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Abstract. We give necessary and sufficient conditions for an integral polynomial without linear
factors to be the characteristic polynomial of an isometry of some even, unimodular lattice of given
signature. This gives rise to Hasse principle questions, which we answer in a more general setting.
As an application, we prove a Hasse principle for signatures of knots.
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0. Introduction

In [GM 02], Gross and McMullen give necessary conditions for a monic, irreducible poly-
nomial to be the characteristic polynomial of an isometry of some even, unimodular lattice
of prescribed signature. They speculate that these conditions may be sufficient; this is
proved in [BT 20]. It turns out that the conditions of Gross and McMullen are local con-
ditions, and that (in the case of an irreducible polynomial) a local-global principle holds.

More generally, if F € Z[X] is a monic polynomial without linear factors, the con-
ditions of Gross and McMullen are still necessary. Moreover, they are also sufficient
everywhere locally (see Theorem 25.6). However, when F is reducible, the local-global
principle no longer holds in general, as shown by the following example.

Example. Let F be the polynomial
X4+ X+ X+ X+ X2+ X+ 12 (X=X + X - X3+ X2 - X + 1),

and let L be an even, unimodular, positive definite lattice of rank 24. The lattice L has
an isometry with characteristic polynomial F everywhere locally, but not globally (see
Example 25.16). In particular, the Leech lattice has no isometry with characteristic poly-
nomial F, in spite of having such an isometry everywhere locally.

More generally, let p be a prime number with p = 3 (mod 4) and set F = <I>12, <I>§ »
where &, denotes the cyclotomic polynomial of the m-th roots of unity (the example
above is the case p = 7); there exists an even, unimodular, positive definite lattice having
an isometry with characteristic polynomial F' if and only if p = 3 (mod 8). On the other
hand, all even, unimodular and positive definite lattices of rank deg(F') have such an
isometry locally everywhere.

Several other examples are given in §25, both in the definite and indefinite cases.

One of the aims of this paper is to give necessary and sufficient conditions for the
local-global principle (also called Hasse principle) to hold, and hence for the existence
of an even, unimodular lattice of given signature having an isometry with characteristic
polynomial F'; this is done in Theorem 25.11.

We consider a more general setting: isometries of lattices over rings of integers of
global fields of characteristic # 2 with respect to a finite set of places. The local conditions
on the polynomial then also depend on the field and on the finite set of places — in the case
of unimodular, even lattices over the integers, they are given by the Gross—McMullen
conditions, and the same question for rings of integers of arbitrary number fields is treated
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by Kirschmer [K 19]. We do not attempt to work out the local conditions in general: we
assume that they are satisfied, and give the obstruction to the local-global principle.

Even more generally, in §13 we construct an “obstruction group” — a finite abelian
group which gives rise to the obstruction group to the Hasse principle in several concrete
situations.

To explain the results of the paper, let us come back to the original question: we have
a monic polynomial F' € Z[X] without linear factors, we choose a pair of integers r, s = 0
and we would like to know whether there exists an even, unimodular lattice of signature
(r, s) having an isometry with characteristic polynomial F. It is easy to see that all even,
unimodular lattices with the same signature become isomorphic over Q. This leads to
an easier question: let F' € Q[X] be a monic polynomial and let ¢ be a non-degenerate
quadratic form over Q; under what conditions does ¢ have an isometry with characteristic
polynomial F'? This question was raised, for arbitrary ground fields of characteristic not 2,
by Milnor [M 69], and an answer is given in [B 15] in the case of global fields; instead of
just fixing the characteristic polynomial, the point of view of [B 15] is to fix a module over
the group ring of the infinite cyclic group. As seen in [B 15], the crucial case is the one
of a semisimple and self-dual module (the minimal polynomial is a product of distinct,
symmetric irreducible polynomials — recall that a monic polynomial f € K[X] of even
degree is said to be symmetric if f(X) = X)) f(x1)).

We start by studying this “rational” question, and then come back to the “integral” one.
Assume that K is a global field, and that the irreducible factors of F are symmetric and
of even degree. If ¢ is a quadratic form over K, we say that the rational Hasse principle
holds for g and F if ¢ has a semisimple isometry with characteristic polynomial F if and
only if such an isometry exists everywhere locally. Theorem 17.4 gives a necessary and
sufficient condition for this to hold, in terms of an obstruction group (see §14).

Let I be the set of irreducible factors of F. We show that the rational Hasse principle
always holds if for all f* € I, the extensions K[X]/(f) are pairwise independent over K
(see Corollary 18.3). We also obtain an “odd degree descent” result (see Theorem 20.1):

Theorem. A quadratic form has an isometry with characteristic polynomial F if and
only if such an isometry exists over a finite extension of K of odd degree.

We next come to the “integral” questions, defining an integral obstruction group (see
§21), which contains the rational one as a subgroup. The Hasse principle result is given
in Theorem 23.4. Note that both the rational and integral Hasse principles are proved in a
more general setting than the one outlined in this introduction.

The applications to the initial question are as follows. Let F be as above, with
F € Z[X]. The integral obstruction group defined in §21 only depends on F'; we denote it
by I r. Set deg(F) = 2n, and let (r, s) be a pair of integers, r,s = 0, such that r + s = 2n.
The following conditions (C1) and (C2) are necessary for the existence of an even, uni-
modular lattice with signature (r, s) having an isometry with characteristic polynomial F'
(see Lemma 25.3):

(C1) The integers |F(1)|, |F(=1)| and (—=1)" F(1) F(—1) are all squares.
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Let m(F) be the number of roots z of F with |z| > 1 (counted with multiplicity).
(C2)r =5 (mod8), r =m(F), s =m(F),andm(F)=r =s (mod 2).

Assume that conditions (C1) and (C2) hold. We define a finite set of linear forms
on Iz, and prove that there exists an even, unimodular lattice with signature (r, s) having
a semisimple isometry with characteristic polynomial F if and only if one of these linear
forms is zero (see Theorem 25.11).

Several examples are given in §25.

Example. Let /1(X) = X"+ X°—X7-X0—X>—X*—X34+ X +1,and f, = Py4.
Set F = f1 f2.Set L3 19 = (—Eg) ® (—Es) ® H & H & H, where Ey is the Eg-lattice
and H the hyperbolic lattice. It is shown in Examples 25.8 and 25.20 that L3 19 has an
isometry with characteristic polynomial F'.

Example. Let p and ¢ be distinct prime numbers such that p = ¢ = 3 (mod 4). Let
n,m,t € Z withn,m,t =2 and m # t, and set

fl = q)pnqm7 f2 = q)pnqt, and F = f1f2.

There exists a positive definite, even, unimodular lattice having an isometry with charac-
teristic polynomial F' if and only if (g) = 1 (see Examples 25.9 and 25.14).
With F and (r, s) as above, we ask a more precise question.

Question. Let t € SO, 5(R) be a semisimple isometry with characteristic polynomial F.
Does t preserve an even, unimodular lattice?

Still assuming that the “local conditions” (C1) and (C2) hold, we define a linear form
[Ty — Z/2 and we show that the answer to the above question is affirmative if and only
if this form is trivial (see Theorem 27.4). In particular, we have (see Theorem 27.5)

Theorem. If Iz = 0, then all semisimple elements of SO, s(R) with characteristic
polynomial F preserve an even, unimodular lattice.

Finally, we give an application to knot theory. Let A € Z[X] be a symmetric poly-
nomial with A(1) = 1, and let r, s = 0 be integers with r + s = deg(A). The results of
this paper can be used to decide for which pair (7, s) there exists a knot with Alexan-
der polynomial A and signature (r, s); for simplicity, we assume here that A is monic,
A(—1) = £1 and A is a product of distinct irreducible and symmetric polynomials (see
§30). We have (see Corollary 30.4)

Theorem. Assume that conditions (C1) and (C2) hold for A and (r, s), and suppose that
HIa = 0. Then there exists a knot with Alexander polynomial A and signature (r, s).

This is no longer the case in general if IITo # 0. In §31, we discuss in detail the case
where A is the polynomial
X -DEX -1
(X* =X =1

Au,v =
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where u, v > 1 are relatively prime odd integers. Using properties of cyclotomic fields, one
can explicitly determine the obstruction group IIIA and the homomorphisms associated
to the local data. For instance, we have (see Example 31.8)

Example. Let p and ¢ be distinct prime numbers with p = ¢ = 3 (mod 4), let e > 1
be an integer, and set A = Ape 4. There exists a knot with Alexander polynomial A and
signature (r, s) if and only if r = s (mod 8) and

. (g) =—1,o0r

o(f):land|r—s|SZn—4(e—1).

1. The equivariant Witt group

Let K be a field, and let A be a K-algebra with a K-linear involution o : A — A. All
A-modules are supposed to be finite-dimensional over K.

Bilinear forms compatible with a module structure

Let M be an A-module, and letb : M x M — K be a non-degenerate symmetric bilinear
form. We say that (M, b) is an A-bilinear form if

b(ax,y) =b(x,0(a)y)

foralla € Aand all x,y € M.If G is a group and A = K[G], and ¢ : K[G] — K[G]
is the K-linear involution sending g € G to g~!, then this becomes b(gx, gy) = b(x, y)
forallg e Gandx,y € M.

Let V be a finite-dimensional K-vector space, and let ¢ : V x V' — K be a non-
degenerate symmetric bilinear form. We say that M and (V, q) are compatible if there
exists a K-linear isomorphism ¢ : M — V such that the bilinear form b, : M x M — K
defined by b, (x, y) = q(¢(x), ¢(»)) is an A-bilinear form.

Example 1.1. Take for A the group ring K[I'], where I is the infinite cyclic group, and
for o the canonical involution of K[I']; let y be a generator of I". If b is a bilinear form
compatible with a module M, then y acts as an isometry of . Conversely, an isometry
of a bilinear form b : V x V' — K endows V with a structure of A-module compatible
with b.

Theorem 1.2. Let M and q : V x V — K be as above, and assume that M and (V, q)
are compatible. Let MS be the semisimplification of M. There exists a non-degenerate
symmetric bilinear form q on M* with the following two properties:

(a) ¢’ is compatible with the A-module structure of M*.
(b) ¢’ is isomorphic to q.

Proof. See [S 18, Theorem 4.2.1]. [
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Example 1.3. Let A, y and (V,b) be as in Example 1.1. We say that a polynomial in k[ X ]
is square-free if it is the product of distinct irreducible polynomials in k[ X]. Let f € k[X].
The following properties are equivalent:

(a) (V,b) has an isometry with characteristic polynomial f.

(b) (V,b) has an isometry with characteristic polynomial f and square-free minimal
polynomial.

It is clear that (b) implies (a); the implication (a)=>(b) follows from Theorem 1.2.

Let Aps be the image of A in End(M); if M is compatible with a non-degenerate
bilinear form, then the kernel of the map A — Ay is stable by o, and the algebra Ay,
carries the induced involution ¢ : Ay — Aum.

Definition 1.4. We say that an A-module M is self-dual if the kernel of the map A — Ay
is stable by o.

If char(K) # 2, the notions of symmetric bilinear form and quadratic form coincide;
we then use the term A-quadratic form instead of A-bilinear form.

The equivariant Witt group

We denote by W4 (K) the Witt group of A-bilinear forms (see [BT 20, Definition 3.3]).
If M is a simple A-module, let W4 (K, M) be the subgroup of W4 (K) generated by
the classes of the (A4, 0)-bilinear forms (M, g). We have

Wa(K) = D Wa(K, M),
M

where M ranges over the isomorphism classes of simple A-modules (see [BT 20, Theo-
rem 3.12]).

More generally, if M is a semisimple A-module, set Ws(K, M) = Py Wa(K., S),
where S ranges over the isomorphism classes of simple A-modules arising in a direct
sum decomposition of M.

Example 1.5. Let A = K[I'] be as in Example 1.1. If (M, b) is an A-bilinear form, we
associate to it an A-bilinear form (M*,5’) as in Theorem 1.2. Assuming that char(K) # 2,
this is also done in Milnor’s paper [M 69, §3]. It follows from [M 69, Lemma 3.1 and
Theorems 3.2 and 3.3] that the classes of (M, b) and (M*, b’) in W4(K) are equal.

2. Lattices

Let O be an integral domain, and let K be its field of fractions; let A be an O-algebra,
and let 0 : A — A be an O-linear involution. Set Ax = A ®o K. Let M be a Ag-
module. A A-lattice is a A-submodule L of M which is a projective O-module and
satisfies KL = M.
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Let (M, b) be a A-bilinear form; if L is a A-lattice, then so is its dual
LY ={xeM|b(x,L)C O}

We say that L is unimodular if L* = L.

3. Bounded modules, semisimplification and reduction mod

We keep the notation of the previous section, and assume that O is a discrete valuation
ring; let 7w be a uniformizer, and let k = O/ O be the residue field. Set Ay = A ®o k.
We say that a A g-module is bounded if it contains a A-lattice.

Let M be abounded A g-module, and let L C M be a A-lattice; the quotient L/m L is
a Ag-module. The isomorphism classes of the simple Ag-modules occurring as quotients
in a Jordan—-Holder filtration of L/ L are independent of the choice of the A-lattice L
in M ; this is a generalization of the Brauer—Nesbitt theorem (see [S 18, Theorem 2.2.1]).
The direct sum of these modules is called the semisimplification of L/mL; by the above
quoted result it is independent of the choice of L. It will be called the reduction mod
of M, and will be denoted by M (k); this Ag-module is defined up to a non-canonical
isomorphism.

The involution o : A — A induces an involution Ay — Ay, which we still denote by o.
Recall that a Ag-module N is said to be self-dual if the kernel of the homomorphism
Ax — End(N) is stable by the involution o; the image of Ay — End(N) is denoted
by (Ar)n- Set k(N) = (Ag)y; if N is self-dual, then o induces an involution oy :
k(N) — k(N).

4. The residue map

We keep the notation of the previous section. We say that a A g -bilinear form is bounded it
it is defined on a bounded module, and we denote by WII{K (K) the subgroup of Wy . (K)
generated by the classes of bounded forms.

Let (M, b) be a A g-bilinear form, and let L be a lattice in M ; we say that L is almost
unimodular if wL¥ C L C L¥, where 7 is a uniformizer. Every bounded A g -bilinear
form contains an almost unimodular lattice (see [BT 20, Theorem 4.3 (i)]). Recall also
from [BT 20, Theorem 4.3] the following result.

Theorem 4.1. The map
3: W (K) = Wa, (k). [M.b]— [L¥/L],

where L is an almost unimodular lattice contained in M, is a homomorphism. Moreover,
a Ak-bilinear form contains a unimodular lattice if and only if it is bounded and the
image of its Witt class by d is zero.
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We call d([M, b)) the discriminant form of the almost unimodular lattice L.

Let (V. q) be a quadratic form over K, and let § € Wy, (k). We say that (V, q) contains
an almost unimodular A-lattice with discriminant form § if there exists an isomorphism
¢ : M — V such that (M, b,) contains an almost unimodular A-lattice with discriminant
form §.

5. Lattices and discriminant forms

We keep the notation of §2; moreover we assume that K is a global field, and O is the
ring of integers of K with respect to a finite non-empty set X of places of K (containing
the infinite places when K is a number field). Let Iy, be the set of places of K that are not
in 2.

We denote by Vi the set of all places of K; if v € Vi, let K, be the completion of
K at v, let O, be the ring of integers of K, let k,, be the residue field, and set AV =
A ®o O,.

Let (M, b) be a Ag-bilinear form; if L is a lattice of M and v € Vi, set MV =
M Qg Kyand LY = L Q¢ Oy.

Definition 5.1. We say that a A-lattice L is almost unimodular if the lattice LV is almost
unimodular for all v € Vx. The discriminant form of an almost unimodular A-lattice
L is by definition the collection §(L) = (§y) of elements of Wy, (ky) where §, is the
discriminant form of L.

Note that §,, = 0 for almost all v € V.

Proposition 5.2. An almost unimodular lattice is unimodular if and only if its discrimi-
nant form is trivial.

Proof. This follows from Theorem 4.1. ]

6. Local-global problems

We keep the notation of the previous section. Let (V, ¢) be a quadratic form over K; for
all places v € Vx, let us fix § = (8,), with 8, € Wr(k,) such that 6, = 0 for almost all v.
We say that (V, q) contains an almost unimodular A-lattice with discriminant form § if
there exists an isomorphism ¢ : M — V such that (M, b,) contains an almost unimodular
A-lattice with discriminant form §.

We consider the following local and global conditions:

(L1) Forall v € Vi, the quadratic form (V,q) @k Ky is compatible with the module
M Qg K,.

(L2)s For all v € Vx, the quadratic form (V,q) @k K, contains an almost unimodular
A-lattice with discriminant form §,,.
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(Gl) The quadratic form (V, q) is compatible with the module M .

(G2)s The quadratic form (V, q) contains an almost unimodular A-lattice with discrimi-
nant form 6.

For all v € Vg, set
M’ =M@k K, and V' =V @k K,.

Proposition 6.1. The following are equivalent:

(i) For all v € Vs, there exists an isomorphism ¢, : MV — V'V such that
3v([MUv bwu]) = &y.
(ii) Conditions (L1) and (L2)g hold.
Proof. This is clear. ]

Proposition 6.2. The following are equivalent:

(i) There exists an isomorphism ¢ : M — V such that for all v € Vx, we have
av([Mv b(ﬂ]) = 81}-
(if) Conditions (G1) and (G2)g hold.

Proof. We have (ii))=(i) by definition. Condition (i) implies that for all v € Vx, there
exists a AV-lattice LY in MY with discriminant form §,. Set

L={xeM]|xelL’forallve Vg};

then L is an almost unimodular lattice of (M, b,) with discriminant form §, hence (ii)
holds. |

7. Stable factors, orthogonal decomposition and transfer

We keep the notation of Section 1; in particular, K is a field, A is a K-algebra with
a K-linear involution o : A — A, and M is an A-module. We also assume that M is
semisimple. Note that by [BT 20, Theorem 3.12], a bilinear form compatible with M is in
the same Witt class as a bilinear form on a semisimple module.

The module M decomposes into the direct sum of isotypic submodules, M ~
@ My, where N ranges over the simple factors of M. If b is an A-bilinear form on M,
and if N is a self-dual simple factor of M, then the restriction of b to My is an orthogonal
direct factor of b, and it is compatible with the module My . If N a simple factor of M
that is not self-dual, then M has a simple factor N’ with N’ # N such that the restriction
of b to My @ My is an orthogonal direct factor of b, and is compatible with the module
My @ Mpys. Summarizing, we get the following well-known result:
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Proposition 7.1. Let b be an A-bilinear form on M. We have an orthogonal sum decom-

position
b~ (@bN) @ (@ bN,N'),
N N,N’

where in the first sum, N ranges over the self-dual simple factors of M, and by is com-
patible with the module My ; in the second sum, N ranges over the simple factors of M
that are not self-dual, and by, N’ is compatible with the module My @ My:. Moreover,
the form by n- is metabolic.

