical point u of I,(u), we define the Morse
index i (1 (u)) and augmented Morse index io(/;'(u)) by

i(I/ (1)) = max {dim H; H C E is a subspace of E such that
I/ (u)(v,v) < Oforallv e H\ {0},

io(1/(u)) = max {dim H; H C E is a subspace of E such that
I/ (u)(v,v) <Oforallv e H}.
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ProposITION 4.6. We have the following Morse index estimate for (ug):

lizm infi(1)(ug)) > #{i € S'; T is a non-regular instant of Uso}.
—00

ProoF. Let 7 be a non-regular instant of #,. For a given p > 0 we choose a function
(1) € C®(S',R)
such that
@) =1 forlt—t| <p,
o(t)y=0 forl|t—1|>2p,
@(t) €[0,1] forallt e S,
To show Proposition 4.6, it suffices to show
(4.10) 1] (ug)(@v(ug). ov(ug)) — —oo  as £ — oo.
Note that V2Us (u(t)) = 0, VUs(ug(t)) = 0if h(ue(t)) < 0 and recall (ii) of Propo-
sition 4.5. By (2.7),
2
@i ¢ [ VU e o) dr
0

>/

(50 =€) IV Ustoloo?
{t:h(ue(e)>03 \P(ug)

3
> inf ( —
{r:h(ue(0))>0) \N1(ug)

Here we use the fact that max;e[o 2] 7 (1¢(¢)) — 0 as £ — oo, which follows from

f+p
C)-K i |VU5(ug)|dt—>oo as £ — oo.
t—p

Uy = Uso € /_\().
On the other hand, it is easy to see that

H%(R(t)uz +c(z)))

2 2w
) / VZV(t,ug)((pv(ug),gov(u@)) dt
0

stay bounded as £ — oo. Thus (4.10) follows. [
‘We summarize the results obtained in this section.

ProposiTioN 4.7. Suppose (ug) C Ag satisfies (4.1)—(4.2). After extracting a subse-
quence, we assume Uy — Uo, Weakly in E. Then we have the following:

(1)  Except for non-regular instants for us(t),
(4.12) Goo + R(t)VV(t,ux) = 0.

(i) #{r € S'; 1 is a non-regular instant of uso} < liminfy_,o i (1] (uy)).
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(ili) Assume that t is an isolated non-regular instant for us(t). Then
oo (F) = lim tioo( +5)
s—>=+0
exists. Moreover,

(4.13) |ttoo,+(1)| = [thoo,~(0)
(4.14) uoo,-i—(a = uoo,—(ﬂ - cv(uoo(t_)),

9

where ¢ > 0.

Proor. We need to show (iii). Since 7 is an isolated non-regular instant, for some
p >0, uso(t) is of class C2 in [ — p, 7] and [, 7 + p]. Thus 1ieo + (7) exists. Then
(4.13) follows from Corollary 4.4. Remark that

QOO,-I-(E) - q'oo,—(t_) = R(ﬂ(doo,-l-(t_) - L.‘oo,—(ﬂ)-
By (4.9), we obtain (4.14) with ¢ > 0. [

REmARrk 4.8. As we stated in Remark 1.2, there are examples in which the limit
Uso (1) has infinitely many non-regular instants. Let N = 2, Q = {x € R?; |x| < 1},
V(t,x) =0.
(1) When R(t) = [ 5ot ] () = p[ <! ] with p > 1. Then J/(u¢) = 0 holds if
and only if
Ge + LR(1)VUs(ug) =0,

where gg(t) = R(t)ug(t) + c(t). ue(t) = [a(f] is a solution if and only if a; €
(1,1 + 6) satisfies
—(a¢ + p) + €Ls(ag —1) = 0.

We note that {5(0) = 0 and {5(¢) — oo as t — § — 0. Thus for any £ € [I, 00)
there exists a solution a; € (1,1 4+ §). We can easily see thatay — 1 as £ — oo
and Uoo (1) = limy_ oo Uy (2) = [(1)] Clearly goo () does not satisfy oo = 0 and
allt € S are non-regular instants.

(2) Assume R(t) = I and ¢(¢) = 0. Then
o) =a 1|

sint

is a critical point of /¢(u) if and only if —a; + €5(ag — 1) = 0. Such a a; €
(1,1 + ) exists and it satisfies ag — 1 as £ — oco. Thus

cost

U(t) > uxo(t) = [sint] as { — oo.
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Clearly goo(t) = Uoo(t) does not satisfy oo = 0 and all # € S! are non-regular
instants.