Recall that Ay is the image of A in End(M), and that we are assuming that the
kernel of the map A — Ay is stable by o; the algebra Ay carries the induced involution
o AM — AM.

Assume in addition that Ay is a product of commutative fields, finite extensions of K.
Some of these are stable under o, others come in pairs, exchanged by o.

We associate to the module M a set 4Ays of o-stable commutative K-algebras, as
follows. The set 4y consists of the o-stable fields Ay, where N is a self-dual simple
factor of M, and of the products of two fields interchanged by o associated to the simple
factors of M that are not self-dual.

The elements of Ay are called simple o-stable algebras associated to M. These can
be of three types:

Type (0): A field E stable by o, and the restriction of o to E is the identity.

Type (1): A field E stable by o, and the restriction of o to E is not the identity; E is then
a quadratic extension of the fixed field of o in E.

Type (2): A product of two fields exchanged by o.

Proposition 7.1 implies that every bilinear form b compatible with M decomposes
as an orthogonal sum b >~ b(0) & b(1) & b(2), corresponding to the factors of type 0, 1
and 2. Moreover, by Proposition 7.1 the class of (2) in W4 (K) is zero.

Example 7.2. Let A = K[I'] as in Example 1.1, and let y be a generator of I. In this case,
the simple o-stable factors are of the shape K[X]/(f), where f € K[X] is as follows:

Type (0): f(X) =X +1lorX —1.

Type (1): f € K[X] is monic, irreducible, symmetric, of even degree [recall that an even
degree polynomial f is symmetric if £(X) = Xe() £(x~1)].

Type (2): f = gg* for some irreducible, monic polynomial g € K[X] with non-zero
constant term, and g*(X) = g(0)"1 X%&® g(X~1) such that g # g*.

We say that f is a polynomial of type (0), (1) or (2).

Let E be a simple o-stable factor as above, and let N be an isotypic factor of the direct
sum decomposition of M with Ay = E. We denote by yx the image of the generator y
by the map A — Apn. If b is a bilinear form compatible with N, the endomorphism yy
is an isometry of » with minimal polynomial f and characteristic polynomial f”, where
n = dimg(N).



Isometries of lattices and Hasse principles 3375

Example 7.3. Let A and (V, g) be as in Example 1.1. Let f = hh’, where h € K[X]
is a product of polynomials of type 0 and 1, and ' € K[X] is a product of polynomials
of type 2. The quadratic form (V, ¢) has an isometry with characteristic polynomial f
if and only if (V, q) is the orthogonal sum of a quadratic form having an isometry with
characteristic polynomial %, and of a hyperbolic form of dimension deg(4’).

Transfer

Assume now that 4,y has only one element, an involution invariant field E; note that M
is a finite-dimensional E-vector space. Let £ : E — K be a non-trivial K-linear map such
that £(o(x)) = £(x) for all x € E. The following is well-known:

Proposition 7.4. A bilinear form b is compatible with M if and only if there exists a
non-degenerate hermitian form h : M x M — E on the E-vector space M such that
b=~Loh.

8. Signatures

We keep the notation of the previous section, with K = R. If (M, b) is an A-quadratic
form, we define a signature for each self-dual simple factor of M. Moreover, the signa-
tures determine (M, b) up to an isomorphism of A-quadratic forms.

If (M, b) is as above, and if N is a simple self-dual factor of M, we set Ay = E; note
that £ = C, and that 0 : E — E is complex conjugation. By Proposition 7.4, there exists
a non-degenerate hermitian form 4 : N x N — E such that b = £ o h. Let (ry,sy) =
(2r) . 2s%y), where (ry, s} ) is the signature of the hermitian form 4. The following is
immediate:

Proposition 8.1. Let (M, b) be an A-quadratic form, and let (1, s) be the signature of b.
Then
=Y s
N

where N runs over the self-dual simple factors of M. Conversely, all pairs (ry, sy ) with
rn,SN < 2dimg(My) and r —s = Y 5y (ry — sn) are realized by an A-form (M, b)
such that the signature of b is (r, s).

Notation 8.2. The difference r — s is called the index of b, denoted by t(b). Similarly,
for each self-dual simple factor N of M, we denote by 7 (b) = ry — sy the index of b
at N.

Note that Proposition 8.1 implies that 7(b) = ) tn(b), where N runs over the
self-dual simple factors of M.

It is easy to see that the signatures characterize the A-quadratic form up to isomor-
phism. We have
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Proposition 8.3. Two A-quadratic forms on M are isomorphic if and only if their signa-
tures coincide for each self-dual simple factor of M.

Proof. By Proposition 7.1 an A-quadratic form on M is determined by its restriction to
the modules My, where N runs over the self-dual simple factors of M. On the other
hand, it is easy to see that an A-quadratic form (My, by) is determined by the hermitian
formh : My x My — E withby = £ o h. [ ]

The following corollary is an immediate consequence of Proposition 8.3:

Corollary 8.4. Let (M, b) and (M, b') be two A-quadratic forms. Then
(M, b) ~ (M,b") <= tn5(b) = 15 (b') for each self-dual simple factor N of M.

Example 8.5. We keep the notation of Example 1.1, with A = R[I']. Let (M, b) be an
A-quadratic form; the action of a generator of I' on M is an isometry of the quadratic
form b. The simple, self-dual factors of M are of the shape R[X]/%, where & € R[X] is
an irreducible, symmetric polynomial of degree 2; hence each such polynomial f gives
rise to a signature of (M, b) at P.

Example 8.6. The above results lead to a generalization of [GM 02, Theorem 2.4]. We
keep the notation of Examples 1.1 and 8.5 with A = R[I']. Let (r, s) be the signature of
the quadratic form b. By the above construction, to all semisimple elements of SO, s (R)
we associate a signature (and an index) at the irreducible, symmetric factors of its charac-
teristic polynomial. Moreover, Proposition 8.3 shows that two such elements of SO, s (R)
are conjugate if and only if these signatures coincide.

Ift € SO, +(R) is semisimple and if & is an irreducible, symmetric factor of the char-
acteristic polynomial of ¢, we denote by 7 (¢) the corresponding index. By Corollary 8.4,
two semisimple isometries 7,7 € SO, s (R) with characteristic polynomial f are conjugate
if and only if 72 (t) = T (¢') for each irreducible, symmetric factor & of f.

9. Simple modules and reduction

We keep the notation of §7. In particular, M is a semisimple A-module, and if N is
a simple factor of M, then Ay is a commutative field. Assume moreover that K is a
global field, and let O be a ring of integers with respect to a finite set X of places of K,
containing the infinite places if K is a number field. Let A be an O-algebra; assume that
A = A ®po K, and that A is stable by the involution o : A — A.

Recall that we denote by Vi the set of places of K, by Vy the set of places of K
that are not in X, and by K, the completion of K at v; let O, be the ring of integers
of Ky, let m, € O, be a uniformizer, and let k, = O, /7, O, be the residue field. Set
M? =M Qk K, and A’ = A ®p O,. As in §3, we denote by MV (k,) the reduction
mod 7, of M?.
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Proposition 9.1. Suppose that M is a simple A-module, and let E = Aps be the image
of A in End(M). If w € Vg, denote by O, the ring of integers of Ey, and by «y, its
residue field. Let v € Vx. The simple components of MV (k,) are isomorphic to Kk, for
some w € Vg above v.

Proof. Let Ogv be the maximal order of EV, and note that Ogv is a AV-lattice in
M7V = EV. The simple components of Ogv/m, Ogv are the residue fields of the rings
of integers of E, for all places w € Vg above v. This completes the proof of the propo-
sition. ]

Example 9.2. Assume that A = O[I'], hence A = A ® o K = K[I']. With the notation
of Example 7.2, let f € O[X]be of type 1, let E = K[X]/(f) andlet M = [K[X]/()]"
for some integer n = 1. The homomorphism O, — k, induces p, : Oy[X] — ky[X]. The
simple components of M"(k,) are isomorphic to k,[X]/(#), where P € k,[X] is an
irreducible factor of the polynomial p,(f) € k,[X]. Indeed, [O,[X]/(f)]" is a lattice in
M? = [Ky[X]/(f)]", hence the simple components of the reduction mod 7, of MV are
of the shape k,[X]/(P) with P € k,[X] as above.

10. Twisting groups

We start by recalling some notions and facts from [BT 20, §5]. Assume that K is a field
of characteristic # 2.

If F is a commutative semisimple K-algebra of finite rank, and £ a K-algebra that is
free of rank 2 over F, we denote by o : E — E the involution fixing F, and we set

T(E,O') = FX/NE/F(EX).

There is an exact sequence

1 > T(E.0) B> Br(F) = Br(E),

where res : Br(F) — Br(FE) is the base change map (see [BT 20, Lemma 5.3]). Letd € F*
be such that E = F(+/d); then B (1) is the class of the quaternion algebra (A, d) in Br(F).
If E is a local field, then we have a natural commutative diagram

1—— T(E,0) —— Br(F) —— Br(FE)

9\[ invl linv (10.1)
/2

0— 7222 .Q/z—2Q/z

in which the vertical map 6 : T(E, o) — Z/27Z is an isomorphism.
Assume now that E is a global field. Let S be the set of places w of F such that
E ®f F, is a field. Then we have (see [BT 20, Theorem 5.7])
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Theorem 10.1. The sequence

O
1 - T(E.0) > @ T(Ew.0) REIN Z/2Z — 0

weS

is exact.

Let v be a place of K, and let w be a place of F above v. Recall that the following
diagram commutes:

invyy

Br(Fy) —— Q/Z
lid (10.2)

Br(K,) — Q/Z

11. Residue maps

We keep the notation of §10. Assume that K is a non-archimedean local field of charac-
teristic # 2, that E is a finite field extension of K with a non-trivial involutiono : £ — E
and that F is the fixed field of 0. Let £ : E — K be a non-trivial K-linear map such
that £(o(x)) = £(x) for all x € E. Let O be the ring of integers of K, and let k be its
residue field. Let O be the ring of integers of E, and let mg be its maximal ideal; set
KE = OE/mE .

If n = 1 is an integer, we define a map

tn : T(E.0) - WE(K)

as follows. For A € T(E, o), denote by h,, ; the n-dimensional diagonal hermitian form
(A.1,...,1) over E with respect to the involution o, and set g, » = £(hy 3 ); we obtain an
element [g, 3] € W]é’ (K). Recall that we have a homomorphism 9 : Wg (K) = W (k).

Proposition 11.1. For all integersn = 1,

(a) if E/F is inert, then
doty, : T(E,0) = W, (k)

is a bijection;

(b) if E/F is ramified and char(k) # 2, then d o t,, is injective, and its image consists of
the classes of forms of dimension n[kg : k] mod 2;

(¢c) if E/F is ramified and char(k) = 2, then d o t,, is constant.

Proof. Let § be the valuation of the different ideal Dg,k; in other words, we have
D E/K = m% .

(a) Leto : kg — kg be the involution induced by . Since E/ F is inert, this involution
is non-trivial. The group W, (k) is isomorphic to the Witt group W(kg, o) of hermitian
forms over (kg , o). Note that since & is a finite field, the group W(kg, o) is of order 2.
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Let g be a generator of m g, and note that the class of wg is the unique non-trivial
element of T(E, o). By [BT 20, Corollary 6.2 and Proposition 6.3], we see that if § is
even, then d o1,(1) =0and d o t,(wg) # 0; if § and n are both odd, then d o t,,(wg) =0
and d o 1, (1) # 0; if § is odd and n is even, then d o £,,(1) = 0 and d o ¢, (wg) # 0. Hence
d o 1, is bijective.

(b) follows from [BT 20, Proposition 6.6].

(c) follows from [BT 20, Proposition 6.7]. ]

The following special case will be useful.

Lemma 11.2. Assume that E/K is unramified. Then 0 o t,(1) = 0 in W, (k) for all
integersn = 1.

Proof. The hypothesis implies that the valuation of the different ideal Dg/k is zero, and
that £/ F is inert; hence Proposition 11.1 yields the desired result. ]

12. Hermitian forms and Hasse-Witt invariants

Assume that K is a field of characteristic # 2. The aim of this section is to give some
results relating the invariants of hermitian forms and those of the quadratic forms obtained
from them via transfer. Recall that every quadratic form g over K can be diagonalized, in
other words there exist ay,...,a, € K* suchthatq ~ (ay,...,a,). The determinant of ¢
is by definition the product a; .. .a,, denoted by det(g); it is an element of K*/K*2. Let
us denote by Br(K) the Brauer group of K, considered as an additive abelian group, and
let Br,(K) be the subgroup of elements of order < 2 of Br(K). The Hasse—Witt invariant
of g is by definition w,(g) = Zi<j (ai,a;) € Bry(k), where (a;, a;) is the class of the
quaternion algebra over K determined by a;, a;.

Let E be a finite extension of K, and let o : E — E be a non-trivial K-linear involution
of E; let F be the fixed field of 0, and let d € F* be such that E = F(v/d).Let{: E — K
be a non-trivial K-linear map such that £(x) = £(o(x)) forall x € E.

For alla € F*, let D, be the determinant of the quadratic form F x F — K defined
by (x,y) +— £Fr(axy), where £ is the restriction of £ to F'.

Lemma 12.1. Forall a € F*, we have
Dy =Np/x(a)D;.

Proof. Let L, : F — Homg (F, K) be defined by L,(x)(y) =£Fr(axy) forallx,y € F,
and let m, : F — F be multiplication by a; we have L, = L omg. Since det(L,) = D,
and det(m,) = Nf,k(a), the lemma follows. |

If h: M x M — E is a non-degenerate hermitian form, composing with £ gives rise
to a quadratic form £(h) : M x M — K defined by £(h)(x, y) = £(h(x, y)).

Proposition 12.2. Let h : M x M — E be a non-degenerate hermitian form, and let
n = dim(M). The determinant of the quadratic form £(h) is Np;x (—d)".
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Proof. Tt suffices to prove the proposition when n = 1. Let A € F* be such that 2(x, y) =
Axo(y). Since £(o(x) = £(x) forall x € E, we have £(~/d) = 0, hence £(h) is the orthog-
onal sum of two quadratic forms defined on the K-vector space F, namely (x, y) —
Lr(Axy) and (x, y) — €p(—dAxy), where £ is the restriction of £ to F. The determi-
nant of £(h) is the product of the determinants of these two forms. Lemma 12.1 implies
that these determinants are Nr,x(A) D1 and Ng/x (—d)NF;x (1) Dy; this completes the
proof of the proposition. ]

Notation 12.3. For all A € F* and all integers n > 1, let h, ) be the n-dimensional
diagonal hermitian form h, = (A, 1,...,1) over E, and set g, x = £(hp ;).

Proposition 12.4. Let A € F* and let n = 1 be an integer. We have
W2(gn,2) = w2(gn,1) + corp/k(A,d)  inBra(K).

To prove this proposition, we recall a theorem of Arason. If k is a field of characteristic
# 2, we denote by (k) the ideal of even-dimensional forms of the Witt ring W(k), and
by e, : 1?(k) — Br,(k) the homomorphism sending a 2-fold Pfister form {(a, b)) to the
class of the quaternion algebra (—a, —b) (see for instance [AEJ 84]).

Theorem 12.5 (Arason). Lets : F — K be a non-trivial linear form. If Q € 1?(F), then
s(Q) € I1*(K), and

ex(s(Q)) = corp/g(e2(Q)) inBra(K).
Proof. See [AEJ 84, Theorem 1.21] or [Ar 75, Satz 4.1 and Satz 4.18]. [
Corollary 12.6. If Q € 1%(F), then

wa(s(Q)) = corp/k (w2(Q))  in Bra(K).

Proof. [L 05, Proposition 3.20] implies that for Q € I2(F), either w,(Q) = e2(Q) or
wa2(Q) = e2(Q) + (—1, —1). In the first case, there is nothing to prove; assume that
w2(Q) = e2(Q) + (=1, —1). We have e2(Q) = corp/k (e2(Q)) by Theorem 12.5. Since
w2(Q) = e2(Q) + (=1, —1), we have
corp g (w2(Q)) = corpg(e2(0)) + (—1, (_1)[F:K])
= corp/k(e2(Q)[F : K](—=1,-1).

On the other hand, w,(s(Q)) = ex2(s(Q)) + [F : k](—=1. — 1) (see [L 05, Proposition
3.20]), and this implies that wx(s(Q)) = corg,x (w2(Q)), as claimed. |

Foralln € N, set D,, = N, x(—d)"; Proposition 12.2 implies that
det(¢y.) = D, forallA € F*.

Proof of Proposition 12.4. Assume first that n = 1, and let s : F' — K be the restric-
tionof £ : E — K to F. Note that £(h1,1) = s((2, —2d)), and £(hq 1) = s((2, =2Ad)).
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Set g1 = (2,-2d), g = (2, -2Ad), and Q = ¢1 + ¢>. We have w2(Q) = wa(q1) +
wa(q2) + (det(gqy), det(g2)) = (A,d) + (—1,d), hence

corp/x (w2(Q)) = corp g (A, d) + (=1, Np g (—=d)).

On the other hand, wz(s(Q)) = w2(s(q1)) + w2(s(g2)) + (det(s(q1)). det(s(g2))). By
Proposition 12.2, we have det(s(g1)) = det(s(g2)) = Nr/x(—d), hence

wa(s(Q)) = wals(gq1)) + wals(q2)) + (=1, Np/x (—d)).

By Corollary 12.6, we have w>(s(Q)) = corg/kx(w2(Q)), therefore w,(s(q1)) +

w2(s(q2)) = corp/x (A, d). Since q1,1 = €(h1,1) = s(q1) and g1 3 = L(h1,0) = 5(q2),
this proves the proposition when n = 1.
Assume now that n = 2. We have

wa(gn,2) = wal(q1,2) + (D1, Dp—1) + wa(gn-1,1),
w2(gn,1) = w2(q1,1) + (D1, Dp—1) + wa(gn—-1,1)-

By the one-dimensional case, w2(q1,1) = w2(q1,1) + corg/x (A, d), hence

wZ(Qn,A) = w2(qn,1) + COI‘F/K()Md),

as claimed. [

Local fields
Assume that K is a local field.

Lemma 12.7. Two hermitian forms over E having the same dimension and determinant
are isomorphic.

Proof. See for instance [Sch 85, §10.1.6, (i1)]. [

Proposition 12.8. Let A € F*, let h be an n-dimensional hermitian form of determinant
A over E, and set ¢ = £(h). We have

w2(q) = w2(gn,1) + corp/x(A.d) in Bra(K).

Proof. If K is a non-archimedean local field, then by Lemma 12.7 the hermitian form A
is isomorphic to the diagonal form 4, , = (A, 1, ..., 1), hence the statement follows from
Proposition 12.4.

Assume now that K = R; then F = K = R, and £ = C, hence d = —1. We have
h=(A,...,An) = (A1) @ --- & (A,) with A; € R. Note that det({({A;)) = 1 for all i;
hence

wa(g) = Y wa(E((Ai) and wa(gn1) = Y wa(E(1).
iel iel

We have £(A;) = (1,1) if A; > 0,and £(A;) = (—1,—1) if A; < 0; note that w, ({1, 1))
= 0 and w({(—1, —1)) = 1. This implies that wa(q) = w2(qn,1) if and only if A; is
negative for an even number of i € /. On the other hand, corpv /g, (A,d) = 0 if and only if
A; is negative for an even number of i € I; this concludes the proof of the proposition. =
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13. Obstruction

The aim of this section is to describe an obstruction group in a general situation. The
group depends on a finite set I, a set V, and, for all i, j € I, a subset V; ; of V; in the
applications, the vanishing of the group detects the validity of the local-global principle
(also called Hasse principle).

To obtain a necessary and sufficient condition for the Hasse principle to hold, we need
additional data; in the applications, it is provided by local solutions. For all v € V, we
choose a set €V having certain properties (see below for details); this set corresponds to
the local data.

The basic setting

Let I be a finite set, let ~ be an equivalence relation on 7, and let I be the set of equiv-
alence classes. Let C(/) be the set of maps [ — Z/2Z. Let C.(I) be the subgroup
of C(I) consisting of the maps that are constant on equivalence classes, and note that
C-(I) = C(I); it is a finite elementary abelian 2-group.

Let IIT. (/) be the quotient of C..(/) by the constant maps; equivalently, we can
regard ITL_(]) as the quotient of C(I) by the constant maps.

We start by giving a useful example.

Example 13.1. This example will be used in §14 and §18. We say that two finite exten-
sions L1 and L, of a field K are independent over K if the tensor product L1 ®g L, is a
field. Let E = [[;; Ei be a product of finite field extensions E; of K, and let us consider
the equivalence relation ~ generated by the elementary equivalence

i ~. j <= FE;and E; are independent over K.

We denote by Hlingep(E£) = I~ (/) the quotient of C (1) by the constant maps.

Equivalence relation on C(I)

As above, [ is a finite set and ~ an equivalence relationon /. If i, j € I,let¢; j € C(I)
besuchthatc; ;(i) =¢;j(j) =1landc; j(k) =0ifk #1i,j.Let(i,j): C({) - C(I)
be the map sending ¢ to ¢ + ¢; ;. We also denote by ~ the equivalence relation on C([)
generated by the elementary equivalence

c~ec < c=(,j)) forsomei,j € I suchthati ~ j.

The following remark will be useful.

Lemma 13.2. Leta,b € C(1) be such that a ~ b. Then

> c(ia(i)y =Y _c(i)b(i) forallc e C(I).

iel iel
Proof. We can assume that b = (i, j)(a) for some i, j € I withi ~ j. Since ¢ € C.(1),
we have c(i) = c(j), hence ) ; o; c(k)a(k) = D jc; c(k)b(k), as claimed. [
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The sets V, V; j and the associated equivalence relations

Let V be aset,and forall i, j € I, let V; ; be a subset of V. We take for ~ the equivalence
relation generated by

i~j <=V, #2,
and consider the equivalence relation ~ on C (/) generated by

c~c < c=(,j)) forsomei,j €I withV;; # @.

Let IIT = III..(/) be the group corresponding to the equivalence relation ~ defined
as above.
For all v € V, we define equivalence relations ~,, on / and C(/), generated by
i~y j &< VE Vi’j,
and
¢~y < c=(,j)c) forsomei, j € I withv € V; ;.

Let V. =V’'UV”, and assume that for all i, j € I,if V; ; # @, then V; ; N V' # @.
Forallv € V, let AV € Z/2Z be such that

(i) AY = 0 foralmostall v € V, and
oA =o.
veV

For all v € V, we consider subsets €V of C (/) satisfying conditions (ii) and (iii) below:

> a'(i) = A"

iel

(ii) Forall a’ € €Y, we have

(iii) If v € V', then €V is stable by the maps (i, j) fori ~y j.

Let € be the set of (a¥)yey with a’ € €V such that a¥ = 0 for almost all v € V.
We now prove some results that will be useful in the following sections.
Foralla €e € andi € I, set

Si(a) =Y _a’().
vevV
Proposition 13.3. Leta € €, and let i, j € I withi ~ j. Then there exists b € € such
that ;(b) # Z;(a), ;(b) # Xj(a), and T (b) = Xk (a) forallk #1i, j.

Proof. Let iy, ...,ix € I be such that i =iy, j = ig, and Vi ; # @ for all s =
L....k—=1ithenV; ; NV'# @foralls =1,....k—1.

IfveVii, N V', then by condition (iii) the map (is,is+1) sends € to €”. Consider
the map € — € that is equal to (i5, is4+1) on €Y, and is the identity on €Y if w # v.
Applying to a € € the maps induced by (i1,12), .. ., (ix—1, ix) successively yields b € €
with the required properties. ]
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If c € Il and a = (a”) € €, then by conditions (i) and (ii) the sum
> Yt
veV iel

is well-defined. The following result is used in §17 and §23 to give necessary and suffi-
cient conditions for some Hasse principles to hold.

Theorem 13.4. Let a = (a¥) € € be such that
D> e(i)a’(i) =0 forallcellL
veV iel
Then there exists b = (b’) € € such that
D b)) =0 forallicl.
vevV

Proof. If ¥;(a) = Oforalli € I, then we are done. Assume that ;,(a) = 1. We claim
that there exists i € I withi # ip and i ~ ig such that X;(a) = 1. In order to prove this
claim, let ¢ € C(1) be such that ¢(ip) = 1 and ¢(i) = 0if i # ip. Then

> 2 cla’ (i) = Zig(a) = 1.
veViel

hence ¢ ¢ III. Therefore ¢ is not constant on equivalence classes. This implies that there
exists i1 € [ withiy # ip such thati; ~ip. If X;, (a) = 1, we stop. Otherwise, letc € C(I)
be such that c(ip) = c(i1) = l and c(i) = 0if i # ip,i;. We again have

> 2 cl)a’ (i) = Zig(a) = 1.
veV iel

hence ¢ ¢ I11. Therefore ¢ is not constant on equivalence classes. This implies that there
exists ip € I, ip # ig, 11, such that either iy ~ ig or i, ~ i;. Note that since i; ~ ip, we
have i, ~ ig in both cases. Since [ is finite and ) oy, > ;<7 ¢(i)a’ (i) = 0, we eventually
geti, € I withi, # iy, i, ~ io, and X;, (a) = 1. By Proposition 13.3, there exists b € €
such that

z:io(b) =%, (b) =0.

Continue inductively until the theorem is proved. ]

Under some additional hypothesis on €V for v € V", a necessary and sufficient con-
dition for the Hasse principle can be given by the vanishing of a homomorphism:

The homomorphism
Let us make the additional assumption that

(iv) Forall v € V, the set €V is a subset of a ~,-equivalence class of C (7).
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Let a € €. We define a homomorphism « = «, : 11l — Z/27Z as follows. For all ¢ € III,

we set
a(c) = Z Zc(i)a”(i).

veV iel
Note that this is well-defined, since by conditions (i) and (ii),

Y Y aki)y=) A" =o.

veV iel veV

Proposition 13.5. The homomorphism « is independent of the choice of a € €.

Proof. Let a = (a®),b = (b¥) € €, and let us show that o, = 3. Let v € V. Since
a®, b’ € €Y, we have a’ ~, b?, hence a’ ~ b". Therefore by Lemma 13.2, we have

D e(i)a i) =Y ()b’ ().

iel iel
This holds for all v € V, hence o, = ap. [

Corollary 13.6. Let a € €, and assume that o, = 0. Then there exists b = (bV) € € such
that
D b)) =0 foralliel.

veV

Proof. This follows from Theorem 13.4. ]

14. Obstruction group — the rational case

The aim of this section is to associate an “obstruction group” to certain algebras with
involution; this group will play an important role in the Hasse principle results of the
following sections.

Assume that K is a global field of characteristic # 2, and let / be a finite set. For
alli € I, let E; be a finite degree extension of K, and let o; : E; — E; be a non-trivial
involution; let F; be the fixed field of 0;, and let d; € F;* be such that E; = F; (Vd;). Set
F =[J;e; Fiand E = [];¢; Ei; leto : E — E be the involution such that the restriction
of o to Ej; is equal to o;.

We denote by Vi the set of places of K.

Notation 14.1. For all i € I, let V; be the set of places v € Vi such that there exists a
place of F; above v which is inert or ramified in E;.

Let IIT = I g be the group constructed in §13 using the data / and V; ; = V; N V};
recall that the equivalence relation ~ on [ is generated by the elementary equivalence

i~ ] < VinV; #a;



E. Bayer-Fluckiger 3386

C-(1) is the subgroup of C(I) consisting of the maps / — Z/2Z that are constant on
equivalence classes; and 111 g is the quotient of C. (/) by the constant maps.

In the remainder of the section, we give some examples and some results that will
be used in the next sections. We start by giving some examples in which the obstruction
group is trivial.

Example 14.2. Assume that there exists a real place v of K such that for alli € I, there
exists a real place of F; above v which extends to a complex place of E;. Then IITg = 0.
Indeed, v € V; foralli € I, hence V; N V; # @ foralli, j € I. Therefore all the elements
of I are equivalent, and this implies that IITg = 0.

In particular, if K = Q, and if for all i € I, the field E; is a CM field (that is, E; is
totally complex and F; is totally real), then Illg = 0.

Recall that two finite extensions K; and K, of K are independent if the tensor product
K ®k K, is a field. If K1 and K, are subfields of a field extension 2 of K, then this
means that K and K are linearly disjoint.

Proposition 14.3. Assume that E; and E; are independent field extensions of K. Then
Vij # 9.

Proof. Let /K be a Galois extension containing £; and E;, and set G = Gal(Q2/L).
Let H; C G; and H; C G; be subgroups of G such that E; = Qi E; = Qi and
F; = QY F, = QY. Since E;/F; and E;/Fy are quadratic extensions, the subgroup
H; is of index 2 in G;, and H; is of index 2 in G;. By hypothesis, E; and E; are linearly
disjoint over K, therefore [G : H; N H;] = [G : H;][G : H;]. Note that F; and F; are
also linearly disjoint over K, hence [G : G; N G;] = [G : G;][G : G;]. This implies that
[G; N Gj : H;i N H;] = 4, hence the quotient G; N G;/H; N H; is an elementary abelian
group of order 4.

The field 2 contains the composite fields F; F; and E; E;. By the above argument,
the extension E; E;/ F; F; is biquadratic. Hence there exists a place of F; F; that is inert
in both E; F; and E; F;. Therefore there exists a place v of K and places w; of F; and w;
of F; above v such that w; is inert in E;, and w; is inert in E;, hence v € V; N V;; by
definition, this implies that v € V; ;. [

Recall from §13, Example 13.1, the equivalence relation &~ on I generated by the
elementary equivalence

i ~, J] <= E;and E; are independent over K,

and recall the associated obstruction group ingep(E) = (1) (see §13). Proposi-
tion 14.3 implies that the identity C(/) — C(I) induces a surjection jgep(£) — L.
Hence we have

Corollary 14.4. Assume that Ulingep(E) = 0. Then g = 0.

On the other hand, one can show that all elementary abelian 2-groups occur as II1g
for some (E, 0).
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Finally, we show a result that will be used in §20 to prove an odd degree descent
property. Let K’/ K be a finite extension of odd degree. We define a homomorphism

I_HE — mE®KK/

as follows. For alli € I,let F; @ K’ = ]_[jel(i) Fi”j,
of K’. Set
I"={@,j) i €l, j € 1(i)and the image of d; in F/ ; is not a square}.
Let w : I’ — I be the map sending (i, j) to i; this map induces a homomorphism
a':C(I)— C(I').

where Fi’ j is a field extension

Proposition 14.5. The map ©t’ : C(I) — C(I’) induces an injective homomorphism
g — Meggk-

Proof. Let us show that 7’ sends C () to C_(I"). Let (i1, j1), (i2, j2) € I’ be such that
(i1, j1) ~e (i2, j2); by definition, this means that V{;, i), ) Z D-Let v € Vi, j1).(i2,/2)»
and let v € Vi be the restriction of v’ to K. Then v € V;, ;,, hence i ~, i,. This shows
that if ¢ € C(I), then ’(c) € C~(I’), hence we have a well-defined homomorphism
C.(I) — C_(I'). This in turn induces a homomorphism =’ : Il — Mlg g k7, and it
is clearly injective. u

Finally, note that one can give a simpler description of the obstruction group of
[BLP 18] in the framework of this section (see [B 20, §2]).

15. Twisting groups and equivalence relations

In this section, we introduce some notation that will be used throughout the paper; we
also prove some results concerning equivalence relations defined on the twisting groups.

We keep the notation of §14. If v € Vg, we denote by K, the completion of K at v,
andset £/ = E; ®k Ky and F? = F; Qg K.

Notation 15.1. For all i € I, let S; be the set of places w of F; such that E; ®F, (F;)w
isafield. If w € S;,set E = E; ®F, (Fi)w, and let

6 : T(EY.0;) — Z/2Z

be the isomorphism defined in (10.1). If v € Vi, we denote by S the set of places of S;
above v. For all v € Vg, set

T(E!.oi) = [[ T(EP.o0). T(E".0)=[]T(E}. o).
wesy iel
Recall that C(I) is the set of maps I — Z/2Z. For all A’ = (A¥) € T(E",0), we
define a(A¥) € C(I) by setting

a@”)@i) = Y 670M.

wes}
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Let C (1) be the set of maps I — Q/Z.If AV = (A¥) € T(EV,0), leta(A*) € C(I)
be defined by
a(A’)(i) = invy(corpv/k, (A}, d;)).

For all v € Vi, let Crv(I) be the subset of C(I) consisting of the maps a(A?) for
AV € T(EV, o). Similarly, denote by Crv(I) the subset of C(/) consisting of the maps
a(A?) for AV € T(EV, 0).

Lemma 15.2. Let v € V. Sending a(A¥) to a(AV) yields a bijection Crv(I) — Crv(I).

Proof. Lett:Z/2Z — Q/Z be the canonical injection, and let ¢ also denote the induced
injection C(I) — C(I). Let us show that @(A?) = t o a(A?) forall AV € T(E?, o).
Recall from (10.1) that for all A’ = (A}’) € T(E", o), the injection ¢ : Z/2Z —
Q/Z sends 0 (A}) to invy, (A7, d;). Since a(AV)(i) = Zweslp 6’ (A7), the injection
(:C(I) — C(I) sends a(A?)(i) to Y wesy invy (A, d;). By (10.2), this is equal to
Y wesv invy(cor(g, . /k, (A¥, d;)), which in turn is equal to invy(corgv g, (A}, di));
hence Z(A”) =t1oa(Av), as claimed. [

Note that C(1) is a group, and C7v (1) is a subgroup of C(7).
Recall that for all i € I, we denote by V; the set of places v € Vk such that there exists
a place of F; above v which is inert or ramified in E;. Note that

veV, < S #a.
Lemma 15.3. The subgroup Ctv (1) of C(I) is stable by the maps (i, j) forv € V; N V.

Proof. Letv € V; NVj, and let A’ = (AY) € T(E?,0). Let (+1) : Z/2Z — Z/2Z be
the map sending n ton + 1. Let w; € S’ and w; € S} Set

W =10 o (+D) 0 671Gy = 10;7) 7 o (+1) 0 6TIA).
and pY = A} forall (r,w) # (i, w;),(j, wj). Then u* = (u¥) € T(E?,0), and
a(u’) = (i, jla@®). u
Letv € Vk and AV € Z/2Z.
Notation 15.4. Let £4v be the set of A" = (A}¥) € T(E", o) such that

AV =) a(h)0),

iel

and let €4v be the set of a(AV) for AV € £ 4v.
Let =, be the equivalence relation on C (/) generated by

c=yc <= c=(,j)) forsomei,j € [ withveV;NV;.

Proposition 15.5. The set €4v is an =,-equivalence class of C(I).
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Proof. Let us first show that €4v is stable by the maps (i, j) for v € V; N V. Let
AV € £4v. By Lemma 15.3, there exists u¥ € T(E?, o) such that a(u’) = (i, j)a(A?).
Note that this implies that

Yoawh)(r) =Y a@’)(r) = A,

rel rel

hence u’ € £4v.

Let us show that if AV, u¥ € £4v, then a(A?) =, a(u?). If a(A¥) (@) = a(u?) (@) for
all i € I, there is nothing to prove. Suppose that there exists i € I such that a(A?)(i) #
a(u’)(i); then SP # @ , hence v € V;. By hypothesis, we have

Y a)(r) =Y a()(r) =AY,

rel rel
therefore there exists j € I, j # i, such that a(A)(j) # a(u)(j). This implies that
veV;, hencev eV; NV;. Themap (i, j)a(A?) differs from a(u”) at fewer elements than
a(A?) does. Since 1 is a finite set, continuing this way we see that a(AV) =, a(u’). =

16. Local data — the rational case

We keep the notation of §15; in particular, K is a global field of characteristic # 2. Let M
be an A-module satisfying the hypotheses of §7 with Ay = (E;);es. Recall that E; / K
is a finite field extension of K and that o(E;) = E; for alli € I. In addition, assume that
for all i € I, the restriction of o to E; is non-trivial. The fixed field of this involution
is denoted by F;; hence E;/F; is a quadratic extension, and E; = Fi(\/z ;) for some
di € FX.Set F =[];e; Fiand E = [[;¢; Ei.

Let v € Vk, and let g be a quadratic form over K, which is compatible with the
module M ®k K,. We now associate to g and M a subset of T(E", o).

We have M ~ @ie 1 M; with M; isotypic, such that M; is a finite-dimensional E;-
vector space. By Proposition 7.1 there exist quadratic forms g} over K, compatible with
M; ®k Ky suchthat g >~ @;.; q7. Set n; = dimg, (M;). By Proposition 7.4 there exist
ni-dimensional hermitian forms 2} over E such that g7 ~ {;(h}). Set A} = det(h}), and
denote by £R; the set of A} € T(E}, 0;) obtained this way. Let AY = (A7), and denote
by LR the set of AV with A7 € LR} Let €R" be the set of a” = a(AV) € Crv(I) with
AV € LR (cf. §15). Letd = (d;), and set gn,1 = D, ey Gn; 1-

Proposition 16.1. Let AV € LR. Then
wa(q) = wa(gn,1) + corp/x (A7, d) in Bra(Ky).

Proof. By Proposition 12.8, we have w2 (g}) = wa(gn;,1) + corp g (A7, d;) in Bra(Ky)
for alli € I and all v € Vk. Using [Sch 85, Chapter 2, Lemma 12.6] gives the desired
result, noting that det(q;) = det(gn,;,1) foralli € I and v € V. |
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Set AV = invy (wa(q) + w2(gn,1)). Recall that for AV = () € T(E", 0), we defined
a(A®ye C(I)bya(A?)(i) = invy (corpv i, (A7, d;)). Let fgv be the setof AV = (A}Y) €
T(E?, o) such that

AV =Y a() ),
iel
and let ‘ég be the set of a(A?) for AV € cfgv.