5. MINIMAX METHODS

To define minimax values, first we define an extension of Iy;(u) to E. We define
Je(u): E — [—00, 00) by

Iy(u) foru e Ag,

Je(u) =

—oo foru € E\ Ag.
We note that J,(u) is of class C? in its effective domain {u € E; Jy(u) > —oo} = Ag.
We also define Joo(u): E — [—00, 00) by

Joot) %H%(Ru—l—c)”z— OZHV(t,u)dt foru € Ao,
u) = _
> —00 foru € E\ Ay.

We can easily see the following lemma.

LemMma 5.1. Jy(u) has the following limit behavior:

(i) Fort e[l,00)], Jy(u) is upper semi-continuous; that is, u; — U strongly in E
implies
Ji(uoo) > limsup Jy(u;).

J—00
(il) Foreachu € E,
L= Je(u); [1,00] = [—0o0, 00)
is non-increasing on [1, oo].
(iii)) £+ J¢(u) is continuous on [1,00) and Jy(u) — Joo(u) as £ — oo in the
following sense:
Je(u) = Joo(u) > =00 ifu € Ao,
Je(u) = Joo(u) = =00 ifu € Ag \ Ao,
Jo(u) = —oco forall € € [1,00] ifue E\ As.
(iv) For any non-empty compact set K C E and £ € [1, 00]

J
max Jp(u)

is attained. Here we regard
maI)éJg(u) =—oc0 ifle[l,o0)and KNAs =0,
ue

max Joo(u) = —00 if KN Ay =0.
uek
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In what follows, we consider minimax values for J;(u). For £ € [1, co), Iy (u)
satisfies the Palais—Smale condition and we can develop the deformation theory to show
finite minimax values are critical values. For J;(u) (£ € [1, 00)), if minimax values
are finite, we can also show that the minimax values are critical values since we may
assume under the deformation the level set {u € E; Jy(u) € [—o0, c]} is invariant for
¢ € (—o00, 00) less than minimax values. To find critical points, we apply ideas in the
perturbation from symmetry in [1-4, 12, 14, 17]. Here we follow mainly Rabinowitz
[12,13] and Tanaka [17].

Now we assume that 0 € Q2 and 2 is symmetric with respect to 0. We also assume

(5.1 QcC{xeRY; x| <L}
We choose an orthonormal basis ey, es,...,en,en+1, ... in E. We may assume
e1 =(1,0,...,0),...,exy = (0,...,0,1) are constant functions.

Forn € N we set
E, = span{ey,...,e,}

and choose 0 < Ry < --- < R, < --- such that
(5-2) lulloo > L foru € E, with [[ul|z > Ry.
We also set

Dy ={(1,....&) €R" E2 4+ -+ £2 < R2},
D, = {(E1,.... &) €R™; E2 4.+ £2 = R2).

We regard D1 C D, C ---and for & = (§1,...,&,) € D, we set
n
Yo(§) = Z»fiei-
i=1

By (5.1)—(5.2), we have Jy(yo(§)) = —oo forall £ € 0D, and £ € [1, o0].
Following [12], we introduce minimax values bﬁ forn € N and £ € [1, o0] as

follows:
bt = inf J ,
» = jnf max (v(®)
where
(5.3)

Tw={y € C(Du, E); y(—§) =~y () forall§ € Dy, y(§) = yo(£) for all § € dD, .

We also define

cﬁ: inf  max Jg(y(f)),
VGF;I'—+1 EED:H
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where

Dy ={1.....6n.6n41) € Duy1s g1 = 0},
F1;|—+1 = {V € C(D:+1v E);
VIp, € Tu, y(§) = yo(§) for |§] = Ruy1 01§ € En \ Dy}

We note that for any £ € [1,00],n € N,

Je()/(“g‘)) = —o0o0 forally € T, and & € 9D,
Je(y(€)) = —co forally € I,f,, and £ € dD,F, | \ Dy.

We have the following proposition.