Let ¢ : Z/2Z — Q/Z be the canonical injection, and let A € Z/2Z be such that

1(A) = A. Recall that £ 4v is the set of AV = (AY) € T(EV,0) such that

A =Y "a(A") ().

iel
and C4v is the set of a(AV) for AV € L4v.

Proposition 16.2. The set € R" is contained in Cyv.

Proof. Let us first note that if AV € £R", then a@(A) belongs to e jv- Indeed, since
invy (corpv/k, (A", d)) = Y ey invy(corpv g, (A7, d;)), this is a consequence of Propo-
sition 16.1; the assertion now follows from Lemma 15.2. n

Corollary 16.3. The set €RY is contained in an =-equivalence class of C(I).

Proof. This follows from Propositions 16.2 and 15.5. ]

Local data — finite places

In the case of finite places, we have more precise information: as we will see, the sets
CRY and €4v coincide, and hence €R" is an =,-equivalence class.
IfAY = (A}) € T(EV,0) for some v € Vi, set ¢, v = D,y qn; 17-
e

Proposition 16.4. Suppose that v is a finite place. Then £R" is equal to the set of
AV € T(EY,0) such that g >~ gy jv.

Proof. 1t is clear that if A” € T(E", o) is such that ¢ >~ g, s, then AV € £R". Con-
versely, let A’ € £R", and let k" be a hermitan form over EV such that ¢ ~ £(h") and
det(h¥) = AV. By Lemma 12.7 we have " =~ h,, j», hence g =~ qp jv. [ ]

Proposition 16.5. Suppose that v is a finite place. Let \Y € T(EV,c). Then A’ € LR"
if and only if
wz(q) = lU2(qn,1) + COI'F/K()LU, d) in Bl‘z(Kv).

Proof. One implication is Proposition 16.1. Let us show the converse. If w; (g, 1v) =
W2(gn,1) + corp/x(AY, d) in Bra(Ky), then wa (g, av) = wa(q) in Bry(Ky). By Propo-
sition 12.2, det(g, av) = det(q) in K/K)?, so the quadratic forms ¢ and g, , have
the same dimension, determinant and Hasse—Witt invariant; hence they are isomorphic

over K. This implies that AV € £R". [
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Proposition 16.6. Suppose that v is a finite place. Then € R’ = Cyv.

Proof. By Proposition 16.5, we have €R" = € v hence the statement follows from
Lemma 15.2. |

Corollary 16.7. Suppose that v is a finite place. Then € R" is an =,-equivalence class

of C(I).

Proof. This follows from Propositions 16.6 and 15.5. ]

Local data — real places

Suppose that v € Vi is areal place. We say that a quadratic form g has maximal signature
at v (with respect to M) if the signature of ¢ at v is equal to the signature of g, 1 or
of —gn,1 atv.

Proposition 16.8. Assume that q does not have maximal signature at v, and leta € €R".
Then there exist i, j € I withv € V; NV, such that (i, j)a belongs to €R".

Proof. Let AY = (A¥) € LR be such that a = a(L1Y). Since the signature of g at v is
not maximal, there exist i, j € I withv € V; N V; and w; € VF;, w; € ij above v
such that )t;”i and )L}Uj have opposite signs ()L:.Ui > 0 and )L}Uj < 0, or vice versa). For
allr € I and w € VF, above v, let u¥ € T(E}", o) be such that u* = A if (w,r) #
(wi. i), (wj. j), while ;" = =2} and ;7 = =277 Then pu¥ = (u¥) € €R’, and

a(p’) = (i, j)a(r”). u

17. Local-global problem — the rational case

We keep the notation of the previous sections; in particular, M is an A-module satisfying
the hypotheses of §16, and Ay = (E;)ier. If (V, g) is a quadratic form over K, we
consider the following local and global conditions:

(L1) For all v € Vk, the quadratic form (V,q) ®k K, is compatible with the module
M ®k K,.
(G1) The quadratic form (V, q) is compatible with the module M.

Proposition 17.1. Assume that condition (L1) is satisfied. Then condition (G1) holds if
and only if there exists A = (A;) € T(E, o) such that > € £LR" for all v € Vk.

Proof. Wehave M ~ P, .; M; with M; isotypic such that M; is a finite-dimensional E;-
vector space. If (G1) holds, then ¢ ~ €D, gi, where the quadratic form ¢; is compatible
with M; (cf. Proposition 7.1). For all i € I, let h; be a hermitian form over E; such that
qi = Li(hi),set \; = det(h;),and A = (A;); then A € LR" forall v € Vk.

Let us prove the converse. Let A = (1;) € T(E, o) be such that A € LR for all
v € Vk, and let h; be a hermitian form of dimension n; over E; with det(h;) = A; and
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sign, (h;) = sign, (h}) for all real places v € Vk; for the existence of such a form, see
for instance [Sch 85, §10.6.9]. Let ¢; = £; (h;) and ¢’ = €D, ;. The quadratic form ¢’
is compatible with M by construction; its dimension, signatures and determinant are the
same as those of ¢ [this is clear for the dimension and the signatures; for the determinant,
it follows from Proposition 12.2]. By Proposition 12.8, we have

corpv/i, (A, d) = wa(q') + wa(gn,1) inBry(Ky)

for all v € V. On the other hand, since A € £R" for all v € Vg, by Proposition 16.1 we
have corpv/k, (A, d) = wa(q) + w2(qn,1) in Bra(K,) for all v € Vi ; therefore w,(q') =
w3 (g) in Bry(K). This implies that ¢’ >~ ¢, hence (G1) holds. |

Recall from §14 the definition of the group Illg = Il ; recall that for all v € Vg
and i € I, the set S consists of those places w of F; such that E; @, (F;)y is a field,
and if i € I, we denote by V; the set of places v € Vk such that S # @. The group Il g
is the one constructed in §13 using the data I and V; ; = V; N V;; see §14 for details.

Note that IITg does not depend on the module M, only on the algebra E with involu-
tion.

Theorem 17.2. (i) Assume that ll1g = 0, and let g be a quadratic form such that (L1)
holds. Then (G1) holds as well.

(ii) If LIg # O, then there exists a quadratic form satisfying (L1) but not (G1).

The proof of this theorem will be given later, after the construction of the obstruction
homomorphism.

If the obstruction group Il g is not trivial, then the validity of the Hasse principle also
depends on the choice of the quadratic form.

Local data

Let g be a non-degenerate quadratic form over K, and assume that condition (L.1) holds.
Recall from Section 16 that a local solution gives rise to sets £R¥ and €R" for all
(U S] VK.

Let € R be the set of (av), a’ € €RY, such that a¥ = 0 for almost all v € Vk. Let us
show that this set is not empty.

Proposition 17.3. Assume that condition (L1) holds. Then the set € R is not empty.

Proof. Let S be the subset of Vg consisting of the places v € Vi such that A” # 0 and
of the infinite places; this is a finite set.

Letv € Vg be suchthat v & S. Let AY € LRV, and assume that there exists i € I such
that a(AV)(i) # 0. Recall that A¥ = ). _; a(A?)(r). Since v & S, by hypothesis A” = 0;
therefore there exists j € I, j # i, with a(A?)(j) # 0. Note that since a(A?)(i) # 0 and
a(A’)(j) # 0, we have S # @ and S}’ # ,hencev € V; N V.

We know that v is a finite place, since v ¢ §; hence by Proposition 16.7, the map
(i, j)a(A?) belongs to €R". Moreover, this map vanishes at i and j. If (i, j)a(A?) = 0,
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we stop; otherwise we continue, and after a finite number of steps we obtain the zero
element of C(I). Since this holds for all v € Vg such that v & S, the proposition is
proved. ]

The homomorphism and the Hasse principle

We apply the results of §13 with the sets €Y = €R”, and ~, will be the equivalence
relation =,, defined in Section 15.

Forall v € Vi, set AY = inv, (w2 (q) + wa(gn.1)). Lett: Z/2Z — Q/Z be the canon-
ical injection, and let AY € Z/2Z be such that ((A?) = A". Note that ¢ and qn,1 are
quadratic forms over K, hence A’ = 0 for almost all v € Vg, and D vevi A = 0; the
same properties hold for A?, therefore condition (i) of §13 holds.

Let V' be the set of finite places, and V" be the set of infinite places of K. The
sets €RY satisfy conditions (ii)—(iv) of Section 13: indeed, condition (ii) follows from
Proposition 16.2, condition (iii) from Corollary 16.7, and (iv) from Corollary 16.3.

Let (a(AV)) € €R. As in §13, we define a homomorphism p : lllg — Z/2Z as fol-
lows. For all ¢ € Il g, set

ple) =Y > c@a(®)).

veVy iel
By Proposition 13.5, the homomorphism p is independent of the choice of (a(A?)) € €R.

Theorem 17.4. Let g be a quadratic form, and assume that condition (L1) holds. Then
condition (G1) holds if and only if p = 0.

Proof. If (G1) holds, then by Proposition 17.1 there exists A = (4;) € T(E, o) such that
A e LR forallv € Vk;then ), oy, a(A)(i) = Oforalli € I, hence p = 0.

Let us prove the converse. Since p = 0, Corollary 13.6 implies that there exists b =
(bV) € €R such that ZvevK bV (i) =0foralli € I.By definition, there exists (A?) € £R
such that b¥ = a(A?) for all v € V. Recall that a(AV) (i) = ZweSv ¥ (A}); therefore for
alli € I, we have ZweVF #(A¥) = 0. By Theorem 10.1 this implies that for all i € /,
there exists A; € T(E;, 0;) mapping to AY € T(E}, 0;) for all w € V. In particular,
(Ai.di) = (A}, d;) for all i € I and v € V. Set A = (1;); since AV € LR" for all
v € Vk, Proposition 17.1 implies that (G1) holds. [

We say that a quadratic form ¢ has maximal signature (with respect to M) if for all
real places v € Vi, the signature of ¢ at v is equal to the signature of g, ; or of —g, 1
at v. For the proof of Theorem 17.2, we need the following proposition.

Proposition 17.5. For all distinct i, j € I, there exists a quadratic form g over K hav-
ing maximal signature satisfying (L1), and, for all v € Vi, a corresponding local data
AV € £RY, such that for some distinct vy, v, € Vg, we have

a(A")(i) = a(A)(j) = 1,
a@) (k) =0 if (v.k) # (v1,0), (v2, ).
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Lemma 17.6. Let v € Vi be a finite place, and let Q be a quadratic form over K, such
that dim(Q) = dim(g) and det(Q) = Np;x(—d). Then Q is compatible with M ®k K,.

Proof. Note that g, 1 is compatible with M by construction, and its dimension and deter-
minant coincide with those of Q; if w2(Q) = wa(gu,1) in Bra(Ky), then Q ~ g, 1
over K, hence we are done. Suppose that w2(Q) # w2(qn,1), and let A be a non-trivial
element of T(E,, o). By Proposition 12.4, we have w2(gs,1) 7# W2(gn,1), and there-
fore wa(gn,2) = w2(Q) in Bra(Ky). The forms g, 4 and O have the same dimension,
determinant and Hasse—Witt invariant, hence they are isomorphic over K. Since g, , is
compatible with M Qg K, sois Q. [

Proof of Proposition 17.5. For all k € I, let S(k) be the set of places v of Vg such that
wa(q, k,l) # 0, and let S be the set of places v € Vg such that either v € S(k) for some
k € I, or the quaternion algebra (dy, d,) is not split at v for some r, s € . Let vy, v, € Vi
be two distinct finite places that are not in the finite set S.

For all k € I and v € Vk, let ¢} be a quadratic form over K, with the following
properties: dim(g;) = dim(qgy,,1); det(qy) = Ng, x (—d); if v is a real place, then the
signature of g, is equal to the signature of ¢, at v; and the Hasse-Witt invariants of g}
are as follows:

o inv(wa(g;")) = inv(wa(g;?)) = 1/2;
o if (v,k) # (v1,1), (v, j), then wa(q}) = w2(qn,,1) in Bra(Ky).

For all v € Vk, set Q¥ = @y q;; the quadratic form QY has determinant
Nr/k(—d), hence by Lemma 17.6 it is compatible with M ®k K, if v is a finite place.
If v is an infinite place, then Q" is isomorphic to g,,; over K, by construction, hence it
is compatible with M ®k K.

We claim that the number of v € Vg such that w,(QV) # 0 is even. Indeed, for all
v e Vgandall k € I, we have

wa(QY) = Y walg) + ) _(dr.dy),

kel r<s
wa(Gn1) = Y wa(qng1) + Y _(dr.ds).
kel r<s

If v # vy, vy, this implies that w2 (Q7) = wa(gx,1), and since g, 1 is a global form, the
number of v € Vi such that wa(g,,1) # 01in Br(K,) is even. We have w,(g*!) # wz(qzjl)
and wy(q¥2) # wy (q,'fl); hence the number of places v such w,(QV) # 0 is even.

Let g be a quadratic form over K such that g¥ ~ QV over K, for all v € Vk; the
existence of such a form follows from [Sch 85, Theorem 6.6.10]. The form g has maximal
signature by construction.

Forall v € Vg, let A\Y € LRV be the local data corresponding to the quadratic form QV.
We claim that a(AV) € €R" satisfies the required conditions. Indeed, recall that for all
v € Vgandall k € I, we have

w2(qy) = w2(gp, 1) + corrv/k, (A, di)
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by Proposition 16.1. Since v; and v, are not in S, we have wz(q,l:l_"l) = wz(q::f’l) =0,
hence
inv(corpv /g, (A", d;)) = inv(corpv g, (/\jz,dj)) =1/2,

in other words, a(A¥1)(i) = a(A2)(j) = 1. By Lemma 15.2, this implies that
a(A")(@i) =a(r*)(j) = 1.

If (v, k) # (v1,1), (v2, j), then wa(q)) = wa(q7 (k)), hence the same argument shows
that a(AV)(k) = 0, and therefore by Lemma 15.2, we have a(A")(k) = 0. |

Proof of Theorem 17.2. If Illg = 0, then by Theorem 17.4 the Hasse principle holds for
any quadratic form g.

To prove the converse, assume that IIlg # 0; we claim that there exists a quadratic
form ¢ satisfying (L1) but not (G1). Let ¢ € IIlg be non-trivial, and let i, j € I be such
that c(i) # c¢(j). With g and a € €R as in Proposition 17.5, we have

pe) =Y c@a@’)(i) = c(i) + c(j).

veVy iel
hence p(c) # 0; by Theorem 17.4 condition (G1) does not hold. |

Example 17.7. Let A = K[I'] as in Example 7.2, and assume that all the simple o-
stable factors in #js are of type (1). In other words, we have Ay = (E;)ie; with E; =
K[X]/(fi), where f; € K[X] are monic, irreducible, symmetric polynomials of even
degree, and M = P, .; M;, with M; = [K[X]/(f;)]"* for some integers n; = 1. Let g
be a quadratic form over K; then g is compatible with M if and only if g has an isometry
with minimal polynomial g = [];c; fi and characteristic polynomial f = [],, fi"i ;
hence Theorem 17.4 gives a necessary and sufficient condition for the Hasse principle
to hold for the existence of an isometry with minimal polynomial g and characteristic
polynomial f.

Example 17.8. With the notation of Example 17.7, assume that K = Q, and that the
polynomials f; are cyclotomic polynomials for all i € I. Then E; = Q/(f;) is a cyclo-
tomic field for all i € I, hence a CM field; by Example 14.2 this implies that Il = 0.
By Theorem 17.2, the Hasse principle holds for the existence of an isometry with minimal
polynomial g and characteristic polynomial f; if ¢ is a quadratic form having an isome-
try with minimal polynomial g and characteristic polynomial f locally everywhere, then
such an isometry exists over Q as well.

18. Independent extensions
Recall that two finite extensions K; and K, of K are independent over K if the tensor

product K| ® ¢ K is a field. In this section, we show that the local-global principle of §17
always holds if the extensions E; /K are pairwise independent over K.
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We keep the notation of §17. Recall from Example 13.1 the equivalence relation ~~
on / generated by the elementary equivalence
i ~, j <= E;and E; are independent over K,
and recall that ITj,qep (£) = I+ (1) is the associated obstruction group.

Theorem 18.1. Assume that Ulinge,(E) = 0 and condition (L1) holds. Then condition
(G1) holds as well.

Proof. By Corollary 14.4 the hypothesis implies that III g = 0; therefore Theorem 17.2 (i)
gives the required result. u

Corollary 18.2. Assume that there exists i € I such that for all j € I with j # i the

extensions E; and E; are independent over K. If condition (L1) is satisfied, then condition
(G1) also holds.

Proof. This follows immediately from Theorem 18.1, since the hypothesis implies that
H—Iindep(E) =0. u

The following corollary is an immediate consequence:

Corollary 18.3. Assume that the extensions E; / K are pairwise independent over K, and
condition (L1) holds. Then condition (G1) holds as well.

Example 18.4. Let / = [[;o; /" and g = [[;; f; be as in Example 17.7, with E; =
K[X]/(f;). Assume that Ilj,gep (E) = 0, and let ¢ be a quadratic form over K. Then the
Hasse principle holds: if ¢ has an isometry with minimal polynomial g and characteristic
polynomial f locally everywhere, then such an isometry exists over K. In particular, this
is the case if the extensions E; /K are pairwise independent over K.

19. Local conditions

We keep the notation of §17. Recall that (V, g) is a quadratic form, M is an A-module
satisfying the hypotheses of §16, and Ay = (E;);ier; moreover E;/F; is a quadratic
extension for all i € I, and d; € F;* is such that E; = F; (J/d;).

The aim of this section is to give a necessary and sufficient condition for M Qg K,
and (V,q) ®k K, to be compatible for all v € Vi, in other words, for condition (L1) to
hold. This complements the Hasse principle results of §17 and will also be used in §20.
Since in §20 we need this result for several fields, we use the notation with subscript K:

(L)g Forall v € Vg, the quadratic form (V,q) @k Ky is compatible with the module
M ®k K,.
The validity of (L1)g will be detected by three conditions, called the determinant
condition, the hyperbolicity condition and the signature condition,

Determinant condition:
(det) g det(q) = [ [Ne/x(=d)" in K*/K*2.

iel
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Remark 19.1. Note that by Proposition 12.2, condition (det) ¢ is necessary for (V, ¢) and
M to be compatible for any field K.

Hyperbolicity condition:
(hyp)g Ifv € Vi is such that EY = FV x F?, then (V,q) ®k K, is hyperbolic.
Signature condition: If v € Vi is a real place, we denote by (ry, s,) the signature of

(V,q) ®k Ky, by (p;)y the number of real places of F; above v that extend to complex
places of E;, and set 0, = dim(M) —2 ) ;c; ni(pi)v-

Proposition 19.2. Let v € Vg be a real place. Then (V, q) @k K, is compatible with
M Qg K, if and only if ry = 0y, 5y = 0y, and ry = s, = 0, (mod 2).

Proof. This is straightforward, using for instance the arguments of the proof of [B 15,
Proposition 8.1]. ]

The signature condition is as follows:

(sign)g Ifv € Vi is a real place, we have
Ty = Oy, Sy = 0y, and 1y = $, = 0, (mod 2).

Proposition 19.3. The following are equivalent:
(a) Condition (L1)g holds.
(b) Conditions (det)g, (hyp)gx and (sign)g hold.

Proof. Let us show that (a)=>(b). Condition (L1)g implies (det)x by Proposition 12.2,
(hyp) g by Proposition 7.1, and (sign) g by Proposition 19.2. Conversely, let us show that
(b)=(a). Let v € Vk.If v is a real place, then Proposition 19.2 shows that (V, q) ®x K,
is compatible with M ®x K,. Assume now that v is a finite place. If EY = F¥ x F?,
then by (hyp) g the form (V, q) ®k K, is hyperbolic, and by Proposition 7.1 it is compat-
ible with M ®x K. Suppose that EV £ FU x F?; then T(EV, o) is non-trivial. For all
A eT(E?,0), wehave det(gy,, ) = det(q) by Proposition 12.2 and (det) g, and by Propo-
sition 12.4 we can choose A € T(E",0) so that Wy (g,,1) = w2(q¢ ®k Ky) in Br(Ky).
Therefore (V, q) ®k K, is compatible with M ®k K, and hence (L1) g holds. [

Example 19.4. Assume that M and E are as in Example 17.7; recall that E; =
K[X]/(f;) and M; = [K[X]/(f;)]" with f; € K[X] irreducible, symmetric polynomials
of even degree. Set f = [[;¢; fini . In this case, the local conditions can be reformulated
as follows:

(det) g det(q) = f(1) f(=1) in K*/K*?.

We say that a polynomial is hyperbolic if it is a product of irreducible polynomials of
type (2) (see Example 7.2), and we can write

(hyp)x Ifv € Vi is such that f € K,[X] is hyperbolic, then (V,q) ®k K, is hyperbolic.
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If v € Vi is a real place, we denote by m, (f) the number of roots z of f € K,[X]
with |z|, > 1 (counted with multiplicity), and we can restate

(sign)g Ifv € Vi is a real place, we have
ro =my(f), sy =my(f), and 1y, =s, = my(f) (mod?2).

Set g = [];; fi- We recover a result of [B 15, Theorem 12.1]: the quadratic form
(V,q) ®k K, has an isometry with characteristic polynomial f and minimal polynomial
g for all v € Vk if and only if the above three conditions hold.

20. Odd degree descent

We keep the notation of the previous sections. The aim of this section is to prove an “odd
degree descent” result:

Theorem 20.1. If K’ is a finite extension of K of odd degree such that (V,q) @k K' is
compatible with M @k K', then (V, q) is compatible with M .

We start with a lemma:
Lemma 20.2. Let K’/ K be a finite extension of odd degree. Then

Proof. 1Itis clear that (det) g, = (det) g, (hyp)xs = (hyp)g and (sign) g = (sign)g. By
Proposition 19.3, this implies that (L1)g, = (L1)g. |

Proof of Theorem 20.1. By hypothesis, condition (L1) g holds; let
ok gk — /27

be the associated homomorphism of §17. Recall that pg is independent of the chosen
local data. By Lemma 20.2, condition (L1) g holds. Let

pr(c) = D > c(i)a(")(i)

veVy iel

be the associated homomorphism. For all v € Vg, let us choose a place w of K’ over v.
Let us take the extension a* of a” = a(A?) to F’ ®g, K}, to define pg.
If [K], : Ky] is odd, then

invy (corpyk, (@; . di)) = invy (corpre . ky,/k;, (@i di))-

If [K], : K] is even, then

invy, (CorFi”®1<v k., /K, (@} .di)) = 0.
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Since K’ is an odd degree extension of K, the degree [K|, : K] is odd for an odd
number of places w of K’ over v. Hence

invy(corpy i, (a; . di)) = Z invy (corpre ., ki,/k;, (@i di)).
wlv

Recall from §14 that we have an injective homomorphism
7'[/ : H_[E — H—IE®KK’

(see Proposition 14.5). Let ¢ € Il g, and let ¢ = 7’(c); in other words, with the notation
of §14, wehave ¢'(i, j) = c(i). Letat‘.’:j be the image of a; in Fi”j ®k’ K, then (al?’:/.) isa
local data over K'. Denote by d;, ; the image of d; in Fl’l Note that F; ®x K' @k’ K|, >~
F ®k, K.

By hypothesis, condition (G1)g, holds, hence by Theorem 17.4 we have pgr = 0.
Therefore pgs(c’) = 0, and this implies that

Z Z c’(i,j)invv/(coer(/K, (a;’,/j,d,-’j)) = 0.
ijl

v eVgr (i,j)el’

By the above observations, we have
. . . ’
E § C/(l, J)anv’(CorFiu}/K//(a;),_/»di,j))
N v

v eV (i,j)el’
7 1 U/ PR
E E c(i) E mVU’(COIFl.’j;/K;, (a; j.di,j))

v eV iel JjeS@)

. . ’
Z Z c(i)invy (corpre . k7, /K, (af ,d;))

v'eVgriel

D) eli)invy(corprk, (@} . dy)).

veVg iel

Hence pkx(c) = 0, and this implies that px = 0; therefore by Theorem 17.4 the
quadratic form (V, g) is compatible with M . |

21. Obstruction group — the integral case

As in the previous sections, K is a global field; let O be a ring of integers of K with
respect to a finite, non-empty set X of places of K, containing the infinite places if K is
a number field. Let V5 be the set of places of K that are not in X. If v € V5, we denote
by O, the ring of integers of Ky, and by k, its residue field. Let A be an O-algebra,
and let 0 : A — A be an O-linear involution; set A = Ax = A ®o K. If v € Vg, set
Ag, = A®o Kyand Ax, = A Qo ky.

Let (M; )i be afinite set of A-modules, let M = €D, ; M;, and let A s be the image
of A in End(M). We assume that the kernel of the homomorphism A — A}y is stable by
the involution o, and we also denote by o : Apr — Ajps the induced involution.
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The aim of this section is to define a group Il ,, ()., that will be useful in §23.
In general, this group depends on (M;);c; and on Ajps. However, in our main case of
interest, namely when A = O[I'], it only depends on A .

The group Il ,, (am;);., is defined using the general framework of §13 using the
set I and forall i, j € I, the subsets V; ; of Vs defined as follows.

Notation 21.1. For all i, j € I, we denote by V; ; the set of places of v € V5 such that
v € V; N V; and there exists a self-dual A, -module appearing in the reductions mod 7,
of both M” and M.

Example 21.2. Assume that A = O[I'], hence A = A ® o K = K[I']. We keep the nota-
tion of Example 17.7, and assume that f; € O[X] for all i € /. The homomorphism
Oy, — ky induces py : Oy[X] — ky[X]. Foralli, j € I, the set V; ; defined above is the
set of places v € Vx such that v € V; N V; and the polynomials p,(f;) and p,(f;) have
a common irreducible and symmetric factor; this follows from Example 9.2.

Assume now that the A-module M and its decomposition M = P, .; M; are as in
§16, with Apr = [[;¢; Ei and M; ~ Ef" foralli € I;set Ia,, (m;),c; = Ay, M.

Recall that S; is the set of places w of F; that are inert or ramified in E;, and if v € Vg,
then S is the set of places w € S; above v.

Notation 21.3. If w; € §;, we denote by O™/ the ring of integers of Elw *, and by ky; its
residue field.

Recall that if N is a self-dual Ag, -module, we denote by on : k(N) — «(N) the
induced involution of Kk (N) = (Ag,)n-

Proposition 21.4. Letv € Vs, and leti, j € I. Assume that v € V; ;. Then there exists a
simple, self-dual Ay, -module N and places w; € S7, w; € S ]'-’ such that

(i) the Ak,-modules ky,;, ky,; and N are isomorphic,

(ii) the fields with involution (i, , 0;) and (kw; , 0}) are isomorphic to (k(N),on).

Proof. (i) follows from Proposition 9.1. To prove (ii), note that (Akv)Kwi > ky,; and
(A, )ij 2 Ky, . Since all the involutions are induced by o, this implies (ii). |

Proposition 21.5. g is a subgroup of 1 ,, m.
Proof. Let us denote by ~ the equivalence relation on I generated by
i~j = Vi #9
and by ~ the equivalence relation generated by
i~ j <= VNV #a.

We have V;; C V;NV; foralli,j €I, hence i ~j = i ~ j. Since IlIx,, p is
defined by the equivalence relation ~ and LIl g by =, this implies that III g is a subgroup
of H-IAM M- |
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22. Local data and residue maps

We keep the notation of §21; in particular, M = @i <7 M; is a module with M; ~ Eln i
foralli € I.

Letv € Vy. If w; € SY and A" € T(E,", 0;), we obtain a bounded E;" -quadratic
form ((E;"")".q, ,wi) (see §11). Set M"" = M; ®g, E;"". Choosing an isomorphism
M; — E}', we obtain a bounded A-form on M;"", denoted by (M;"", q,w; ).

Recall from §4 that we have a homomorphism
Oy : WII\)KU (Ky) — WAkv (kv).
Let AV = (A;""). Set

W) = Bl(M ). 3] = P WA BAY) =D W@

w; €SY iel

Proposition 22.1. Letv € Vy, and let AV, u° € LR be such that a(u’) = (i, j)(a(A?))
forsomei,j € I withv € V; j. Then 0,(u’) = 9,(A°).

Proof. Since v € V;_ ;, by Proposition 21.4 there exists a simple, self-dual Ay, -module N
and places w; € VF,, w; € VF; such that the Ag,-modules kv, , ky; and N are isomorphic,
and the fields with involution (k, ,0;) and (ky; , 0;) are isomorphic to (k(N),on).
Set
Q = @A) & (B (;7)) @ (=0u (1)) ® (=00 (1))

We claim that Q = 01in Wy, (ky); note that Q belongs to the subgroup Wy, (ky, N)
of WAkU (kv), and WAkv (kv, N) ~ WK(N)(kU)-

Let us first assume that w; and w; are inert in Elw !, respectively E ;.U" . In this case,
the involution o is non-trivial. By Proposition 11.1 (a), we know that d,, : T(Eiwi ,05) —>
Wy (ky) and 9y, : T(E}”" ,0;) = Wien)(ky) are bijective. Therefore 9, (A} ) # 0, (;")
and 9y(A;") # 81,(/1}0" ). This implies that two of the four elements 0, ("), 9, ()t;.uj ),
Ay (1a;"), Dy (M}Dj ) are trivial, and two are non-trivial. Since W, (n) (k) is of order 2, this
implies that the class of Q is trivial in Wy (n)(ky), hence in Wy, (ky).

Assume now that w; and w; are ramified in E;", respectively E ;”" , and that char(k,)
# 2. In this case, o is the identity, and W) (ky) = W(k). Proposition 11.1 (b) implies
that 3, : T(E;"",0;) — W) (ky) and 9y : T(E;Uj,oj) — W) (ky) are injective, and
their images consist of the classes of forms of dimension = [k (N) : k,] mod 2. The injec-
tivity part of the statement implies that 9, (A;"") # 9,(u;"") and 9, (/\;.uj ) # 0y (/,L}Uj ). The
forms 9, ()L?)i), Bv()k;.l}j), 0y (/L;Di), 0y (/L;-Uj) all have the same dimension mod 2; there-
fore det(dy(A;"")) # det(dy(p;”")) and det(av()t;-uj ) # det(Bv(u;vj )). Hence the forms
(A @ 0y (A;.‘)") and 9y (1;") @ Bv(u]"-)") have the same dimension mod 2 and the
same determinant, therefore they are equal in W (k,). This implies that Q = 0 in W(k,).

Finally, assume that w; and w; are ramified in Elw I, respectively E }Uj , and that
char(ky) = 2. Proposition 11.1(c) implies that 9, : T(E;", 0;) — Wy()(ky) and
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dy : T(E;", 0i) = W(n)(ky) are constant, hence 9, (A;") = 9, (u;") and E)U(A}uj) =
av(u}"/’). Since W (n)(ky) is of order 2, this implies that Q = 0 in W(v)(ky), hence
in Wa,, (ky).

This holds for any pair w;, w; with the above properties, therefore the form

(0(A7)) ® (0v(27)) & (—0v (i) ® (—0u(1}))
is trivial in Wy, (ky); this completes the proof of the proposition. |

Notation 22.2. For all v € Vg, letus fix § = (§,) with &, € Wy, (ky) such that §, =0
for almost all v. Let £} be the set of AV € £R" such that 9, (A") = §,, and let €} be the
setof a(A¥) € C(I) such that AV € £§.

Let ~, be the equivalence relation on C (/) generated by
c~yc < c=(,j)c) forsomei,j € I withv € V; ;.

Corollary 22.3. Let v € Vx and let a(A?), a(u®) € €RY be such that a(u®) ~y a(A?).
Ifa(A?) € €, then a(n’) € €.

Proof. 1t suffices to show that if a(1”) = (i, j)(a(A?)) for some i, j € [ withv € V; ;,
then a(u") € €y, this follows from Proposition 22.1. ]

Proposition 22.4. Let v € V. Then the set €5 is a ~y-equivalence class of C(I).

Proof. Let us prove that if an element of C (/) is ~-equivalent to an element of €y, then
itis in €§ . By Proposition 16.7, this element belongs to €R", and Corollary 22.3 implies
that it is in €y

Leta(AY), a(u’) € €7, and let us show that a(AV) ~, a(u?). Let J C I be the set of
i € I suchthata(AV)(i) # a(u’)(i). Since

D auh)r) =Y a@)(r) = A%,

rel rel

the set J has an even number of elements.

Suppose first that v is non-dyadic. This implies that if i € J, then d,(AY) # 0y (11}).
We have a(A?), a(u’) € €5 by hypothesis, hence 9, (A") = d,(u”), and therefore there
exists j € J such that 9y, (Wa,, (Ky, M) and 9y (Wa g, (Ky, M]?’)) have a non-zero
intersection, and hence v € V; ;. The map (i, j)a(A") differs from a(u”) in fewer
elements than a(A”) does. Since [ is a finite set, continuing this way we see that
a(A?) ~y a(u®).

Assume now that v is dyadic, and let J' be the set of J such that d,(A}) = 9, (1}).
Since 0,(AY) = d,(u?), the set J’ also has an even number of elements. Let us write
J = J" U J”; then J” has an even number of elements. If i, j € J’, then v € V; ;. The
map (i, j)a(A?) differs from a(u?) in fewer elements than a(A”) does. After applying
(i,j)forall j,j € J withi # j, we may assume that J is empty. Now we have J = J”,
and the same argument as in the non-dyadic case shows that a(A?) ~y a(u?). |
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23. Local-global problem - the integral case

We keep the notation of the previous sections.

Let ¢ be a quadratic form over K. For all v € Vx, let us fix § = (6,) with
Sy € Whk, (ky) such that 8, = 0 for almost all v. Recall the following terminology
from §6:

We say that the local conditions are satisfied if conditions (L1) and (L2)s below hold:

(L1) Forall v € Vg, the quadratic form (V,q) ®k K, is compatible with the module
M =M Rk K,

(L2)s Forall v € Vs, the quadratic form (V,q) @k K, contains an almost unimodular
AV-lattice with discriminant form §,,.

We say that the global conditions are satisfied if conditions (G1) and (G2); below
hold:

(Gl) The quadratic form (V, q) is compatible with the module M .

(G2)s The quadratic form (V, q) contains an almost unimodular A-lattice with discrim-
inant form 4.

Proposition 23.1. Assume that the local conditions are satisfied. Then the global condi-
tions hold if and only if there exists A = (A;) € T(E,0) such that A € £{ forall v € Vk.

Proof. 1f (G1) holds, then by Proposition 17.1 here exists A = (A;) € T(E, o) such that
A € LR orall v € Vg. Condition (G2)s implies that one can choose A such that A € £
forall v € Vx.

To prove the converse, let A = (A;) € T(E,0) be such that A € £§ forall v € Vx. By
Proposition 17.1, this implies that (G1) holds. Moreover, since A € £§ forall v € Vy, we
have 0, (1) = &y, for all v € Vx, hence condition (G2); is also satisfied. L]

Recall that the equivalence relation ~,, on C (/) is generated by
¢~y = c=(,j)) forsomei,j € [ withv €V ;.
Let €5 be the set of all (a’), a¥ € €}, such that a’ = 0 for almost all v € V.

Proposition 23.2. Assume that the local conditions are satisfied. Then there exists
(AV) € £ such that (a(A?)) € €.

Proof. Let S be the subset of Vg consisting of the dyadic places, the infinite places, the
places that are ramified in £; /K for some i € I, the places v € Vi such that w,(g) #
Wz (qn,1) in Bra(ky), and the places v € Vs for which &, # 0. Let us show thatif v & S,
then there exists AV € £5 such that a(A?) = 0.

Letv € Vg besuchthatv ¢ S, andleti € I.If S? = @&, then T(E}, 0;) = 0, hence
there is nothing to prove. Assume that S # @; recall that for all w € §? we have an
isomorphism

0F :T(EY,0;) —> Z/2Z,
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and for all A” = (A}) € T(E", o), we have

a(*)(i) = Y 6P AP).
wes/

Foralli € I such that S # @ and forallw € §?,let A = 1in T(E}”,0;). We claim
that a(A}) € €5 and a(A?) = 0. It is clear that a(A")(i) = O for all i € I; it remains to
show that (A}) € £§.

We first show that (1Y) € £R". Since v ¢ S, we have wz(q) = w2(gn,1) in
Bry(Ky). The quadratic form ¢ is compatible with the module M ®k K, by hypothesis,
hence det(q) = Np/k(—d) in K)\/K)? (see Proposition 12.2). Since also det(gn,1) =
NF/k(—d), the quadratic forms ¢ and ¢, 1 have the same dimension, determinant and
Hasse—Witt invariant over K, therefore they are isomorphic over K, ; this implies that
(A}) € £R".

Since v & S, it is unramified in E£;; hence Lemma 11.2 implies d,,(1) = 9,(A") = 0;
as &y = Oforv ¢ S, we have (A}) € £5. |

Necessary and sufficient conditions
Let V'’ be the set of finite places of K.
Proposition 23.3. Let (a(A?)), (a(n”)) € €5, and let ¢ € 111p,, p. Then

D) ea@d) i) = DY elalu’)).

veV’ iel veV’iel
Proof. This follows from Corollary 22.4 and Proposition 13.5. |

Let
€. HIAM,M — Z/2Z
be the homomorphism defined by
e€) =YY cla@r)i)
veV’ iel

for some (a(AV)) € €s. By Proposition 23.3, the homomorphism € is independent of the
choice of (a(A?)) € €s.