PrROPOSITION 5.2. (bﬁ) and (cy) have the following properties:

(1) Foranyn e Nandl <l <l < 0,

’
—00 < b® < bt < bt

IA

b

9
0o t 14 1
—00<¢y <c¢, <c¢, ¢y,

1
n

by <cryy-
(i) Foranyn € N,

bt b, t > c® ast — oo

Proor. (i) Since 0 = y(0) € y(Dy) fory € [y,

1 ) 2r
s Joo(76) 2 Joo0) = 31 - [ Vet 0 dr > v,

L

n

(ii) For any y € I';, K = y(Dy,) is a compact subset of E and we observe that

Thus we have »2° > —o0. Monotonicity on £ and b5 < ¢ are clear from the definition.

£ — max Jy(u); [1,00] - R
uek

is continuous and monotone non-increasing. Thus £ bf; =infyer, maxgep, Je(y(§))

is left-continuous on [1, oo]. In particular, bﬁ — b3 as { — oo. In a similar way, we

14

can show c,,

—c®as{ — oo. L

By the argument in [12], if bﬁ < cf,, we can show Jy(u) has a critical value greater
than b%. Moreover, if b3 < ¢2°, we can show b’ < ¢! for large £. We will show the
existence of a sequence (nx) C N with b0 < 0.

Next we study the behavior of (b3°) as n — oo. We will show the following result
in Section 6.
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Lemma 5.3. liminf,—co 22 > 0.
The following proposition follows from the above lemma.
ProOPOSITION 5.4. There exists a sequence (ny) C N such that
0<b;}2 +1 Scf;i fork =1,2,....
Proor. Arguing indirectly, we assume that for some ng € N
(5.4) e <by°+1 forn > ny.

We note that —u € Ag for u € Ay since 2 is symmetric with respect to 0. We have for
u e /_\()

st =t = 3 ([0 - [ rer o)
_ /Zﬂ V(t,—u) —V(t,u)dt
0
= —2(%(Ru),c') - /Zﬂ V(t,—u)—V(t,u)dt
2 0

= 2(Ru,¢), — /Ozn V(t,—u)—V(t,u)dt.
Thus there exists C > 0 such that
(5.5) Joo(—1) < Joo(u) + C forallu € Ay.
For y(§) € Fn+1, we set Y(§) € Tp41 by

~ren y(€) for £ € D:+1’
7E) = {—y(—g) foré € =D,

By (5.5), forany y € F;H,

max Joo(F(E) = max Joo—y(6) = max Joo(y(®) +C.
§e-D, €D, £eD,

Thus

max Joo(7(6)) < max { max Joo(7E). max Joo(7(6)}

§€Dp en, ge-D;f |

< max Jeo(y(§)+C
geDtj—H
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Since y € Frf 41 1s arbitrary, we have
byt <c°+C foralln.
Thus under (5.4) we have
byii <b°+C+1 forn>n,

which implies
by < bpo 4+ (C + 1)(n —ng) forn > no.

This is a contradiction to Lemma 5.3. |
Now we can complete the proof of Theorem 1.1.

END oF THE PROOF OF THEOREM 1.1. By Proposition 5.4, there exists a sequence (1)

C N such that bgz +1< c,fi for all k € N. We choose yo,, € I'y, such that

1
(2, oo ) <Pt 5

and we set
L =1y € C(DS 41, E): vID,, = Yoy}

and for £ € [1, 0o]
ij = inf mDax Jg(y(é)).

yef‘”k'i‘l €Dn
Then we have

oo o0 ~ 00
b,, +1=c,. =¢,..

2
bﬁ Ltz = & for sufficiently large £ > 1.

37 M

Since the Palais—Smale condition holds for J¢ (1) with £ € [1, c0) and for all y € f,j;{ 11

1
max Je(y(§)) = max Je(yon, (§)) = max Joo(von, (§)) < by + 3.
£edD;f, £€dD;t, geoD;f, 3

there exists a critical point u, . € Ag such that
J((uék) =ét Jé(uﬁk) =0, i(Jé’(uf;k)) <ny forlarge £ > 1.

n ng’

For the estimate of the Morse index, see [17].
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~L

. ~o0 0o . .
Noting ¢,,, — 57 € [by?, 00), after extracting a subsequence if necessary, we may

assume

uﬁk — u,, weakly in E.
We can deduce that u;’,‘]’\ is a bounce trajectory and

oo

Joo(Upy) = Cpy = by — 00,

#{f; f is a non-regular instant of u;’lj"} < ng.

Thus there exist infinitely many bounce trajectories and the proof of Theorem 1.1 is
completed. ]

6. Proor orF LEMMA 5.3

6.1. One-dimensional problem
To prove Lemma 5.3, first we consider the following 1-dimensional problem:
6.1) i+ Wiu)=0 iR,
(6.2) u(t +2m) =u(t) inR.