Let V" be the set of infinite places of K, and let € (V") be the set of (¢(AY)) with
v € V" and a(AV) € €Y. Note that since V" is finite, the set €(V") is also finite. If
V"= @, weset €(V") = 0.

For alla € €(V") with a = (a(A?)), we define a homomorphism

€q - Wp,, m = Z/2Z

by setting

calc) = Y Y clDa(’) ().

veV”iel
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Theorem 23.4. Assume that the local conditions hold. Then the global conditions are
satisfied if and only if there exists a € € (V") such that € + ¢, = 0.

Proof. Assume that the global conditions are satisfied. Then by Proposition 23.1 there
exists A = (4;) € T(E,0) such that A € £§ forall v € Vg. We have ), .y, a(A)(i) =0
foralli € I.Seta = (a(AV)) forv € V”; thene + ¢, = 0.

Let us prove the converse. Since the local conditions hold, Proposition 23.2 implies
that there exists (u') € &£5 such that (a(”)) € €5. By hypothesis, there exists a € €(V")
such that € 4+ €, = 0. Therefore Theorem 13.4 implies that there exists b = (bV) € €;
such that 3, ., b?(i) = 0. By definition, there exists (1”) € £5 such that b* = a(1")
for all v € Vk. Recall that a(A) (i) = )_,, 5, 0;° (A}"); therefore for all i € I, we have
> wevy 07 (4}) = 0. By Theorem 10.1 this implies that for all i € 7, there exists A; €
T(E;,o0;) mapping to A” € T(E}",0;) forallw € VF.Set A = (4;); we have A € £§ for
all v € Vg, hence by Proposition 23.1 the global conditions hold. ]

Example 23.5. Suppose that A = O[I'], and let f and g be as in Example 21.2. Assume
that for all v € Vy, the quadratic form g contains a unimodular O, -lattice having an isom-
etry with minimal polynomial g and characteristic polynomial f; Theorem 23.4 gives a
necessary and sufficient condition for such a lattice to exists globally.

Recall that a quadratic form ¢ has maximal signature if for all real places v € Vi, the
signature of g at v is equal to the signature of g1 , or of —¢1 , at v.

Lemma 23.6. Assume that q has maximal signature. Then € (V") has at most one ele-
ment.

Proof. If V" does not contain any real places, there is nothing to prove. Let v be a real
place of K, and let (r, s, ) be the signature of g at v. Let us assume that the signature of ¢
at v is equal to the signature of q; ,; the argument is the same if it is equal to the signature
of —qy . Foralli € I, let (7;11),-,1’ S;f,-,l) be the signature of g,,,1 and let (74,1, 54,1) be the
signature of ¢, 1. By hypothesis, we have s, = s, ;. In all splittings of ¢ over K, into the
orthogonal sum of quadratic forms g} over K, with signature (r/, s;) compatible with
the module M; ®k K,, we have s} > 5;11),-,1 foralli € I. Note that s, | = Dier S;z},-,l and
Sv =Y kier s/ ; therefore 57 = S;i,-,l foralli € I, and this implies that the local solution
is unique. This holds for all real places v € Vi, hence € (V") has at most one element. m

Assume that ¢ has maximal signature and the local conditions hold; let a € C(V"),
and set €/ = ¢ + ¢,. The following is an immediate consequence of Theorem 23.4:

Corollary 23.7. Assume that q has maximal signature and the local conditions hold.
Then the global conditions hold if and only if ¢ = 0.

Theorem 23.8. The Hasse principle holds for all quadratic forms q and all § = (6y) if
and only if IIp,, p = 0.

Proof. If IlIp,, m = 0O, then Theorem 23.4 implies that the Hasse principle holds for
any g and 6. To prove the converse, assume that 1115 ,, ar # 0; we claim that there exists
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a quadratic form ¢ and § = (§,) satisfying (L1) and (L2); but not (G1) and (G2);. Let
¢ € ITA,,,m be a non-trivial element, and let i, j € I be such that c(i) # c(j). Let the
quadratic form ¢ and a € € R be as in Proposition 17.5, and set §,, = d,[g] forall v € Vx.
Since ¢ is a global form, 8, = 0 for almost all v € Vg. By construction, g and § satisfy
conditions (L1) and (L2)s. Moreover, the form ¢ has maximal signature. We have

€)=Y Y ca@lr’) (i) = cl)+c()),

veVi i€l

hence €’(c) # 0; Corollary 23.7 implies that the global conditions are not satisfied. ]

24. The integral case — Hasse principle with additional conditions

Given integers r, s = 0 and a polynomial f € Z[X], does there exist an even, unimodular
lattice of signature (r, s), and having an isometry with characteristic polynomial f? This
is one of the motivating questions of the paper. We can be more ambitious, and fix an ele-
ment of SO, ;(R) with characteristic polynomial f; does it stabilize an even, unimodular
lattice?

The above question leads to a modified local-global problem: we impose the local
behaviour at the real places. As in the previous section, we fix a module M and a quadratic
form (V, g). Moreover, for all real places v € Vg we also fix an A ® g K,-quadratic form
(M 02) ¢ K v bv)-

Example 24.1. Let A = K[I'], f € K[X] and M be as in Example 17.7. Fixing an
A ®k Ky,-quadratic form (M ®g K, by) for all real places v € Vg amounts to fixing a
signature for all irreducible, symmetric factors of f € K,[X], as in §8 (cf. Example 8.5).

We consider the following modified local and global conditions. Condition (L1) is
unchanged:

(L1) For all v € Vi, the quadratic form (V,q) @k K, is compatible with the module
M" =M ®k K,.

We have the new condition (L1)p,,:

(L1)p, For all real places v € Vi, there exists an isomorphism
oy V ®k Ky > M Qk Ky
such that (M ®k Ky, by,) ~ (M ®k Ky, by).

We also fix § = (8,) with 8, € Wy, (ky) such that 8, = 0 for almost all v, and we have
the (unchanged) condition

(L2)s Forall v € Vx, the quadratic form (V,q) @k K, contains an almost unimodular
AP-lattice with discriminant form §,,.
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We say that the local conditions (L)p, s are satisfied if the three conditions (L1),
(L1)p, and (L2)s hold.

We say that the global conditions (G)p,, s are satisfied if there exists an isomorphism
of vector spaces ¢ : V — M such that

e (M,b,) is an A-quadratic form;
o for all real places v € Vk, we have (M ®k Ky, by) =~ (M @k Ky, by);
e forall v € Vx, we have 0,(M ®k Ky, by,) = 8.

(In particular, conditions (G1) and (G2)s of the previous section hold).

Assume that the local conditions (L), s are satisfied. The obstruction group Il4,, »
is as in §23, and so is the homomorphism € : Ill4,, pr — Z/2Z; indeed, this homomor-
phism only depends on the finite places of K.

If v € Vi is areal place, then condition (L1)p, determines the local data AV uniquely;
therefore C (V") has exactly one element, namely a = (a(AV)). We define the homomor-
phism ¢, as in §23. Setting €’ = € + ¢,, we obtain a homomorphism

€ W4, m — Z/2Z.

Theorem 24.2. Assume that the local conditions (L)p, s hold. Then the global conditions
(G)p, s are satisfied if and only if € = 0.

To prove this theorem, we need an analog of Proposition 23.1. Let us denote by éﬁzv P
the subset of £§ in which the components A for v real are determined by (M ®xk Ky, by).

Proposition 24.3. Assume that the local conditions (L)p, s are satisfied. Then the global
conditions (G)p,, s hold if and only if there exists A = (A;) € T(E, o) such that A € éﬁzv P
forallv € Vg.

Proof. If the global conditions (G)p, s hold, then by Proposition 17.1 there exists A =
(A;) € T(E,o0) such that A € LR for all v € Vg. Moreover, the conditions imply that
one can choose A such that A € éﬁzv’ s forallv € Vg.

To prove the converse, let A = (A;) € T(E,0) be such that A € I};U’S forallv € Vg.By
Proposition 17.1, this implies that (G1) holds. Moreover, since A € éﬁzv $ forall v € Vg,

we have d,(M ®k Ky.by,) =8, forallv € Vy, and (M ®k Ky.by) ~ (M ®k Ky, by)
for all real places v € Vi, hence the global conditions (G)p, s hold. ]

Proof of Theorem 24.2. The proof goes along the lines of the one of Theorem 23.4, apply-
ing Proposition 24.3 instead of Proposition 23.1. ]

25. Lattices over Z

Let f € Z[X] be a monic, symmetric polynomial without linear factors; we start by recall-
ing from [GM 02] some necessary conditions for the existence of an even, unimodular
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lattice to have an isometry with characteristic polynomial f. We then apply the results of
§23 to give sufficient conditions as well. Set 2n = deg( f).

Definition 25.1. We say that f satisfies condition (C1) if the integers | f(1)|, | f(—1)]
and (—1)" f(1) f(—1) are all squares.

Let m( f) be the number of roots z of f with |z| > 1 (counted with multiplicity).

Definition 25.2. Let (7, s) be a pair of non-negative integers. We say that condition (C2)
holdsifr +s =2n,r =5 (mod 8),r = m(f),s = m(f),andm(f) =r = s (mod 2).

The following lemma is well-known (see for instance [GM 02]).

Lemma 25.3. Assume that there exists an even, unimodular lattice with signature (r, s)
having an isometry with characteristic polynomial f. Then conditions (C1) and (C2)
hold.

Proof. Tt is clear that r + s = 2n, and the property r = s (mod 8) is well-known (see
for instance [S 77, Chapitre V, Théoreme 2]). For the last part of condition (C2), see
[B 15, Corollary 8.2] (in the case where f is separable, this is also proved in [GM 02,
Corollary 2.3]). It is well-known that (—1)" f(1) f(—1) is a square; see for instance
[B 15, Corollary 5.2]. The fact that | f(1)| and | f(—1)| are squares is proved in [GM 02,
Theorem 6.1] (the hypothesis that f is separable is not needed in the proof).

Let
le_[fi"i and g:l_[f,-
iel iel
where f; € Z[X] are distinct irreducible, symmetric polynomials of even degree. Set E; =
Q[X]/(f;) = Q(r;), and let 0; : E; — E; be the Q-linear involution sending 7; to 7; !;
let F; be the fixed field of E;.
The following is essentially contained in [BT 20].

Theorem 25.4. Assume that condition (C1) holds. Then for each prime number p there
exists an even, unimodular Zp-lattice having an isometry with characteristic polyno-
mial f and minimal polynomial g.

Proof. Let Ey; be an extension of degree n; of Fj, linearly disjoint from E;. Set Ei =
E; ® Ey,;; then the characteristic polynonnal of multlphcatlon by 7; on E;is f , and its
minimal polynomial is f;. Set £ = [;c; Ei, Eo = [1;¢; Eo.i»andlet T : E — E be the
linear transformation acting on E; by multiplication with t;; the characteristic polynomial
of T is f, and its minimal polynomial is g. The argument of [BT 20, proof of Theorem A]
shows that for every prime number p there exists a quadratic form on E® Q) containing
an even, unimodular Z,-lattice stable by T'. [

The following lemma is well-known:

Lemma 25.5. (i) Let (r,s) be a pair of non-negative integers with r = s (mod 8). Then
there exists an even, unimodular lattice of signature (r, s).

(i1) Two even, unimodular lattices of the same signature become isomorphic over Q.
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Proof. (i) Let m = (r — s5)/8; the orthogonal sum of m copies of the Eg-lattice with s
hyperbolic planes has the required property.

(ii) Let ¢ be a quadratic form over Q containing an even, unimodular lattice of signa-
ture (r, s). Then the dimension of ¢ is r + s, its signature is (7, s) and its determinant is
(—1)%. The Hasse—Witt invariant of ¢ at a prime # 2 is trivial (see for instance [O’M 73,
§92:1]), and at infinity it is 0 if s = 0 or 1 (mod 4), and 1 if s = 2 or 3 (mod 4). By
reciprocity, this also determines the Hasse—Witt invariant of ¢ at the prime 2 (one can also
prove this directly: see for instance [BT 20, Proposition 8.3]). Therefore the dimension,
determinant, signatures and Hasse—Witt invariant of ¢ are uniquely determined by (r, s);
hence ¢ is unique up to isomorphism. ]

Notation. If (r, s) is a pair of integers with 7,5 = 0 and r = s (mod 8), let (V, g, s) be
a quadratic form containing an even, unimodular lattice of signature (r, s); such a form
exists by Lemma 25.5 (i) and is unique up to isomorphism by Lemma 25.5 (ii).

Let A = Z[I'], where I" is the infinite cyclic group, and set A = QI[I']; let us denote
by o the involution of A and A sending y to y~! forall y € I". Set M; = [Q[X]/(f;)]™
and M = @;c; M;. Let (V. q) be a quadratic form over Q. Recall from §23 the local and
global conditions (L1), (L2)s and (G1), (G2);, and note that (for A and M as above, and
for § = 0) they can be reformulated as follows:

(L1) For all v € Vg, the quadratic form (V, ¢) ®g Q, has an isometry with minimal
polynomial g and characteristic polynomial f.

(G1) The quadratic form (V, ¢) has an isometry with minimal polynomial g and charac-
teristic polynomial f.

(L2) For all finite places v € Vg, the quadratic form (V, ¢) ®¢g Q, has an isometry with
minimal polynomial g and characteristic polynomial f that stabilizes a unimodular
lattice of V ®q Q.

(G2) The quadratic form (V, ¢) has an isometry with minimal polynomial g and charac-
teristic polynomial f that stabilizes a unimodular lattice of V.

Theorem 25.6. Assume that conditions (C1) and (C2) hold. Then the local conditions
(L1) and (L2) are satisfied for the quadratic form qy .

Proof. Since (C1) holds, Theorem 25.4 implies that for each prime number p there exists
an even, unimodular Z,-lattice having an isometry with characteristic polynomial f and
minimal polynomial g; we denote by g? the quadratic form over Q, obtained from this
lattice by extension of scalars. If p # 2, this is the diagonal form (1, ..., (=1)") (see for
instance [O’M 73, §92:1]); if p = 2, it is an orthogonal sum of hyperbolic planes (see
[BT 20, Proposition 8.3]). This implies that g ~ g, s ®q Q, for all prime numbers p.
In particular, the quadratic form ¢, s has an isometry with characteristic polynomial f
and minimal polynomial g over Q, for every prime number p. This implies that the local
condition (L1) holds for every prime number p. Moreover, since ¢, s ®q Qp contains a
unimodular Z,-lattice stable by this isometry, the local condition (L2)s holds for § = 0.
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On the other hand, condition (C2) implies that g, s ® R has an isometry with characteris-
tic polynomial f and minimal polynomial g over R (cf. [B 15, Corollary 8.2]). Therefore
the local conditions hold for the quadratic form g, 5. |

Proposition 25.7. The following properties are equivalent:

(1) There exists an even, unimodular lattice of signature (r, s) having an isometry with
characteristic polynomial f and minimal polynomial g.

(ii) The global conditions (G1) and (G2) are fulfilled for (V, qr.s).

Proof. Let us prove that (i) implies (ii). The base change to Q of the lattice is isomorphic
to (V, ¢rs) by Lemma 25.5 (ii); hence (V, ¢,s) has an isometry with characteristic poly-
nomial f and minimal polynomial g, and it contains a unimodular lattice stable by this
isometry. This implies that the global conditions (G1) and (G2)4 are fulfilled for (V, g;.5)
and § = 0, and therefore (ii) holds.

Conversely, assume that (ii) holds. Let ¢ : V' — V be an isometry of g, ¢ with charac-
teristic polynomial f and minimal polynomial g, and such that (V, g, ) ®q Q, contains
a unimodular Z,-lattice L, with t(L,) = L, for all prime numbers p. For p = 2, let us
choose L, to be even; we claim that this is possible by [BT 20, Theorem 8.1]. Indeed,
condition (i) of that theorem is satisfied, since (V, g,s) ®¢q Q2 contains a unimodular Z,-
lattice; condition (ii) follows from the fact that (V, ¢, s) ®q Q> is an orthogonal sum of
hyperbolic planes; and condition (iii) holds by a result of Zassenhaus (see for instance
[BT 20, Theorem 8.5]), since | f(—1)]| is a square. Let

L={xeV|xelL,foral p}.

The lattice L is even, unimodular, and (L) = L; hence L has an isometry with charac-
teristic polynomial f and minimal polynomial g. ]

Recall from §21 the construction of the group III,, ar. By Example 21.2 the sets
V;,; consist of the prime numbers p € V; N V; such that f; mod p and f; mod p have
a common irreducible, symmetric factor. Hence the group III4,, »s only depends on the
polynomial g, and will be denoted by III.

We next give some examples of groups IlI,. For all integers d = 1, recall that ®4
denotes the d-th cyclotomic polynomial.

Example 25.8. Let f;(X) = X0+ X° - X7 - X6 - X5 - X* - X3+ X + 1, and
fo = ®4.Set f = f1f22 and g = f1 fo.

The resultant of f; and f5 is 169, and the polynomials f; mod 13 and f, mod 13
have the irreducible, symmetric common factor X 247X+ 1€ F153[X]. Moreover, we
have 13 € V; N V5. Therefore V;» = {13} and I1I, = 0.

Example 25.9. Let p and g be distinct prime numbers such that p = g = 3 (mod 4). Let
n,m,t € Zwithn,m,t = 1and m # t, and set

Jr=@pngm,  fo=Ppngr, and [ =g = fifo
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If (g) = 1,then Vi, = {¢g} and I, = 0.
If (g) = —1,then V; , = @ and 111, ~ Z/27Z.

Example 25.10. Let p be a prime number with p = 3 (mod 4), and set f1 = &,, f» =
Drp, g = fife,and f = f12f22‘

If p = 3 (mod 8), then V; » = {2} and I, = 0.

If p =7 (mod 8), then V; » = @ and lll, ~ Z/2Z.

More generally, the group III, can be determined for any product of cyclotomic poly-
nomials ®; with d > 3 (recall that the polynomials we consider here do not have any
linear factors, hence ®; and ®, are excluded); see §31 for more details and examples.

Assume now that conditions (C1) and (C2) hold; by Theorem 25.6 the local conditions
(L1) and (L2)s are then satisfied for the quadratic form ¢, s and § = 0. Hence € is not
empty (where €y is the set €5 for § = 0).

Recall from §23 that V' is the set of finite primes, and V" the set of infinite primes;
in our case, V' is the set of valuations v,, where p is a prime number, and V" = {v},
where v is the unique infinite place. Since € is not empty, we define as in §23 a homo-
morphism € : I, — Z/2Z; this homomorphism does not depend on the choice of the
local data a € € (see Proposition 23.3).

Moreover, for all @ € €(V"), we have a homomorphism ¢, : I, — Z/2Z (see §23);
note that C(V") is a finite set, hence we obtain a finite number of such homomorphisms.

Theorem 25.11. Assume that conditions (C1) and (C2) hold. Then the following proper-
ties are equivalent:

(1) There exists an even, unimodular lattice of signature (r, s) having an isometry with
characteristic polynomial f and minimal polynomial g.