Here u(¢): S' — R is unknown and Wj(t): (—1 — 8,1 + §) — R is given by

st —1) fort e[l,1+48),
Ws(t) =10 fort € [0, 1),
Ws(—t) fort e (—1—6,0).
This is a special case studied in previous sections and a related problem is studied
well in Berestycki [6]. See also [17] for related results on Morse indices. Here we give
related results to [6].
We set
F = HY(S', RY),
O = {u € F;u() e (-1 —5,1—|—8)f0rallt},

2r

L.
H(u)=§||u||§— | Ws(u)dr € C*(0s,R).

Solutions of (6.1)—(6.2) are characterized as critical points of H (u).
We have the following lemma.
Lemma 6.1. Choosing § € (0, 8¢/2] smaller if necessary, we have the following:

(1)  For any critical point u of H, H(u) > %||u||§ In particular, all critical values
of H(u) are non-negative.

(i)  H(u) satisfies the Palais—Smale condition.
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Proor. (i) Fort € (0, §), we have from (2.2) that

)
Wol40) = G50 = S 050) = GO0 +1) = T WA+ 001 +0)

Noting W5 () = 0 fort € [—1, 1], we have

8
Ws(t) < 1—6W8/(t)t forallt € (=1 —8,1+6).

Thus
2 2w
(6.3) Ws(u)dt < 6 Wi(u)udr forallu € Os.
0 0
It follows from H'(u)u = 0 that
2m
(6.4) 2]|3 = Wi (u)u dt.
0
Thus, by (6.3) and (6.4) we have for a critical point u
1 2
Hw) = S[il3— [ Wi ds
0
> Lz - 2 [T wieouar
=)l — — u)u
—2"" 16 ), ¢
1
= (5 - 16 itz
Thus for § € (0, 1) we have (i). (ii) is a special case of Proposition 3.2. [

It is easy to see that solutions of (6.1)—(6.2) are constant or 2% perlodlc with k € N.
We have the following proposition.
ProrpositionN 6.2. Constant and periodic solutions have the following properties:

(1)  For constant solution u,(t) = a € [—1, 1], we have
H(ug) =0, io(H"(uq)) = 1.

(i) For —-perlodlc solution uy (t) with minimal period <F 2% (k e N), we have

2k? . "
H(ug) = —, io(H"(ur)) <2k + 1.
T

Proor. (i) Since H”(O)(h h) = ||li||2 for h € F, we have ig(H" (uy)) = 1.
(ii) Let ug (t) be a 2= ~--periodic solution of (6.1)~(6.2). We may assume u, (0) = 0
and u) (0) > 0. We observe that uy (Fi) = 0fori = 1,2,...,2k and uy(¢) takes
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maximum at # = 5= and ug (3z) > 1. Thus

I /d )" g
< Uk tS(—) Uk|lL2(0.Z)>
0 2k ©.3%)

which implies

8k2
N2y, (12 _ .2

i3 = 1k 12202y = 4Nk 122, ) >~

By (i) of Lemma 6.1, we have H(uk) > E

We denote i -th eigenvalue of — 7 t2 - W (ug) in (0, 277) under Neumann (periodic
respectively) boundary conditions by AIN ()LlP respectively).
Differentiating (6.1), we observe that v(¢) = u; (¢) satisfies
U+ Wi(ug)v =0 inR,

(6.5) . .
v(0) =v(Q2r) =0 inR.

. . . 2 ..
Thus v () is an eigenfunction of — d — Wy (uy) under Neumann boundary condition.

Since v(¢) has 2k zeros in (0, 271) we have )sz“ = 0. Thus
0= 2341 < Agjyn < Ajpn
Thus we have ig(H" (ur)) < 2k + 1. [

6.2. Estimate for b2°

Since [-1 — 8,1 4+ §]Y C Q by (2.1), there exists C > 0 such that

N
(6.6) Vit x) < Z Ws(x;) + C forall x = (xq,...,xN).
i=1
Here we regard Wy (t) = oo for |¢t| > 1 + 8.
We define H (u): E — [—00, o0) by
ZlN=1 H(u;) foru = (uy,...,un) withu; € O for all i,
—00 otherwise.