(ii) There exists a € €(V") such that € + ¢, = 0.
Proof. Since conditions (C1) and (C2) hold, the local conditions (L1) and (L2)g are sat-

isfied for the quadratic form g, s and § = O (see Theorem 25.6); therefore we can apply
Theorem 23.4, and find that (ii) is equivalent to

(i) The global conditions (G1) and (G2); are fulfilled for (V, ¢,s) and § = 0.

By Proposition 25.7, (ii’) and (i) are equivalent. This completes the proof of the theo-
rem. (]

If moreover the quadratic form (V, ¢, ) has maximal signature, we can define the
homomorphism €’ : IIT, — Z/2Z and apply Corollary 23.7. Note that (V, gr,s) has max-
imal signature if and only if s = m(f) or r = m(f). Hence we obtain the following

Corollary 25.12. Assume that conditions (C1) and (C2) hold, and that s = m(f) or
r = m(f). Then there exists an even, unimodular lattice of signature (r, s) having an
isometry with characteristic polynomial f and minimal polynomial g if and only if €' = 0.

Proof. This follows from Theorem 25.11 and Corollary 23.7. ]
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Corollary 25.13. Assume that f satisfies condition (C1), and that 1l = 0. Then for
each pair (r,s) of integers such that condition (C2) holds there exists an even, unimodular
lattice with signature (r, s) having an isometry with characteristic polynomial f and
minimal polynomial g.

Proof. This follows from Theorem 25.11. ]

Example 25.14. Let f1 = ®pngm, fo = Pyngr,and f =g = fi f be as in Example 25.9.
We have f(1) = f(—1) = 1 and m(f) = 0. Therefore conditions (C1) and (C2) are
satisfied for all pairs (r, s) of integers with r, s = 0 such that r = s (mod 8) and r +
s = deg(f). Since deg( f) is divisible by 8, the choice r = deg(f) and s = O satisfies
conditions (C1) and (C2).

If (5) = 1, then Il = 0 (see Example 25.9). Therefore by Corollary 25.13, for all
pairs (7, s) as above, there exists an even, unimodular lattice with signature (r, s) having an
isometry with characteristic polynomial f (and minimal polynomial g = f'). In particular,
there exists a definite even, unimodular lattice with this property.

If (g) = —1, then Il ~ Z/27Z (see Example 25.9). Since conditions (C1) and (C2)
are satisfied (for a choice of (r, s) as above), the local conditions are satisfied, and we
have €y # @.

We denote by v, the finite place of Q corresponding to the prime number p, and by v
the unique real place. Let us choose a € C (V") as follows: a”(i) =0 foralli € I = {1,2}
ifv# vy, anda*» (1) =a"(2) = 1.

Let ¢ : I — Z/2Z represent the unique non-trivial element of I11,: we can take ¢ such
that ¢(1) = 1 and ¢(2) = 0; we have €(c) = 1.

Let (r,s) = (deg(f),0). Then C(V") has only one element, namely the identically
zero one, a = 0, hence €,(c) = 0. This implies that € 4+ €, # 0; therefore by Theorem
25.11 (or Corollary 25.12) there does not exist any definite, even, unimodular lattice hav-
ing an isometry with characteristic polynomial f.

The method of Example 25.14 can be used to decide which products of cyclotomic
polynomials ®; (with d = 3) occur as characteristic polynomials of isometries of definite
even, unimodular lattices; this completes the results of [B 84].

Example 25.15. With the notation of Example 25.14,set p = 3,¢g =7,n = m = 1 and
t = 2. We have

fi=®, o=Pu7, and f=g= fifo

Since (%) = —1, we have lll, ~ Z/27Z (see Example 25.9). We have also seen (see
Example 25.14) that conditions (C1) and (C2) are satisfied for all pairs of integers (r, s)
with r, s = 0 such that » = s (mod 8) and r + s = deg(f) = 96.

This gives rise to 25 possible pairs (r, s). We have already seen that the signatures
(96, 0) and (0, 96) are impossible (see Example 25.14). Assume that (7, s) = (92, 4).

The homomorphism € : I, — Z/2Z is already computed in Example 25.14: namely,
if ¢ : I — Z/2Z represents the unique non-trivial element of III,, we have €(c) = 1.
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The homomorphism €, depends on the choice of a € €(V") = €Y. There are two
possibilities: a(1) = a(2) =0and a’(1) = a’(2) = 1. Hence € + €, # 0, but € + €, = 0;
by Theorem 25.11, this implies that there exists an even, unimodular lattice of signature
(92, 4) having an isometry with characteristic polynomial f.

It is easy to check that all the other signatures (r, s), with the exception of (96, 0)
and (0, 96), occur as signatures of even, unimodular lattices having an isometry with
characteristic polynomial f; this also follows from Proposition 25.18 below.

We now give some details concerning the counter-example to the Hasse principle of
the introduction:

Example 25.16. Let f1 = @), fo = ®2p, g = f1 /2, and f = f2f7 be as in Ex-
ample 25.10. We have f(1) = f(—1) = p2, hence condition (C1) holds.
Let p = 7, and note that f is the polynomial

X+ X+ X+ X3+ X2+ X+ DX - X+ X - X3+ X2 - X +1)?

of the introduction. We have m(f) = 0, deg(f) = 24, and condition (C2) holds for
(r,s) = (24,0). This implies that the local conditions are satisfied for ¢24,0 and § = 0. We
denote by v, the finite place of Q corresponding to the prime number 2, and by v, the
unique real place. Let us choose a € € (V') as follows: a¥(i) = 0foralli € I = {1,2}if
v # vy, and a”2(1) = a"2(2) = 1.

By Example 25.10, we know that IIl, >~ Z/2Z. Let ¢ : I — Z/27Z represent the
unique non-trivial element of 111z : we can take ¢ such that c¢(1) = I and ¢(2) = 0; we have
€(c) = 1. On the other hand, € (V") has only one element, @ = 0, hence €, = 0. Therefore
€ + ¢, # 0, and by Corollary 25.12 this implies that there does not exist any positive
definite, unimodular and even lattice having an isometry with characteristic polynomial f.

It is well-known that there exist exactly 24 isomorphism classes of even, unimodular,
positive definite lattices of rank 24, including the Leech lattice, and that they are isomor-
phic over Z, for all prime numbers £. The above argument shows that none of them has
an isometry with characteristic polynomial f, and they all have such an isometry locally
everywhere.

The following examples involve indefinite forms. Let (7, s) be a pair of integers with
r,s = 1 such that r = s (mod 8), and let L, s be an even, unimodular lattice of signature
(r, s); it is well-known that such a lattice is unique up to isomorphism (see for instance
[S 77, Chapitre V, Théoreme 5]).

Recall that a Salem polynomial is a monic, irreducible and symmetric polynomial in
Z[X] with exactly two roots outside the unit circle, both real and positive.

Example 25.17. Let fi(X) = X6 —3X> — X% +5X3— X2 -3X + land f» = ®y»;
set f = g = f1 /2. This example is taken from [GM 02, Proposition 5.2], where it is
shown that f does not arise as the characteristic polynomial of an isometry of Lg .
With the point of view of the present paper, this can be shown as follows. The polyno-
mials f; and f> are relatively prime, hence V; , = &, and this implies that I1l, ~ Z/27Z.
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We have f(1) = —1, f(—1) = 1, and m(f) = 1; hence conditions (C1) and (C2) are
fulfilled with (r,s) = (9, 1) or (1, 9), and with (r,s) = (5,5). Letc : I — Z/2Z represent
the unique non-trivial element of IIl; let us choose ¢ so that ¢(1) = 1 and ¢(2) = 0. It
is easy to check that the homomorphism € : I1I, — Z/2Z associated to the finite places
satisfies €(¢) = 1.

Let (r,s) = (9,1) or (1, 9). In this case, the set €’> has a unique element, namely
a = 0; hence ¢, = 0, and € + €, # 0. Therefore by Theorem 25.11, f does not arise as
the characteristic polynomial of an isometry of Lo 1 or L 9.

Assume now that (7, s) = (5, 5). In this case, we can choose a such that ¢, # 0 and
€ + €4, = 0. Therefore by Theorem 25.11, the lattice Ls 5 has an isometry with character-
istic polynomial f.

Proposition 25.18. Ler f = f{"' f,'* and let (r, s) be a pair of non-negative integers
such that (r, s) is not a maximal signature for f. Set g = f1 f2. If conditions (C 1) and
(C2) hold, then L, s has an isometry with characteristic polynomial f and minimal poly-
nomial g.

Proof. It Il = 0, then this follows from Corollary 25.13. Assume that III, # 0; hence
Iy ~ Z/2Z. Let I = {0, 1}, and let ¢ : I — Z/2Z represent the unique non-trivial
element of IIIz; choose ¢ so that ¢(1) = 1 and ¢(2) = 0. Note that €V~ = €R">. We
claim that there exists a € € R”> such thate + ¢, =0.Let h € ER">®. If b(1) = €(c), set
a=>b.1fb(1) # €(c), seta = (1,2)b; by Proposition 16.8, we have a € €R">. We have
(e + €4)(c) = €(c) +a(l)c(l) = 0, hence € + ¢, = 0. By Theorem 25.11, this implies
that L, s has an isometry with characteristic polynomial f* and minimal polynomial g. m

Proposition 25.19. Let f = f1 f> where f1 is a Salem polynomial and f is a power of
a cyclotomic polynomial ®; with d = 3. Let (r, s) be a pair of integers with r,s = 3, and
assume that conditions (C1) and (C2) hold. Set g = f1®4. Then L, has an isometry
with characteristic polynomial f and minimal polynomial g.

Proof. This follows from Proposition 25.18, since for r, s = 3, the signature (r, s) is not
maximal for f. |

The following example might be interesting in the perspective of constructing
automorphisms of K3 surfaces with given entropy (cf. McMullen [McM 02, McM 11,
McM 16])).

Example 25.20. Asin Example 25.8, let f;(X) = X104+ X° — X7 — X6 — X° — X4 —
X3+ X +1land f, = ®q.Set f = f1 fFand g = fi fo.

Note that f7 is a Salem polynomial, so m(f1) = 1. We have f(1) = —1, f(—1) =49,
m(f) = 1. Therefore conditions (C1) and (C2) hold for all pairs (r, s) of integers with
r,s = 1 such that r = s (mod 8) and r + s = deg(f) = 22.

We have seen that ITT, = 0 (see Example 25.8). By Theorem 25.11 this implies that for
all pairs (r, s) as above, the lattice L, s has an isometry with characteristic polynomial f
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and minimal polynomial g. For instance, the signature (r, s) = (3, 19) is possible (the
other possible signatures are (19, 3), (15,7), (11, 11) and (7, 15)).

26. Milnor signatures and Milnor indices

In 1968, Milnor defined a signature invariant for knot cobordism (see [M 68, §5]). The
aim of this section is to relate this invariant to the one defined in §8 (see Example 8.6).

First, a question of terminology: the word “signature” has two possible meanings,
namely a pair (r, s) or the difference r — s. The convention of the present paper is to call
the pair (r, s) the signature, whereas in knot theory the difference r — s is used. To avoid
confusion, we call the difference r — s the index (see Notation 8.2).

Let (V, g¢) be a non-degenerate quadratic form over R, letz : V' — V be an isometry
of ¢, and let f € R[X] the characteristic polynomial of . To each irreducible, symmetric
factor & of f, Milnor associates an index 7 (see [M 68, §5]), as follows. Let V() be the
& (t)-primary subspace of V, consisting of all v € V with P ()Y v = 0 for N large. The
Milnor index tp(t) is by definition the index of the restriction of ¢ to the subspace V().

We define the Milnor signature at & as the signature of the restriction of ¢ to V).
If the minimal polynomial of # is square-free, these indices and signatures are the same as
those defined in §8 (see Example 8.6).

More generally, we associateto ¢ : V — V anisometry t' : V — V of ¢ with character-
istic polynomial f and square-free minimal polynomial (see [M 69, §3]). It follows from
[M 69, Theorem 3.3] that 7 (') = tp(¢) for all irreducible, symmetric factors & of f.

27. Lattices and Milnor indices

We keep the notation of §25. Let f € Z[X] be a monic, symmetric polynomial of
degree 2n without linear factors satisfying condition (C1); let r, s = 0 be integers such
that condition (C2) holds for f and (r, s).

Theorem 25.11 gives a necessary and sufficient condition for the existence of an even,
unimodular lattice of signature (7, s) having an isometry with characteristic polynomial f
and square-free minimal polynomial. In this section, we ask a more precise question:

Question. Let? € SO, (R) be a semisimple isometry with characteristic polynomial F.
Does ¢ preserve an even, unimodular lattice?

Theorem 27.4 below gives a necessary and sufficient condition for this to hold. We
consider this as a Hasse principle problem; Condition (C1) implies that the local con-
ditions hold at the finite places. Condition (C2) ensures the existence of a semisimple
element of SO, ;(R) with characteristic polynomial f; fixing such an element ¢ deter-
mines the local data at R. This is also the point of view of §24, the results of which will
be applied here.

Let us write f = [[;¢; fi"i , where f; € Z[X] are distinct monic, irreducible, sym-
metric polynomials of even degree. Set 2n = deg(f),and g = [[;¢; fi. Foralli € I, let
M; = [QIX]/(f)I"', and set M = (B, c; M.
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Recall that V' is the set of finite places of Q, and V" = {v}, Where v is the unique
infinite place of Q.
We start by introducing some notation.

Notation 27.1. Let Irrg( f) be the set of irreducible, symmetric factors of f € R[X]. If

P e Irrr(f), let np > 0 be the integer such that P”# is the power of & dividing f.
We denote by Mil( f) the set of maps 7 : Irrg( f) — 2Z such that the image of » €

Irrr () belongs to the set {—2ngp,...,2ngp}. Let Mil, (f) be the subset of T € Mil(f)

such that
Z Tp =7 —S.

Pelrr(f)

Definition 27.2. An element of Mil( f') is called a Milnor index.

Recall from the previous sections that the following sets are in bijective correspon-
dance:

(a) Conjugacy classes of semisimple elements of SO, (R) with characteristic polyno-
mial f.

(b) Isomorphism classes of R[I']-quadratic forms on M ®q R of signature (r, s).

(c) Mil,<(f).

To a semisimple isometry ¢ € SO, s(R) with characteristic polynomial f, the above
bijection associates an R[I']-quadratic form b(¢) on the module M ®q R. With the nota-
tion of §24 we have

Proposition 27.3. Lett € SO, 5(R) be a semisimple isometry with characteristic polyno-
mial f. The following properties are equivalent:

(i) The isometry t preserves an even, unimodular lattice.
(ii) The global condition (G)y) ¢ is fulfilled for (V, qy,s).

Proof. By Proposition 25.7, the existence of an even, unimodular lattice having an isom-
etry with characteristic polynomial f and square-free minimal polynomial implies condi-
tions (G1) and (G2)o. Since 7 € SO, 5(R) preserves the lattice, (G);(;) o holds; therefore
(i) implies (ii). Conversely, let us show that (ii) implies (i). By Proposition 25.7, there
exists an even, unimodular lattice having an isometry with characteristic polynomial f
and square-free minimal polynomial; condition (G); ;) o implies that it is preserved by
t € SO, 5(R). |

As in §25, we obtain a homomorphism
e:llly — Z/2Z,

defined in terms of finite places, that is, C(V’). Moreover, to all elements a € C(V"), we
associate a homomorphism
€ Uy - Z/27.
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Recall from §16 that an R[I']-quadratic form on M ®¢q R gives rise to an element
AV e RV, and hence also to a(AV>) € C(V"). The above bijection allows us to
associate
o to? € SO, 5(R) an element a, € C(V");

e to v € Mil,5(f) an element a, € C(V").

Theorem 27.4. Let t € SO, 5(R) be a semisimple isometry with characteristic polyno-
mial f. The following are equivalent:

(a) The isometry t preserves an even, unimodular lattice.

(b) € + €4, =0.

Proof. By Proposition 27.3, property (a) holds if and only if the global condition (G)p ) o
is fulfilled for (V, g,,s). On the other hand, this is equivalent to (b) by Theorem 24.2. m

Corollary 27.5. If 11l = 0, then all semisimple elements of SO, s(R) with characteris-
tic polynomial f preserve an even, unimodular lattice.

Proof. This is an immediate consequence of Theorem 27.4. ]

Note that this is a generalization of Theorem 1.3 of [GM 02]; indeed, if f is irre-
ducible, then T, = 0.

If L is a lattice of signature (r, s) having an isometry ¢ with characteristic polyno-
mial f and minimal polynomial g, then ¢ extends to a semisimple element of SO, s (R),
and this element gives rise to an element of Mil, s( f); this element will be called the
Milnor index of the pair (L, ).

The following results are reformulations of Theorem 27.4 and Corollary 27.5.

Theorem 27.6. Let v € Mil, ;(f). The following are equivalent:

(a) There exists an even, unimodular lattice having an isometry with characteristic poly-
nomial f and Milnor index .

(b) € +¢€4, =0.

Corollary 27.7. Assume that 111z = 0. Then every t € Mil, s(f) occurs as the Milnor
index of an even, unimodular lattice with an isometry of characteristic polynomial f.

As shown by the following example, if III; # 0, then Theorem 27.6 allows us to
determine which Milnor indices occur.

Example 27.8. As in Example 25.15, let

fi=®, fo=Puu7, and f=g=fifo

We have already seen that conditions (C1) and (C2) are satisfied for all pairs of inte-
gers (r,s) with r, s = 0 such that r = s (mod 8) and r + s = deg(f) = 96, and that
Iy ~ Z/2Z;let c € 11, be the only non-trivial element.
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The homomorphism € : I, — Z/2Z satisfies €(c) = 1. The homomorphism ¢,
depends on the choice of a € € (V") = €. There are two possibilities: a(1) = a(2) =0
anda’(1) =da’(2) = 1. Hence e + ¢, # 0and € + ¢, = 0.

By Theorem 27.6, there exists an even, unimodular lattice having an isometry with
characteristic polynomial f* and Milnor index 7 if and only if a; = a’.

Let r, s = 0 be integers such that r = s (mod 8) and r + s = deg(f) = 96. Since
ng = 2forall £ € Irrr(f), the set Mil, ( f) consists of the maps

T Irg(f) — {—2,2} with Z Tp =71 —S5.
Pelrr(f)

The Milnor index map 7 is determined by the two maps
71 Irrj(f1) = {—2,2} and 1 : Irrr(f2) — {—2,2}.

For i = 1,2, let N; be the number of & € Irrg( f;) such that 7;($) = —2. Since
r =s (mod 8) and r + 5 = 96 = 0 (mod 8), we have s = 0 (mod 4). Therefore N + N,
is even, hence N; = N, (mod 2).

We have a; = a if Ny is even, and a, = a’ if Ny is odd. Set

N(t) = N; (mod 2).

In summary, we obtain:
There exists an even, unimodular lattice having an isometry with characteristic poly-
nomial f and Milnor index t if and only if N(z) = 1.

28. Knots

A knot is a smooth, oriented submanifold of S3, homeomorphic to S 1 One of the classical
knot invariants is the Alexander polynomial, another is the signature.

The results of the previous sections can be applied to decide for which pair (r, s)
there exists a knot with Alexander polynomial A and signature (r, s). For simplicity, we
restrict to monic polynomials A such that A(—1) = £1; these polynomials will be called
unramified. Moreover, we assume that A is a product of distinct irreducible, symmetric
polynomials. The general case will be treated elsewhere.

Still assuming that A is unramified and square-free, we deal with a more precise ques-
tion. To each irreducible, symmetric factor  of A € R[X], one associates a Milnor signa-
ture op = (2,0) or (0,2). Given A and o» as above, we give a necessary and sufficient cri-
terion for the existence of a knot with Alexander polynomial A and Milnor signatures op.

As usual in knot theory, the results are expressed in terms of the index r — s rather
than the signature (r, s), and the Milnor indices tp rather than the Milnor signatures ..

For background information on the various notions of knot signatures (that is, indices),
see the survey paper of Ghys and Ranicki [GR 16], explaining the history of the topic and
its connection to other aspects of geometry and topology; see also the more recent survey
of Anthony Conway [C 19].
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We start by recalling some facts on Seifert forms, and then come back to the applica-
tions to knot theory.

29. Seifert forms

A Seifert form is by definition a Z-bilinear form 4 : £ x £ — Z, where £ is a free
Z-module of finite rank such that the skew-symmetric form J : £ x £ — Z given by

d(x,y) = Alx, y) — Ay, x)
has determinant 1. The symmetric form @ : £ x £ — Z defined by
Q(x,y) = Alx,y) + Ay, x)

is called the quadratic form associated to the Seifert form #A.

The index (or signature) of + is by definition the index (or signature) of the quadratic
form @ (see Trotter [T 62, Proposition 5.1], or Murasugi [Mu 65]).

The Alexander polynomial of 4, denoted by A 4, is by definition the determinant of
the form &£ x £ — Z[X] given by

(x, ) = AKX, )X = A, X).

Note that A 4(1) = 1, A4(0) = det(A), and A 4(—1) = det(Q).

We say that a polynomial A € Z[X] is unramified if A is monic, A(1) = 1, and
A(—1) = %1. In what follows, we only consider Seifert forms with unramified Alexan-
der polynomials. Note that this implies that det(#4) = 1 and det(@Q) = =%1; in particular,
@ is a unimodular lattice. Let 7 : £ — £ be defined by A(7 (x), y) = A(y, x). We have
QT (x),T(y)) =Q(x,y) forall x,y € £, in other words, 7 is an isometry of @. Note
that the characteristic polynomial of 7 is equal to A 4.

Assume in addition that A 4 is a product of distinct irreducible, symmetric polynomi-
als of Z[X].

For all irreducible, symmetric factors &> € R[X] of A 4, we define a Milnor index (and
Milnor signature) of (@, 77) as in [M 68, §5]; see also §26. These will be called Milnor
indices (and signatures) of 4.

Given a pair (@, 7) consisting of a unimodular lattice @ and an isometry 7 of char-
acteristic polynomial A, we recover a Seifert form A with @(x, y) = A(x, y) + A(y, x)
for all x, y € £ (see for instance Levine [Le 69, §9] for a similar argument).

Recall from Notation 27.1 that Irrg (A 4) is the set of irreducible, symmetric factors
of Ay € R[X]. Since A 4 is square-free, we have np = 1 for all &# in Irrg(A 4). More-
over, recall that we denote by Mil(A 4) the set of maps 7 : Irrg (A 4) — {—2, 2}, and by
Mils(A4) the subset of Mil(A4) such that 3 pep(a ) 79 =7 — .

Hence we have the following

Proposition 29.1. Let r,s = 0 be integers, and let A € Z[X ] be an unramified polynomial
that is a product of distinct irreducible, symmetric polynomials of Z| X . Let T € Mil, 5(A).
The following are equivalent:
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(a) There exists a Seifert form with Alexander polynomial A and Milnor index t.

(b) There exists an even, unimodular lattice L having an isometry t of characteristic
polynomial A such that the Milnor index of (L, t) is t.

In particular, there exists a Seifert form with Alexander polynomial A and index r — s
if and only if there exists an even, unimodular lattice of index r — s having an isometry
with characteristic polynomial A.

30. Knots and Seifert forms

We keep the notation of Sections 28 and 29. To every knot X in 3, we associate a Seifert
form Ay (see for instance [K 87, Chapter VII], [Lick 97, Definition 6.4], [Liv 93, Chap-
ter 6, §1]). It is well-known that the Alexander polynomial of 4y is an invariant of the
knot; the same is true for the index (see Trotter [T 62, Proposition 5.1]) and the Milnor
indices (see Milnor [M 68, §5]).

The following result of Seifert shows that all Seifert forms are realized by knots
(see [Se 34]).

Theorem 30.1. Let A be a Seifert form. Then there exists a knot ¥ in S3 such that 4 is
the Seifert form of X.

Combining this result with Theorem 29.1, we obtain the following

Proposition 30.2. Letr,s = 0 be integers, and let A € Z[X] be an unramified polynomial
that is a product of distinct irreducible, symmetric polynomials of Z| X ]. Let T € Mil, 5(A).
The following are equivalent:

(a) There exists a knot with Alexander polynomial A and Milnor index t.

(b) There exists an even, unimodular lattice L having an isometry t of characteristic
polynomial A such that the Milnor index of (L, 1) is t.

In particular, there exists a knot with Alexander polynomial A and index r — s if and
only if there exists an even, unimodular lattice of index » — s having an isometry with
characteristic polynomial A. Using this result, we can apply Theorem 27.6 to answer the
questions of §28.

We start by recalling some definitions from §25 and §27. Let A € Z[X] be an unram-
ified polynomial as above, and set 2n = deg(A).

Conditions (C1) and (C2)

Recall from §25 that the local conditions for the existence of an even, unimodular lattice
of signature (r, s) and characteristic polynomial A can be translated into two conditions
(C1) and (C2). We now recall these conditions in our situation.

e Since A is unramified, condition (C1) becomes: A(—1) = (—1)".
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Recall that m(A) is the number of roots z of A with |z| > 1.

e Let (r,s) be a pair of non-negative integers. Condition (C2) holds if r + s = 2n,
r=s (mod38),r =m(A),s =m(A),and m(A) =r = s (mod 2).

It follows from Lemma 25.3 that conditions (C1) and (C2) are necessary for the exis-
tence of a knot with Alexander polynomial A and index r — s.

Example 30.3. Assume moreover that A is a product of cyclotomic polynomials ¢, with
m > 3. Then m(A) = 0, hence if r + 5 = 2n, r = s (mod 8), then condition (C2) holds.

The obstruction group

Recall from §21 and §25 the definition of the “obstruction group” IIIA. Let I be the
set of irreducible factors of A. For all f, g € I, let V;, be the set of prime numbers
p € V¢ N Vg such that f and g have a common irreducible, symmetric factor mod p.
Consider the equivalence relation on / generated by the elementary equivalence

fr~eg &= Vig #9,

and let I be the set of equivalence classes; the group III, is the quotient of C(I) by the
constant maps.
By Corollary 27.7, we have

Corollary 30.4. Assume that conditions (C1) and (C2) hold. If WIA = O, then for all
7 € Mil, 5(f) there exists a knot with Milnor index t. In particular, there exists a knot
with index r — s.

If IITA # O, then we obtain a necessary and sufficient condition for t € Mil, ;( f)
to be the Milnor index of a knot (cf. Theorem 27.6). The aim of the next section is to
illustrate this by some examples.

31. Alexander polynomials of torus knots and indices

Let u, v > 1 be odd integers, and assume that ¥ and v are prime to each other. Set

A (XD -1
T (X = 1) (XY = 1)

It is well-known that A,, ,, is the Alexander polynomial of the (u, v)-torus knot; the
indices of torus knots have been studied in many papers (see for instance [Bo 11, BO 10,
C10, GLM 81, HM 68], [K 87, Chapter XII], [Ke 79, KM 94, Lith 79, Liv 18, Mat77,
Mu 06]).

The aim of this section is to determine which indices occur for knots with Alexander
polynomial A, ,.
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The polynomial A,, , is a product of cyclotomic polynomials

Au,v = 1—[ (Daﬂ

where the product is over the set of all pairs («, 8) for which « is a factor of u, § is a factor

of v, and both are greater than 1 (see for instance [Liv 18, Lemma 2.1]). Set deg(A,,») =

2n, and note that n is even and Ay, (1) = Ay »(—1) = 1; hence condition (C1) holds.
Let (r, s) be a pair of non-negative integers such that

r+s=2n and r =s (modS38).

By Example 30.3, condition (C2) holds for A, , and (r,s). In order to apply the
Hasse principle results of §25 and §27, the next step is to determine the obstruction
group Ila,, , -

The group 1l A, ,

If f and g are monic polynomials in Z[X], let V. be the set of prime numbers p such that
Jf (mod p) and g (mod p) have a common irreducible and symmetric factor in F,,[ X]. Let
I be the set of irreducible factors of A, ,, and recall that the definition of the group I, ,
involves the equivalence relation on / generated by the elementary equivalence

fr~eg &= Vi, #9.

Therefore in order to determine the group IlI,,, ,, we need to decide when V¢, # @& for
two cyclotomic polynomials f and g. We start with a lemma:

Lemma 31.1. Let m and m' be odd integers with m = 3 and m’ > m. Let p be a prime
number. The cyclotomic polynomials ®,, and ®,,» have a common factor mod p if and
only if m' = mp¥ for some integer e = 1.

Proof. The resultant of the cyclotomic polynomials ®,, and &, is divisible by p if and
only if m’ = mp® for some integer e = 1 (see for instance [Ap 70, Theorem 4]). By a
well-known property of the resultant, this is equivalent for ®,, and ®,,» having a com-
mon factor mod p. ]

We need a criterion for the existence of symmetric irreducible factors mod p; this will
be done in the following proposition, relying on well-known properties of cyclotomic
polynomials and cyclotomic fields. For all integers m = 2, let {,, be a primitive m-th root
of unity, and let Q(¢,,) be the corresponding cyclotomic field.

Proposition 31.2. Let m = 3 be an odd integer, and let p be an odd prime number. The
following properties are equivalent:

(a) The polynomial ®,, has a symmetric irreducible factor mod p.

(b) The prime ideals above p in Q(&m + £,') are inert in Q(m).

(¢c) The subgroup of (Z/mZ)* generated by p contains —1.
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Proof. The equivalence (a)<(b) is well-known: see for instance [W 97, Proposi-
tion 2.14]. Let us show that (a)<(c). Let A be the group (Z/mZ)* written additively,
let mp : A — A be multiplication by p, and let € : A — A be the map sending a to —a.
Both (a) and (c) are equivalent to

(d) There exists an orbit of m,, stable by €.
This concludes the proof of the proposition. ]

Proposition 31.2 and Lemma 31.1 suffice to determine the obstruction group of a prod-
uct of cyclotomic polynomials, in particular the group IIla,, ,. A full description would
be rather heavy, so we only give some simple special cases and examples. The first remark
is that if moreover m is a prime and m = 3 (mod 4), property (c) of Proposition 31.2 takes
a very simple form.

Corollary 31.3. Let m be a prime number with m = 3 (mod 4), and let p be an odd
prime number. Then

®,,, has a symmetric irreducible factor mod p <= (%) =-1
Proof. Indeed, it is easy to see that the subgroup of (Z/mZ)> generated by p contains —1
if and only if p is not a square mod m, in other words, ( %) = —1. Therefore the corollary
follows from Proposition 31.2. ]

Example 31.4. Let p and g be distinct odd prime numbers with ¢ = 3 (mod 4). Lete > 1
be an integer, and set A = Ape 4. Then

My =0 if(£)=—1, and IIx ~(Z/2Z)" if(2)=1

Indeed, let I be the set of irreducible factors of A; the set I consists of the cyclotomic
polynomials @, for Il <k <e.If (g) = —1, then by Corollary 31.3 and Lemma 31.1 all
these polynomials have common symmetric, irreducible factors mod p, hence V¢, = {p}
for all f, g € I. Therefore all the polynomials are equivalent, and the set I of equivalence
classes has one element; C (I_ ) modulo the constant maps is trivial, hence I[1Ip = 0.

On the other hand, if (5) = 1, then by the above results Vr, = @ forall f,g € 1.
All the polynomials are in different equivalence classes, hence I has e elements, C(I) ~
(Z/27)¢, and 1115 ~ (Z/2Z)% .

Example 31.5. Let p, p; and p, be distinct prime numbers with p = p; = p»
3 (mod 4), and set A = A, ,,p,. Since p; and p, play symmetric roles and (2—?) =
—(%), we may assume that (%) = 1. We have

1,
—1.

la ~ (Z/22)° < (2)
Wa ~Z/2Z = (22)

In particular, ITTA cannot be trivial.
Indeed, let I be the set of irreducible factors of A; the set / consists of the cyclotomic
polynomials ®,,,, ®,,, and ®,,, p,. The first two are not equivalent (see Lemma 31.1).
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Note that since (%) =1, the polyno_mials ®,p, and @, 5, are not equivalent; this fol-
lows from Proposition 31.2. Hence I has at least two elements, and therefore IIIA # 0.
On the other hand, since (%) = —1, Proposition 31.2 shows that ®,,, and ®,,, ,, are
equivalent if and only if ( %) =-1.

We already know that if 1A, , = 0, then all signatures (r, s) as above (hence all
indices r — s) are possible, as also are all Milnor indices (see Corollary 30.4). If however
I, , # 0, then we need further information, in particular the homomorphism e.

The homomorphism € : Iy, , — Z/2Z

Recall that V' is the set of finite places of Q, that is, the set of prime numbers, and
€ : I, , = Z/2Z is defined in terms of the local data associated to V. Since A, , is a
product of cyclotomic polynomials, € can be described explicitly as follows.

As above, we denote by I the set of irreducible factors of A, ,,. If f € I with f = ®,,
and if p is a prime number, set

1 if p divides m, p = 3 (mod 4), and ®,, has a symmetric

87 = irreducible factor mod p,

0 otherwise.

For all prime numbers p, let a? : I — Z/2Z be defined by a?(f) = 8]{’.

Proposition 31.6. The homomorphism € : I, , — Z/2Z is given by
e€) =YY c(f)a’(f).

peV’/ fel

Proof. Forall f e€l,set Ef =Q[X]/(f)andletos : Ef — Ey be the involution induced
by X +— X1 note that E is a cyclotomic field, and o is complex conjugation. Let Fy
be the fixed field of or. Let dy be the discriminant of Ef, and let perf) be the power
of p dividing dr. Then e, (f) = 8; (mod 2) (see for instance [W 97, Propositions 2.1
and 2.7)).

Since f = &, for some integer m that is not a prime power, no finite places of
Fy ramify in Ey (see for instance [W 97, Proposition 2.15 (b)]). Moreover, the prime
ideals of Fy above p are inert in Ey if and only if ®, has a symmetric irreducible
factor mod p (see Proposition 31.2). Hence Corollary 6.2 and Proposition 6.4 of [BT 20]
imply that we can take a?(f) = 8}’ . The proposition now follows from the definition of
€ : A, , — Z/2Zin §23, where it is also shown that the homomorphism is independent
of the choice of local data. u

Milnor indices and the homomorphism e; : W, , — Z/2Z

Let v € Mil, 5 (Ay,y); the homomorphism e, : 1A, , — Z/2Z is as follows. Forall f €1,
let n( f) be the number of & € Irr(R) dividing f such that t(P) = —2.Leta,: [ —Z/2Z
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be defined by a.(f) = n(f) (mod 2). Then €, : 1, , — Z/2Z is by definition

ec(c) =Y c(fac(f).
fel

A necessary and sufficient criterion
Applying Theorem 27.6, we get

Theorem 31.7. Let v € Mil, s(Ay,y). There exists a knot with Alexander polynomial A, ,,
and Milnor index t if and only if e + €, = 0.

Proof. This is an immediate consequence of Theorem 27.6, noting that the local condi-
tions always hold. ]

We illustrate this result by the following example:

Example 31.8. We keep the notation of Example 31.4; in particular, p and g are distinct
odd prime numbers with ¢ = 3 (mod 4), e > 1 is an integer, and A = Ape 4.

o If (g) = —1, then IITA = 0. This implies that all € Mil, ;(A) occur as Milnor indices
of knots. An integer ¢ is the index of a knot with Alexander polynomial A if and only
if t = 0 (mod 8), and |¢| < 2n (see Example 31.4 and Corollary 30.4).

o If (f) = 1, then 15 =~ (Z/2Z)°"! (see Example 31.4). Let T € Mil,4(A). In order
to decide whether t occurs as the Milnor index of a knot, we determine the homomor-
phisms € and €.

Recall that [ is the set of irreductible factors of A, and I consists of the cyclotomic
polynomials @« for 1 <k <e.

Still assuming ( 5) = 1, the result depends on the congruence class of p mod 4:

o Assume first that p = 3 (mod 4), and note that (%) = —(5) = -1

If f el,wehaved? =1and 8]{ = 0 for all prime numbers £ # q.

For all prime numbers £, let a® : I — Z,/27Z be defined by a*( f) =8%, hence a?(f) =1
and a*(f) = 0if £ # ¢. The associated homomorphism ¢ : 115 — Z/2Z is given by

€)=Y _> c(NHa'(f)=> clf).

Lev’' fel fel
On the other hand, we have
ec(c) =Y c(faz(f).
fel

Therefore
€+e; =0 < a.(f)=1forall fel.

By definition, this means that n( f) is odd for all f € I, in other words, each f € I
is divisible by an odd number of # € Irr(R) with t(#) = —2. In summary:
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An element 7 € Mil, ;(A) occurs as the Milnor index of a knot if and only if for all
f € I, the number of € Irr(R) dividing f such that 7($) = —2 is odd.

In particular, an integer ¢ is the index of a knot with Alexander polynomial A if and
only if t = 0 (mod 8), and || < 2n —4(e — 1).

o Assume now that p = 1 (mod 4), and note that (%) = (5) = 1. In this case, 5} =0
for all prime numbers £ and for all f € [. This implies that €(c) = 0 for all ¢ € IIIA.
Recall that €, : IIIp — Z/2Z is given by

ec(c) =Y c(faz(f).
fel

Therefore
€+e; =0 < a,(f)=0forall fel.

This means that n( f') is even for all f € I, in other words, each f € I is divisible by
an even number of & € Irr(R) with t(§) = —2. This imposes a condition on the possible
Milnor indices. However, this does not gives rise to additional conditions on the index; an
integer ¢ is the index of a knot with Alexander polynomial A if and only if ¢t = 0 (mod 8)
and |¢| < 2n.
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