H@u) = {

By (6.6), we have for a constant C > 0 independent of u

2
©.7) Joo(u) = 2” (R + ) H / Vit w) di
2
ZEH(RL?+RM+L")H§—/ V(t,u)dt
0
1 1 A —
> a3 =C = SHw~C forallu e Ko.
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We set forn € N
,B = inf max I:\I
" yler 3 ()/(é:))’

n n

where I';, is defined in (5.3).
Since H (u) is an even functional, symmetric mountain pass values 8, are critical
values of H (u). More precisely, we have the following lemma.

Lemma 6.3. (B,) has the following properties:
() b = 1By —C foralln.
(i1)) Forn > N + 1, we have

(1) Bn>0;

(2) B is a critical value ofﬁ(u);

(3) there exists a critical point w, € E such that
0 < H(wp) < Pu, io(ﬁ”(wn)) >n

Proor. (i) follows from (6.7).
(i1) (1) In a small neighborhood of 0 in E, we have

R 1
H(u) = 5”””%-

Since u ||u||2 is positive definite on E+:, we can deduce ,3,, >0forn>N + 1.
(2) Since H (u) satisfies the Palais—Smale condition and H (u) is even, we can see
that 8, > 0 is a critical value. (3) follows from [17]. [

Finally we give an estimate for H (wy), where w,, appeared in Lemma 6.3 (ii) (3).
LeMmMmA 6.4. There exists ¢ > 0 independent of n such that

Bn > cn®> forn>N +1.

Proor. Let w, = (w1, ..., wy) be a critical point of H (u) obtained in Lemma
6.3 (ii) (3). Then w;’s are the critical point of H (1) and

N
(6.8) Y H(wi) = H(wy) < B,

N

(6.9) > io(H" (@) = io(H" (wn)) = n
i=1
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By (6.9), there exists w; such that io(H"(w;)) > [4]. Suppose that w; is 2?”—periodic.
By Proposition 6.2, we have
2% + 1z io(H" (@) = [ 17|

2k>
H(w;j) > —.
T

Thus we have for some constant ¢ > 0 independent of r,
I-AI(wn)ZH(w,-)ch2 forn > N 4+ 1.
Thus Lemma 6.4 is proved. |

END oF THE PROOF OF LEMMA 5.3. Combining Lemma 6.3 (i) and Lemma 6.4, we
have

1
b,‘fozzcnz—C' forn > N + 1.

Thus Lemma 5.3 is proved. |

7. BENCI-GIANNONI’S BOUNCE ORBIT

Finally in this section, we give another approach to show the existence of a bounce
trajectory in the setting of the paper [5].

Here we assume © C RY with 0 € € is an open-bounded domain with boundary 9
of class C? (we do not assume symmetry of ). For simplicity we assume V (¢, x) = 0
and we consider the situation R(¢) = I, c(¢t) = 0.

For small § > 0 we define 5, Us(x) as in previous sections and

112 _ p (27
Jo(u) = 2lillz =€ [o" Us(u)dt  foru € As,
—0 foru € E \ Ag,
1112 =
Joo (1) = sl foru e Ay, .
—00 foru € E\ Ay.

We set for R > 0
Q={y+rexti: y€En. |yl <R 0<r <R}

We observe that {y € Ey; ||y||lg = R} N Qg = 0 for large R > 1 and J;(u) < 0 for
allu € Q.
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We introduce
[ ={yeC(Q.E); y(u) = uforallu € 0},

(7.1 bt = inf max Jg(y(u)) for £ € [1,00].
yel ue@

Since Joo(u) = %Hu |3 in a neighborhood of 0, we observe that for small p > 0
inf Joo(u) >0,
uesS,
where
Sp = {u € Ex: llullg = p}.
Since y(Q) NS, # @ forally € T, we have 5 > 0 and thus
0<b®<b<b' foralll e [l,0),

bt > b® asl — oco.

Since Jy(u) satisfies the Palais—Smale condition for £ € [1, c0), there exists a sequence
(uy) of critical points of J¢(u) such that

Je(ug) = bE = b®, J(ug) =0, i(J)/(ue) <N + 1.

After extracting a subsequence, we assume Uy — U, Weakly in E. From the argu-
ment in previous sections, we have the following theorem, which gives a minimax
characterization of a bounce trajectory.

THEOREM 7.1. For b defined in (7.1), there exists a bounce trajectory ueo(t) such
that

Joo(Uoo) = b,

Uoso(t) has at most N + 1 non-regular instants.
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